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Abstract

Let N be a sufficiently large integer. We prove that, with at most O(N?3/48+) exceptions, all even positive
integers up to N can be represented in the form p% + p; + pg + pi + pg + pg, where py, p2, P3, P4, Ps» D6
are prime numbers.
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1. Introduction and main result

Additive representations of Waring’s problem over natural numbers by mixtures of
squares, cubes and biquadrates are among the more interesting special cases for testing
the general expectation that any sufficiently large natural number 7 is representable in
the form n = xll‘l +x];2 +---+x as soon as P kj‘1 is reasonably large. With the
exception of a handful of very special problems, in the current state of knowledge,
this sum must exceed 2, at the very least, to successfully apply the Hardy-Littlewood
method.

In 1999, Briidern and Wooley [1] removed a case from the list of those combinations
of exponents which have defied treatment. Let v(n) denote the number of representa-
tions of the natural number # as the sum of a square, four cubes and a biquadrate. Then
v(n) > n'3/12 Tt is remarkable that this lower bound is of the same order of magnitude
as the main term of the conjectured asymptotic formula for v(n) predicted by a formal
application of the circle method. This result should be compared with the work of
Vaughan [6], who obtained a theorem of similar strength for the sum of one square
and five cubes. The result established by Vaughan [6] was strengthened by Cai [2], Li
and Zhang [4] and Xue et al. [10].
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Based on the result of Briidern and Wooley [1], it is reasonable to conjecture that
every sufficiently large even integer n can be represented as

_ 2 3 3 3 3 4
n=pi+p5+p3+p,+ps+ pe,

where py, ..., pe are prime numbers. This conjecture is probably far outside the reach
of current analytic number theory techniques. We shall investigate the exceptional set
in the above representation and establish the following result.

THEOREM 1.1. Let E(N) denote the number of positive even integers n up to N, which
cannot be represented as n = p% + pg + pg + pi + pg + p‘6‘. Then, for any € > 0,

E(N) < N?/48+e,

2. Outline of the proof of Theorem 1.1

Let N be a sufficiently large positive integer. By a splitting argument, it is sufficient
to consider the even integers n € (N /2, N]. For the application of the Hardy—Littlewood
method, we need to define the Farey dissection. Let A > 0 be a sufficiently large fixed
number, which will be determined at the end of the proof. We set

1 1
Qo =log' N, Q1 =N, 0y =N, 3y=|-—1-—|
03 0
By Dirichlet’s lemma on rational approximation (see, for example, [7, Lemma 2.1]),
each a € [-1/0,,1 — 1/Q,] can be written in the form
1
+4, A< — 2.1
90>

< O and (a, q) = 1. Define

a
a=-

q
for some integers a, g with 1 < a < ¢

Mg, a) = [g _Q e 9], n=J | maa.

1<¢<Q; 1<a<q
(a.q)=1

a %00 a Q(Z)OO
Mo(q. a) = [— S e —] My = Mo (g a).
P J U

1<g<Qy? 1<asq
(a,9)=1

my = Jp\ M, my = M\ M.
Then we obtain the Farey dissection
Jo = Mo Umy Um,. 2.2)
For k = 2,3, 4, we define
flay=" > e(pra),

X<p<2Xy
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where X; = (N/16)"/*. Let

R(n) = Z 1.

n=pi+p3+pi+pi+pi+p;
X3<p2,...p5<2X3
Xo<p1<2X;
Xy<pe<2Xy

From (2.2),

1-1/0,
A(n) = f L@ (@ fi@e(-na)da = f L@ f (@ fa@)e(-na) da

1/0>

jsr;a f fZ(“)f4 (o) fa(@)e(—na) da.

To prove Theorem 1.1, we need the following two propositions.

PROPOSITION 2.1. Forn € (N/2,N],

L13/12
) 2.3)

L@ ff (@) fa@)e(-na) da = S(m)I(n) + 0(
Mo
where S(n) is the singular series defined in (4.1), which is absolutely convergent and
satisfies

O0<c"<Bn) <1 (2.4)
for any integer n satisfying n = 0 (mod 2) and some fixed constant c* > 0; while J(n)
is defined by (4.4) and satisfies

13/12
n
J(n) <

log® n

The proof of (2.3) in Proposition 2.1 will be demonstrated in Section 4. For the
property (2.4) of the singular series, we shall give the proof in Section 5.

PROPOSITION 2.2. Let Z(N) denote the number of integers n € (N/2,N] satisfying
n = 0 (mod 2) such that

22: 13/12
=1

H@fi (@) fi@e(-na) da| > ——

m; lgl’l

Then
Z(N) < N23/48+8 .

The proof of Proposition 2.2 will be given in Section 6. The rest of this section is
devoted to establishing Theorem 1.1 by using Propositions 2.1 and 2.2.
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PROOF OF THEOREM 1.1. From Proposition 2.2, we deduce that, with at most
O(N?/48+) exceptions, all even integers n € (N /2, N] satisfy

>

j=1 m;

13/12

H@)f; (@) fi@)e(-na) da‘ < |

og’' n

By Proposition 2.1, we conclude that, with at most O(N*3/48+#) exceptions, all even
integers n € (N/2,N] can be represented in the form p} + p3 + p3 + p + p2 + pg,
where p1, p2, p3, P4, Ps, P are prime numbers. By a splitting argument, we get

N N 23/48+¢
EN) < Z Z(Zé’) < Z (?) < NB/48+e,
O<t<log N O<t<logN
This completes the proof of Theorem 1.1. ]

3. Some auxiliary lemmas

LEMMA 3.1 [5, Theorem 1.1]. Suppose that a is a real number and that |« — a/q| < q~>
with (a,q) = 1. Let § = a — a/q. Then

L oe N (X2a(0 + N X4/5 L,
fila) < d™(g)log NY (X} \a(T + NI + q(1+NIﬁI))

where 6, = 1/2 + log k/log 2, d(q) is the Dirichlet divisor function and c is a constant.

LEMMA 3.2 [11, Lemma 2.4]. Suppose that « is a real number and that there exist
a€Zand qeN with (a,q) =1,1<g<Qandlga—al < QL. If P12 < Q < P2
then

P1+£
Z e(pta) < pIT124e .
prop Va(l + PYla — a/ql)

LEMMA 3.3. For a € my, we have fy(a) < N?/%6+%,

PROOF. By Dirichlet’s rational approximation (2.1), for @ € my, one has Q1 < ¢ < O»
and quIa/ —a/q| < Q1. From Lemma 3.2,

ful) < Xi3/24+g 4 X};”QII/Z « N23/%+e O

For 1 < a < gwith (a,q) =1, set

a 1 a
I(g,a)=|- I(q, 31
@a=|o- 5 q+qQo] KEJQO Uq (4. a). 3.1)

(@g)=1
For a € m;, by Lemma 3.1,

N'*log° N
g2+ NJA' 7
say. Then we obtain the following Lemma.

fala) < + N3+ = vy(a) + N5+, (3.2)
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LEMMA 3.4. We have

2q
f Vi@lPda= > > f Vi@ da < N"21og* N.
I (g.)

)=1

1<g<Qy a=—¢
(a.q)=

PROOF. We have

S 24 1/2 1 g2¢
N'*log™ N
Zf [Va(a)P* da < Z gt Zf N7log” N
1<¢<Qy 4=—4 I(q.a) 1<4<00 =y JIu<1/00 1+ N|A|
@)=l (@a)=1
2 1/2 1o 2¢
N1 N
« Yoy ([ wregvas [ MPIoE N )
1<4<Qo a=—q " VIISI/N 1/N<IAI<1/Qy N|A|

(a.q)=1

< N2 og* N - Z g "o(q) < N™'2Ql 1og* N < N/ log N.
1<g¢<Qo

This completes the proof of Lemma 3.4. ]

4. Proof of Proposition 2.1

In this section, we establish Proposition 2.1. We first introduce some notation. For a
Dirichlet character y mod ¢ and k € {2, 3,4}, we define

)
G = Y e ) g, = Gix'. )
h=1

where y? is the principal character modulo g. Let y», )(gl), )((32), )((33), )((34), X4 be Dirichlet

characters modulo ¢g. Define

q 4
Bon g2 ) e = Y (Clma [ | S0 @)Cutrn o) - “;)
(pe! =
B(n.q) = Bn.q. x° x° X" X" 1" X",
and write
B(n, q)

A 5 = T
" ¢°(q)

S(m) = ) A(n,q). 4.1)
q=1

LEMMA 4.1 [8, Ch. VI, Problem 14]. For (a,q) =1 and any Dirichlet character
x mod g,
ICi(x, @)l < 2¢'2dP(g)

with B = logk/log 2, where d(q) is the Dirichlet divisor function.

https://doi.org/10.1017/50004972722000910 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972722000910

[6] Waring—Goldbach problem 421
LEMMA 4.2. Let Cy(q, a) be defined as above. Then

1B(n, 9)I
> g < logx. 4.2)

gqsx

PROOF. By Lemma 4.1,

q

B(n,q) < Z C2(q, )C3(q. a)Calq. )| < g e(q)d ().
:l
a,q)=1

Therefore, the left-hand side of (4.2) is

7 ¢(q)d"(q) 90(11)61'10(6]) (loglog ¢)’d"(¢) R
< < (loglogx) < logx.
D T Y 2
This completes the proof of Lemma 4.2. O

To treat the integral on the major arcs, we write fi(a) as follows:

q k
a at
fm= 3 e(pk(a +a))+ Ologg) = Y e(7) 3 ep )+ 0dlog N,
X <p<2X, =1 X <2X;
ot (=1 P2t onod )

For the innermost sum on the right-hand side of the above equation, by the
Siegel-Walfisz theorem, we have

2X,
> et = f e ) dn(u, g, £)

Xp<p<2Xj X
p=C (mod g)
2X,
_ f e(uk/l)d f 2 Oe f\“"g“))
X, sa(q) log ¢
1 2 Xk e(uk/l)

du + O(XeVoeN)y

@ x, logu

= WY pxgemevie),
e(q)

say. Therefore,

i) = LDy 1y 00V,
¢(q)

and thus

CZ(q’ a)Cg(q’ a)C4(q’ Cl)
¢°(q)

H@f(@file) = V(3 (D)va(d) + ON>2emeNloel),
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From this, we derive

. H@)fi (@) fa(@)e(-na) da

Z qu e( )fQo /qN(Cz(q,a)C“(q,a)Cét(q, a) DD

6
qugloo a=1 -03%°/gN (@
(a.9)=1

+ OND2 1°gN))e(—n/1) da

QﬁOU/qN
_ Z B(ns Q) V2(/1)V§(/1)V4(/1)€(—7’l/1) dA + 0(N13/12€—c\/10gN). (43)
8(q) -0;°/gN

[
1<g<Q®

2X;)k Kl /k=1 e( ) N1 . 1
V() = — —dx < —— -min (N, —),
Xt logx log N |1

using an elementary estimate. If we extend the interval of the innermost integral over
Ain (4.3) to [-1/2, 1/2], then the resulting error is

12 N-47712 0 ) N-47/12 qus N13/12 pl3/12
< —_— < . < < .
fggoo/qN log® N 2°  1og®N  QI%  (logN)¥  (logn)>004

Hence, we obtain

Note that

03 1qN A 13/12
A A De(—=nA)dA = 3I(n) + 0(—),
[ o OBHOUDnD = 30+ Of

where

1/2 (2X,)? x—l/Ze(/bC) (2X3)* x‘2/3e(/lx) 4
3(n>=f (f —dx)(f —dx)
—12\Jx log x X3 logx
QXo)* ~3/4
x( f ﬂdx)e( _nd)da

f(zxz>2 f(zxzf f<2X3>3 f<2X3)3 f<2xz>3 f<2x4>4 fl/z xl—l/z(xe3x4x5)—2/3x53/4
- X X4 -2 (logxl)(logxz) - (log x6)

4

Xe((x) +xp +x3+Xx4 +x5+x5 —n)A)dAdxy -+

X;IX;8X2 QR XD p@K) K <2Xz>’ <2x4>4 12
=l A N R N f Lo

Xe((x; +x3 + X3+ x4 + x5 +x5 —n)A)dAdx; --

1 8 3
3 X' X8, N N13/12 5 p13/12 )
(log N)® (logN)e  (logn)® ’
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Therefore, by (5.4) and Lemma 4.2, (4.3) becomes

13/12
A @ fi@e(=na) da = Sm3(m) + Of — )

My og'n

which completes the proof of Proposition 2.1.

5. The singular series

In this section, we investigate the properties of the singular series which appears in
Proposition 2.1.

LEMMA 5.1 [3, Lemma 8.3]. Let p be a prime and p®|k. For (a,p) =1, if € > y(p),
then Ci(p’, a) = 0, where

a+2 ifp#orp=2,a=0
¥(p) = )
a+3 ifp=2,a>0.

For k > 1, we define

4q k
am
Si(g.a) = e(—)
LEMMA 5.2 [7, Lemma 4.3]. Suppose that (p,a) = 1. Then
Sip.a)= Y x@r(x),

XE

where <, denotes the set of nonprincipal characters y modulo p for which x* is
principal and t( x) denotes the Gauss sum

P
Z)((m)e(ﬂ).
m=1 I3
Also, [t(y)l = p'* and || = (k,p - 1) - 1.

LEMMA 5.3. For (p,n) =1,

<48p™2, (5.1)

"Z“ S2(p, @)S3(p. @)Sa(p, ")e(_ an)

P8 p

a=1

PROOF. We denote by S the sum in the absolute value signs on the left-hand side of
(5.1). By Lemma 5.2,

S- I%pzz( > @t Y, @ X3))4( > @) - ‘;7”)

X2€90 X3Es X4€E
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If |.o7| = O for some k € {2, 3,4}, then S = 0. If this is not the case, then

Z DD D D IR 6 L P L P e L PE L P I L P

)(2€ Ay Veats yPects ¥ eots ) eaty Xs€4

p-1
% ZX2<a))c§”(a»«f)(a)x?)(a)xé‘”(a»m(a)e(_ C;Tn)

a=1

From Lemma 5.2, the sextuple outer sums have not more than
(2, p-D=-Dx(B,p-D-1*x(@p-1D-1)<1x2*x3=48

terms. In each of these terms, |[T( y2)7( )(3”)7( )((2))7'( X(3))T( )((4))7( x4)| = p*. Since in

any one of these terms )(z(a))(g )(a))((z)(a)/\/(s)(a))((4)(a))(4(a) is a Dirichlet character
x (mod p), the inner sum is

1 .
:Z_;X(a)e(— C;—n) =m2/\/(—an)e(— %) = y(=n)t(y).

Because 7(x°) = —1 for the principal character y* mod p, we have |y (—n)t(x)| < p'/?
By the above arguments, we obtain

1
S| < — 48 p* - p'/? = 48p~"
p

This completes the proof of Lemma 5.3. o
LEMMA 5.4. Let L(p,n) denote the number of solutions of the congruence

x% +x§ +x§ +xi’ +x§ +xg =n(modp), 1<x,x,...,x6<p—1.
Then, for n = 0(mod 2), we have L(p,n) > 0.

PROOF. We have

b Lom = Cp.aC: (. 0Cs(p. e~ 7)== 1 + E,

a=1

where
S an
- Z Ca(p,a)C3(p, a)Cu(p, a)e(— ;).
a=1

By Lemma 5.2, |E,| < (p— DG/p+ D(2/p + 1)4(3\/_+ 1). It is easy to check that
|E,| < (p— 1)¢ for p > 13. Therefore, we obtain L(p,n) >0 for p > 13. For p =
2,3,5,7,11, we can check L(p,n) > 0 directly provided that n = 0 (mod 2). O

LEMMA 5.5. A(n, q) is multiplicative in q.
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PROOF. By the definition of A(n,q) in (4.1), we only need to show that B(n, g) is
multiplicative in g. Suppose g = q1q» with (g1, g2) = 1. Then

9192

an

Bgig) = ). C2(611612,a)C§(41Q2,a)C4(611612,a)€(—E)
-
(@qig)=1

q1 q2
= Z Z C2(q192, a192 + a291)C3(q1G2, 192 + A2 q1)

L1|=1 az=1
(a1,g1)=1 (az2,q2)=1

an an
X Calqiaz, maz + asgye( - 2 Jef - 22, (52)
q1 q2
For (q1,92) = 1 and k € {2, 3,4},
q192 k
(aig> + arq)m
Ci(q192, a192 + a2q1) = Z e(M)
m=1 9192
(m,q192)=1
_ i i e((sz + axq)(miqa + mz%)k)
m1=l m2:1 q]q2

(my1,q1)=1 (m2,q2)=1

_ qz e(m(n;llqz)") qz e(“z(”;ql)k)

my =1 mz:l
(m1.q1)=1 (m2,q2)=1
= Ci(q1,a1)Ci(q2, a2). (5.3)

Putting (5.3) into (5.2), we deduce that

q1

an

B(n, q192) = Z Cz(ql,al)Cé‘(ql,al)C4(q1,a1)e(— I)
i
@ra)=1

92
arn
X D Caa2a)Clar a)Cilgrae( - )
92

02:1
(a2,92)=1

= B(n,q1)B(n, ¢2).
This completes the proof of Lemma 5.5. ]

LEMMA 5.6. Let A(n, q) be as defined in (4.1).
(i) We have

D IAm, @)l < 27 d(w). (5.4)

q>Z
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(i1) There exists an absolute positive constant ¢* > 0, such that, for n = 0(mod 2),
0<c" <G < 1.

PROOF. From Lemma 5.5, B(n, q) is multiplicative in g. Therefore,

!

B =[[Bonp) =] Y, C6acithacsi ae- %) 65
Pllg Pla o= P

From (5.5) and Lemma 5.1, B(n, q) = [] ), B(n, p) or 0 according to if g is square-free

or not. Thus,
DAmg = Y, Amg). (5.6)
g=1 g=1
g square-free
Write

R(p, a) := Ca(p, @)C3(p, a)Ca(p, a) — S2(p, @)S3(p, @)Sa(p, a).
Then

A(n, p) = Z Sa(p, @)S3(p, a)S4(p, 61)6(— ;)

1)6

1 an
L z:; R(p, a)e(— ?). (5.7)

Applying Lemma 4.1 and noticing that S;(p, a) = Ci(p,a) + 1, we get Si(p,a) < p'/?
and thus R(p, a) < p*/?. Therefore, the absolute value of the second term in (5.7) is

< p‘s/ 2. However, from Lemma 5.3, we can see that the absolute value of the first
term in (5.7) is < 26 - 48p~>/2 = 3072p~/%. Let ¢, = ¢ + 3072. Then we have proved
that for p 1 n,

A(n, p)| < cap™/% (5.8)

Moreover, if we use Lemma 4.1 directly, it follows that

|B(n, p)| =

Z Calp.a)CHp.a)Cutp. e~ =) < Z ICa(p. a)C(p. a)Ci(p. )

<(p- 1)-26-p - 648 =41472p (p-1),
and therefore

|B(n, p)| - 41472p3 - 2°-41472p% 1327104
eo(p) (p-15 P’ P

|A(n, p)l = (5.9)
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Let c3 = max(cy, 1327104). Then for square-free ¢,

ol =([ Tre o) [ Tae o) < (T Teesr*)([ Ter)
Plg plg plg

plg
pin pln ptn pln

_ c;u(q)(l_[p—m)( 1_[ pl/z) < g%, g)' 2.

plg pl(n.g)

Hence, by (5.6), we obtain

Z A(n, g)| < Z g, g)\* = Z Z(dq)’5/2+5d1/2 _ Z g2 Z g5

7 7 dn 52 din L
7\ -3/24e
< deere(_) — g3 del/z < Z32 ().
dln d dln

which proves (5.4), and hence gives the absolute convergence of S(n).
To prove item (ii) of Lemma 5.6, by Lemma 5.5, we first note that

o0 = [](1+ X A0 ) = [Ta1 +Awpy
r =1 r
= ([Ta+awm)[Ta+amm)[Ta+Ampm) 610
p<c3 p>c3 p>c3
pin pln
From (5.8),
c3
(1 +An,p)) = (1——‘)>C4>0.
11 ﬂ =
pin
By (5.9), we obtain
[Ta+amm=[](1-5)>e>o0
p>c3 p>c3 p
pln
However, it is easy to see that
L+ A, p) = L 221
¢ (p)
By Lemma 5.4, L(p,n) > 0 for all p with n = 0 (mod 2), and thus 1 + A(n, p) > 0.
Therefore,
]_[(1 +A(n, p)) > ¢ > 0. (5.11)

psc3

Combining the estimates (5.10)—(5.11), and taking c¢* = c4c5¢6 > 0, we derive

S(n)=c">0.
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Moreover, by (5.8) and (5.9),
= 3 C3
S(n) < l_[(1+5—/2)-1_[(1+—2)<< 1.
pin p pln p

This completes the proof Lemma 5.6. |

6. Proof of Proposition 2.2

In this section, we shall give the proof of Proposition 2.2. We denote by Z;(V) the
set of integers n satisfying n € (N/2, N] and n = 0(mod 2) for which

1312

>

. 6.1
log’ n (o)

‘ f H@)f; (@) fu@)e(-na) da

For convenience, we use Z ; to denote the cardinality of Z;(N). Also, we define the
complex number ¢;(n) by taking &;(n) = 0 for n ¢ Z;(N), and

f | L@ ff (@) fil@e(-na) da‘ = &j(n) f | L@ f (@ fi@e(-na) da
for n € Z;(N). Plainly, |¢;(n)| = 1 whenever &;(n) is nonzero. Therefore, we obtain

D & f A@f@fi@e-na)da = | A@f@fi@K@de, (62)

neZ;(N) n;

where the exponential sum K;(a) is defined by

K@ = ), gme(-na).

neZ;(N)

Forj=1,2, set
= f H@) @ fi @K (@) da.

From (6.1)—(6.2),

13/ Z N3/
[ > Z " — > / —, j=12 (6.3)
neZiN) log' n log' N

By [9, Lemma 2.1] with k = 2,

1
f lA(@K(@)Pda < N(ZN'? + Z7),  j=1,2. (6.4)
0
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It follows from Cauchy’s inequality, [7, Lemma 2.5], Lemma 3.3 and (6.4) that

1 < ( sup L) fo @ da)m( fo @K @) doz)l/2

aem
< N23/96+$ . (N5/3+£)1/2 . (NE(Z1N1/2 + Z%))I/Z
< N103/96+8(Z}/2N1/4 +Z) < Z}/2N127/96+8 +Z1N103/96+8- (6.5)

Combining (6.3) and (6.5), we get
ZIN¥R2log T N < I < Z}/2N127/96+s + Z N'03/%6+e
which implies
Z| < NP+, (6.6)

Next, we give the upper bound for Z,. By (3.2),

L < f lA@)f3 (@ Vi@ K (@) da + N3+ f 1A @) f3 (@ (@) da = Iy + I,
(6.7)

say. For @ € mj, either Q(I)OO <g<Qor Q(I)O0 < Nlga —a| < NQ;1 = Q). Therefore,
by Lemma 3.1,

X>(log N)© X>(log N)* N2
sup | (@) <<X§/5+8+ 2(logN) < 2(log N) <

. (6.8
e, (q(l + Nla — a/q|))]/2*8 Q(S)O—g 10g40A N (6.3)

In view of the fact that m, € 7, where 7 is defined by (3.1), Cauchy’s inequality,
the trivial estimate 7 (@) << Zs, [3, Theorem 4, page 19], Lemma 3.4 and (6.8), we
obtain

1 1/2 1/2
by <Z»- sup |f2<a>|><( fo Ifz(a)lgda) ( ff |v3<a>|2da)

ey
N2 Z,N13/12
<Z -(—)~<N5/3 log* N)'2 - (N"1?1og” N)!? « =—=—,  (6.9)
2 log™ N g ) log™ N

where the parameter A is chosen sufficiently large for the bounds (6.8) and (6.9) to
work. Moreover, it follows from Cauchy’s inequality, (6.4) and [3, Theorem 4, page
19] that

1 12, 1 1/2
B <N x ([ ip@pda) ([ @@ da)
0 0

<<N1/5+8 . (N5/3+£)1/2 . (NS(ZZNI/Z + Z%))l/z
<<N3l/30+8(zé/2N1/4 +Z2) < Zé/2N77/60+£ + ZZN31/3O+£- (610)
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Combining (6.3), (6.7), (6.9) and (6.10), we deduce that

Z2N13/12 Z2N13/12
—]0g7N < 12 = 121 + 122 < logSOAN

which implies

+ z;/2N77/6O+8 + Z2N31/30+89

Z, < N2>+, (6.11)

From (6.6) and (6.11), Z(N) < Z; + Z> < N?/*8+2_This completes the proof of
Proposition 2.2.
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