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Abstract

A delayed reaction-diffusion system with free boundaries is investigated in this paper to understand how the bacteria
spread spatially to larger area from the initial infected habitat. Under the assumptions that the nonlinearities are of
monostable type and the initial values satisfy some compatible condition, we show that the free boundary prob-
lem is well-posed and discuss the long-time behaviour of solution (including spreading and vanishing) in terms of
the spatial-temporal risk index. Furthermore, to determine the spreading speed of free boundaries when spreading
occurs, we first study the distribution of roots of a transcendental equation containing a polynomial of degree four
and then establish the existence and uniqueness of monotone solution to a delay-induced nonlocal semi-wave prob-
lem by employing the approximation method, lower-upper solutions technique and Schauder fixed point theorem.
It is shown that time delays slow down the spreading of bacteria.

1. Introduction

Each infectious disease usually has its own specific route of transmission, such as contact transmission,
droplet transmission, faecal-oral transmission and so on. Faecal-oral transmitted diseases, including
hand foot mouth disease, cholera, poliomyelitis and viral hepatitis A, spread mostly through unapparent
faecal contamination of food, water and hands. Researchers have estimated that each year, there are 1.3—
4.0 million cases of cholera, and 21,000 to 143,000 deaths worldwide due to cholera [2]. To model the
cholera epidemic which spread in the European Mediterranean regions in 1973, Capasso and Paveri-
Fontana [6] proposed the following system of two ordinary differential equations

u(@t)=—bu+av,

(1.1)
V(1) = —byv + g(u),

which describes the positive feedback interaction between the infective human population v and the
concentration of bacteria u in the environment. Here the constants b; (i = 1, 2) respectively represent the
intrinsic decay rates of the two populations, av is the contribution of the infective humans to the growth
rate of bacteria and g(u) is the infection rate of humans under the assumption that the total susceptible
human population is constant. The qualitative analysis shows that there exist threshold dynamics for
(1.1) with suitable monotonicity assumptions on the nonlinearity g(ux) [7]. Moreover, the model (1.1)
can also be used to describe the spread of other faecal-oral transmitted diseases, including typhoid fever
and infectious hepatitis, under suitable modification [8].
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For more realistic models, spatial diffusions of the bacteria and the infective humans should be
considered. Capasso and Maddalena [9] studied the following random diffusive system

d 92
i =d1—u —biu+av,
at ox?
) (1.2)
av 0V
o Idz@ — by + g(u),

where d; (i = 1, 2) are diffusion coeflicients. If the diffusion of the infective humans is relatively smaller
than that of the bacteria, we can ignore it by setting d; > 0 and d, = O (in this case, the model is partially
degenerate). In [9], the corresponding Robin boundary value problems with suitable assumptions on g
have been investigated for d; > 0 and d, > 0. When d; > 0 and d, > 0, two threshold parameters ®,, and
®,, were introduced such that the epidemic eventually tends to extinction for 0 < ®,, < 1 and tends to
a spatially inhomogeneous stationary endemic state for ®,, > 1; while for d, > 0 and d, = 0, it has only
one threshold parameter as in (1.1). Moreover, the travelling waves of (1.2) have been studied. More pre-
cisely, whend, > 0 and d, > 0, Hsu and Yang in [19] established the existence, uniqueness, monotonicity
and asymptotic behaviour of travelling waves for (1.2) with the term av replaced by a more general func-
tion A(v). For the partially degenerate case, Xu and Zhao [39] established the existence, uniqueness (up
to translation) and global exponential stability with phase shift of bistable travelling waves; Zhao and
Wang [43] proved the existence of Fisher type monotone travelling waves and determined the minimal
wave speed.

In view of the latent period of infection, maturation time of population or other factors, time delay
is introduced in various biological models. For the general model in [19], Wu and Hsu [38] recently
incorporated two discrete time delays into the model as follows

du 0%u

E :dlﬁ — b]M +h(V(t - Thx))’

. o (1.3)
E = dz@ — sz + g(u(t - TZ’X))3

where diffusion coefficients (d|, d,) satisfy d; > 0 and d, > 0, and time delays (t,, 7,) satisfy t; > 0 and
7, > 0. It was shown in [38] that the system (1.3) with and without the quasi-monotone condition admit
entire solution, which is defined in the whole time-space and behaves like a combination of travelling
waves as f tends to —oo. When d, =0, 7, = 0 and h(v) = av, [31] investigated the existence of spreading
speed and minimal wave speed.

However, the fixed boundary problems (including the bounded domain or the whole space) consid-
ered above are not suitable to be used to understand how the bacteria spread spatially to larger area from
the initial infected habitat, which motivates us to consider the corresponding free boundary problems.
In recent years, the free boundary problems for biological models have been studied extensively. For
species models, Du and Lin [15] first studied the free boundary problem for diffusive logistic equa-
tion in homogeneous environment. They proved that the species either spreads successfully or vanishes
eventually, and determined the spreading speed of free boundary. Based on the work [15], free boundary
problems for single species model with periodic coefficients [11-13, 32], nonlocal dispersal [3, 14], sea-
sonal succession [26], general nonlinear term [16] and advection term [29, 36] have been investigated.
For epidemic models, free boundary problems for partially degenerate epidemic model [1, 40], SIS [5,
18, 20], SIRS [4], SEIR [23], West Nile virus [24, 35] models were also studied recently. Moreover, the
dynamics of biological models with time delay have been studied extensively, but the corresponding free
boundary problems were rarely considered. For example, [44] considered the free boundary problem for
tumour model with time delay. [23] investigated SEIR model with free boundary and distributed time
delay. [28] studied the free boundary problem for the delayed Fisher-KPP equation. [10] considered the
partially degenerate epidemic model with free boundary and time delay.
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In this paper, we consider the free boundary problem for (1.3) as follows

0 02

8—1: 1o L; biu+ h(v(t — 11,x), t>0,5(0) <x<s(2),
v 9%

i =d,— P by + g(u(t — 15, x)), t>0,s5(f) <x<s(0),

ut,x) =v(t,x)=0, t>0,x=s0) or x<s(),

du (1.4)
51(0) = —s0, 81(0) = —M—(l, s1(®), >0,

52(0) = 59, 5,(1) = —u (t $(1), t>0,

u@,x) =uy(0,x), —1<0<0,5(00)<x<50),

v(0,x) =v(0,x), —T71<0<0,5(0)<x<s5:(0).

As introduced above, 1 and v represent the concentration of bacteria in the environment and the pop-
ulation density of infective human, respectively; the diffusion coefficients d; (i = 1, 2) and the intrinsic
decay rates b; (i = 1, 2) are positive constants. s,(¢) and s,(¢) (¢ > 0) are free boundaries, which represent
the boundary fronts of infected area (s, (), s,(¢)) at time z. Since the spread of epidemic discussed here is
mainly due to the growth of bacteria which results from the infective human population, it is reasonable
to assume that the movements of boundary fronts s,(f) and s,(¢) are fully driven by the bacteria. We
assume that the front s,(f) expands at a rate proportional to the gradient of bacterial concentration at
x =s,(#), which gives rise to the Stefan condition s} (¢) = — ,ua” (t, s1(¢)). Similarly, the right front s,(#)
satisfies s5(1) = —u24(¢, 5,(1)).

We assume that the initial functions satisfy

up(6, x) € C'*([—12, 0] x [51(0), 52(0)]), vo(6, x) € C*([—71, 0] x [51(6), 52(0))),
> 0 fOr 9 S [_Tz, O],x € (S1(9)9 SZ(Q))?

=0 for6 e[—1,0],x & (5(0),s.(0)), (1.5)
>0 forf e[—1,0],xe(500),s,(0)),

=0 for@ €[—1,,0],x & (s5:(0),5.(0))
as well as the compatible condition

[5,(0), s,(0)] C [—50,80] for O e[—max{t,, 1.}, 0]. (1.6)

uy(0, x)

(6, x)

The nonlinearities g and 4 satisfy the following conditions:
h e C*([0, +00)), g € (C* N L*)([0, +00)),
M) h(0)=0=g(0), and /'(2), g'(z) > O for any z € [0, +00),
h'(z) <0,g"(z) <0forall z> 0.

For example, h(v) = av, g(u) = 11 g > 0. Some special cases of (1.4)
have been investigated recently. More precisely, when d, =0, 7, =0 and 1, =0, [1] established the
spreading-vanishing dichotomy of the partially degenerate free boundary problem, and [40] determined
the spreading speed; when 7; = 0 and 1, = 0, [34] determined the long-time dynamical behaviour; when
d, =0 and t; =0, similar results have been obtained in [10].

The main subject of this paper is to investigate the long-time behaviour of solution and determine the
asymptotic spreading speed of free boundaries for the model (1.4) under the assumptions (1.5)—(1.6) and
(M). Compared to the partially degenerate case in [1, 10, 40], our model (1.4) in this paper is essentially
a two-dimensional problem which cannot be reduced to a nonlocal single-equation problem by solving
v from the second equation as in [1, 10, 40]. Moreover, there are two arbitrary positive time delays in
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(1.4), but only one time delay was considered in the previous works [10, 28]. These two differences bring
more difficulties to us, especially in establishing the existence of monotone solutions to a delayed semi-
wave problem (see (3.1)), which plays an important role in determining the asymptotic spreading speed.
Indeed, for the models in [10, 28], the authors discussed the distribution of roots of a transcendental
equation, which is the sum of an exponential function and a polynomial of degree two or three, and
constructed a lower solution of the delayed semi-wave problem by complex root with imaginary part
ImA € (0, Z). However, we cannot derive a suitable upper bound of ImA for the transcendental equation
containing a polynomial of degree four in this paper. Thus, the approach in [10, 28] does not work
here. To overcome the difficulty, we first consider the corresponding perturbed semi-wave problem with
small parameter § (see (3.14)) and establish the existence and uniqueness of monotone solutions by
combining the lower-upper solutions technique and the Schauder fixed point theorem. By taking the
limit § — 0, we prove that for any ¢ > 0, the system (1.3) has either a monotone travelling wave with
speed ¢ or a monotone semi-wave with speed c. Since it admits no monotone travelling wave solution
for any ¢ € (0, ¢%), we can get the desired result on the existence of semi-wave solution.

The rest of this paper is organised as follows. In section 2, the well-posedness and long-time behaviour
of the solution are presented. A sharp criteria for spreading and vanishing is also provided. Section 3 is
devoted to the study of spreading speeds of free boundaries when spreading happens.

2. Long-time behaviour of the solutions

In this section, we mainly investigate the spreading and vanishing phenomenon of bacteria. A sharp
criteria for spreading and vanishing is also provided by choosing the spreading capability u as varying
parameter.

2.1 Preliminaries: well-posedness and comparison principles
We first present the well-posedness and comparison principles of (1.4).

Theorem 2.1. (i) Assume that o € (0, 1) and (uo(0, x), vo(0, x), 5,(0), 5,(0)) satisfies (1.5) and (1.6).
There is a Ty >0 such that (1.4) admits a unique solution (u,v,s;,s,) with u(t,x), v(t,x)€
Clrolre(py, 5,(1), s:(t) € C*([0, Ty ), where Dy, = {(t, x) € R* 1 t € [0, Ty, x € [51(2), s2()]}.

(ii) For the solution (u, v, s,, s,) established in (i), there exist positive constants K,, K, and K; inde-
pendent of T, such that the solution satisfies 0 < u(t,x) < K;, 0 < v(t,x) < K, and 0 < —s/(0), 5,(t) < K3
Jor 0 <t < Ty and s,(t) < x < $,(¢).

(iii) The solution (u, v, s, 5,) of (1.4) exists and is unique for all t € (0, +00).

Proof. (i) We introduce the coordinate transformation (¢, x) — (¢, y) = (¢, y(, x)) as follows

_ 2x—s51(1) — 52(1)

i t>0, =x fi - , T} <1<0, 2.1
50 —510) sy for t> y=x for max{t;, 7;} 2.1

and define

$(t) — 51(8) n s1(1) + 52(0)
250 2

w(®,y):= uy(,y) for—1,<0<0,

55(1) — 51(2) n 51() + 52(0)
25 2

Z(G,)’) = VO(G’y) fOI'—Tl <0<0

w(t,y) == M(L ) =u(t,x) fort>0,

2(t,y) = V(l, ) =v(t,x) fort>0,

https://doi.org/10.1017/50956792523000220 Published online by Cambridge University Press


https://doi.org/10.1017/S0956792523000220

European Journal of Applied Mathematics 1137

Denote
457
(52(0) — 51(1))*"
sy(1) — s (1)  sy(0)+ 5, (0)
O =50 5O —50"
h(z(t — 71, ) = h(v(t — 71, X)), gW(t — 12, y)) = g(u(t — 12, x)).

Then, (1.4) can be transformed into a fixed boundary problem

A=A(s),8) =

BZB(Sl,Sz,y)Z

d 92 d

M dlA—w + dlB—w —bw+h(z(t — 11,y), t>0,—s0<y<S,

ot 0y? ay

9z 9%z 0z

= =hA S + B — —bz+ gt —1,¥), 1>0,—5 <y <50,

at 0y? ay (2.2)

w(t,y)=2(t,y)=0, 1>0,y2>s,0ry< —s,
w(@,y) =up(0,y), —1<0<0,—55<y< s,
20,y)=vo(0,y), -1 <O<K0,—5<y<s

and
28014 ow 25010 ow
S)=——————(,—59), 8{)=——"———(t,50). (2.3)
T ) — si(0) By R s —s,(0) 3y
Letk, = —M%(O, —s0) and ky = —j 50 (0, 50). For 0 < Ty < min{ 532, 71, o}, we define

Dy, = {s1 € C'([0, To]) : 51(0) = —s0, 5,(0) = ki, I} — ki llcqoryy < 1),
= {52 € C'([0, To)) : 52(0) = 50, 55(0) =k, ||y = k| cporrpy < 13-
Taking any fixed (sl, $,) € Dy, x Dy, we have
I2(2) — 51(1) — 20| = [(52(1) — 50) — (51(2) + 50)
< 83 leqoryn o + sy leqoron To
<2+ ki + k)T < 50,

which implies s,(f) — s,(f) > so. Then, the above coordinate transformation (¢, x) — (¢, y) is a diffeomor-
phism from [0, To] X [5,(2), s2(£)] to [0, To] X [—so, So]. Note that the parabolic equations in (2.2) are
linear, since z(t — t;,y) and w(t — ,, y) contained in the right-hand sides of equations are given initial
functions when ¢ € [0, T,]. By the L” theory of parabolic equations and the Sobolev embedding theorem,
we can prove that (2.2) admits a unique (W(z, y), z(t, y)) € [CUH/21H4([0, Ty] x [—s0, So])]*

Denote
n ! 2804
o= / 520 =510 87@ e
and
=5 [ .
o $2(8) —s1(¢) Ay
We define an operator £ by

L(s1, 82) = (51, 5).

Similar to the proof of Theorem 2.1 in [15], we can show that for 7, > 0 sufficiently small, £ maps
Dy x Dy, into itself and £ is a contraction mapping on Dy, x D7 . The contraction mapping theorem
gives that £ has a unique fixed point in Dy x Dy . Then, (2.2) and (2.3) have a unique local classical
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solution (w(t, y), z(t, ), s1(1), s,(¢)). We should mention that the local well-posedness can also be estab-
lished similarly as the proof of Theorem 1.1 in [33], where the existence was proved by the Schauder

fixed point theorem.
(if) We only prove u(t,x) < K, and v(¢,x) < K,, the remaining part can be obtained by similar

arguments as in the proof of Lemma 2.3 in [1].
For any z > 0, by Taylor’s formula and the concavity of & we have

h(z) = h(z) — h(0) =H (0)z + %h”(é ) <H(0)z

with some £ € (0, z). Since g is bounded, we can choose K; (i = 1, 2) sufficiently large such that

o0 K
gl <, w2 <o,
2 K,
which imply
K h(K K, K
8( 1)<b2’ ( 2) (K>) —2<h(0)—<b1
K, K, K, K

We may assume that
up(6,x) <K, for(0,x)e€[—1,, 0] x [—S0, Sol,
vo(@,x) <K, for(0,x)e[—1,0] x [—So, Sol.
Let
(U(t,x), V(t,x)) := (K, — u(t, x), K, — v(t,x))e”™
with some constant k to be determined later, then (U, V) satisfies

aU U
EZd Py — (b1 + KU+ e™[b K, — h(v(t — 71, %))]

2

0*U
>d— P by +U+ e WEWV(E—1,x), 1>0,5() <x<s(),

Vv R
T =d,— Y — (b, + bV + e M[b,K; — g(u(t — 12, x))]
?V 2.4
>d,—— P (b, + )V +e g (MUt — 1, x), 1>0,5(f) <x<s,(0),

Ult,x)=Ke™, t>0,x>s5() orx<s (),
Vt,x)=Ke ™, t>0,x>5() orx<s ),
UB@,x) 20, —-1.<60<0,5(00)<x<s00),
V(@,x) 20, —1,<0<0,s5(0)<x<5(00),

where £ lies between K, and v(t — 1y, x), n lies between K, and u(t — 1, x).
We claim that U(t, x), V(¢, x) > 0 in (0, +00) x (s(), 5»(#)). Assume by contraction that there exist
some T, and (7, xy) € (0, Ty] x (s,(2), 5,(¢)) such that

min{U(t,, x,), V(ty, x0)} = min min{U(t, x), V(t,x)} < 0.

(€.x)€[0,To]x[s1(1).52(n]

If U(ty, xo) = min{U(ty, xy), V(ty, X0)} <0, then U(ty,xy) is the minimum of U(¢,x) in [0, Ty] x
[s1(0), 52(1)]. It follows that 22 (#, xo) < 0 and 25 (#y, x,) > 0. On the other hand,

—(by + U (1o, X0) + ¢ " H(EWV(tg — 11,%0) = —(by + k) U (10, Xo) + € W (£)U (15, x)
2 (=by —k+ H(E)NU(t, o).
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Choose
k = max { 172 1| oo o.maxtga a1y 118”11 220 0max iy s )])]
with
M = |ull e 1y—eo1 <151 0,520
My = ||Vl oo ey, 1oy 1051 05200 -
Thus,

—(by + R U(to, x0) + e H (E)V (8o — 71, %) > 0,

which contradicts with the first equation in (2.4). If V(#y, xy) = min{U(t, x,), V(t, X0)} <0, we can
similarly prove the claim. This completes the proof of (if).

(iii) Since u, v and s, (1), 55(¢) are bounded in (0, 7,] x (s,(2), 55(?)) by constants independent of T, the
global solution is guaranteed. O

Next, we provide two comparison principles for the free boundary problem (1.4). The first one is used
for comparing the solution (u(z, x), v(¢, x), s,(¢), s.(t)) with a upper solution (u(, x), v(¢, x), 5,(¢), $,(¢))
in the spatial domain (s,(¢), 5,(#)), and the second one is used for comparing (u(z, x), v(t, x), s,(¢)) with
(u(t, x), v(t, x), 5,(¢)) in one-side interval (0, s,(¢)). The proofs are similar as that of Lemma 2.5 in [1],
here we omit the details. Moreover, we can also obtain the corresponding conclusions for lower solution
by minor modification.

Lemma 2.1. Suppose that T e(0,00), 5,5 €C([—max{t), .}, T)NC'((0,T]), uy,x) €
C"([—12,0] X [51(8), 5:(0)]),  Vo(8,x) € C"*([—71,0] X [5:(8), 5:,(0)]),  u(t, x), v(t, x) € C"*((0, T] x
(51(9), 52(1))), and

u 0%u _ _ _ _

—2di— —bu+h((t—1,x), 0<t<T,s5() <x<s(),

ot o0x?

v 9%y _ _ _ _

o = dzﬁ —byv+gut—1,x), 0<t<T,s5(()<x<5(),
X

u(t,x) =v(t,x)=0, O0<t<T,x=s5(t) or x<5(1),

-
50> —u—au(t, 5(0), 0<t<T,
X

o
F(0< —u—aua, 5.(0), 0<t<T,
X

u@,x) =uo(0,x), —1<O<0,5(0)<x<s(00),
v(l,x) =vp(0,%), —11<0<0,5(0)<x<5:(0).

If uy(0,x) = up(0,x) for (0,x)€[—12,0] X [51(8),52(0)], vo(0,%) = ve(0,x) for (0,x)€[—1,,0] x
[51(0), 5:(0)] and [5,(0), 5,(0)] 2 [51(0), 52(0)] for 0 € [-max{t,, T,},0], then we have s,(f) 2> s,(),
$:() = 5,(2) for t € (0, T and (u(t, x), v(t, x)) = (u(t, x), v(t, x)) for (t, x) € (0, T] x (s,(2), 52(?)).

Lemma 2.2. Suppose that T € (0, 00), 5, € C([—max{z,, .}, T]) N C'((0, T1), ito(6, x) € C'*([—1,, 0] x
[0, 52(0)]), ¥o(8, x) € C2([—14, 0] x [0, 5:(0)]), a(t, x), ¥(t, x) € C*((0, T] x (0,5:(1))), and
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y=q(x)

y=px)

0 b1

Figure 1. Two curves y=p(x) and y = q(x).

ou 0%n

_/d]__b1;l+h(\_)(t_f|,x)), O<t<T,0<x<§2(t),
at ox?

ov %y _ _ _

— >2dy— —byv+gult—1,x), 0<t<T,0<x<5(),
ot ox?

W, x)=v(t,x) =0, 0<t<T,x=50(),
u(t,0) > u(t,0),v(t,0) > v(1,0), 0<t<T,

.
%m>—w§m@mx 0<r<T,
X

u®,x) =up(0,x), —1,<0<0,0<x<5(0),
v(0, ) =w(0,x), —11<0<0,0<x<5(0).

If uy(0, x) 2 uy(9, x) for (0,x) € [—15, 0] X [0, 5,(8)], vo(0,x) = vo(8, x) for (8, x) € [—7;,0] x [0, 5,(6)]
and [0,5,(0)] 2 [0, 5,(0)] for 0 € [—max{t,, 1o},0], then we have 5,(t) > s,(t) for t€(0,T] and
(u(t, x), v(t, x)) = (u(t, x), v(t, x)) for (t,x) € (0, T x (0, s5(2)).

2.2 Spreading and vanishing

In this subsection, we investigate the long-time behaviour of solution.

Let
H(0)g'(0)
Royi=,/———.
TN bib

We claim that (1.3) admits a unique positive equilibrium for R, > 1 and has no positive equilibrium for
0 <Ry < 1. Indeed, let
h(x)
px) = g(b—) and gq(x) = byx,
1
we conclude that the curves y = p(x) and y = g(x) have at most one intersection point in the interior of
the first quadrant R? . Otherwise, the mean value theorem yields that there exists a £ > 0 such that

)AL (22

re=¢(57) (5 )

which contradicts with the condition (M). When R, > 1, we have p'(0) = %ﬁ'(o) > b, = ¢'(0). Then,
p(x) > g(x) for small x > 0 due to p(0) = g(0) = 0. Moreover, since g € L*, we know that p(x) < g(x) for
large x > 0. Thus, as showed in Figure 1 the curves y = p(x) and y = g(x) have exactly one intersection
point (x*, y*) > (0, 0) for Ry > 1, which implies that (%*), x*) is the unique positive equilibrium of (1.3).
For 0 < R, < 1, we have p'(0) < ¢'(0), then the claim can be easily proved by the concavity of p(x).
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Theorem 2.2. If0 <R, < 1, then the solution (u, v, sy, s,) of (1.4) satisfies
rilflo ez, Nl casosmon + 1VE e @.son) = 0.

Proof. Let (w,(¢), wy(1)) be the unique solution of
Wi =—=byw, +h(wy(t — 7)), t>0,
=—bw, +gwi(t— 1)), >0,
(2.5)
wi(0) = ”u()”C([—IZ,OJX[xl(()),.vz(ﬂ)])9 0 €[—1,,0],
wy(0) = ”vO”C(—rl 01x[51(0).52(0)]) > 0 € [—1,0].

From the comparison principle, we know that (u(z, x), v(t, x)) < (wi(1), wy(1)) in [0, +00) x [5,(F), s2()].

Denote C := C([—1,, 0], R) x C([—1;, 0], R), then C is a Banach space with the usual norm. For
any given w = (w;, w,) € C defined on [—T5,0) X [—11,0) with o > 0, we define w, := (w}, wf) e C for
0 <t <o, where w'(0) =w,(r+0) for 0 € [—1,, 0] and w?(0) = wy (¢ + 0) for 6 € [—1,,0]. Let

C. ={(@1.92) € Cp(®) > 0 on [, 01, ¢2(6) > 0 on [, 01}
and define f : C, —> R? by
S, 02) = (filer, 02), (@1, 02)

= (=b10:O) + (=), ~b:2(0) + 8(1 (—2)) ),
then the equations in (2.5) can be rewritten as
w(t) =f(w,). (2.6)

For any (y;,y,) € R?, we write (3;, y,) for the element of C satisfying $,(0) =y, for 9 € [—1,0]
and )’2(9) —YZ for 6 € [~1y,0], and definef RZ — R* by f()’h)’z) =f(1, ). Since f(o O) =(0,0)

and df (0, 0)(%, 02) = (=b191(0) + K (0)po(—T1), —b202(0) + g'(0)p1 (—12)) for any (¢, ) € C, we can
check that df (0, 0) satisfies the condition (R) in [42].
Note that

f()’n)h) =f01. )= ( by, + h(y,), bz)’z"‘8()’|)>
and the Fréchet derivative is
—b, W) —b,  H(0)

oy —b |0 PIOO=1 00 p, @D

Df()’h)&):

From 0 < R, < 1, we know that the stability modulus
s(Df (0, 0)) = max |Re A det (W — DJ(0, 0)) = 0} <0.
Moreover, since 1"(z) < 0, g”(z) < 0 for all z > 0, we have

hGhy2) _ h(hy2) — h(O) S () = 1O0) _ h(y2)
AYs AY> - Y2 Y2

and
g(y1) _ g(y1) — g(0) - gy —g(0) _ gl
Ay Ay Vi Vi

for y;,y, >0 and A € (0, 1). It follows that f : Ri — R? is strictly subhomogeneous. Similarly, we
can check that f:C, — R? is subhomogeneous. From Theorem 3.2 in [42], we know that (0, 0) is
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globally asymptotically stable for (2.6) with respect to C... That is, the solution (wy, w,) of (2.5) satisfies
lim,_, oo (W (2), w,(1)) = (0, 0), which implies lim,_, o (|u(?, )l csy @500 + 1VE Il csy@.s0p) = 0. This
completes the proof. O

Due to Theorem 2.1, there exist $;,S520 €(0,400] such that lim,., . s(f)=s5, and
lim, o $2(f) =820 We call that the bacteria are spreading if sy, — 810 =400 and
limsup,_, , . (lu(t, )l cas,omon + 1VE legs @.smen) > 0; the bacteria are vanishing if s, o — 100 < +00
and lim,_, o (l[u(?, )l casoson + VE leaswson) = 0.

Next, we discuss the spreading and vanishing of bacteria for R, > 1. For epidemic models governed
by differential equations, the threshold dynamics of bacteria or virus are usually established in terms
of the basic reproduction number R,,. However, for (1.4), the infected area is changing with time ¢, and
therefore, the basic reproduction number is not a constant and should be a function of 7. As in [24], we
introduce the spatial-temporal risk index, which is expressed by

h(0)g'(0)
[di (i) + hillda () + bal

$2(0)=s1(0) $2(0)—s1(1)

Ry (s1(1), 5:(1) = \/

According to Lemma 4.1 in [24], there exist A, and k > 0 such that sign(1 — R (s,(?), 52(1))) = signi,
and (¢, ¥) := (k*, ¥*) solves the following problem

_d1¢xx = h/(o)l/f - bl¢ + )"l¢’ xXe (Sl(t)’ S2(t))9
—db Y =800 — by + 11, x€(51(0), 5:2(0)), (2.8)
(@), ¥(x))=(0,0), x=1s,(1) orx=s(),

where * is the principal eigenfunction of — A in (s,(¢), s,(f)) with null Dirichlet boundary condition. It
is easy to check that R (s,(2), s2(¢)) is increasing in ¢ and satisfies R} (s1(), $:(£)) = Ry as s,(t) — 5,(t) —
+00.

Theorem 2.3. (i) If 555 — S1.00 < 00, then Sy < $3.00, — 81,00 < +00.

(@) If $2.00 — S1.00 = +00, then sy, = —8) 0o = +00.

D) If $200 — S1,00 < +00, then lim,_, o (u(t, )l egswmon + VE Nlesioson) = 0-

(iv) Assume that Ro > 1. If $200 — S1.00 = +00, then lim,, , ., (u(t, x), v(t, x)) = (u*, v*) locally uni-
formly for x € R, where (u*, v*) is the unique positive equilibrium of (1.3).

Proof. Similar as the proof of Lemma 3.1 in [1], we can show that —2s, < s,(¢) 4 s,(¢) < 2s, for r > 0,
which implies (i) and (if).

For (iii), we only prove lim,, o |1, )|l cqs,0)5,00n = O, since the result for v can be obtained similarly.
Let w(z, y) and z(#, y) be the functions transformed from u(¢, x) and v(z, x) by (2.1). Then, it is sufficient
to show lim,_. o [|[W(Z, )|l csp.5on = 0. We assume by contradiction that

lim sup ||w(z, )|l csgsop =6 > 0.

t—+00

It follows that there exists a sequence {(, yi)};2, in (0, +00) x (—so, So) such that #, — +00 as k — oo
and w(ty, y,) = % for all k € N. Since {y,};2, is bounded, we may assume that y, — y, as k — oo. Similar
as the proof of Lemma 3.2 in [1], we can obtain y, # =s,.

Denote w;(t,y) =w(t + 1, y) and z,(f,y) = z(t + 1, ¥) for any (¢, y) € (t, — t;, +00) X [—s0, So]. Note
that 57(7), s,(t) — 0 as t — +o0. It follows from Theorem 2.1 and the parabolic regularity theory that
{(wy, zx)} has a subsequence, denoted by itself, such that (w;, z;) — (W, Z) in C}o‘f(R X [—S0, So]) as k —
oo and (w, 7) satisfies
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on ~ 0M

0 AZY b hG—1,y),  —00 <1< 400, —50 <Y < S0,

ot 0y?

0z ~ 3%7 - -

Frie dzAa—y2 —byz4+gW(t —13,y)), —00<t<—+00,—S <Yy < S, (2.9)
W(t,y) =21,y)=0, —00<t<400,y>s0ry< —s,

w(t,y) =0,2(t,y) 20, —o00<t<—+00,—8) <Yy <S8,

whereA = — % Since wi(0, yi) = wti, y) = 2, we have w(0, yo) > 2. By the strong maximum prin-

(52,00 —51,00)%

ciple, we can deduce that w(t, y) > 0 for (¢, y) € R x (—sy, S¢). Applying the Hopf boundary lemma, we
have 2(t, 59) < 0.

y

On the other hand, by the Stefan condition s5(#) = — M%(tk, 5»(#)) and the fact that s5(tr) — 0 as
t — +00, we have (1, 5,(#)) — 0 as k — co. Note that 2(#,, 5,(1,)) = VAZL(0, 59) — \/Zg—fj(o, so0). It

follows that g—‘f(O, so) = 0, which is a contradiction. Thus, (iii) holds true.
Next, we prove (iv). Since R, > 1, we have

s(Df(0, 0)) = max{Re A; det (A — Df(0, 0)) =0} > 0,

where Df‘(O, 0) is defined in (2.7). By Theorem 3.2 in [42], we can deduce that the solution of (2.5)
satisfies

rlizrn w1 (), wo (1) = (u*, v*). (2.10)

Moreover, by the comparison principle, we know that
u(lv x) < Wl(t) fOr (ta -x) € [_7:29 +OO) X [Sl(t)s SZ(I)]v

v(t,x) Swo(f)  for (1, x) € [—11, +00) X [51(2), 52(1)].

@2.11)

Hence,

lim sup (u(, x), v(t, x)) < (u", V")
t—+00
uniformly for x € [s,(¢), 5,(?)].
Next, we prove

lim inf (u(z, x), v(t, x)) > (u*, v*)
t—+00

uniformly in any compact subset of R.

Since R, > 1, we can choose a sufficiently large L, > 0 such that Rf(—Ly, Ly) > 1. Then, there exist
A <0 and k > 0 such that (¢, ¥) := (K™, ¥*) solves the problem (2.8) with (s,(?), s,(7)) replaced by
(—Ly, Ly), where ¢* is the principal eigenfunction of —A in (—Ly, Ly) with null Dirichlet boundary
condition. Due to §;,, — §1.00 = +00, We have s, , = —5; ., = +00 by (ii). Thus, for any L > L,, there
exists #; > 0 such that s,(f) > L and s,(1) < —L forall r > 1,.

Let U(t, x) = Sk r*(x) and V(¢, x) = §1*(x). We can choose a sufficiently small § > 0 such that (U, V)

satisfies
oU 92U
3—7 < dla—; b U+hV(t—1,%), t>t,,—Li<x<Ly,
oV 0’V
— <dh— —bV+glUlt—1,x%), t>t,,—Li<x<lLy,
dt ox?

Q(f’x)=Z(f,x)=0, > z‘Loa-xz :I:L09
U@, x) <u@,x), 0elty, —1,t,l,x€[—Lo, Lol,
Z(Qv-x) g V(Q?x)’ 0 e [ILO — T, tLo]’x € [_L09 LO]
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For any L > L, we extend (U, V) by defining (U(%, x), V(¢, x)) = (0, 0) for (t,x) e R x ([-L, L]\ [—
Ly, Ly]). Consider the following problem

ou 0%u

EZdlﬁ_blﬂ-’_h(y(t_rhx})’ t>t,—L<x<lL,

oy Ry

— =d— —by+guit—n,x), t>4,-L<x<lL,

o ox (2.12)

u(t,x)=v(t,x)=0, t>t,x==L,
2(97)6) :Q(gsx) = 3’(1/[*()(:)’ 0 € [tL — Ty, tL]?-x € [_L7 L]’
v@,x) =V, x)=5)"(x), Oeln—mn,nlxe[-LL]

By the comparison principle, we have
u(t, x) Su(t,x) for (t,x) € [1, — 1o, +00) x [-L, L],
v(t,x) <v(t,x) for (t,x) € [t, — 7y, +00) x [-L, L].

Moreover, since (U(t, x), V(¢, x)) is a lower solution of (2.12), the solution of (2.12) is increasing in ¢ for
x € [—L, L]. Thus, (u(t, x), v(t, x)) — (u*, v*) in C*([—L, L)) as t — +oo, where (u*, v*) solves

—dul, = —bju" + h(vV"(x)), —L<x<lL,
—dyVi = —b" + gut(x)), —L<x<lL,
u(EL)=y(+£L)=0.

Note that (u*, v*) is increasing in L. By classical elliptic regularity theory and a diagonal procedure, we
obtain that as L — +o0, (u*, v*) converges to (u*, v*°) in [C? (R)]?, and (4>, v*°) solves

loc

—diul = —biu® + h(y>*(x)), —00 <x <400, .
—dyV3 = —byyv™ + g(u™(x)), —00<x<+00. ’

Similarly as the proof of Theorem 4.5 in [1] and Lemma 3.5 in [34], we can prove (u™, v>®) = (u*, v¥)
and then get the desired result. O

Remark 2.1. From Theorem 2.3 (iii) and (iv), we know that the spreading-vanishing dichotomy holds
for Ry > 1, that is, either the bacteria are spreading (5., — S1.0 = +00) or vanishing (s — 100 <
+00).

Next, we exhibit some sufficient conditions to determine whether the bacteria are vanishing or
spreading.
Theorem 2.4. If R (—so, so) < 1 and p > 0 is sufficiently small, then s, o, — 8} o < +00.
Proof. Since R{(—so, so) < 1, we know that there exist A; > 0 and « > 0 such that (¢, V) := (¥, ¥*)
satisfies the problem (2.8) with (s,(?), 5,(f)) replaced by (—s, so), Where ¥ * is the principal eigenfunction

of —A in (—sy, so) with null Dirichlet boundary condition. Moreover, we have ¥*(x) > 0 in (—sy, o),
(¥*Y(x) <0in (0, so] and (¥*) (x) > 0 in [—s,, 0). Since A, > 0, there exists a small § > 0 such that

—8Kk + (H(0) — bik + Ak) + bk — H(0)™ >0 (2.14)

1
(1+68)

and

8§+ (kg (0) — by + 1)) + b, — kg (0)e’™ > 0. (2.15)

1
(1468
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Define
)
So 1+8—§e’5’ , te€[0,+400),

o(t)= s
S0 (1 + 5) , te[—max{t,1,},0],

Kk Ce™yr* < (t)) (t,x) € [0, +00) x [—o (), o (1)],

2x
246

KC’»”*< ) , (6,x) €[—1,0] X [-0 (1), 0 ()],

_5’1#( (t)) (1,%) € [0, +-00) x [—0 (1), 0 (1)],

B(t, x) =

cw(z?a) » o el=1,0lx [~o(, o).

For (¢, x) € (0, +00) x (—o (1), o(t)), we can deduce
)

ou 0°u _ _
™ —d,— Py + bu — h(v(t — 14, x))

= —8u— KCe*‘”xsoj(t()t)(lﬂ ) (;i;) d\kCe 2(0(%0 )”(G( )) + byt — h(W(t — 71, %))

X500 (1)
(1)

—HO)i(t — 11, %)

xs00' (1) XS
2(t) e )(a(t))

XSo

(l‘) )+b1u

O = bik + 2oy (2o

)—i—Ce*‘S' 55

W (= "

—8it — kCe™

0

=—kCe " — 2

(H(0) — byic + Ayk) + byic — h’(O)M]v(r, X).

2( ) w(t, x)

Case 1. If (1, x) € [t;, +00) x (—0o(t), o (1)), then

Wt — 11,) waﬁﬁ)
- =e .
V(t, .X) I/f* (%)

When x € [0, o(¢)), we have —2 20~ (). Since (¥*)'(x) < 0 in (0, sy], we have

(r(t—rl) a(t)

~|—[ Sk +

e

When x € (—o(¢), 0], we can get the same inequalities by the fact (1*)' (x) > 0. Consequently,

di d’u
8_Ltl _d1_+b,u—h(v(t—fl,x))

2

" )(h/(O) bikc + k) + by — H(0)™ [30,.)

> [—SK +

> [—81{ + i+ 8)2 (W) — bk + Aik)+ bk — h’(O)eaﬂ]{;(t, ¥)

>0, (2.16)

where the last inequality uses (2.14).
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Case 2. If (£, x) € (0, 7;) x (—o(?), o(?)), by using similar arguments as above, we can deduce

\_/(t—rl,x)_ s Wﬂ(z%) < —C 7atxsoa’(t)( )(xs0>
o v () Set e YINSE

which implies that (2.16) also holds.
Similarly, by (2.15), we have

— = dz + by — g(u(t — 15, x)) 20 for (¢, x) € (0, +00) X (—0o (), o(2)).

Besides, choose C large enough such that

ii0(0, ) = K CYr* (2 xs)/xcw (

T 8) 2 |ltto | 2% ey 01151 @520 = Uo(65 X)

for (6, x) € [—1,, 0] x [5,(0), 5,()] and

vo(0,x) =Cy™ <2+6> > Cy” (2 6> P ||V0||L°°(Hl,O]x[sl(e),sz(e)l) = vy(6,x)

for (6,x) € [—1,, 0] x [5,(0), 5,(8)]. Then, take p > O sufficiently small such that

82 52
o’(1) = 50 Ee*'” Z —pii(t, 0 (1), —0'(t) = —Soieﬂ” S —pit(t, —o (1) forz>0.

Since
8 8
[—0(8),0(0)]= [_50(1 + E)s so(1+ 5)] 2 [—s0, So] 2 [51(0), 52(0)]
for 8 € [—max{rt,, 1.}, 0], we can apply Lemma 2.1 to conclude that s,(¢) > —o (¢) and s,(¢) < o (¢) for
t > 0. Thus, 555 — S1.00 < 50(2 4 28), which completes the proof. O

Theorem 2.5. If Rf(—so, so) = 1, then 55, — §).0 = +00.

Proof. Since R{(s,(t), $2(fp)) > RE (=50, 50) > 1 holds for any #, > 0, we can choose f, as initial time
when R{(—so, so) = 1, so it is sufficient to consider the case R} (—sy, So) > 1. In such case, we know that
there exist A, < 0 and x > 0 such that (¢, ¥) := (k¢*, ") satisfies the problem (2.8) with (s,(?), s,(¢))
replaced by (—sy, So), where ¥* is the principal eigenfunction of —A in (—s,, s) with null Dirichlet
boundary condition.

Let ¢ > 0 be a sufficiently small constant and define

u(t, x) = exP*(x), v(t, x) = ey*(x) for (¢,x) € [ max{t, 1.}, +00) X [—S¢, So].

By direct calculations, we have

ou 9%u . ) i
5 d, e h((t — 71, x) + biu =" ()R (0) + A k) — h(ey™(x))
=" ()R (0) + Ak) — e (0 (& (x))
and
ay 9%y
Y d, 292 T gu(t — 13, X)) + by =y (x)(g'(0)k + A1) — glex ™ (x))

=&y ()G Ok + Ap) — ex Y (g (5:(x)),
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where &,(x) € (0, e¥*(x)) and &,(x) € (0, ek ¥*(x)). We may choose ¢ sufficiently small such that

ou 0%u

— —d,— —h(v({t—1,x)+bu<0, t>max{t, n}, =55 <x <S5,
ot ax? - -

d 92

L dz_z —gu(t — 1, x) + b,y <0, t>max{t, 1o}, =S <X < 8o,
ot ox?

u(®,x) <u@,x), max{t, 1} — 1 <O <max{z;, B}, —5o < x < s,

v(@,x) <v(0,x), max{t, 1} — 1 <O <max{r, 1o}, =50 <x < 5.
Moreover, it is easy to check that

wt,x)=v(t,x) =0, 1>max{t), o}, x =5 or x < —s,

ou
0 = SE) < _l‘l’a__(t’ SO)7 > max{rl’ T2}9
X

ou
0= _SE) 2 _l‘l’a__(t’ _SO)s > maX{TI» 7:2}’
X

[—s0, So] € [51(0), 52(0)], t> max{z,, 1.}
It follows from the comparison principle that (u(z,x), v(t,x)) > (u(t,x),v(t,x)) for (t,x)e€
[ max{z;, 72}, +00) x [—so, Sol, thus
ligl)oionf(Hu(t, MNeasasmon + 1VE eago.non) = ek + DYr*(0) > 0.
By Theorem 2.3 (iii), we have s, 4, — §1.0 = +00. ]
Theorem 2.6. If R{(—so,50) <1 < Ro and p > 0 is sufficiently large, then s, ., — $) 5 = +00.
Proof. Since R{(—L, L) > R, > 1 as L — +00, there exits L, > 0 such that R (—Ly, L,) > 1. Note that

ou 0%u

— —di— = —bu for (1,x) € (0, +00) X (s1(1), 52(1)).

at 0x?
It follows from Lemma 4.3 in [30] that there exists jt,, > 0 such that for any p > u,,, the corresponding
solution (u(t, x), v(t, x), s,(t), s,(t)) of (1.1) satisfies

limsup 5,(f) < —Ly, liminfs,(¢) > L,.
=400 1——+00

Since —s,(¢) and s,(¢) are strictly increasing in ¢, there exists 7y > O such that s,(7) < —L, and s,(T) >
Ly. Hence, R (s\(Ty), s2(Ty)) > RE(—Ly, Ly) > 1. By Theorem 2.5, we have s, », — §1 ., = +00 for any

H> [y O

By choosing u as varying parameter, we can obtain the following sharp criteria from Theorems 2.4—

2.6. We shall use the notations u*, v, s, si, (i =1, 2) to emphasise the dependence of u, v, s;, 5; 0N

w in the following theorem.

Theorem 2.7. (Sharp criteria) Assume that Ry > 1. For any given (uy(0, x), vo(0, x), 51(0), 5,(0)) satisfy-
ing (1.5) and (1.6), there exists u* € [0, +00) such that s, ., — S10 = 00 for > W', and s, — 1,00 <
400 for 0 < pu < u*

Proof. For R{(—sy, o) > 1, Theorem 2.5 implies u* = 0.
For R§ (=50, 50) < 1 <Ry, we define

Y={u>0:5,— s, <+oo}
and

W =sup .
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By Theorems 2.4 and 2.6, we have X # @ and 0 < u* < +o0. It follows that 54 — s}, = +oo for
B> pt
By Lemma 2.1, if pu;, > u, and s

Mo
2,00

M2
2,00

sih, < o0, then s si%, < +o00. Thus, to complete the
proof it is sufficient to show s’z‘; — s\ < +o00. Assume, by contradiction, that s’z‘; — s\ =00,
we have lim, o, RE(s *(t), sy *(t)) =R, > 1. Then, there exists a sufficiently large 7* > 0 such that
RECGY (1), sy (T) > 1. By the continuous dependence of (1, v*, s, s5) on w, we can find a sufficiently
small § > 0 such that R{ (s} (T*), s5(T*)) > 1 for all u € [u* — 3§, u* + 8]. Choosing T* as initial time,
similarly as the proof of Theorem 2.5, we can deduce that s5 . — s7,, = +oo forall u € [u* — 8, u* + 81.

This contradicts with the definition of w*. O

3. Asymptotic spreading speeds

In this section, we mainly determine the spreading speeds of free boundaries when spreading happens.
To achieve it, we first consider a semi-wave problem with time delays, whose monotone increasing
solutions provide a pair of upper and lower solutions in handling spreading speeds.

3.1 Semi-wave problem with time delays

Consider the following nonlinear semi-wave problem with time delays
cd'(s) —dip" () = h(Y (s — c1y)) = b1p(s), 5>0,
cY'(s) =o' (s) = g(@(s — cm)) — ba(s),  5>0,
(@(9), ¥(5)=(0,0), s<0,
(p(+ 00), Y (+ 00)) = (u", V"),

where ¢ > 0 and 7, 7, > 0. The condition R, > 1 is always assumed in this section, which ensures
that (3.1) admits a positive equilibrium («*, v*). In this subsection, we aim to establish the existence,
uniqueness and properties of monotone increasing solutions to (3.1).

For the existence of monotone increasing solutions to (3.1), we first characterise the distribution of
roots of the following transcendental equation containing a polynomial of degree four:

AL 1) 1= PP R) — H(0)g (0)e ™ =0 (3.2)

3.1)

with
PiA)=di}>—ch—b, psA)=dA’—ch—b,, T=T+T1.
Obviously, for i =1, 2, p{(1) = 0 has two real roots
j = CEVC A b
' 2d;
Denote
Ao =min{A[, A7}, A5, =max{r], 1]}
and define
¢, =1inf {co > 0’ all roots of A°(A, 0) =0 are real for ¢ > co}.
Next we establish the distribution of roots of A°(A, T) =0 according to the value of ¢ in the following

lemma.

Lemma 3.1. Assume that ¢ >0 and t,, 7, > 0. T~hen, the following conclusion:v hold: B
(i) A°(A,T)=0 has only one positive root A in [, 4+00). Moreover, AS satisfies 1S > AS, and
LA D)z > 0;
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(ii) there exists ¢t € (0, c;) such that

(a) for ¢ > &, A°(A, T) =0 has exactly two positive roots )v»;', )A»; in (0, %) and satisfies A°(L, ) >0
for € (R, 20);

(b) for 0 < c < ¢, A°(X, v) =0 has no positive root in (0, A.) and satisfies A°(A,7) <0 in (0, AS).
In such case, A°(A, T) = 0 admits a pair of conjugate complex roots with one lying in the domain D :=
{r € C:Rer >0, Imi > 0};

(c) for c =c%, A°(A, T) =0 has only one positive root in (0, A ).

m

Proof. (i) For any given ¢ > 0, if A € [A¢, A;,) then we have p{(A)p5(1) < 0. It follows that
A, T) =pi(A)PS(A) — H(0)g'(0)e ™" <0 for A € [AS, AS).

If A € [Ay,, +00), then p{(A)p5(A) is strictly increasing in A, which implies that A°(A, ) = p{(A)ps(A) —
W (0)g'(0)e™" is also strictly increasing with respect to A in [A,, +00). Note that
A (i T) = Py (iP5 Onyy) — 1 (0)g' (0)e ™ = —h'(0)g'(0)e ™ < O
and
A°(+ 00, T) = +00.
Then, A(x, T) = 0 has only one positive root A¢ in [A,, +00) and A¢ > A¢,. Moreover, for any fixed ¢ > 0
and T > 0,
%Af(,\, n| | =@ - c)[dz(ig)z — i — bz] + Qdyi — c)[d1 Gy — i — b,]
+2cTh (0)g/(0)e
> 0.

(i) By the proof of Lemma 2.1 in [38], A°(A, 7) =0 has at most three distinct positive roots in
(0, +00) for any given ¢ > 0 and T > 0. Thus, from (i) we know that A°(A, t) = 0 has at most two distinct
positive roots in (0, A ). Moreover,

1 d d . ]
A (% T) = <?1 — /e~ bl)(?2 — /e~ bz) — K (0)g'(0)e ¥ and Jim A <$ r> =00,

which imply that Af(ﬁ, 7)>0and 0 < ﬁ < A° for large c. Note that

m

A0, 1) =bb, — H(0)g(0) <0 and A°(AS, 1) =—H(0)g'(0)e " <0.

m>

Therefore, for all large ¢, A“(, 7) = 0 has exactly two distinct positive roots in (0, A¢,) and then has three
distinct positive roots in (0, +00). It follows that the set

S(t):= [€ > 0| A°(), t) has three distinct positive zeros in (0, +00) for all ¢ > QI}
is not empty. Thus,
¢ :=1infS(r) >0

is well-defined, and we know that A°(A, 7) =0 has three distinct positive roots in (0, +o00) for ¢ > c?.
From (i), we deduce that A°(A, T) = 0 has two distinct positive roots in (0, A¢) for ¢ > c¢*. We denote by
):j, ii the two positive roots and assume )v@ < )A\i, then A°(A, 1) >0 forA € (ii, ii), and A°(A, T) < 0 for
1 €(0, 1) U (A, A%). This completes the proof of (ii)-(a).

We claim that ¢ > 0. Otherwise, for any sequence {c,} satisfying 0 <c¢, <1 and lim, ¢, =0,
A (X, T) =0 has two distinct positive roots Xi", ):i" in (0, A¢") and one positive root 5\‘1’" in (Ay;, +00).
Since
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[ C, + szl + 4d1b1 C, + Cfl + 4d2b2 }

0 <A =min

2d, ’ 2d,
min{1+\/1~|—4d]b1 1~|—«/1+4d2b2]
<
2d, ’ 2d,

and A% satisfies
(G = e = by [y = e = b: | <H OO,

the above sequences {Xﬁ”}, {ii"}, {5@"} are uniformly bounded with respect to n. By extracting con-
vergence subsequences and taking n — oo, we can deduce (A, A%, A7) — (12, 1%, %) with some
)VL?, i?, X? > 0. Note that for any fixed T > 0, A”(%, 1) > A}, 1) in C}, (R) as n — oo. It follows that
)VL?, ):2, X? are nonnegative roots of A°(A, t) =0. Assume that one of three roots is 0, a contradiction
occurs since A%0, T) < 0, and the claim is proved. If all the three roots are positive, then there are two
possible cases: (1) at least two of these three roots are not equal; (2) all three roots are equal. On the
other hand, we can directly check that A°(A, 7) = 0 has only one positive real root, denoted by A?, and

%Ao(k, T)|=00 > 0. (3.3)
Thus, the first case cannot happen. Next, we consider the second case. Since Xi", )AL?I are two
roots of A®(A,t)=0, by the mean value theorem, there exists a &, between )V@" and ):j" such that
%A‘" (A, T)]s=e, = 0. Since lim,_, », )V\?' =1lim,_ « )A@" =A%, we also have lim,_, ., £, = A%. By taking n —
00 in L A“(X, 7)|;¢, =0, we get £ A%, T)[,_,0 =0, which contradicts with (3.3). Then, the claim
holds true.

Now we prove the first part of (ii)-(b). Assume by contradiction that A°' (), 7) has at least one positive
root in (0, A¢1) for some 0 < ¢; < ¢%, we will show that

¢, >infS(t)=ct, 3.4

which leads to a contradiction. To prove (3.4), it is sufficient to show that A°2(X, T) has two distinct
positive roots in (0, A22) for any ¢, > ¢;. In fact, since A > A¢!, we know that

PN, pst (W), pE (M), p2(A) <0 for A € (0, A)).

Note that p{(%), p5(2) are decreasing in c. We conclude that p{(1)p5(A) and then A“(%, 7) are increasing
With~respect to ¢ for A € (0, A¢!). Denote A, by one positive root of A“(A,7)=0 in (0, A¢), that is,
A(Ay, 7) =0. Then,

A2(h,T) > Ak, 7) =0.

It follows that A®(A, ) = 0 has exactly two distinct positive root in (0, A%?) for any ¢, > ¢,. Hence, (3.4)
holds and we can get the desired result. Clearly, A°(A, 7) < 01in (0, 1¢) for any 0 < ¢ < 7.
Based on the above discussions, it is easy to know that A°(A, 7) = 0 has only one positive root in
(0, Ag)) for c =c%, i.e. (ii)-(c) holds. We claim that ¢} < c;;. Indeed, by Lemma 3.3 (iii))-(iv) in [35] and
the fact A°(A, t) > A°(A, 0), we know that A°(A, t) = 0 has three distinct positive roots in (0, +o00) for
all ¢ > ¢;. Thus, ¢ < cj.

Next, we prove the second part of (ii)-(b). We will prove the result by taking t as a parameter which
continuously increases from 0 to 4-00. Since the range (0, ¢¥) of ¢ is dependent on 7, we cannot simply
fix a c as T varies. However, we find that ¢} is decreasing with respect to 7. In fact, we have showed that

A°(X, 1) <0in (0, A¢) for 0 < ¢ < ¢i. If T > 7, then we can check that
A°(M, T) > A°(A, T).
It follows that A“(A, T) < A°(A, T) < 01in (0, A¢) for 0 < ¢ < ¢%, which implies that
c:<cl. (3.5
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Otherwise, A°(A, 7) <0 in (0, A%) for ¢ = c¥, which contradicts with (ii)-(c). Therefore, for any fixed
T > 0, we have ¢} < ¢* for all T € (0, T). In what follows, by choosing any fixed ¢ € (0, ¢}) and varying
T continuously from 0 to 7', we prove the existence of complex roots with positive real parts.

Note that the zeros of A°(A, T) are continuous in t € (0, T) for fixed c € (0, ¢;). Define A = a(7) +
iB(t), where a(t) and B(t) are continuous in t € (0, T). Separating the real and imaginary parts of
A°(A, T) =0, we derive

File, B.7) = [di(e = ) — ca = by |[do(@? = B*) — ca — b
—Qdaf — cB)dyap —cB) — W (0)g'(0)e " cos ctf =0,

Fale, B.7) = Qi — e dafa? — ) — car — b |
+Qdyaf — cﬁ)[d1 (@ — B2) — ca — bl] + H(0)g'(0)e=" sin ¢t = 0.

(3.6)

We divide the rest of proof into four steps.

Step 1. There is a complex root in D provided that t is small enough.

For t =0, A°(, 0) = pi(A)p5(A) — W' (0)g'(0), then it follows from Lemma 3.3 in [35] that A°(4, 0) =
0 has a pair of conjugate complex roots for ¢ € (0, ¢;) C (0, c;). We denote one of the complex roots in
D by A =« + if. By direct calculations,

9, F,  0gF,
det

0, F, 0gF, | 1==0

= {(Zdla — c)[dz(az — B — ca — bz] + Qdyor — c)[dl(az — B — ca — bl]
—2d, B Qdset — ¢) — 24> B2yt — c)}2
+ {2d1/3[dz(a2 — B?) —ca — bz] + Zdz,B[dl(az — B —ca— bl]

+ Qdvap — cB)2dset — ¢) + 2dratff — cB)(2drot — c)]2 >0.
Since T =0, A = « + i satisfies (3.6), it follows from the second equation of (3.6) that
Qdya — ¢) [dz(oﬂ — 8% —ca— bz] + Qdya — ©) [dl (@ — ) — ca — b]] —0.
Thus,

9 F  04F,

dtior aF,

=0
= 44,2 — ) + 2y — &) + 48[ [dote® — ) — cer — ]

2
+d, [d. (@ — B%) — ca — b.] + Qdia — ¢)Qdyer — c)} >0,
where the equality holds if and only if

d\(2dya — ¢) + d>(2dyot — ¢) =0,

3.7)
d, [dz(oz2 — 8% —ca— bz] +d, [dl(ozz — 8% —ca— bl] + Qdia — )2 — ¢) =0.
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cdy+edy

> 0. Substituting this « into the second equation

In view of the first equation of (3.7), we have o =
of (3.7) gives

6d,d,o” + dy(—d>B* — by) + dy(—d, B* — by) — 3cda — 3cdra

= %a(cdl + cdy) + di(—dy B2 — by) + dy(—d, B? — b)) — 3cd o — 3cdsro
= —%cdloe — %cdza +d\(—=d,B* — by) + dr(—d, B> — b)) =0,
which is not solvable for 8. Therefore, we get
0. F1  05F,

det 0Fs 9 | o > 0.

Then, the implicit function theorem indicates that, for small 7 > 0, A°(A, T) =0 with c € (0, ¢}.) admits
a pair of complex solutions near « + i, and thus in the open domain D.

Step 2. If L = a(r) + if(7) touches the pure imaginary axis at some t =1, € (0, T), i.e. (75) =0,
then «'(7y) > 0. Moreover, 8, := B(ty) > 0.
Since «(1y) and B(ty) satisfy (3.6), we get

{ (diB; +b)(do B} + b2) — B — W (0)g'(0) cos cofy =0,

(3.8)
cBo(d> 5 + b2) + cBo(di B + b1) + H(0)g'(0) sin c7ofy = 0.

Besides,

9 F  04F,

dtf o r o,F

=109
2
= {2+ b2) + (di B + by) + 2,5 + 203 + 2T (0)g/(0) cos cTofo |
2
{2 Bolda B + 2) + 2ol B + b1) — 2630 + 2eTH (O)g O) sinerofi| >0,

where the equality holds if and only if

(3.9)

Sdlﬁg + 3d2ﬂ§ + bl + b2 + ZCrh’(O)g’(O) COS Cfoﬁo = O,
2d, B3(d> 5 + by) + 2d- B3(di B3 + br) — 2627 + 2B (0)g'(0) sin crofy = 0.

Substituting (3.8) into (3.9), we give

{ 3d, B2+ 3dx B2 + by + by — 2T B2+ 21(d, B2 + b\ )(do B2 + by) =0,

(3.10)
2d, B3 (dao By + by) + 2485 (di By + by) — 22 B — 21c*Bi(di By + da iy + by + by) =0.

Multiplying the first equation in (3.10) by d, 87 + d» 3 + b, + b,, and then subtracting it from the second
equation in (3.10), we get

2d,dy By + 3d5 By + 3di By + dabi By + diba 7 + 3d; BE + 3d5 B3 + 267 B + bid, B;
+bydy By 4 (by + by)* +21(d\ By + b)) (daB; + bo)(d, By + doffy + by + by) =0,
which is not solvable for 8, > 0. Thus,

BaFl 8ﬂF1

det 0uFs 05F; | iy > 0.
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Moreover,
9. F, sin ¢ty B
o.F, ’r:'{o = 2K 0)g O)cho cos ¢ty By
Consequently, the implicit function theorem indicates that
a/(t) 0, F,  05F, 9. F,
B@) | liey N 0uF2 9F | Loy \ 0F, | L,

Direct computation induces that

(X’(To) — _(8/3F231Fl - 8ﬁFl arF2)|r=ro ]
8[,F1 8ﬁF1
dtfor oF

(85F28,F1 - aﬁFl 81F2)|r=ro

=10

Besides, by (3.8), we have

= [c(dzﬁg +by) + (d B2 + by) + 2d e + 2dyc B2 + 2cTH (0)g'(0) cos cto,BO]
x (2h’(0)g’(0)cﬁ0 sin )
+[2d1 Bo(—do B2 — by) + 2dyfo(—d\ B2 — b1) + 26 By — 2¢TH (0)g (0)cPo sin cro,Bo]
x (2h’(0) 2 (0)cB, cos cTy ,30>
= [c(d2ﬁ§ +by) + c(d B} + b)) + 2d,cBy + 2drcBE + 2ct(d, By + bi)(da B3 + by)
— 2068} | x [ 2 BB + ) — 2B + )
+ [2d1 Bo(—doi2 — by) + 2ds fo(—dy B2 — by) + 26> By + 27 Bo(d B2 + b2)
+ 20 Bo(di B2+ bl)] x [Zcﬁo(dl B2+ b)(doff2 + by) — 203 /33]
= 203 + b2) + (@ 55+ bi) 2, B + 283 + 2005 + ) + )]
X[ (@of3 + bo) + (s B + b)) | + 476 B[ (@off3 + bo) + (@ B+ b)
—4cp? [dl (dyB? + by) + do(dy B2 + bl)] x [(d1 B2+ b)(dofi? + bz)]
- 4c5,33[1 F TR+ b))+ T(d B+ bl)] 4GB [dl (dyB? + by) + do(dy B2 + bl)]
+ 4c3ﬁg[1 T+ bo) + T(d B+ bl)] x [(dlﬂg b + bz)]

= —[26 B+ 20+ 26 BB + by)* + 4 BB + o)
+4d,c*B3(d i 7 + b)) +4dicBi(d Bi + bi)(da By + ba)’

+ Adse BB + b of] + ba) 4] < 0.

BO,FI 3/3F1

Due to det 0uF>  9,F)

> 0, hence a'(7p) > 0.

=19

Step 3. As 7 varies from 0 to T, the complex root cannot touch the real axis at some 7, € (0, T) for
c€(0,cp).
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If not, then the complex root changes into % >0 at T = 7,. Since complex roots appear in conjugate
pairs, the mu1t1p11c1ty of A is larger than two. However, due to A“(A, 7;) < 0in (0, A¢) for c € (0, ¢}) C
O, c: ) we know that A must satisfies A € [AS, +00). From (i), Xisa simple root. This is a contradiction.

m>

Step 4. Since T > 0 is arbitrary, by Steps 1-3 we can obtain that as t continuously increases from 0
to 400, the complex root cannot escape the first quadrant of the complex plane. Thus, it always stays in
D. This completes the proof of this lemma. O

Lemma 3.2. For any c > ¢%, problem (3.1) admits no monotone solution.

Proof. Assume on the contrary that (3.1) has a monotone solution (¢, y) for some ¢ > c?. Clearly,
(@(s), ¥ (s)) < (u*,v*) for s € R. From the first equation in (3.1), we have

$(s)= ;[ / @D TR E — en)de
di(h — AL o

+00
+ / (€107 — MNP (E — cm)ds] (3.11)
for all s > 0. By direct calculations,

6 < o f AT (@ = TR — cTi))dg

dl()fr

+ / (AF e =9 AT Oy (E — cty))dE

h(v*) . Al < h(v) .
Saor-m R Saa @
and
(| = [ UG =T+ bl cCHhO) Fbwt

d, d

Similarly, there exist C; > 0 and C, > 0 such that |{'(s)| < C; and [¢"(s)| < Cy4. Denote the derivatives
of (¢, ¥) by (¢©, ) for i = 1, 2, then

F pO(s)eds < 00, [ YP(s)eds < 00,i=0,1,2,
Jo b
[ W(s — ctpe'ds < 00, [ (s — cry)e ™ %ds < 00,

foreach A > 0. From Lemma 3.1 (i), A°(A, T) = 0 has a positive root A, € (0, A¢)) for ¢ > ¢* (when ¢ > ¢
we only choose one of positive roots). Next, multiplying the equations in (3.1) by ¢™** and integrating
from 0 to +00, we obtain

0 <d¢'(0)=p;(ho) [, p(s)e™ds + [," h(W (s — ct)))e " "ds,
0 < dy ¥’ (0) = p5(Ro) foﬂo Y(s)e 0 ds + f0+oo g(d(s — cty))e ™%ds.
Since h(z) < #(0)z and g(2) < g'(0)z for z > 0 by Taylor’s formula and the concavity of 4, g, we have
h(Y(s —ct)) SHOW(s —ct),  g(P(s — 1)) < g(0)p(s — cTa),
which imply that
Pi0) [ d(s)e%ds + 1 (0) [T (s — ct)e0%ds > 0,

PiCo) [, W(s)e 0 ds + g/(0) [, d(s — cr)e v ds > 0. (3.12)
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Hence,

+oo +00
0 <pS(h) / o(s)e ™ ds + ' (0) / Y(s — cty)e ds
0 0

)L AocT +o0 h/ 0 / O —AocT +o0
PO e [ peoas + POEIT [y cnpeoas)
g0 0 Pi(%o) 0
C )\’ AQCT +00 o +o0 ,
— pl(g/()()oe) I:g/(o)e—Agcrl / ¢(S/ _ CT2)€7A0S ds’ +p¢2-()\0)€—)»ocr| w(sl)e—)ugs dsl]
Ty —cT)
(A ekgcq +oo , +oo .
= pl(g?()o) - [g/(O) / d(s' — cta)e 0 ds' + p5 (o) / Y(s)e " ds/]. (3.13)
0 0
By (3.12) and (3.13), we have p{(1,) > 0. On the other hand, since A, € (0, A{,), we can deduce that
P§(X) <0, which is a contradiction. L]

Next, we establish the existence of monotone solutions to (3.1) for 0 < ¢ < ¢Z.

In [10, 28], to get the monotone increasing solutions of semi-wave problems with one time delay 7 >
0, lower solutions were constructed by complex roots with imaginary part ImaA € (0, £). However, we
cannot derive a suitable upper bound of ImA for the transcendental equation (3.2) in the above Lemma 3.1
(ii)-b, which together with the influence of two time delays (t;, 7,) bring some difficulties in constructing
lower solution of (3.1).

To get the monotone increasing solutions of (3.1), we first consider the corresponding perturbed
problem

cd'(s) —di@" () =h(Y (s — ct1)) — big(s), s>0,
cY'(s) — daf"(s) = g(Pp(s — c2)) — baf(s), >0,
(@(s), Y(s)) = (du”, 8v"), s<0,

(p(+00), Y(+ 00)) = (u*, v*),

(3.14)

where § € (0, %) is a small parameter, and then get the desired solution of (3.1) by taking § — 0. The
idea of approximation is motivated by the works on semi-wave problems with nonlocal diffusion (see
[14]).

In the following, we establish sufficient conditions for the existence of monotone solutions to (3.14)
by employing the lower-upper solutions technique and the Schauder fixed point theorem, which was
proposed in [25].

For a fixed

o € (0, m1n{ AL AT,
we introduce the Banach space (X, (R, R?), | - |,) with

X, (R, R?) := {cb € C(R, R?); |®], 1= sup |D(s)|e~"" < oo}.

seR

For i =1, 2, we define the mapping
Fi: X,(R,R*»— C(R)
Q= (¢, V) > F(P)(s)
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by
AL 1 S (oA (=€) _ a7 s—Af _
e+ [ @ = IO € — ends
F@ = [ @I Tty € — crde], s=0, 1)
Sut, s<0
and
S s | € - 0 — e
F(®)(s) = + f:—oo (eA;(S*E) _ exz’s—)\;s)g((p(s _ C'L’z))dé], 5> 0, (3.16)
Sv*, s<0.

By direct calculations, we see that (¥, F,) is well-defined and satisfies
c(F (@) (s) — d\(Fi(D))'(s) = h(¥ (s — cT1)) — b Fi((D)(s), s>0,
c(Fo(@)) (s) — dy(F2 (D)) (s) = g(p(s — cT2)) — boFH(D)(s), s> 0,
(F1(P)(s), Fo(P)(s)) = (Bu™, 6v*), s<0.

Clearly, any fixed point of (F, F,) in X, (R, R?) is a solution of (3.14). Moreover, the mapping (F;, F,)
satisfies the following monotonicity properties.

Lemma 3.3. (l) If. (Dl = (¢1, WI ), q)z = (¢2, ¢2) € XU(R, RZ) Satisfy CDI < q)z, then
(F1((@1)(s), F2(P1)(5) < (Fi(D2)(s), Fa(D,)(s)) for s € R.

@) If @ = (¢, ¥) € X, (R, R?) is monotone increasing, then (F,(®)(s), F,(®)(s)) is monotone increas-
inginseR forall § €(0,1).
Proof. Since &, g are strictly increasing functions, we can directly get (i) from (3.15) and (3.16).
Now we prove (i7). It is sufficient to consider the case s > 0. Differentiating (3.15) with respect to s,
we have

(Fi(®)) () =8 e + ) [ / T € — e
0

di(Af — Ay
+00 . B N
+ / (AT — AT R(Y (& — ctl))dé].

Since h(¥ (s — c1)) is monotone increasing in s € R and (Y (s — cty)) = h(6v*) > 0, we have

1

(Fi(®)(s) > a)vl_u*ekﬁ + m

[ / (e — N (s — cr)de
0
+o0
+/ (AT — pm T (s — CTI))dé:]

T W h(y (s — Cfl)) TS ire ate
=0Aue + —— 40T =i /(e — e MAdE

+ / (0 —apen oy |

h(Y (s — c1y)) T
dif

h(8v*) TS
dlk+

=8\ ute’ +
28)\,7 * )”ls-i-
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Since § € (0, 1), we have h(6v*) > §h(v*), which together with the fact b,u* = h(v*) imply that

- h(v*) - - bt -
(Fi(®))(s) =81 ue’ + S&ekl S=8Aute + 8 W s
dl)\-T dl 1
=d8u*e" (A} 0.
wen G+ d1A+)
This completes the proof. O

Now we introduce the definition of lower and upper solutions to (3.14). If (¢, ) and (@, V)
are continuous from R into [du*, u*] x [6v*, v*], twice continuously differentiable on R+\{§,}, 1» and
satisfy

c@'(s) —di"(s) Sh(Y (s — cty) = big(s), s>0,s¢{&},,
cY'(s) — oy (s) < g(@(s — ) — bap(s),  s>0,5s¢ {&},,
Q;(&) > ¢ (&), ﬂ;(&) >y (&), 1<i<n,

(@(s), Y (5)) = (du™, 8v"), s<0,

(@(+ 00), Y(+ 00)) < (", v")

and

cd'(s) — di"(s) = h(Y(s — c1)) — bid(s),  s>0,s¢ (£},
cP'(s) —dyr(s) = g(@(s — cT2)) — bavi(s), s> 0,5 ¢ (&)L,
PLE)V<PE). YLE)SYL(E), 1<i<n,

(@(s), ¥ () = (Su*, 8v), s<0,

(@( 4 00), Y(+ 00)) = (u*, V"),

then (Q, ﬂ) and (q_ﬁ, lﬁ) are called a lower solution and an upper solution of (3.14), respectively.
Given a pair of lower and upper solutions (¢, ¥) and (¢, V) satisfying

sup ($(1), ¥ (1) < (), ¥ (5)), VseR,

1<s

then the set

= {(q), ¥) e X, (R, R?): (@, )< (¢, ¥) < (¢, ¥) and (¢, ¥) is monotone increasing on R+}
#0
since (¢(s), ¥(s)) = sup,, (q_b(t), ﬂ(t)) e I'. Next, we prove that (Fy, F,) maps I' into itself and is
completely continuous.
Lemma 3.4. (F\, F,)(I') CT and (F\, F>) is a continuous compact mapping on T'.

Proof. We first prove (Fy, F>)(I') C T'. Let ®(s) = (¢(s), ¥/(s)) and ®(s) = (¢(s), ¥ (s)). By Lemma 3.3,
it is sufficient to prove that ®(s) < (F;(D)(s), F>(®)(s)) < (F1(®)(s), F2(P)(s)) < O(s) forall s e R,. Let
& =0and§,,, =oco. Assume that s € (§, &) for some i, then we have
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F@)s) =du'e™ 4 ot [ f (T = TR (6 — cr)de
= AL -

di(h}

[ @i - e - coae]
_ 1 s -
> Suteh® + m [ / (€M7 —ehH S)(bl?(g) - de_y/(é) + Cf(&))df
1 1 0
+ / (€100 — T (b () — dig(E) + cg’(s»ds]

, . 1 o -
=d8uteM’ — el ‘¢(0) + ¢(s) + f[ Z (M 678 — ghisTh Ek)(cl_y &) — ¢ (&)
()\1 - ) k=1 *

Y @ g ) - ¢f @)

k=i+1
= ¢(s).
Similarly, we can prove that F>(®)(s) > /(s) and (F;(®)(s), F2(P)(5)) < (¢(s), ¥ (s)) for all s € (&, &;1.1).
By the continuity, we can get the same results for the endpoints §; (i =1, - - - ,m). Thus, (F, F>)(I') CT.

The continuity and compactness of (F, F,) can be obtained by similar arguments in Lemmas 2.4-2.5
of [35], here we omit the details. O

Lemma 3.5. Suppose that (3.14) admits a pair of lower and upper solutions (Q(s),ﬂ(s)) and

(¢_>(s), 1/_/(s)) satisfying sup, (Q(t), z(t)) < (q_ﬁ(s), 1/_/(s)), Vs € R. Then, (3.14) has a monotone increasing
solution.

Proof. From Lemma 3.4, (F|, F,) has a fixed point ® = (¢, ) € I' by the Schauder’s fixed point
theorem. Note that (¢(s), ¥ (s)) = (¢(s), ¥(s)) = (Su*, §v*) for s < 0. We have (¢(s), ¥ (s)) = (Su*, Sv*)
for s < 0. Since (¢, ¥) is monotone increasing and bounded, lim,_, ., (#(s), ¥ (s)) is well-defined. By
Lemma 2.3 in [37], we can deduce that lim,_, , ., (¢(s), ¥ (s)) = (u*, v*), which implies ® = (¢, ) e
is a monotone increasing solution of (3.14). O

Theorem 3.1. For any fixed ¢ > 0, the perturbed problem (3.14) has a monotone increasing solution
(9°(5), ¥°(s)). Moreover, (¢°(s), ¥°(s)) obtained in this way is strictly increasing in § € (0, 3).

Proof. By Lemma 3.5, it is sufficient to construct a pair of lower and upper solutions of (3.14).
Take

(@(s), Y (5)) = (du",8v"), seR.
Since
(Y (s — ct1)) = h(8v") = 8h(v'),  g(@(s — cr)) = g(du™) = dgu”),

we can check that (¢(s), ¥ (s)) satisfies

c'(s) — dig(9) = 0 < h(Y (s — ct)) — bip(s), 5> 0,

cY'(s) — oy () =0 < g(P(s — cm)) — by (s), s>0,

(@), Y () = Bu, 8v"),  s<0,

(@(+ 00), Y(+00) < (", v*).
Thus, (¢(s), ¥ (s)) is a lower solution of (3.14).
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Now, we construct an upper solution of (3.14). Choose k > 0 large enough such that

1 . c ¢
O<z<m1n cTy, CTy, — .

b, b,
Define
Su*, s<0,
n | —k2(1 =68 ' 1 0 <1
(l’)(s): M[— (_) S—; +i|, <S\E’
) 1
u, §>-
k
and
Sv', <0,
7 | —k*(1 =6 1y’ 1 0 <1
V(s)= V[— A=d)\s=2) + ] <s<
. 1
s > —.
v s k

Obviously, (¢(s), ¥ (s)) satisfies (¢(s), ¥(s)) = (Su*, 8v*) for s <0 and (F( 4 00), ¥( 4 00)) = (u*, v*).
We claim that (¢, ¥) is an upper solution of (3.14). In fact, for 0 < s < %, we have ¥ (s — c¢t;) = év* and

cd'(s) — did"(s) — h(y (s — cT1)) + bi(s)

*7,2 1 1 ? * *
=uk(1—8)[2d1—2c s—2)=bi(s—7 ]+b.u — h(sv")

1 1\’
— (1 — 5)[2611 - 26<s - Z) — b (s - Z) ] + h() — h(8v).
<s—1 <0, we can deduce 2d; — 2¢(s — 1) — b(s — 1)> > 0 and then

cd'(s) = did"(s) — (Y (s — c11)) + bid(s) > h(v") — h(8V") > 0.

s c 1
Since < Tk

For s > %, we have
cd'(s) — did"(s) — h(y (s — c11)) + bip(s) = —h(Y(s — cT))) + byu*
=—h(y/(s — c11)) + h(v") > 0.
Thus,

- - - - 1
c@'(s) —did"(s) = h(Y(s — ct)) + bip(s) 20 fors e R, \ {E} :

We can similarly obtain
- - - - 1
c¥'(s) —dof"(s) — g(Pp(s — c2)) + bay(5) 20 fors e R, \ {E} .

Moreover, ¢, (1) =¢' (1) =0and ¥/ (1) = ¢ () = 0. Therefore, (¢, ¥) is an upper solution of (3.14).
It follows that the perturbed problem (3.14) admits a monotone increasing solution (¢’ (s), ¥?(s)).
Next, we prove that if §;, &, € (0, %) and 8, > §,, then the solutions obtained in the above way sat-

isfy (¢" (5), Y"1 (5)) > (@"(s), Y2(s)) forall s € R. Let ¢(s) = ¢ (s) — ¢"(s) and ¥ (s) = ¥ (5) — ¥ (s).
Without loss of generality, we assume 7, < 7.

First, we consider s € [0, ct,]. For this case, A(y% (s — c1;)) = h(8;v*) and g(¢% (s — ¢T,)) = g(8;u®).
Then, (¢, V) satisfies

c'(s) — di@"(s) = h(8,V*) — h(8,v*) — b1 p(s) > —b,p(s), 0<s<cTy,
W' (s) — do " (s) = g(8,u*) — g(8.u*) — bar(s) > —byi(s), 0 <s<ect,
(@(0), ¥(0)) = (8,u* — 8ou*, 8,v* — 8,1%) > (0, 0).
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By the maximum principle, we have ¢(s) > 0 and v/(s) > 0 for s € [0, c7,]. Thus, ¢* (s) > ¢*(s) and
Yo1(s) > ¥ (s) for s € (—o0, c1y].
For s € [cT),2cT], We have s —cty, 5 — cTh € (—00, cT;]. By the~ algove result, A(Y® (s — cT))) >
h(y%(s — c1y)) and g(¢ (s — ¢1,)) > g(¢* (s — cT,)). It follows that (¢, ¥) satisfies
() —d§"(s) > —bi(s), cT <5< 2T,
cW'(s) — dyp'(s) > —bor(s), Ty <s< 2Ty,
(@(ctr), ¥(cTy)) > (0,0).

By the maximum principle, we have q;(s) > 0 and 1/~/(s) > 0 for s € [cTy, 2cT,], which imply that ¢’ (s) >
@%(s) and ¥°1(s) > Y% (s) for s € (—o0, 2¢1y].
By repeating the above steps, we conclude that (¢° (s), ¥° (s)) > (¢%(s), ¥ (s)) for s € R. O

In what follows, we exhibit the existence and uniqueness of monotone increasing solutions to (3.1).

Lemma 3.6. For any c € (0,c?), (3.1) has a unique monotone increasing solution, which is strictly
increasing on R,.

Proof. (i) (Uniqueness of Monotone Increasing Solutions) Suppose that (3.1) has two monotone increas-
ing solutions (¢, Y1) and (¢, ¥»). Then (0,0) < (¢, ¥3) < (u*,v*) in (0, +00) and (¢i( + 00), Yi( +
00)) = (u*,v*) for i=1,2. The Hopf boundary lemma implies that ((¢;)’ (0), ()’ (0)) > (0,0) for

i=1,2.
Define
TG (i)
p; ;= inf { 50) ‘s > O}, 0, := inf { ) s> 0}
and
p* = min{p, p}.
By the L’Hopital’s rule, it is easy to see that
. Di(s) Yi(s) (@), (0) (Y1), (0)
1 , = , 0,0).
0 <¢2(5) wz<s)) ((¢2);<0> (%);m)) - 0.0

Moreover, lim,_, , (%, %) = (1, 1). Thus, p,, p, are well-defined and p* € (0, 1].

We claim that p* = 1. Assume on the contrary that p* € (0, 1). Let

() =¢i(s) = p"da(5), Y (s)=11(5) — P Ya(s).

Obviously, (¢(s), ¥(s)) = (0,0) for s>0, ($(0),¥(0))=(0,0), ($(+00),¥(+00))=((1-
o, (1 — p*)v*) > (0,0), and

c@/(s) = di " (s) + b1 p(s)
=h(i(s — ct1)) — p h(Ya(s — cT))
2 h(Y(s — ct1)) — h(p* Yo (s —c1)) 20 for s > 0.
Similarly, we have
cP'(s) = P (5) + bavi (5) = 8(d1(s — €1) — g(p"a(s — ¢12)) =0 for s > 0.
From the Hopf boundary lemma, we can deduce that (0,0) < (¢~>;(O), 1};(0)) =((¢1).(0) —
p*($2),(0), (¥1),.(0) — p*(4),,(0)), which implies
lim ((bl(S)’ Vi(s)
=00 \h(5) " Ya(s)

Therefore, by the deﬁnition~0f 0%, thereNexists 5o € (0, 400) such that qg(so) =0or &(so) =0.By the max-
imum principle, we know ¢(s) = 0 or ¥ (s) = 0 for s > 0, which is a contradiction since (¢( + 00), ¥ ( +

) > (p%, p%).
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00)) = ((1 — p*)u*, (1 — p*)v*) > (0,0). Thus, p* = 1. It follows that (¢;(s), ¥(s)) = (¢,(s), ¥»(s)) for
s> 0.

Clearly, the same method can be employed to prove (¢;(s), ¥1(s)) < (¢2(s), ¥.(s)) for s > 0. Hence,
the uniqueness follows directly.

(i) (Strict Monotonicity of Solution on R, ) Assume that (¢, 1) is a monotone increasing solution of
(3.1). For any ¢ > 0, by (3.11), we get

1 s+0 B - N
P(s+v) = 407 —) [/ (e T8 — P TN (Y (§ — cTy))dE
A — M 0

+00
4 / (ex]*(ﬁ—z?—s) _ e*f““’)_qf)h(l/f(é - Cfl))dé]

5+

1 y - r - + gt
T 05— m[/ (€h 7 — TR (' + 9 — cT)dE]
WAL = 2 —0

+ f (10780 = DI 49 — 7)) |
1 et e
A (=€) __ A s—AE r_ /
> o[ @ = e e - ende

400
N / (07— Y E — et ]

=¢(s), VseR,.

Similarly, we can prove ¥ (s + ) > ¥ (s) on R, for any & > 0.
(iii) (Existence of Monotone Increasing Solution) For the existence, we divide the proof into the
following steps.

Step 1. For any fixed ¢ > 0, we prove that the equations
c@'(s) —di@"(9) =h(Y(s —c11)) —bip(s), sER,
{ cY'(s) — oy () =g(p(s — c)) — bY(s), s€R
have a monotone increasing solution (¢, V) satisfying either
(@) (p(—00), ¥(—=00)) =(0,0), (¢(+ 00), ¥(+ 00)) = (u",v"),
or
(b) (@), ¥(5)=(0,0) fors<0, (d(+00),¥(+00))=(u"v").
For the case (a), (u(t, x), v(t, x)) := (¢p(x + ct), ¥ (x + ct)) is a travelling wave solution of

du 0’u

E:dlﬁ—blu—l—h(v(t—r.,x», t>0,xeR,

2 . (3.17)
E:dzﬁ—bz\/'f‘g(u(l—fz,x))s t>0,xeR.

For the case (b), (¢(s), ¥ (s)) is a monotone increasing solution of (3.1), and (u(t, x), v(t, x)) ;= (¢p(x +
ct), ¥ (x + ct)) is called a semi-wave solution of (3.17). Thus, the conclusion of this step implies that
(3.17) has either a monotone travelling wave or a monotone semi-wave with speed c for any fixed ¢ > 0.

Take a sequence {§,}°, satisfying 8, € (0, %) and 6, \( 0 as n — oo, and let (¢,, ¥,) be the mono-
tone increasing solution of (3.14) with & replaced by §,, which is obtained in Theorem 3.1. Then,
s, := max{s: ¢,(s) = %u*} is well-defined. By Theorem 3.1, we know that s, is monotone increasing
in n.
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Define (¢,(5), ¥u()) := (¢u(s +5,), (s +5,)) for s€R. Then, ¢,(0)=1u* and (¢.(s), ¥.(s))

satisfies
cd(s) — i@ (s) = h(Yu(s — cT)) — bid(s), 5> —s,,
P(s) — dy i) (s) = g(@u(s — c12)) = by (s), s> —s,,
(@), V(8)) = (B,0", 8,v%), s < —s,,
(@u( 4 00), ¥, (+ 00)) = (u*, V™).

Since s, is monotone increasing in n, we have s, := lim,_, . s, € (0, +00].
From the proof of Lemma 3.2, we know that there exists a positive constant C independent of n such
that

9u(9)], 18, (1 1, (S, [ ()] [, )] 1Y, (9] < C

for all s € R,. That is, ¢, and v, are uniformly bounded in C*(R,), from which we can deduce that
@.(5), @.(5), ¥,,(s) and ¥/ (s) are equicontinuous on R.. Applying the equations in (3.14), we know that
@/ (s) and " (s) are also equicontinuous on R, . By the Arzela—Ascoli theorem, there is a subsequence,
still denoted by (¢,,, w ), converges to (d) 1//) in C2 (R). It is easy to know that (¢(s) w(s)) is monotone
increasing in s and satisfies ¢(O) = —u

(a) If sp = 400, then (¢(v) l/f(s)) satlsﬁes
{ c'(s) — d@"(s) = h(Y (s — cT)) — bip(s), sER,
cP'(s) — o' (s) = g(P(s — cT)) — by (s), seR.

Since (¢(s), &(s)) is monotone increasing and uniformly continuous on R, , by Lemma 2.3 in [37] we
can deduce~that lim,_ ,, ¢'(s) =lim,_, o, ¢"(s) =0 z}nd lim,_, o, ¥'(s) = lim_Hog W' (s) =~0, which imply
(p( £ 00), ¥ (£ 00))=(0,0)or (u*, v*). In view of ¢p(0) = %u*, we know that (¢(—00), ¥ (—00)) = (0, 0)

and (¢(+ 00), ¥(+ 00)) = (", v").
(b) If 59 € (0, 400), then (¢(s), ¥ (s)) satisfies

cd'(s) — d@"(s) = h(Y(s — cT)) — bip(s), s> —s,,
c¥'(s) — dy i (s) = g(d(s — cT2)) — by (s), s> —so,
(@(s), V() =(0,0), 5< —s0.

Let (¢(s), ¥(5)) = (¢(s — 50), ¥ (s — o)), we can also prove (¢( 4+ 00), ¥( + 00)) = (u*, v*). Obviously,
(@(s), ¥(s)) = (0, 0) for s < 0. This completes the proof of Step 1.

loc

Step 2. For any c € (0, ¢*), we prove that (3.17) has no travelling wave solution.

We claim that ¢* is the minimal wave speed for travelling wave solutions of (3.17), that is, (3.17)
admits a monotone travelling wave solution for ¢ 2> ¢* and has no monotone travelling wave solution for
ce(0,ch).

Indeed, for the quasi-monotone system (3.17), applying the theory of monotone semiflows developed
by Liang and Zhao [22], we can prove that c¢? is the asymptotic spreading speed and coincides with the
minimal wave speed. The proof is similar as that of Theorem 5.1 in [22], Theorems 2.1-2.2 in [17] and
Theorem 3.1 in [21]. The key step in the proof is verifying the conditions in [22].

We first introduce some notations. Let C = C([—1,,0] x R, R) x C([—1,,0] x R, R), C= C([—
7,,0],R) x C([—14,0],R), X = (C N L®)(R, R?),

Cursr = [(©1,42) € C0 < (6,2 <won [~7,, 0] X R, 0 < 9(6,3) < v'on [, 0] x R}

and

Cursr= @192 € G0 < 01(0) <u'on [=2,,01,0 < (6) < von [, 01 .
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Clearly, any element in C or X can be regarded as a function in C. We equip C with the compact open
topology and define the metric function d(-, -) in C with respect to this topology by

d((e1, ¢2), (@1, 92))

_ = MaXgep o, 011<k [91(0, %) — @1(6, X)| + MaXoer, o<k 9206, %) — 9200, %)
- Z 2k
k=1
for any (¢, ¢2), (@1, ¢,) € C, so that (C, d) is a metric space.
Define f : C — X by
S @)@ = (fi@1 (0. (01, )

= (<5110, + hlga(=T1, X)), ~b292(0.5) + 8(1 (—2, ) ).
We can then rewrite (3.17) as follows

ou 0%u
TS =d, e + fi(u,, v)(x),

v %
E = dzﬁ +fZ(ur, vt)('x)’

where (u,, v,) € C withu,(0,x) = u(t + 6, x) for0 € [—1,,0] and v,(0, x) = v(t + 0, x) for 6 € [—1,, 0]. The
condition (A1) in [22] is satisfied by the property that both (u(z, —x), v(, —x)) and (u(t, x + y), v(¢, x +
y)), Yy € R, are also solutions when (u(t, x), v(t, x)) is a solution.

By Lemma 2.9 in [38], there exists a solution map Q, = (Q¥, Q7)) : Cys vy —> Cir o) for t > 0

(3.18)

O/l(@1, )10, x) = u (0, x;01, 92),  V(0,x) € [-12, 0] X R,
O/ (@1, )10, %) =v,(0, x;01, 2),  V(0,x) € [-71,0] X R,

and Q,:Cs,+) —> Cyr,+ is monotone. Thus, the condition (A4) in [22] holds. Similar as the proof of
Lemma 2.2 in [17] and Lemma 3.2 in [21], we can show that Q, is continuous in (¢;, ¢,) with respect
to the compact open topology uniformly for ¢ € [0, t,] with any #, > 0. Since (3.18) is an autonomous
system, {Q,};>o is a semiflow on C,+). Thus, the condition (A2) in [22] holds.

Let Q, be the restriction of Q, to C_(u*,v*>. It is easy to see that Q, : (f(u*,v*) — (f(u*,v*) is the solution
semiflow generated by

{ ' (6) = fi(u, vo), 5.19)
V(0 =folu, vi)
with the initial data (¢;, ¢,) € 67(“*,‘,*, By Corollary 5.3.5 in [27], Q, is eventually strongly monotone
on C_’(u*m. In the proof of Theorem 2.3 (iv), we have known that s(Df(O, 0)) = max{ReA; det (Al —
Df(O, 0)) =0} > 0. By Corollary 5.5.2 in [27], (6, f)) is an unstable equilibrium of (3.19). By the Dancer-
Hess connecting orbit lemma (see, e.g. Section 2.1 in [41]), the semiflow Q admits a strongly monotone
full orbit connecting (0, 0) to (u*, v*). Thus, the condition (A5) holds for each Q,, > 0.

Similar as the proof of Lemma 2.3 in [17] and Lemma 3.3 in [21], we can prove that the following
two statements hold:

(a) for (1, 1,) € (15, +00) X (1, +00), (Qj‘] [Ciur ] Q}'Z [Ciux »4]) is precompact in Cx

(b) for (t,,1,) € [0, .] x [0, 7;], (Q;‘l [Cor1](0, -), Q;’z [Cur»1](0, -)) is precompact in X, and there
are positive numbers (¢, ) < (7, 1) such that Oy [(u, VIO, ) =u(® +¢,x) for —17, <O < ¢,
O [(u, 1@, -) =v(@ + ¥, x) for —7; <O < —¥, and the operators
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u(0,x), 0el-1,—¢),

O [(u,n]©O,x), 0e€[-¢,0],
v(0,x), 0el[—1,—1),

0, [, n]®,x), 6e[-7,0]

have the property that S;[D], S,[D] are precompact in Cx,+ for any T-invariant set D C C,+) With
D(0, -) precompact in X. Thus, the condition (A6)(a), (b") in [22] holds. By the theory of monotone
semiflows developed in [22], there exists ¢* > 0 such that ¢* is the asymptotic spreading speed, which
coincides with the minimal wave speed.

Next, we prove ¢* =c*. Let M, = (M!, M) :C — C be the solution map at time ¢ of the following
linear equations

Si[(u, 1O, x) = {

Sa[(u, v)I(E, x) = {

du 9%u )
E ZdIﬁ — blu +h(0)v,,
; af (3.20)
v v
E = dzﬁ — bzv + g/(O)Mt
For A > 0, we define the linear map B, = (B, B)) : C—>C by
B[(¢1, 9)1(0) = M;[(¢1, p2)e 16, 0), V6 € [~1,, 0],
B/[(¢1, 9)1(0) = M, [(¢1, p2)e 16, 0), V6 € [~1,,0].
Then, B, = (B}, B)) : C — C is the solution map of the following equations
u'(t) = d \*u(t) — byu(®) + K (O)v,,
3.21)

V(1) = dp A2V(t) — byv(t) + g (O)u,.
Let
d\\?—b, K xn
A= gy dyp? —b,

Since (3.21) is a cooperative and irreducible delay equations, it follows that
det (xI —A(x)) =0,
i.e.
X2 - [(d1)~2 — b))+ (doA? — by)lx + (dl)hz - bl)(dz)hz —by) — h/(o)g/(o)e—x(rl+rz> =0,

admits a real root x (1) which is greater than the real parts of all other ones (see Theorem 5.5.1 in [27]).

Define ®(1) = £2. By Theorem 3.10 in [22], we know ¢* = inf,_, ®(1) = inf,.o X2, Let ¢ = £,
then ¢* satisfies ¢* = ®(A*) and %l »=+»=0. Then, (c*, A*) can be determined as the positive solution to
the system
IA“(A,T)

ar

where A(X, 7), as a function of ¢ and A, is defined in (3.2). From the conclusions of Lemma 3.1, ¢* = ¢.
This completes the proof of the claim.

We should mention that the existence of monotone travelling wave solution to (3.17) for ¢ > ¢ has
also been proved in [38] by the method of lower and upper solutions.

A°(A, T) =0, 0, (3.22)

Step 3. For any c € (0, c’), we prove that (3.17) has a monotone semi-wave with speed c, or
equivalently, (3.1) has a monotone increasing solution.
By the conclusions in Steps 1-2, we can immediately get the desired result. O
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monotone semi-wave  monotone traveling wave
with speed ¢ with speed ¢

*

[

T

Figure 2. Dichotomy between semi-waves and travelling waves.

Remark 3.1. From Lemma 3.2, Lemma 3.6 and its proof (Step 2), we conclude that there is a dichotomy
between monotone semi-waves and monotone travelling waves for (3.17). More precisely, for each ¢ > 0,
(3.17) has either a monotone semi-wave solution with speed ¢ or a monotone travelling wave solution
with speed ¢, but not both. c¢* is the critical value. The ranges of ¢ for both cases are shown in Figure 2.

Lemma 3.7. Let (¢, ¥¢) be the unique strictly increasing solution of (3.1) with any fixed c € (0, c¥).
Then, the following conclusions hold.

@) If O<ci<cy<c;, then ((9)(0), (Y1), (0)) > ((¢),(0), (¥2) (0)) and (¢ (s), ¥ (s)) >
(¢(s), 2 (s)) for s > O.

(if) For any fixed >0, there exists a unique c,(t)€(0,c) such that (=), (0)=c,(7).
Moreover, c,(t) is strictly increasing in . and lim,,_, ,, ¢, (t) = c.

@) If (71, ) 2 (11, ), then ¢, (D) < c (D) WithT =T+ L,and Tt =1, + 1o

Proof. (i) Since 0 < ¢, < ¢, and ((¢2)'(s), (¥ )Y (s)) > (0, 0) for s € R, we have

(@) (s) — di(@?)'(s) < (Y2 (s — cT1)) — b19™(s), 5> 0,
(¥ 2)(s) = do(Y2)'(s) < (92 (s — c)) = bap(s), >0

with (¢ (s), ¥i(s)) = (0,0) for s <0 and (¢ (+ 00), (4 00)) = (u*,v*) (i=1,2). The compari-
son principle implies (¢! (s), ¥ (s)) > (¢2(s), ¥2(s)) for s > 0. Let qg(s) =@ (s) — ¢p(s) and &(s) =
Yei(s) — Y2(s), then

a1/ (s) — di§"(5) + bip(s) = h(Y (s — c11)) — h(Y2(s — c11)) > 0, s> 0,
1 (s) — dyyr () + by (5) = g(¢°' (s — cT)) — g2 (s — cT)) > 0, s> 0,
(#(0), ¥(0)) = (0,0).
By the Hopf boundary lemma, we obtain (¢, (0), ¥/ (0)) > (0, 0) and then
(¢ (0), (Y1), (0)) > (($™)(0), (¥, (0)).

(if) Similar as the proof of Lemma 3.11 in [35], we can show that the mapping ¢ — (¢, ¥°) is contin-
uous from (0, ¢¥) to [C;, ([0, +00)]* and satisfies lim, .: (¢¢, ¥°) = (0, 0) in [C}, ([0, +00)]*. It follows
that &,(c;7) := (¢).(0) — i is continuous on (0, ¢}) and lim, . §,(c;T) = —% < 0. From (i), we see
that &,(c;7) is strictly decreasing in ¢ € (0, ¢¥). Note that £,(0;7) > 0. Therefore, there exists a unique
(1) € (0, ¢¥) such that &,(c,(1);7) =0, i.e. u(p*), (0) = c, (7).

Since &,(c;T) is strictly increasing in p, we know that c,(7) is also strictly increasing in p for
¢ €(0,¢¥). Thus, ¢ := lim,_, . c¢,(7)is well-defined and ¢ € [0, ¢*]. We claim that ¢ = ¢]. In fact, assume
by contradiction that ¢ < ¢, then lim,_, ;. (¢”) (0) =lim,_, ““T(” =0, which yields (¢),(0)=
lim, -z (¢¢), (0) = 0. By (i), we have lim_ .. (¢°),(0) < (¢), (0) =0, which is a contradiction. Thus,
lim,_ ;o ¢, (T) =C}.

(iii) To stress the dependence of the solution to (3.1) on time delays, we denote it by (¢¢, ¥¢). Since
T > 1, from (3.5) we have ¢} < ¢?, which implies that &, (c;7), §,(c;7) are well-defined for ¢ € (0, ¢%). To
get ¢,(T) < ¢, (7), it is sufficient to prove that &,(c;7) < &,(c;7) on (0, ¢}), or equivalently, (¢5)’ (0) <
(#7),.(0).
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Since (¢<(s), Y<(s)) is increasing on R, we have (¢<(s — cT)), Yi(s — cTr)) < (@E(s — c1y), Yi(s —
cty)). It follows that (¢$(s), ¥<(s)) satisfies
c(9?) (s) — di(97)"(s) + b1z (s) = h(Y: (s — cT)) S h(Yi(s — cTy)), 5> 0,
(Y)Y (s) — do(P5)'(8) + bapi(s) = 8(h: (s — ¢T2)) < g(Pi (s — ¢T2)), s> 0,
Pi(s)=vy:(5)=0, s<0,
which implies that (¢£(s), ¥£(s)) is a lower solution of the following problem
S, =d, b, — P, — b+ h(V(t,s —cTy)), t>0,5>0,
U, =d, ¥V, — cV, — bV + g(P(t,s — c1y)), t>0,5>0,
O(t,5)=V¥(,5)=0, t>0,5s<0,
(90, 5), (0, 5)) = (¢:(s), Y£(s)).

By the maximum principle, we know that the solution (®(z, s), W(t, s)) of (3.23) is increasing in # > 0 and
satisfies lim,_, , o, (®(t, 5), U (1, 5)) = (¢*(5), ¥*(s)), where (¢*(s), ¥*(s)) is a solution of (3.1). Clearly, the
uniqueness of the solutions to (3.1) ensures that (¢*(s), ¥*(s)) = (@:(s), ¥<(s)). Thus, for all s > 0, we
have

(3.23)

(@:(5), ¥£(5)) = (D(0, ), W(0,5)) <(D(,5), V(2,5)
L(D(+ 00, 5), U(+ 00, 5)) = (P(5), Y(s)).
Let ¢(s) = ¢°(s) — ¢<(s), then ¢ satisfies

@' (s) — did"(s) + bip(s) = h(Yé(s — c1y)) — h(Yi(s — c1))
> h(Ye(s — c8)) — h(Y(s — ¢5)) =0, s> 0,
$(0)=0.

The Hopf boundary lemma yields 43’(0) > 0, that is, (¢7), (0) > (¢¢), (0). This completes the proof.  []

3.2 Asymptotic spreading speed when spreading happens
In this subsection, we present the asymptotic spreading speed of (1.4) when spreading happens.
Theorem 3.2. Assume that Ry > 1 and s,,, — §10, = +00. Then lim,_, ., # =1lim,_ %(’) =c,(7).

Proof. It is sufficient to show lim,_ ., @ =c,(7), since the limit of %(’) can be similarly proved by

considering the free boundary problem for (u(t, —x), v(t, —x), —s,(t), —s,()).
We first prove lim sup, . 22 < ¢, (7). For any sufficiently small constant & > 0, let (¢¢, ) be the
unique strictly increasing solution of the following semi-wave problem

cp'(s) —di9" () = h(Y (s — ct1)) — (by — £)P(s), s>0,
cY'(s) =o' (s) = g(@(s — cm)) — (b — &)Y (5), 5>0,
(9(s), ¥ () =(0,0), s<0,

(P(+ 00), Y (+ 00)) = (u, V),

where (], v;) is defined as the positive equilibrium of (3.24). By Lemma 3.7, there exists some ¢/, () > 0
such that

(3.24)

5 (0)

(e

YO =c,(0),  lime, ()= c,(2).
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Let & = £, itis easy to check that (u}, v}) > (u , vi ) > (u*, v"), which together with (2.10)—(2.11) imply
that there exists some f, > 0 such that

u(t,x) <u*

€0

for (1, x) € [ty — T2, +00) X [51(1), 2(?)],
v(t, x) < V:o for (¢, x) € [ty — t;, +00) X [5,(2), s2(0)].
In view of (¢S(+ 00), ¥<(+ 00)) = (uZ, Vi), we have

(Do (Lo — 52(20)), e (ly — 52(10))) > (M:O, V:U) for some Iy > $,(to).

Define
_ C;(T)(t - tO) + lO’ te [t09 +oo)9
5() =
ly, te[ty—max{t, 1.}, 1],
_ ¢;(§2(I) - x)’ te [t(), +Oo),x € [07 EZ(I))7
u(t,x) = _
Ol —x), telty— 1, 1], xe[0,5(0))=10,1l),
. Y (5:(0) —x), 1€ [fy, +00),x € (0, 5,(1)),
v(t,x) = ~
vl —x), telty— 1, bkl xe[0,5())=I0,l).

Clearly, straightforward computation yields that (u(z, x), v(z, x), 5,(¢)) is an upper solution of (1.4) with
(s1(1), s2(1)) replaced by (0, s,(¢)). It follows from Lemma 2.2 that 5,(¢) > s,(¢) for # > t,. Therefore,

55(0)
1

t
lim sup Sz—i) < lim sup

=00 —>00

<.

Taking ¢ — 0, we have lim sup,_, @ < cu(7).
Next, we prove liminf,_, "Zf” > ¢, (7). For any sufficiently small constant € > 0, let (¢¢, ¥¢) be the
unique strictly increasing solution of the following semi-wave problem
c'(s) —di@"(s) =h(Y (s — ct1)) — (b + €)p(s), s>0,
cP'(s) — oy’ (s) = g(p(s — c)) — (b + €)Y (s), s>0,
(@(s), ¥ () =(0,0), s<0,
(¢(+ 00), Y(+ 00)) = (uf, v)),
where (!, v¥) is the unique positive equilibrium and satisfies (u}, v¥) < (u*, v*). Since (¢¢, ¥¢) is strictly
increasing, we have (¢:(s), ¥<(s)) < (u},v?) for any s > 0. Note that lim,_, , (u(t, x), v(t, x)) = (u*, v*)

locally uniformly for x € R when spreading occurs. Thus, for any L, > O there exists T, > max{t;, 7,}
such that

$2(Ty — max{z;, 2}) > Ly,
(M(t, -x)’ V(t, -x)) 2 (u:’ V:) for any (L -x) € [TO - maX{Tlv TZ}, +OO) X [_LO, LO]

From Lemma 3.7, there exists some ¢ (7) > 0 such that /L((bfg“(r)):r(O) = ¢ () and lim,_, ¢ (1) =
¢, (7). Define

o e ()t —To) + Ly, 1€ [Tp, +00),
S,(f) =
- Ly, tel[T, —max{t, 1.}, Tol,

¢Z(§2(t) - .X), re [T07 +OO), X € [07 gz(t))’

u(t, x) =
{ ¢:(LO - x)s te [TO — Ty, TO]s X e [O, §2(t)) = [O, L0)9

([ ) w:(éz(t) - X), te [TO’ +OO)’X € (O’ Qz(t))3
v(t, x) =
- Yi(Llo —x), te[ly—1,Tol,x€[0,s,(t)) =[0, Ly).
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It is easy to check that (u(z, x), v(t,x), 5,(¢)) is a lower solution of (1.4) with (s,(?), s,(#)) replaced
by (0, s,(¢)). Then, the comparison principle implies that s,(¢) >s,(f) for t>T,. It follows
that liminf,_, o ‘27(” > liminf,_, o 52—:’) 2 ¢;(t). Taking € — 0, we have liminf, ”T(” > c,(t). Thus,

lim,_. ., 22 = ¢,(t), which completes the proof. O

Remark 3.2. In Theorem 3.2, when R, > 1 and spreading occurs we obtain that s, (f) = —c,(7)t + o(t)
and s,(¢) = ¢, (7)t 4 o(t) as t — oo. However, finer estimates of |s(f) + ¢, (7)t] and |s,(f) — ¢, (7)t| are
still unknown, which will be considered in the future work.
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