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Abstract

Scale-free percolation is a stochastic model for complex networks. In this spatial ran-
dom graph model, vertices x, y € Z¢ are linked by an edge with probability depending
on independent and identically distributed vertex weights and the Euclidean distance
|x — y|. Depending on the various parameters involved, we get a rich phase diagram. We
study graph distance and compare it to the Euclidean distance of the vertices. Our main
attention is on a regime where graph distances are (poly-)logarithmic in the Euclidean
distance. We obtain improved bounds on the logarithmic exponents. In the light tail
regime, the correct exponent is identified.
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1. Introduction

1.1. The model

We study scale-free percolation, which we henceforth abbreviate as SFP. This is a stochastic
model for real networks such as social networks, biological networks, the internet, etc. that was
introduced in [9]. Many real networks share ubiquitous features such as scale-free degrees and
small-world behaviour. Our model, SFP, is an infinite spatial random graph model that exhibits
these features; it is embedded into the hypercubic lattice Z¢ and shows geometric clustering.
Closely related models are based on point processes rather than the fixed grid structure of Z¢,
and such models have been studied on finite and infinite domains. We discuss these variants in
Section 1.4.

We now describe the model in detail. We consider the lattice Z¢ with fixed dimension d >1
and construct a locally finite random subgraph of the complete graph on the vertex set Z<.
Recall that a graph is called locally finite if all its vertices have finite degrees. To each vertex
x €74, we assign an independent and identically distributed (i.i.d.) weight W, which fol-
lows a power-law distribution with parameter t — 1 (r > 1), i.e. P(Wy > w) = w @D >,
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Conditioning on these weights, we declare an edge {x, y} to be open independently of the status
of other edges with probability

(1.1)

W, W, >
lx—ylo )’

Pry=1- exp(—k

where | - | denotes the Euclidean norm and «, A > 0 are further parameters of the model. We
write x ~ y if the edge {x, y} is open. The object of interest in the present study is the subgraph
induced by the open edges; we call its connected components clusters.

Scale-free percolation indeed generates scale-free networks in the sense that the degrees of
vertices follow a power-law distribution with tail exponent

y =a(t — 1)/d. (1.2)

That is,
P(D,>k)=k7Ve(k), keN,

where D, is the degree of x € Z¢ and ¢ is slowly varying at infinity, cf. [9].

The focus of the present paper is on graph distances. Recall that the graph distance between
two vertices is defined as the length of a shortest open path connecting them. If the vertices are
in different clusters (and hence such open paths do not exist), then the graph distance is co.
Graph distances in real networks, in particular social networks, have been the focus of network
research since Milgram’s experimental discovery of the small-world effect (casually phrased
as ‘six degrees of separation’), and have also been investigated theoretically since then, e.g.
[17, 18].

On finite networks, say with N vertices, ‘small world” means that the graph distance between
two points is much shorter than a regular structure would suggest, e.g. (log )1 as N — oo.
Our network is infinite, and we therefore give a different interpretation to the small-world
effect. We call an infinite subgraph C C Z? a small-world graph if the graph distance D(x, y)
on C is much smaller than the Euclidean distance, i.e. if

om as [x —y| — oo. (1.3)

D(x. y) = (log [x —y)

For graph distances in scale-free percolation, a rich phase diagram has been established in

the literature: conditional on two points, x and y say, to be in the (unique) infinite component,
we get that, with high probability (as |x — y| — 00),

if y <1 then D(x, y) <2, cf. [15];
if @ <d, then D(x, y) < [d/(d — a)], cf. [15];
if y € (1, 2) and @ > d, then D(x, y) =

Tog=Ty log log [x —y1, cf. [9, 221;

e if y > 2 and a > 2d, then D(x, y) 2 |x — y|, cf. [10, 19].

This behaviour (together with our new results) is summarized in Fig. 1. The results in the
first three cases are referred to as the ‘ultra-small-world’ phenomenon, because the asymp-
totics are of smaller order than the requirements of (1.3). In these regimes, shortest paths are
typically formed by vertices that have the highest weight in a certain neighbourhood (locally
dominanting vertices or hubs). In contrast, for d <o < 2d and y > 2, the weights are more
homogeneous, and it is not sufficient to consider only dominant vertices to find the shortest
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D(x,y) <2 D(z,y) < [d/(d—a)]

2 3 4
FIGURE 1. Graph distances in different regimes of scale-free percolation. The shaded regions are those
we are interested in. The areas (a), (b), and (c) represent our improved bounds established in Theorem 1.1.

paths. In this regime, there is a fine interplay between weights and spatial positions of vari-
ous vertices, which leads to (poly-)logarithmic upper and lower bounds on graph distances.
The aim of this paper is to identify the right logarithmic power, thereby completing the phase
diagram.

At the phase boundaries (y =1 and y =2) we expect that the graph distances depend on
the precise tail behaviour of the connectivity function in (1.1), so that any universality is lost.

1.2. Main results
Before stating the main results, we first introduce some parameters:

-1 d
= a/\%:aA % w=anr(@r—1)—dy=ar(y—Dd, (1.4
log?2 log?2 log?2
= 1= —, = (1.5)
log(2d/w) log(2d/ay) log(2d/a2)

Here, x A y means the minimum of x and y. If y in (1.2) is larger than 2, then d < o] < <
o < 2d. As aconsequence, | < A1 <Ay <A.

Deijfen et al. showed in [9] that, ford < o < 2d and y > 1, if P(W = 0) < 1 then there exists
a critical value X¢ € (0, co) such that for A > A, there exists a unique infinite cluster. We thus
may condition on two vertices x and y being in the same infinite cluster.

Theorem 1.1. For scale-free percolation with parameters & > ,¢, y > 2, and d < o < 2d, we
have, for any € > 0,

lim P((log |x — y)*1™* < D(x, y) < (log |x — y)**** | x, y € o) = 1.

[x—y|—o00

Depending on the values of y and «, the various minima in (1.4) give rise to three different
regimes. These are depicted in Fig. 1. Writing Co, for the unique infinite cluster in the graph,
we get:
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(a) fory > 2, a(t —2) <d, and arbitrary ¢ > 0,

lim  P((og |x —yD*' ¢ <D(x, y) < (log [x — y)*2* | x,y € Co0) = 15
o0

[x—y|—
(b) for 7 <3, a(r —2) > d, and arbitrary ¢ > 0,

lim P((log |x — y)™' ™ < D(x, y) < (log [x — y)*** | x, y € Co) = 15

[x—y|—00
(c) for t >3 and arbitrary ¢ > 0,

im P((log [ —yD* 7 = Dlx, ) < (log b = y)A x, y € Coo) = 1.
x—y|—

Note that here the upper bounds in (b) and (c) are from [10].

Despite the improvements in both the upper and lower bounds, the reader may observe
that there is still a gap between them in cases (a) and (b) in our result. Therefore, it remains
open as to what the correct exponent is. The main difficulty in closing the gap between the
upper and lower bounds is that we do not have a precise estimate for the probability of a path
being open in scale-free percolation. Lemma 2.2 gives a nice upper bound. However, in view of
Proposition 3.2, it appears that this bound is not optimal for t < 3. As shown in Proposition 3.2,
the actual asymptotics of the probability of a path being open in SFP are heterogeneous in the
exponents of edges, which poses a great difficulty.

In fact, our methods also apply to more general forms of connection probabilities than
(1.1). We return to this observation in Remark 3.1. If we make the extra assumption that addi-
tionally all nearest-neighbour edges are open, then a comparison with long-range percolation
(explained in the following paragraph) gives the following improvement to (b) and (c) above:
there exists C > 0 such that

lim  P(D(x,y) < C(log |x —yD*) = 1. (1.6)

[x—y|—o00

Note that the extra assumption ensures that x, y € Coo.

1.3. Comparison with long-range percolation

Before we proceed to the proofs of the results, we first introduce a related (though easier)
model named long-range percolation. Our analysis of scale-free percolation is crucially based
on techniques developed for long-range percolation.

Long-range percolation (henceforth LRP) is also defined on the lattice Z¢ for fixed dimen-
sion d > 1. Independently of all the other edges, the edge {x, y} is open with probability p:*?

Xy °
A typical choice of pLRF i
A
LRP
Doy =1— exp(— )
? bx =yl

o is ’
Note that p\” is equal to p,y for scale-free percolation (as defined in (1.1)) if Wy =1 or 7 = o0.

Biskup et al. studied the graph distances in long-range percolation and obtained sharp
results.

Theorem 1.2. ([3, 4, 20].) Consider the long-range percolation with connection probability
{Pxy} such that

LRP1x —y|* >0 (1.7)

liminf py

|x—y|—00
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for some o« > 0. If d < a < 2d and a unique infinite open cluster exists, then, for all ¢ > 0, we
have
lim P((log lx — yD*7 < D(x, y) < (log |y — yD*F* | x, y € Coo) = 1.

[x—y|—00
If, moreover, we have the stronger form of connection probability

A
LRP _ | _ oy ’
Pry PU =

and assume the existence of all nearest-neighbour edges, then there exist constants C > ¢ > 0
such that

im PleCloglx—y)® = Dlx.y) = Clog e —y)*) = 1.

x—y|—o00

Trapman [20], moreover, identified the growth of the balls {x € z4 : D(0, x) < n} for LRP
withd < o < 2d.

Now we can describe a coupling between LRP and SFP. To this end, we view the two models
from another perspective: to each edge {x, y} of the graph, we assign an i.i.d. Uniform[0, 1]-
distributed random variable U,y. Then, for the scale-free percolation model, we consider for
each edge {x, y} the event

A Uy<1-— p —A SRay
1= ex ,
X,y Xy | y|a

and we make the edge {x, y} open whenever A, , occurs. In the same way, for long-range
percolation we consider the event

1
B.,:=1{Uy=<1-— —A .
e e =]

We have thus constructed a coupling for the two models: since W, > 1 for all x € 74, we have

1 W, W,
1 —exp —A| @ <1—exp —)LW ,
xX=y xX=y

which implies A, , 2 B, y, and thus scale-free percolation dominates long-range percolation in
the sense that all the open edges in the LRP remain open in SFP. We therefore get that distances
in LRP are an upper bound for distances in SFP, and in particular get the upper bound (1.6).

For the remaining regimes, there are many rigorous results about the graph distance D(x, y)
as |[x —y| — oo. When o« < d, [1] showed that D(x, y) is bounded by some (explicit) constant.
When o > 2d, [2] showed that D(x, y) > |x — y|. For the borderline case « =2 for d =1, [12]
showed that D(x, y) ~ |x — y|8 for some § € (0, 1).

1.4. Related work

Various aspects of scale-free percolation (also known as heterogeneous long-range percola-
tion) have been investigated in the literature, both on the lattice 74 [10, 15] and as a continuum
analogue [8, 11], where vertices are given as a Poisson point process. The results in the present
paper have been obtained on Z, but it appears that we do not make use of the lattice structure
in any crucial way, so that analogue results should hold for a continuum version of the model.
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A continuum version of scale-free percolation on a finite domain (properly rescaled) is known
a geometric inhomogeneous random graph see [5, 6, 7].

It has been pointed out recently [13, 14] that (continuum) scale-free percolation, as well as
many other random graph models, can be understood as special cases of the weight-dependent
random connection models. In the language of [13], scale-free percolation corresponds to the
weight-dependent random-connection model with a product kernel and polynomial profile
function. Note that the parametrization in [13] is different; see in particular [13, Table 2].

For related recent work on spatial preferential attachment graphs we refer to [16].

1.5. Overview

We first prove the lower bound in Section 2. More precisely, we show that the probability
that there exists a shorter path than the lower bound is negligible. We do this by estimating
the path probability and counting the eligible paths using a so-called ‘hierarchy’ argument. In
Section 3 we prove the upper bound with a double edge argument.

2. Proof of the lower bound

In order to prove the lower bound, we derive variants of Biskup’s arguments [3] in the set-
ting of scale-free percolation. Similar to [3], we split the argument into three propositions. The
key difference between SFP and LRP is that adjacent edges in the former model are only con-
ditionally independent. We resolve this by adjusting the definition of a hierarchy and combine
it with estimates from [9] to break up the dependence structure.

Definition 2.1. Given an integer n > 1 and distinct vertices x, y € 74 we say that the collection
Hax, y) ={(zg):0 €{0, 1}¥, k=1,2, ..., n; z5 € Z%} is a hierarchy of depth n connecting x
and y if

(i) zo=xandz; =Yy;

(i) zg00 =200 and z511 =241 forallk=0,1,...,n—2and all o € {0, l}k;
(iii) forallk=0,1,...,n—2andall o € {0, 1}* such that z,0; # 2,10, the edge {z501, Zo 10}
is open;

(iv) each edge {z501, 2010} as specified in (iii) appears only once in H,(x, y);

(v) for 24, 2o, in Hu(x,y) with k€ {0, 1,...,n— 1}, 01, 02 € {0, 1}**!, and o # 07, we
have z,, = z4, if and only if there exists o € {0, l}k such that oy =00 and o =0o1. In
this case, we call the vertices z,, and z,, degenerate, otherwise non-degenerate.

The vertices (z,) are called sites of the hierarchy H,(x, y).

In the toy example depicted in Fig. 2, we find two overlapping sites. For zoo1(=zp011) and
zoo10, there exists o = (0, 0, 1) € {0, 1}3 such that z,| = z50. Therefore, this is a degenerate
site in the sense of Condition (v). Similarly for zp19 and zgp101.

Remark 2.1. With only Conditions (i)—(iv), our definition would coincide with [3, Definition
2.1]. In addition, we impose Condition (v) to make sure that every element (z,) € H,(x, y) can
be fitted into a vertex self-avoiding path connecting x and y. By adding an additional condition,
we realise that the set of all hierarchies here is a subset of the hierarchies defined in [3], and
this will be helpful when we count the eligible hierarchies, e.g. in (2.18).
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210
201 21001
20110 . ( . ) 2101
010\= 20100
21010
= 20101
2110
21101
2001 (= Z0011) \
= 20010 21110
. 20001 .

=2 Y=z

FIGURE 2. A hierarchy of depth 4 with two degenerate sites zgg; and zo10-

The hierarchy H,(x, y) is essentially a (random) subgraph of the complete graph with
vertex set Z<. Condition (iv) ensures that the number of open edges in this subgraph is at
most 2”1, and Condition (v) guarantees that the degree of all vertices in 7, is no more
than 2.

Since the shortest path connecting x and y is necessarily vertex self-avoiding, meaning that
the weight of a single vertex appears at most twice in the path, we can estimate the probability
of such a path by the Cauchy—Schwarz inequality.

Lemma 2.1. ([9, Lemma 4.3]) Let x,y € 74 be distinct. Then, for all § >0, there exists a
constant Cs := C(8, \) > 1 such that

1/2

W W, 2
E[(ﬁ - Twlﬂ = Cslx =y, @1
xX=y

where o1 is defined as in (1.4).

Proof. From the proof of [9, Lemma 4.3] we know that

W, W. 2
]E|:<A Y /\1) }5C1(1+10g|x—yl) Jx — y| 2

lx — y[«
for some constant C; € (0, 0o0). Then, for all § > 0, we have

. l+4logr
Iim —— =

r—00 28

0.

Hence, there exists a constant C > 0 such that 1 +log r < C»r2 for all r > 0. Then we choose
Cs := 4/C1Cy Vv 2 as desired. O

Remark 2.2. Actually, the estimation above can be further refined for v > 3. If 7 > 3, the
weights W, and W, have finite variance. In this case, we can get rid of the § in (2.1). On the
other hand, since we can choose § arbitrarily small, the refinement does not change our result.
For our purpose, we choose § small enough thato —§ >d and a1 — & > d.
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Now we estimate the probability that a path is open from above. Note that we call 7 a path
of length n if there exist n + 1 distinct vertices xp, . .., X, € 74 such that 7 = (x0, ..., xn). We
say that 7t is open if all the edges {x;—1, x;}i=1,....» are open.

Lemma 2.2. ([9, Theorem 4.2]) Let 7w := (209, 21, --.,2n) € (Z‘i)"—H be a path of length n.
Then, for all § >0, P(rr is open) < ]_[:’zl Cslzi — zi,1|_°‘1+8, where the constant Cg is as in
Lemma 2.1.

The proof of Lemma 2.2 can be found in the proof of [9, Theorem 4.2], which combines the
Cauchy—Schwarz inequality with the alternating independence of the edges in the path. With
Lemma 2.2, we immediately realise that SFP behaves similarly to LRP in the sense that they
have similar upper bounds for the probability of a path, which also indicates that the lower
bound of SFP might be treated similarly to LRP.

Definition 2.2. Let x, y € 74 be distinct, n € (0, a1/(2d)), and n > 2. We define &, = £,(n) as
the event that every hierarchy H,(x, y) of depth n connecting x and y such that

2601 — 2010 > 1250 — 2o1|(log N) ™41 (2.2)

holds forall k=0,1,...,n—2,and all 0 € {0, 1}]‘ also satisfy the bounds

[T lz0—z1lv1=N®" forall k=1,2,....,n—1, (2.3)
oef0,1}k

where N = |x — y| is the Euclidean distance between x and y.

With help of Lemma 2.2 we now can estimate the probability of the event &,.

Proposition 2.1. Let n € (0, @1 /(2d)). Pick § > 0 so small that ¢y —§ —d >0 and o1 —§ €
(2dn, a1), then, there exists a constant c¢1 > 0 such that, for all x,y € 74 with N = |x —
satisfying

n"log N = 2(a — 8 — d),
P(&, 1 N&E) < (log N2 N~ —6=2dn )"
P(&5) < (log N)1 N~ (1 =0=2dm),

Proof. We modity the proof of [3, Lemma 4.5] to fit our model.

Let A(n) be the set of all 2"-tuples (z,) of sites (or hierarchies) such that (2.2) holds for
all o € {{0, l}k :k=0,1,...,n—1}and 2.3)istruefork=1,2,...,n— 1 butnot fork =n.
Then

PE L NENS Y P(Hu(x, y) with sites (z5)). (2.4)
(zo)eAn)

Here, the event ‘“H,(x, y) with sites (z,)’ means that all the edges in this hierarchy with sites
(z¢) are open as in Definition 2.1(iii).

Now we fix one single hierarchy H,(x, y) with sites (z;) and estimate its probability.
Typically, a hierarchy consists of isolated edges, i.e. edges that do not share a common ver-
tex. However, since we also allow degenerate vertices as in Definition 2.1(v), there might be
adjacent edges in the hierarchy. Nevertheless, we can decompose one hierarchy into several
disjoint connected components, as exemplified in Fig. 2. Condition (v) ensures that each of the
connected components is an open path.
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Example 2.1. Consider the toy example in Fig. 2. This hierarchy H4(x, y) can be divided into
five disjoint paths:

= (201105 Z110> 2001 20001)> 2 = (201, 210),
73 = (21001, 21010), 74 = (2101, 2110),  7T5 = (21101, Z1110)-
Now assume that the hierarchy H,(x,y) can be divided into m disjoint open paths

mi, i=1,2,...,m, with m; = (xj0, X1, . . . , Xim;) and x;; € (z5). Then, independence of edge
occupation imphes

n—1
P(H,(x, y) with sites (z,)) = P( m m {zo01 ~ Zal()}>

k=0 5€{0,1}
m m
= P( m{ﬂi is 0pen}> = 1_[ ]P)(nl is Open)’
i=1 i=1

where we rearrange the open edges in the hierarchy in the second step and use the fact that
these open paths are vertex-disjoint and therefore independent in the last step. Further,

m  m;

P(H,(x, y) with sites (z5)) < l—[ l_[ C iy — Ximy, |~ +8
i=1 j=1

IR —

5>
k=0 geqo.y (2001 = Za10l vV DT

where we apply Lemma 2.2 first and then bring the edges back in the original order again. In
the last step we add the maximum with 1 to make sure that the denominator is not zero.

Likewise, we denote the ‘gaps’ in the hierarchy by ¢, := 750 — 251, and 5 := x — y. With
this notation, we rewrite condition (2.2) as

2501 — Zo10] > |to|(log N) ™21 2.5)
and condition (2.3) as

[T 1]V 1=N®", (2.6)
oe{0,1}k

Let B(k) be the set of all collections (f5),¢ 10,1+ of vertices in 7% such that (2.6) is true. Then
(2.4) implies

log N)A1\ 172
ez om=ieolTT( 3 11 o))

(t:)eBk) 0 €{0,1}k

Note that for k =0, we have |fy| = N. Hence, the estimation above can be written as

o, 1 (Cs(log NyA11=9)y2" 1 1
|B(n)| N3 [1{ X Tl (mv])al S R o

(t5)eB(k) 0 {0, 1}F
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For each k there are at most 2¥ multipliers in the product over all o € {0, l}k (the number
is smaller if degenerate sites exist). Therefore, there are in total ZZ;(I) 2K =2" — I and we get
the exponent 2" in the numerator in the first fraction.

In addition, for n =2 the event 85 means that there exists a hierarchy with sites (z,) of
depth 2 such that |zo1 — zi0| > |20 — z1/(log N)™21 = N(log N)~21 and |z0 — zo1||z11 — 21] <
N2, Therefore,

Cs(log N)Al(arﬁ)
Nol| —5

PEH< > Por ~zi0) < B
(to)2B(1)

2.8)

In order to estimate (2.7) and (2.8), we need two lemmas from the appendix of [3].
First, for k € N and b > 0, we let O, (b) = {(ni) eN“in>1, ], ni=b" } and ©F(b) be
its complement in N¥. Then one has the following estimates.

Lemma 2.3 ([3, Lemma A.1]). For each & > 0 there exists a constant g1 = g1(g) < 0o such
that

K
1 -
Y [l -5 =@b loghy
(1)€O,(b) i=1 "

is true for all B > 0, all b > 1, and all k € N with

Kk —1
> E.

ﬁ_/clogb_

Lemma 2.4 ([3, Lemma A.2]). There exists a constant go < 00 such that, for each B > 1, each
b>e/4, and any k €N, 3, coc ) [T, n?_l < (g2bP log b)~.

Let (ns) be a collection of positive integers with n, < |t;| vV 1 <ns + 1. Note that |{x €
Z3:n<|x|v1<n+1} <cn® ! for some positive constant ¢ = ¢(d) independent of n. Then,
for each n, there exist at most cng_1 such ¢,s. Therefore,

Cs d—1 Cs
Z l_[ (|fa| Vi 1)061—5 = Z l_[ (cno nalfa
(ts)eB(k) 0 €{0, 1}k (n(,)ee)zk(N”k) oe{0,1}* o

k k
_ (Cseg* (n)* (og NY?
N2k —5—d) ’

(2.9)

where we have applied Lemma 2.3 in the last step with f =a1 —§ —d, b= N”k, and k =2k,
Since 1 < 1, we obtain the further bound

SO Cs _ (Cilog N
(ts)eB(k) 0 {0,1}F (It | v 1)0‘1*5 - N(Dt1*3*d)(2n)k ’

where we choose C; := ¢Csg). Now it is left to estimate the size of B°(n), and this can be
done with help of Lemma 2.4 as 3", \.pc(,) 1 < (C2 log N)* N9 with B =d, b=N"", and
K =2".
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Now (2.7) can be simplified to

ndeny (Cs(log NyAr@i=0y2" (Lol log N)**
Ne1—d L L N@i—s—d)CnF
=

(C>log N)*"

_ n o —((a1—6—d) Y171 @n)tay—s—dQ2n)!
S (Cl C2C3(10g N)A](Ol] 8)+2)2 N (((11 )Zk:l( n)*+ay (2n) )

< (log N)L‘12"N—(061—5—2d77)(277)"’

where the last step uses the bound (¢ — & — d) 22;11 Cnf4+ar —8—d2n)" = (a; — 8 —
2dn)(2n)". U

Our further strategy is to show that an open path with distance shorter then poly-logarithm
is impossible. More precisely, we show that the existence of a shorter path is contained in some
event with negligible probability. The event we use is as follows.

Definition 2.3. Letx, y € Z4 be distinct and n € N. We define F), := Fu(x, y) as the event that,
for every hierarchy of depth n connecting x and y and satisfying (2.2), every collection of
(vertex self-avoiding and) mutually disjoint paths 7, with o € {0, 1}"~! such that 77, connects
Zo0 and z,1 without using any vertex from the hierarchy (except for the endpoints z,o and z,1)
obeys the bound

> imel =2 (2.10)

oef0,1}1

It might be instructive to look at the complement F;: this is the event that there exists such
a hierarchy between x and y satisfying (2.2), but the edges filling the gaps violate (2.10). In the
following proposition we construct such a hierarchy in F from the shortest path.

Proposition 2.2 ([3, Lemma 4.6].) Let ¢ € (0, Ay). If N = |x — y| is sufficiently large and

Al —¢
log 2

n> loglog N, (2.11)

then {D(x, y) < (log N)*'~¢} N F, = 0.

Proof. The proof of [3, Lemma 4.6] still holds here for the event with modified hierarchy,
because the hierarchy there was constructed from the shortest path in which all the vertices
have degree at most 2. U

Now we start to fill the ‘gaps’ in the hierarchy. More precisely, we relate the events &, and
Fa by the following proposition.

Proposition 2.3. Let n € (0, a1 /(2d)). For § >0 so small that ¢y —8 —d >0 and a1 —§ €
(2dn, ay), there exists a constant c3 > 0 such that, for all distinct x, y € Z¢ with N = |x — y|

satisfying " logN > 2(a;y —8 —d), P (.7-',‘; N 5,1) < (log N)2*' N—(@=&HEen""

The idea of proof is to first fix one hierarchy with the sites (z, ), and estimate the probability
that the paths that fill the gaps of this hierarchy have a certain length. Then the gap-filling
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paths and the open edges in the hierarchy constitute a path connecting x and y. With help of
Lemma 2.2 we get the upper bound by summing over all possible hierarchies.

Proof. Let A*(n) be the set of all collections (z,), o € {0, 1}", satisfying (2.2) for k=0,
1,...,n—2and 2.3)fork=1,2,...,n— 1. Then

P(FSNE,) = Z P(FS NHy on (25)). (2.12)
(z5)€A*(n)

Here, ‘F;, NH, on (z,)’ means that H,, with sites (z, ) is a hierarchy satisfying F, as explained
after Definition 2.3.

We estimate the summands on the right-hand side of (2.12) by considering all possible
lengths of 7,. More precisely, let (1) be a tuple of non-negative integers for o € {0, 1}"~1.
Then

P(Fs NHyon (z5)) = Y P(Fy NHy on (20) with (|74 ) = (o). (2.13)

(mg)

Note that the open path 7, fills the gap between z,0 and z1 in H, for all o € {0, 1}*~1. All
such open paths, together with all the open edges (z501, Z510), o € {0, 1}"‘2, constitute a self-
avoiding open path between x and y. Let ', (m, ) be the set of all paths of length m, connecting
200 and Zg1, i.e. To(mg) = {11 = (x0, X1, . . ., X, ) With X0 = Z50 and X, =251}. Now we
estimate the probability in (2.13) as

P(F, NH, on (z5) with (|74 |) = (my))
= E[]P)(]:; NH, on (z5) with (|75 |) = (mg)) | (Wx)xezd]

=E[P< N Z0<>w1 ) {ZaO]NZalo}l(Wx)xezd>:|, (2.14)

oef0,1p1 aef0,1)2

where {z50 Ze, Zo1} Means 1, connects z,0 and z4 1.
By the conditional independence of edges, we rewrite (2.14) as

P(Fy, NHy on (z0) with (|77 |) = (o))

n—2
< Z E 1—[ P(rs | (Wy)iezd) 1_[ l_[ pza/0120’10i|

(76 ): 6 =(X505---Xoms) L oe{0,1}7~1 k=0 o'€{0, 1}k
vertex-disjoint

My n—2
_ > El [T Tlpwenw 1 TI1 pza,mzo,w}, (2.15)

(7T ): 76 =(X50,---» Xomg ) —O'E{O,l}"fl i=1 k=0 O"E{O,l}k
vertex-disjoint

where we sum over all possible paths between z,0 and z, for all o € {0, 1}”_1 and pyy is the
connection probability as in (1.1).

In the expectation in (2.15) the probability is divided into two parts: the first double product
involves the edges filling the gaps in the hierarchy, while the second double product is about
the open edges in the hierarchy, as depicted in Fig. 3.
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< / 2110
\
o1\ 2101 \
T=2p \ . 10 Tl
~_ T 010 D
~00 210 y=2

2001

FIGURE 3. A hierarchy of depth 3 with site (25 ), ¢g,1}3- The gap-filling paths are {7, } with o € {0, 1y%.

In this example, |woo| = 1, [o1| =3, |10l = 1, |711] =2,and ) |75 | =7 < 23 = 8. We see that the paths
here, together with the edges in the hierarchy, form a path connecting x and y.

Note that all these paths (77, ) have mutually disjoint vertices. Therefore, for fixed sites (z4)
and fixed paths (7, ), we obtain a self-avoiding open path starting from x and ending in y. Now
we use Lemma 2.2 to bound the probability of this path, i.e. the expectation in (2.15), as

My
E|: l_[ pr«r(i—l)”‘all_[ H pZa’01Zo’10:|

oe{0,1)—1 i=1 k=0 ¢’€{0,1}¥

|z5701 —Za/lol"‘1 -8

= 1_[ 1_[ (|x0(z 1) _x01| Vv - =8 1_[ l_[

0,1} i=1 o’e{0,1}k
Then, (2.15) becomes

P(]:C NHy on (z5) with (|74 ) = (my))

X 1 Mo 2oell T

(T6) oef0, 1}~ 1 i=1 k=0 o7€{0,1}*

|zo701 — 2o /10|°”

|zo701 — Zaflol"”

_ ( {]‘[ Qm”(zgo,zan) [T II

€{0,1}1 k=0 0"€{0,1}k

where

Onlen=" 3 l_[(pc, 1—x|v1)al =

T=(X0,...,Xm) i=1

XO=U, Xpp=V
Here, the sum runs over self-avoiding paths 7 of length m, and therefore Q,,(u, v) is the upper
bound for the probability that # and w are connected by an open path with length m. Note
that for all u, v € Z¢ with u #v and o > d, there exits a constant a € (0, 00), independent of
u and v, such that

1 1 a
> < . (2.16)
lu —wl* [v—w|* ™ Ju—v[
weZ4 we{u,v}

The estimate above can be obtained by splitting the sum into two cases: {w € Z% : [u — w| <
lv—w|} and {w e Z%: |u —w| > |[v—wl|}. In the first case we have |[v —w| > 1/2|u — v|, and
sincea >d, Y, £u 1/|lu — w|* < 0o. A similar argument holds for the second case.
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Then we can bound Q,,(u, v) from above by applying (2.16) m times iteratively and obtain

(Csa)™
)< ——— 2.17
Om(u, v) < e (2.17)
If we now sum over all the possible combinations of (m,) with ZG my < 2", we obtain the
upper bound
P(F; NHy on (z5))

|zo701 — Z¢7’10|O[l -3

< > ( [T 2noo za]))n]_[2 I1

(mg): Y, me<2" \ gel0,1}—! k=0 ¢'€{0, 1}
<(4 C )2"
260 — Zo1| vV 1)1 —8 26701 — Zo'10|%1 70
o1 (Iz50 ol| D= s e (0.1t lzo01 — 2o 10|

n—1
n Cs(log N (@ _5)A
<acy)? T T —2loe
k=0 x (Izo0 — 21| vV 1)*1
=0 5¢(0,1})
Here, we first used the estimation for Q,,(u, v) in (2.17) and the fact that the number of such
eligible tuples (m,) is at most 42", and subsequently used the fact that on &, the lengths of
open edges in the hierarchy are subject to the constraint (2.5).
We now can estimate the desired probability as

n—1 ’
" Cs(log )1 =94
P(FSNE,) = 4aCs)? 2.18
Finen= > @[] ] == 2.18)
(z0)€A*(n) k=0 5 €{0,1}¥

(c (IOgN)Al(Otl*B))Z” n—1
< 1_[ Z 1_[

— Noq—& | Vi 1)0:. s v 1o —3°

k=0 (t5)eB(k) o {0, l}k

Recall that B(k) is the set of all collections (1), o € {0, 1}¥, of vertices in Z? such that (2.6)
is true. Then, by applying Lemma 2.3 again (as in (2.9)), together with oy — 8 + (1 — §)
Sl @)k > (@ — 8)(25)", the result follows. 0

Proof of Theorem 1.1, lower bound. By Proposition 2.2 we can bound the probability of the
event {D(x, y) < (log N)*1~¢} by the probability of the event F once Proposition 2.2 holds.
That is, if the depth of the hierarchy n satisfies (2.11), ]P’(D(x, y) < (log N)Al_f) <P(F).

Now we fix € € (0, A| — 1). Since 27121 =, /2d by (1.5), we can choose § >0 and 7
such that 271/(3178) <y < (@ — 8)/2d, so that, in particular,

Al —e¢ 1
< .
log2 log1/n

We further fix §; € (0, @1 — § — 2dn). For large N we thus find # € N such that

— loglog N + log IR logloglog N
'~ % joglog N <n < ci . (2.19)
log2 log 1/n
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We henceforth assume that N is large enough that, for ¢; from Proposition 2.1,
(log N)1%" < NOI&D", (2.20)
In this case, the right-hand side of (2.19) is further bounded from above by

loglog N —log2(«; — 8 — d)
log 1/n '

Therefore, we may apply the assertions of Proposition 2.1, 2.2, and 2.3 (Proposition 2.1 even
for all smaller values of n), and we thus get

P(D(x, y) < (log N)*1 %) <P(Fg) <P(EF) + P(Fs N &)

<Y PEEN &) + PES) + P(FE N E).
k=3
<& &+ =3¢ (2.21)

Using Proposition 2.1 and (2.20), we get, for k <n, P(Ef, | N &) <N~ —6=2dn—=8)2)" apq
Proposition 2.3 yields a similar bound for P(F; N &,). Since 27 > 1, we thus get the right-hand
side of (2.21) arbitrarily close to 0 by choosing N sufficiently large.

Translation invariance and the Fortuin—Kasteleyn—Ginibre (FKG) inequality yield P(x, y €
Coo) > P(x € Cs0)? > 0. Therefore, we have limjy_y— o0 P(D(x, ) < (log [x — y)*17¢ |x, y €
Coo) =0, as desired. O

3. Proof of the upper bound

The upper bound in Theorem 1.1(b) and (c) is already established in [10], so we restrict our
attention here to the case t € (2, 3). Interestingly, for T > 3 the logarithmic power of the upper
and lower bounds match, and we have thus identified the correct exponent.

Unlike in long-range percolation, edges in scale-free percolation are only conditionally
independent. Intuitively speaking, adjacent edges are positively correlated due to the weight
of their joint vertex (see [21, Exercise 9.45]). Here we state a more general result, which is
implied by the FKG inequality.

Proposition 3.1. Let m = (x;)i=0,... n be a path in scale-free percolation and k € {1, . .., n — 1},
and let 1 and 1) be two subpaths of w by cutting w at vertex xi. That is, w1 = (x;)i=0
w2 = (Xi)i=k,...n- Then P(;r is open) > P(mr1 is open)P(m, is open).

,,,,,

From Proposition 3.1 we see that two adjacent edges (or even paths) in scale-free perco-
lation are indeed positively correlated. The next result tells us that in some cases the positive
correlation is significant.

Proposition 3.2. (Probability of adjacent edges.) In scale-free percolation with t € (2, 3) there
exist xg > 0 and ¢ > ¢y > 0 such that, for all x,y, z € 74 with [x —y| > |y — z| = x0, we have
cilx—y| ™y — 2P < Px~y~2) el —y ¥y — 272

Proof. We start by calculating the probability of this joint occurrence as
AW, W, AW, W,
Px~y~z2) =]E|:<1 - exp(— ARkt )) <1 - exp(—#))]
lx — y|* [y —z|®
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For 7 € (0, 00), we have %(Z/\ )<1—e'<tAl,sothat

AW, Wy AW, W,
Px~y~z <E[{ ——= A1l —= A <4Px~y~2), 3.1
lx — y|* [y —z|®

and it is sufficient to compute the expectation in the middle.
First, we show that the two single weights W, and W, do not play a role in the result. On
the one hand, we know W, > 1, therefore

AW, W, AW, W, AW, AW,
) 22 )25 2]
lx — y|* ly —z|* lx — y|* ly —z|*
On the other hand, st A 1 <s(t A1) (s > 1 and ¢ > 0) implies
AW, W, AW, W, AW, AW,
) 22 ) 2 2]
lx — y|* ly —z|* lx — y|* ly —z|*
AW, AW,
(2 ) (2}
lx —yl* ly —z|*
where p := E[W,] < oo since 7 > 2. Together with (3.1), we thus obtain

1 AW, AW,
—me~y~@§E[< 2 Al)( = A1>}54MXNy~@-
M x — yl ly—zl*

Thus it suffices to compute the expectation
AW, AW,
(=) )]
e —y[* ly —z|
Au Au

=/ ( A 1)( A 1) dWy(u)
R\ X =y ly —z|*
o A A

:/n ( “ Al)( " Al)@——Dutdm
1\ =y ly =z

We now split the domain of integration into three intervals: [1, [y — z|*/A], (Jy — z|%/A, |[x —
y|*/A], and (|x — y|* /A, 00). After some calculation, we obtain

E[<|xk—wyyla " 1)<|yA—Wzy|a : 1)]

-1 A AT2 T—1 A A Pt 1

GB—1)(T—2) |x—y |y —z/*=D T3¢ x—yl |y—z]* T—2x—yeT-D’

We may therefore choose
T—1 5
noA

. T—1
= ————
B—-1)(t—-2)
For t € (2, 3), we find that the first term dominates the sum when |y — z| — oo (the other terms
are negative, but the total sum is trivially nonnegative). Hence, there exist positive constant xy

and ¢ such that P(x ~ y ~z) > c1|x — y| %[y — 2| 7% =2 for |y — z| > xo. O
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In fact, the weights of two end points do not contribute to the significant positive correlation
in Proposition 3.2, as we formulate in the next corollary.

Corollary 3.1. In scale-free percolation with t € (2, 3), there exist constants ¢; = ci(a, b) > 0
fori=1, 2 and xo = xo(a, b) > 0 such that, for all x, y, z € Z% with |x — y| > |y — z| = xo,

cihe—y "y =2 P <P~y ~z| Wo=a, Wo=b) <calx —y| |y — 27,

In particular, for constants M > m > 0, there exist C; = Ci(a, b, m, M) >0, i=1, 2, and x6 =
xf)(a, b) > 0 such that, if |x —y| and |y — z| are comparable in the sense m|x —y| <|y —z| <
M|x —y|, then

—a(t—1)/2 Z|~e=Dr2

Cilx =yl ly—

<Px~y~z|We=a, W,=b) < Colx —y| * /2|y — z~r=D/2
forall |x —y| > x;,

In light of Proposition 3.1 and 3.2 and Corollary 3.1, we now aim to construct a path with
edges of comparable length. Instead of connecting two vertices directly, we use an intermediate
vertex as a ‘bridge’ to connect the two vertices. For x, y € 74, A C 79, we write x~A~y}=
.4 fx ~ 2~ y} for the event that x and y are connected via an ‘intermediate vertex” in A.

Proposition 3.3. For 8 € (0, 1), there exist constants Ny, K > 0 such that, for all x, y € 74 with
N := |x —y| > Ny, it is true that

P(XNAN)’)ZIW,

where A := (%(x—i—y) +[—-NP, Nﬂ]d) NZ% is the cube with side length NP centred at the
middle point of the line segment between x and y.

Proof. Since B < 1, there exist constants [ =1[(8,d) and L =L(B, d) with L>1>0 and
N1 >0 such that IN<|x—z| <LN and IN <|y—z| <LN for all ze A and all N> N;.
Therefore, |x —z| and |y —z| are comparable in the sense of Corollary 3.1. Thus, we
have Px~A~y) >Px~A~y|Wi=1, Wy=D=1—-[L (0 -Pax~z~y|Wy=W,=
1)), where we used the conditional independence of edges and the independence of vertex
weights. We estimate this further using Corollary 3.1 and get that there exist N> > 0 and ¢ > 0
such that, for all N > N,,

1 C1l 1
P()C ~z~y | Wy = Wy =1)>c; —|x T —|Z — y|011 > L_zal N_zal .

Note that the right-hand side of this inequality is independent of z, which allows us to
estimate

c NP

1

Now we use the elementary bound 1 —r<e™ ' <1 — %t (0 <t < 1) to conclude that
NP

(&) —CNdB=2e 20 C1
<1 - L2a|N2a1> =e S R T T
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Since df — 2a1 < 0, there exists N3 > 0 such that clNdﬁ_z‘)”/Lz"‘l < 1 for all N > N3, and
consequently also c;N~2*1 L2 < |, Finally, we have

¢
Px~A~y)> SN2w—dB a1

for all N > Ny := max{N;, N2, N3}, and choose

Py— cl
T2L2

as desired. ]
With these preparations we finally prove the upper bound.

Proof of Theorem 1.1, upper bound. Since the adjacent paths in scale-free percolation are
positively correlated (by Proposition 3.1) and the probability of the compound edge ‘x ~A ~ y’
decays algebraically with exponent 2y — df8 (by Proposition 3.3), we have that the probabil-
ity of a path being open in SFP dominates that in LRP with edge probability decaying with
exponent 2« — dp in (1.7). Therefore, the graph distance in SFP in this case is no more than
twice the distance in long-range percolation with connection probability as in (1.7) but with
o replaced by 21 — dB. Since we can choose g arbitrarily close to 1, the result follows from
Theorem 1.2. O

Remark 3.1. In this paper we made a specific choice for the connection probability in (1.1).
However, the proofs for both lower and upper bounds in Sections 2 and 3 only require asymp-
totics of the connection probability to estimate the path, for example in Lemma 2.1 and
Proposition 3.2. Therefore, our results generalise to the scale-free percolation with connection

probability
=0 AW Wy Al
Por=P\ ke

provided that a unique infinite cluster exists.
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