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LEBESGUE MEASURE ZERO MODULO IDEALS ON THE NATURAL
NUMBERS

VIERA GAVALOVA'Z AND DIEGO A. MEJIA

Abstract. We propose a reformulation of the ideal N of Lebesgue measure zero sets of reals modulo an
ideal J on w, which we denote by ;. In the same way, we reformulate the ideal £ generated by F, measure
zero sets of reals modulo J, which we denote by ;. We show that these are g-ideals and that N = N
iff J has the Baire property, which in turn is equivalent to A’; = £. Moreover, we prove that \; does not
contain co-meager sets and A/;’ contains non-meager sets when J does not have the Baire property. We
also prove a deep connection between these ideals modulo J and the notion of nearly coherence of filters
(or ideals).

We also study the cardinal characteristics associated with Ny and A;. We show their position with
respect to Cichon’s diagram and prove consistency results in connection with other very classical cardinal
characteristics of the continuum, leaving just very few open questions. To achieve this, we discovered a new
characterization of add(N') and cof (A/). We also show that, in Cohen model, we can obtain many different
values to the cardinal characteristics associated with our new ideals.

§1. Introduction. Many notions of topology and combinatorics of the reals have
been reformulated and investigated in terms of ideals on the natural numbers
(always assuming that an ideal contains all the finite sets of natural numbers).
For instance, the usual notion of convergence on a topological space, which states
that a sequence (x, : n < w) in a topological space converges to a point x € X when
the set {n < w : x, ¢ U} is finite for any open neighborhood U of x, is generalized
in terms of ideals J on the natural numbers by changing the latter requirement by
{n<w:x,¢ U} eJ (see, eg., [28]). More recent and remarkable examples are
the so-called selection principles, which are reformulated in terms of ideals, and show
deep connections with cardinal characteristics of the real line [17, 37, 38, 41, 42].

In combinatorics of the real line, some classical cardinal characteristics have been
reformulated in terms of ideals (and in many cases they are connected to selection
principles in topology). The most natural examples are the reformulations of the
bounding number b; and the dominating number 9, in terms of an ideal J on w,
more concretely, with respect to the relation </ on “w, which states that x <’ y
iff {n<w: x(n) £ y(n)} € J. These have been investigated by, e.g., Canjar [18].
Blass and Mildenberger [10]. also in connection with arithmetic in the sense that,
for any maximal ideal J, by = 0 is the cofinality of the ultrapower (on the dual
filter of J) of w. Other classical cardinal characteristics have been reformulated
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2 VIERA GAVALOVA AND DIEGO A. MEJIA

in terms of ideals on w, like the almost disjointness number [21, 23, 36] and the
pseudo-intersection number [13, 43], among others (see [25, Section 8.4]).

In the present paper we offer a reformulation, in terms of ideals on w, of the
ideal of Lebesgue measure zero subsets of the reals. Our reformulation does not
come from a definition of the Lebesgue measure in terms of an ideal J on w, but
it is inspired from one combinatorial characterization of measure zero. Details of
this new definition are provided in Section 2. We work in the Cantor space “2 for
simplicity, but the same reformulations and results can be obtained in other standard
Polish spaces with a measure (see Section 7). We denote by N the collection of null
subsets modulo J of ®2. Tt will be clear that Ny, = N, the ideal of Lebesgue measure
subsets of “2, where Fin denotes the ideal of finite subsets of w.

We also provide a reformulation of £, the ideal generated by the F, measure zero
subsets of “2, in terms of an ideal J on w, which we denote by NJ* As expected, we
have N, = €.

We obtain that, for any ideal J on the natural numbers, N; and N/ are actually
o-ideals on “2 and that, whenever K is another ideal on w and J C K,

ECN; CNg CNg CN;CN.

In fact, it will be clear from the definitions that, whenever K is a maximal ideal on
w, N* = N](.

Our first set of main results work as interesting characterizations of ideals on w
with the Baire property:

THEOREM A. Let J be an ideal on w. Then, the following statements are equivalent:
(i) J has the Baire property.
(i) Ny =N.

(iil) Ny = €.

Although no new ideals on the reals are obtained from ideals with the Baire
property, we obtain new characterizations of the ideals A" and £. Moreover, ideals
without the Baire property offer new ideals on the reals that are worth of research:
the previous result can be expanded in connection with M, the ideal of meager
subsets of “2.

THEOREM B. Let J be an ideal on w. Then, the following statements are equivalent:

(1) J does not have the Baire property. (iv) No member of N is co-meager.
(i) Ny TN (v) MON € Nj.
(i) € C N (vi) Nj &€ M.

Theorems A and B summarize Theorems 2.18, 3.7, and 3.11 and Corollary 3.5.
There are two elements providing the proof of these results. The first corresponds
to monotonicity results with respect to the well-known Katétov—Blass order <gp
and Rudin—Blass order <gp between ideals (Theorem 2.15), and the second is
Buartoszyriski’s and Scheepers’ game [5] that characterizes filters (and hence ideals)
with the Baire property, which we use to prove many properties of N; and N for
any ideal J on w without the Baire property, specifically that Ny cannot contain
co-meager subsets of 2, and that \J contains non-meager sets.

About the connection between A; and N for different ideals J and K on w,
(and likewise for A; and N}). we discovered a deep connection between these
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ideals and the notion of nearly coherence of ideals (or filters) on w, original from
Blass[7]. Theideals J and K are nearly coherent if there is some finite-to-one function
f:w— wsuchthat {y Cw: f'[y] €JUK]} generates an ideal. We prove that
nearly coherence of ideals is characterized as follows:

TuEOREM C (Theorem 4.10). Let J and K be ideals on w. Then the following
Statements are equivalent:

(1) J and K are nearly coherent.
(ii) There is some ideal K' such that N7 UNy C N, € Nxgr € NynNk.
(iii) N C Nk.

This means that, whenever J and K are not nearly coherent, the ideals A; and
Nk are quite different, likewise for ;' and N.

Blass and Shelah [11] proved that it is consistent with ZFC that any pair of ideals
are nearly coherent, which is known as NCF, the principle of nearly coherence of
filters. Theorem C implies that, under NCF, there is only one N for maximal ideals
J on w. We still do not know whether NCF implies that there is just one NV (or Nj)
for J without the Baire property. On the other hand, when we assume that there are
not nearly coherent ideals (which is consistent with ZFC, e.g., it is valid under CH
and in random model. see [7, Section 4]), we can construct a non-meager ideal K
on w such that N} # Nx (Lemma 4.11). In contrast with the previous question,
we do not know whether ZFC proves the existence of an ideal K without the Baire
property such that N # Nk.

The proof of Theorem C uses Eisworth’s game that characterizes nearly coherence
[20]. Another element relevant to this proof is the order <gf, which is the dual of
the Katétov—Blass order (see Definition 2.14). If J and K are nearly coherent then
it is clear that there is some ideal KX’ such that J, K <zgK ’_ but the converse is also
true thanks to Theorem C. This equivalence is claimed in [7], but here we present
an alternative proof using our new ideals.

We also study the cardinal characteristics associated with the ideals A; and N7,
i.e., additivity, covering, uniformity, and cofinality. Recall that s denotes the splitting
number and v the reaping number.' In ZFC, we can prove the following result.

THEOREM D. Let J be an ideal on w. With respect to Cichon's diagram (see
Figure 1):

(a) cov(N) < cov(Ny) < cov(N7) < cov(€) < min{cof (M), t} and
max{add(M). s} < non(€) < non(Nj) < non(N;) < non(N),

i.e., the coverings of Ny and N'; are between cov(N') and min{cof (M), v}, and
their uniformities are between min{add(M), s} and non(\).

(b) The additivities of Ny and N are between add(N') and cov(M). and their
cofinalities are between non(M) and cof (N).

The previous theorem summarizes Theorem 5.6 and Corollary 5.13. Item (a)
follows directly by the subset relation between the ideals, and also because add(£) =

IWe assume that the reader is somewhat familiar with classical cardinal characteristics of the
continuum, so we do not repeat their definitions in this paper. The reader can refer to, e.g.. [9].
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cov(N) ——— non(M) ———— cof (M) ———— cof (V) — ¢

\ A 7
cov(Ny) — 5 cof (Ny)
~
cov(NF) cof(N}) |t
N\
cov(€) ~ —
—
-
b= 0
D -
- _— - non(&)
- / e
5 — add(N7) A non(N7)
~
add(N) — non(N;)
|72

Ry — add(N) ——  add(M) —— cov(M) ————— non(N)

FiGURE 1. Cichon’s diagram including the cardinal characteristics associated with
our ideals, s and t, as stated in Theorem D.

add(M) and cof (£) = cof (M) due to Bartoszynski and Shelah [6]. Results from the
latter reference guarantee easily the connections with cov(M) and non(M) in (b),
but the connections with add(N) and cof (N) require quite some work. To prove
this, we define two cardinal characteristics b;(Q) and 9,(Q). It will not be hard
to show that the additivities and cofinalities of \; and A/ are between b 7(Q) and
2,(Q) (Definition 5.9), and that b, (Q) < b;(Q) and 0,(Q) < Vg (Q). The real

effort is to prove the following new characterization of add(\) and cof (N).
THEOREM E (Theorem 5.12). bgin(Q) = add(N) and 9 (Q) = cof (V).

In terms of inequalities with classical characteristics of the continuum, Theorem D
seems to be the most optimal: we also manage to prove that, in most cases, no further
inequalities can be proved, not just with the cardinals in Cichon’s diagram, but with
many classical cardinal characteristics of the continuum. We just leave few open
questions, for example, whether it is consistent that cov(N;) < add(M) (and even
smaller than the pseudo-intersection number p) for some maximal ideal J (likewise
for cof (M) < non(N)). This is all dealt with in Section 6.

Many consistency results supporting the above comes from the forcing model
after adding uncountably many Cohen reals.

THEOREM F (Theorem 6.4). Let 1 be an uncountable cardinal. After adding A-many
Cohen reals: for any regular uncountable k < ) there is some (maximal ) ideal J* on
w such that add(Nyx) = cof (M) = k.
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This shows that there are many different values for the cardinal characteristics
associated with different Ay after adding many Cohen reals. This potentially shows
that many of these values can be strictly between non(M) and cov(M) because,
after adding A-many Cohen reals, non(M) = X; and 4 < cov(M) (and ¢ = A when
/X0 = }). See more in Section 6, specifically item (M1). This is inspired in Canjar’s
result [ 18] stating that, after adding 4 many Cohen reals, for any uncountable regular
% < A there is some (maximal) ideal J* such that byx = 0% = K.

1.1. Structure of the paper. In Section 2 we define A; and . prove their basic
properties, the monotonicity with respect to the orders <gp. <gp., and <grg. and
that N; =N and Nj = £ when J has the Baire property. In Section 3 we deal
with ideals without the Baire property and finish to prove Theorems A and B.
Section 4 is devoted to our results related to nearly coherence of ideals, specifically
with the proof of Theorem C. Section 5 presents ZFC results about the cardinal
characteristics associated with our new ideals, mainly the proof of Theorems D
and E, and Section 6 deals with the consistency results and Theorem F. Finally, in
Section 7, we present discussions and summarize some open questions related to
this work.

§2. Measure zero modulo ideals. We first present some basic notation. In general,
by an ideal on M we understand a family J C P(M) that is hereditary (i.e., a € J
for any a C b € J), closed under finite unions, containing all finite subsets of M
and such that M ¢ J. Let us emphasize that ideals on w or on any countable set can
not be o-ideals. We focus on ideals on w and we use the letters J and K exclusively
to denote such ideals. For P C P(M) we denote

P'={aCM: M\ac A}

Recall that F C P(M) is a filter when F? is an ideal. A maximal filter U C P(M)
with respect to inclusion is called an u/trafilter. For an ideal K C P(M) we denote
K* =P(M)\ K.One can see that a € K~ ifand only if M \ a ¢ K.

Aset A C P(M) generates anideal on M iff it has the so called finite union property.,
i.e., M\ | C is infinite for any finite C C A. In this case, the ideal generated by 4
is’

{a CM:al\ U C is finite for some finite C C A}.

When s and 7 are functions (or sequences s = (s; : i € a)and:=(t; : i €b)), s C
¢ means that s extends ¢, i.e., doms C dom¢ and ¢ [ doms = s (or,a Chands; =¢;
foralli € a). We denote by u the Lebesgue measure defined on the Cantor space ©2,
that is, the (completion of the) product measure on “2 =[], 2 where 2 = {0, 1}
is endowed with the probability measure that sets {0} of measure % In fact, for any
s €2 u([s]) = 271 where | s| denotes the length of sand [s] := {x € “2: 5 C x}.
Recall that {[s] : s € 2<®} is a base of clopen sets of the topology of 2. Then
N:={4C“2: u(4)=0} and M :={4 C“2: Aismeager}

are g-ideals, i.e., the union of any countable subset of the ideal belongs to the ideal.

2Considering that an ideal must contain all finite sets.
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The ideal N has a combinatorial characterization in terms of clopen sets. To
present this, we fix the following terminology. We usually write ¢ := (¢, : n € w)
for sequences of sets.

DEFINITION 2.1. Denote Q := {¢ C“2: cisaclopenset}. For e: @ — (0,00),
consider the set

Q={ce®Q: (Vnew)u(cy) <entl
For each ¢ € “Q (or in ®P(w) in general) denote

N(c) = ﬂ Ucn:{xewZ: H{new: x €c,} =N},

m<w n>m
N*(c) == U ﬂcn:{xe(“Z: Hnew: x¢cy}| <Ny}
m<w n>m
Fact2.2[4, Lemma 2.3.10]. Lete : w — (0.00). and assume that )y, €; < oo.

Then:

(a) Foranyc € Q. N(¢) e N.
(b) Forany X C“2. X e N iff (3¢ € Q) X C N(&).

The analog of Fact 2.2 using N *(¢) becomes the characterization of £, the o-ideal
generated by the closed measure zero subsets of 2.

Fact2.3. Lete : w — (0, 00) and assume that liminf; o €; = 0. Then:

(a) Foranyc e Qi N*(¢) € €.
(b) Forany X C»2,. X € £iff (3¢ € QF) X C N*(¢).

ProOOF. Item (a) is clear because, for any n € w, ¢ 18 closed and, since

liminfe; = 0and ¢ € Q, it has measure zero.
11— 00
For (b). the implication < is clear by (a). Tosee =.let X € £.i.e.. X C U, Fu
for some increasing sequence (F, : n < w) of closed measure zero sets. For each
n < w, we can cover F, with countably many basic clopen sets [s,x] (k < @) such
that > u([s,x]) < €. but by compactness only finitely many of them cover F,, so

m>n

k<w
F,Cc, = Uk<m}1[sn,k] for some m, < w, and u(c,) < €,. Then ¢ := (¢, : n < w)
is as required. -

Motivated by the combinatorial characterization of A" and € presented in Facts 2.2
and 2.3, we introduce a smooth modification of these via ideals on w. To start, we
fix more terminology and strengthen the previous characterizations.

DEFINITION 2.4. Denote Q := {¢ € “Q: N(¢) € N'}.

By Fact 2.2(a) we have that QF C Q whenevere: w — (0,00) and ",_, &/ < occ.
Hence, as a direct consequence of Fact 2.2, we obtain the following equivalence.

FACT 2.5. Forany X C“2. X e N iff X C N(¢) for some ¢ € Q.

We also have the analogous version of £. Before stating it. we characterize Q as
follows.
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LEMMA 2.6. For any sequence ¢ = (c¢; : i < w), the following statements are
equivalent.

(i) ¢ e Q.
(i) Ve e Q) @N<w) (Van>N)u (UNSK” c,~> <e.

(iii) For anye: @ — (0.00) there is some interval partition I = (I, : n < ») of
such that u (e, ¢i) < &n for alln > 0.
(iv) There is an interval partition I = (I, : n < ) of @ such that

Z,u Uci < 0.

n<w i€l

Proor. (i) = (ii): Let e be a positive rational number. Since ¢ € Q. u(N(¢)) = 0,
o) nli>noloﬂ (UiZ” ci) = 0. Then u (UiZN ci) < e for some N < w, which clearly
implies that u (UNSK” c,-) <eforalln > N.

(i) = (iil): Let €: w — (0, 00). Using (ii). by recursion on n < « we define an
increasing sequence (m, : n < w) with my = 0 such that u (Un1n+1§i<k c,») < Enyl
for all kK > m, . Then I, := [m,. m, ) is as required.

(iii) = (iv): Apply (iii) to &, := 27",

(iv) = (i): Choose [ asin (iv), and let ¢, := {J;, ¢;.Itisclearthat N(¢) = N(¢')
and ¢’ € QF where e: @ — (0.00), €, := u(c,) +2™". Since y_,_, ulc;) < oo, by
Fact 2.2 we obtain that N(¢) = N(¢’) € N. Thus ¢ € Q. .

As a consequence of Lemma 2.6(ii), considering Q as a countable discrete space,
the fact below immediately follows.

COROLLARY 2.7. The set Q is Borel in Q.

LemMA 2.8. The ideal £ is characterized as follows:

(a) N*(¢) € Eforany ¢ € Q. _
(b) For X C®2, X € Eiff (3¢ € Q) X C N*().

ProoF. (a) is proved similarly as Fact 2.3(a). noting that ¢ € Q implies that
lim; oo u(¢;) = 0 (by Lemma 2.6(ii)). (b) follows by (a) and Fact 2.3. 4

We use this characterization to introduce the promised generalized versions of N/
and &£. Consider the ideal Fin of finite subsets of w. For ¢ € “Q and x € “2, note
that,

xeN@)e{ncw: x€c,} €Fin",
xeN*(@)e{necw: xec,} eFin’
Replacing Fin by an arbitrary ideal on w. we obtain the following notion.
DEerINITION 2.9. Fix anideal J on w. For ¢ € ®Q, define
N;@)={xe2: {new: xec,} €JT}

NJ*(E)::{XG‘“2: {nEw:xEcn}EJd}.
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These sets are used to define the families:

Ny = {ngz: (HEeﬁ)XgNJ(E)}, (2.1)
N = {ngzz (aaeﬁ)XgN;(a)}. (2.2)

We say that the members of N have measure zero (or are null) modulo J .

Due to Fact 2.5 and Lemma 2.8, we obtain N, = A and € = N}, . Moreover,
one can easily see that, if J/ C K are ideals on w, then

N C Ng C Ng C N, (2.3)
In particular, we obtain
E =N, CNJ CNy CNpin =N (2.4)

Furthermore, if J is a maximal ideal (i.e., its dual J¢ is an ultrafilter), then N; = N
We can prove that, indeed, both A; and N} are g-ideals on the reals, exactly as
the original notions.

LemMaA 2.10. Let J be an ideal on . Then both Ny and Ny are g-ideals on 2.

Proor. Thanks to (2.4), both A; and AV contain all finite subsets of “2 and
the whole space “2 does not belong to them. It is also clear that both families are
downwards closed under C. so it is enough to verify that both A’; and N} are closed
under countable unions.

Consider ¢X € Q for each k € w. By recursion, using Lemma 2.6(ii), we define

an 1ncreasmg sequence (n; : [ < w) of natural numbers such that u (Un>n/ ck ) <

(1+1)2, for all k < /. Let Iy :=[0,n;) and I; := [n;.n;,1) for [ > 0. Then, we define
the sequence ¢ by

U ek, ifn € n.nip).

c, = { k<l
0, if n < ny.
Finally,
SulUe|<XXu|Ud | <X 75 Zzz .
I<w nel; I<w k<I n>n; I<w k<I

so ¢€Q by Lemma 26(iv). It is clear that J,., Ns(c¥) C N,;(¢) and
Urkew N7 (E¥) © Nj (@) 5

REMARK 2.11. The following alternative definition does not bring anything new:
Let Q be the set of countable sequences @ = (a, : n < @) of open subsets of “2 such
that N(a) € N Define N, (a) similarly, and N’} as the family of subsets of ®2 that are
contained in some set of the form N, (&) for some a@ € Q. Define NJ*O analogously.
Itis not hard to show that N’} = A? = A The inclusions N C NP C N are clear;
to see N C N}, if B € NV, then we can find some @ € Q such that B C (,.,, an
and u(a,) < 27", soitis clear that B C N;(a). For this reason, it is uninteresting to
consider sequences of open sets instead of clopen sets.
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REmMARK 2.12. We expand our discussion by allowing ideals on an arbitrary
infinite countable set W instead of w. Namely, for ¢ € ' Q (or in " P(*2)). we
define N,(¢) and N;(¢) similar to Definition 2.9, Fin(W) as the ideal of finite
subsets of W,

QW) = {E eQ: Nein(w)(€) € N}(so Qlw) =9)

and Ny and N asin (2.1) and (2.2), respectively. We need this expansion to allow
ideals obtained by operations as in Example 2.13.

Using a one-to-one enumeration W = {w, : n < o} by Lemma 2.6 we get that,
forc € " Q,

¢ e QW) iff, (2.5)
for any € > 0, there is some finite set « C W such that u U o | <e.
neW\a

In fact, considering the bijection f: @ — W defined by f(n) := w, for n < w, and
the ideal J' := {/'[a] : a € J} (which is isomorphic to J). we obtain N = N/

and NJ = N,. As a consequence. Ngin(y) = Nrin = N and J\/'F*in(m =N{, =¢.

ExampLE 2.13. Consider w = Nj UN, as a disjoint union of infinite sets, let J;
be an ideal on Ny and J, an ideal on N,. Recall the ideal

Jioh={xCow:xNNjeJandx NN, € J,}.

Note that:

(1) ¢ eQiffé [Ny € Q(Ny) and ¢ | N, € Q(N).
(2) Forec € Q,

NJIGBJQ(E) = NJ](E r Nl) U NJz(E r NZ)) and
Njien(€) = Nj (¢ I Nj) N Nj (¢ [ No).

As a consequence:
(3) Nj @, is the ideal generated by NV, U N, . in fact
Njen={XUY: X eNjand Y € Nj,}.
(4) N;I@JQ :N;l ﬂ./\/'fz

The inclusion C in both (3) and (4) follows from (2): the converse follows by
the fact that, whenever ¢' € Q(N;) and ¢? € Q(N,), ¢ € Q where ¢ = ¢! U2, ie.,
¢ = {c, : n < w)suchthatc, := ¢l whenn € N; (i € {1,2}). and

)

NJI@JZ(E) = le(c_l) U N]2(52) and
N;I@Jz((’:) = N;I (c_l) ﬂN.}kz(Ez)

which follow by (1) and (2) because ¢’ = ¢ | N; fori € {1,2}.
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By allowing P(w) instead of an ideal. Np(,)(¢) = 0 and N;;(w)((?) = @2. Since
Ji @P(Nz) :{a Cw:aNnN; e Jl}

isanideal, forany ¢ € Q, we obtain Ny gpw,)(¢) = Ny (¢ | N )andNJ PN )(E) =
N} (¢ | Ny) by (2). Therefore, Ny gp,) =N, and NJ* &P —Nl Similar

conclusions are valid for P(N;) @ J5.
We now review the following classical orders on ideals.

DEFINITION 2.14. Let M, and M> be infinite sets, K; C P(M;) and K> C P(M>).
If ¢: M, — M, the projection of K, under ¢ is the family

97 (Ky) ={4C M : ¢ '(4) € K>}

We write K1 <, K> when K1 C ¢ (K).i.e.. ¢ ' (I) € Ky forany I € K;.
(1) [7, 26] The Katétov—Blass order is defined by K| <xp K iff there is a finite-
to-one function ¢: M, — M| such that I € K implies ¢ ' (1) € K. i.e..
Ki C o7 (K).
(2) [7. 31] The Rudin—Blass order is defined by K| <gp K, iff there is a finite-to-
one function ¢: M> — M, such that I € K if and only if o' (1) € K. i.e.,
7(K») = K.
(3) We also consider the “dual” of the Katétov—Blass order: K <xgK> iff there
is some finite-to-one function ¢ : M| — M, such that ¢~ (K) C K,.
Recall that the relations <gp and <grp are reflexive and transitive, and it can be
proved easily that <¢5 also has these properties.
Note that K;<grpK implies K;<gpK> and K><g5K;. Also recall that K; C K,
implies K;<gpK> and K <ggK> (using the identity function).
Recall that, if K, is an ideal on M. then ¢~ (K>) is downwards closed under C
and closed under finite unions, and M; & ¢~ (K>). If ¢ is in addition finite-to-one
then ¢ (K3) is an ideal.

We show that our defined g-ideals behave well under the previous orders. In fact,
this is a somewhat expected result that can usually be obtained for many well-known
objects in topology. For example, given an ideal J on w, consider the relation <’
on “w defined by x <’ y iff {n<w: x(n) £ y(n)} € J, and define the cardinal
characteristics

by :==min{|F|: F C“w, =(Iy € “w) (Vx € F) x <’ y}.
o, :=min{|D|: D C“w. (Vx €“w)(TyeD)x <’ v}
It is known from [21] that:

(1) If K<ggJ.then bx < b; and 0; < 0.
(2) If K<gg/.then bx < b; and 0, < 0.
(3) If K<gpJ,then b; = by and 0; = 0;.

We present another similar example in Theorem 5.11.°

3More similar examples of such implications can be found in [25, 38, 41].
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THEOREM 2.15. Let Ny and N, be countable infinite sets, J an ideal on Ny and let
K be an ideal on N,. Then:

(a) If K<kgJ. then N} C N and Ny C Nk.

(b) If K<ggJ . then N}y C N7 and Nj C Nk.

(C) If K<ggJ, lhen/\/}* ZN;; and Ny = Nx.

Proor. Without loss of generality, we may assume N; = N, = o in this proof. Fix
a finite-to-one function f: @ — w and let I, := f'[{n}]forany n € w. Given ¢ €
Q we define sequences ¢’ and ¢~ by ¢;, := (¢, cx and ¢ = ¢ (). Since N (&') =
N(¢)and N(¢7) C N(¢). we have that &/, ¢ € Q.

It is enough to show:

(i) K C f~(J)implies N3 (¢) C N;(¢") and N,(¢) C Nk(c'). and

(i) £~ (K) CJ implies N}:(¢) C N}(¢') and Ny (¢) C Nk (&).

(i): Assume K C f7(J). If x e Ni(¢) then {n< w: x ¢ ¢,} € K. 50

k<ow:xg¢eagy=f"{n<w:x¢c,}el
ie.x € Nj(¢ );andifx € Ny(¢).ie. {k <w: x € ¢} ¢ J. then
fin<o:xcell={k<w: xect2{k<w:x el
so fl{n<w:xec)}]¢J. ie. {n<w:xecc)} ¢ K, which means that x €
N (&).
ii) Assume /7 (K) C J.If x € Nj(¢).ie. {k<w: x ¢ ¢4} € K. then
fMin<ow:x¢c}={k<ow: x¢ it Clk<o:x ¢l

so fl{n<w: x ¢cl}] € K. which implies that {n <w : x ¢ ¢/} € J. ie., x €

Nj(¢’):andif x € Ny(¢)then{n <w: x €¢,} ¢ J.s0
(k<ow:xeqy=f"{n<ow:xcc,}]¢ K

ie.x € Ng(¢). B

ExamPLE 2.16. Notice that J <gpJ ® P(w). however, J and P(w) should come
from different sets. Concretely, if J is an ideal on @ then J & P(w) should be formally
taken as J @ P(N') where N’ is an infinite countable set and « NN’ = (). Therefore,
by Theorem 2.15. Njgp(,) = Ny and N, = N (already known at the end of
Example 2.13).

Recall the following well-known result that characterizes ideals on w with the
Baire property.

THEOREM 2.17 (Jalani-Naini and Talagrand [44]). Let J be an ideal on w. Then
the following statements are equivalent.

(i) J has the Baire property in P(w). (iii) Fin<gpJ.
(i) J is meager in P(w).

Therefore, as a consequence of Theorem 2.15, the result below follows.

THEOREM 2.18. If J is an ideal on w with the Baire property, then Ny = N and
Nj=¢&
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So the g-ideals associated with definable (analytic) ideals do not give new o-ideals
on “2, but they give new characterizations of A" and £. The converse of the previous
result is also true, which we fully discuss in the next section.

§3. Ideals without the Baire property. In this section, we study the ideals A; and
N when J does not have the Baire property. With respect to our main results, we
finish to prove Theorem A: an ideal J on w without the Baire property gives us new
o-ideals Ny and N;. We prove Theorem B as well (see Theorem 3.11).

One of the main tools in our study of A/; and N is the technique of filter games.*
For the main results mentioned in the previous paragraph, we will use the meager
game.

DErINITION 3.1. Let F be a filter on w. The following game of length «w between
two players is called the meager game Mp:

e In the nth move, Player I plays a finite set 4, € [0]<® and Player II responds
with a finite set B, € [0]<® disjoint from 4,,.

e After v many moves, Player Il wins if | J{B, : n € o} € F, and Player I wins
otherwise.

Let us recall an important result from Bartoszynski and Scheepers about the
aforementioned game.’

THEOREM 3.2 [5]. Let F be a filter on w. Then Player I does not have a winning
strategy in the meager game for the filter F if and only if F is not meager in P(w).

We use the meager game to show that, whenever J does not have the Baire
property, no member of N; can be co-meager with respect to any self-supported
closed subset of ®2, i.e., a closed subset of positive measure such that each of its
non-empty (relative) open subsets have positive measure.

MAN LemMmA 3.3, Let C C “2 be a self-supported closed set. If J is not meager
then Nj(¢) N C is not co-meager in C for each ¢ € Q. As a consequence, Z N C is not
co-meager in C for any Z € Nj.

Proor. Let C C “2be aself-supported closed set, and let G C C be a co-meager
subset in C. Then there is a sequence (D, : n € w) of open dense sets in C such that
ﬂnew D, C G. Moreover, since C is closed, there is a tree T such that C = [T].

Consider ¢ € Q and construct the following strategy of Player I for the meager
game for J¢.
The first move:
Player 1 picks an sy € T such that [so] N C C Dy and chooses ny < w such that
u (Unzno c,,) < u(C N[so]) (which exists because ¢ € Q). Player I's move is 7.
Second move and further:
Player II replies with By € [w]<® such that no N By = (). Since u (Une B cn) <
u(C N[sol). CNlsol € U,ep, ¢n- s0 thereexists an xg € C N [s0] \ U, ¢, ¢n- Then

4One can find a good systematic treatment of filter games and their dual ideal versions in [29, 30].
3See also [29, Theorem 2.11].
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Player 1 finds an mg > |sp| such that [xo[mo] N UneBO ¢, = 0. Since D is dense in
C, Player I can pick an s; € T such that sy C xo[mo C s; and [s1] N C C D;. Then
cn) < u(C N [s1]). Player II
responds with B € [@]<? such that n; N B; = (), and the game continues in the
same way we just described.

Finally, since J is not meager, Player I does not have a winning strategy in the
meager game for J¢. Hence, there is some match ((n;, B;) : k € w) where Player I
uses the aforementioned strategy and Player II wins. Thus, we have F := |, ., Bx €
J?. Define x := (J;¢,, s- Then. x € (., Dx. On the other hand., x ¢ {J,cr ¢x
(because [sx1] N U cx = 0) and hence x ¢ N;(c). 5

Player I moves with an n; € w such that u (U,

neBy

Main Lemma 3.3 shows a connection between A; and meager sets. First recall
the following well-known fact.

LeMMA 3.4 (See. e.g..[27]). Let A C ©2.If A is meager in 2 then, for any s € 2<%,
[s]N A is not co-meager in [s]. The converse is true when A has the Baire property.

Consequences of Main Lemma 3.3 are stated as follows.

COROLLARY 3.5. If'J is an ideal on w, then J does not have the Baire property iff
Z is not co-meager in 2 for any Z € Nj.

Proor. For the implication from left to right, apply Main Lemma 3.3 to C = “2.
For the converse, if J has the Baire property then A/; = N by Theorem 2.18, and it is
well-known that A contains a co-meager set in ®2 (Rothberger’s Theorem [39]).

COROLLARY 3.6. Assume that J is an ideal on «w without the Baire property. Then,
for any Z € Nj. Z is meager in 2 iff it has the Baire property.

PrOOF. Assume that Z € A has the Baire property. By Main Lemma 3.3, Z N [s]
is not co-meager in [s] for all s € 2<®, Therefore, by Lemma 3.4, Z is meager in
@3, -

Main Lemma 3.3 gives us the converse of Theorem 2.18 for N;. Furthermore, we
can prove that there is a meager set of Lebesgue measure zero which is not contained
in N for non-meager J.

THEOREM 3.7. Let J be an ideal on w. Then, the following statements are equivalent.
(i) NJ SN, (ii)) MNN € Nj. (iii) Jis not meager.

ProoF. The implication (i) — (iii) follows directly from Theorem 2.18. On the
other hand, since M NN C N the implication (ii) — (i) is obvious.

It remains to show (iii) — (ii). First, we choose a closed nowhere dense C C® 2
of positive measure, which can be found self-supported (as in the hypothesis of
Main Lemma 3.3). Then, we find G C C which is co-meager in C and has Lebesgue
measure zero. Hence G € M NN, but G ¢ N; by Main Lemma 3.3. -

The proof of (iii) — (ii) is similar to the proof of £ € M NN from [4, Lemma
2.6.1]. Actually, the latter is already implied by (ii) (see (2.4)).

However, ;. and even NV}, contain many non-meager sets when J is not meager.
Examples can be obtained from the following construction.
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DEerINITION 3.8. For any non-empty tree 7 C 2<“ without maximal nodes we
define ¢T as follows. Enumerate T = {#, : n € w} in such a way that ,, C 1, implies
m < n. By recursion on n, construct {# : k < n} C T such that:

(i) 70 € T extends 7o and |7)] > 1.
(i) 221 2 tyar.
(iii) for each k < n. /™ D ¢, and
iv) foreachk <n+ 1, |7 > 2n + 2.
k

Define ¢, = U, ,[t7]and ¢” = (¢ : n € w). Inaddition, the inequality u (¢, ) <
2" holds, so ¢7 € Q.

In general, for any sequence € = (g, : n < w) of positive reals, it is possible to
construct a similar ¢7€ such that u (¢[¥) <, foralln < . that is, ¢ € Q. For
this, we just need to modify the length of each 7} accordingly.

MAIN LEMMA 3.9. Let T C 2<% be a non-empty tree without maximal nodes and
let J be a non-meager ideal on «. Then N;(¢T)N G # 0 for every co-meager set
G C[T)in[T). ie.N;(cT) isnot meager in [T).

In other words, for any non-empty closed H C “2 there is some ¢ € Q such that,
Jor any non-meager ideal J on ., N;(¢"') N H is non-meager in H.

ProOF. Let G C [T]be co-meager in [T]. Then, there is a sequence (D, : n € w)
of open dense sets in [T'] such that (1), D, € G. We look for an x € Nj(¢")n
(Nuecw Dn by using the non-meager game.

Construct the following strategy of Player I for the non-meager game for J¢ along
with fragments of the desired x.

The first move:

Player I chooses some sy € T extending 18 such that [so] N [T] € Dy. Sincesy € T,
80 = ty, for some ng € w. Player I moves with 4y := ng + 1.

Second move and further:

Player II replies with By. Since By N Ay = 0, by (ii)—(iii) of Definition 3.8, Player
I can extend sy to some sé € T such that, for any £ € By, sé extends tﬁo, and further
finds 51 € T extending s; such that [s;] N [T] C D;. Here, s; = 1,, for some n; € w,
and Player I moves with A; := n; + 1. Player II would reply with some B; not
intersecting 4, and Player I continues playing in the same way.

Now, since J is not meager, Player I does not have a winning strategy. In particular,
there is some match ((4,. B,) : n € o) of the game where Player I uses the strategy
defined above and Player II wins, i.e., F := Unew B, is in J9. On the other hand,
Player I constructed the increasing sequence (s, : n € ) of members of T, so
x := U, c,, 8n 1s @ branch of the tree. By the definition of the strategy, we have that
x €c¢l foranym € F,sox € Nj(cT). Also x € D, for every n € w. .

Asaconsequence for T = 2<®, we conclude that \V; contains non-meager subsets
of ®2 when J is an ideal on o without the Baire property. Moreover, let us emphasize
that the same is true for \V; as well (because N;(¢) C N, (¢)).

COROLLARY 3.10. If J is not meager then N;(¢T) and N;(¢T) are not meager
in®2.
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FIGURE 2. The situation when J is an ideal on w without the Baire property. An
arrow denotes C, while a crossed arrow denotes g The arrow on the bottom could
be reversed, e.g., when J is a maximal ideal.

In contrast with Main Lemma 3.9, if J has the Baire property then N;(¢”) is
meager in “2 (and even N;(¢7) N[T] is meager in [T'] when u ([T]) > 0) because
N;(cT) € € by Theorem 2.18.

As a consequence of Main Lemma 3.9, we can finally conclude that N'; = £ iff J
has the Baire property.

THEOREM 3.11. Let J be an ideal on w. Then the following statements are
equivalent:
(i) Nj € M. (i) € C N7,
(i) Nj € MNWN. (iv) J is not meager.

ProoF. (iv) — (i) follows by Corollary 3.10; (i) — (ii) is obvious; (i) — (iii) is
a consequence of £ C M NN (iii) — (iv) is a consequence of Theorem 2.18.

In the case of N, whether J is meager or not, N; contains non-meager sets.
COROLLARY 3.12. For every ideal J on w. Ny & M and Ny & M NN

Proor. Since N; C N, the conclusion is clear by Theorem 3.11 when J is not
meager. Otherwise N; = N, and A/ contains a co-meager set. -

Figure 2 summarizes the situation in Theorems 3.7 and 3.11 when J is a non-
meager ideal on w.

§4. The effect of nearly coherence of filters. In this section, we prove a
characterization of nearly coherence of filters (or ideals) in terms of the ideals
N and N;. We first recall the notion of nearly coherence.

DErFINITION 4.1 (A. Blass [7]). Two filters Fy and F; on w are nearly coherent if
there is a finite-to-one function ¢ € “w such that ¢~ (Fy) U ¢~ (F}) has the finite
intersection property. Dually, we say that two ideals Jy and J| are nearly coherent if
there is a finite-to-one function ¢ € “w such that ¢~ (Jy) U ¢ (J}) is contained in
some ideal.

If Jy and J; are nearly coherent ideals on w, then there is some ideal K in « which
is <gg-above both Jy and J;. As a consequence of Theorem 2.15(b), the following
result follows.
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N, Ny,

N /
N;( — Nk
/ N\
N7, N,

FIGURE 3. Situation describing Lemma 4.2 (an arrow denotes C).

Lemma 4.2. If Jy and Jy are nearly coherent ideals on w, then there is some ideal
K on w such zhat./\/;;) U/\/J"‘l C N§¢ € Nk C Ny, NN, (see Figure 3).

Since N = N for any maximalideal J on w, we immediately obtain the following
consequence.

COROLLARY 4.3. If J and K are nearly coherent ideals and K is maximal , then
N7 C Ny C Nj. In particular, if J is also a maximal ideal, then Nj = N.

A. Blass [7] has introduced the following principle, which was proved consistent
with ZFC by Blass and Shelah [11].

(NCF) Near coherence of filters: Any pair of filters on w are nearly coherent.

In fact, u < g (which holds in Miller model [8, 12]) implies NCF [9. Corollary
9.18]. On the other hand, it is possible to obtain not nearly coherence pairs of filters
under CH and in random model [7, Section 4], as well as in Cohen model (e.g.,
Theorem 6.3).

The following is a consequence of Corollary 4.3.

COROLLARY 4.4. NCF implies that all Ny with J maximal ideal on w are the
same.

We prove the converse of Lemma 4.2 and of Corollaries 4.3 and 4.4, which gives
us a characterization of nearly coherence and NCF. For this purpose, we use the
following game, formulated by T. Eisworth, that characterizes nearly coherence.

DEFINITION 4.5 (Eisworth [20]). Let Fy, F; be two filters on . The following
game of length w between two players is called the nearly coherence game Cg, r,:

e In the nth move, Player I plays a finite set 4, € [0]<® and Player II responds
with a finite set B, € [0]<“ disjoint from 4,,.

o After  many moves, Player Il wins if | J {By,4; : n € w} € F; fori € {0,1}.
Otherwise, Player I wins.

THEOREM 4.6 (Eisworth [20]). Let Fy, Fy be two filters on w. Then Fy and Fy are
nearly coherent iff Player I has a winning strategy of the game Cr, r, .

We use the nearly coherence game Cr, r, to prove the following technical lemma.

MAIN LEMMA 4.7. Let C C ®2 be a closed self-supported set. If J and K are not
nearly coherent ideals on w then N (¢ T) ¢ Nx where T is the tree without maximal
nodes such that C = [T). and ¢* is as in Definition 3.8.
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PrOOF. We use the nearly coherence game C,. g« and build a strategy for Player
I, in order to get an x € N}(¢7)\ Nk (¢’) forany ¢’ € Q.

The first move: Player I first moves with 49 = {0}, and put s := 7o (which is the
empty sequence).

The second and third moves, and further:

After Player II replies with By C w \ A4y. Player I finds s; O so in T such that

s1 2t} foreveryn € By.and further finds n; > |s| such that u (UZan cé) <u(Cn

[s1]). which implies that there is some x; € C N [s1]\ U€>n1 c,. Player I moves with
A =n + 1.

After Player 11 replies with B} C w \ 4;, Player I finds some m, > n; such that
[s2]1N UneB1 ¢; = D where s, := x1|my. Player I moves A, = ny + 1 where n, <  is
such that s, = 1,,.

Afterwards, Player Il moves with B, C w \ 4>, and the same dynamic is repeated:
Player I finds an s3 D s in T such that s3 D Iy, for every n € B;, and some n3 > |s3]

such that u (U£2n3 cé) < u(C N [s3]), which implies that there is an x3 € C N s3]\

UZZ”3 c,. Player I moves with 43 = n3 + 1, and the game continues as described so
far.

Since Player I does not have a winning strategy, there is some run as described
above where Player II wins. Thus. Fy := ., Ban € J4 and F; := Uncew Bt €
K. Set x := U, co sn- Note that x € cZT forany £ € Fy, and x ¢ ¢, forany £ € Fy,
which means that x € N;(¢”) and x ¢ Ng(&'). .

An application of the previous result to C = “2 yields the following distinction.

THEOREM 4.8. If J and K are not near-coherent ideals on o then Ny ¢ Ny and
N & Nj. In particular. Ny # Ny and N7 # N

It is clear that Fin is nearly coherent with any filter on w. Therefore, any pair of
not nearly coherent filters must be non-meager. The following is a consequence of
Theorems 3.7 and 3.11.

COROLLARY 4.9. Let J and K be not nearly coherent ideals on w. Then the ideals
E.N;. Nk and N are pairwise different.

The situation in Theorem 4.8 and Corollary 4.9 is illustrated in Figure 4.
We summarize our results as a characterization of nearly coherence.

THEOREM 4.10. Let J and K be ideals on . The following statements are equivalent.

(i) J and K are nearly coherent.

(ii) There is some ideal K' on o such that J <ggK' and K <ggK'.
(iii) There is some ideal K" on w such that N7 UNg C N, € Nxgr € NN Nk.
(iv) N C Nk.

Proor. (i) = (ii) is obvious; (i) = (iii) is immediate from Theorem 2.15; (iii) =
(iv) is obvious; and (iv) = (i) follows by (the contrapositive of) Theorem 4.8.

The non-nearly coherence of filters also gives us examples of non-meager ideals J
such that N # A;. We do not know how to construct such an example in ZFC.
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i / T
g \ //\//\//\/ / )
N Ny
FIGURE 4. Diagram corresponding to the situation in Theorem 4.8 where J and
K are not nearly coherent ideals on w. An arrow denotes C, and a crossed arrow

denotes ¢. The arrow on the top could be reversed, e.g.. when K is a maximal ideal
(likewise for the arrow on the bottom).

LemmA 4.11. Assume that J\ and J, are non-nearly coherent ideals on w. Then
J1 ® J, is non-meager ana’./\/}"l ®J, # Nj s

ProoF. Partitionw = Nj U N; into two infinite sets, let g, : @ — N, be a bijection
for each e € {1,2}, and let J, = g, (J,), which is an ideal on N, isomorphic with
J.. Here, our interpretation of Jy & J, is J{ @ J;. It is clear that Njf = Nj, and

+ =N (by Theorem 2.15(c)).
1 1

Recall that non-nearly coherent ideals must be non-meager (this also follows by
Theorem 4.8), so J| x J} is a non-meager subset of ©2 = M2 x M2 by Kuratowski-
Ulam Theorem, which implies that J{ @ J; is non-meager.

By Example 2.13, J*{ea "= J*f N ;2/ = 7, VNG, and Njig,; contains both
Ny, and N, so NJ’*I,@JZ, = ./\/Jlf@er would imply that N;, UN;, C NJ*I ﬁ/\/};, and
in turn N, C N, - which implies /\/‘j2 C N, (because N C Nj,). contradicting
Theorem 4.10 and the fact that J; and J, are not nearly-coherent. Therefore,

%
NJI/@JZI #NJ{GBJZ/ B

In contrast with the previous result, we do not know whether NCF implies that
all \; are the same for non-meager J.

§5. Cardinal characteristics. In this section, we focus on investigating the cardinal
characteristics associated with Ay and ;.

We review some basic notation about cardinal characteristics. Many cardinal
characteristics are defined using relational systems in the following way [45]. A
relational system is a triplet R = (X, ¥, R) where R is a relation and X and Y are
non-empty sets.’ Define

61t is typically assumed that R C X x Y., but it is not required. In fact, R could be a proper class
relation like C and €.
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b(R):=min{|F|: FC X, -(3yeY)(VxeF)xRy}
dR):=min{|D|: DC Y, (VxeX)(3yeD)xRy}.

The dual of R is defined by R+ := (¥, X, R*+) where y R* x iff =x R y. Hence
b(R*) = o(R) and o(R*) = b(R).

Given another relational system R’ = (X', Y’, R’), say that a pair (¢_,¢,) is a
Tukey connection from R to R"if ¢_: X = X', ¢, : Y/ — Y and, for any x € X
and y’ € Y',if o (x) R' y’' then x R, ().

We say that R is Tukey below R’, denoted by R=TR’, if there is a Tukey connection
from R to R’. Say that R is Tukey equivalent to R’, denoted by R=R’, if R=tR’
and R’=<1R. It is known that R=1R’ implies 9(R) < ?(R’) and b(R’) < b(R). Hence

~rR’ implies 9(R) = 2(R’) and b(R’) = b(R)

We constantly use the relational system cI = (Z,J,C) discussed in [4, Chapter
2]. and we identify Z with the relational system ¢Z. Denote add(Z. J) := b(cy/ ) and
cof(Z,J) = D(Cg ). These cardinal characteristics are interesting when Z C 7 are
ideals on some set X. It is well-known that, for any ideal Z on X, we can express the
cardinal characteristics associated with T as follows:

add(Z) = add(Z. 7). cof (T) = cof (Z.1).

non(Z) = add([X]<™. 7). cov(Z) = cof ([ XN, 7).
In fact, via the relational system Cz := (X, Z, €), we obtain non(Z) = b(Cz) and
cov(Z) = 0(Cz). The following easy claims illustrate basic relations between these
cardinal characteristics.

Fact 5.1. If T is an ideal on X, T CT' and J C P(X)\ {X}, then (cg,)l =T

Cz= TC[X <y In particular, add(Z', J) < cov(Z) and non(Z) < cof (7', J).

Proor. We only show the first Tukey connection. Define F: 7 — X such that
F(B) € X \ B (which exists because X ¢ 7), and define G: Z — 7' by G(4) := A.
Then, for 4 € Z and B € J. F(B) € A implies B 2 A. Hence. (F, G) witnesses
(e7)* =1 Cz. 3

Fact 52. If TC T and J' C J then ¢ <Tc . In particular, add(Z’. J') <
add(Z, J) and cof (T, T) < cof (', T").

COROLLARY 5.3. If J' C J areideals on X, then c[X] <% ch[
In particular, cov(J) < cov(J’) and non(J’) < non(J).

X]<N andCJ <TCJI

We look at the cardinal characteristics associated with A; and N} when J
is an ideal on w. If J has the Baire property then the cardinal characteristics
associated with Ay equal to those associated with A/ because Ny = N (Theorem
2.18). Moreover, since Nj = £. the cardinal characteristics associated with N}
equal to those associated with £. We recall below some results about the cardinal
characteristics associated with .

THEOREM 5.4 ([6]. see also [4, Section 2.6]).

(a) min{b,non(N)} < non(€) < min{non(M), non(N)}.
(b) max{cov(M).cov(N)} < cov(€) < max{d,cov(N)}.
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(c) add(€.N) = cov(M) and cof (£, N') = non(M).
(d) add(€) = add(M) and cof (€) = cof (M).

THEOREM 5.5 [4, Lemma 7.4.3]. s < non(&) and cov(€) <.

Thanks to the previous results, and the fact that £ CN; CN; C N, the
inequalities below immediately follow.

THEOREM 5.6. ZFC proves

cov(N) < cov(Ny) < cov(Nj) < cov(€) < min{cof(M).c},
max{add(M).s} < non(¢) < non(N;) < non(N;) < non(N).

We now turn to the additivity and cofinality numbers. In the case of J = Fin, we
can characterize add(N) and cof (A) using slaloms.

DEFINITION 5.7. Letbh = (b(n) : n < w) be a sequence of non-empty sets, and let

h € “w. Denote
[[p=]]rm

n<w

S(b.h) = [ b(m)]="",

n<w
Define the relational system Le(b, i) := ([ b, S(b. h), €*) where
xe*yiff {n<w: x(n) ¢ y(n)} is finite.

Denote b5, := b(Le(b. i) and 05, := 0(Le(b. ).
When b is the constant sequence w, we use the notation Le(w, &) and denote its
associated cardinal characteristics by bLC and oL¢

w.h*

THEOREM 5.8 (Bartoszynski [2, 3]). Assume that h € “w diverges to infinity. Then,
Le(b, h)=N. In particular, b, = add(N') and 0%, = cof (N).

We propose the following relational system, which is practical to find bounds for
the additivity and cofinality of /; and N.

DEFINITION 5.9. Let J be an ideal on w. For ¢, d € Q, define the relation
ccldiff{n<w: cn € dy} e

Define the relational system S; := (Q.Q.C’). and denote b;(Q) := 6(S;) and
2,(Q) :=0(Sy).

It is clear that by (Q) is regular and b, (Q) < cf(2,(Q)) < 0,(Q).

THEOREM 5.10. Let J be an ideal on «. Then Ny =1S; and N; =<1S. In particular.
the additivities and cofinalities of Ny and N are between bJ( ) and 0;(Q) (see

Figure 5).
Proor. Define F: N} %quchthatX C N,;(F(X))forany X € N;.and define
G:Q — Ny by G(d) := N;(d) for any d € Q. It is clear that (F.G) is a Tukey

connection from N into Sy, because ¢ 7 d implies N, (¢) C Ny (d).
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add(Ny) — cof(Ny)

B / \ B

by (£2) 2;(9)
~. 7

add(N75) — cof (NV7F)

FIGURE 5. Diagram of inequalities between the cardinal characteristics associated
with S;. and the additivities and cofinalities of N; and NV}.

Similarly, we obtain a Tukey connection from N into S, via functions
F*: Ny - Q and G*: Q — N such that X C Nj(F*(X)) for X € N and
G*(d) = N;(d). =

Analogous to Theorem 2.15, we have the following result about S;.

THEOREM 5.11. Let J and K be ideals on .

(a) If K<kgJ. then S;=1Sk. in particular bK(g) < b;(g) and DJ(Q) < DK(Q).
(b) If K <ggJ . then S;=1Sk. in particular bx (Q) < b;(Q) and 0,(Q) < 2¢(Q).
(C) IfKSRBJ, then Sk =1Sy, inparticular bK(ﬁ) =by (5) andaK(ﬁ) = D](ﬁ).

PrOOF. It is clear that (c) follows from (a) and (b).

Let f: @ — o be a finite-to-one function and denote I, := f~'[{n}]. Like in the
proof of Theorem 2.15, define F/: Q — Qby F’(¢) := ¢’ where ¢/, := Ukes, ¢k~ and
define F~: Q@ — Q by F(¢) 1= ¢ where ¢ := c/).

If KC f7(J) then (F'.F) is a Tukey connection from S; into Sk, which
shows (a). To prove this, assume ¢.d € Q and ¢’ CX d, and we show ¢ C/
d~. The hypothesis indicates that {n <w: ¢, Cd,} € K , which implies that

{k <w: c},<k) C df(k)} e J?. Since ¢, C ¢’
lk<w: e Cd}.soc ! d-.

To show (b). we verify that, whenever f—(K) C J. (F~, F’) is a Tukey connection
from S, into Sk. Let ¢, d € Qand assume thaté CX 4.1 {k <w:cpp C dk} S

K9. Since d; C df<k this set is contained in {k <w:cpp S d}'(k)}’ SO
{h<w:c,Cd}yeJl ie.cC/d. 4

ik , the previous set is contained in

In the case J = Fin, we obtain the following characterization of the additivity
and cofinality of AV.

THEOREM 5.12. bgin (Q) = add(N) and dgin(Q) = cof ().

ProoF. Note that N = Nin <1Spin by Theorem 5.10. s0 biy (Q) < add(N) and
cof (V) < 0pin(Q).

We show the converse inequality for add(N). It is enough to prove that,

whenever F C Q has size <add(\). it has some upper C CFin bound. Foreaché¢ € F,
find a function f¢ € “w such that u(Uys e, k) < e for all n < . Now

|F| < add(N) < b, so there is some increasing f € “w with f(0) = 0 dominating
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{/¢: ¢ € F}. which means that, for any ¢ € F. u( Uy (n) k) < ers Yl +1 5 for all but
finitely many n < . By making finitely many modifications to each ¢ € F, we can
assume that the previous inequality is valid for all n < .

Foreachn < w, let I, :==[f(n). f(n +1)). Consider the functions b/ and h with
domain e such that b/ (n) := {s € mQ: u(Ures, ) < (Hl 5 } and h(n) :=n + 1.
Since Le(b/, h)=1Le(w. h)=1 N, we obtain that bLC = add(N) by Theorem 5.8.

Since F can be seen as a subset of [/, there is some @ € S(b/ . h) such that,
for any ¢ € F. ¢ | I, € p(n) for all but finitely many n < . Define d € “Q by
di = Uyep(n) Sk for k € I,. Note that

,u(Udk)Z (U Usk) W(n—l—l)zzinv

kel s€p(n) kel

thus d € Q. On the other hand. for any ¢ € F. ¢; C dj for all but finitely many
k<w,ie,cCFngd,

The proof of dgin (Q) < cof () is similar. Fix a dominating family D of size d
formed by increasing functions f such that f(0) = 0. For each f € D, note that

D[];‘,’l = cof (NV) by Theorem 5.8, so we can choose some witness S/ C S(b/.h)

and. for each ¢ € S/, define df = Usepm Sk for k € [f(n). f(n+1)). Then,
E = {df‘“’ ol eS8l fe D} has size <cof(N) and it is Sgi,-dominating, i.e..
any ¢ € Qis CF-bounded by some d € E. .

COROLLARY 5.13.  The additivities of Ny and N; are between add(N') and cov(M)

(at the bottom of Cichori’s diagram): the cofinalities of Ny and N are between
non(M) and cof (N') (at the top of Cichon’s diagram).

Proor. Since Fin <gp J. by Theorem 5.11 we obtain that b, (Q) < b;(Q) and
2,(Q) < 0;(Q). Hence, by Theorems 5.10 and 5.12, we obtain

add(N) < b, (Q) < min{add(N;).add(N;)} and
max{cof(N7), cof (N})} <0,(Q) < cof(N).

On the other hand, by Fact 5.2 and Theorem 5.4, add(N;) = add(N;, N;) <
add(&,N) = cov(M) and non(M) = cof(E,N) < cof (N, Ny) = cof (N), like-
wise for ;. .

§6. Consistency results. We show the behaviour of the cardinal characteristics
associated with A/; and N in different forcing models. As usual, we start with the
Cohen model, where the behaviour of these cardinal characteristics are similar to
by and 9y, in the sense of [18]. Inspired by this reference, we present the following
effect of adding a single Cohen real.

LEMMA 6.1. Cohen forcing C adds a real & € Q such that, for any ideal J on w in
the ground model, there is some ideal J' O J on w in the generic extension, such that
¢’ é for any ¢ € Q in the ground model.
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Proor. Consider Cohen forcing C as the poset formed by pairs of finite sequences
p = (n?.c?) such that n? = (n” : k <m) is an increasing sequence of natural

numbers, ¢” = (¢/ : i <n’ ) is a sequence of clopen subsets of “2 and
e
U U 'l < 2 (kD) (6.1)
l:l’IIC

forany k < m — 1. The order is ¢ < p iff n? end-extends n” and c? end-extends c?.
If G is C-generic over the ground model V. we define € by ¢, := ¢ for some p € G
(this value does not depend on such a p). It is easy to show that & € Q.

It is enough to show that, in the Cohen extension,

J U i{k <w:c Le}:éeQn V} has the finite union property,

i.e., w cannot be covered by finitely many members of that collection. Then, the
promised J’ will be the ideal generated by this collection.

So, in the ground model, fixa € J, F C Q finite and p € Cwithn? = (n;f k<
m) and ¢? = (¢! : i <n’ ). We have to show that there is some ¢ < p and some
k < w such that ¢ forces

k¢aUU{k<w: cr € et
ZeF
that is, k ¢ a and ¢, C cZ for any ¢ € F. To see this, find some n’ € w \ a larger
than n” | such that, forany ¢ € F,

1
<L —7F—.
“\Uer] < grrmm

Define ¢ € C such that n? has length m + 2. it extends n”. nj, := n’ and n! | =
n’ 4 1, and such that ¢4 extends ¢?. ¢/ = O foralln? | <i<n' and cZ, = User -
It is clear that ¢ € C is stronger than p, and that ch’, contains ¢, for all ¢ € F. So

k := n’ works. -

Since FS (finite support) iterations of (non-trivial) posets adds Cohen reals at
limit steps, we have the following general consequence of the previous lemma.

THEOREM 6.2. Let m be a limit ordinal with uncountable cofinality and let
P = (P,.Qq : a < x) be a FS iteration of non-trivial cf (rn)-cc posets. Then, P forces

that there is some (maximal) ideal J such that b;(Q) = add(N;) = add(N}) =

cof (V) = cof (N7) = 0,(Q) = cf(n).

Proor. LetL := {0} U{a < 7: «limit}. Foreacha € Llete, be aPy,,-name
of a Cohen real in Q (in the sense of the proof of Lemma 6.1) over the P,-extension.
We construct, by recursion, a sequence (J, : o € LU {x}) such that J, is a P,-
name of an ideal on w and P forces that J, C j/; when a < . We let Jo be (the
Py-name of) any ideal J; in the ground model.” For the successor step, assume we

"Recall that PPy is the trivial poset, so its generic extension is the ground model itself.
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have constructed J, at a stage a € L. By Lemma 6.1, we obtain a Po+p-name J,Hw
of an ideal extending Ja, such that e, QJ‘”“ -dominates all the ¢ € Q from the
P,-extension. For the limit step, when y is a limit point of L (which includes the
case y = ), just let J'y be the P,-name of  J,, < J,,. This finishes the construction.

We show that jn is as required. In the final generic extension, since &, Clp+o eg for
alla < fin Land J4,., C J;, we obtain &, C’r &;. To conclude by, (Q) = 2,,(Q) =
cf(r), it remains to show that {¢, : @ € L} is C/-dominating (because L is cofinal
in 7, and the rest follows by Theorem 5.10). Indeed., if ¢ € Q in the final extension,
then ¢ is in some intermediate extension at « € L,so ¢ C’e+e ¢, and henceé C’7 é,.

It is then clear that by, (Q) < 0, (Q) < cf(n). For cf(z) < by, (Q). if F C Q has
size <cf(n), then we can find, for each ¢ € F, some a; € L such that ¢ C'* ¢,_
Since |F| < cf(n). there is some f € L larger than o; for all ¢ € F. s0 é,, C' eﬁ
Then eg is a C/n -upper bound of F (because C77 is a transitive relation).

Note that any (maximal) ideal extending J, also satisfies the conclusion (by
Theorem 5.11). =

The previous results gives a lot of information about the effect of adding many
Cohen reals.

THEOREM 6.3. Let A be anuncountable cardinal. Then C; forces that, for any regular
Ny < K < A, there is some (maximal ) ideal J* on w such that by«(Q) = add(Njx) =
add(N}.) = cof (NV5) = cof (Njx) = 0x(Q) = k.

Proor. Let k be a regular cardinal between X; and A. Recall that C; is forcing
equivalent with C,, ., so we show that the latter adds the required J*. In fact,
Cj.r can be seen as the FS iteration of C of length 4 4 . Since cf(1 + k) = &, by
Theorem 6.2 we get that C;_ . adds the required J*. Note that any (maximal) ideal
extending J* also satisfies the conclusion (by Theorem 5.11). =

Using sums of ideals, we can obtain from the previous theorem that, after adding
many Cohen reals, there are non-meager ideals K satisfying non(N}) < non(Nk)
and cov(Nx) < cov(NE) (Corollary 6.5). Before proving this, we calculate the
cardinal characteristics associated with some operations of ideals.

LEmMMA 6.4. Let T and J be ideals on an infinite set X. Then:

(a) min{add(Z),add(7)} < add(ZnJ) and  cof(ZN J) < max{cof(Z),
f(7)}.

(b) i(())n(I NJ) =min{non(Z),non(7)} and cov(ZNJ) = max{cov(Z),
cov(J)}.

For the following items, assume that T U J generates an ideal K.

(¢) min{add(7),add(7)} < add(K) and cof (K) < max{cof(Z),cof (J)}.
(d) max{non(Z),non(J)} < non(K) and cov(K) < min{cov(Z),cov(T)}.

Proor. We use the product of relational systems to shorten this proof. If
R=(X.Y.R) and R' = (X', Y’', R’) are relational systems, we define R x R’ :=
(X x X', Y x Y', R*) with the relation (x,x’) R* (y.y’) iff x Ry and x' R"y’.
Recall that b(R x R’) = min{b(R), b(R’)} and max{do(R),?(R")} <do(Rx R’) <
9(R) - 9(R’) (so equality holds when some d-number is infinite), see. e.g.. [9.
Section 4].
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As relational systems, it is easy to show that ZN J=1Z x J and Czn7=1Cz X
C7. which implies (a), min{non(Z),non(J)} <non(ZNJ) and cov(ZNJ) <
max{cov(Z),cov(7)}. The converse inequality for the uniformity and the covering
follows by Corollary 5.3, as well as (d).

We can also show that X<1Z x 7, which implies (c). -

COROLLARY 6.5 (of Theorem 6.3). The poset C; forces that, for any regular
Ny < k1 < Ky < A, there is some non-meager ideal K such that

add(Ng) = add(Wx) = non(NE) = cov(Ng ) = k.
cof (Nf) = cof (Nk) = cov(Ng) = non(Nx) = k.

Proor. In the C,-generic extension, let J* be a maximal ideal as in Theo-
rem 6.3. We show that K := J* & J*2 is the required ideal. By Example 2.13,
Ng =N NN, and N is the ideal generated by N, U N, . so by Lemma 6.4
we can perform the following calculations:

k1 = min{add(N}x, ), add(Nx, )} < add(N5)
< non(Ng) = min{non(Njx ). non(Njx,)} = ki
k1 = min{add(N;s; ), add(N;x )} < add(Nk)
< cov(Ng) < min{cov(Nx ), cov(Nym )} = K1;
k2 = max{cov(Nx ).cov(Njs,)} = cov(Ng)
< cof (Wg) < max{cof (Nx, ). cof (Nx,)} = ko
ky = max{non(Nys ), non(N;x )} < non(Nk)
< cof (Wk) < max{cof (Nyx; ), cof (N )} = k. 4

We do not know how to force that there is some non-meager ideal K such that
add(N}) # add(Nk). likewise for the cofinality.

Using Theorem 6.3 and well-known forcing models, we can show that ZFC cannot
prove more inequalities of the cardinal characteristics associated with our new ideals
with the classical cardinal characteristics of the continuum of Figure 6, but leaving
some few open questions. We skip most of the details in the following items, but the
reader can refer to the definition of the cardinal characteristics and their inequalities
in[1, 4, 9], and learn the forcing techniques from, e.g., [4, 9, 14, 32, 33].

(M1) Using 4 >R,, C; forces that there is some (maximal) ideal J on
o such that non(M) = g = a = X; < add(N;) = cof (V) = add(N;) =
cof (W) < cov(M) (see Theorem 6.3).

(M2) We can iterate the Hechler poset, followed by a large random algebra, to
force non(N) = R; < b =0 = a < cov(N) = ¢. In this generic extension,
we obtain add(N;) = add(N;) =non(N;) =non(Nj) =g=R; <b=
0 = a < cov(N;) = cov(NF) = cof (W) = cof (M) = ¢ for any ideal J on
. This idea to force with a random algebra after some other FS iteration
of ccc posets is original from Brendle, but some details can be found in [22,
Section 5].
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cov(N) ——— non(M
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) ——————— cof (M) —————— cof (N) — ¢

\\ = i

cov(Ny)
™~
cov(N7F) cof (/\/)/ = st
—— a
\COV(g) '//?//)
0
(€)
~~
non(N7)
™~
non(Ny)

cov(M) ———— non(N)

FIGURE 6. Cichon’s diagram and the Blass diagram combined, also including the
coverings and uniformities of our new ideals. An arrow ¢ — v means that ZFC
provest < 1.

(M3)

In the Miller model, non(M)=non(N)=u=a=R; <g=c=N,,
so NCF follows. Hence add(N;) = add(N}) = non(N;) = non(Nj) =
cov(Ny) = cov(N}) =R; < g = ¢ =1, for any ideal J on w, e.g., since
ZFC proves cov(€) <t < u, cov(€) = Ny in the Miller model. Although
cof (V) and cof (NV}) are R, when J has the Baire property, we do not
know what happens when J does not have the Baire property (or just in
the case of maximal ideals).

In the Mathias model, cov(£) = 8y < h = ¢ = X, (the first equality due to
the Laver property). Hence add(N;) = add(N) = cov(N) = cov(N;) =
R; < non(Ny) = non(N;) = cof(N;) = cof (V) =R, (notice that h <
s <non(f)).

Assume & and A cardinals such that X; < k < A = A, The FS iteration
of Hechler forcing of length ik (ordinal product) forces e = g = 5 = Ny,
add(M) = cof (M) = kandnon(N) = t = ¢ = A. Thanks to Theorem 6.2,
there is a (maximal) ideal J* on ® such that add(\Nj«) = add(\7,)
cof (W) = cof (Nx) = k. In general, we can just say that the additivities
and coverings of A; and N} are below . and that their uniformities and
cofinalities are above « for any ideal J on w.
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Since the Hechler poset makes the set of reals from the ground model
meager, we have that any ideal Jj on @ with a set of generators in the ground
model (or in any intermediate extension) is meager in the final extension, so
cov(Ny,) = N; and non(N,) = ¢ = A. We still do not know how to obtain
a maximal (or just non-meager) ideal J’ in the final extension such that
cov(N/) = Ry and non(N/) = 4.

(M6) With k and / as in (M5), there is a FS iteration of length ix of o-centered
posets forcing cov(N) =R;, p =u=a =i = x and non(N') = ¢ = A. For
example, by counting arguments, we make sure to force with all o-centered
posets of size <k, while adding witnesses of 1, a and i of size x using
a cofinal subset of Ak of size x (for u, use Mathias-Prikry forcing with
ultrafilters, and for a and i use Hechler-type posets as in [24], all of which
are o-centered). We have exactly the same situation of the previous model
for the cardinal characteristics associated with A/; and N/

(M7) Over a model of CH, the countable support iteration of length w, of the
tree forcing from [15, Lemma 2] forces 0 = cov(€) = Ry < non(€) = N,.
Concretely, this forcing is proper, “w-bounding, and does not add random
reals (see also [4, Section 7.3B]), hence cov(€) < max{d,cov(N)} =
(see Theorem 5.4). In this generic extension, all additivities and coverings
of N and NJ are R;, while the uniformities and cofinalities are X,.

(M8) Brendle’s model [16] of cof(N) < a clearly satisfies that the cardinal
characteristics associated with A; and N7 are strictly smaller than a for
every ideal J on w.

It is not clear from the above whether g < cof (NV;) in ZFC for all J, and whether

we can force cov(N;) < p and non(N;) > max{u, i} for some non-meager J.

§7. Discussions and open questions. We developed our work in the Cantor space,
but we could as well work in other Polish spaces with a measure (on the Borel
o-algebra), like R, the unit interval, and any product [],_, b(n) of discrete finite
spaces such that |b(n)| > 2 for infinitely many n (note that the Cantor space is a
particular case). In the case of R, for a fixed countable base B, we can replace Q by
the collection of open sets that can be written as a finite union of sets from B. For
[1,<., b(n). we can look at clopen subsets and the product measure of the uniform
measures. We can define A; and N for these spaces, and prove the same results
similarly. Alternatively, we can use the natural “almost homeomorphisms” between
[1,-., b(n) and the unit interval to transfer results from one space to the other.
For example, the cardinal characteristics associated with Ny and NJ* are the same
because the relational systems for Ay are Tukey equivalent for two different spaces,
and the same applies to Cy;,. N and Cpry.

In a preliminary version of this work [40]. we considered a weaker notion of N;
and N} by using, instead of Q,

n<w

NQ)={ce“Q: Z,u(cn) < oo}.

Although we do not know whether we have the same ideals in this way, many results
of this paper can be repeated for this weaker notion.
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More details about the discussion in the previous paragraphs can be found in the
arXiv version of this paper.®
We now address several open questions of this work.

QUESTION 7.1.  Does some converse of the statements in Theorem 2.15 hold in ZFC?
Concerning nearly coherence, we ask the following.
QUESTION 7.2. Does NCF imply that there is only one N for non-meager J?

We may also ask whether (under NCF) A = N for any non-meager J. In
contrast, we ask the following.

QUESTION 7.3. Can we prove in ZFC that there is a non-meager ideal J on « such

that Nj # Nj?

Recall that we produced such an example in Lemma 4.11 under the assumption
that there is a pair of non-nearly coherent ideals on w. The answer to the previous
questions would expand our knowledge about the difference between A; and N
for different J and K.

Concerning the cardinal characteristics, we showed that it is possible to have
non(Ny) < non(N) and cov(Nx) < cov(Nz) for some non-meager ideal K (in
Cohen model, see Corollary 6.5). However, we do not know what happens to the
additivities and the cofinalities.

QUESTION 7.4. Is it consistent that add(N) and add(N7) are different for some
non-meager ideal J on w? The same is asked for the cofinalities.

QUESTION 7.5. Does ZFC prove some inequality between add(N) and add(N;)?
The same is asked for the cofinalities.

The second author [32] has constructed a forcing model where the four cardinal
characteristics associated with N are pairwise different. Cardona [19] has produced
a similar model for £. In this context, we ask the following.

QUESTION 7.6. Is it consistent with ZFC that. for some non-meager (or maximal )
ideal J on w, the four cardinal characteristics associated with Ny are pairwise different?

In relation with the cardinal characteristics in Figure 6, to have a complete answer
that no other inequality can be proved for the cardinal characteristics associated with
our ideals, it remains to solve the following problems.

QUESTION 7.7. Does ZFC prove g < cof (Ny) for any ideal J on »?

QUESTION 7.8. Is it consistent that cov(N7y) < p for some maximal ideal J?
QUESTION 7.9.  Isit consistent that max{u, i} < non(Ny) for some maximalideal J?
Concerning the structure of our ideals, we ask the following.

QUESTION 7.10.  What is the intersection of all Nj? What is the union of all N'}?

8https://arxiv.org/abs/2212.05185
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Note that such intersection is Npin and the union is V%, where

Niin == ﬂ {N; : J maximal ideal},
Nio = U {N; : J maximal ideal}.

According to Corollary 4.4, under NCF, Ny, = N, It is curious what would
these families be when allowing non-nearly coherent ideals.

‘We finish this paper with a brief discussion about strong measure zero sets. Denote
by SN the ideal of strong measure zero subsets of “2. We know that SA' C A and
& ¢ SN (because perfect subsets of “2 cannot be in SA). Under Borel’s conjecture,
we have SN C &, however, cov(SN) < cov(€) holds in Cohen’s model [35] (see also
[4. Section 8.4A]), which implies SN” ¢ €. This motivates to ask the following.

QUESTION 7.11. Does ZFC prove that there is some non-meager ideal J such that
SN C Nj. or even SN C N;?

In the model from Theorem 6.3 this can not happen for some maximal ideals
because ZFC proves cov(M) < non(SN) (Miller [34]).
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