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Abstract Let G be a finitely generated group that can be written as an extension

1—wK-alir—1

where K is a finitely generated group. By a study of the Bieri-Neumann—Strebel (BNS) invariants we
prove that if b1(G) > b1(T') > 0, then G algebraically fibres; that is, admits an epimorphism to Z with
finitely generated kernel. An interesting case of this occurrence is when G is the fundamental group of
a surface bundle over a surface F — X — B with Albanese dimension a(X) = 2. As an application, we
show that if X has virtual Albanese dimension va(X) =2 and base and fibre have genus greater that 1, G
is noncoherent. This answers for a broad class of bundles a question of J. Hillman ([9, Question 11(4)]).
Finally, we show that there exist surface bundles over a surface whose BNS invariants have a structure
that differs from that of Kodaira fibrations, determined by T. Delzant.
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1. Introduction and Main Results

Throughout this introduction let G be a finitely generated group. We say that G
algebraically fibres if there exists an epimorphism ¢: G — Z with finitely generated
kernel. The study of algebraic fibrations of groups is closely related to the study of
the Bieri-Neumann-Strebel (BNS) invariant of G. This is an open subset X(G) C S(G),
where

S(G) = (H'(GiR)\ {0}) /Ry

is the sphere of characters of G. Its complement %1(G)¢ = S(GQ) \ 2(Q) is referred to as
the set of exceptional characters. (We refer to [1, 16] for definitions and properties used
here.) The relation between algebraic fibrations and the BNS invariant can be described
as follows: If we denote by [¢] € S(G) the character associated with ¢: G — Z, thought
of as an element of H(G;Z) C H'(G;R), then it follows from [1, Corollary 4.2] that ¢
algebraically fibres if and only if both [¢],[—¢] belong to B1(G).
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986 S. Friedl, and S. Vidussi
Assume that G is a group extension of the form
1 —K-S5e-5br—1, (1)

where K is finitely generated. The study of BNS invariants of group extensions is quite
challenging (see, e.g., [12]). We collect some basic facts. To start, because K is finitely
generated it follows from [16, Proposition A.4.5] that a character x € S(I') belongs to
YYT) if and only if its pullback f*x € ¥!(G). This entails that if I' algebraically fibres,
then so does G. When the extension is trivial — that is, when G = K xI' — much is
known (see, e.g., [16]) and the sets of exceptional characters are determined by the
equality

YK xT)¢ =321 (K)cusi(D)s; (2)

hence, as long as both b1 (I"),b1(K) > 0 the trivial extension will always have nonempty
BNS invariant.

This makes it reasonable to expect that any extension as in (1) with b1 (') > 0 satisfies
Y1(G) #0, unless f*: HY(I;R) — H'(G;R) is an isomorphism.

Our main result is the proof that this is true and, more precisely, that G algebraically
fibres.

Theorem 1. Let G be a finitely generated group that can be written as group
extension

1 —K-56-51r—1 (3)

where K is a finitely generated group. Assume furthermore that b1(G) > b1(T') > 0. Then
G algebraically fibres.

Our interest in the problem of algebraic fibrations of group extensions arose from a
geometric perspective, namely, the case where G is the fundamental group of a surface
bundle over a surface F'— X — B with base and fibre both of genus greater than 0.
(If the genus of the fibre is at least 2, the condition on the Betti numbers can be phrased
in terms of nonvanishing of the co-invariant homology of the fibre H(F;R)r; see Section 2
for details).

There is one noteworthy class of surface bundles over a surface — namely, those who
admit a K&hler structure; for example, Kodaira fibrations — where the BNS invariant is
fully understood, thanks to the work of Delzant ([6]; see also [7]). To dovetail that result
with Theorem 1, it is useful to introduce the following notation.

Definition. Let F <+ X %5 B be a surface bundle over a surface with base and fibre both
of genus greater than 0. Let G := 71(X) and, using the homotopy exact sequence of the
fibration, write G as the extension in (1). If f*: H*(I';R) — H'(G;R) is an isomorphism
we say that such bundle has Albanese dimension 1, or a(X)=1. Any other surface bundle
will be unambiguously referred to as having Albanese dimension 2. If a surface bundle
admits a finite cover that has Albanese dimension 2, we say that X has virtual Albanese
dimension 2 and we write va(X) = 2.
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Our notation stems from the analogy with the class of (irregular) K&hler manifolds X of
Albanese dimension 1. That condition, determined solely by the fundamental group of X,
amounts to the existence of an irrational Albanese pencil (a holomorphic map f: X — B to
a Riemann surface of positive genus with connected fibres), obtained by restriction to the
image of the Albanese map of X, which induces an isomorphism f*: H*(T;R) — H'(G;R)
where G =71 (X) and I' =71 (B). Note that the definition above is consistent in the overlap
of the two classes; that is, surface bundles X that admit a K&hler structure. In fact, our
interest for the connection with the Kéhler case arises from the fact that when X is a
Kéhler surface, Delzant has shown in [6] that, as long as a(X) = 2, the BNS invariant is
nonempty. In particular, G algebraically fibres.

With the notation in place, we have the following consequence of the main theorem,
which we single out for its interest.

Corollary 2. Let F'— X — B be a surface bundle over a surface with fibre and base both
of genus greater than 0. Assume that the Albanese dimension of X is a(X)=2. Then G
algebraically fibres.

Besides the interest per se in deciding that such a group G admits an algebraic fibration,
we will show that Corollary 2 entails that, as long as fibre and base have both genus greater
than 1, then G is noncoherent, namely, it contains a finitely generated subgroup that is
not finitely presented.

The question of coherence of the fundamental group of a surface bundle over a surface
was raised by Hillman in [9, Question 11(4)] (and perhaps earlier). There are two cases,
as far as we know, where this group was known to be noncoherent. The first is the case of
surface bundles with monodromy of types I and IT in Johnson’s trichotomy ([11]): their
fundamental groups contain Fy x Fy as subgroup. The second case appears in [7] where
the authors show that a Kodaira fibration that has virtual Albanese dimension 2 has
fundamental group that is noncoherent. Corollary 2 allows us to proceed as in that paper
to show the following.

Corollary 3. Let FF— X — B be a surface bundle over a surface with both base and
fibre of genus greater than 1. If its Albanese dimension a(X) =2, then the first BNS
invariant Y1 (G) and the second Bieri—-Neumann—Strebel-Renz (BNSR) invariant %2 (G)
of its fundamental group G = m1(X) satisfy the relation

2*(G) € THG) € S(G),
and G is noncoherent. If va(X) =2, G is noncoherent.

Here, ¥:2(G) is the second BNSR invariant of G, the first of a collection of refinements
of the BNS invariant introduced in [2].

In fact, we will present two proofs of noncoherence on G, the second being based on
an elegant construction appearing in [13] that inspired in various ways the techniques
employed in the present article.

We will finish this article by discussing the challenge of completely determining the BN'S
invariant of a surface bundle over a surface. In particular, we will show the existence of a
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surface bundle over a surface, whose fundamental group G has exceptional characters that
do not arise from an epimorphism h: G — C to the fundamental group of a hyperbolic
(orbi)surface and finitely generated kernel. This contrasts with what happens for Kodaira
fibrations (or Kahler manifolds). We have the following.

Proposition 4. There exists a surface bundle F — X 4 B with base and fibre of genus
greater than 1 whose fundamental group G admits an epimorphism g: G — Fy such
that HY(G;R) = f*HY(T;R) @ g* H' (F2;R) and so that the set of exceptional characters
contains two disjoint spheres

FAEND)) UG (SN (F)Y) C BHG)"

Moreover, for any epimorphism h: G — C onto the fundamental group of a hyper-
bolic orbisurface C such that the kernel is finitely generated we have g*(X(F3)¢)nN
B (SHC)) = 0.

(Note that XH(T)¢ = S(T) and X1 (Fy)¢ = S(Fy).)

2. Proofs

Before proceeding with the proofs of the results listed in the Introduction, we want
to discuss the meaning of the assumption b1(G) > b1(I") in Theorem 1. Given a group
extension G as in (1), the action by conjugation of G on its normal subgroup K induces
a representation p: G — GL(V') on the homology of the kernel V' = H;(K), where the
homology can be taken with Z or R coefficients. Because the action of K on its homology is
trivial, this representation descends to I'. The Lyndon—-Hochschild—Serre spectral sequence
associated to (1) gives, in low degree, the following exact sequence:

Hy(G) -1 Hy(T) — Hy(K)r — Hy(G) L5 Hi(T) — 0. (4)

The image of the map H;(K;R)r — H;(G;R) measures the failure of f: Hi(G;R) —
Hi(T;R) (or, equivalently, f*: H'(I';R) — H'(G;R)) to be an isomorphism; that is,
it measures the mismatch between b;(G) and by (I"). A similar sequence exists for the
cohomology groups, with the role of co-invariant homology of K played by the invariant
cohomology group H'(K)'. In the case where G is a surface bundle with fibre of genus
greater than 1, the map H>(G;R) — Ha(T';R) in the sequence (4) is surjective (see, e.g.,
[14]); hence, the condition by (G) > b1 (T') is equivalent to Hy (K;R)r # {0}.

In the proof of Theorem 1 we will use some general results on the behavior of BNS
invariants for an amalgamated free product. The first is quite well-known and appears as
[16, Lemma B1.14].

Lemma 2.1. Let Il =11 % Iy be a free product with amalgamation of two finitely
generated groups along a finitely generated subgroup K. Let x € S(Il) be a character
whose restrictions satisfy the conditions x1 € X1 (I11), xx # 0 and x2 € X'(Ily). Then
x € H(I).
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The second result, instead, seems new, and it is possibly interesting per se. The proof
that we present is similar in flavor (and at times verbatim) to the proof of Lemma 2.1 in
[16] (whose notation we follow) but requires some further work.

Lemma 2.2. Let II=1Iy xx Iy a free product with amalgamation of two finitely generated
groups along a finitely generated subgroup K. Assume that Iy is an Higman-Neumann-
Neumann (HNN) extension Ily = K xZ = (K,s|sks™! = f(k)) for some automorphism
f: K= K. Let x € S(IT) be a character whose restrictions satisfy the conditions x1 €
YHIL), xx #0 and x2(s) = 0. Then x € S(II).

Proof. Let X] be a finite generating set for II;. Let Xk be a finite generating set for K and
let Xy = X U{s}. Denote by I'(II1,X;),I'(Il5, X2) the Cayley graphs for IIy,II; associated
to their respective generating sets. Then X = X7 U A, constitutes a finite generating set
for TI, with associated Cayley graph T'(IL X).

Recall that, by the very definition of the BNS invariant, to prove that y € L(II) we
need to show that the subgraph I'(II,X), of I'(II,X’) determined by the vertices IL, with
nonnegative x -value is connected.

Let g € 11;; there exists a finite collection of elements g; ; € lI1,g2,; € Ils,5 =1,...,n
such that

g=9g1,1°92,1°91,2 92,2 """ J1,n " 92,n- (5)

We will show that there exists a path in I'(IL, X'),, from 1 to g by induction on n.
Let us consider the initial case n = 1; that is, g = g1 - g2. Because yxx # 0, there exist
two elements hi,ho € K such that all three

gi=g1-h1, gy=hi""g2 ha, hs

are contained in II,. Because I'(II;,&}),, is connected by the assumption that x; €
$1(I1;), there exists a path p; = (1,w;) from 1 to g| contained in I'(I;, X} )y, , where w;
is a word in X

Next, consider the element g5 = hfl - go - ho. Because gs € Ily, it can be written as a
word in the generating set for K and the stable letter s. Because of the relations in Ils,
we can use the equalities

sk=f(k)-sand s ' k=f"t(k)-s"

to push powers of the stable letter to the right and rewrite go = w(k) - s™, where w(k) is
a word in X; and m € Z. Because hy € K, we can further write

gh=hi"ga-ha=hi"w(k)-s™ hy=hi' wk) hy-s™
where hfy = f™(hg), with f™ an iteration of f or its inverse. Consider the element
hit-w(k)-hy=gh-s ™€K,
Because x(s) =0, we have

xi(hyt-w(k)-hy) = x(hy*-w(k) - hy) = x(g5) > 0.
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Because K < II;, there exists a path py = (1,wy) from 1 to hy'-w(K) -k} contained in
I'(IT1,X1 )y, , which again is connected by assumption.
Next, consider the path p3 = (1,ws) in T(IL X)) from 1 to s determined by the vertices

1,... ’sm—a(m)-2, sm—a(m)-ljsm’
where o(m) is the sign of m. (Here, w3z = s™.) Because x(s) = 0, all of these vertices are
contained in II,; in particular, the path ps3 is entirely contained in I'(IL, X),.

Finally, because x2 is well defined over Il, we have x (k) = x2(k) = x2(f(k)) = x(f(k)).
As a consequence, x1(ha) = x1(h%) > 0, so there exists a path py = (1 wy) from 1 to hf
contained in I'(TT;, &4 )y, .

Concatenating the paths pi,p2,p3,p;* we obtain a path (Lwlwgwgw;l) in I'(ILX)
from 1 to

gL BTt w(k) -y 5™ B3t = gy -hy BT w(k) 5™ = g1 - o,

One can verify from the construction above that each vertex of the path is contained
in II,. Alternatively, one can use the valuation function on the set of words in X([16,
Section A2.2]), which measures the lowest y-value over vertices of a path starting at 1,
to get (using [16, Equations A2.7])

vx(wlwgwgwil)

= min{vy (w1), X (w1) + vy (w2), x (w1w2) + vy (ws), x (w1 waws) + vy (wi )}
=min{0,x(g}) +0,x(g1 - g5-5~"™) +0,x(9 - 92) + vy (wa) — x(wa)}

= min{0,x(91),x(91 - 92),x (91 - 92) — x(h2)}
=min{0,x(¢1):x(91 - 92),x(91-92)} =

We now assume that the lemma holds for n—1; let g be like in Eq. (5) and denote ¢’
the product of the first 2m — 2 factors. There exist elements hg,h1,he € K contained in
II,, such that ¢'-ho, g = hal “gin - hi, gh = h;l - ga,n - ho are contained in II.. By the
inductive hypothesis, there is a path in p’ = (1,w’) from 1 to ¢’-ho contained in I'(TL, X),.
Moreover, there exist paths p; = (1,w;),s = 1,...4 (that mirror the role of the similarly
named paths for the case n = 1) with the property that

p1 = (Lwy) runs from 1 to gj € II; in T(I11, X))y,

p2 = (1,w2) runs from 1 to hy ' -w(k)-hfy € K in T(Il1, A} )y, , where g2, = w(k)-s™,
and hy = f™(h);

ps = (1,ws) runs from 1 to s in I'(IL, X),;

pa = (Liwy) runs from 1 to kY € K in T'(I1, X)),

Much as before, the concatenation of p/7P17p2,P3ap21 yields a path from 1 to g g1.n-
g27n =g contained in F(H7X)X D

Remark. Note that in Lemma 2.2 we do not, nor can we, assume that ys € L1 (Ily);
the regular characters on II provided by that lemma may appear at first sight surprising.
However, for instance, a careful analysis based on Eq. (2) of the BNS invariants of F5 X Fy,
thought of as free amalgamated product of two copies of Fy x Z (whose BNS invariant is
easily computed), reveals that there exist regular characters that restrict to exceptional
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ones on one (but not both) of the factors. In fact, the combination of Lemmata 2.1 and
2.2 provides the entirety of L(Fy x Fy).

There is another technical lemma that guarantees the existence of a presentation of the
group I' that will be convenient in what follows. In order to state it, we will introduce a
new definition.

Definition. Let T' be a finitely generated group. Denote ab: I' — H;(T';Z)/Tor the
maximal free abelian quotient map. We will say that a presentation of I' with a
generating set (hi,...,hm,91,...,9-) is adjusted to ab if ab(h;),i =1,...,m is a basis of
Hy(I;Z)/Tor 2 Z™ and gy, ...,g, € ker ab.

For instance, the usual presentation of a surface group is adjusted to ab, with r» = 0.
The following lemma shows that such a presentation always exists. It is certainly well
known, but we provide a proof for completeness.

Lemma 2.3. Let I' be a finitely generated group; then I' admits a presentation adjusted
to ab.

Proof. Because T is finitely generated there exists an epimorphism 7: (yi,...,y.) = T
(where (...) is the free group on the given set). Let m = b1 (I"). We pick hq,...,h,, € ' such
that ab(h1),...,ab(h,,) form a basis of H;(I')/Tor. Let o: (x1,...,2,) — I be the unique
homomorphism with o(x;) = h;, i =1,...,m. For j =1,...,r we pick w; € (z1,...,2Zm)
with ab(o(w;)) = ab(nm(y;)). Let 7: (pm1,...,Zm4r) = ' be the unique homomorphism
with 7(@m4,) = 7(y;)-o(w;)~*. Note that the collection {o(z;),7(zm4;),i=1,....,n, j=
1,...,7r} is a generating set for I'. It follows that the epimorphism o *7: (z1,...,Zm4n) =T
defines a presentation of I' with the desired properties. O

Note that, given a presentation adjusted to ab, we can and we will associate a basis
eii=1,...,m for Hom(I',Z) = HY(I';Z) via e;(hj) = 8;5,i,5 = 1,...,m.
Now we are in position to prove our main result.

Theorem 2.4. Let G be a finitely generated group that can be written as group
extension
1 »K-56Lr—1 (6)

where K is a finitely generated group. Assume furthermore that b1(G) > b1(I') =m > 0.
Then G algebraically fibres.

Proof. Because G is finitely generated, so is I'. We choose a presentation of I' adjusted
to ab and, correspondingly, denoting n =m+r we have an epimorphism F,, — T
This epimorphism induces a diagram

1 K 11 F, 1 (7)
L
1 K G r 1

where all vertical maps are epimorphisms.
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Observe that we can write 1l as amalgamated product
H:Hl *KHQ*K"'*KHn

where each IT; has the form of HNN extension II; = (K,s;|s;ks; ' = f;(k)) for some
automorphism f;: K — K. There are many ways to see that explicitly; for instance,
by applying to Il the method to write a presentation of group extensions, as described,
for example, in [10, Section 10.2].

The mapping torus structure of II; guarantees the existence of a sequence

1— K —1I;, 257 —0.

Because they vanish on K, each of these maps «;: II; — Z extends to an epimorphism
(which we denote with the same symbol) «;: II — Z. The first m of these elements,
identified with primitive elements of H'(II;Z), can be thought of as pullback of the
classes e; € H1(I';Z) built from the adjusted presentation of I' under the monomorphism
HY(T;Z) — H'(F,;Z) — H'(II;Z); by commutativity of the diagram in (7) we can also
view a; as pullback of the class a; = f*e; € H'(G;Z). The remaining r classes «; €
H(IL;Z), which by construction do not pull back from I' nor G, will play little role in
what follows.

Because the action of F,, on H!(K;Z) factors through F, — T, the assumption
that b1 (G) > by (') entails that the ;s do not generate the entire group H!(II;Z) or,
equivalently, the image of Hy (K;R) g, — Hy(II;R) is nonzero. In particular, we can assume
the existence of a class v € H(II;Z), pullback of a class ¢ € H'(G;Z) that is not in the
image of HY(I';Z) — H(G;Z). Restricted to each II;, the class v; = |, : II; = Z is not
a multiple of «a;, because it does not vanish on each K <II; <II; in fact, for each i, the
image of 7; under the map H'(Il;;Z) — H'(K;Z)? is nontrivial, because the inclusion
Z — F, induces an epimorphism H'(K;Z)* — H'(K;Z)™™ and ~ has nontrivial image in
the latter, because the action of F,, on H'(K;Z) factors through F,, —T.

Consider now the partial amalgamation

Mg =11 # g o ke - - g Iy, <1

of the first m factors of II. For each factor II;,i = 1,...,m, we define the classes
Bii=ai+py: I — R

where p is a rational number.

Because these classes agree on the amalgamating subgroups K, they define a class
Ba: 4 — R by the condition 84|, = B;. Without loss of generality, because y is rational,
we can assume that the resulting 54: II4 — R has values in Z, and by construction £4
is the pullback of a class by € HY(G;Z).

At this point we want to use Lemma 2.1 to show that, choosing p small enough, the
character determined by B4 is in X1(I14). First, because [;] is in £ (II;) and the latter
is open in S(II;), we can assume that for u small enough each [B;] is still in X1 (IL;).
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Next, we claim that [8] is nontrivial on each amalgamating subgroup K. In fact, on each
II; we have a diagram

By contradiction, if ;(K) =0 we would have K <ker 8; and there would be a short exact
sequence

1 —>kerﬁl/K—>HZ/K—>Hl/kerBz —>O;

because the latter two groups are infinite cyclic, a surjection is an isomorphism from
which it would follow that K = kerf;. But this would imply that §; is a multiple of
a;, and then so would ~;, contrary to our assumption. Next we can invoke (inductively)
Lemma 2.1, which asserts that [84] € X1(I14) as long as [Ba|n,] = [8i] € Z'(11;) and [B4]
is nontrivial on each amalgamating subgroup K. Therefore, [84] € $1(I14).

The argument above can be applied verbatim for the class —84 € H'(I14;Z); the key
point is that, by construction, also the character [—a;] € $'(II;). Summing up, both
[Bal,[=Ba] € 21(I14); hence, ker 34 is finitely generated.

In the case where we can choose r =0 (e.g., when I' is a surface group or the free
group itself) we have IT4 = IT and we would be (essentially) done. But if r > 0 we have
another hurdle, namely, choosing an extension of 34 to II. Obviously, we could follow
the pattern above and define f; := a; + py; also for the remaining factors. This would
give us an algebraic fibration of II, but the fibration would not descend to G: the classes
;i =m++1,...,n are not pullback of classes on G!

The correct way to proceed is, in some sense, counterintuitive. In fact, on the partial
amalgamation of the last r factors of II

Op :=1pt1 *k Hokg v 1, <L

we define 8p := py|m, . Because p is rational, we can assume (after simultaneous rescaling
if necessary) that S4: II4 — Z, Bp: IIp — Z are homomorphisms that satisfy Sa|x =
wy|k = BelKk, because on K the «; vanish, hence giving (after rescaling if necessary) a
well-defined epimorphism

ﬂZH:HA*KHB—)Z.

This epimorphism factorises through II — G, because by construction it is a sum of classes
that do. Note that (and this is the key property) on Il;,i =m+1,...,n we have 5;(s;) = 0;
in fact, for i =m+1,...,n, the epimorphism ~; : II; — Z sends the stable letter s; to 0 € Z,
because the image of s; in I" belongs to ker ab.
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We can now apply inductively Lemma 2.2 to 5. As a first step, consider Il 4% x1l,,11;
[B4] € X'(I14) and [Bk] € S(K) while [Bms1](Sm+1) = 0; Lemma 2.2 gives that
(Bt gixctl ) € B (ILaxkIL,41), and we can then repeat the process for the remaining
factors II;.

As before, we can repeat this argument for the class —3 € H(II;Z), to deduce that
both [B],[—f] € £(I1); hence, ker 3 is finitely generated.

Finally, because §: Il — Z factorises through II — G, we have the diagram

1—>kerf T d ZL 0 8)
1 ka T L/ 0
1 1

where b € H*(G;Z), which entails that the finitely generated group ker3 surjects onto
kerb, which is therefore finitely generated as well. Hence b € H'(G;Z) represents an
algebraic fibration. O

Remarks. (1) The reader may have noticed that in the proof of Theorem 1 we actually
need to make use of only one (or any subcollection) of the terms a; € HY(II;Z),i =
1,...,m (say i = 1) and not all simultaneously. This follows by applying Lemma 2.2
inductively to the class f1 := aj + py; starting with II; g Iy and repeating the
argument until exhausting II. This bypasses the use of Lemma 2.1.

(2) In Version 2 of [13] the authors have now provided a concurrent proof for the case
n =rank(I"') = b;(T") of Theorem 1.

(3) Note that this theorem holds true for simple reasons when I" algebraically fibres.

The result above has some consequences in the study of the coherence of the
fundamental group of a surface bundle over a surface F' — X — B. In fact, using
Theorem 1 we can give a proof of a corollary that extends to surface bundles with (virtual)
Albanese dimension 2 the results of [7].

Corollary 2.5. Let F — X — B be a surface bundle over a surface with both base and
fibre of genus greater than 1. If its Albanese dimension a(X) =2, then the first BNS
invariant and the second BNSR invariant of its fundamental group G = m1(X) satisfy the
relation

¥HG) ¢ UG £ S(6),
and G is noncoherent. If va(X) =2, G is noncoherent.

Proof. Let X have Albanese dimension 2; by Theorem 2.4, there exists an epimorphism
b: G — Z with finitely generated kernel kerb; hence, [b],[~b] € X!(G). By [8, Theorem
4.5(4)] kerb would have type F P, if and only if the Euler characteristic x(X) = 0; because
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here x(X) = (29(F)—2)(2g(B) —2) > 0, kerd is not finitely presented. Therefore, at least
one among [b],[—b] is not in X%(G).

We want to give a second, and somewhat different, proof of noncoherence, based on the
work of [13] that avoids the use of the BNS invariant of G.

Consider any subgroup F5 <T' and the corresponding commutative diagram

1 K A F 1 (9)
Lo
1 K G r 1

with self-explaining notation where all vertical arrows are monomorphisms. Now, by
standard group homology,

H(K;R)p, — H1(K;R)p

is an epimorphism. As discussed in the Introduction, the assumption a(X) =2 is equiv-
alent to the nontriviality of H;(K;R)r and so implies the nontriviality of Hi(K;R)p,.
At this point, we invoke [13, Theorem 4.5] where they show that if K is a group that
does not algebraically fibre (as is our case), a group A that is K-by-F» and has nontrivial
H,(K;R)p, is noncoherent. Because A is noncoherent, so is G.

If va(X) =2, a finite cover of X will satisfy this property; hence, the fundamental group
of X will not be coherent as well. O

One can ask whether the techniques of Theorem 1 can be extended to a complete
characterisation of the BNS invariant 3! (G), at least for the case of surface bundles over
a surface. This appears challenging on several grounds. The first can be appreciated by
pointing out the complexity of the situation already in the case of Kodaira fibrations.
Delzant [6] showed that as long as a(X) =2, the first BNS invariant is the complement
of the pullback of the character spheres of the bases of all irrational pencils h;: X — B;
with base a hyperbolic orbisurface. (This includes, whenever possible, surface bundle
maps with base of genus bigger than 1.) From the group-theoretical viewpoint, these
correspond to short exact sequences for G = m1(X) of the form

1— M, — G50 —1 (10)

where C; is the fundamental group of the hyperbolic orbisurface B; and M; is a finitely
generated group (see, e.g., [5]). As a consequence, 3! (G) is the complement of a finite
collection of spheres of codimension at least 2, pullback of the character spheres of the
orbisurfaces. An example of this phenomenon arises already in the case of doubly fibreed
Kodaira fibrations (such as Atiyah and Kodaira’s original examples). Moreover, there
exist examples even of Kodaira fibrations that also admit pencils with multiple fibres
(see [3]). But for the case of (non-Kéhler) surface bundles the situation can be even more
complex, as the following construction shows.

Proposition 2.6. There exists a surface bundle F — X 4 B with base and fibre of
genus greater than 1 whose fundamental group G admits an epimorphism g: G — Fy
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such that H'(G;R) = f*HY(T;R) @ g* H' (Fp;R), where T :=m1(B), and so that the set of
exceptional characters contains two disjoint spheres

FED) U (BN (F)Y) € BHE)

Moreover, for any epimorphism h: G — C onto the fundamental group of a hyper-
bolic orbisurface C such that the kernel is finitely generated we have g*(X'(Fy)¢)nN
B (1)) = 0.

Proof. We begin with the somewhat lengthy but otherwise straightforward construction
of X.
Let F be a surface of genus 2 and let

2
K = (0, Bi | [lew,8:) = 1)
=1

be a standard presentation of its fundamental group. (Above and in the rest, we
will always assume implicitly that ¢ = 1,2.) Define an automorphism ¢ € Aut(K) as
follows: let

(i) = aifi; p(Bi) = Bi;

a straightforward calculation shows that gp(]_[le[ai,ﬂi]) = H?Zl[ai,ﬁi]; hence, ¢ is well
defined; it is immediate to verify that

o Nai) = aif s o N (B) =B
is similarly well defined and a two-sided inverse to ¢. We can lift ¢ € Aut(K) to a self-
diffeomorphism of F' (which can be easily proven to be orientation-preserving), that we
denote as well by ¢: F'— F', which induces the above automorphism on the fundamental
group K. Out of that, we can define a fibred 3-manifold N as the mapping torus of
p: F'— F. Its fundamental group is given by
2
WI(N) =K NgaZ - <aiaﬁi7t|a§ = aiﬁiaﬁf = ﬂ?h H[ahﬂi] = 1>
i=1
The 4-manifold S' x N has the structure of F-bundle over T2. We can pick a trivial
framing of F in S! x N and in the product bundle F' x T? — T? to define the fibre sum

X:=S' X N#pFxT?=8"x N\ F x D*Upypp> F x (T?\ D?),

choosing any identification of the fibres and an orientation-reversing diffeomorphism of
OD? to get a surface bundle X of fibre F over a genus-2 surface B. It is not difficult to
compute the resulting fundamental group using the Seifert—Van Kampen theorem: S x
N\ F x D? deformation retracts to a topological bundle over SV S!, with monodromy
o along one factor and trivial monodromy on the other, so that

2
m1(S' x N\ F x D?) = (o, Bi,s,t|ol = 03, 8! = Bi,0f = 0, 3 = B, | [l 8] = 1)

i=1
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and

[ V)

WI(F X (T2\D2)) — <04i75i7$7y|af = ai>b;’c = b’hai‘l = ai7bi/ = b’i7 [ai;ﬂi] = 1>

i=1

Amalgamation identifies the generators of 1 (F') according to their symbols and adds the
relation [s,t][z,y] = 1, so that G = 71(X) is given by

2
G= (ai,ﬂi,s,t,x,y\af = O‘Zﬂuﬂf - 61'70[? = aiaﬂf - 61'7 H[amﬂl] = 1,[S,t] [Z,y] - 1>
i=1
We can proceed now to show that X satisfies the properties of the statement. The key
strategy, which dates back in this context at least to the work of Johnson ([11]; see also
[5, 15]), is based on the fact that finitely generated normal subgroups of free groups or
hyperbolic orbisurface groups are either trivial or finite index.

Following the usual notation, we have the quotient map G i> I' according to the
sequence in (1). In addition, we can identify a second infinite quotient of G: define a map
g: G — F5, the free nonabelian group on two generators, by sending a; and as to the two
generators while all other generators are sent to the trivial element. A straightforward
calculation shows that all of the relations in the presentation of G are sent to the trivial
element, namely, g: G — F» is well defined. (A long exercise — which we do not recommend
to the reader — in Reidemeister—Schreier rewriting process shows that A :=kerg surjects
to Z° and, in particular, is not finitely generated.) The setting relating the two quotients
of G is described in the following diagram:

1
\
K g
1 A \%‘FQ 1
N
r
AW

We can see explicitly that g(K) = F», from which we deduce that KA = G. This entails
that f*HY([;R)Ng*H'(Fy;R) = {0}. Now dim H!(G;R) = 6; hence, there is a direct sum
decomposition

HY(G;R) = f*H(T;R) @ g* H' (Fy; R). (11)
We therefore obtain from [16, Corollary B1.8] that
FED)) U (BH(F)) € BH(G)" (12)

Note that (11) and (12) imply that the complement of the BNS invariant of G — that
is, the set of exceptional characters — contains at least two spheres, one of codimension
2 and one of codimension 4, the latter determined by g*H!(Fy;R). We claim that no
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exceptional characters in g* (3! (Fy)¢) factorise through a second surface bundle structure
or a pencil-type sequence as in Eq. (10).

To prove this claim, assume by contradiction that ¢g*(X!(F)¢) Nh* (X1 (C)¢) # () where
h: G — C is an epimorphism onto a hyperbolic orbisurface group such that M :=kerh
is finitely generated. We will start by showing that this entails that g: G — F; factorises
through h: G — C. Consider the diagram

1
"
M g
1 A %FQ 1
AN
c
AN

Now g(M) < F; is a finitely generated normal subgroup of Fj; hence, it must be trivial or
finite index. If it were finite index, then M A < G would be finite index and g* H' (Fp;R) N
h*H(C;R) = {0}, which would imply g*(X!(F2)¢)Nh*(XH(C)¢) = (. It follows that we
must have g(M) < F, trivial. This entails M < A; hence, G/M = C admits an epimorphism
onto G/A = F; or, phrased otherwise, g: G — F» factorises through h: G — C. Next, we
will show that this factorisation is not compatible with having b (G) = 6. In fact, this
would yield the diagram

1 1
N,
K——=C
NN

G 7 F.
N
M A

/! N

1 1

Now h(K) < C is a finitely generated normal subgroup of C, so again it can be either
trivial or finite index. It cannot be trivial, because g(K) < F5 is already nontrivial, so
h(K) < C' is finite index. Once again, KM < G is finite index. But then we would have
f*HYT;R)NA*H (C;R) = {0}. Now an explicit check shows that an orbisurface group C
with an F quotient must have by (C') > 4; hence, we would have b (G) > b1 (T") +b1(C) > 8,
which violates the condition by (G) = 6. O

Remark. Note that the information on the BNS invariant of G = m1(X) contained in
the above Proposition 2.6 informs us already that G cannot be a Kéahler group, because
it violates the conclusions of [6]. Alternatively, we could use Catanese’s version of the
Castelnuovo—de Franchis theorem (see [4]) to argue that if G were Kéhler, the map g
would have to factor through a map to a orbisurface group of genus at least 2. But this
would require, again, that b (G) > 8.
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