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LIMIT THEORY FOR U-STATISTICS UNDER GEOMETRIC AND
TOPOLOGICAL CONSTRAINTS WITH RARE EVENTS
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Abstract

We study the geometric and topological features of U-statistics of order k when the
k-tuples satisfying geometric and topological constraints do not occur frequently. Using
appropriate scaling, we establish the convergence of U-statistics in vague topology,
while the structure of a non-degenerate limit measure is also revealed. Our general result
shows various limit theorems for geometric and topological statistics, including per-
sistent Betti numbers of Cech complexes, the volume of simplices, a functional of the
Morse critical points, and values of the min-type distance function. The required vague
convergence can be obtained as a result of the limit theorem for point processes induced
by U-statistics. The latter convergence particularly occurs in the M-topology.
Keywords: Point process; persistent Betti number; Morse critical point; extreme value
theory
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1. Introduction

The main focus of this paper is to examine the geometric and topological features of
U-statistics when the geometric configuration of a point cloud does not occur frequently. Let
X, ={X1,..., Xy} C R, d>2, be a random sample, and let (r,,) be a sequence of positive
numbers such that r,, — 0 as n — oo. A geometric graph G(A&},, r,,) is an undirected graph with
a vertex set &}, and edges [X;, X;] for all pairs X;, X; € A, such that || X; — Xj|| < r,, where ||-||
denotes the Euclidean norm. The monograph [30] by Penrose covers a range of related topics,
including subgraph counts, the vertex degree, the clique number, and the formation of a giant
component. As seen in the monograph, many of the geometric statistics can be represented as
U-statistics. Namely, for every n, k > 2,

Ti= > H), (1.1)
YCX,, | Y=k

where || is the cardinality of a point set ) in R? and H,,: (RY)¥ — R is defined as

-1 -1 d
Hy(x1, ..., x)=H(@r, x1,...,r, X)), Xx1,...,x€R
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for some symmetric and translation-invariant map H: (R%) — R. Additionally, we can also
consider a certain variant of (1.1), defined by

= Y HO)L{ly—zl = forallyeYandze X, \ V),
Yo, | YVI=k

where 1{-} denotes an indicator function. This is of particular importance when we are exam-
ining k-tuples ) C X},, which not only satisfy geometric conditions implicit in H,, but are also
separated from the other points in &},. In Section 2 we provide a more general definition of T,%
for i =1, 2. If one takes

HGxr, .o x0) = H{Gxy, ..., oxd, DET),  xeRY, (1.2)

where T is a connected graph with k vertices and = means graph isomorphism, then T,Elr)l rep-

resents the number of subgraphs isomorphic to I' (with radius r;) and T,Ezr)l counts the number
of connected components isomorphic to I". In addition to the random geometric graph setup,
many of the functionals in stochastic geometry, such as intrinsic volumes of intersection pro-
cesses, the volumes of simplices, can be treated under the framework of U-statistics [2, 6,
22, 24, 31]. Additionally, T,Ele can also arise when examining random geometric complexes.

For example, with an appropriate choice of H, T,?)n can be used to dictate the behavior of
topological invariants of a geometric complex [3, 4, 17, 29].
The limiting behavior of T,E’)n depends crucially on the decay rate of r, as n — oo. If r,, is

chosen such that nkrg(k_l) — 00 as n — 00, it then follows that ]E[T,E’L] — 00. This implies

that the geometric configuration of k-tuples relating to H,, asymptotically occurs infinitely
many times. Then T,% obeys a central limit theorem:

7~ BT
Var(7))

converges weakly to a standard normal random variable. Last et al. [24] and Reitzner and
Schulte [31] established the rate of convergence in normal approximation in terms of the
Wasserstein distance and the Kolmogorov distance, via the Malliavin—Stein method together
with Palm calculus for a Poisson point process. The monograph [23] by Last and Penrose pro-
vides details of this line of research. Furthermore, Blaszczyszyn et al. [2] derived asymptotic
normality of geometric statistics (not necessarily U-statistics) when the input process exhibits
fast decay of correlations. In the context of random topology, proving the asymptotic normal-
ity of the simplex counts, which themselves are U-statistics, will be a crucial step in deriving
the central limit theorem for topological invariants, such as the Euler characteristic and Betti
numbers [17, 21, 29, 35]. If r, decays more slowly, such that nkr,‘f(k_l) — ¢, n — 00, for some
c € (0, 00), the k-tuples that satisfy the geometric conditions in H,, will occur less frequently.

Then E[T,E'L] tends to a finite positive constant as n — oo. In particular, if one takes H, as in

(1.2), T,g:l converges weakly to a Poisson random variable as n — 0o, that is, for all integers
£>0andi=1,2, ‘
P(1{) =€) — B(Poi(w) = £), n— oo, (1.3)

where ‘Poi(vg)’ stands for a Poisson random variable with mean vy € (0, co). In research relat-
ing to random topology, Kahle and Meckes [17] and Owada and Thomas [29] proved that
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the Betti number of a geometric complex converges weakly to the difference of time-changed
homogeneous Poisson processes on the real half-line. Furthermore, Decreusefond et al. [6]
provided the rate of convergence of a point process induced by U-statistics in terms of the
Kantorovich—Rubinstein distance.

The main aim of this paper is to explore the limiting behavior of T() when the k-tuples
satisfying the geometric conditions in H,, are even less likely to occur. Spemﬁcally, we assume
that r, decays to 0 at a faster rate: n*r, dk=1 _, 0 as n — oo. It then follows that

P(lT,g)n| > e) -0, n— o0
for all € > 0. In this setting, we aim to detect a sequence (v,) that grows to infinity, so that
(vP(T) €), n=1) (1.4)

converges to a non-degenerate limiting measure. Since (1.4) is not a sequence of probability
measures, weak convergence as in (1.3) can no longer be used. Alternatively, by exploiting the
notion of vague convergence (see [19] and [32]), we show that in the space of Radon measures
on [—o0, 0o] \ {0},

viP(T € ) 5 e, n— oo, (1.5)

where — denotes vague convergence and (i is a non-null limit measure with p({300}) = 0.
From (1.5), one can deduce, from the perspective of vague topology, the exact rate (up to the
scale) of the probability that T]?:z becomes non-trivial (i.e. non-zero). Furthermore, the limit

i is expected to dictate the geometric and topological structure of T() which still remains
in the limit. In the literature of random topology (not necessarily related to random geometric
complexes), one of the key focuses is how rapidly each homology group appears and disappears
[5,9, 16, 18, 34]. In the same spirit, we replace T( D in (1.5) with the (persistent) Betti numbers
and explore the rate of v,, as well as the structure of . See Section 3.1 for more details.

From a technical viewpoint, the articles most relevant to this study are those of Fasen and
Roy [8] and Hult and Samorodnitsky [14]. In these papers the authors established large devi-
ations for point processes based on a stationary sequence with heavy-tailed marginals and
non-trivial dependency. Using the same approach as applied in these papers, the required vague
convergence in (1.5) can be derived from the limit theorem for the sequence

(v,,]P’( Z (SHn(y)e-),nzl), (1.6)
VX |VI=k

where &, denotes the Dirac measure at x € R. The point process in (1.6) is a random element
into the space of Radon point measures, but this space is not locally compact. Accordingly, the
convergence of (1.6) can no longer be treated in the vague topology. Alternatively, we aim to
demonstrate the limit theory for (1.6) in the so-called M-topology. This notion was first devel-
oped by Hult and Lindskog [13] and has been used extensively, especially in extreme value
theory, for the study of regular variation of stochastic processes [8, 14, 25, 33]. Proposition 4.1
gives a more precise statement of this result. After completing the limit theorem for (1.6), this
paper proceeds to show (1.5) by means of a continuous mapping theorem for My-convergence,
as well as by using various approximation arguments.

The remainder of this paper is structured as follows. Section 2 presents the limit theorems
for T,(cl),Z under a more general setup. Section 3 applies our general result to deduce the limit
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theory for geometric and topological statistics, including persistent Betti numbers of Cech
complexes, the volume of simplices, a functional of the Morse critical points, and values of the
min-type distance function. All the proofs are deferred to Section 4.

Before commencing the main body of the paper, let us add a few more comments on our
setup. First, we assume that the density f of A}, is a.e. continuous and bounded. We can obtain
the same result under a weaker assumption that

F0)* 2 dx < 0.
(RIY

However, we have decided to impose stronger assumptions in order to avoid technical argu-
ments relating to moment convergence, which necessarily involves the density f. Second, we
observe that the same result can be obtained even if a random sample &), is replaced by a
Poisson point process P, := {Xi, ..., Xy,}, where N, is Poisson-distributed with mean n,
independent of (X;). In this case, one needs to use Palm calculus (see e.g. [30, Section 1.7])
when computing the moments of T,i')n Finally, we remark that establishing a more general limit
theory for a (discrete time) process &, with non-trivial dependency remains a topic of further
research. Indeed, Fasen and Roy [8] and Hult and Samorodnitsky [14] examined a moving
average process and derived a series of large deviation results in the form of (1.5) and (1.6).
In such cases, the structure of the limit ; becomes more complicated, reflecting a significant
amount of clusters induced by a moving average process. In the case of Poisson limit theorems,
a similar line of research can be found in [27], which studied the asymptotic behavior of Betti
numbers generated by a moving average process.

2. Main limit theorem

We take a random sample X, = {X1, ..., X} C R4, d > 2, with density f, and a sequence
of (non-random) radii r,, — 0, n — o0, such that nkrff(k*l) — 0 for some k > 2. Assume that

f is a.e. continuous and bounded, that is, ||f||cc := €ss sup,cga f(x) < o0o. Fix m > 1 and let
H: (RY)* — R™ be a measurable function satisfying the following conditions.

(H1) H is symmetric about permutations, i.e. H(xy, ..., xx) = Hxg(1), . . ., Xo(k)) for all x; €
R? and every permutation o of {1, ..., k}.

(H2) H is translation-invariant, i.e. H(x1, ..., xx) =Hx1 +y,...,xx+y) forall x;, y € R4,

(H3) H is locally determined, i.e. there exists L > 0 such that H(xy, . .., xx) = 0 whenever
diam(xy, ..., xt) > L, where diam(xy, . . ., xx) = maxi<; j<k [|lx; — x;ll.

(H4) H isintegrable in the sense of
/ IHO, y1, ..., ye—DI dy < oo.
(Rd)k—l

We also define a scaled version of H by

Hy(xq, ..., xx):= H(rn_lxl e, r;lxk), X; € RY, 2.1)

Given a subset ) of k points in RY, a finite point set Z D> Y in RY, and t= (t,...,.ty) €
[0, 00)", we define

c, Z;t)=(1{lly—zll =i forallye Y and z € Z\ Y}iL,. (2.2)
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In particular, the ith component of (2.2) requires that each point in )) must be distance at least
t; from all the remaining points in Z \ ). Moreover,

G, Z:t):= HQY)oc(Y, Z;1), (2.3)

where o means the Hadamard product: for two matrices A = (a;;) and B = (b;;) of the same
dimension £ x £», A o B represents an £; x £; matrix with (i, j) element given by a;;b;;. For
Y=U1,..., V)€ (Rd)k and a € R, we write a)) = (ayq, . . ., ayr). We then define

e, 250 = c(r,' Y, ' Z25t) = U{lly — zl > ruti forallye Y and z€ Z\ YD1, (2.4)

and
Gu(Y, Z:t):= G(r, 'V, 1, Z5t) = Hy(V) 0 (Y, Z50). (2.5)

The primary objective of this paper is to examine the behavior of

Too=  ». HQ) ad T2:= 3 G Xt 2.6)
yc-)(ns‘ylzk yan,\y|=k

For the rigorous description of the asymptotic theory of (2.6), one needs the following notations
and concepts. Our main references are [19] and [32]. First, let E := (R)™ \ {0} = [—o00, co]™\
{0} with0= (0, ..., 0) € R™, and let M (E) be the space of Radon measures on E, and M,,(E)
denotes the space of Radon point measures on E. Note that M,(E) is a closed subset of M (E)
in the vague topology; see Proposition 3.14 in [32]. Define C; (E) to be the collection of non-
negative and continuous functions on E with compact support. For 1,,, n € M1 (E), we say that

n, converges vaguely to 1, denoted by 7, RS n in M (E), if it holds that

/ g(X)np(dx) — / g(x)n(dx) forall g € CF(E).
E E

Now we can state our main theorem. The proof is deferred to Section 4.1.

Theorem 2.1. Under the assumptions above, for each i =1, 2, we have
(R TIR(10 ) 5 Gy e R HO.y e} inM(E), n— oo,

where

Y=01 - vk-) € RO Ci= (k)7 /Rdf(x)kdx

and X is the Lebesgue measure on (R)K—1.

The U-statistics T(l) is associated with k-tuples satisfying the geometric conditions implicit

in H,, while T,E ) adds an extra constraint that the points in )) must be distance at least a constant
multiple of r, from the remaining points in X, \ ). Despite such a difference, Theorem 2.1
indicates that the behaviors of T() i=1, 2 are asymptotically the same. In other words, the

extra restriction imposed on T< ) is asymptotically negligible, whenever 7, decays so fast that

k=D 0 as n— oo,
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3. Geometric and topological applications

In this section we use Theorem 2.1 to deduce the limit theory for geometric and topo-
logical statistics satisfying conditions (H1)—(H4). Throughout this section we assume that
X, =1{X1, ..., X,}1is arandom sample in R4, d > 2, with density f, and let (r,,) be a sequence
of connectivity radii with r, — 0 as n — oo. Furthermore, f is assumed to be a.e. continuous
and bounded. Denote X to be the Lebesgue measure in a given dimension. All of the proofs are
provided in Sections 4.2-4.4. All the examples here are more or less concerned with a Cech
complex defined on A&}, with connectivity radius r;,.

Definition 3.1. Given a set X ={x1, ..., x,} of points in R4 and a positive number r > 0, we
define a Cech complex C(X, r) as follows.

e The O-simplices are the points in X.

e The p-simplex [x;;, ..., x,-p], 1 <ip<---<ip=<n,belongs to (Vf(.)c', r) if

p
() B, r/2) # 9,

£=0

where B(x, r) is a d-dimensional closed ball of radius r centered at x € R¥.

3.1. Persistent Betti number

Our first application is concerned with the persistent Betti number. Because of the recent
development of topological data analysis, the (persistent) Betti number has been intensively
studied as a basic topological invariant representing, roughly, the creation and destruction of
topological cycles of various dimensions [4, 12, 15, 17, 20, 36, 37]. First we define a family

(C(ry " X, 1), 120) = (C( Xy, 1), 12 0) 3.1

of Cech complexes over a scaled random sample r, 1 X,,. Note that (3.1) constitutes a nested
sequence of Cech complexes satisfying monotonicity property C( Xy, 1) C C(Xy, ryt) for all
0<s<t<oo.

Now we fix a non- negatlve integer k and let Zk(C(Xn, ryt)) be the kth cycle group of
C(X,,, rpt), and let Bk(C(Xn, ryt)) be the kth boundary group of the same complex. Then
Hk(C(X,,, rat)) == Zk(C(Xn, r,,t))/Bk(C(Xn, ryt)) is the kth homology group, representing the
elements of (non-trivial) k-dimensional cycles, which can be interpreted as the boundary of a
(k 4 1)-dimensional body. The kth Betti number

Bin(t) := dim Hy(C(X,, rat)) = dim Z(C( X, ral)) >0, (3.2)

Bi(C(Xy, rat))’

denotes the rank of I:Ik(C'(X,,, rat)). Loosely speaking, (3.2) counts the number of
k-dimensional cycles in C(&;,, r,t). Moreover, (3.2) can be extended to the kth persistent Betti
number, defined by
Zi(C(X,,
Bens, 1) i= dim —2HEn T8)) . 0<s<i<oo. (3.3)
Zi(C( Xy, 18)) N Br(C(Xy, 1a1))

More intuitively, (3.3) represents the number of k-dimensional cycles that appear in (3.1)
before time s and remain alive at time ¢. Clearly By (¢, f) reduces to the ordinary Betti number
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in (3.2). Readers wishing to have a more rigorous coverage of these algebraic topological
notions may refer to [7], [11], and [26].

To provide a precise setup for the theorem below, we restrict the range of k to
{1,...,d—1},whiletakingm>land 0 <s; <t;<oofori=1,...,m. For (x1, ..., Xx42) €
(R4**2 and r > 0, we define

hr(x17 R xk+2)
k+2 k+2
= 1{{ ﬂ B(xj, r/2) # @ forall jo € {1, . .., k+2}} N {ﬂB(xj, r/2)=@}}.

j=Lj#jo j=1

(3.4)

Here (3.4) requires that a point set {xy, ..., x;42} in R? forms a single k-dimensional cycle

with connectivity radius r. Furthermore, we let
H({x1, ..., xp2}8, )= (hg(x1, . .. xep2)hg (s ooy X2))is s (3.5)
where s = (s1, ..., Sy) and t=(#1, ..., t,). Itis then easy to check that H satisfies conditions

(H1)-(H4). The theorem below derives the exact rate (up to the scale) of a probability that the
kth persistent Betti number becomes non-zero, when nk”rz(kﬂ)

k42, dlk+1)
n

— 0asn— oo.

Theorem 3.1. Assume that n — 0 as n— oo. Then, as n — 00, we have

(nk+2rzl(k+l))_l]p((lgk’n(si, ), i=1,...,me")
= Crat{y € RN H(0. yhis ) €} in My(0. 00" \{0).  (3.6)

where y = (1, ..., Yit1) € RO, 0=(0, ..., 0) € R™, and Cy» is given in Theorem 2.1.

Additionally, foru; >0, u; #1,i=1, ..., m, with max| <j<m u; > 0, we have, as n — oo,
P(Brn(sis i) > ui, i=1,...,m)
(ki) Phr, (X1, - Xip2) = 1)

-1
- ( / h1(0, y) dy) My e R b0, 9) b0, y) > wi, i=1,....m}. (3.7)
(Rd)k+l
Note that the limit in (3.7) is equal to O whenever maxj<;<,, 4; > 1. As a direct consequence

of (3.7), we obtain that for every a; € {0, 1}, i=1, ..., m with Z:il a;>1,

P(Brn(sis t)=ai, i=1,...,m)
()P, (X1, .o Xig2) = 1)
Sipayer T aiho 0, Y 0, ) + (1 = a1 = h (0, )y (0, y)} dy
—
Jmaye+1 710, y) dy

., n— oo.

We observe that A, (0, y)h;(0, y) =1 if and only if the point set {0, y} = {0, y1, ..., yk+1} €
(R4)*+2 forms a single k-cycle before time s;, such that this cycle is still alive at time 7;.
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3.2. Volume of simplices

We next consider an application to the volume functional of simplices. Fix d > 2 and 1 <

k<d.For (xq, ..., xp1) € RO et
k+1 k+1
[x1, ... 1] = {Zaixi: a; >0, Zai= 1}
i=1 i=1
be the k-simplex spanned by xi, ..., xg4+1. Furthermore, Vi([xi, ..., xx+1]) denotes its
k-dimensional volume. By slightly abusing notation, we write Vi()) = Vi([y1, - - -, Yi+1])
for Y=01,...,Vkt1) € (R, The objective of this section is to explore the asymptotic

behavior of

Fk,n:=< > vkoz)”fﬂ!ﬂB(y, rnTi/2)#@}> :

YC X, | VI=k+1 yey i=1

where b; >0 and T; > 0 for i =1, ..., m. If one takes b; =0, the ith component of Fy , rep-
resents the k-simplex counts of a Cech complex é()(,,, r,Tp). In the case of b; =1, the ith
component of Fy , represents the total volume of these k-simplices. Furthermore, if k=1 and
b; =1, the ith component of F , is the total edge length in a random geometric graph with
radius r;, T;.

The corollary below investigates the probability that each component of the scaled Fy ,
exceeds a positive constant when n* 1% — 0 as n — oc.

Corollary 3.1. Assume that n*+'r — 0 as n — oo. Then, as n — o,
(nkHrﬁk) P((rn kbl):';l oFin€ )

5 Gy e RY*: H(O,y) €} in M4([0, 00]™ \ {0}), (3.8)
wherey = (y1, ..., ) € RYX, 0= (0, ..., 0)eR™ and

k m
HQ,y):= (vkqo,yl, . ,yu)”fﬂ{B(o, Ti/2) N () BGj. Ti/2) #@}) .69
j=1 i=1
Furthermore, for allu; >0,i=1, ..., m, we have as n — oo,

P((ra )12, 0 Fin € [T, [wi, 00))
(i) PN B, 70/2) #9)
My € R Vi, ¥ = i, BO, T:/2) 0Ny BOG, T/ #0, =1, m)
H .
My e RO: BO, 172NN, By, 1/2) #0)

(3.10)

3.3. Morse critical points and values of min-type distance function

To understand the topology of random Cech complexes, Bobrowski and Adler [3] proposed
an approach based on an extension of Morse theory to ‘min-type’ distance functions. For a
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finite set Z of points in RY, we define a distance function d = RY — [0, c0) by

dz(x):= min |x—z||, xeR% (3.11)
€2

Since dz is not differentiable, the classical definition of critical points does not apply to dz.
Nevertheless, one can still extend a notion of critical points, as well as their Morse critical
index, to the min-type distance function as in (3.11) by means of an approach in [10]. More
precisely, following the notations and definitions in [3], we say that ¢ € R? is a critical point of
dz with index 1 <k <d, if there exists a set ) C Z of k + 1 points, such that:

(i) the points in Y are in general position,
(i) dz(c)=|lc—y| forally e YV, whiledz(c) < |c—z| forallze Z\ Y,

(iii) ¢ € conv® ()), where conv® ()/) represents an interior of a convex hull spanned by the
points in .

By virtue of the nerve lemma (see e.g. [1, Theorem 10.7]), for each r > 0, the sublevel set
dy, (—00, r] is homotopy equivalent to a Cech complex C(X,, 21). By the standard application
of Morse theory as well as the nerve lemma, Bobrowski and Adler [3] justified that given a
sequence r, — 0, n — oo, the number of critical points of dy, with index k, such that their
critical values are less than 7, behaves very similarly to ,Bk_l(é(Xn, 2ry)). A similar analysis
was conducted in [36], in the case when a set of points are sampled from a stationary point
process. Additionally, Bobrowski and Mukherjee [4] studied a more general case for which
random points are supported on an £-dimensional manifold M C R? (¢ < d).

In this setting, we aim to study the asymptotic theory of

m

Skn 1= ( > ROy ) econv’ V), RY) < rTi UQY) N X, = Q}) ;

yan,\y\:k-q—l

i=1

where b; >0 and 7; >0, i =1, ..., m. Moreover, y())) denotes a critical point of dy, with
index k, generated by the points in Y, R()) is its critical value, and ¢/())) is an open ball
in R? with radius R()) centered at y()). If b; =0, the ith component of S , represents the
number of critical points of index k with critical values less than r,,7;. In the case of b; = 1, the
ith component of Sy , represents the sum of those critical values. The corollary below gives
the rate of a probability that the appropriately scaled Sk, is asymptotically non-trivial when
nkH1pdk s 0 as n— oo.

Corollary 3.2. Assume that n*+'ré — 0 as n — oo. Then, as n — o,

() B ()L 0 Sk € )
= CeniM{y e RY*: HO, y) €} in M4([0, 001" \ {0}), (3.12)
wherey =1, ...,Yk) € (R and

HQO,y):= (RO, y1, ..., y)" 1{y(©0, y1, ..., yx) € conv®(0, y1, ..., Ya),
RO, y1, ..,y STDL, (3.13)
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Moreover, for all 0 < u; < Tl-l’i, i=1,...,m,

IP’((r;b")lr.”:l o Sk € [Ty [ui, 00))
(kJnrl)IP(R(le ceey Xk-H) <rn)

My € RYE: (0, y) € com®(0, y), /" <RO,y)<T;, i=1,...,m}
—
My € (RY*: R(0,y) <1}

(3.14)

4. Proofs

4.1. Proof of Theorem 2.1

The main machinery for our proof is a certain asymptotic result of point processes induced
by the statistics in (2.6). More precisely, we consider the point processes

1 2
Nzii = > Sy and N = > 6,00 (4.1
VX [VI=k VX, [VI=k

where 8, denotes the Dirac measure at z € R™.

For the rigorous description of the asymptotic behavior of (4.1), we need the following
concepts. The main references here are [13], [14], and [25]. Recall first that the vague topology
on M (E) is metrizable as a complete, separable metric space. The metric that induces the vague
topology is called the vague metric, and its explicit form is given in the proof of Proposition
3.17 of [32]. Let ¥ € M,,(E) be the null measure that assigns zeros to all Borel-measurable
sets in E, and let By , denote an open ball of radius r > O centered at ¥ in the vague metric.
Let Mo = Mo(M,(E)) denote the space of Borel measures on M,(E), the restriction of which
to M,(E)\ By, is finite for all r > 0. Moreover, define Co =Co(M,(E)) to be the space of
continuous and bounded real-valued functions on M, (E) that vanish in the neighborhood of @.
Given 7,, n € My, we say that 1, converges to 5 in the My-topology, denoted by n, — 1 in
M, if it holds that

Ju

P

o(EMa(dE) — / ¢(€)n(d&) forall g € Co.
E) My(E)

The proposition below reveals the required asymptotics of (4.1). The result may be of
independent interest. It can actually parallel Theorem 4.1 of [14] and Theorems 3.1 and 4.1
of [8], the authors of which studied large deviations for point processes based on a sta-
tionary sequence with heavy-tailed marginals and non-trivial dependency. As in the case of
Theorem 2.1, the limits of N,i’))n, i=1, 2 coincide with one another, due to the fact that the
indicator ¢, at (2.4) tends to 1 as n — oo.

Proposition 4.1. Under the assumptions in Theorem 2.1, for each i =1, 2, we have
(n"r,f“‘—“)‘lP(N,ﬁf)n €)= Crlye R isyoy e} inMo, n—soo. (42
Before commencing the proof, we observe that M,(E) is not locally compact; thus, unlike

Theorem 2.1, the convergence in Proposition 4.1 cannot be treated in terms of vague topology.
In contrast, the theory of M-topology requires only that the underlying space be complete
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and separable. Since M,(E) is complete and separable (see Proposition 3.17 in [32]), one can
exploit My-topology as an appropriate topology for the convergence in Proposition 4.1.

Proof of Proposition 4.1. Since the proofs of the two statements are very similar
in nature, we prove the case i=2 only. Given Ui, U> eCz(E) and €1, €2 >0, define
FU1,U2,61,€2: M[)(E)_) [07 1] by

Fu, Uy.er.0(E) = (1 _ e—(E(Ul)—€1)+)(1 _ e—(ﬁ(Uz)—Ez)Jr)’
where (a)4 = a if a > 0 and 0 otherwise, and

E(U()Z/ Ug(x)§(dx) forl=1,2.
E

It is elementary to check that Fy, y, ¢, .¢, € Co.
For ease of description, we introduce several shorthand notations: for £ > 1 and n > 1, let

Ton={i=(1,...,ineN:1<ij<---<ig<n) (4.3)
be the collection of ordered ¢-tuples of positive integers. Given a random sample &), =
(X1, ..., X, CRY, we write

X=Xy, .... X)), i=(>1,....ip) €y 4.4)

Using these notations, we denote

() 1= (nkrrdl(k—l))—IP(N]ge,):(nkrg(k—l))—lp< Z 30)1(%%;”6.), 4.5)

iEIkV,,
()= Gy € RD: 8oy € -} (4.6)

According to Theorem A.2 in [14], the required statement follows if one can show that

nn(FUl,Uz,El,sz) i n(FUl,Uz,El,ez) asn — oo,

for every Uy, Us € CZ(E) and €1, €2 > 0. For each £ =1, 2, U, has compact support in E, so
there exists ¢ > 0 such that

2
| supp(Ue) NR™ C {x e R™: x| > ¢} (4.7)
=1

(supp(U¢) denotes the support of U,). Define

O, = H(l —exp{—|: Z Ue(Gu( X, X3 1) —Ez] })
+

=1 €Ty,

then we have

_ —1
M(Fu, n.e1.6) = (B rd* D) T E[©,]

_ (nkrg<k—1>)‘lm[®nn{ U (1Ga(, X3 001 > ;}”

ieZk,,l
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= (n"rﬁ"“”)‘lE[m{ U 11Gu, 01> ¢,

ieZk, n

1Gn(&j, Xn; Ol < ¢ for all j € Zy, with j 7 i}}]

+(n"rz<"”)11E[®nﬂ[ U U G, 00> ¢, ||Gn(2q,Xn;t)||>¢}”

ieIk,n jeIk.ns
i#
= A, + By. (4.8)

We first show that B, tends to 0 as n — o0. Since 0 < ®,, < 1 and ||G, (X}, X; O] < | H, ()|
for all i € 7 ,, we have

By < (nhrd% D)0 ST ST POHWI > £ [IHAX] > ©)
IEIk’n .]EIk,,,
i

= (=)~ Z > PUHLXD] > ) PUHAAXD] > ¢)

IEIk,n ‘]EIk,n
linj|=0

k—
+ (nkpdh=D) = Z D00 PUAHLXD] > ¢, [Ha(XDI > ©)

t=1i€ly , jelk n,
[inj|=¢

—1n—1
< (WD) TR P H X L X0 > £)°

»

—1
_ 1
+ (A=Y TN 2 (X L X > ¢,

~
I

|H (X1, ..., Xe, X1y - Xok—0ll > &)

k 2
_ (k=D 2 ( /@w HIH G50l > 0} [T o dx)

i=1

k—1
-1

HOE) T [ sl >
=1 (Rd)Zk—Z

2k—¢
e, e Xk, - ko) > 2 | ] fl) dx

i=1

=C,+ D,.
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Performing the change of variables by x; = x + r,,y;i—1,i =1, . . ., k (with yg = 0) together with
the translation invariance of H as well as (2.1),

_ —1 _
Cy = (nfrd®=D) nZk(r;’“‘ D / / L{IHO, 1. ...yl > ¢}
Rd (Rd)k—l

k—1 2
< f0) [ [ £+ rayi) dy dx)

i=1

2
< <uf||oo)2“n"r,f<"”( / L{IHO, y1. ... DI > ¢} dy) .
(]Ra’)kfl

By property (H3) of H, the integral in the last term is finite. Since nkrff(k_l) — 0 as n— oo,

we obtain C, — 0, n — oco. Next, turning to D,, we change the variables by x; =x + r,y;—1,
i=1,...,2k— £ (with yp =0), to obtain that

k—1

—1 — ——
p= Y (nhrlto D) T e Gkt “/ / L{IHO, y1. . ... ye-DIl > ¢,
=1 R4 (Rd)Zk—Z—]
2k—€—1
IHQ. y1. - yem1s ¥k - y2ue-DIl > 83 @) [T f+ rayn) dy dx
i=1
k—1
=S [ Ol >
=1 (Rd)Zk—l—l

IHO, y1, .« s Ye—1, Vs - - - » Yok—e—1D)|l > £} dy.

By property (H3) of H, the integral in the last term is again finite. As nr;f — 0, n — o0, we can
obtain D,, — 0, n — oo, which concludes that B,, — 0, n — o0, as desired.
Returning to A, in (4.8), we observe that

({1Ga(X, X3 Oll > ¢, 1Ga(X], X3 O] < ¢ forall j € Ty, with j #1i}, i € Ty n)

are disjoint. Hence we can see from (4.7) that

Ayi= (D) S™ B[O, 1{1Gu (X, X O]l > £,

iEIkY n

1Gn(X;, Xn3 B)l| < ¢ for all j € i with j # )]

2
= (407 3 E[]’[ (1 — exp{—(Ue(Gu( X, X1 1)) — €01 })

ieTy, Le=1

X H{{IGn(X, Xps Ol > &, 1Gn( A, s Ol < ¢ forall j € Iy, with #i}}
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2
= (nrdt=D)= 3 E[]‘[ (1 = exp{—(Ue(Gn(, X3 1) — €£)+}):|

i€y, =1

2
— ()T Y E[]‘[ (1 = exp{—(Ue(Ga(, X1 1) — €0)4))

€T, Le=1

x ]l{ U G, X0l > ¢, 1Ga( A, X 1) >C}H~

JELy n JH#

= Ey — Fy,

Repeating the same argument as that for proving B, — 0, n — 00, it is not hard to see that
F,, — 0 as n — oo. Assuming without loss of generality that 0 <7 <. .- <1, < 0o, we divide
E,, into two terms:

2
E, = (nrd=D)=h 7 E{]‘[ (1 — exp{—(Up(Gp(Xir Xp: ) — €0)4 ) Cm(Xis X t)}

i€Zy , =1

2
+ ()T Y E[]‘[ (1 — exp{—(Ue(Ga( X, X3 1) — €0)+})

i€Zy (=1

x (1 - Cn,m(/vi: X t)):|

= I+ Jp, (4.9)

where ¢, (X, Xy; t) denotes the mth element of ¢, (&j, &; t) (see (2.4)). Of the last two terms,
we show that J, is negligible as n — oco. Indeed, by (4.7) and || G, (&}, Xu; O < [|Hu (X)), we
see that

Jn < (D) TS R[{IHAI > )1 = e (X, X3 0)] (4.10)

iEIk n

Then the right-hand side of (4.10) is equal to

(7 ®=D) T8 S BIL{IHAXD] > £V ELL — cun( X, X t) ] 2] @.11)
iEIkyy,
n—k
= (=) Y E[ﬂ{an(Xi)n >;}<1 — (1— / f(z)dz> )}
i€Zy , B(X;;rntm)

— (k-0 (Z) /( o IG5l > ¢)

n—k k
x(1— 1—/ f()d) ) F(x) dx.
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In the above, B(Xj; ryt,,) represents the union of balls of radius r,f, around the points in

X = {X,'I ey X,‘k}, that is,
k
B(Xs; ratm) = |_J By, rutm).
=1
By the change of variables x;=x+r,y;—1, i=1, ...,k (with yo=0) and the translation

invariance of H, the last expression in (4.11) becomes

k dk—I0N\=1{ ™\ dk—1) 1{IH©O
(n rl’l ) (k)rn /]Rd ‘/(A]Rd)kl {” ( 7)’)” > g}
k—1

n—k
x <1 - (1 —/ @ dz) )f(X)l_[f(errnyi) dy dx
B({x,x4rmy1, X1 Yk—1}57ntm)

i=1

k—1
s%] f LIHO, y)| > £)
H Rd (]Rd)k—l

n—k
x <1 - (1 —f 1@ dz) )f(x) dy dx, (4.12)
BUx, Xyt X+ rayk—1}srntm)

wherey = (y1, ..., Yk—1) € (Rd)k_l. For every x € R4 and y=01,...,Vk-1) € (Rd)k_l,

n—k
lim (1 —/ f@ dz)
n—0oo B({x, x4y 1o X+ TnYi—1 YT ntm)

n—k
= lim <l—r3/ f(x+r,,v)dV>
n— 00 B{0,y}:tm)

:exp{—nl_i)rgo (n—k)rZ/B fx+rpy) dv},

({0.y}:tm)
so that

nrﬂ/ fx+rpy) dv§nrﬂ|[f||oo/ dv—0, n— oo.
B({Ovy};tm) B({Osy};tm)

Hence we have obtained

n—k
<1—f f(z)dz> S 1, n— oo (4.13)
B, x+rny1 e XHrmYi—1}srntm)

Now the dominated convergence theorem, as well as property (H3) of H, ensures that the last
expression in (4.12) goes to 0 as n — oo. Thus J, — 0 as n — 0.

From all of the convergence results derived thus far, we have n,(Fy, v,,e,.e,) =In +0(1)
as n— oo. We note that if ¢, ,,(Xj, A; t) =1, then all the other elements in c,(Aj, Aj; t)
are equal to 1, and therefore G, (&, &;; t) = H,(Xj). By the conditioning on Aj as in (4.11),
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as well as the same change of variables as in (4.12), we can see that

I, = (nrdE=D)=H 3 E[]‘[(l—exp{ (Ue(Hp(X) — €0) 4 Denm(Xi. Xn,o}

i€y, =1

_ (k=) ( ) o [ /(Rd)k l]‘[(l—exp{ (ULCH(O, 7)) — €0)+))

n—k k—1

X (1 —/ @) dz) fO[fe+myndyde.  (4.14)
B({x,x4+rny1, o X1 Yk—1}57ntm)

=1
By the continuity of f, it holds that

k—1

[[ra+rmy)—f@" asn—ocae.
=1

Furthermore, the integrand in (4.14) is bounded above by f(x)|[f||’ij L1{||H(0, y)|| > ¢}, which
is clearly integrable in (x, y) € (R%)X. Therefore the dominated convergence theorem gives that
as n— 0o,

b G /@w | H(l —exp(—~(UHO, Y) ~ 0Dty =nFuvpee)

Proof of Theorem 2.1. As in the case of Proposition 4.1, the proofs of the two state-
ments are similar in nature, so we again prove the case i =2 only. Let 0 < € < 1, and define
Ve: E— Eby

Ve@@i, ....zm) =@ Hlzil Z €}, ..., zm1{|zm| = €}).

Next we define a map Ty, : Mp(E) — E by

Ty, (Z ax_,> =Y Velx).
J J
Below we only consider € € (0, 1), so that
My e RN IH(O, y)l =€} =0. (4.15)
Note that (4.15) holds except at most countably many € € (0, 1). Now we claim that
nnoT;: 5 noT;j in M, (E) asn— oo, (4.16)
where 7, and 7 are defined at (4.5) and (4.6) respectively. Equivalently, we aim to show that

/ F(Ty (§)na(d§) — / F(Tv, (§)n(d§)
My(E) Mp(E)

for every F € C;(' (E). To show this, by [32, Proposition 3.12] it suffices to verify that

o Ty (A) > o Ty (A)
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for all relatively compact sets A C E with n o Ty, 1(3A) =0, where 9A denotes the boundary of
A. According to [13, Theorem 2.4] along with (4.2), we must show

n(dTy'(4) =0 and @¢T; (A), 4.17)

where ) € M, (E) is the null measure and B denotes the closure of B. For the proof of the first
requirement in (4.17), it is elementary to check that

a1y (A) C Ty, (0A) U Dy, (4.18)

where Dry,_ is the collection of & € M, (E) such that Ty, is discontinuous at &. It then follows
from (4.15) and (4.18) that

n(97y, (A)) <n(Dry,) < Cer{y € RY ! |H(O, y)l| =€} =0.

Next, suppose for contradiction that {J € Ty, ! (A). Then there exists a sequence (£,) C Ty, ! (A)

such that &, 5 %in M, (E). Since Ty, is continuous at ¥ with Ty, (#)=0=(0, ...,0) e R",
we have Ty, (&,) — 0 as n — oo. This implies 0 € A, which however contradicts the relative
compactness of A in E.

For ease of description, using the notations in (4.3) and (4.4) we denote

() 1= (nkr,?(k‘l’)‘lIP’( Y Ga(, Xty € )

i€Zp
()= Cify e RN HO, y) €},
Then the entire proof will be completed if we can verify that
n(F) = 5(F), n— oo,
for every F € C,Jg(E). To begin, we bound |7,,(F) — 7(F)| as follows:
|Fa(F) — ()| < [7ia(F) = 0 o Ty (F) + |0 0 Ty, (F) = n o Ty (F)| + [ o Ty, (F) = (F).
Because of (4.16), we have

lim sup [, (F) — 5(F)| < lim sup |7,(F) — 0 o Ty, (F)| + [ o Ty, (F) — H(F).

n—odo n—oQ

It thus remains to demonstrate that

lim |5 o T}, '(F) — 7(F)| =0, (4.19)
e—0 €
lim lim sup |n, o Ty, (F) — 5,(F)| =0. (4.20)

€e>0 p—soo

https://doi.org/10.1017/jpr.2022.39 Published online by Cambridge University Press


https://doi.org/10.1017/jpr.2022.39

Limit theory for U-statistics 331

For the proof of (4.19), note that there exists 5o > 0 so that supp(F) NR” C {x e R™: ||x|| >
80}. We also fix a constant 8’ € (0, 89/2). Then, for every 0 < § < 8p/2, we have

o Ty, (F) = 7i(F)| = Cx

/ F(VL(H(O, y))) — F(H(O, y)) dy
(Rd)k—]

< Ck/ [F(Ve(H(0, y))) — F(H(O, y))| dy
Ve (H(O.y)~H(0.y)]|>5

e f [F(VL(H(O, ) — F(HO, y))| dy
[IVe(H(0,y)—H(0,y)|| <6

= A, + B,.

Since F is bounded, it follows from the dominated convergence theorem and property (H3) of
H that

Ap < 2||F”oock/ - L{||Ve(H(0,y)) —H(0, y)[| > 8} dy >0 ase— 0.
(RO
Next, turning our attention to B,, we can see that
B, =Cy, f E(Ve(H(O,y))) — F(H(O, y))| dy. (4.21)
Ve (H(0,y))—H(0,y)II<8, | H(0,y)||>5

To show this, suppose that |H(0, y)|| <& < 8p/2. Then F(H(0, y)) = 0, and further,
o So
Ve (H (O, y)II < [IVe(H(O, y)) — HO, I + [[HO, )| <6+ 68" < S5 t5= 30,
which implies that F(V.(H(0, y))) = 0. From (4.21) we have

B, < Crop@®r{y e RO |H(O, y)Il > 8'},

where

wp(3) 1= sup |[F(x) — F(y)l
x,yeR™, [ x—y|| <8

is the modulus of continuity of F.
Combining all of these results, we conclude that

lim |50 Ty, '(F) = 7(F)| < Crop )2 {y € RD' " |HO, y)l| > &'}
for all 0 < 8 < 8¢/2. Finally, letting § | 0, we find that lim._,¢ |1 o T‘Zl (F)—7(F)|=0as Fis
uniformly continuous on R".

Next, let us proceed to the proof of (4.20). We fix 8¢ and &’ in the same way as above. Then,
for 0 <& < 6o/2,

0w 0 Ty (F) = fin(F))|

E F( PR A(HE Xn;t») —F( D G, Xn;o)”

i€Zy i€Zy.n

= (00!

< (n"rf’,(k‘”)‘lE[ F( Y Ve(GulAi, Xn;t») - F( D Gl t))‘

iEIk,,, iEZk'n
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Y V(G X t) = Y G, X3 1)

x 1 { > 6 }]
iEIk_,, iEIkyn

+ (n"rZ"‘”)‘E[ F( Y Ve(Gul X, X t))) - F( Y G, Xn;o)‘

iEIkyn iEIk,n
X ]1{

= C,+ D,.

Noting that F is bounded, while assuming without loss of generality that 0 <# <---<f, <
00, we can bound C,, as follows:
> 8)

Y V(G X t) = Y G, X3 1)

iEIk_,, iEIkyn

D V(G s ) — Y Gl Xy, X )

iGIk‘n iGIkv,,

_ —1
Cp < 2||F oo (nFr*=D) IP’(

2 _
< 5 IFloo (D) 37 B[IVAGa( i, Xz ) = Gl X,z 0]

iGZkV n

2 _pn-1
= S IFloo (2" ®0) 7 37 E[IVe(Ga(Xi, i ) = G, X3 O (G, X 0]

iEIk‘,,

2 _1p -1
+ 5 IFlo (735 70) 7 3 0 E[IVe(Gu(, X 0) = G, X 0]

iEZkV,,

x (1 — Cn,m(/vi: X t))]

= E, + Fy,
where ¢, (A, Xy; t) was defined in (4.9). Of the last two terms, we have that as n — oo,
4 _in-l
Fu = 5 IFllo (737 0) 7 30 EUHAADIA = cn (X, X )] = 0, (4.22)
iGIk_n

where the last convergence is obtained by repeating the same argument as that for proving that
(4.10) converges to 0 as n — oo. For the asymptotics of E,, recall that G, (&j, Xj;; t) = H,(X})
whenever ¢, (&, &,; t) = 1. Therefore

2 _
En = 5 I Flloo (n7770) DY ENIVeH () — H(X)])]
iEIkyn

2 k dk—1\—1 (T
=E||F||oo(n X )) k

k
x f IVeHaG1. ... x0) = H(xr, - .ol [ £ dx.
(RAH*

i=1
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Making the change of variables by x; = x4+ r,yi—1, i=1, ..., k (with yp =0) and using the
translation invariance of H,

k-1
E, < 2/ Flloo(Ilflloo)
ok!

/Rd L IVeHO, ) ~HO Dl dy >0 ase >0, (423
(Re)—

where the last convergence is obtained as a consequence of the dominated conver-
gence theorem and condition (H4) of H. Combining (4.22) and (4.23), we conclude that
lim¢0 limsup,,_, ., C, =0. Next, the same reasoning as in (4.21) yields that, for every
0<d<6p/2,

D, = (nkrff(k_l))_lE|:

|

F( D Ve(Gu(, Xn;t») - F( > Gu(, Xn;o)

iEZk,n iEIkY,,

D V(G X)) — Y Ga( X, X )

iEIk’n iEIk’n

<4,

Y Gu(X, X t)

iEIkV,,

> 8’)

g

D G, Xt

iEIk’ n

< wF(S)(nkrjf(kl))_l]P<

wr(6) ) —
< 2 ()T S BlAL I
lEIk.n
5 0 k—1
<O [ oy (4.24)
: (Rd)k—l

Therefore, for every 0 < § < 8¢/2,

s k-1
lim lim sup [, o T, (F) — 7 (F)| < 2O W ool
€—> €

0 nooo 8'k!

/ I1H(O, y)ll dy.
(Rd)l«—l

The rightmost term above tends to 0 as § | O because F is uniformly continuous. Now the
entire proof has been completed. O

4.2. Proof of Theorem 3.1

Before starting the proof of Theorem 3.1, we will introduce a certain lemma that gives the
upper and lower bounds of the kth persistent Betti number in (3.3). Before stating the lemma,
we need to recall the notations (4.3) and (4.4).
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Lemma 4.1. (Lemma 4.1 in [28].) Under the assumptions of Theorem 3.1, we have, for all
0<s<t<oo,

Bn(s, = D By (X (X5

i€Zpi2.n

X L{|ly — zll = rut for all y € Xj and z € X, \ Aj}

k+3
< L
_(k+1> Tnt>s

L= Z Il{é(Xi, rpt) is connected}.

iEIk+3,n

where

Moreover, for all 0 <t < oo,
(2D TR, 150, n— oo (4.25)
Proof of Theorem 3.1. We first define a scaled version of H in (3.5) by
Hy(xt, o xeadss, 0 =H({r v, ooy )i s, t)
= (trysi X1 o X02) By (et - X2y, X €RY

For a subset Y of k + 2 points in R and a finite point set Z D Y in Rd, define c()/, Z;t) and
cn(Y, Z;t) as in (2.2) and (2.4) respectively. Analogously to (2.3) and (2.5), we also define

G, Z;s,0):= H(;s, oc(Y, Z;51),
GV, Z;8,0):= G, 'V, r 1 25, ) = Hy(Vs 8, t) 0 cu (Y, 25 1),
Since Theorem 2.1 yields
(nk“r,‘f(k*l))‘lP( Y Gl Xuis. te )
i€Ziy2n

5 Crarfy € RY HA0, yhis, ) e} in M ([0, 001" \ {0)),

(3.6) will follow, provided that for every F € C?('([O, oco]™\ {0}),
(nk+2rf{<’<+1>)‘1114:[F(ﬁk,n(s, t) — F( Z Gu(X;, Xp:s, t)>:| -0, n—oo, (4.26)
ieZk+2,n

where

ﬁk,n(s» t):= (ﬁk,n(si, ti));n:y
As in the proof of Theorem 2.1, we fix 8g, 8’ > 0 so that

supp(F) N [0, 00)™ C {x € [0, 0c0)™: |lx]| > &0}
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and 8’ € (0, 8p/2). Then, for every 0 < § < 8y/2, the absolute value of (4.26) is bounded by

(nk+2rz@ﬁ4))_lﬂz[

g

4 (nk+2rg(k+l))_lE|:

|

= A, + B,.

F(Brn(s, t))—F( D GulXi, X, t))

i€Zyy2.n
>4 }:|

F(Brn(s, t))—F( D GulXi, X, t))‘

S

.|

Bin(s, )= Y GulXi, Xyis, O

iEIk+2,iz

Bin(s, )= Y GulXi, Xyis, O

iEIk+2,iz

By Markov’s inequality and || F||cc < 00,

Bin(s. 0= D Gu(Xi, Xyis, )

i€y 10.p

An < 2||F8||oo (nk+2rff(k+l))1E|:

For ease of description, we assume that 0 <#; <--- <t, < oo. Then Lemma 4.1 gives that

Binls, )= D Gu(Xi, Xyss, 1)

i€Tiion

= {Z(ﬂk,n<s,-, D= > (X ()

Jj=1 i€Zp12,n

241/2
><]l{||y—z||zr,,tjforallyeXiandzeXn\Xi}> }
1/2
k+3\ | <= 5 k+3
5<k+1>{,-zzlL’””} S'm(kﬂ)”"“"‘

The last inequality is due to the fact that L, is non-decreasing in r. By virtue of this bound and
(4.25) in Lemma 4.1,

2 F k+3 _
Ap < % <ki 1) (T2 D) 1IFL‘[L,n,m] —0 asn— oo.
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Repeating the same argument as in (4.21) and (4.24), one can obtain that

B, = (nk+2rlz11(k+1))1E[

F(Bins, t))—F( Y G, Ass, t))‘

i€Zpi2.n

xﬂ{ Bins, )= D Gu(Xi, Xis, 0 <8, | D Gu(Xi, Xuss, ) >6’H
iEI}H_z‘,, iEI}H_z'n
stw)(n"”rz“"“))lP( D Gk, Xuis. ) >8/)
iEIk+2.n

WF(8) 142 dt 1)y .
< —5— (PR ST B, 0]

iEIk+2.n

_ @O lloo)*!

- 8 (k+2)! /(Rd)kﬂ IH{O, y1, ..., ykt+1);s, O]l dy.

Therefore, for every 0 < § < §¢p/2,

lim sup(A,, + B,) < QU

H{O0,y1, ..., ;s, t)]| dy.
11— 00 8/(k+2)| '/(\Rd)k-#l ” ({ yl Yk+l} S )” y

Finally, the right-hand side converges to 0 as § |, 0. Hence lim sup,,_, o, (A4, + B,) =0, and we
have established (3.6).

Finally, applying Portmanteau’s theorem for vague convergence (see [32, Proposition 3.12])
to (3.6), we can see that as n — o0,

(P2 AD) TPy st 1) > i)
— Criar{y € R 1y, (0, iy (0, 9) 2wy, i=1, ..., m) (4.27)

for all u; >0, u; #1, i=1,...,m, with maxj<j<, u; >0. By the customary change of
variables, it is elementary to show that as n — oo,

n
Py, (X1, . - ., Xpp2) = 1) ~ nfF2p20D ¢y f h1(0, y) dy. (4.28)
k“rz (Rd)k-H

Now (3.7) is obtained as a result of (4.27) and (4.28). U

4.3. Proof of Corollary 3.1

Proof. We need to rewrite F , in the notation of Theorem 2.1. First it is easy to show that
H in (3.9) fulfills conditions (H1)—(H4). Letting H,, be defined as in (2.1), one can write

O o Fin=" Y Hu).

yan»ly‘:k'Fl
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Then (3.8) is an easy consequence of Theorem 2.1. Note also that

n k+1
(2 lfen e

k+1 k+1

n
N (k + 1) /(‘Rd)kﬂ ]I{Q B(xj. ra/2) # @} gf(xi) dx

k k
(" ) ' .
= (k H)rn /R ) /(Rd)k 1{3(0, /2N QB@J, 1/2)#@}f(x) [T+ ray) dy dx

i=1

k
~ nk+1erCk+1)»{y e RY*: B0, 1/2)N m B(y;, 1/2) # @}’ = 0. (4.29)
j=1

Finally, (3.10) can be obtained from (3.8) and (4.29) as well as Portmanteau’s theorem for
vague convergence. O

4.4. Proof of Corollary 3.2

Proof. As in the proof of Corollary 3.1, one needs to reformulate Sy, in the notation of
Theorem 2.1. First we notice that H in (3.13) satisfies conditions (H1)-(H4). Define H,, by
(2.1), and for a subset J C R? with || =k + 1 and a finite Z > ) in RY,

V. Z):= LU NZ =07, (4.30)

Note that we have defined (4.30) in a way different from the original definition in (2.2). Then,
unlike the definition in (2.4),

V. 2)i= ey ' Vory ' 2) =V, 2)
does not depend on n > 1. Defining G,(Y, Z):= H,(Y) o cy(YV, Z2)=H,(Y)oc(Y, Z) as in
(2.5), we have
) oSk= Y. GuY. Xy 4.31)
Y&, |YI=k+1
For our purposes we need to apply Theorem 2.1 to (4.31). Before doing so, however, one must

slightly modify the proof of Theorem 2.1 as we have changed the definition of ¢ as in (4.30).
Below, we show that for every x € R4 and y=01,...,Vk) € (]Rd)k,

n—k—1
lim <1 —/ @ dz) =1. (4.32)
n—00 Z/{(x’x+r71yl x+rnyk)

.....

In fact this replaces the argument in (4.13). If (4.32) is established, the remainder of the argu-
ment in the proof of Theorem 2.1 can be altered in a very obvious manner. To show (4.32), we
note that

n—k—1
lim <1 — f f@ dz)
n—00 UGXFT0Y 1o X0 YE)

=exp{—nl_i)rglo(n—k—l) f(z)dz},

UG X1y 15w X T YE)
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so that

n / f(Z) dZ _ n(r R(O y))ded '/‘u(xsx+rnyl ;-~~;X+rnyk)f(z) dZ
- n ’ ’
UQXAHT0Y 1o X1 V) AU, X+ T3y15 -, X+ YE))

where 6, is a volume of the unit ball in R¢. By the Lebesgue differentiation theorem,

""" — f(x), n— o0.
AU, X+ Ty, - X+ T0YE)) f

Since nrff — 0 as n — o0, we have obtained (4.32).
Now we can apply Theorem 2.1 to get (3.12). Furthermore, by Portmanteau’s theorem for
vague convergence, we obtain that

m
(nk+lrgk)_1p<(r;bf):n:1 oSkn € 1_[ [ui, OO))

i=1

— Ck+1k{y e R : HO,y) € [ ] lw. oo)] (4.33)
i=1

for all 0 < u; < Tib", i=1,...,m. By the same calculation as in (4.29), we can show that as
n— 00,

<k J’: 1)]P’(R(X1, o X)) <) ~ ARG My e RS RO,y < 1) (434)
Now (3.14) is a direct consequence of (4.33) and (4.34). 0O
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