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In this paper, we consider the following nonlinear Schrodinger equations with the
critical Sobolev exponent and mixed nonlinearities:

— Au+ I = tlu| %0 + |u\2*_2u in R,

u € HYRN),

where N >3, t >0, A >0and 2 < g < 2" = % Based on our recent study on the
normalized solutions of the above equation in [J. Wei and Y. Wu, Normalized
solutions for Schrodinger equations with critical Sobolev exponent and mixed

nonlinearities, e-print arXiv:2102.04030[Math.AP].], we prove that

(1) the above equation has two positive radial solutions for N =3, 2 < ¢ < 4 and ¢ > 0 suf-
ficiently large, which gives a rigorous proof of the numerical conjecture in [J. Davila,
M. del Pino and I. Guerra. Non-uniqueness of positive ground states of mnon-linear
Schrodinger equations. Proc. Lond. Math. Soc. 106 (2013), 318-344.];

(2) there exists tg >0 for 2 < g < 4 such that the above equation has ground-states for ¢ > {7
in the case of 2 < ¢ < 4 and for ¢t > ¢} in the case of ¢ = 4, while the above equation has no
ground-states for 0 < t < iy for all 2 < g < 4, which, together with the well-known results on
ground-states of the above equation, almost completely solve the existence of ground-states,
except for N =3, ¢ =4 and t = t}.

Moreover, based on the almost completed study on ground-states to the above
equation, we introduce a new argument to study the normalized solutions of the
above equation to prove that there exists 0 < tq,q < 400 for 2 < ¢ <2+ % such
that the above equation has no positive normalized solutions for ¢ > t, 4 with

]JR{N |u|?dx = a?, which, together with our recent study in [J. Wei and Y. Wu,
Normalized solutions for Schrodinger equations with critical Sobolev exponent and
mixed nonlinearities, e-print arXiv:2102.04030[Math.AP].], gives a completed answer
to the open question proposed by Soave in [N. Soave. Normalized ground states for
the NLS equation with combined nonlinearities: The Sobolev critical case. J. Funct.
Anal. 279 (2020) 108610.]. Finally, as applications of our new argument, we also
study the following Schrédinger equation with a partial confinement:

—Au+du+ (22 +2d)u=|u/P"%u in R,
u € HY(R?), / Ju?dz = r2,
R3
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where © = (x1, z2,73) € R3, 1—30 <p<6,r>0isa constant and (u,\) is a pair of

unknowns with A being a Lagrange multiplier. We prove that the above equation has
a second positive solution, which is also a mountain-pass solution, for » > 0
sufficiently small. This gives a positive answer to the open question proposed by
Bellazzini et al. in [J. Bellazzini, N. Boussaid, L. Jeanjean and N. Visciglia.
Existence and Stability of Standing Waves for Supercritical NLS with a Partial
Confinement. Commun. Math. Phys. 353 (2017), 229-251].

Keywords: Ground state; normalized solution; Schrédinger equation; power-type
nonlinearity

2020 Mathematics subject classification: Primary: 35B09; 35B33; 35B40; 35J20

1. Introduction

In the celebrated paper [17], the well-known Gidas-Ni-Nirenberg theorem asserts
that the positive solution of the following equation,

{ — Au= f(u) inRY,

u—0 as || — +oo,

(1.1)

must be radially symmetric up to translations under some suitable conditions on
the nonlinearities f(u), where N > 1. Since then, an interesting and important
problem is the uniqueness of the positive solution to (1.1). Kwong proved such
uniqueness result in [22] for the power-type nonlinearities f(u) = uP~! — u with 2 <
p < 2%, where 2* is the critical Sobolev exponent given by 2* = +o0o for N = 1,2 and
2* =2N/(N —2) for N > 3 (see the earlier papers [12] for the cubic nonlinearity
f(u) = u® —u and [27-29] for general nonlinearities). The extension of Kwong’s
result can be found in [26, 30, 31] and so far, to our best knowledge, the most
general extension of Kwong’s result is due to Serrin and Tang in [31]: The positive
solution of (1.1) is unique if there exists b > 0 such that % > ( for u # b and the
quotient f}(("u)# is nonincreasing of u € (b, +00), which is not the case of the mixed
nonlinearities f(u) = pud=! + vuP~1 — \u with 2 < ¢ #p < 2* and p,v, A > 0. In
this case, (1.1) reads as

— Au+ = plu| 2u 4 vfuP e in RY, (1.2)
u—0 as|z| — 4o0. .
By rescaling, (1.2) is equivalent to
— Au+ du = tul"?u+ |[uff2u in RY, (13)
u—0 as x| — +o0. .

In an interesting paper [14], Davila et al. proved that for N =3,2<¢<4,p <6
with sufficiently close to 6 and ¢ > 0 sufficiently large, (1.3) has three positive radial
solutions, which yields a rather striking result that Kwong’s uniqueness result is in

https://doi.org/10.1017/prm.2022.56 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2022.56

Schridinger equations 1505

general not true for the mixed nonlinearities. Thus, the uniqueness of the positive
radial solution of (1.3) (or more general, (1.1)) remains largely open. It is worth
pointing out that the mentioned papers are all devoted to the Sobolev subcritical
case for N > 3, that is, lim, . J;(;i) =0.

In the Sobolev critical case for N > 3, that is, lim, 4o u];(“_)l > 0, the well-
known Gidas—Ni—Nirenberg theorem still holds, that is, positive solutions must
be radially symmetric up to translations. However, for N > 3, compared to the
Sobolev subcritical case (cf. [8]), the existence of positive solutions of (1.1) is more
complicated in the Sobolev critical case. For example, for (1.3), the special case of
(1.1), the existence of positive solutions is established in [2, 4, 6, 24, 35], which
can be summarized as follows:

THEOREM 1.1. Let N >3 and p =2*. Then (1.3) has a positive radial solution
which is also a ground-state, provided that

(a) N>4,2<qg<2" andt > 0;
(b) N=3,4<qg<6andt>0;

(¢) N=3,2<q<4 andt >0 sufficiently large.

Theorem 1.1 is proved by adapting the classical ideas of Brezis and Nirenberg in
[9], that is, using the Aubin-Talanti bubbles (cf. (2.1)) as test functions to control
the energy values so that the (PS) sequences of the associated functional, corre-
sponding to (1.3) with p = 2*, are compact at the ground-state level. This strategy
is invalid for N = 3, 2 < ¢ < 4 and t > 0 not sufficiently large. Thus, whether (1.3)
with p = 2* always has a positive radial solution is not clear. Note that accord-
ing to the concentration-compactness principle (cf. [23]), the only possible way
that the (PS) sequences of the associated functional loss the compactness at the
ground-state level is that they concentrate at single points and behaviour like a
Aubin—Talanti bubble under some suitable scalings in passing to the limit. Thus,
by the energy estimates in [2, 4, 6, 24, 35], it is reasonable to think that (1.3)
with p = 2* has no ground-states for N =3, 2 < g < 4 and ¢t > 0 not sufficiently
large. On the other hand, the uniqueness of positive radial solutions to (1.3) with
p = 2* seems also very complicated. If 3< N <6 and (N +2)/(N —2) < ¢ <2*
then Pucci and Serrin in [30] proved that (1.3) with p = 2* has at most one posi-
tive radial solution. Recently, Akahori et al. in [1, 3, 4] and Coles and Gustafson
in [13] proved that the radial ground-state of (1.3) with p = 2* is unique and non-
degenerate for all small ¢ > 0 when N > 5 and ¢ € (2,2*) or N = 3 and ¢ € (4, 2);
and for all large ¢ > 0 when N > 3 and 2 4+ 4/N < ¢ < 2*. However, the uniqueness
of positive radial solutions seems not true for (1.3) with p = 2* in general, since it is
suggested in [14] by the numerical evidence that (1.3) with p = 2* has two positive
radial solutions for N =3, 2 < ¢ < 4 and t > 0 sufficiently large. Moreover, Chen
et al. in [10] proved the existence of arbitrary large number of bubble-tower pos-
itive solutions of (1.3) in the slightly supercritical case when ¢ < 2* < p=2*+¢
with ¢ > 0 sufficiently small. We also mention the paper [16], in which the authors
proved the existence of positive radial solutions to (1.3) for 2 < ¢ < 2* < p with
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t > 0 sufficiently large and (1.3) has no positive solutions for 2 < ¢ < 2* < p with
t > 0 sufficiently small via ODE’s methods.

Inspired by the above facts, we shall explore the existence and nonexistence of
positive solutions of (1.3) with p = 2* by studying the existence and nonexistence of
ground-states of (1.3) for N = 3 and 2 < ¢ < 4. We shall also explore the uniqueness
of positive solutions of (1.3) with p = 2* by giving a rigorous proof of the numerical
conjecture in [14].

Let us first introduce some necessary notations. By classical elliptic estimates,
for N > 3 and p = 2*, (1.3) is equivalent to

— Au+ M=t 2w+ u> 20 in RY,
(1.4)

u e HY(RY),

where ¢t > 0, A > 0 and 2 < ¢ < 2*. Clearly, by rescaling if necessary, it is sufficiently
to consider the case A =1 for (1.4). Let

= i f 1
mit) = inf &(v), (1)
where
Ev) = (VoI 2 Eofe = o) 1.6
t(v) = S (IVollz + [[oll2) = ~lloll§ = o5 [lvll3- (1.6)
2 q 2
is the corresponding functional of (1.4) with A =1 and
Ny = {v € H'(RY)\{0} | &(v)v = 0}
is the usual Nehari manifold. Here, || - ||, is the usual norm in the Lebesgue space

LP(RM).

DEFINITION 1.1. We say that u is a ground-state of (1.4) if « is a nontrivial solution
of (1.4) with & (u) = m(t).

Now, our main result is the following.

THEOREM 1.2. Let A=1, N =3 and 2 < q< 4. Then there exists t; > 0, which
may depend on q, such that

1) (1.4) has ground-states for t > t* and has no ground-states for 0 < t < t¥ in
g q g q
the case of 2 < q < 4.

(2) (1.4) has ground-states for t >t} and has no ground-states for 0 <t <t} in
the case of ¢ = 4.
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Moreover, if 2 < q < 4 then there exists t; > 0, which may depend on q, such that
(1.4) has two positive radial solutions w1 and w2 fort > t,, where uy 1 is a ground-

state with |Jug 1o ~ t"77 and U2 s a blow-up solution with

tTe, 3<q<4d,
llug2lloo ~ {4 tnt, q=3,

tiz, 2<q<3,
as t — +00.

REMARK 1.1. Theorem 1.2, together with theorem 1.1, almost completely solves the
existence of ground-states to (1.4), except for N = 3, ¢ =4 and ¢ = t}. Moreover,
theorem 1.2 also verifies the numerical conjecture in [14].

The proof of theorem 1.2 is based on our very recent study on the normalized
solution of (1.4) with the additional condition ||u||3 = a?, where a > 0. We remark
that we shall call u is a fixed-frequency solution of (1.4) if the frequency A is fixed,
since for the normalized solution of (1.4), the frequency A is a part of unknowns,
which appears as a Lagrange multiplier. Now, let us explain our ideas in proving
theorem 1.2. Let >0, a > 0 and (uy,A,) be a normalized solution of (1.4) for
t = p with the additional condition ||u,||3 = a?, that is, (u,, A,) is a solution of the
following system:

— Au+u = plul'2u+ [u* "2u in RV, W
we H'®RY), [ul} =ad* |
then by the Pohozaev identity satisfied by u, (cf. [33, (4.7)]),
Aua® = Nlunll3 = (1= vg)pllu, g > 0, (1.8)
where v, = N(q 2 Let
_N-2 1
va(z) = A T up(Ay ), (1.9)
then by direct calculationb we know that v, is a fixed-frequency solution of (1.4)
for A\ =1and t= ,u)\ . By (1.8), we also have
(L= gy, "
Au = 7(])‘ ”Uu”q
Thus, by letting
n= By B J (1.10)
we know that (v,,t,) solves the following system:
—Av+o=t]" 20+ v? 2 inRY,
2 1 1.11
ve HY(RY), traa = 7%1 vll2. (1.11)
a2#q qu

https://doi.org/10.1017/prm.2022.56 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2022.56

1508 J. Weiand Y. Wu
Clearly, if (v,t) is a solution of the system (1.11), then by letting

£\ i N2 o1
Ay = <M) and  uy(x) =" v(A\jx), (1.12)
(up, Ay) is also a normalized solution of (1.4) for t = p with the additional condition
lu,ll3 = a?, that is (u,, A,) is also a normalized solution of (1.7). Thus, by our above
observations, normalized solutions of (1.4) is equivalent to fixed-frequency solutions
of (1.4) with another additional condition. Since we made a detail study on some
special normalized solutions of (1.4) in [33], we could use these detailed estimates
to derive theorem 1.2.

Our observations on the relations between fixed-frequency solutions and nor-
malized solutions of (1.4) also bring in some new lights to study the normalized
solutions of (1.4). Indeed, let v; be a fixed-frequency solution of (1.4), then by the
above observations, finding normalized solutions of (1.4) is equivalent to finding
solutions of the following equation:

e 1-
EETE R PN TR} (1.13)
a2‘uq—q7q

This is a reduction, which heavily depends on the scaling technique and the
Pohozaev identity, since we reduce the solvability of (1.4) in H'(RY) to the
solvability of (1.13) in RT. Let

1 Iz 1 .
Aue) = IVl = g - ol

Then, A,|s, () is the corresponding functional of (1.7), where S, = {u € H'(RY) |
[ull3 = a}.

DEFINITION 1.2. We say that u is a normalized ground-state of (1.7) if u is a
solution of (1.7) and A, (u) < A, (v) for any other solutions of (1.7).

By (1.12), if (uyu, A,) is a solution of (1.7), then,

2
Al

Ap(u) + =&, (vn); (1.14)

where (v, t,) is a solution of (1.11). Thus, normalized ground-states of (1.7) must
be generated by positive fixed-frequency ground-states of (1.4) through the equation
(1.13), that is, Dypr C Ppopr where

Dyor = { (U, A\y) € HY(RY) x R | (g, \,) is a normalized ground-state of (1.7)}
and
N2 1 LN
Paor = (AT u(AE2), \u) € HU(RY) x Ry Ju € Dy,
with A, = (£) 7 and
Dyye = {v; € HY(R?) | v; is a fixed-frequency ground-state of (1.11)}.

Indeed, let (us ,,As,,) be any solution of (1.8) with A, , > 0. If v, , is not a
fixed-frequency ground-state of (1.4) with ¢ =t , where v, , and ¢, , are given

https://doi.org/10.1017/prm.2022.56 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2022.56

Schridinger equations 1509

by (1.9) and (1.10), respectively, then there exists v € H'(RY) such that v is a
fixed-frequency ground-state of (1.11) and

575*,“ (U*M) > gt*~u (ﬂ)

It follows that

)\*’Ma2
2

_ _ A p@?
Ay () + =&, We) > &, (0) = Au(@) + =5,
which implies that A, (v ) > A, (T,) where uw, is given by (1.12). Therefore, if
(1.7) has a solution then D, C Pypr. In other words, either (1.7) has no solutions
or Dyor C Ppop. Note that by theorems 1.1 and 1.2, Dy, # 0. Thus, P, # 0 which
implies that Dy, C Pyor. It is worth pointing out that this fact has also been

pointed out in [15, 20]. With these in minds, we can obtain the following results.

THEOREM 1.3. Let N >3 and 2 < q < 2+ +. Then there exist 0 < tgq < {ga <
+00, which may depend on q and a, such that (1.4) has normalized ground-states
with the additional condition ||ul|3 = a® for 0 <t < t,, and (1.4) has no normalized
ground-states with the additional condition ||ul|3 = a? for t > t,.,.

REMARK 1.2. Theorem 1.3, together with our recent study in [33], gives a
completed answer to the open question proposed by Soave in [32].

As an application of our new reduction in finding normalized solutions of (1.4),
we shall also consider the following Schrédinger equation:

— Au+ M+ V(z)u=|uP"?u  in R
(1.15)

ue H'(R?), ul}=r?

where @ = (21, 22,73) € R?, V() = 2% + 23, 1370 <p<6 and r >0 is a constant.
(1.15) is studied recently by Bellazzini et al. in [7], in which the authors proved
that (1.15) has a ground-state normalized solution, which is also a local minimizer
of the associated functional on the L?-sphere ||ul|3 = 72, with a negative Lagrange
multiplier A for > 0 sufficiently small. According to the geometry of the associated
functional on the L?-sphere ||ul|3 = r?, Bellazzini et al. also conjectured in [7] that
(1.15) has a second normalized solution, which is also a mountain-pass solution, for
r > 0 sufficiently small. In this paper, we prove this conjecture by obtaining the
following result.

THEOREM 1.4. Let % < p < 6. Then for r > 0 sufficiently small, (1.15) has a sec-
ond positive normalized solution u, 2, which is also a mountain-pass solution, with
a positive Lagrange multiplier

2(p—2)

6 —p)wllb] Z=T
(p)””P] — 400 asr — 0, (1.16)

ha = (o) [T
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where weo is the unique (up to translations) positive solution of the following

equation:
—Aw+w = |wP 2w in R?,
(1.17)
w € H'(R?).
Moreover,
_ 1 1
we(z) = A3 2ur2(N 3 %) = Woo +0r(1) in H'(R®) asr— 0. (1.18)
To prove theorem 1.4, we introduce
—3p (6 — )
frt) :=7r*— $26-9 JHth" - 2t_2/ V(z)widz ), (1.19)
2p p R3

where w; is a positive ground-state of the following equation:

—Aw+w+t 2V (2)w = |wP2w  in R,
w € H'(R?).

Then by applying our new reduction argument to (1.15), we reduce finding nor-
malized solutions of (1.15) to finding solutions of the equation f(r,t) = 0 for fixed
small r > 0. By the uniqueness and nondegeneracy of ws,, we prove that the curve
wy is continuous for ¢ > 0 sufficiently large in a suitable space. Thus, (1.19) can be
solved easily by the continuation method. We believe this method will be helpful
in studying normalized solutions of other elliptic equations.

Notations. Throughout this paper, C' and C’ are indiscriminately used to denote

various absolutely positive constants. a ~ b means that C'b < a < Cb and a <b
means that a < Cb.

2. Blow-up solutions for N =3 and 2 < g < 4

It is well known that the Aubin—Talanti babbles,

N-—-2
N2 c e
U =[N(N-2)] 7 | —— 2.1
(o) = IV -2 (55m) (2.)
is the only solutions to the following equation:
—Au=u>"" inRV,

u(0) = max u(z),
z€RN

u(z) >0 in RY,

u(z) — 0 as |z] — +oo.

By [33, theorem 1.2], for 1 > 0 sufficiently small, (1.7) has a positive radial solution

~ 1
4, with the Lagrange multiplier A, > 0 such that eju,(¢,z) — U, strongly in
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DY2(R3) for some g9 > 0 as 1 — 0 up to a subsequence, where U, is given by (2.1)
and ¢, satisfies

%_1 3
i, < q <6,

Moreover, by [33, lemma 4.1], we have

6—gqg
2
'M:” , 3 <qg<6,
A
: 1
On
1~ B | — , q=3, (2.3)
Au Auoy
%
ig;“q, 2<qg<3.
A2

On the other hand, in the proof of [33, proposition 4.2], we also show that
oy~e, as pu—0. (2.4)

PROPOSITION 2.1. Let A\ =1, N = 3 and 2 < q < 4. Then there exists ty > 0, which
may depend on q, such that (1.4) has two positive radial solutions us1 and ug 2 for

t > ty, where w1 is a ground-state with ||ug1|eo ~tT T2 and Ug o 05 a blow-up
solution with

t7e, 3<q<A4d,

lup2llow ~ q tlnt, q=3,
1

tiE, 2< <3,

as t — +oo.

Proof. By (1.9) and (1.10), (v,,t,) is a solution of (1.11). In particular, v,

~4Y%g—4

is a solution of (1.4) for A=1 and t=1t,=p\, > . By the well-known
Gidas-Ni-Nirenberg theorem [17], 7, is radial and decreasing for r = |z| up
to translations. Thus, without loss of generality, we may assume that v,(0) =

1
max, gy Uy. Recall that 21, (c,2) — U., strongly in D*?(R?) for some g9 > 0
as u — 0 up to a subsequence, by the classical elliptic regularity and the Sobolev
1

embedding theorem, e71,(s,2) — Us, strongly in C.%(R?) for some a € (0,1) as
1

p— 0 up to a subsequence. In particular, e3u,(0) — U, (0) as g — 0 up to a
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subsequence. Thus, by (2.1),

0,(0) = )\;%ﬂ#(O) ~ )\;%s;% as u — 0 up to a subsequence. (2.5)

In the following, let us estimate 0,(0) and %VM as i — 0. We begin with the estimate
of t,,. We first consider the case 2 < ¢ < 3. In this case, by (2.2), (2.3) and (2.4),

Ay ~ €}, which, together with (1.10), implies
g 10-39 2,4-6 2
tu~en? (6,) % =¢, 7— +o0 aspu—0.

For g = 3, by (2.2), (2.3) and (2.4),

Y 21n( ;E ) 2
nep

)\Mwé‘u ln(i) Nalt
Ep

It follows that

1 1 1
In () <In < lIn(—).

~Y
€ N €
u 1
Au€p

Thus, we also have X# ~ &2 for ¢ = 3. By (1.10) and (2.2),

(Eu)_% :5;1 i~ — +oo aspu—0.
ln(a)

1
111(57)
For 3 < q <4, by (2.2), (2.3) and (2.4), X, ~ £2. Now, by (1.10),

g 122 9\4=6 4

ty~ey” (e;) T =€l — 400 aspu—0.

Thus, for all 2 < ¢ < 4, we always have

52_4, 3 < q<d4,
1
- N o -
Ay~en and t, ~{ Eu (L)’ q=3, (2.6)

f—:i*q, 2<q<3,
as 1t — 0. Now, by (2.2)—(2.4) and (2.5), we have
P, 3<q<d,

1 2
UH(O) ~ y 4= 3,
] In pul

,u_loi?’Q, 2<qg<3.
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It follows from (2.2) and (2.6) that

1
ty 7, 3<q<d4,
0,(0) ~ ¢ t,Int,, q=3,
1
i, 2<qg<3.

Thus, by (2.6), v, is a blow-up solution of (1.4) for N =3, A=1, 2 < ¢ <4 and
t =t,. Note that by [25, theorem 2.2], the ground-states of (1.4) for A =1, say

Uz, satisfies ||T¢/oo ~ t777 as t — +o00. For p > 0 sufficiently small, v, is a second
positive radial solution of (1.4) with N =3, A =1, 2 < ¢ < 4 and ¢ > 0 sufficiently
large. O

REMARK 2.1. Let v,, be given in the proof of proposition 2.1 and define

1
Wy(x) =t vu(x),
then w, satisfies the following equation:
22 N
—Aw+w = |w/T 2w+, 7w Pw inRY,

ve HY(RY),

(2.7)

where t = %Vu is also given in the proof of proposition 2.1. By similar arguments as
that used for [14, lemma 5.3], (2.7) has a unique bounded positive radial solution
for t > 0 sufficiently large. However, by (1.10) and (2.5),

W, (0) ~ pa—2 X, e ? as p— 0. (2.8)
By (2.2), (2.6) and (2.8),

1
~ —2 _
’LUH(O) ~ 5# hl(%), q= 3>

n

2
q—2

en T, 3<g< 4.

Thus, @, is also a blow-up solution of (2.7) as t,, — +oc.

3. Ground-states for N =3 and 2 < g <4
The associated fibering map of (1.6) for every v # 0 in H(R?) is given by
52 tsd 50
E(s) = 5 (IVoll3 + [[0]3) = —lvlld — = [lvllg- (3.1)
2 q 6
Since ¢ > 2, it is standard to show that for every v # 0 in H*(R3?), there exists

a unique sg > 0 such that E(s) is strictly increasing for 0 < s < sp and strictly
decreasing for s > sq.
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LEMMA 3.1. Let N =3, A=1 and 2 < ¢ < 4. Then m(t) = %S% for t >0 suffi-
ciently small, where m(t) is given by (1.5).

Proof. We argue in the contrary by supposing that there exists £, — 0 as n — oo
such that m(t,) < %S%. Then, it is standard to show (cf.[6]) that m(t,) is attained
by a positive and radial function, which is also a solution of (1.4) with A =1,
N = 3 and t = t,,. We denote this solution by v, . Since ¢,, — 0 as n — o0, it is also
standard to show that

IV, 64 0,(1) =S5 +0,(1) asn— oo. (3.2)

32 [|ve,,

Thus, {v;,} is a minimizing sequence of the Sobolev inequality. By Lions’ result
(cf. [34, theorem 1.41]), up to a subsequence, there exists o,, > 0 such that for some
e >0,

1
wy, (r) = o3 vy, (0px) — Us, strongly in DV?(R?) as n — oo.

Clearly, by direct computations, we know that w,, satisfies the following equation:

— Awy, + 02wy, = tpow 2wl +wd  in R? (3.3)
t 0,Wt,, = lpn0n wtn ’(Utn 1 . .

Since v, is positive and radial, wy, is also positive and radial. Thus, by the bound-
edness of {w;,} in DV?(R3), the Sobolev embedding theorem and Strusss radial
lemma (cf. [8, lemma A.2]),

wy, S 7~ for all 7 > 1 uniformly as n — occ.

n

On the other hand, since w;, — U., strongly in D*?(R?) as n — oo, by applying
the Moser iteration in a standard way and using the Sobolev embedding theorem,
we know that w;, — U, strongly in Cllo’j (R3) as n — oo for some a € (0,1). Thus,

wy, S (1+ r)*% for all » > 0 uniformly as n — oo.

Now, we can adapt the ODE’s argument in [5, 18, 21] as that in the proof of
[33, lemma 4.1] to obtain

1
wy, S ———— for all r > 0 uniformly as n — oo. (3.4)
)

=

On the other hand, since N = 3, it is easy to check that r~'e~=" is a subsolution
of —Au + o2u = 0 for r > 1. Thus, by the fact that w;, — U., strongly in Cllo’f (R3)
as n — oo for some « € (0, 1), we can use the maximum principle in a standard way
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to show that

wy, 2 rle”" forr>1 uniformly as n — oo.
It follows that
N ol73 2<q<3,
w5z [ e dr o nal, g =3 (3.5)
1

1, 3<qg<6.

Since t, — 0 as n — oo, by (3.4), for r > (é)%, (3.3) reads as
L o T3
—Awy, + 10Vt <0 inR-.

Thus, by (3.4), we can use the maximum principle in a standard way again to obtain

1

-1 —2n 1 2 .

wy, Srte” AT forr 2 (0> uniformly as n — oo.
n

On the other hand, since ||wy, ||8 = [|vg, |8 = S2 4 0,,(1), by (3.8) and the Holder

inequality,
34 3-—4 6—4q
onllwe, I3 S taon* lwe, 17 < taon > [lwe, 127
which implies
2
onllw, ll2 S th
Since wy, — U., strongly in DV2(R?) as n — oo and U., ¢ L*(R?), by the Fatou

lemma,
liminf ||wy, |2 = +oc.
n—oo

Thus, by ¢, — 0 as n — oo, we have o, — 0 as n — oo. It follows from (3.4) once

more that
N i od™?, 2<q<3,
lwe|ld <1+ /1% r2=adr —I—/( L)) r2=9em 4 dr ~ { | Inoy|, ¢ =3, (3.6)
13
o 1, 3<g<e6.

Thus, by (3.5) and (3.6), we have
ol™3 2<q¢<3,

we, [~ q [Inon|, ¢=3, (3.7)

1, 3<qg<6.

Note that as that of (1.8), by the Pohozaev identity, we have

3_4a
onllwe, 13 = (1 = vg)tnon *|lwe, |17 (3.8)
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Thus, by (3.7),

q
thon, 2<q<3,

3

On ~ o tpoi|lno,|, ¢=3,
3_4a

thoo t 3<qg<e,

which implies

(3.9) contradicts the facts that t,,0, — 0 as n — oo for 2 < ¢ < 4. It follows that
m(t) > %S% for t > 0 sufficiently small in the case of 2 < ¢ < 4. On the other hand,
since m(t) is the minimum of &(v) on the Nehari manifold N, it is standard
(cf. [33, lemma 3.3]) to use the fibering maps (3.1) to show that m(t) is nonin-
creasing for ¢t > 0. Note that it is well known that m(0) = %S%, thus, m(t) < %S%
for all ¢ > 0. It follows that m(t) = 5 % for t > 0 sufficiently small in the case of
2<qg<4 O

Let
ty =supt>0|[m = §S2 . (3.10)

Then by lemma 3.1, t; > 0 for 2 < ¢ < 4. Since it is well known (cf. [6]) that m(t) <
%S% for ¢ > 0 sufficiently large in the case of 2 < ¢ < 4, we have 0 < {; < +oo for

all 2 < ¢ < 4. Since m(t) < %S% for ¢ > t7, it is standard (cf. [6]) to show that m(t)
is attained for ¢ > #7. Let v; be a ground-state of (1.4), which is radial and positive
for ¢ > t7 in the case of 2 < ¢ < 4. Then, we have the following.

PROPOSITION 3.1. Let N =3, A =1 and 2 < q < 4. Then, ||vs[|§ ~ 1 ast — ;.

Proof. The conclusion [v¢[|§ <1 as ¢t — t; is standard so we omit it. For the con-
clusion [v¢|| 2 1 as t — ¢, we argue in the contrary. Then there exists ¢, — t; as
n — oo such that [lvy, [|[§ — 0 as n — oc. Similar to that of (3.2), we also have

[V0r, 113 = [0, 1§ + 00 (1) = S +0,(1) asn — co.

Thus, {v;,} is a minimizing sequence of the Sobolev inequality. By Lions’ result
(cf. [34, theorem 1.41]), up to a subsequence, there exists o, > 0 such that for some
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€x >0,
wn(z) = (o) 2y, (0,2) — U.. strongly in DV2(R?) as n — oco.
Now, repeating the arguments for (3.9), we will arrive at

(cr;)Z%q, 2 < q< 3,
1

* / —%
t, ~ (Un) |1HO';L|’

p q=3,

(o), 3<q<Ad

This is impossible since o/, — 0 as n — oo by similar arguments as that used for
oy, in the proof of lemma 3.1. Thus, we must have [|v;[|2 2 1 as ¢t — 1. O

Now, we are arriving at the following.
PROPOSITION 3.2. Let A\=1, N=3 and 2 < q < 4. Then

(1) (1.4) has ground-states for t > t; and has no ground-states for 0 <t <t; in
the case of 2 < q < 4.

(2) (1.4) has ground-states for t > t; and has no ground-states for 0 <t <t} in
the case of ¢ = 4.

Here, t;, is given by (3.10).

Proof. We first prove that there is no ground-states of (1.4) for 0 <t < ¢; in the
case of 2 < ¢ < 4. Suppose the contrary that (1.4) has a ground-state for some
0 <t <t in the case of 2 < ¢ < 4. Then m(t) is attained. Now, by use the fibering
maps (3.1) in a standard way (cf. [33, lemma 3.3]), we have m(t') < m(t) for all
t' > t. It follows that m(t') < £S % for all #/ > t, which contradicts the definition
of t7 given by (3.10). Thus, there is no ground-states of (1.4) for 0 < ¢ < ; in the
case of 2 < ¢ < 4. It remains to prove that (1.4) has a ground-state for ¢ = ¢; in the
case of 2 < ¢ < 4, which is equivalent to prove that m(t;) is attained for 2 < ¢ < 4.
Let v; be a ground-state of (1.4), which is radial and positive for ¢ > ty in the case
of 2 < ¢ <4 such that ¢ — t7. By proposition 3.1, [Jv[| 2 1 as t — ¢;. Since v, is
radial, it is standard to show that v; — Vs # 0 strongly in H*(R?) as t — ty up to
a subsequence. Thus, m(t;) is attained by v, which is also a ground-state of (1.4)
for ¢ = 17 in the case of 2 < ¢ < 4. O

REMARK 3.1. Upon to theorem 1.2, the existence of ground-states of (1.4) is almost
completely solved, except for N =3, ¢ =4 and ¢t =1¢}. In this case, we believe
that there is no ground-states of (1.4). Indeed, let 4z > 0, a > 0 and (uy, A,) be a
normalized solution of (1.7), then by (1.9) and (1.10), v, is a solution of (1.4) with

q7q
2

A=landt=t, = ,uXM . By (2.2) and (2.6),
tﬂw,usiwu =2 aspu— 0 for 4 < q<6.

Thus, ?HHO as up— 0 for 4 < ¢ <6 and t~uN1 as g — 0 for ¢ = 4. Note that
Uy, generated by wu, though (1.9), is a solution of (1.4) for t=1t, and by
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[33, theorem 1.2],

~ ~ 3
VT3 = [[Viul3 = 52 +0,(1) asp— 0.

It seems that v, will approximate the ground-state level m(t) = %S 3 for N = 3,

A=1,g=4 and t =1} as p — 0, which suggests that the concentration phe-
nomenon will happen at the ground-state level m(t) = %S% for N=3,A=1,q=4
and ¢t = t}.

We close this section by the proof of theorem 1.2.

Proof of theorem 1.2. Tt follows from propositions 2.1 and 3.2. O

4. Normalized ground-states for 2 < ¢ < 2+ 4/N
Let

0, N >4, 1)
t** — .
? t5, N =3,

q’

where ¢} is given by (3.10). Then, by [6, theorem 1.2] and theorem 1.2, (1.4) has
a ground-state vy for t > ¢7* and 2 < ¢ <2+ %, which is positive and radial. By
(1.11) and (1.12), (ut, A¢) is a positive normalized solution of (1.7) if and only if

2 1—
F(t.p) =70 =~ uflg = 0.
CLQILL(Z*Q’Yq

Clearly, for every t > t7*, there exists a unique

a—avq
2

a—qvg+2
pie = a7 | (1 — yg)||ug]|9¢ T (4.2)

such that F'(t, us) = 0. Let

Tgo =sup{pe >0t >t}

Then, (1.7) has a positive normalized solution if and only if u <7, , and p = p.
Now, we are prepared for the proof of theorem 1.3.

Proof of theorem 1.5. By [33, theorem 1.1] and [19, theorem 1.6], (1.7) has a nor-
malized ground-state for > 0 sufficiently small. Thus, we only need to prove (1.7)
has no normalized ground-states for p > 0 sufficiently large, which is equivalent to
show that 7z, , < +00. Recall that v, = N(gq_Q), we always have g > ¢v,. It follows
from (4.2) that s — 0 as t — t;* for N > 4 since t;‘* =0 for N >4. For N =3,
we have ;" =17 >0 and [[vg|[§ ~ 1 as t — t; by proposition 3.1. Thus, u; $ 1 as
t — t;* for all N > 3. Since v; is a ground-state of (1.4) with the least energy m(t)
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on the Nehari manifold NV;, by standard arguments (cf. [11, lemma 2.2]),

1~ "1
t)=—=82 — [ v |9dr forall t >t* 4.3
m(t) ~ /t;*qu [|dr  for all t >t (4.3)
and
7 1 q k%
m'(t) = 76||vt||q for a.e. t >3 (4.4)

As that of (1.8), by the Pohozaev identity, we have

IVoel3 = vatlvell + lloell3e and  [[Vee|3 = Nm(t). (4.5)

Thus, by (4.3) and (4.4),

Nm(t) + qygm/(t)t >0 for ae. t > 77,

_N_
which implies m(t)t % is increasing for ¢ > ¢7*. Now, let to > t7* with to — ;" >0
sufficiently small such that u; <1 for t < tg, then

m(t) = P fort > to. (4.6)
On the other hand, by the definition of ¢;* given by (4.1), [6, theorem 1.2] and
theorem 1.2, m(t) < %S% for t > t7*. Thus, it is standard to apply the classical
elliptic estimates to show that ||v¢]|es S 1 for all ¢ > tg. By (4.4) and (4.5),

~

1
9ul < (1+0(4)) luy

1
_ (1 +0 (t)) qygm’ (t)t  for a.e. t > to,

Nm(t)

__N
which implies that for every € > 0 there exists t. > 0 such that m(t) <t 99Fe for
t > t.. It follows from (4.5) once more that

__ N
ve|d S t™ T for t >t

Thus, by (4.5) and ||v¢]|ee S 1 for all ¢ > tg, we have

~

__ N
Nm(t) = [|Vor|3 < vgllvel|at + Cot™ 7% " for t >t

_N _ N
which implies m(t)tee — Cit~ ©a*= is decreasing for t > t.. Therefore, m(t) <
_N
t @va for t > 0 sufficiently large, which, together with (4.6), implies that
_N
m(t) ~t 9  ast— +oo.

Tt follows from (4.5) and ||v¢]|eo S 1 for all ¢ > ¢ that

~

__N
[vellg ~ ™! as t — oo
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Since
2 N IN(q—2— ) 4
- = <0 for2<g<2+—,
a—qv a7 (¢—2)2N —q(N —2)) N
by (4.2), Fiy, < 400 for 2<q<2+ 4. O

5. An application

In this section, we shall apply our above strategy to study the Schrédinger equation
(1.15). Since there is an additional condition ||u||2 = r2 in (1.15), A in (1.15) is not
fixed but appears as a Lagrange multiplier.

Let (uy, A) be a solution of (1.15). Since V(x) = 23 + 23, we have VV (x) -z =
2V (z). Thus, the Pohozaev identity of (1.15) (cf. [7]) is given by

Ar25 1
Vald+ 25+ 5 [ Vienide = Sy,

1
g/
which, combining the equation (1.15), implies that
6—p
A2 = Wnu,ﬂg - Q/RS V(z)udz. (5.1)

We define
wy(z) = )\T_ﬁur(Ar_%x) and t, = A, (5.2)
Then by V(z) = 22 4+ 23 and (5.1), (w,, t,) is a solution of the following equation:
—Aw+w+t72V(2)w = |wP" 2w  in R3,
we HY(R?), 1=t D (6_7’||w||P - 2t—2/ V(x)w2dx> .63
2p P R3

Clearly, if (w,,t,) is a solution of (5.3), then, by (5.2), (u,, ) is also a solution of
(1.15).

With these basic observations in hands, to find normalized solutions of (1.15) with
positive Lagrange multipliers, it is equivalent to study the existence of solutions of
(5.3). For this purpose, let us first consider the following equation:

—Aw+w+t?V(z)w = |wfP?w in R,
(5.4)

w e HY(R?).
The corresponding functional of (5.4) is given by

1 _ 1
aw) =5 (IVul + ol + [ 2Vi@tas) - <ol

By [7, lemma 2.1] and the Sobolev embedding theorem, this functional is well
defined and of class C? in the Hilbert space

X = {w c H'R® | [ V(x)w?dx < —i—oo} (5.5)
R3
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with the norm

ollx = (le% <[ V(x)dex> |
R

We also define the usual Nehari manifold of J;(w) as follows:
M; = {w e X\{0} | 7} (w)w = 0}.

The associated fibering map for every w # 0 in X is given by

52 B sP
59 =5 (Iul 41wl + [ vetar) - Dl 60

Since p > 2, it is standard to show that for every w # 0 in X, there exists a unique
sp > 0 such that J(s) is strictly increasing for 0 < s < s{, and is strictly decreasing
for s > s{,. Let

m(t) = inf J;(v).

vEM,y

DEFINITION 5.1. We say that w is a ground-state of (5.4) if w is a nontrivial solution
of (5.4) with J:(w) = m(t).
We also need the following equation:
— Au+tu+V(z)u = |[uf?u in R3,
{u e H'(R%). (5.7)

The corresponding functional of (5.7) is given by
1 1
T = (I9ul} + el + [ Viwnlas) -
R3 p

This functional is well defined and of class C? in the Hilbert space X, which is
given by (5.5). We define the usual Nehari manifold of Z;(u) by

Pe = {u € X\{0} | Z;(u)u = 0}.

The associated fibering map for every u # 0 in X is given by

52 sP
I(s) = & <W|§ + tlull3 +/ V(fﬂ)u2dx> = —lulfp (5.8)
R3 p

Since p > 2, it is standard to show that for every u # 0 in X, there exists a unique
sy > 0 such that I(s) is strictly increasing for 0 < s < s, and is strictly decreasing
for s > s,. Let

M(t) = viengt Zi(v).

DEFINITION 5.2. We say that u is a ground-state of (5.7) if u is a nontrivial solution
of (5.7) with Z;(u) = M(¢).
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Now, we have the following result of (5.4).

PROPOSITION 5.1. Let 1—30 < p < 6, then (5.4) has a positive ground-state wy for all
3p—10

t > 0 satisfying ||w]|3 ~ 2672 ast — 0 and w, — weo strongly in HY(R3) ast —

“+00, where Wy, is the unique (up to translations) positive solution of the following

equation:

—Aw+w = |wP 2w in R,
(5.9)

w e HY(R?).
Moreover, wy is unique for t > 0 sufficiently large.

Proof. The proof is standard so we only sketch it here. We first prove the existence
of ground-states of (5.4). By the discussion in [7, 4.2 Symmetry of minimizers], we
know that for the energy level m(t), there exists a minimizing sequence {w,} on
the Nehari manifold M, such that w,, is real and positive. Moreover, w,, is radial
and decreasing w.r.t. (z1,x2) for all z3 and w,, is even and decreasing w.r.t. x3 for
all (z1,2). Since & < p < 6, it is standard to use the fibering maps (5.6) to show
that m(¢) > 0 on M,. Thus, by [7, lemma 3.4], there exists {z,} € R such that

Wy (x1, 2, T3 — 2,) — wo # 0 weakly in X as n — oo.

Since %0 < p < 6, the fibering map of every w # 0 in X, see (5.6), has a unique
maximum point s, and it interacts the Nehari manifold M; only at the unique
maximum point s(,. Thus, we can use standard arguments (cf. [33, proposition 3.1])
to show that wq is a positive ground-state of (5.4). We next prove the convergent
conclusion for ¢ — +o0. Let w; be a positive ground-state of (5.4) for ¢ > 0. Since
V(z) >0, ¢t >0 and w; is positive, we know that w; satisfies

—Aw; +wy <wPloin RS, (5.10)

By using the fibering maps (5.6) in a standard way (cf. [33, lemma 3.2]), we know
that m(t) is decreasing w.r.t. ¢ > 0. Thus, {w;} is bounded in H(R3). It follows
from (5.10) and the classical elliptic estimates that

wy < (1+ |z)"te 2l in R® for ¢ > 1. (5.11)

Thus, by V(z) = 2% + 23,
/ V(z)w?de <1 forall t > 1,
R3
which implies that

t2 V(z)widr = or(1) ast— +oo. (5.12)
R3

Now, using the fibering maps (5.6) in a standard way, we know that m(t) > m +
0+(1) as t — +o0, where

m= 70
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with
1 9 9 1 »
T(w) = 5 (IVwllz + llwlz) - ];Ilw\lp
and
M ={we H'(R)\{0} | T'(w)w = 0}.

On the other hand, it is well known that (5.9) has a unique (up to translations)
positive radial solution w.,, which exponentially decays to zero at infinity. Thus,
using we as a test function and adapting the property of the fibering maps (5.6) in a
standard way, we also have m(t) < m 4 04(1) as t — 4oc. It follows that m(t) = m +
0¢(1) as t — 400, which implies that [w;|[b = [[weo|[) + 0¢(1). Now, by standard
arguments and the uniqueness of w.,, we can show that w; — ws strongly in
H(R?) as t — +00. We now turn to the proof of the convergent conclusion for
t — 0. For every ¢t > 0, let w; be a positive ground-state of (5.4), then by (5.2), u,
is a positive solution of (5.7). Moreover, by direct calculations,

Ji(wy) = t2<1;_—62)1't(ut) and J/(w)w; = t2<i7_—62>1'£(ut)ut.

Thus, u; is a positive ground-state of (5.7) for all ¢ > 0. On the other hand, by
[7, lemma 2.1], Holder and Sobolev inequalities,

) 6—p 3p—6
lullp S llull,® [[Vully® S flullx  for all u € X.

Thus, by using the fibering maps (5.8) in a standard way, we know that M(0) > 0.
By similar arguments as that used above to compare the energy levels M(0) and
M(t), we can obtain that M(¢) = M(0) + 04(1) as t — 0. It follows that {u;} is
bounded in X and [[u[|h ~ 1 as ¢ — 0. By [7, lemma 2.1], {u;} is also bounded
in H'(R3) as t — 0. Now, by the Lions’ lemma (cf. [23, lemma I1.1] or [34, lemma

1.21]), we can conclude that ||u;[|3 ~ 1 as t — 0. It follows from (5.2) that ||w]|3 ~
3p—10

t2=2) as t — 0. We close this proof by showing the uniqueness of w,; for t > 0
sufficiently large. Let w; and w; be two different positive ground-states of (5.4) and

!
Wy —w,

we define ¢t = W

Then by the Taylor expansion,

— Ay + ¢y + 12V (2)py = (p — 1) (ws + O(w; — w))))P2¢s, in R3,
where 6 € (0,1). Since V(z) > 0, by (5.11),

—A(¢e)® + g(qﬁt)"‘ <0, inR3.

Thus, by the maximum principle, |¢;| < e~ 212l for || > 1. It is standard to show
that ¢; — ¢ strongly in any compact sets as t — +o0 and

~A¢+¢=(p— w2, R

Note that w; and w; are radial w.r.t. (x1,z2) for all 23 and even w.r.t. xg for
all (z1,22). Thus, ¢; is also radial w.r.t. (z1,z2) for all 3 and even w.r.t. x3 for
all (x1,x2). Now, by the well-known nondegeneracy of w.,, we have ¢o, = 0. It,
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together with |¢¢| < e~ z!7l for || > 1, contradicts |p¢|l o (r3) = 1. Therefore, w; is
unique for ¢ > 0 sufficiently large. O

Let w; be a positive ground-state of (5.4) given by proposition 5.1 and we define

—3p 6 —
F(r,t) =12 — 1769 <2p|wtg - 2t_2/ V(x)wfda:) .
P R3

By proposition 5.1, for every ¢t > 0 sufficiently large, there exists a unique

Ty = (tz)1<0p32> (p||wt||£ - 2t_2/ V(m)w?dm)) >0 (5.13)
2p R3

such that f(ry,t) = 0. Thus, by (5.2), (u,,,t) is a positive normalized solution of
(1.15) with a positive Lagrange multiplier ¢ > 0. We are now prepared for the proof
of theorem 1.4.

Proof of theorem 1.4. By the uniqueness of w; given by proposition 5.1 for ¢ > 0
sufficiently large, say t > T,. It is standard to show that [p, V(x)w? is continuous
for ¢t > T. Note that by proposition 5.1,

6—p 2 2 6—p ]
(5521wt -2 [ Vioptas) = 2L uly + o)

10—3p

Thus, by £ < p < 6, for every r < (I)"~ (Gz;pprT* b — 2T, [oa V(a:)w%*da;))%7
f(r,t) =0 has a solution ¢, > T,. This, together with [7, theorem 2], implies that
(1.15) has a second positive normalized solution w, » with a positive Lagrange mul-
tiplier A, 2. The asymptotic behaviour of u, 2 and A, is obtained by (5.2) and
(5.13). It remains to show that u, 5 is a mountain-pass solution of (1.15) for r > 0
sufficiently small. As that in [7, remark 1.10], we introduce the mountain-pass level

= inf t
o(r) = inf max Y(g[t)),

where Y(u) = |jul% — %||u||g and

I ={gls] € C([0,1],5,) [ g[0] = w1 and = Y(g[1]) < V(g[0])}

with u,1 being a local minimizer of Y(u) in S, found in [7] and S, = {u € X |
|lull3 = r2}. Let

Byxe={u€ X ||ulk, <p},
where ||u||x is a norm in X given by

1

s = (19l + i+ 2 [ Viutas)

Then by [7, lemma 2.1] and the Sobolev inequality, for a fixed p > 0 sufficiently
small, it can be proved by using % < p < 6 in a standard way that

m(¢) = inf Jnax Ji(hls]),
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where

O — {h[t] € C((0,1], X) | hl0] € By.x; and Jy(h[1]) < in}.

Now, for every g[s] € T, we define g*[s] = A;Z”jg[s]()\r_éx) Then

T nla ) = A (Mgl + 2.

By [7, theorem 1] and (1.16),

p—6
lg"[O1l% .., S 7257 ~ Ay =0 asrT —0.
Thus, g*[0] € B, x,x,, for 7 > 0 sufficiently small and J;(¢g*[0]) — 0 as » — 0. By
the definition of g[t], we also have J;(g*[1]) < %p*. It follows that g*[t] € ©, which
implies

p—6 2
m(A2) <A <a(r) + A;’”) .

On the other hand, the fibering map of Y(u) at u,o is given by

7—10’)’1)

2
T 9 1 5
Tooalr) = G190l + 55 [ Viutade = S furall,

By direct calculations,

7.0 = T Vuralf = 5 [ Vi@ ade =3 ugall
and
T = sl + =5 [ Vi@ ade =2yl = D unalf,
Clearly, 7, (1) = 0. Moreover, by (1.18), (5.12) and the Pohozaev identity of we,
7,0 = N5 (el 2 = ) + 0r(1)) <0

for > 0 sufficiently small. Now, let h(7) = 74| Vu, 2[5 — 777 2 ||uy||2, then,

4
4 Vu, 0|3 177 py, — 2
max h(T) _ || uhQ”Q 5 P PYp
720 (P + 2)[|ur2llp PYp +2

IVural} > [ Vs,
R

It follows that there exists 7,, < 1 such that 7] (7.) =0 and 7 (7.) > 0. We
claim that 7. — 0 as  — 0. If not, then, there exists r, — 0 such that 7. 2> 1 as
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n — oo. Without loss of generality, we may assume 7, = 1 for all » > 0 sufficiently
small. By 7, (7,) =0, (1.18), (5.12) and the Pohozaev identity of w,

6—p
T (1) = X577 (A Vw3 = (pyp + 2)[lwee 5727772 + 0,(1))

Ur,2
6—p 9
3(p=2 _

= X5 (A= (pyp + 27 + o (1)) weo 1,

4

1
which implies 7, < (p'y +2)P”P*2 < 1. Without loss of generality, we may assume
p

that 7, — 79 as 7 — 0. Then by 7,; (7,) =0, (5.12) and the fact that we solves
(1.17), we must have 7y = 0. It is impossible. Thus, we must have 7. — 0 as r — 0.
By (1.16) and (1.18),

1
- ([ v@uide +o.0) = [Fwsl + 0,0
T, )\ R3

rr,2
It follows from (1.16) and (1.18) that

10—3p

Ia)e e = 72Vl + 72 [ Viahdade ~ 25 o

3
as r — 0, where (u,2);. = 7 ur2(72). Thus, (ur2)r, € Bry,x,1 for a fixed and
large x > 0. Since By, x,1 is connected, we can find a continuous path Y : [0, 1]
with Y(0) = u,1 and Y(1) = (u,2)~,.. Now, we define

T[(25)], 0<s<

)

N | =

(uT;2)2(178)7}#’(2571)7}’*7 <s<1

9

N | =

s

Byy.x1 and Y(u.2) 21 by (1.16) and (1.18). Thus, for r > 0 sufficiently small,
h**[s] € T, and

where we choose 7. > 1 such that 7, ,(7-.) < Y(u,1). Note that Y(u) < r? in
1

(1) < max H7[s] = Tar o (1) = MO )G — 2n2t”
) S goax 1181 = funp (L) = A2 Ar s 2

_S—p_ 2
— A g . . .
Therefore, m()\r)z))\:g 5 22 = a(r) and u, is a mountain-pass solution of

(1.15) for r > 0 sufficiently small. O
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