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Existence of solutions to

quasilinear differential equations

in a Banach space

James R. Ward

Initial value problems of the form x1 + Ait, x)x = fit, x) ,

x(0) = a , t 5 0 , are considered in a real, separable,

reflexive Banach space. Results concerning the existence of

solutions on [0, °°) are given by considering linear systems of

the form x' + A(t, u(t))x = f[t, u(t)) . Here u(t) belongs to

a suitable function space.

1 . Introduction

Let X be a real, separable, reflexive Banach space, with dual X* .

X* X*
The duality mapping F : X •* 2 maps every x (. X to the set F(x) € 2

such that (x, f) = ||/||2 = ||x||2 for f € F(x) , where (x, f) denotes the

value of f € X* at x € X , and || • || denotes the norm in X or X* .

Let A be an operator defined on a set D = D(A) c X mapping D into

X . A is said to be accretive if for every u, v £ D there is

/ € F(u-v) such that

(Au-Av, f) 2 0 .

The purpose of this paper is to establish the existence of "strong"

solutions to the "quasilinear" initial value problems

(1.1) x1 + Ait, x)x = 0 , t f [0, oo) , x(0) = a ,

(1.2) x' + A(t, x)x = fit, x) , t € [0, co) , j;(o) = a ,
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where for each (t, u) € [0, <*>) * X , A(t, u) is a bounded linear

accretive operator on X (in this case A(t, u) is said to be a positive

linear operator).

The question of existence of solutions for the related problems

(1.3) x' + A{t)x = 0 , t € [0, T] , x(0) = a ,

(1.10 x' + A{t)x = /(*, x) , t d [0, T] , x(Q) = a ,

where A(t) is bounded for each t € [0, T] , is discussed in the book [2]

by DaleckiT and KreTn; the case in which A(t) is a possibly unbounded

accretive operator has been considered by Browder in [/] and Kato in [7],

among others. Fitzgibbon in [3] considered (1.3) in the case A{t) is a

(non-linear), accretive, weakly continuous operator. The linearization

approach used here for (l.l), (1.2) is closely related to that of Kartsatos

and Ward [6] for finite dimensional problems.

It would be of great interest to obtain results for (l.l) and (1.2) in

case A(t, u) is for each (t, u) an unbounded operator on D c X .

The author hopes to be able to present results for this problem in a future

paper. Results concerning uniqueness of solutions to (l.l) or (1.2) would

also be of interest; we have none to present here.

We wish to make clear the notion of solution used here. By a (strong)

solution to (l.l) ((1.2)) we shall mean a function u : [0, °°) •*• X which

is strongly continuous, locally lipschitzian, strongly differentiable

almost everywhere on [0, °°) , and such that w(0) = a and u(t)

satisfies (l.l) ((1.2)) almost everywhere in [0, °°) .

2. Main r e s u l t s

Our f i r s t r esu l t concerns the i n i t i a l value problem ( l . l ) ; we l e t

•+ (-1-) denote strong (weak) convergence in X .

THEOREM 2 .1 . Assume for each {t, u) I [0, «) x x , A(t, u) is a

bounded linear accretive operator on X and the map (.t, u, v) -»• A(t, u)v

is weakly continuous, that is, if t -»• tQ , u -*• uQ , v -"• u. , then

A(t, u)v -"• A[tQ, " 0 )v Q i then for each a (. X there exists a solution

x(t) to the initial value problem ( l . l ) . Moreover, \\x{t)\\ 5 ||a|| for all

t 2 0 .

https://doi.org/10.1017/S0004972700022851 Published online by Cambridge University Press

https://doi.org/10.1017/S0004972700022851


Q u a s i l i n e a r d i f f e r e n t i a l e q u a t i o n s 4 2 3

We will prove Theorem 2.1 after first presenting some preliminary
results. Our method will be to first show that for each u{t) in a
certain class of X-valued functions there is a unique solution to the
linear problem

x'u{t) + A{t, u(t))xjit) = 0 , t € [0, co) , xu(0) = a .

We then prove the existence of a solution to (l.l) by showing the

existence of a fixed point for the mapping u •*• x . This approach was

suggested by Kartsatos in [5], We first show

LEMMA 2.1. Let B(t) be a bounded linear operator on X for each

t £ [0, °°) j and assume the mapping {t, u) -*• B(t)u to be weakly

continuous. Then for each a € X there is a unique strongly continuous

solution to the initial value problem

(2.1) x'(t) + B{t)x{t) = 0 , t € [0, <») 3 x(0) = a .

Proof. Let C(R , X) be the linear space of strongly continuous

functions mapping [0, <*>) = R into X . For each u € C(R , X) the

function t •* B(t)u{t) is weakly continuous. Moreover, B(t)u(t) is

strongly measurable since for each x* € X* , [B(t)u{t), x*) is

continuous, and therefore Lebesgue measurable. The strong measurability of

B{t)u{t) now follows from the separability of X (Hi M e , Phillips, [4],

P- 73).

Now for each x € X , B{t)x is weakly continuous and therefore

locally bounded; thus for each T > 0 and x € X , sup ||S(t)x|| < <=° ;

by the principle of uniform boundedness sup l|S(t)|| < » and

t€[0,T]

i s local ly bounded. Let M, = sup ||B(e)|| , and define the operator Q

on C(R+, X) by

f*
Q(u)(t) = a - B(s)u(s)ds .

J 0

Q is well defined since B(s)u{s) is strongly measurable and

||S(S)M(S)|| 2 Mt\\u[e)\\ , so that B(s)u(s) is Bochner integrable. It is

obvious that Q(u)(t) is locally Lipschitz continuous on [0, °°) , and
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strongly differentiate almost everywhere with -TT Q(u)(t) = -B(t)u(t)

almost everywhere. Furthermore, Q is a contraction considered as an

operator on C(l, X) if I is any sufficiently small interval contained

in [0, 0°) . It follows by Banach's fixed point theorem that Q has a

unique fixed point on C(I, X) , from which it follows from standard

arguments that (2.1) has a unique solution on [0, <*>) which is locally

Lipschitz continuous.

REMARK. We wish to point out that the preceding lemma does not follow

from the standard results concerning equation (2.1) such as appear in

DeleckiT and KreTn [2], p. 96. In that work it is assumed that the mapping

t -*• B(t) is uniformly measurable in the sense of Hi I le, Phi I I ips [4],

p. Jk, and that l|5(t)|| is locally Lebesgue integrable.

We will let C {R , X) denote the linear space of weakly continuous
w

functions mapping [0, °°) into X with the topology of weak uniform

convergence on compact sets [x (t) -1- x(t) weakly uniformly on J if for

each e > 0 and x* € X* there is an integer N depending only on x*

and e such that for n > N , \x*{xn(t)-x(t)) | < e for t € I ). Cy

is a complete locally convex linear space.

LEMMA 2.2. Suppose for each (*, u) € [0, <*>) x x that A(t, u) is

a bounded linear operator on X and that the mapping (t, u, v) •* A(t, u)v

from [0, «>) x x x x into X is weakly continuous. Then for each

u € c {R > X) and a € X there is a unique strongly continuous solution
w

x to the initial value problem

(2.2) x'u(t) + A[t, u(t))xu(t) = 0 , * € [0, 00) , xJO) = a .

Proof. For u € ̂ {R*, X) let Bjt) = A[t, u(t)) . Then it is easy

to see that B satisfies the hypotheses of Lemma 2.1, since if

(t, y) - [tQ, yQ) then u(t) - u[tQ) and

A{t, u(t))y = Bu(t)y ~Bu[tQ)yQ = A[tQ, u[tQ))y .

This lemma thus follows from Lemma 2.1.

Proof of Theorem 2.1. Let a € X , a * 0 , and let
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S = {x € Cw | |k(t)| | 5 Hall for t » o} .

S is a closed and convex subset of C^ . By Lemma 2.1 for each u(t) € S

there is a unique function x (t) which is a strong solution to the

initial value problem

x' + A[t, u(t))x = 0 , * 2 0 , x(0) = a .

Since x (£) is strongly continuous it is weakly continuous also, and

x (t) may be considered as a function in C {R , X) . Let $ be the map
u W

$(w) = x . We will show that $ has a fixed point in 5 .

Let u € 5 ; then we have that each x (t) is Lipschitz continuous;

thus Ha: (t)|| is Lipschitz continuous and therefore differentiable almost

everywhere with (Kato [7], p. 510) for some / £ F[x (t)) ,

A u 2 = K{t)> ^ = -M*« "(*))*„<*). /) ^ 0 ,
almost everywhere. Thus

k 4 l k (t) f = \\xAt)\\ • 4 II*

and we have

it
and upon integrating this inequality we have

(2.3) llxM(t)l|2 5 ||a:M(0)||2 = ||a||2 .

Thus \\x (t)| | S ||a|| and x t S for al l u € 5 , or $(s) c S .

Moreover, $(5) is an equicontinuous family of functions since, for any

u € 5 and t , tQ - 0 , we have

\\xAt)-xu{t0)\\ = [I X(s, u(s))xu(s)ds\\ < |f

where
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M = s u p I U ( s , u)\\ ,

n
a = { ( s , M) I 0 5 s 5 max(t , tQ) , Hull S ||a||} .

M is finite because of the fact that weakly continuous functions in a

reflexive space are locally bounded, together with an application of the

principle of uniform bound edness as in Lemma 2.1. This also shows that the

x (t) satisfy a uniform local Lipschitz condition.

We can now show that $ is a continuous mapping from S c C (R , X)
W

into itself. Let {u } c 5 with u (t) ->• u(t) weakly uniformly on

[0, T) for each T > 0 , and let x = $(w ) . Then x € S and the

family {x it)} is equicontinuous on R . It follows (see Sz^p [9],

p. 200) that {x (t)} _. contains a weakly fundamental subsequence

{x (t)} which converges weakly uniformly on compact sets to a function
n k fe=l

x (t) € 5 . Let x = $(u) . We claim ~x(t) = xAt) . Since x (t) is

weakly continuous it is strongly measurable, and l|xQ.(t)ll - Hall « so that

x.( t) | | is locally Lebesgue integrable, and for each x* € X* we have by

dominated convergence

x*[x_(t)-x(t)] = limx*|~[ A{s, U(S))X(S)-A[S, U ( S ) ) X (s)dsj

ft _
= l im X*\A(S, U{S))X{S)-A[S, U ( S ) ) X (e)]<2s

fe^° J 0 nfe " f e

r= j

= x* I
•o

Thus we have, for 0 ̂  t 2 T ,

_ rt
xQ(t) - x(t) = j A{s, U(S)) (x"(s)-xo(s))ds

and
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f*||aro(*)-s8(*)|| 5 MT j

where AL, = sup \\A [s, u{s)) || . By Gronwall's inequality

\\x0(t)-x(t)|| = 0 on [0, T] , for arbi t rary T > 0 .

Thus x = x and

x It) = w - lim 4>(M ) ( t ) = $ ( w j ( t ) .0 fc*» "fe °

Since we could have started with any subsequence of {u (t)} instead of

u (t) itself, it follows that $(M )(t) ->• $(w_)(t) weakly uniformly on

compact subsets of R , and $ is continuous on 5 .

If {x (t)} is any sequence in $(5) then {a: (t)} is uniformly

bounded and equicontinuous, and thus contains a subsequence weakly

uniformly convergent on compact sets of R . Thus $(S) is relatively

compact in C . It now follows by the Schauder Theorem (Smart, [S]) that
w

$ has a fixed point x in 5 , $(x) = x . Since all functions in $(5)

are strongly Lipschitz continuous and strongly differentiable almost

everywhere on [0, °°) , this applies also to the fixed point x , and x(t)

is therefore a strong solution to x' + A(t, x)x = 0 , t > 0 , x(0) = a .

This completes the proof of Theorem 2.1.

We shall now consider the initial value problem

x' + A(t, x)x = f(t, x) , t > 0 , x(0) = a

in the Banach space X . First we need

LEMMA 2.3. Let B(t) satisfy the hypotheses of Lemma 2.1, and let

fit) be a weakly continuous function on R into X . Then for each

a £ X there is a unique strong solution to the initial value problem

x' + B(t)x = fit) , t 2 0 , x(0) = a .

Proof. Since f(t) is weakly continuous and X is separable, f(t)

is strongly measurable and locally Bochner integrable (Hi I It, Phi I lips,

[4], p. 73). The proof then follows the same argument as the proof of

Lemma 2.1 by considering the operator
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ft rt
Q(u)(t) = a - B(s)u(s)ds + f(s)ds ;

JQ >0

we therefore omit the d e t a i l s .

If the function fit, x) in equation (1.2) i s a small perturbation,

we wi l l s t i l l have solutions for any a (. X , as the following shows.

THEOREM 2.2. Let X, X* , and Ait, u)v be as in Tneorem 2.x, and

let f : R x x •*• X be weakly continuous with f{t, 0) = 0 . If there is

a function g(t) € L (i?+) with \\g\\L = e < 1 such that for all u € X

and t € E the inequality

\\f(t, u)\\ 5 g{t)\\u\\

holds, then for each a € X there is a solution x(t) to the initial

value -problem

x' + A(t, x)x = fit, x) , t ^ 0 , x{0) = a ,

with \\x{t)\\ - ( l - c T ^ a H .

Proof. Let a € X , l e t p = ( l - e T ^ a H , and l e t

S = { u <E C w ( E + , X) | | | u ( « ) i | ± p ] •

I t follows from Lemma 2.3 tha t for each u € S there i s a unique strong

solution x (t) to the problem

x'u + A[t, u(t))x = f[t, u{t)} , t £ 0 , x ( 0 ) = a .

Moreover, since A(t, u)v is accretive in u , we have as in Theorem

2.1 for some / € F[X (t)) ,

\\xjt)\\ ± \\xu{t)\\ = [x'u{t), f) = {-A[t, u(t))xu(t), f) + [f{t, « (*) ) , f)

S {f{t, u(t)), f) £ \\f[t, «( t ) ) | | | | / | | = \\f[t, M

so that for all t for which x (t) / 0 we have

almost everywhere, and
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Ik U) | | = Ik (0)|| + f g(s)\\u(s)\\ds S ||a|| + op = p .
Jo

Thus x Z S for all u € S . As in Theorem 2.1 we can show that
u

functions in the family {x (t) | u € S] satisfy a uniform Lipschitz

condition in t and that the family is relatively compact in the space

C (i?+, X) . In a manner similar to that used in Theorem 2.1, we can also
w

show that the mapping u -*• x from 5 into 5 is continuous in the

topology inherited from C (R , X) . Thus the mapping has a fixed point,

which is a solution to the initial value problem (1.2).
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