THE FC-CHAIN OF A GROUP
FRANKLIN HAIMO

1. Introduction. Baer [2] and Neumann [5] have discussed groups in which
there is a limitation on the number of conjugates which an element may have.
For a given group G, let H; be the set of all elements of G which have only a
finite number of conjugates in G, let H, be the set of those elements of G, the
conjugates of each of which lie in only a finite number of cosets of I{; in G;
and in this fashion define H;, Hy, . ... We shall show that the H; are strictly
characteristic subgroups of G. The result of Neumann which states that the
derivative of G is periodic if G = H; (that is, if G is a so-called FC-group), and
that, in this case, the periodic elements of G form a subgroup reappears in the
form that the division hull of H; in H ., is'a subgroup L ;41 such that H;y1/L 41
is abelian. The commutator quotient H; + H . turns out to be the cross-cut
of some collection of subgroups of finite index in G, generalizing a result of Baer
[2] on the centralizer of H; in G. Hall [6, p. 114] has proved a strict inclusion
theorem on the intersections of some subgroups with the ascending central series.
A related result is established for the FC-chain {H,}. The concept of FC-
nilpotency is introduced (G = H, for some 7), and the relation of FC-nilpotency
of a factor group of G to the nilpotency of G itself is discussed. We shall prove
that the group of automorphisms of a non-trivial, complete centreless group has
no non-trivial FC-chain.

2. The FC-chain. Let G be a non-trivial group, and let H; = H; (G) be
the set of all g € G, each of which has only a finite number of conjugates in G.
By Baer [2], H; is a characteristic subgroup of G. Indeed it is more; for, let f
be an endomorphism of G where f(G) = G, and let x € H; have the property
that f(x) has more than a finite number of distinct conjugates in G. If
{ri 1 f(o)ry} (2 =1,2,3,...) is a countable subset of the set of distinct conju-
gates of f(x), the fact that f(G) = G implies the existence of a set {s;}, s; € G,
f(s;) = 74 so that the f(s;~! xs,) are all different, whence the s;~! xs; are distinct.
But this is a contradiction, so that f(H;) C Hi, and H, is strictly characteristic.

Let Hy = H, (G) be the subgroup of G consisting of ¢, the identity element of
G, alone. Suppose that H, = H,(G) has been defined as a suitable normal
subgroup of G. Then form H, (G/H,(G)) and construct its complete inverse
image H,1(G) in G under the natural mapping with kernel H,(G) which carries
G onto G/H,(G). It is clear that H,1(G) is a normal subgroup of G and that
H,.,1(G)/H,(G) is isomorphic to H, (G/H,(G)). Thus, inductively, we have
fashioned the FC-chain of normal subgroups {H;(G)} (j = 0, 1,2, ...) of agroup
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G. For all such j, H;(G) C H;1(G). Moreover, each H; = H,;(G) is strictly
characteristic in G. This statement is true for 2 = 0, and, by the above, it is
true for ¢ = 1. Now let f be any endomorphism of G for which f(G) = G, and
suppose that H,(G) is strictly characteristic in G. If % is an element of H;.,(G),
then 2H ;(G), as an element of G/H ;(G), has only a finite number of conjugates
in the latter group. If, now, f(k)H;(G) has an infinite number of distinct conju-
gates, choose a countable set of these, each of the form z,;71 f(h)z,; H;, where each
z; €G (j=1,2,3,...). Construct elements w; with f(w,) = 2z;. Then the
f(w; ™ hw;)H,; are all distinct. If there exist distinct indices j and %k for which

(w7t hw;) Hy = (wy™ hwy) Hy,
then there exists #’ € H; with
flwi™ hw;) = f(we™ hwy) f(B'),

where f(h') € H,; since f(H;) C H;, by the induction assumption. However
this implies that
flwi ™ hw;) Hy = f(wi™ hwy) Hy,

a contradiction. Thus, f(#)H; has only a finite number of conjugates in G/H,,
so that f(k) € H.y1, and the latter subgroup is strictly characteristic.

Let Z, = Z;(G) be the ith member of the ascending central series [6] of G.
Then Z,(G) C H(G); for, proceeding inductively, it is clear that Z;(G), the
centre of G, is included in H;(G). Suppose that Z;, C H; and! that x € Z;;,.
Then the coset xZ; is in the centre Z; (G/Z;) of the group of cosets G/Z ;. Since
Z,C H,

xH; € Z, (G/H;) C H, (G/H;) = Hy1/H,,

so that x € H .

Note that H; C Z; for + > j implies! that Z, CH, CZ; C H;, and Z, =
Z;= H; = H;, whence both the FC-chain and the ascending central series
break off with the same subgroup Z; = H;. The possibility of course remains
that they have so broken off at an index £ < j. When both the FC-chain and the
ascending central series of a group G terminate with the same subgroup H; = Z,,
we say that G has mutual truncation at index <j. We replace < by = if j is the
best possible index.

If x,y € Hyy and if x = y mod Z;44, then in the group G/H;, the elements
«H ; and yH ; have the same (finite) number of conjugates.

If G = H,(G), G # H,_1(G), for some positive integer #, we say that G is
FC-nilpotent of FC-class #. Hence if G is nilpotent of class m (G = Z,(G),
G # Z,_1(G)), then G is FC-nilpotent of FC-class #n < m.

3. The division hulls. Let K be a subgroup of a group G. By the division
hull of K in G, D(K; G), we mean the set of all x € G for which there exist

1The author is indebted to the referee for strengthening the argument at this point.
2See note 1.
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positive integers # = #(x) with & € K. If G is abelian or if the set of all xyx~1y~1,
where x, y € D(K;G), is included in K, then D(K;G) is a subgroup of G;
but, in general, D(K; G) need not be a subgroup of G. If D(K; G) is a subgroup,
and if K is admissible under an endomorphism f (f(K) C K), then D(K; G)
is also admissible under f.

The following is easy to prove: If K is a normal subgroup of G and if A*
and B* are subsets of G/K with respective complete inverse images A and B
in G and if A* = D(B*; G/K) then A = D(B; G). Likewise in the immediate
category is that K normal in G and G/K abelian imply that D(K; G) is a
subgroup of G. If every finitely generated subgroup K of G has the property
that D(K; G) is a supgroup of G, then D(L; G) is a subgroup of G for every
subgroup L of G.

We use the commutator notation of [6]. For instance, G’ shall mean (G, G),
the subgroup of G generated by the commutators of G, the derivative of G;
G” = (G', G"). From one of the above results, D(G’; G) is always a subgroup of
G. It follows that if K is any normal subgroup of G’ for which G’/K is a periodic
group, then D(K; G) = D(G'; G). In particular, if G’ is a periodic group,
D(G’; G) = P(G), the set of periodic elements of G (as we can see by taking K
to be the trivial subgroup of G). P(G) is thus [5] a subgroup of G whenever
G C P(G).

4. Subgroups of H, ;.
LEmMA 1. D(H; Hiy) is a normal subgroup Liyi of Hipr (1= 0,1,2,...).

Proof. H/H; = Hy (G/H,), an FC-group. By a result due to Neumann
[5], the set of periodic elements P = P(H1/H;) of H.1/H; is a normal sub-
group of the latter group. However, D(H;; H,.1) is the complete inverse image
in H ;41 (under the natural mapping of H 1 onto H;y1/H ;) of P. Consequently,
L1 is a normal subgroup of H ;1.

COROLLARY. L1 1s a strictly characteristic subgroup of G.

Proof. Ifx € Land if fis an endomorphism of G onto G, then f(x) € H;y,
since H ;1 is strictly characteristic. There exists a positive integer # such that
x" € H,; Hence f(x") = (f(x))* € H, since the latter is strictly characteristic.
Thus f(x) € L.

Neumann [5] has also proved that if G is an FC-group, then G’ C P(G), the
subgroup of periodic elements of G. It follows that, for every FC-group G,
P(G) = D(G'; G). Since H';, is included in the complete inverse image of
(H1/H;)' in Hpq, (under the natural mapping of Hiy, onto Hyi/H;),
H' iy C Lipisothat Hy/Ltyis abelian. If x € D(L41; Hipr) then x™ € Ly
and x™ € H,for suitable positive integers m and n. Hence D (L y1; Hiy1) C Ly
so that the group Hy1/L .1 is not only abelian but also forsion-free in the sense
that it has no periodic elements other than its unity.

If G is FC-nilpotent of FC-class #, n > 1, then the fact that H,/L, is abelian
shows that G’ C L,.
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Let ¢, be the natural homomorphism of G onto G/H,. For a subgroup S* of
G/H,;, ¢ 1(S*) shall mean the complete inverse image in G of S* under ¢..

LEMMA 2. Hypy/L gy is the trivial group or a direct sum of copies of the group
of rationals if and only if to each ordered pair (x, m), where x € Hip1 and m is a
positive integer, there corresponds an ordered pair (y,n), where y € H1 and
n 15 @ positive integer, such that (xy™)" € H,.

Proof. Hy1/Liy1 has the required form if and only if it is complete in the
(abelian group) sense that

xLH—l € Hi+1/Li+l (x € Hz+1)

implies, for each positive integer m, the existence of z = z(m) € H;., with
(2L ip1)™ = xLiy1. If we let 271 = y, the result is immediate.

Let Jiy1 = DH w1\ H;; Hiyi). x € Ji implies x € H,yy and the exis-
tence of a positive integer »n for which x* € H’ ;.1 M H,, so that x® € H,; and
x € L1 But x® € H' ;4 inplies that x € D(H'u1; Hip1), and Ly C Hipa
implies that

D(H' i41; Liy1) C D(H' 415 Hipa),
so that both J,.; and D(H’;41; Lsy1) are subsets of D(H’ ;41; Hy1). Conversely,
if x € D(H' ;41; Hyt1), there exists a positive integer m such that x™ € H' ;1 C
L1, and consequently there exists a positive integer # for which (x™)* € H,.
This places x in L1, hence in D(H’;11; Liy1). Since x™ € H' 11, x € J;y1, and
we have proved that

Ji1=DH 31 N Hy; Hiyy) = D(H' 115 Liyr) = D(H' 415 Hipa).
It is clear that J .y is a strictly characteristic subgroup of G and that
L,i+1 C H/i+1 CJi1 CLiy1 CHia

so that, for instance, D(J;y1; H1) is a subgroup of G. It is also immediate
that the sequences {L;.1} and {J,.1} are both ascending with 7.

5. The commutator quotients. Let S and T be normal subgroups of a
group G. Let S + T be the set of all x € G which have the property that
(t,x) € S for every ¢t € T. This set is called [1] the commutator quotient of S
by T and is a normal subgroup of G. Let f be an endomorphism of G for which
f(T) =T and f(S) CS. Forx € S+ Tand? € T,

() 71 f(x7h) = fluwu™" x77),

where u € T; and since uxu=! x~1 € S, tf(x)t7! f(x~!) is likewise in S so that
fx) €. S+ T. We have proved that if S and T are normal subgroups of a group
G and if f is any endomorphism of G for which S is admissible and f(T") = T,
then S =+ T s admissible under f. Moreover it can be shown that S+ T is a
characteristic subrgoup of G if both .S and 7" are. Well known is the fact [1] that
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S + T DS for normal subgroups S and T of G. If S, T and N are normal
subgroups of G, it is easy to prove {1] that the following are equivalent:

(@) (T,N)CS; b)) NCS~+T; (c) TCS~+ N

The fact that (N, S + N) C .S for normal subgroups .S and IV of G shows that
N CS + (S + N), by the equivalence of (a) and (c). Useful is the result [1]
that

5.1 (N + G)/N = Z, (G/N)

for every normal subgroup N of G.

Since Z; + G = Zi41, Zi1 is maximum with respect to being a normal
subgroup X for which (G, X) C Z;. One would like to have a similar result for
the FC-chain, but the facts are otherwise. If we define W31 by Wi (G) =
H,G) +G((t=0,1,2,...) it is easy to see that W1, maximum with respect
to the property of being a normal subgroup X of G for which (G, X) C H,, can
be represented by W1 (G) = ¢! (Z1 (G/H; (G))), upon application of 5.1.
W i1/H; is abelian, whence W’y C H; C W41 Since

Zl (G/H‘L)CHI (G/Hi) W‘H-]C-Hi+1-
Since

(Zi+17 G) C Zi C Hi Z‘i+1 C Wi+l-

It is clear that the W, form an ascending chain of subgroups of G which
“intertwines’’ with the FC-chain, where W, (G) = Z; (G) and each W, is a
strictly characteristic subgroup of G. The last remark follows from the fact that
Wi = H; + G, and that if f is an endomorphism on G onto G, H ; is admissible,
so that, by an earlier remark on the admissibility of the commutator quotient,
so is Wy admissible. Note that H; + Wy, =G, since Wy, = H, + G
implies G C H; + W1

Let us define V;1(G) = H; (G) + Hiyx (G) (¢ =0,1,2,...). It follows
that Hiy1 C H; + V1. By the symbol C(H < G) for a subgroup H of G we
mean [2] the centralizer of H in G.

THEOREM 1. V1 is maximum with respect to the property of being a normal
subgroup X of G for which

Hip, X) CHy; Wit C Vs Vi = ¢ (CWH wn/H < G/HY));
and V1 1s the cross-cut of some collection of finite-indexed subgroups of G.

Proof. The first statement derives from the definition of commutator quotient.
As a function on the cartesian square of the lattice of normal subgroups of the
group G into that same lattice, X + Y is monotonically increasing in X and
monotonically decreasing in Y. Since Vi1 = H; + Hynand Wiy = H; + G,
W1 C Vg1 As for the third statement, y € V4, if and only if (y, k) € H,
for every b € H ;. But this is equivalent to the commuting of ¢,(y) with every
¢ (k). Since, however, the ¢;(k) range over all of H;y1/H, the third statement
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is established. For the last statement, we recall that Baer [2] has showed that,
for any group K, C(H; (K) < K) can be represented as the cross-cut of some
collection of finite-indexed subgroups of K. Thus

C(Hi+1/H't < G/Hi) = ﬂ Na*y
where each N,* is a normal subgroup of finite index in G/H ;. Then
d’i_lC(HH_l/Hi < G/Hz) = n ¢1_1 Na*.
Each ¢,/! N,* = N, is a normal subgroup of G. Since
G/No = (G/H)/(No/Hi) = (G/H )/ No¥,
each N, has a finite index in G, and the proof is complete.

Since (Hi H;) C (Vipr, Hipr) C Hyy Hy/(Vig, Hiy) is abelian, and, by
making the normal subgroup X in (X, H 1) C H,as large as possible, (X, H 1)
itself is moved ‘“‘above’ the derivative H’,. Likewise H;/(G, W) is abelian.
There is, however, a point of dissimilarity between W, and V.;. For normal
subgroups X satisfying W1 = H; + X, X = G is the obvious maximum which
can be obtained. On the other hand, with V;;; = H; + X, the maximum which

X takes on is
My, =H;+ Vi1 DH,

For y € G, yH; = ¢;(y) commutes with every ¢;(v) € V,y1/H, if and only if
¥y € M1 Hence
My = ¢ (C(Viga/H < G/H))).

Likewise, it is easy to show that
Vign = ¢ (C(MiaH/ < G/H))).

Thus, for normal subgroups X of G satisfying V41 = H; + X, the maximum
is obtained by, essentially, forming centralizers twice from H;.1/H ;.

THEOREM 2. W1 N Zi1 = (Hi N Z;) + G, so that W1 N\ Z 411 s maximum
with respect to being a normal subgroup X of G for which (G, X) C H/MN Z,, and

(Wi+1 N Zj+1>/(H1' N Zj) =Z (G/Hi N Z,).

Proof. x € W1 M Z; 1 implies that ¢;(x) and ¢;(g) commute for every
g € G and that xgx~! g1 € Z,, since (G, Z;+1) C Z;. Thus

Wi\ Zja C(H N Z)) + G.

Conversely, (HiNZ,) +GCH;+G, Z;,+G. But H;+ G = Wy, and
Z; + G = Z;4, so that the first statement of the theorem follows. Apply 5.1
as before.

CorOLLARY. (a) If Z, C H;, then Zj C Wi (B =0,1,2,...). (b) If
Hi C Zj, then Wi+1 C Zj+1. (C) If Hi = Zj, then W1+1 = Z.H'l' (d) If edCh
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W.,=H; (4=1,2,3,...) then each H; = Z, (whence each H/H; is abelian,
and G is FC-nilpotent under these conditions if and only if G is nilpotent).

6. A strict inclusion theorem. In the case of the ascending central series,
Hall {6, p. 114] has proved a strict inclusion theorem. In Theorem 3 below, we
shall obtain a similar result for the FC-series.

LemMa 3. Let N be a normal subgroup of G for which N C Wiiand N @ H,,
where 1 > 1. Then the following inclusions are strict:

NDODNNH; DNNH;_,.

Proof. (GNCNN(G, W) CNNH,. If NNH;C NN H,,, then
(G, N) C NN\ H; would imply (G, N) C H;1. By the maximum character
of Wi,y NC W, C H, a contradiction, so that the inclusion NN\ H; D NN
H,_, is strict. Also, if N = NN\ H;, then N C H;, a contradiction, so that the
inclusion N O N M H,; is strict.

TueOREM 3. If Z.y1 (€ H; then the following inclusions are strict:

Z1+1 D) Zi+l NH; D ZipyinMNH, . DZiynMNH 2D...D Z¢+1 NHy D (8),

where e 1s the identity of G.

Proof. Taking N in Lemma 3 to be Z;;, we have
Zz‘+1 D Zi+1 NH;D Zi+1 MNH;

with strict inclusions. Since Z.1 & Hyy Zi1ry C Hiy (by Corollary (a) of
Theorem 2), where £ = 1,2, 3, ..., Suppose that the inclusion

ZiiiMNHiy 3 D Zigi M Hiy
is strict. Take N in Lemma 3 to be Z,11_;. Then
Zivix D21 MNH D Zi1i s N Hy gy
with strict inclusions. But Z 11 D Z 1, so that if
ZiiNH =2, i VH, 4
then Z,oNMH, ; CHi 41, Zigiw Hi CHy 1, and
Ziprs VHy CZiprs NV H g,
a contradiction with the above strict inclusion. Hence
ZiiMNH D Zi 1 MH 41

with strict inclusion, and the result is established by induction.
We can define for each ordinal a a subgroup H, of G as follows: H; is defined
as above. If « is not a limit ordinal, let «(—) be the predecessor of a. If Heyy
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is defined, then define H, by H,/Hyy = H1 (G/Hyy). If a is a limit ordinal,
let
Ha = U Hﬂy
B<a

the set-theoretic union of the Hg. With appropriate but entirely trivial® modifi-
cations, the prior statements of this paper can be adapted for this extended
FC-chain. Similar modifications can be made throughout the remainder of the
paper, but these latter are not of such uniform simplicity. Since a detailed
discussion at this time of the properties of the extended FC-chain would obscure
the central issues, we shall not return to this point in the present work.

7. FC-nilpotency.

LEmMA 4. o (Hy, (G/H(G)) = Hix(G) (k=0,1,2,...).

Proof. We use induction on k. For & = 0, ¢;71(e*) = H;(G) (where e* is the
identity of G/H;), so that the result holds for &£ = 0. ¢! (H; (G/H,)) = Hy1,
so that the result holds also for £ = 1. Let us now assume its validity for k.

Then H.y (G)/H(G) is Hy, (G/H:(G)). Let &, be the natural mapping on
G/H ;(G) onto G/H ;1+(G) with kernel Hy(G/H(G)) = H,(G)/H (G).

& (H(G/H 41 (())) = & dupr(H ipar1)s
since the case £ = 1 has been established. But
O opr(Hivrrr) = B (Hiyrgr/Hoigsr)

= & N ((Huyre1/Ho)/ (Hipn/H)) = Hipgpr/H,.
However,

& (Hy(G/H k() = & (HL((G/Hi(G))/ (H42(G)/H (G))))
& (HL((G/H (G)) /Hi(G/H (G))))
& (Hi1(G/H (G))/Hi(G/H (G)))

H;11(G/H.(G)),

and the result is established.

I

LEMMA 5. Let © be the natural map of G onto G/N where N is a normal
subgroup of G. Then 61 H,(G/N) D H, (G) (k=0,1,2,...).

Proof. For k = 0, the result is obvious. H;(G/N) is an FC-group so that
0—'H,(G/N) D H.(G). Now suppose that R, = 67'H,(G/N) D H(G).
H\(G/Ry) = H\((G/N)/(Ri/N)) = H:((G/N)/Hy(G/N))
= Hy1(G/N)/Hy(G/N) = (Rir1/N)/(Ri/N)

& Riy1/ Ry = (Rt /Hi(G))/ (Ri/ Hi (G)).-
But
Hi(G/Ry) = Hi((G/Hi(G))/ (Re/ Hi(G)))

3See note 1.
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so that the latter group is isomorphic to

(Ri1/Hy(G))/ (Re/ Hi(G)).
Hence
R/ Hi(G) D Hi(G/H(G)) = Hy1(G)/Hi(G),

and Ry1 D Hi41(G), so that the proof is complete.

THEOREM 4. Let N be a normal subgroup of a group G such that (1) N C H,(G)
and (2) there exists a positive integer k for which G/ N is FC-nilpotent of FC-class k.
Then G is FC-nilpotent of FC-class < n + k.

Proof. H,(G/N) = G/N.

G/H,(G) = (G/N)/(H,(G)/N);
and
Hy(G/H,(G)) = Hyii(G)/HA(G),

by Lemma 4. Hence
Hy((G/N)/H,(G)/N)) = (Hux(G)/N)/ (Ha(G)/N).
By Lemma 5 (taking G/N for G and H,(G)/N for N),
H,1+(G)/N D Hy(G/N) = G/N.
Hence H,.+(G) = G.
CoroLLARY 1. If G/Z,(G) is FC-nilpotent of FC-class k, then G = H,+(G).
COROLLARY 2. If W,(G) has finite index in G, then G = H,(G).

Proof. For n =1, G/W;: = G/Z,. Since G/Z,, a finite group, is isomorphic
to the group of inner automorphisms [4] of G, there are only a finite number of
inner automorphisms of G, and G is an FC-group. For n > 1,

G/ Wy =2 (G/Hur)/ (Wa/Hpns).

Since W,/H,—y = Z:(G/H,-1), G/H,—1 is an FC-group, by the argument em-
ployed for » = 1. By the theorem, G is FC-nilpotent of FC-class < n.

CoroLLARY 3. If G' C H,(G) for some non-negative integer m, then G 1s
FC-nilpotent of FC-class < n + 1.

Note that if G is FC-nilpotent of FC-class k&, then G/N is FC-nilpotent of
FC-class < k, where NV is a normal subgroup of G. For, by Lemma 5,

0 (Hx(G/N)) D Hy(G) = G,
so that H,(G/N) = G/N. Immediate is

COROLLARY 4. Let N C H,(G) where N is a normal subgroup of G. Let G
be FC-nilpotent of FC-class t so that G/N 1s FC-nilpotent of FC-class k. Then
EL<t<k+n
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8. The FC-chain of a ‘‘large” normal subgroup.

TuEOREM 5. Let K be a normal subgroup of finite index in G for which
H,(G) CK@E=0,1,2,...). Then H,(K) = H(G) for all such 1.

Proof. Clearly Hi(K) D H:(G). For x € H;(K), there exist a finite number
of conjugates of x in K. Let the ¢t; (+ = 1,2, 3, ..., n) be the set of representa-
tives of the cosets of K in G. Let g be any element of G. Then there exist 2 € K
and a positive integer 7 < # such that g = kt;, whence g'xg = ¢! (b~ xh)t;.
There are only a finite number of possibilities for the 2! xk since x € H:(K)
and & € K. Hence there are only a finite number of g~lxg for fixed x € H:(K).
Thus x € Hi(G), and H(K) = H,(G).

Now suppose that H;(K) = H;(G). Since G/K is a finite group, the index of
K/H(G) in G/H ;(G) is finite. Since K D H;11(G),

K/H(G) D Hi(G)/H(G), HI(K/Hi(G)) = Hl(G/Ht(G))
by the above argument on H;. Then
Hin(G) = ¢ (HU(K/H(G))) = ¢ (HL(K/H(K))),
since H;(K) = H(G). Since H1(G) C K, it follows that H;1(K) = H41(G).

CorOLLARY. Let G be an extension of an FC-nilpotent group K by a finite,
non-trivial group F. Then there exists a positive integer 1 for which H;(G) C K.

Proof. 1f each H;(G) C K (j=1,2,3,...) then, by the theorem, each
H,(G) = H;(K). In particular, H,(G) = H,(K) = K, where n is the FC-class
of K. But then

H\(G/K) = Hi(G/H,(G)) = H,a(G)/H,(G).

Since H;(G/K) = F is a non-trivial group, H,.:(G) # H,(G) = K. But
H,.1(G) = H,11(K), by the theorem, and H,,1(K) = H,(K) = K, a contra-
diction.

9. Groups for which H, is trivial.
THEOREM 6. Let H,(G) be a direct summand of the group G. Then
Hn+k(G) = Hn(G> (k = 1, 2, 3, . .).

Proof. G = H,(G) @ K, where K =~ G/H,(G). Hence H;(K) = H,11(G)
/H,(G). Consider ordered pairs (e, x), where e is the identity of H,(G) and
x € Hi(K). It follows that (e,x) € H1(G). Hence (e, x) € H,(G), so that
x = ¢, the identity of K. Thus H:(K) = (¢/) and H,.:(G) = H,(G). The
result follows at once.

If the FC-chain breaks off before or at H,(G), then H,(G/H,(G)) is the trivial
group, and conversely. Thus G/H,(G) has no non-trivial H;-group and has, as a
consequence, no non-trivial centre and is isomorphic to the group of its inner
automorphisms.
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For an automorphism « of G, let F(«) denote the set of all points which are
fixed under a. This set of fixed points is, as is well known, a subgroup of G.
Let J(G) be the group of inner automorphisms of G, and let 4 (G) be the group
of automorphisms of G. Recall the definition of mutual truncation in §2. We
then have

THEOREM 7. Let G be a group with mutual truncation at index < n. Then
J(G) has mutual truncation at index n — 1 (if n > 1).

Proof. For any index k, H,(G/H,(G)) is trivial, by Lemma 4. Since H,(G) =
Z,(G),
Hy(G/H,(G)) = Hy(J(G)/Z1(J(G))).

By Lemma 5, Z,_1(J(G)) D H;(J(G)). Take & = n for the result.

CoroOLLARY 1.4 If G has mutual truncation at index < 1, and if U is any
group extension of J(G), then each J(G) M H,(U) is trivial. ’

Proof. By the theorem, J(G) has mutual truncation at index 0. If S and T
are groups with S C T, it is easy to see that S M H,(T") C H,(S) for every .
Take S = J(G) and T = U for the result.

We should note* that the condition H1(G) M G’ = (e) implies mutual trunca-
tion for G at index < 1. For, if N is a normal subgroup of G, then G’ N\ N = (e)
implies that gxg=! x~! = ¢ for every g € G and for every x € N. Hence N C
Z1(G), and H,(G) = Z1(G). Then Z1(G) M G’ is trivial. But the latter has one
of two consequences: (1) Z;(G) = (e), whence we have mutual truncation at
index 0, or (2) G’ = (e), whence G is abelian, so that we have mutual truncation
atindex < 1.

CoroLLARY 2. (a) Let G have mutual truncation at index < 1, and let J(G)
be FC-nilpotent. Then G 1s abelian. (b) If H,(G) 1is trivial, then A (G) is FC-nil-
potent if and only if G 1s trivial.

Proof. (a) By Corollary 1, each H,(J(G)) is trivial. Since J(G) is FC-nilpotent,
J(G) must be trivial so that G is abelian. (b) If 4 (G) is FC-nilpotent, its sub-
group J(G) is also FC-nilpotent. H,(G) = (e¢) implies that Z:(G) = (e). By
(a), G is abelian, so that G = H(G) = (e).

Part (b) of the above corollary shows that if G is ‘“‘badly”’ non-abelian and
infinite, then its automorphism group cannot be finite, abelian, nilpotent, FC
or, in general, FC-nilpotent.

CoroLLARY 3. If the FC-chain of G breaks off after a finite number of steps
(say, at index n), then G is FC-nilpotent if and only if A(G/H,(G)) is FC-nil-
potent.

4See note 1.
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Proof. H,(G/H,(G)) is trivial, since H,;1(G) = H,(G). By Corollary 2(b),
G/H,(G) is trivial, and G = H,(G).

THEOREM 8. Let G be a group with mutual truncation at index < r. Let U
be any group extension of J(G) with the property J(G) C U C A(G), where the
inclusions need not be strict. Let o be in H;(U), and let a, be the automorphism
wmduced on G/Z,(G) by a. Then

D(F(ar); G/Z.(G)) = G/Zr(G)

Proof. 1f j = 0 or if G is trivial, the proof is immediate. If G is non-trivial
andifj > 1, consider a fixed g € G, g & e.a € H,;(U) then implies the existence
of integers m < n and of ¢ € H, 1(U) such that
9.1 gra(@mxg™) g" =g alg" o)™ &
for every x € G. If we write a(#) = g and & = g™ u™ " g*, then ¢(x) = k!
xk for every x € G. Thus

¢ € J(G) NH;1(U) C Hia(J(G)).

But the latter group is included in Z,_1(J(G)), by the proof of Theorem 7.
Thus & € Z,(G). Now kk = xv(x) where v(x) € Z,_1(G) if r > 1 and
v(x) = e if r = 0. If we write a(g) = %, 9.1 can be simplified to

9.2 & a(x) B = B ax) a(v) B g™,
or
9.3 g™ hma(x) = alx) " g™ h™ mod Z._1(G).

Since « is an automorphism, «a(x) ranges over all of G, and k" g=™ k™ € Z,(G).
Thus g™ = k™ mod Z,(G) for every g € G (where we understand that m
and 7 are functions of g and «). Remembering that & = «(g), we see that the
conclusion of the theorem follows at once.

CoRrROLLARY 1. If G has mutual truncation at index < v, if Z,(G) s a periodic
group, and if « € H;(U) where J(G) C U C A(G), then D(F(a); G) = G.

CorOLLARY 2. (a) Let G be a group for which Z1(G) is trivial. For a« € H,(U)
where J(G) C U C A(G), D(F(a); G) = G. (b) Let G be a finite group for which
Z1(G) 1is trivial. For o € A(G), D(F(a); G) = G.

Proof. (a) In the proof of the theorem we can take ¢ = I, the identity
automorphism. Then 9.1 in the proof reduces to

where a(x) = y. Since « is an automorphism and since Z1(G) = (e), k™" g"™
h™ = e, and (a) follows directly. (b) is a trivial consequence of (a).

THEOREM 9. Let G be a group with mutual truncation at index < r. Let U
be any group extension of J(G) with the property J(G) C U C A(G), where the
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inclusions need not be strict. If a € H;(U), then F(a,) has a finite index in

G/Z.(G).
Proof. There exists a finite (but not necessarily unique) set of elements
{g:} ¢ =1,2,...,N)in G such that to g € G, there exists an index 7 and a

mapping ¢ € H; 1(U) with
gla(geg™) g =gitalgio(x) gi) g

for every x € G. As in the proof of Theorem 8, ¢(x) = xv(x), where v(x) €
Z.1(G)ifr > 1,and v(x) = e if r = 0. It follows that

gita(g) a7 (g™ g € Z,(G)

or that a(gg;™") = gg; ' mod Z,(G). The theorem follows at once. A trivial
rearrangement of the last step shows that

glalg) =gitalg) mod Z,(G),
as we should expect in light of (3, p. 165, (¢')].

CoRroLLARY 1.5 If H(G) is trivial and if « € H,(U), where J(G) C U C A(G),
then F(a) has finite index in G.

COROLLARY 2. Let G be a group for which Z,(G) is trivial. If « € H(U),
where J(G) C U C A(G), then F(a) has finite index in G.

Proof. In the proof of the theorem we can take ¢ to be the identity map.
The rest of the argument follows without difficulty.

Following common custom, a group will be called complete if for each positive
integer n, the set of all ¥ (x € G), is a set of generators for G. By T,,(G), where
n is a fixed positive integer, we shall mean the set of all @« € A(G) for which
a(x) = x mod Z,(G) for every x € G. If n = 1, we have the so-called normal
or central automorphisms [6]. T, (G) is to consist of the identity automorphism
of G, alone.

TuEOREM 10. Let G be a complete group which has mutual truncation at index r.
Let U be an extension of J(G) with the property J(G) C U C A(G), where the
inclusions need not be strict. Then H,(U) C T,(G) (j=1,2,...).

Proof. Suppose a € H;(U). To each x € G, there exists, by the proof of
Theorem 8, a positive integer {(x) such that

a(x'®) = xi® mod Z.(G).

Moreover, there exists a uniform bound M = M(a) > t(x) for all x € G,
since « € H;(U). Let N = M!. Then a(x") = x¥ mod Z,(G). Since the set of
all x¥ is a set of generators of G, a(g) = g mod Z,(G) for every g € G, and
a € T,(G).

5See note 1.
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CoroLLARY 1. If H((G) is trivial for a complete group G, then H,(U) is trivial,
where J(G) C U C A(G).

Proof. Note that the index 7 of truncation is 0. Alternately, we can prove a
stronger result:

CorOLLARY 2. If Z1(G) is trivial for a complete group G, then H1(U) is trivial,
where J(G) C U C A(G).

Proof. Using the proof of Corollary 2 to Theorem 8, we can modify the
proof of the present theorem to show that a(x") = x¥ for every x.

10. Examples of FC-nilpotent groups. Consider two countable classes of
copies of I, the group of integers modulo 2. Let the generators of these groups
be denoted by the e; (1 = 1,2,3,...) and the f; (j =1,2,3,...). Form the
free product F of all the members of these two classes of copies of I.. Impose
the relations (1) e; x = xe;, for every generator e; of the first class and for every
x € Fyand (2) f,f; = f;fieie;for all ¢ and j. Call the resulting group G. Then
every word in G can be given the unique canonical form f, f4, . . . fi, E where E
is a word in the e;'s and 7; < iy < ... < 1, if the class of the ¢,’s is non-void.
It is easy to prove that Z;(G) is the set of all elements generated by the e’s
alone. If the number of f's in the canonical form of a word is even, then the
word has no more than two conjugates in G, while if the number is odd, there
are an infinite number of conjugates of the word in G. All the words of even
“f-length’” form the subgroup H;(G), and this subgroup is distinct from both
Z1(G) and G. It is clear that x* € Z,(G) for every x € G, so that G = D(Z(G);
G). 1t is not difficult to show that G/H,(G) = I, so that G = H,(G). We thus
have an example of an FC-nilpotent group of FC-class 2.

The referee has pointed out the following: Let G be a free group on two or
more generators. We construct the lower central series [6] of G as follows:
G0) =G; G(1) = (G,G); Gz + 1) = (G, G(H)). Then G/G(c) is an example
of an FC-nilpotent group of FC-class ¢ for every positive integer c.
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