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A classification of Shimura curves in A

Ben Moonen

Abstract. We give a precise classification, in terms of Shimura data, of all 1-dimensional Shimura
subvarieties of a moduli space of polarized abelian varieties.

1 Introduction
1.1

The goal of this note is to give a classification of the 1-dimensional Shimura subvarieties
of A, the moduli space of g-dimensional (polarized) abelian varieties. My motivation
to write this up comes partly from the fact that at some places in the literature there
seem to be misconceptions about this. (See 5.8 for an example.)

In terms of Shimura data, what we want to classify are triples (G, %, p), where
(G,%) is a Shimura datum such that % is a 1-dimensional complex manifold, and
p: (G, %) — (GSpy,, 9y ) is an embedding into a Siegel modular Shimura datum.
The adjoint Shimura datum (G, %/29) is then easy to describe: Take a 4-dimensional
central simple algebra D over a totally real field F which splits at precisely one of the
real places of F, and let p = PGL; p. There is a unique &p (R)-conjugacy class ¥p of
homomorphisms S — &p g such that (¥p, ¥p) is a Shimura datum (see Section 4.5),
and for every triple (G, ¥, p) as above, (G, %) is isomorphic to a datum of this
form (¥p, Up).

The problem at hand can be reduced to the situation where the generic abelian variety
over the Shimura curve given by (G, %) is simple. If the endomorphism algebra is of Al-
bert type I, IT or III, which means that its centre is a totally real field, knowing the adjoint
Shimura datum essentially solves the whole problem, as the connected centre of G then
equals G, and the representation p can only be the so-called corestriction representa-
tion. Typical examples of what we obtain are the 1-dimensional Shimura subvarieties
of &, constructed by Mumford [8], § 4; what seems less well-known is that there is also
a quaternionic version of Mumford’s construction that gives rise to abelian varieties of
Albert types Il and III.

The most interesting part of the problem is the case where the generic abelian variety
is of Albert type IV, so that the centre of the endomorphism algebra is a CM field. In this
case, if we fix F and D as above such that (Gad, ?ad) = (Ep, Yp), the derived group
of G is afinite cover of &p, and the possibilities for p|gdr correspond to the Gal(Q/Q)-
orbits of nonempty subsets of the set Emb(F) = Hom(F, @) The main point is that
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the representation of G4 needs to be combined with a nontrivial representation of
the centre of G in order to obtain a Shimura datum that embeds into a Siegel modular
datum. We carry out a precise analysis of the data involved. For the final result we refer to
Propositions 4.4 and 4.5, and then Theorem 5.1 states that the description we have found
covers all cases. An interesting feature is that we are naturally led to introduce a notion
of a ‘partial CM type’, and that our classification involves a condition that generalizes
the classical notion of primitivity of a CM type. (The notion we consider is more specific
than the one used in [10].)

1.2

In Sections 2 and 3 we review the results from representation theory that we need, fol-
lowing Tits’s paper [15], and we discuss two examples of representations that play a key
role. In Section 4 we study simple complex abelian varieties X whose associated Shimura
datum is 1-dimensional. This is the main part of the paper. As mentioned, the most in-
teresting case to analyse is when X is of Albert type IV. In Section 5 we explain how the
analysis carried out in Section 4 gives a complete solution to the classification problem
in the case when the generic abelian variety is simple, and in Section 6 we extend this to
the general case.

1.3

There are several papers that discuss the classification of Shimura (sub)varieties, and
one may wonder to what extent the results in the present paper are already covered
in the literature. To my knowledge, the precise classification carried out here is new,
though I suspect, based on Remarque 2.3.11 in [5], that the results have been long known
to Deligne. The work of Satake [12] and the subsequent work of Addington [1] does
discuss the representation theory involved but does not contain the results that we ob-
tain. (These papers focus on the representation theory of the semisimple part of the
Mumford-Tate group, whereas in our work it is the interplay between the representa-
tion theory of the semisimple part and the centre that plays a main role. The ‘chemistry
terminology’ of [1] is not commonly used; we use root data instead.)

1.4 Notation and conventions.

(1) Throughout, Q is viewed as a subfield of C and we write I'p = Gal(Q/Q).IfK isa

number field, we write Emb(K) = Hom(K, Q), which is identified with the set of
complex embeddings of K or, in case K is totally real, the set of real embeddings
of K.

(2) If G is a reductive group, we denote by G" its derived group, by G*¢ the adjoint
group, and by G*¢ the simply connected cover of G,

(3) If X is an abelian variety, we denote by End’(X) = End(X) ® Q its endomorphism
algebra.
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2 Some results from representation theory

Throughout this section, k denotes a field of characteristic 0 with algebraic closure k C
k.

2.1 Basic notions.

If G is an algebraic group over k then by a representation p of G we mean a represen-
tation on a finite dimensional k-vector space. If we say that p is irreducible, we mean it
is irreducible over k. If k C L is a field extension, we denote by py, the representation
of G obtained by extension of scalars.

If D is a k-algebra and V is a right D-module of finite k-dimension, we denote
by GLp(V) the algebraic group over k of D-linear automorphisms of V, and by
restrp/k: GLp (V) — GLg (V) the canonical homomorphism. (Instead of GLx (V) also
the notation GL(;V) is used, where ;V denotes the underlying k-vector space of V.) If
G — GLp (V) is a homomorphism, we refer to V as a D-G-module, and we denote by
Endp.G (V) the algebra of D-linear endomorphisms of V that are G-equivariant.

For D a central simple k-algebra, we define GL,, p = GLp (D"), where D" is viewed
as a right D-module. We write SL; p C GL; p for the kernel of the norm homomor-
phism GL; p — Gy, and PGL, p for the cokernel of Gy, x — GL; p. Note that if
dimy (D) = d?, the groups SL; p and PGL, p are k-forms of SLy, resp. PGLy.

If k C L is a finite field extension and R: G — GL(V) is a representation
of G over L, we denote by resy /i (R) the representation of G (over k) given by the
composition

can Resp /i (R) restrr,/k
resy /k(R): G — Resyx(G) ——— Resp /i (GL(V)) ——— GLi (V).

2.2 Representations of tori.

If T/k is a torus, let X*(T) = Hom(T},G,, ;) be the character group of T and
Xi(T) = Hom(Gy, ¢, Ty) the cocharacter group. These are free Z-modules of finite rank
equipped with a continuous action of Gal(k/k). We have a Galois-equivariant perfect
pairing X*(T') x X,.(T) — Z.For & € X*(T), write k ¢ for the vector space k on which
Ty, acts through the character £, and let 1 € k¢ be the identity element.

The irreducible representations of T correspond to the Gal(k/k)-orbits in X*(T). If
E c X*(T) is such an orbit, the corresponding representation pg can be constructed by
considering the k-vector space Vg ; = @zez k¢, on which Gal(k/k) acts by the rule

'y(z c‘;:-lg) = Z y(ey-1.g)1¢ (for ¥ € Gal(k/k) and coefficients ¢ ¢ € k).

£€B £€E
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(In particular, y sends ¢ - 1¢ to y(c) - 1,.£.) The representation of T on Vg ; descends
to a representation of T on the k-vector space Vz = (VE,;;)G“I("/"), and this gives the
representation pg. By construction, pz ¢ = Vg ; as representations of 7.

For ¢ € B, define k(&) = k5°(£) where Stab(&) € Gal(k/k) is the stabilizer of .
The choice of an element &, € E gives an isomorphism k (£9) — End(pz). Concretely,
ify € k(&) and & € E, choose y € Gal(k/k) such that & = y - & and let y act
on k¢ as multiplication by y(y), which is independent of the choice of y. Moreover,
one readily checks that the action of k(&p) on Vg ; thus obtained commutes with the
action of Gal(k/k) and is Tg-equivariant; hence it descends to a homomorphism of k-
algebras k(&y9) — End(pz). To see that this is an isomorphism, it suffices to note that
both sides have the same k-dimension because k(&) ® k = [lzez k = End(pz ).

2.3 Example.

If E is a number field, let Tz = Resg;q G, g, which is a torus over Q of rank equal to
[E : Q]. The character group is given by X*(Tg) = @(peEmb(E) Z - ey, where e, de-
notes the character induced by the embedding ¢. The Galois group I'g = Gal(Q/Q)
acts on X*(Tg) through its action on Emb(E). The cocharacter group is X, (Tg) =
D ypecEmb(E) Z - &p, Where {€,} yeEmb(E) is the dual basis.

The set of elements {e,} ,cEmb(E) is @ I'g-orbit in X*(Tg). We denote the corre-
sponding irreducible representation by Stg, and we refer to it as the standard represen-
tation of 7. It is given by the canonical homomorphism 7 = Resg/g GLi g —
GL(gE), where gE denotes the Q-vector space underlying E. The endomorphism
algebra of Stg is E.

2.4 Review of some results of Tits.

We briefly review some results by Tits [15]. (What we have discussed in 2.2 is a very
special case of this.)

Let G /k be areductive group. This group gives rise, in a canonical way, to a based root
datum (X, ®, A, XV, ®Y, AV) with an action of Gal(k/k); see for instance [2], especially
Remark 7.1.2. As in the case of a torus, X and X" are free Z-modules with Gal(k/k)-
action and we have a Galois-equivariant perfect pairing (, ): X x X¥ — Z. The sub-
lattices Z - @ C Xand Z - ®¥ c X are called the root lattice and the co-root lattice.
Define

Xi={eeX|(¢wY)20 forallm’ eA’}.

For & € X4, let pg ¢ denote the irreducible representation of G with highest weight &.
Let Xo C X be the subgroup that is generated by @ and by the elements that are
perpendicular to ®". Following [15], define

€ (G) = X/Xo.,

which is a finite group that only depends on G%*. It comes equipped with an action of
Gal(k/k).
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If ¢ € X, is invariant under Gal(k/k), there exists a division algebra D = D ¢ with
centre k and a representation r¢ : G — GLp (V), for some right D-module V of finite
type, such that:

* the representation pg = restrp/x org: G — GL(V) is irreducible (notation as in
2.1);

* if d = deg(D) is the degree of D (i.e.,, dimg (D) = d?), the representation Pe i is
isomorphic to the sum of d copies of pg _¢.

(Note that p g = (pg)g is not the same as pg ,.) The division algebra D ¢ is unique up
to isomorphism, and given D ¢ the representation r¢ is unique up to D #-equivalence.
(See [15], Théoréeme 3.3.) If the context requires it, we write py ¢ to indicate the ground
field.

Let Br(k) be the Brauer group of k. There exists a homomorphism

Bo.: € (G N — Br(k)

that only depends on GY*, with the property that for a Galois-invariant dominant
weight & € (X,)GK/K) a5 above, B 1 (€ mod Xo) = [De].

With this notation, the general description of the irreducible representations of G is
as follows. For & € X, let k(&) C k be the field extension of k that corresponds to the
stabilizer of ¢ in Gal(k/k). By what we have just explained, there exists a division algebra
D = D¢ with centre k(&) and a representation rr(¢), s : Gr(g) — GLp (V) over k(¢)
such that pr(g),& = restrpr(g) © Ti(g),¢: Gr(e) — GLi(g)(V) is an irreducible
representation of G (¢) which after extension of scalars to k becomes a sum of copies
of pg . Then

pe =reskie)k(Pr(e).¢): G — GLi(V)
(notation as in 2.1) is an irreducible representation of G. If necessary we write py ¢
instead of p¢ to indicate the ground field, and again we note that if k& C L is a field
extension, pr ¢ is in general not the same as p ¢ 1, the extension of scalars of p# to L.
The isomorphism class of the representation p¢ only depends on the Gal(k/k)-orbit
of &, and every irreducible representation of G is of the form p¢ for some ¢ € X,. If
d = deg(D¢) and Gal(k/k) - &€ = {£1,...,& ) then
- B &d B &d
(Pe)p = (prg) " @ @ (org) -

The endomorphism algebra of p # is isomorphic to D‘;P. (See the proof of Théoréme 7.2
in [15].)

3 Examples

We discuss two examples that play an important role in the next sections. As before, k is
a field with char(k) = 0.

3.1 Example.

Let L = L1 X---X Lgbeaproduct of finite field extensions of k. Let D = Dy X---X Dy,
where D j is a 4-dimensional central simple L ;-algebra (j = 1, ..., s). With notation as
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in2.1,let¥; = Resy;/k SL1,p;, and take & = Resy /x SLi p = &) X - - - X F,. We have

=[] St 3.1)
o e€Homy (L,k)

The weight lattice of & is giveI} by X = @aeHomk(L,lé) Z, on which Gal(k/k) acts
through its action on Homy (L, k). We normalise this in such a manner that a weight & =
(€0) orcHomy (L,k) is dominant if and only if £ > O for all o~. Let pcor be the irreducible
representation of & corresponding to the weight ¢ with&, = 1forallo € Homg (L, k).
We call pcor the corestriction representation of & over k; it can be described as follows.

For o € Homg (L, k), write D, = D ®p , k, which is isomorphic to the ma-
trix algebra M, (k). On the ring ®orcHomy (L,k) Do (tensor product over k) we have a
natural action of Gal(k/k), which extends the action on k (which is the centre). The
corestriction of D, notation Cory jx D, is defined as the k-algebra of Galois-invariants:

Gal(k/k)
Corp/x D = ( ® Da—) >
oeHomy (L,k)

which is a central simple k-algebra. (See [15], Section 5.3, or [11]; for a more intrinsic
approach, see [6].) If ¢ = dimg (L) = Zj‘:l [L; : k] then Corzjx D has degree 29
over k. The canonical homomorphism Cory x D ® k — ®eHomy (L,k) Do is an
isomorphism of k-algebras. On Brauer groups, the class [CorL/k D] € Br(k) is the
image of [D] € Br(L) under the corestriction map in Galois cohomology.

Writing C = Coryjx D, we have a homomorphism a: Res;;x GL;p — GL; c,
which on k-valued points is given by the natural homomorphism

Dy — ( ® Do-)
o €Homy (L,k) o e€Homy (L,k)

Let W be the unique (up to isomorphism) simple left C-module, viewed as a k-vector
space, so that we have a representation GL; ¢ — GL(W). Then the corestriction
representation is given by the composition

peor: € <> Resp i GLyp —> GLy.c — GL(W).

In more detail, let & = Endc (W) = End(pco;) be the division algebra with cen-
tre k that is Brauer equivalent to C°P. (For the identity & = End(pcor), cf. the end of
Section 2.4.) There are two cases.

* First case: & = k. Then C = M,q(k); so we find that W = k?* and GL; ¢ =
GLya k, and pcor: & — GL(W) is given by the homomorphism «. In this case,
Peor,k = ®oetomy (L,k) St where by St we mean the irreducible 2-dimensional
representation of the factor SL, ¢ in (3.1) indexed by o.

* Second case: & is a quaternion algebra over k. In this case, C = M,q-1(&°P). Fix-
ing such an isomorphism, we obtain W = (&°P)®277" = k27" and GLic =
GL,4-1 gop. The representation pco, is the composition

a restrgop/k
g — Gqufl,gop _— GL2q+I’k N
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and P, f is isomorphic to a sum of two copies of R, cHom, (1,£) Sto-

3.2 Example.

Let F be a number field and D a 4-dimensional central simple algebra over F. Consider
the algebraic group ¥ = Resg ;g SL;,p over Q, which is a simply connected semisimple
group. The weight lattice of & is given by X = @ egmb(F) Z, on whichI'g = Gal(@/ Q)
acts through its action on Emb(F). Again we normalise this such that a weight & =
(é0) oeBmb(F) is dominant if and only if é - > O for all o.

If I ¢ Emb(F) is a subset, let £; be the weight given by the rule that £, = 1if o € [
and £, = 0 otherwise. Let py be the irreducible representation of & that corresponds
to the ['g-orbit of ;. (In particular, p; = p,,(y) fory € I'g.) This representation can be
described as follows.

Let F C @ be the normal closure of F. Writing D, = D Qf o F, we have Sr
H(,.eEmb(F) SLi,p,,,and hence ?@ = Ho.eEmb(F) SLZ,@.

Let k; C F be the subfield of elements that are invariant under Stab(I) = {y
Gal(F/Q) | v(I) = I}. (This field kj takes the role of what in 2.4 was called k(&).) The
ky-algebra F'®q ky is a product of field extensions of k;. We have a natural isomorphism

5 _\ Stab([1) 5 _\ Stab(I)
Fegki=(Feg P =( [ F) =([]Fx[] 7).
o¢l

o €Emb(F) oel

1R

m

Defining

_\ Stab(1) _\ Stab(1)
L=([1#) n=(]7)
I o¢l

(oS
we get a decomposition /' ®g k; = Ly X L}. Define D; = D ®f Lyand D}, = D ®F L.
Then

G, = (ReSLI/kI SLl,D,) X (ReSL;/kI SLl,D}) .
Let pcor: Resy, /i, SLi,p, — GL(W) be the corestriction representation over kj as
in Example 3.1, applied with L = L; and D = Dj. The representation pj is then the
composition

can pr
& — Resy;/a(x,) — Res, o (Resz, /i, SLi.p,)

R cor restry
L), Reskyjg GLIW) ——%, GL(W) .
(In other words, p; = resg, /o (0cor), Where we view pcor as a representation of Gy, .)
The endomorphism algebra & = End(py) is a division algebra with centre k; which
is Brauer equivalent to Cory,/x, D;j. Either & = k; or & is a quaternion algebra
over k. The representation p, gls isomorphic to

R Sty , (3.2)

( )GBdeg(%z)
Jerar \7¢!

where St denotes the 2-dimensional irreducible representation of ?@ given by the
standard irreducible representation of the factor indexed by o-. For later use we note that,
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because Gal(Q/F) acts trivially on X, the summands that appear here are already de-
fined over F; more precisely: p 1.F decomposes as a direct sum of representations Ry j,
forJ € I'g- I, such that (RFJ)@ is isomorphic to a sum of deg(&7) copies of Ryey Stor.

3.3 Remark.

In the above description of the representation p;, we have broken the symmetry by
choosing a representative / for the Galois-orbit I'g - /. For what follows, it is important
to restore the symmetry. We shall use the symbol I for a I'g-orbit of nonempty subsets
of Emb(F), and we write py: & — GL(Wfy) for the corresponding irreducible repre-
sentation of & = Resg;g SLi p over Q (as in 3.2). Define &7 = Endg (pr), and let k
be the centre of &r. Then Emb (k) is in natural bijection with I, in such a way that if
I € I corresponds to the embedding 7, the subfield 7(ky) C @ is the field k; of Exam-
ple 3.2 and &1 ®y, ki1 —> &;. The normal closure of k7 is a subfield of F. We denote
by £(I) the cardinality of the sets I € I, so that dimg(W;) = [k : Q] - deg(&7) - 20D

Lemma 3.1 Let F, D and ¥ = Resg/q SLi,p be as in Example 3.2. Let I be a I'g-orbit
of subsets of Emb(F), and let py: & — GL(WTp) be the corresponding irreducible represen-
tation of & over Q. (Notation as in the previous remark.) Assume the following two conditions
are satisfied:

(a) thereis a unique embedding o € Emb(F) such that D ®F_ R is isomorphic to M, (R);
(b) thesets I € I are nonempty and I # {Emb(F)}.

Then the endomorphism algebra &y of py is a quaternion algebra over its centre k.

Proof As explained above, we have a bijection I = Emb(ky), and if I +— 7 then
7 (k) is the field k; as in Example 3.2, which is a subfield of R. With notation as in that
example, the image in Br(R) of the class [&7] € Br(kr) under 7 is the class of

Cor(L1®k,R)/R(DI ®k, R) = ® D,
oel

where D, = D ®f,» R. This class is the sum over the elements o € [ of the classes
[Ds] € Br(R). Let 0y € Emb(F) be the unique real embedding at which D splits.
Assumption (b) implies that we can find Iy, I, € I such that oy, € 1) and oy, € I;. The
corresponding two classes in Br(R) are unequal, so the class [&7] € Br(ky) cannot be
trivial. |

4 Abelian varieties whose associated Shimura datum is
1-dimensional

4.1 Notation related to Hodge structures.

As usual in Hodge theory, we define S = Resc/r Gp. The character group of this torus
is given by X*(S) = Z & Z, with complex conjugation acting by (p,q) — (g, p).
The norm homomorphism Nm: S — Gy, r (on R-points: 7 + zZ) corresponds to the
character (1, 1). Define w: Gug — S (on R-points: the inclusion R* < C¥) to be
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the unique homomorphism such that Nm o w is 7 +— 7%, and let i: Gm,c < Sc be
the morphism given on C-valued points by z > (z, 1); in terms of the natural pairing
between characters and cocharacters, i is described by its property that <(1, 0),i > =1
and ((0,1),i) =0.

A Q-Hodge structure of weight n is given by a finite dimensional Q-vector space V
together with a homomorphism i: S — GL(V)g suchthat how: Gy g — GL(V)Rr is
givenby z > z7"-id. We follow the convention that an element (z, w) € C*XC* = S(C)
acts on the summand V74 C V¢ in the Hodge decomposition of V¢ as multiplication by
z7Pw™4. Instead of giving the homomorphism /, we can also describe the Hodge stru-
cuture on V by giving the corresponding cocharacter u = (hg 0i): Gy c — GL(V)c
that is given by the rule that z € C* acts on VP-4 as multiplication by z77.

4.2

By a Shimura datum we mean a pair (G, %) where G is a connected reductive group
over Q and % is a G(R)-conjugacy class of homomorphisms S — Gy, such that the
conditions (2.1.1.1-3) of [5], Section 2.1 are satisfied. The weight of a Shimura datum is
the homomorphism 2 o w: G, g — Gg, which in fact takes values in the connected
centre of Gr and is independent of 7 € %. In all cases of interest for us, this weight
cocharacter is defined over Q.

If (G1, %)) and (G,, %,) are Shimura data then by an embedding j: (G, %;) —
(G2, ?%,) we mean an injective homomorphism j: G; < G, such that composition
with j gives amap % — %.

4.3

Let X be a complex abelian variety. Write V = H;(X,Q), and let : S — GL(V)g be
the homomorphism that gives the Hodge structure on V. By definition, the Mumford-
Tate group of X is the smallest algebraic subgroup H C GL(V) such that & factors
through Hp.

Let G be the Mumford-Tate group of X. If % is the G (R)-conjugacy class of the
homomorphism h: S — Gp, the pair (G, %) is a Shimura datum whose weight is
defined over Q. We refer to it as the Shimura datum given by X. The goal of this section
is to study complex abelian varieties X with associated Shimura datum (G, %) such that

dim(%) = 1.
4.4

Let Z = Z(G)° be the identity component of the centre of G, which is a torus over Q.
The natural homomorphism Z X G* — G is an isogeny. We view V as a representation
of ZxG*¢. The natural map End®(X) — End(V) induces an isomorphism End®(X) —
Endzxgs=(V).

Let Hy, ..., H be the simple factors of G¢, so that Gc = Z¢ - H; - - - H,. Every
irreducible G¢-submodule of V¢ is isomorphic to a representation y Rr; R -+ K rg,
where y is a character of Z¢ and r; is an irreducible representationof H; (j = 1,.. ., s).
By a result of Deligne ([5], Section 1.3) and Serre ([13], § 3), the highest weight of every
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nontrivial representation r; that occurs is a minuscule weight. In particular, if H; is of
Lie type Aj, we must have H; = SL,, and if r; is nontrivial, it is the 2-dimensional
standard representation.

4.5

Let X be a complex abelian variety such that the associated Shimura datum (G, %) has
the property that dim(%/) = 1, which is equivalent to the assumption that

G%d = PGL, g X compact factors . 4.1)
If this holds, there exists a totally real field F' and a 4-dimensional central simple F-
algebra D (unique up to isomorphism) such that

D ®q R = M;(R) X a product of factors H,

and such that G*° = Resg/g SL; p. Let 0y, € Emb(F') be the unique embedding with
the property that D ®f . R = M,(R). Then

G¥=Slzx [| SLiz, GE¥=PGLex []| PGLa. ©2)

o €Emb(F) o€Emb(F)
T#0e T#0yc
(Here SLy i = SU(2) is the compact real form of SL,.) In the adjoint Shimura datum
(G, %4), the space ¥ is the G*(R)-conjugacy class of the homomorphism S —
G2 that on the first factor is given on R-valued points by
R

a+bi- [¢77] (4.3)
and that is trivial on the compact factors.

Because the centre of G*¢ is 2-torsion, so is the kernel of the isogeny Z X G** — G.
Hence, there exists a unique homomorphism 4 = (A, hs): S — Zg X Gy such that the
diagram

s s zaxGx
ZHZZ\L l (4.4)
§ —"— Gr
is commutative. Define /i = Ac o i, and write it as g = (fe, fis): Gm,c — Zc X GE.
(c = centre, s = semisimple.)
4.6

In addition to the assumptions made in 4.5, assume that X is a simple abelian variety
of dimension g. The endomorphism algebra End’(X) is a division algebra of finite di-
mension over Q. Let E be the centre of End’(X), which is either a totally real field
(Albert Types I, I and III) or a CM field (Albert Type IV). Then V¢ is a module over
E ®q C = []gemb(r) C; correspondingly, we have a decomposition

Ve = @ V,, (4.5)

@€Emb(E)
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with V, = V®g , C. With the notation Vg 4 = yran V,, (intersection taken inside V)
we then have

Ve=V,W0e vy,  vri= H VE9 (or (p.q) = (~1,0) or (0,-1)),
@€Emb(E)

and complex conjugation on V¢ interchanges the summands V, 0 and Vg’_l. The
function

f: Emb(E) > N givenby f(p)= dimC(V;l’o)

satisfies f(¢) + f(¢) = dimg(V) = % for all ¢ € Emb(E). In particular, if E is
totally real then [E : Q] divides g and { is constant with value ﬁ We refer to f as the
multiplication type of X.

The action of E on V gives a representation Tg — GL(V), which is isomorphic to
a sum of dimg (V) copies of the standard representation Stg (see Example 2.3). View-
ing Tg as a subgroup of GL(V) via this homomorphism, the connected centre Z of the
Mumford-Tate group G is a subgroup of Tg. With notation as in Example 2.3, the char-
acter group X*(Z) of Z is therefore a quotient of X*(Tg) = ®pcEmb(E) Z - €4, and the
cocharacter group X, (Z) is a primitive subgroup of X.(Tg) = @y etmb(E) Z  €¢-

Proposition 4.1  Let the notation and assumptions be as above.

(1) The cocharacter fi.: Gm,c — Zc C Tg ¢ corresponds to the element

2- E : .
I SR LEEC

@€Emb(E) @€Emb(E)
of X (TEg), where n = dimg (V) = [b%_gQ]
(2) With identifications as in (4.2), the homomorphism fis: Gpc — ch? is conjugate
under G*(R) to the homomorphism given on C-valued points by

241, 22-1
Tl | IS ) IS NEREL (4.6)

(3) The representation Z — GL(V) is a direct sum of copies of (the restriction to Z C Tg
of) the standard representation Stg. (Notation as in Example 2.3.)

(4) There exists a I'g-orbit I of nonempty subsets of Emb(F') such that the representation
G* — GL(V) is isotypical of type py. (Notation as in Example 3.2 and Remark 3.3,
applied with & = G*°.)

In (2), note that G*¢ acts by conjugacy on the space of cocharacters of G*.

Proof (1) We have G C GLEg(V). Let detg: GLg(V) — Tg be the E-linear
determinant. The composition

detg

Tg X G* — GE — Tk (4.7)
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is given by (¢, y) > t". Next consider the composition

fiGme > TecxGE > GLe(Vie= || GLV,).
@€e€Emb(E)

By definition of the function , the action of z € C* on V, through this homomorphism
is conjugate to the homomorphism

zi—>diag(zz,...,zz,l,...,l).
——
f(¢) terms

(The z? comes from the fact that /i is a lift of the square of , cf. diagram (4.4).) In partic-
ular, detg of: Gm,c = Te,c = [I4epmb(E) Gm,c is given on the factor indexed by ¢
by z > z2T(¥). By our description of the map (4.7), if fi. corresponds to the element
2pcEmb(E) A €p € Xi(Tg), we find the relationn - a, = 2 - f(¢).

(2) On C-valued points, the homomorphism S — PGL; r of (4.3) is given by

(w) o [ i,

and therefore the homomorphism ad o fis: Gy, c — G%d is conjugate to the cocharacter
that, under the identification (4.2), is given by
2241 i(z%-1)
R ([—i(zz—l) a0
Because a cocharacter of szd admits at most one lift to G(Sé, it now suffices to remark
that (4.6) indeed lifts the latter homomorphism.

(3) This is obvious.
(4) This follows from what was explained in Section 4.4. [ ]

Proposition 4.2 Let X be a g-dimensional simple complex abelian variety such that in the
associated Shimura datum (G, %) we have dim(%) = 1. Assume that X is of Albert type ],
I or I1L. Let notation be as in Sections 4.5-4.6.

(1) We have Z = Gy, - idy.

(2) With G* = Resp ;g SLy,p as in 4.5, the representation G*° — GL(V) is irreducible
and is the corestriction representation as in Example 3.1, with & = G*°. (In other words,
it is the irreducible representation py of Example 3.2 with I = Emb(F).) The centre
of G* is the finite group scheme Z(G*°) = Resp/q Ha,F, on which we have a norm
character N: Z(G*°) — u, g whose kernel is a group scheme of order 2LF:QI=1 The
derived subgroup G%* of the Mumford-Tate group is the image of G* in the corestriction
representation, which is isomorphic to G [Ker(N).

(3) Letm = [F : Q]. We are in one of the following three cases:

() m is odd, Corpg(D) = Mym(Q) and End’(X) = Q
(I1) m is odd, Corp (D) % My (Q) and End®(X) is a quaternion algebra over Q
that splits over R;
(ITI) m is even, Corpg(D) & Mom(Q) and End®(X) is a quaternion algebra over Q
that does not split over R.
We have g = 2™~ in case (I) and g = 2" in cases (I) and (III).
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(In (3), the labels correspond to the Albert type of X.)

Proof (1) This is well-known; see for instance [14], Lemma 1.4. We can also see it
directly: because E is totally real, the function f is constant, and it follows from Propo-
sition 4.1(1) that the cocharacter fi. is defined over Q. Now use that Z is the smallest
subtorus of Tg such that fi. factors through Z¢.

(2) Because X is simple, V is irreducible as a representation of Z X G*¢, and then it
follows from (1) that it is irreducible as a representation of G*°. By Proposition 4.1(4), V
is therefore a representation of the form py for some I'g-orbit I of nonempty subsets
of Emb(E). We need to show that only I = {Emb(E)} is possible. To see this, first
note (see Example 3.2, and use that F is totally real) that Vg, as a representation of G,
decomposes as a sum of representations Ry, for I € I, such that (Rg r)c is a sum
of copies of Rgyey Sto. If I # {Emb(F)} then there exists some I € I such that
One ¢ I, where we recall that o, € Emb(F) is the unique embedding such that D®F .
R = M, (R). Because the homomorphism /i: S — Gp that defines the Hodge structure
on V projects trivally onto the compact factors of G2, it follows that the (real) Hodge
structure on the direct summand of V that corresponds to the representation Ry j is of
Tate type. This is impossible, as Vi is a real Hodge structure of type (—1,0) + (0, —1).

For the last assertion of (2), we only have to remark that on the centre of G*¢, the
corestriction representation is given by the norm character.

(3) By (2), we are in the situation of Example 3.1 with k = Qand L = F.If & is
the division algebra with centre k = Q that represents the class of Corg/g D (as in
that example), we have & = End(p) = End®(X). But we have seen that either & = Q
or & is a quaternion algebra over Q. On the other hand, by looking at the invariants
of D at the infinite places of F, we see that inv,,(&) = 0 € Br(R) if m is odd and
inve (&) = % € Br(R) if m is even. It readily follows that the listed cases (I)-(III) are
the only three possibilities. Finally, the given recipe for g is just the calculation of the
dimension of the corestriction representation. |

4.7 Remark.

If F = Q, we may have D = M,(Q), in which case X is an elliptic curve with End(X) =
Z.In all other cases, D is a quaternion algebra with centre F.

4.8

Returning to the setting of 4.5, we now assume that X /C is a simple abelian variety of
Albert Type IV, which means that E, the centre of End® (X),isa CM field. Let Ey C E be
the maximal totally real subfield. As before, we fix ' and D and an identification of G*
with ResF/Q SLI,D.

It will be convenient to view V as a representation of Tg X G*°. Because E is the centre
of End°(X) and Z ¢ Tg, we have End’(X) = Endzxgs (V) = Endzy, xgs (V).

Let notation be as in Example 3.2 and Remark 3.3, with & = G*. By Propo-
sition 4.1(4), there exists a I'g-orbit I of nonempty subsets of Emb(F) such that V
is isotypical of type pr as a G**-module. Realise this representation as py: G —
GL(Wy) for some Q-vector space Wy. Recall (see Remark 3.3) that we write & =
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Endgsc(Wr), and that the centre of &7 is called k. The field kj is totally real (it is a
subfield of the Galois closure of F), and either & = kj or & is a quaternion algebra
over k.

With this notation, Wy has the structure of a left &7-module. This induces the
structure of a right &r-module on the space

H= Homgsc(WI, V) .

The torus Tg acts on H by &r-linear automorphisms, through its action on V. The eval-
uation map gives a Tg X G*“-equivariant isomorphism H ®¢, Wy — V, where G*¢ acts
on H®g, Wy viaidyg ® pr and Tg acts via its action on H. This gives us an isomorphism

Endg, (H) — Endgs(V) . (4.8)

Note that Endg, (H) is a central simple k y-algebra.

Lemma 4.3  Notation and assumptions as above.

(1) Identify End®(X) with the Q-subalgebra Endr, xG«(V) of Endgs(V), and view the
latter as a ky-algebra via the isomorphism (4.8). Then ky C Ey, and hence Ey, E
and End®(X) are kp-subalgebras of Endgs: (V). Further, End®(X) is the centralizer
of E in Endgs (V), and E is the centralizer of End® (X).

(2) The multiplication type f: Emb(E) — N is not constant.

Proof (1) The action of Tg on V commutes with the action of G*¢, and EndO(X) C
Endgsc (V) is the subalgebra of elements that commute with the action of Tg. There-
fore, the centre of Endgs: (V), which is k, is contained in the centre of End®(X ), which
is E. Since kg is totally real, even k;f C Eo. Moreover, the centralizer of E is con-
tained in End®(X); but E is the centre of End®(X), so in fact the centralizer of E equals
End®(X). The last assertion then follows by the double centralizer theorem.

(2) Suppose f were constant. As in the proof of Proposition 4.2(1), this would give
Z = Gy, and hence End®(X) = Endgs (V). But the centre of Endgs (V) is k7, which is
totally real and therefore cannot be equal to E; contradiction. |

4.9

Let notation and assumptions be as in 4.8. In addition to its right &r-module structure,
H has the structure of an E-vector space through the action of E on V. Clearly, the
E-action on H commutes with the &r-action. The embedding ¢: ky < Ey C E of
Lemma 4.3(1) is such that f o a = «(a) o f foreverya € kyand f € H, so the &;-
action and the E-action induce the same structure of a k y-vector space on H. Hence, H
has the structure of a right £ ®, &r-module. Note that E ®;, &7 is a central simple E-
algebra; if we write E&y C Endy, (H) for the k r-subalgebra generated by E and &7, the
natural map E ®g, &1 - E&] is therefore an isomorphism. Via the isomorphism (4.8),
we find that End’(X) = Endgg, (H), and because End®(X) is a division algebra, only
three cases are possible:

Case 0. &7 =kyanddimg(H) = 1;
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Case 1. &y is a quaternion algebra over ky and E&; = M,(E), in which case
dimE (H) = 2;

Case 2. & is a quaternion algebra over ky and E& is a quaternion algebra over E, in
which case H is free of rank 1 over E&r, and hence dimg (H) =

(As we shall see below, Case 0 1n fact does not occur.)

Write n = dimg(V) = E Q] Recall (see Remark 3.3) that Emb(ky) is in bijection
with I. The inclusions k; C Eo C E giverise to natural maps Emb(E) — Emb(Ej) —
Emb(ky). For ¢ in Emb(E) or Emb(E), we write ¢|, for its image in Emb(ky), and
we write I, € I for the corresponding subset. Recall that £(I) denotes the cardinality
of the sets / € I. We find the following:

Case 0. V = Stg Ry, Wy as representations of Tg X G*;
End’(X) = E, withn = 2/ and g = [E : Q] - 2/(D-1,

Case 1. V&2 = Stp Ry, Wr as representations of T X G*¢;
End’(X) = E, withn = 2/D and g = [E : Q] - 2¢(D-1,

Case 2. V = Stg Ri, Wr as representations of Tg X G*;
End’(X) = E&y, withn = 200D+ and g = [E : Q] - 2¢(D),

We have

Stg Ri, Wi) ®o C = ( C) ®( x St
(St =, Wr) ®g @ %Emb(E) 8| B, Sto
I

Iel
& deg(1)
RS ( 0 Sta-) . 49

loaS @
@€eEmb(E)

)@deg(‘éﬁ)

=1

We consider the action of Gy, ¢ on this space via the homomorphism fi: G c — Tg,cX
G, which is described by Proposition 4.1. Note that the cocharacter (4.6) is G**(C)-
conjugate to the cocharacter given by

zH((ézgl),l,...,l).

It follows that in the decomposition (4.9), the Gy, c-action on the summand indexed by

¢ € Emb(E) has weights —+= f(‘p) +1and Z-ffltp) 1if oye € I, and has weight =+ z f(w) if
One € 1. (Recall that o7y € Emb(F ) is the unique embedding for which D ®F’g-nc R =
M, (R).) Note that whether or not o7 is in /,, only depends on ¢|x,, and is therefore
invariant under complex conjugation.

Since we know that Gy, ¢ acts on V with weights 0 and 2, we find that

{T(‘P),f(‘ﬁ)} ={0,n} ifop ¢ Iy, fle) =1(p) = % if o € I, (4.10)

It follows from Lemma 4.3(2) that I # {Emb(F)}. By Lemma 3.1, Case O is therefore
excluded.

The following proposition summarizes what we have found.

Proposition 4.4  Let X be a g-dimensional simple complex abelian variety with associated
Shimura datum (G, %¥) such that dim(%/) = 1. Assume that X is of Albert type IV. Let
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notation be as in Sections 4.5-4.6, and recall that we write n = 2g/[E : Q]. There exists a
Iq-orbit I of nonempty proper subsets I & Emb(F) such that, with notation as in 4.8-4.9,
E)y is a field extension of k, and such that we are in one of the following cases:

1. &y is a quaternion algebra over kr such that E ®x, &1 = M,(E), in which case
End®(X) = Eand g = [E : Q] - 2¢(D-1;
2. &g is a quaternion algebra over ky such that E ®, &g is a quaternion algebra over E,
in which case End®(X) = E ®, &rand g = [E : Q] - 2¢(D),
Moreover, if ®y = {gao € Emb(E,) | One & Iy, } there exists a subset ® C Emb(E) with

the property that the restriction map End(E) — Emb(Eo) induces a bijection ® — @,
and such that the multiplication type f: Emb(E) — N is given by

n ifoed;
fle) =10 ifped; (4.11)
2 otherwise.

410 Remark.

The following explanation may help to understand what is going on. We have the de-
composition Vo = @peemb(E) Vo as in (4.5), with dime(V,,) = n, which is even. The
Hodge decomposition of V¢ is described by the action of Gy, ¢ via the homomorphism
A = (fc, fis). Here fic is a homomorphism Gp,c — Tg.c = [I4epmb(E) Om.c, and we
see that the fic-action of z € C* on the summand V,, C V¢ is multiplication by ™)
for some integer m(¢). If ¢ is such that o ¢ I, the action of Gy, ¢ on V,, via the ho-
momorphism /i is trivial; hence, V,, is entirely of Hodge type (=1, 0) or entirely of type
(0, —1). Since /i is the square of the usual cocharacter y, this means that m(¢) = 0 or
m(p) = 2, which by Proposition 4.1(1) is equivalent to: f(¢) = 0 or f(¢) = n. As we
shall discuss below, the set @ in Proposition 4.4 may be thought of as a ‘partial CM type’;
it keeps track of whether, for embeddings ¢ with oy € I, the type of Vi, is (=1,0) or
(0,-1).

If o € I, the situation is very different: in this case, the action of Gy, ¢ on V,, via
the homomorphism fi is nontrivial and has weights 1 and —1, both with multiplicity 5.
(Informally speaking, the Hodge decomposition of V,, comes from the semisimple part
of the Mumford-Tate group.) In this case, the fi.-action of G, ¢ on V,, only shifts these
weights, which means that m(¢) = m(¢) = 1 (equivalently: f(¢) = f(¢) = ), and
there is no further bookkeeping to be done.

411 Remark.

The derived subgroup G of the Mumford-Tate group is the image of G =
Resg;g SLi,p under the representation py. (This is analogous to Proposition 4.2(2).)
The centre of G* is Z(G*°) = Resp/q Uz, F, so that

Z(G¥)g = l_[ M2 .

@€Emb(F)
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The kernel of the isogeny G — G% is the subgroup scheme of Z(G*°) whose Q-
points are the tuples (£4) yeEmb(F) Such that [] c; €, = 1 forevery I € I.

412 Example.

Let g be an even positive integer. Let (X, 1) be a g-dimensional polarised complex
abelian variety such that End®(X) = E is a CM field of degree g over Q, with maximal
totally real subfield E¢. Let V = H; (X, Q), which is a 2g-dimensional Q-vector space
on which E acts, and which can therefore also be viewed as a 2-dimensional E-vector
space.

There is a unique (—1)-hermitian form ¥: V XV — E such that the Riemann form
of A equals Trg g o . Let * be the involution of Endg (V) such that ¥(f(x),y) =
Y(x, f*(y)) forall f € Endg(V)andx, y € V. Then

D ={f €Endg(V) | f* = f}

is a quaternion algebra over Ej. The natural homomorphism E ®g, D — Endg(V)
is an isomorphism, and under this isomorphism * corresponds to ¢ ® T, where ¢ is
complex conjugation on E and T is the canonical involution of D. Define U(V,¥) =
Resg, ;o U(V/E,¥), where by U(V/E,¥) C GLg(V) we mean the unitary group
of ¥, which is a form of GL; over Ej. Further define GU(V, ¥) = G, - U(V, ¥), where
Gm = Gp,g - idy € GL(V). The isomorphism E ®g, D — Endg (V) gives rise to an
isomorphism Resg, /o GLi p = u(v,w).

For o € Emb(E)y), write E, = E ®g, » R, which is non-canonically isomorphic
toC. Let ¥ be the E - -valued (—1)-hermitian formon V, = V®E, »R thatis obtained
from ¥ by extension of scalars via -, and let D~ = D ®g, » R. We then have

U e [ UV, W)
o €Emb(Ey)

and isomorphisms of real algebraic groups GL; p,, — U(Vy, ¥y

We now assume that there is a unique 0y, € Emb(Ep) such that ¥, is indefinite
for o = 0 and is definite otherwise. (Indefinite here means that U(V,-, %) is non-
compact.) The Mumford-Tate group G is a subgroup of GU(V, ¥), and the two groups
have the same adjoint group. If (G, %) is the associated Shimura datum, dim(%) = 1.
We are therefore in the situation studied above, with F = Ej. The representation of
G* = Resg,/q SLi,p on V is isotypical of type pr, where I C Z(Emb(Ey)) is the set
of singletons, which gives k; = E¢ = F and &1 = D. Because E ®g, D = Endg (V)
(so: E is a splitting field of D), we are in Case 1 of Proposition 4.4.

The subset ® C Emb(E) is such that the restriction map Emb(E) — Emb(E)y)
gives a bijection ® — Emb(Ey) \ {0y }. In other words, for each o # 0 in Emb(Ey)
there is a unique embedding ¢ € Emb(E) above o with the property that V, L0 20,
and @ is the collection of these ¢.

From the description of the cocharacter p given in Proposition 4.1(1), we can deduce
that Z C Tg is the subtorus of elements y € E* such that yy € Q¥ and it follows that
G =GU(V,¥).
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4.13

In the situation described in Proposition 4.4, the subset ® C Emb(E) determines
the multiplication type f, which by Proposition 4.1(1) determines the cocharacter
fc: Gmec — Tec. Because Z C Tf (the identity component of the centre of the
Mumford-Tate group) is the smallest subtorus such that i, factors through Z¢, we con-
clude that @ determines Z. This centre cannot be too small; for instance, we have seen
that Endzxgs (V) = Endr, xgs< (V). This gives a nontrivial condition on ®. To state it,
we introduce the notion of a partial CM type.

Definition 4.1 Let E be a CM field with maximal totally real subfield Ey. Let k C E¢ be
a subfield and let X be a subset of Emb(k). Then by a partial CM type relative to (k, X)
we mean a subset @ C Emb(E) such that the map ¢ — ¢|g, gives a bijection

® — {go € Emb(Eo) | polx € =} .

We say that a partial CM type ® € Emb(E) relative to (k, X) is primitive if for every
¢ # ¢ inEmb(E) with ¢|x = ¢’|, there exists an element y € I'g such thatyop € ®
whiley o ¢’ ¢ ®.

Note that in other places in the literature (e.g., [10], Section 3.1) the term ‘partial CM
type’ is used for any subset ® c Emb(E) with ® N ® = (. Of course, any such ® is a
partial CM type in our sense for some choice of (k, X), as we can just take k = E; and
Y= {(p| Eo | @ € <I>} ; but the condition for @ to be primitive depends on the choice
of (k,X), see the next examples.

414 Examples.

(1) If we take &k = Q and ¥ = Emb(Q), we recover the usual notion of a CM type.
As we shall show, such a CM type @ is primitive in the above sense if and only if it is
primitive in the classical sense, i.e., if @ is not induced from a proper CM subfield of E.
See Remark 4.15.

(2) Suppose we take k = E. Then a partial CM type ® € Emb(E) relative to (k, X) is
primitive whenever X # 0. Indeed, if k = Eg and £ # 0 then for any ¢ # ¢’ in Emb(FE)
with ¢|g, = ¢o = ¢’|E,, we can find an element y € I'g such thaty o ¢y € X. Then
yogandy o are the only two elements of Emb(E) that restrict to y o g, so precisely
one of them lies in ®. Possibly after composing y with complex conjugation we find that
yogpe®andyoy ¢ O

(3) In the situation considered in Proposition 4.4, we have a partial CM type ® relative
tok=krandX = {I el | Onc & I}. (Here we identify Emb (k) with I.)

Proposition 4.5  Let notation and assumptions be as in Proposition 4.4. Then the partial CM
type @ relative to (kr,{I € I|oye & I}) is primitive.

Proof Recall from 2.3 that Stg denotes the standard representation of 7. The char-

acter group X*(Z) of Z is a quotient of X*(Tg) = @peckmb(E) Z - (. Write &, € X*(Z)
for the image of e,. Because I'g acts transitively on the set of elements e, the index

2024/12/17  20:08

https://doi.org/10.4153/S0008414X24001159 Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X24001159

A classification of Shimura curves in 94 19

y = [Stab(é‘p) : Stab(e¢)] is independent of ¢. Let K be the centre of Endz (Stg); then
K is a subfield of E with [E : K] = v. Further, Endz (Stg) = M, (K), and the embed-
ding E = Endr, (Stg) < Endz(Stg) realizes E as a maximal commutative subalgebra
of Endz (Stg).

Let Kky C E be the compositum of the subfields K and k. We first show that the
equality Endzxgs (V) = Endr.xGs (V) holdsif and only if Kk = E. The isomorphism
(4.8) restricts to an isomorphism

Endzxgs(V) = Endg, (H) N Endz(H) . (4.12)

In either of the cases distinguished in Proposition 4.4, H is isomorphic, as a representa-
tion of Tg, to a direct sum of copies of the standard representation Stg. The inclusion
K < E gives H the structure of a K-vector space, and the relation Endz(Stg) =
M, (K) implies that Endz(H) = Endg (H). Therefore, the right hand side of (4.12)
equals Endgg, (H), where K& is the subalgebra of E& generated by K and &;. Re-
call that &y is a quaternion algebra over ky, so K& = Kk ®, & is a 4-dimensional
central simple algebra over Kk . On the other hand, Endr, xgs<(V) = Endgg, (H). By
the double centraliser theorem, we have Endzxgs<(V) = Endr.xgs (V) if and only if
K& = E&1. Because E&] is a 4-dimensional central simple algebra over E, this is in
turn equivalent to Kky = E.

Next we show that we have an equality Kk = E if and only if ® is primitive. For
¢ € Emb(E), write P(¢) = {tp’ € Emb(E) | Olk, = go’|k1},which is the fibre of the
restriction map Emb(E) — Emb(ky) that contains ¢. Then

Gal(@/(p(E)) = Stab(¢) = Stab(e,) C Gal(@/cp(kl)) = Stab(P(¢)) .

(By Stab(P(¢)) C I'g we mean the stabilizer of P(¢) as a set, not the pointwise sta-
bilizer. Note that the I'g-action permutes the sets of the form P(¢), so that indeed
Stab(p) C Stab(P((,o)).) On the other hand, it follows from Proposition 4.1(1) to-
gether with the characterisation of Z as the smallest subtorus of Tg such that p. factors
through Zc, that

Stab(e,) = {5 ely | f(yodop)=f(yop) foralye FQ} .

The equality Kky = E is equivalent to the condition that for some (equivalently: for
every) ¢ € Emb(E), the inclusion Stab(p) C Stab(P(¢)) N Stab(é,,) is an equality. In
other words,

Kky ¢ E & Stab(y) & Stab(P(¢)) N Stab(e,)
— J ¢’ =60¢ € P(p)such that ¢’ # ¢ and
flyo¢') =f(y o) forally €I'g.

This proves the proposition. |

415 Remark.

Suppose we take k = Q and £ = Emb(Q). In this case, @ is a CM type on E in the usual
sense, and we claim that it is primitive in the sense of Definition 4.1 if and only if ® is
not induced from a proper CM subfield of E. To see this, let u: Gy,c — Tk c be the
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cocharacter defined by @, i.e., u = Z¢€<D ¢y, and let Z C Tg be the smallest subtorus
such that y factors through Zc. If X is a complex abelian variety of CM type (E, @)
(which is uniquely determined up to isogeny), Z is the Mumford-Tate group of X. With
notation as in the proof of Proposition 4.5, ® is primitive if and only if Stab(e,) =
Stab(e,) = Stab(¢), which is equivalent to the condition that Endz (Stg) = E, which
in turn is equivalent to the condition that End®(X) = E. It is classical that this happens
if and only if @ is not induced from a proper CM subfield of E.

5 A classification result
5.1

Let g be a positive integer. If (V, ¢) is a symplectic space of dimension 2g over Q, let
9(V, ¢) denote the space of homomorphisms /: S — GSp(V, ¢)r that define a Hodge
structure of type (—=1,0) + (0,—1) on V for which +(27i) - ¢ is a polarisation. The
group GSp(V, ¢) (R) acts transitively on $(V, ¢) and the pair (GSp(V, ¢), H(V, ¢)) is
a Shimura datum, which is usually called a Siegel modular Shimura datum. To simplify
notation, we denote this datum by S(V, ¢).

The associated tower of Shimura varieties Shx (S(V, ¢)), for K running through the
set of compact open subgroups of GSp,, (V, ¢) (As), is isomorphic to the tower o/,
of moduli spaces of g-dimensional principally polarized abelian varieties with a level K
structure; see for instance [4], § 4.

If (V1, ¢1) and (V3, ;) are symplectic spacesand f: (Vi, ¢1) — (V2, ¢3) is a simili-
tude, f induces an isomorphism of Shimura data S(Vy, ;) = S(V, ¢2). Conversely,
every such isomorphism is induced by a similitude. In particular, all automorphisms of
the Shimura datum S(V, ¢) are inner, i.e., are given by conjugation with an element
of GSp(V, go)(Q) (Note that GSp(V, ¢) has non-inner automorphisms, but these do
not map $H(V, ¢) into itself.)

5.2

Let F be a totally real number field, D a 4-dimensional central simple F'-algebra, and as-
sume there exists a unique embedding o, € Emb(F) such that D ®F », . R = M, (R).
Define &p = Resg/q PGL; p, and let %p be the &p (R)-conjugacy class of the homo-
morphism S — &p g that on the unique noncompact factor PGL, of &p r is given by
a+bi— [ g ’ab ] and that is trivial on the compact factors. The pair (€p, ¥p) isa 1-
dimensional adjoint Shimura datum. Because &p is a Q-simple group, it is the generic
Mumford-Tate group on %p.

We claim that all automorphisms of the Shimura datum ($p, %p) are inner, i.e.,
D*|F* — Aut(%p, ¥p). The automorphism group of €p is the group of pairs («, f)
where @ € Aut(F) and f: PGL; p — PGL 4+p is an isomorphism of groups over F.
(See [3], Proposition A.5.14; the result is stated there for simply connected groups but
the same argument works for adjoint groups.) As @ has to preserve oy, only @ = id is
possible. Since all automorphisms of PGL; p are inner, this gives the claim.
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5.3

Our goal is to classify the 1-dimensional Shimura subvarieties of &,. This leads us to
consider triples (G, ¥, p), where (G, %) is a Shimura datum with dim(%) = 1 such
that G is the generic Mumford-Tate group on %, and p: (G, %) — S(V, ) is an
embedding of (G, %) into a Siegel modular Shimura datum.

If we have two such triples (Gi, Y, pi: (G, Y) — S(V;, <pl-)), fori = 1,2, we
say these are equivalent if there exist isomorphisms of Shimura data a: (G, %) —
(G2, %) and B: S(Vi, 1) — S(Va, 2) withBopy =proa.

If (G,¥%,p) is a triple as above, the adjoint Shimura datum of (G, %) is of the
form described in 5.2. In what follows, we fix F and D as in 5.2 and study only triples
(G, ¥, p) such that (G, %*Y) = (¥p, ¥p). Let m = [F : Q], and continue to write
One € Emb(F) for the unique embedding such that D ®F R = M,(R). We write
&3 = Resg/g SLy,p for the simply connected cover of &p, and we fix identifications
as in (4.2) (with ©p in place of G). If I is a I'g-orbit of nonempty subsets of Emb(F’),
we denote by py: &5 — GL(Wrg) the corresponding irreducible representation.

5.4

The following summarizes what is explained in [5], Section 1.1. Let (G, %) be a Shimura
datum whose weight is defined over Q, and such that for some (equivalently: all) 7 € ¥
the involution Inn(% (7)) of (G /W (Gy))r is a Cartan involution.

Let hop € %, and let p: G — GL(V) be a representation such that p o hg defines a
Hodge structure of weight 7 on V, for some n € Z. Then there exist:

« acharacter v: G — Gy, such that v o w: G, — Gy, is given by z — 772",

+ abilinear form ¢: V XV — Q(-n),

such that ¢(gv, gv’) = v(g) - ¢(v,v’) forallg € G and v, v’ € V, and such that g is a
polarization of the Hodge structure on V given by p o hy. The form ¢ is symmetric (resp.
symplectic) if the weight n is even (resp. odd). If 7 = g - hy € ¥ is any other element,
either ¢ or —¢ (depending on the sign of v(g)) is a polarization of the Hodge structure
defined by p o h.

For our purposes, it suffices to consider the case where % is 1-dimensional and the
Hodge structure on V is of type (-1, 0) + (0, —1). From now on, we assume this. Let A,
v and ¢ be as above. Then p defines an embedding of (G, %) into the Siegel modular
datum &(V, ¢) and (G, %, p: (G, %) — S(V, ¢)) isa triple as in 5.3.

For a given representation p, the form ¢ is not unique in general. To analyse this, we
first make the simplifying assumption that p is isotypical, i.e., p is isomorphic to a sum of
copies of an irreducible representation. (We shall return to the general case in Section 6.)
The endomorphism algebra A = End(p) is then a matrix algebra over a finite dimen-
sional division algebra over Q. The involution T on A that is induced by ¢ is positive, so
that (A, T) is a pair of the type classified by Albert. (See [9], § 21, for instance.) The set
A’ = { feA | f=f T} of symmetric elements in A is a formally real Jordan algebra
for the product given by f| x fo = (fif> + f>f1)/2, and the totally positive elements
in A® form an open cone A**. (Note that A® is a Jordan algebra over Q, so by ‘cone’ we
here mean a cone in a Q-vector space. Further, writing Ey for the field of f-symmetric
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elements in the centre of A, which is a totally real field, we call an element f € AS totally
positive if its image in the Jordan algebra (A ®g,,, R)® is positive for every embedding
t: Eg — R.) With this notation, if iy € % is Hodge generic, every other polarization
form for the Hodge structure given by pohyg is of the form ¢ (v, v') = ¢(av, v”) for some
a € A>*. Conversely, for every such a the form ¢, (v, V") = ¢(av, V') is a polarization,
and (G, Y,0: (G, %) — S(V, gl/a)) is again a triple as in 5.3.

In general, it is somewhat complicated to say under what conditions on @ € A** the
forms ¢ and ¥, give rise to equivalent triples. A sufficient condition for these triples to
be equivalent is that there exists a G-equivariant similitude (V, ¢) — (V, ), which
happens if and only if a = v - b'b for some b € A* and v € Q*. (Note that a Siegel
modular datum S(V, ¢) does not change if we multiply ¢ by a scalar in Q*.) If all auto-
morphisms of the Shimura datum (G, %) are inner, this is also a necessary condition;
but in general (G, %) can have non-inner automorphisms.

After these preliminaries, we now discuss two constructions that, together, describe
all possible triples (G, %, p) as in 5.3 for which the representation p is isotypical. (See
Theorem 5.1.) This is essentially Section 4 in reverse. We fix (€p, ¥p) asin 5.3.

5.5 Construction 1.

Let ps: &5 — GL(V) be the corestriction representation; this is the case I =
{Emb(F)} that was discussed in Example 3.1, applied with L = F. Let G = Gy, o X Z}5,
andlet g: G — GL(V) be given by (¢, g) — ¢ - ps(g). Let G = Im(p) be the image
of p,and let p: G < GL(V) be the induced representation.

Let fi: Gp.c — G be the cocharacter given by z + 7 on the first factor of G and by
formula (4.6) on the factor f‘fls)c’c. As i, = {i 1} C G ¢ lies in the kernel of p o i, there
exists a unique cocharacter u: Gp, ¢ — Gc such that p o 1 lifts the square of p o u. Let
h: Gnr — Gr be the homomorphism such that ic = u - 1, and let % be the G(R)-
conjugacy class of /. The pair (G, %) is a Shimura datum whose weight is defined over Q
such that (G"‘d, ?ad) = (Ep, Yp). (See also 5.1.) It is clear from the construction that
G /W(Gp) = G* and that G is the generic Mumford-Tate group on %.

Let r be a positive integer, and consider the representation p®". By what was ex-
plained in 5.4, there exists a polarization form ¢ on V® such that p®" factors through
GSp(V®", ¢); we choose one. Then (G, %, p: (G, ¥%) — GS(V®,p)) is a triple as
in 5.3.

The endomorphism algebra Ag of the representation p is described as in Proposi-
tion 4.2(3). The endomorphism algebra A of p®" is the matrix algebra M, (Ag). Let T be
the involution of A given by the chosen form ¢, and let the notation A>* C A® be as
in 5.4. For a € A** the form ¢, given by ¢, (v,v") = ¢(av,v’) has the property that
p factors through GSp(V®", ), and (G, %, p: (G, %) — S(V®,y,)) is again a
triple as in 5.3.

5.6 Construction 2.

Let I be a I'g-orbit of nonempty subsets of Emb(F), with I # {Emb(F)}, and let
pr: &5 — GL(Wy) be the corresponding irreducible representation. Let £(I) be the
cardinality of the sets in I, let & = End(pj), and let ks be the centre of &z, which
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is a totally real field. As explained in Remark 3.3, there is a natural identification I =
Emb(ky), and we use this to view X = {I el | One € I} as a subset of Emb(ky).
Let ky C Ej be a finite totally real field extension and Ey C E a totally imaginary
quadratic extension (so E is a CM field). Let ® ¢ Emb(E) be a primitive partial CM
type relative to (ky, X). (Note that such a type @ may not exist for all choices of E.) Let
H be the unique simple right (E ®, &r)-module, and define V = H ®, Wy, viewed as
a Q-vector space.

Define a multiplication type f as in (4.11). Let fic: Gy c — Tg ¢ be the cocharacter
that is given, as element of X..(Tk), by fic = X cpmb(E) 2-fr(l<p) -&,, wheren = dimg (V),
which equals 2¢D) if the class of E ®k; &r in Br(E) is trivial, and else equals 20D+,
Let Z C Tg be the smallest subtorus such that fi. factors through Zc. Let fis: Gy c —
?SDC’C be as in Proposition 4.1(2) (here with G = ©p), and let 7 = (fic, fis): Gmc —
Zc X 8pc.

We have a natural action of Tg on H by &r-linear automorphisms. This gives a rep-
resentation of Tg on V which commutes with the action of ?SDC and therefore defines a
representation p: Tg X &j5 — GL(V). Let

G =p(Zxg}5) c GL(V)

be the image of Z X &} under p, and write p: G <> GL(V) for the induced
representation.

We claim that g, C Gp, ¢ lies in the kernel of p o fi. To see this, we observe that
(depending on the structure of E ®, &) either V or Ve2Zis isomorphic to Stg R, Wr
as a representation of Tg X &} It therefore suffices to show that the action of —1 €
C* = Gn(C) on (Stg Ry, Wr) ®q C is trivial. We have a decomposition (4.9). For a
given ¢ € Emb(E), if o € I, then fi.(=1) and fis(—1) both act on the summand
Roer, Sto as —id; if onc ¢ [, then both elements acts as the identity. In either case,
therefore, we see that —1 € C* = G, (C) acts as the identity, which proves our claim. It
follows that there exists a unique cocharacter u: Gy, c — Gc such that p o fi lifts the
square of po p. Let h: Gy g — G be the homomorphism such that Ac = u - f1, and let
% be the G (R)-conjugacy class of /. The pair (G, %) is a Shimura datum whose weight
is defined over Q (see 5.1), and p o w: G g — GL(V)g is given by z = z - idy. By
construction, the adjoint Shimura datum (G, ?ad) is isomorphic to (€p, ¥p).

Let r be a positive integer, and consider the representation p®”. It follows from its
definition that Z is contained in the torus Ug C Tg givenby Ug = {x € E”" | XX € Q*}.
As (Ug /G )r is compact, Inn(/(i) ) is a Cartan involution of (G /W (G, ) )r. It therefore
follows from what was explained in 5.4 that there exists a polarization form ¢ on V®"
such that p®" factors through GSp(V®", ¢); we choose one.

By Lemma 3.1, the assumption that @ is primitive implies that &7 is a quaternion
algebra over k. The endomorphism algebra of § is isomorphic to Endgg, &, (H ). The
proof of Proposition 4.5 shows that End(p) = End(p); hence the representation p is
irreducible. More precisely, if we write Ag = End(p) then either E ®x, &1 = M,(E),in
which case Ag = E, or E®y, &7 is a quaternion algebra over E, in which case Ag = E®y,
&r. The endomorphism algebra A of p® is the matrix algebra M,.(Ap), on which ¢
induces an involution. For a € A%*,lety,(v,v’) = ¢(av,v’); then p®" factors through
GSp(VO  yy),and (G, ¥, p: (G, %) — S(V®,y,)) isatriple as in 5.3.
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Theorem 5.1 The constructions in 5.5 and 5.6 give triples (G, %, p) as in 5.3 with the
property that the representation p is isotypical. Every such triple is obtained in this way.

Proof In either case, the construction yields a Q-group G, a homomorphism z: S —
Gp, and an embedding p: G < GL(V) such that

* the Hodge structure on V defined by p o & is of type (—1,0) + (0, —1);
« G ~%, andadoh € Yp;
* Inn(h(i)) is a Cartan involution of (G /W (Gp))x.

With % = G(R) - h, these properties imply that (G, %) is a Shimura datum whose
weight is defined over Q, such that (Gad, ?ad) = (9p, Yp).

In either construction, it is clear that the triples (G, %, p) that we obtain satisfy the
conditions of 5.3. In Construction 1 it is clear that the representation p is irreducible,
and as explained in 5.6, in Construction 2 the irreducibility follows from the assumption
that @ is primitive.

The last assertion follows from the results in Section 4. [ ]

5.7 Remark.

In the situation considered in 5.5 (Construction 1), all automorphisms of (G, %) are
inner. To see this, we use that G2 = G /Gy, so that the map G(Q) — G*4(Q) is sur-
jective. As explained in 5.2, all automorphisms of the adjoint Shimura datum are inner.
Therefore, if @ is an automorphism of (G, %) then possibly after changing @ by an in-
ner automorphism, we may assume & induces the identity on G, The only non-inner
automorphism of G with this property is the one given by z — z~! on the centre Gy,
and by the identity on G9¢'; but this automorphism does not give an automorphism of
(G, %) (it does not even preserve the weight).

As discussed at the end of Section 5.4, the fact that all automorphisms of (G, %)
are inner implies that the forms ¢ and ¥, give rise to equivalent triples if and only if
a =v-b'bforsomev € Q*and b € A*. Let us also note that if = 1 and the
Albert type is I or III (i.e,, either m = [F : Q] is even or the Brauer class of Corg/q(D)
is trivial) then in fact ¢ is, up to scalars, the unique symplectic form on V such that p
factors through GSp(V, ¢).

In Construction 2 (Albert type IV), it is in general more complicated to say when
different polarization forms give rise to equivalent triples, as in this case (G, %) may
have non-inner automorphisms. It is of course still true that ¢ and i, give equivalent
triples if a = v - b'b for some v € Q" and b € A*, but this may in general not be a
necessary condition.

5.8 Remark.

As mentioned in the introduction, it appears that at some places in the literature there
are misconceptions about the classification of ‘Shimura curves’ As a concrete example,
we explain why Theorem 0.7 of [16] is not true. We briefly recall the setting. The au-
thors start (op. cit., Example 0.6) by considering a quaternion algebra A over a number
field F such that A splits at precisely one real place. If L C F is a subfield, there exists
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an embedding j: Corg/p(A) < Myu(L) with u = [F : L] if Corg/; (A) has trivial
Brauer class and u = [F : L] + 1 otherwise. Next the authors say there exists a com-
plex Shimura curve Y’ such that j gives rise to a local system Vj, of L-vector spaces
on Y’ whose underlying Q-local system X4 . is irreducible. The algebraic monodromy
group of X4 7 has &4 = Resp/gPGL; 4 as its adjoint group, so up to isomorphism, A
is determined by X4 1.

It is not so hard to relate the construction of Y” and X4 1, to our classification. Let
us do this in the cases L = Q and L = F. For L = Q, the Shimura curve Y’ that is
constructed in [16] corresponds to the Shimura datum of our Construction 1 (see 5.5),
and the local system X4 g is the one that corresponds to the embedding p: (G, %) —
S(V, ¢) as in our construction; in other words, the monodromy representation is the
corestriction representation as in Example 3.1. If L = F, the Shimura curve that is
obtained corresponds to the example we have discussed in 4.12; in this case the mon-
odromy representation is as in Example 3.2, where we take for I the set of singletons
in Emb(F).

In [16], Theorem 0.7, the authors consider a complete nonsingular curve Y and an
abelian scheme f: X — Y that reaches the Arakelov bound. The assertion is that there
exists a quaternion algebra A as above and an étale covering Y/ — Y, for some Y’ as
above, such that X’ = X Xy Y’ decomposes, up to isogeny, as a product of a constant

factor B and abelian schemes h;: Z; — Y’ (i = 1,...,{) whose generic fibres are
simple, and such that each R! hi «Qz, is adirect sum of copies of X 4,1, for some subfield
Li cF.

According to [7], Theorem 1.2,if ¥ < &/, is an irreducible component of a Shimura
curve, the corresponding abelian scheme over Y reaches the Arakelov bound. Therefore,
if we take an example as in Construction 2 (see 5.6) with F of prime degree over Q (so that
F has no subfields other than Q and F) and with I not the set of singletons in Emb(F)
(and of course also I # {Emb(F')}), we obtain a counterexample to [16], Theorem 0.7.

6 The nonsimple case

6.1

In Section 4 we have discussed simple abelian varieties with 1-dimensional associated
Shimura datum. We now consider the general case.

Let X be a complex abelian variety. Let (G, %) be the Shimura datum given by X,
and assume dim (%) = 1. There exists anisogeny f: X — Xox X" X - X X;", where
X is an abelian variety of CM type, X1, ..., X; (with# > 1) are simple complex abelian
varieties that are not of CM type, no two of which are isogenous, and m, ..., m; are
positive integers. Write V = H{(X, Q) and V; = H{(X;, Q). The isogeny f induces an
isomorphism V — V, @ erm1 @ Vfﬁm’, and we use this to view [['_; GL(V;) as
a subgroup of GL(V), with GL(V;) fori > 1 acting diagonally on V;Bm".

Let (G;, %;) be the Shimura datum given by X;. Then G = MT(X) C GL(V) isa
subgroup of GoXG 1 X: - -XG;. The projections pr; : G — G are surjectiveand fori > 1
they induce isomorphisms of adjoint Shimura data pr?d: (G, y*d) = (G?d, %ad).
The datum (G, %) can be recovered from (G4, %7°4) together with the data (G;, %)
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and the isomorphisms pr?d, as follows. We have

t
—>~ ady—1 L ady —1
/4 - {(ho,hl,...,ht)eg %|(Pr1) ohy=---=(pri) oh,}, 6.1)

where we recall that the adjoint map G; — G‘l.ml identifies %; with a union of connected
components of %ad. (Note that % is a singleton.) The group G can be recovered as the
smallest subgroup of [];_, G; such thatall & € % factor through Gg.

6.2

For the general classification of triples (G, %, p) as in 5.3, the solution is obtained as
follows. First we fix F and D as in 5.2, so that we have an adjoint datum (€p, %¥p ). Next
we choose a triple (Go, %, po) where (Go, %) is a 0-dimensional Shimura datum (so
Gy isatorusand % is a singleton), and py is an embedding (G, %) — S(Vo, ¢o) into
a Siegel modular datum. All such triples are described in terms of classical CM theory.
As a next step, we fix finitely many triples (G;, %, pi: (Gi, %) — S(Vi, ¢i))i=1....t
as in 5.3 such that p; is an isotypical representation, and such that there exist isomor-
phisms p;: (€p, %p) — (G?d, ;?/l.ad). For each i we fix such an isomorphism p; (which,
as remarked in 5.2, is unique up to inner automorphisms of ¥p.) Via these choices we
canview p;: G; — GL(V;) as a representation of &}5. We make these choices in such a
manner that there are noindices 1 < i < j < tsuch that p; and p, viewed as represen-
tations of &}, have isomorphic underlying irreducible representations. This condition
is independent of how we choose the isomorphisms p;.

DefineV =V, @ V; @ - -- @ V; and define a symplectic form ¢ on V by ¢ = ¢ L
@1 L --- L @, This gives an embedding p¥: [T_y Gi = GSp(V, ¢). Define ¥ as in
the right hand side of (6.1) (with p; instead of pr‘i‘d), let G C H;=o G; be the smallest
Q-subgroup such that all # € % factor through G, and let p be the restriction of i
to G. This gives us a triple (G, %, p) as in 5.3 and it follows from what was explained
in 6.1 that every such triple is obtained in this way.
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