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Existence of solutions to
quasilinear differential equations

in a Banach space

James R. Ward

Initial value problems of the form x' + A(¢, x)x = f(¢, z) ,
x(0) =a, t =0, are considered in a real, separable,
reflexive Banach space. Results concerning the existence of
solutions on [0, ) are given by considering linear systems of
the form z' + A[t, u(t))x = f(t, u(t)) . Here u(t) belongs to

a suitable function space.

1. Introduction

let X Dbe a real, separable, reflexive Banach space, with dual X* .

* *
The duality mapping P : X - 2X maps every x € X to the set F(x) € 2X

such that (z, f) = |Ifl° = llzll° for f € F(z) , where (z, f) denotes the
value of f € X* at x € X , and [+l denotes the norm in X or X* .
Let A be an operator defined on a set D = D(4) C X mapping D into

X . A4 is said to be accretive if for every wu, v € D there is

f € F(u=v) such that
(Au~Av, f) 20 .

The purpose of this paper is to establish the existence of "strong"

solutions to the "quasilinear" initial value problems

(1.1) x' +A(t, z)z=0, t €0, , x(0)=a,

(1.2) ' + At, ©)xz = fle, ) , ¢ € [0, =), x(0)=a,
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where for each (¢, u) € [0, ©) x X , A(t, u) is a bounded linear
accretive operator on X (in this case A(t, u) is said to be a positive

linear operator).

The question of existence of solutions for the related problems
(1.3) x' +A(t)x=0, tefo,T], x(0)=a,
(1.4) x' + A(t)x = flt, x) , t €[o,T], x2(0)=a,

where A(t) 1is bounded for each ¢ € [0, T] , is discussed in the book [Z]
by DaleckiT and KreVTn; the case in which A(t) is a possibly unbounded
accretive operator has been considered by Browder in [1] and Kato in [7],
among others. Fitzgibbon in [3] considered (1.3) in the case A(t) is a
(non-linear), accretive, weakly continuous operator. The linearization
approach used here for (1.1), (1.2) is closely related to that of Kartsatos

and Ward [6] for finite dimensional problems.

It would be of great interest to obtain results for (1.1) and (1.2) in
case A(t, u) is for each (¢, u) an unbounded operator on D C X .
The author hopes to be able to present results for this problem in a future
paper. Results concerning uniqueness of solutions to (1.1) or (1.2) would

also be of interest; we have none to present here.

We wish to make clear the notion of solution used here. By a (strong)
solution to (1.1) ((1.2)) we shall mean a function u : [0, ©) > X which
is strongly continuous, locally lipschitzian, strongly differentiable
almost everywhere on [0, ®) , and such that u(0) = a and u(t)
satisfies (1.1) ((1.2)] almost everywhere in [0, «)

2. Main results

Our first result concerns the initial value problem (1.1); we let

+ (=) denote strong (weak) convergence in X .

THEOREM 2.1. Assume for each (t, u) € [0, ®) x X , A(t, w) is a
bounded linear accretive operator on X and the map (t, u, v) » A(¢t, ulv

i8 weakly continuous, that is, if t ~ to s UT Uy, VTV, then
Alt, wv ~ A(to, uo)vo ; then for each a € X there exists a solution

x(t) to the initial value problem (1.1). Moreover, (z(t)|| = llall for all
t=20.
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We will prove Theorem 2.1 after first presenting some preliminary
results. Our method will be to first show that for each u(t) in a
certain class of X-valued functions there is a unique solution to the

linear problem

x!(t) + A(t, u(t))z (t) =0, te[o,®) , £(0)=a.

We then prove the existence of a solution to (1.1) by showing the

existence of a fixed point for the mapping u xu . This approach was
suggested by Kartsatos in [5]. We first show

LEMMA 2.1. rLet B(t) be a bounded linear operator on X for each
t € [0, ©) , and assume the mapping (t, u) » B(t)u to be weakly
continuous. Then for each a € X there is a unique strongly continuous

solution to the initial value problem
(2.1) z'(t) + B(t)x(2) =0, t €[0, =), x(0)=a.

Proof. Let C(R+, X) 7be the linear space of strongly continuous
functions mapping [0, «) = B into X . TFor each u € C(R+, X) the
function ¢ = B(t)u(t) is weakly continuous. Moreover, B(t)u(t) is
strongly measurable since for each x* € X* , (B(t)u(t), x*) is
continuous, and therefore Lebesgue measurable. The strong measurability of
B(t)u(t) now follows from the separability of X (Hille, Phillips, [4],
p. 73).

Now for each 2 € X , B(t)x is weakly continuous and therefore

locally bounded; thus for each T >0 and x € X , sup (1B(t)xl| < o ;

t€[0,T]
by the principle of uniform boundedness sup IB(£)l < » and |B(£}]}
telo,T]
is locally bounded. Let M, = sup ||B(e)ll , and define the operator §

t s€[0,7]

on C(R+, X) vy

t
Qu)(t) = a - J B(s)u(s)ds .
0

@ is well defined since B(s)u(s) is strongly measurable and
1B(&)u(s)ll = M, llu(s)ll , so that B(s)u(s) is Bochner integrable. It is
t

obvious that @Q(u)(%) is locally Lipschitz continuous on [0, ®) , and
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strongly differentiable almost everywhere with é% Qu) () = -B(t)ult)

almost everywhere. Furthermore, @ is a contraction considered as an
operator on (C(I, X) if I is any sufficiently small interval contained
in [0, ») . It follows by Banach's fixed point theorem that @ has a
unique fixed point on C(I, X) , from whifh it follows from standard
arguments that (2.1) has a unique solution on [0, ») which is locally

Lipschitz continuous.

REMARK. We wish to point out that the preceding lemma does not follow
from the standard results concerning equation (2.1) such as appear in
Delecki and KreTn [2], p. 96. In that work it is assumed that the mapping
t »+ B(¢t) is uniformly measurable in the sense of Hille, Phillips [4],

p. Th, and that {[B(¢)|l is locally Lebesgue integrable.

+
We will let Cb(R , X) denote the linear space of weakly continuous

functions mapping [0, ©®) into X with the topology of weak uniform

convergence on compact sets [xn(t) =~ x(t) weakly uniformly on I if for

each € >0 and x* € X* +there is an integer VN depending only on z*
and € such that for n= N , Ix*(xn(t)-x(t))l <g for t €I}). ¢,

is a complete locally convex linear space.

LEMMA 2.2, Suppose for each (t, u) € [0, @) x X that A(t, u) <s
a bounded linear operator on X and that the mapping (t, u, v) > A(t, u)v
from [0, ©) x X x X 4into X s weakly continuous. Then for each
u € Cw(Rﬁ, X) and a € X there is a unique strongly continuous solution

z, to the initial value problem
(2.2)  z!(t) + A(t, u())z () =0, te€[0, =), z(0) =a.
Proof. For u € Cw(R+, X) let Bu(t) = a(¢t, u(t)) . Then it is easy
to see that Bu satisfies the hypotheses of Lemma 2.1, since if
(t, y) = (to, yo) then wu(t) ~ u[to) and
A(t, u(t))y = B ()y ~ B, (t )y, = 4ty ult))y -
This lemma thus follows from Lemma 2.1.

Proof of Theorem 2.1, Let aq € X , a # 0 , and let
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s={z €c | l=(t)ll < llal for t=o}.

S 1is a closed and convex subset of Cw . By Lemma 2.1 for each u(t) €S
there is a unique function xu(t) which is a strong solution to the
initial value problem

z' +A(t, u(t))z=0, t20, =(0)=a.
Since xu(t) is strongly continuous it is weskly continuous also, and
xu(t) may be considered as a function in Cw(R+, X) . Let ® be the map

®(u) = z, - We will show that ¢ has a fixed point in S .

Let u €S ; then we have that each xu(t) is Lipschitz continuous;
thus “xu(t)” is Lipschitz continuous and therefore differentiable almost

everywhere with (Kato [7], p. 510) for some f € F(xu(t)) .
Lz ()12 = (&(2), £ = -(@t, w(e))z (), f) =0
dt "u u ’ u -0
almost everywhere. Thus
d 2 _ .4 <
52 e (017 = Iz ()] + £ Nz (2)]] = 0

and we have

d 2 .

£ e ()% =0,
and upon integrating this inequality we have

2 - 2 _ 2
(2.3) e, ()17 = llz, ()17 = llall®

Thus ||xu(t)|| = llall ana z, €5 forall u €5 ,or os)cs.

Moreover, ®(S) is an equicontinuous family of functions since, for any

u €5 and ¢, tozo,wehave

t
[ Mz oo < 1=t el

e ()= (£) 1 = “J ale, u(s))xu(s)ds” <]
6]

0

t
t

where
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M = sup lla(s, w)ll ,
Q

Q={(s, w) | 0

1A

s < max(t, to), lull = llall} .

M is finite because of the fact that weakly continuous functions in a
reflexive space are locally bounded, together with an application of the
principle of uniform boundedness as in Lemma 2.1. This also shows that the
xu(t) satisfy a wuniform local Lipschitz condition.
+

We can now show that & 1is a continuous mapping from S € Cw(R s X)
into itself. Let {un} S5 with wu (¢) > u(t) weakly uniformly on
[0, T) for each T > 0 , and let z, = Q[un) . Then & € $ and the

«©

family {xn(t)}n=l is equicontinuous on B . It follows (see Szép [91],

p. 200) that {:z:n(t)}:=l contains a weakly fundamental subsequence

x, (t)}m which converges weakly uniformly on compact sets to a function
k k=1
xo(t) €5 . Let == ®(u) . We claim =z(t) = xo(t) . Since xo(t) is

weakly continuous it is strongly measurable, and ll:co.(t)ll = llall » so that
||x0(t)|| is locally Lebesgue integrable, and for each x* € X* we have by

dominated convergence

t
m*[xo(t)-g(t)] 1lim x*l] A(s, u(s)]E(s)—A(s, u (s))x (s)ds:l
0

koo ™ "k

t
1lim J z*[A(s, u(s))z(s)-4(s, unk(s))xnk(s)]ds
o]

koo

t
I z*[a(s, u(s)) (E(s)-xo(s))ds]
0

t
x* I a(s, u(s)) [;(s)—xo(s))ds
o}

Thus we have, for 0= ¢ =T ,

t
z(t) - z(t) J As, u(s)) (5(s)_xo(s))ds

0

and
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_ b _
oS =y [ 1)y (e) s

where Mb = sup HA[s, u(s)]” . By Gronwall's inequality
0<s=T

“xo(t)-EKt)” =0 on [0, T] , for arbitrary T > O .

Thus xo =& and

xo(t) =W - iiz Q[unk)(t) = @(uo)(t) .

Since we could have started with any subsequence of {un(t)} instead of
u (t) itself, it follows that &(u )(t) ~ @(u,)(¢) weakly uniformly on
compact subsets of R+ , and ¢ 1is continuous on S .

If {xn(t)} is any sequence in &(S) then {xn(t)} is uniformly

bounded and equicontinuous, and thus contains a subsequence weakly
+
uniformly convergent on compact sets of B . Thus ®(S) is relatively

compact in Cm . It now follows by the Schauder Theorem (Smart, [§]) that

¢ has a fixed point 2 in S, ®(x) =z . Since all functions in &(S)
are strongly Lipschitz continuous and strongly differentiable almost

everywhere on [0, «) , this applies also to the fixed point x , and z(%)
is therefore a strong solution to z' + A(t, x)x =0, t=0, x(0) =a .

This completes the proof of Theorem 2.1.
We shall now consider the initial value problem
x' + A(t, x)x = flt, z) , t=20, x(0) =a
in the Banach space X . First we need

LEMMA 2.3. Let B(t) eatisfy the hypotheses of Lemma 2.1, and let
f(t) be a weakly continuous function on R into X . Then for each

a € X there is a unique strong solution to the initial value problem
z' +B(t)x=fl¢), t20, z(0)=a.

Proof. Since f(t) 1is weakly continuous and X is separable, f(t)
is strongly measurable and locally Bochmer integrable (Hille, Phillips,
4], p. 73). The proof then follows the same argument as the proof of

Lemma 2.1 by considering the operator
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t
Qu)(t) = a - j

t
B(s)u(s)ds + J fls)ds ;
0 0

we therefore omit the details.

If the function f(¢, x) in equation (1.2) is a small perturbation,

we will still have solutions for any a € X , as the following shows.

THEOREM 2.2. Let X, X* , and A(t, u)v be as in Theorem 2.1, and
let f : R xX+X be weakly continuous with f(t, 0) = 0 . If there is

a funetion g(t) € Ll(R+) with ”g”L = ¢ <1 such that for all u € X
1

and t €R the inequality

IA

IFCe, wi

holds, then for each a € X there is a solution x(t) to the initial

value problem

g(t) lull

x' + A(t, 2)z = flt, =), t=20, =z(0)=a,
with llz(8)]l = (1-¢)"Val .

Proof., Let a € X, let p = (l—c)—lHaH , and let

s={ucc(F, 0 | lul < p}

It follows from Lemma 2.3 that for each u € S there is a unique strong

solution xu(t) to the problem
z! + Alt, w(t))z, = flt, we)) , t=zo0, z,(0) =a .

Moreover, since A(%, u)v is accretive in v , we have as in Theoren

2.1 for some f € F(xu(t)) s

e, () 2 Nz (0 = ((2), £) = (A5, u(t))z (8), £) + (&, ul(£), F)

U

= (£ w(@®), 1) = IF(e wA = Ir (e, w) il (O,

so that for all ¢t for which xu(t) # 0 we have

L e () = 7 (6, u(e))I

almost everywhere, and
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t
e, (£)1 = llz, (O] + [ g(s)llu(s)lids < llall + cp = p .
0
Thus z, €S for all u € S . As in Theorem 2.1 we can show that

functions in the family {xu(t) | € S} satisfy a uniform Lipschitz

condition in ¢ and that the family is relatively compact in the space

Cw(R+’ X) . In a manner similar to that used in Theorem 2.1, we can also

show that the mapping u *—xu from S into S 1is continuous in the

+ . . .
topology inherited from Cw(R , X) . Thus the mapping has a fixed point,

which is a solution to the initial value problem (1.2).
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