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Abstract

We consider the category of smooth W (k)[GL, (F)]-modules, where F is a p-adic field and k is
an algebraically closed field of characteristic ¢ different from p. We describe a factorization of
this category into blocks, and show that the center of each such block is a reduced, £-torsion free,
finite type W (k)-algebra. Moreover, the k-points of the center of a such a block are in bijection
with the possible ‘supercuspidal supports’ of the smooth k[GL, (F)]-modules that lie in the block.
Finally, we describe a large explicit subalgebra of the center of each block and give a description
of the action of this algebra on the simple objects of the block, in terms of the description of the
classical ‘characteristic zero’ Bernstein center of Bernstein and Deligne [Le ‘centre’ de Bernstein,
in Representations des groups redutifs sur un corps local, Traveaux en cours (ed. P. Deligne)
(Hermann, Paris), 1-32].

2010 Mathematics Subject Classification: 11F33, 11F70 (primary); 22E50 (secondary)

1. Introduction

The center of an abelian category A is the endomorphism ring of the identity
functor of that category. It is a commutative ring that acts naturally on every object
of A, a fact which often allows one to approach questions about .4 from a module-
theoretic point of view.

One spectacular success of this approach originates with work of Bernstein—
Deligne [BD], who computed the centers of categories of smooth complex
representations of p-adic algebraic groups. The center of such a category is called
the Bernstein center. Bernstein and Deligne give a factorization of this category
© The Author 2016. This is an Open Access article, distributed under the terms of the Creative Commons Attribution licence

(http://creativecommons.org/licenses/by/4.0/), which permits unrestricted re-use, distribution, and reproduction in any medium, provided the
original work is properly cited.

https://doi.org/10.1017/fms.2016.10 Published online by Cambridge University Press


http://journals.cambridge.org/action/displayJournal?jid=FMS
mailto:dhelm@imperial.ac.uk
http://crossmark.crossref.org/dialog/?doi=10.1017/fms.2016.10&domain=pdf
https://doi.org/10.1017/fms.2016.10

D. Helm 2

into blocks, known as Bernstein components, as well as a simple and explicit
description of the center of each block, which is a finite type C-algebra. In
particular, they showed that the C-points of the Bernstein center were in bijection
with the supercuspidal supports of irreducible smooth complex representations.

The results of [BD] made it possible to give purely algebraic proofs of theorems
about smooth representations that previously could only be proven via deep
results from Fourier theory; Bushnell-Henniart’s results about Whittaker models
in [BH] are an example of this approach.

In recent years there has been considerable interest in studying smooth
representations over fields other than the complex numbers, or even over more
general rings. To apply similar techniques in such a setting one needs to
understand the centers of categories of smooth representations over [, or Z, (or
even over Z). Some progress along these lines was made by Dat [D2]; in particular
he was able to give an explicit description of the center of the category of smooth
representations of a p-adic algebraic group G over Z;, for £ a banal prime; that
is, for £ prime to the order of G(F,).

More recently Paskunas [Pa] has studied the center of a category of
representations of GL,(Q,) over F,; his results allow him to characterize
the image of the Colmez functor.

We fix our attention on the category Repy,(GL,(F)) of smooth
representations of GL,(F), where F is a p-adic field, over a ring of Witt
vectors W (k), for k an algebraically closed field of characteristic £ different
from p. We obtain a factorization of this category into blocks that parallels
the Bernstein decomposition over C. This description is closely related to the
decomposition due to Vigneras [V2] of the category of smooth representations of
GL, (F) over k; in both decompositions the blocks are parameterized by inertial
equivalence classes of pairs (L, 7), where L is a Levi subgroup of GL,,(F) and =
is an irreducible supercuspidal representation of L over k. Indeed, our approach
owes a substantial amount to the ideas of Vigneras, and in particular her use
of G-covers in an integral setting. In spite of this we do not rely on Vingeras’s
Bernstein decomposition over k [V2], and indeed our description of the Bernstein
decomposition over W (k) implies the result of Vigneras over k.

More precisely, we introduce (Definition 4.12) a notion of mod ¢ inertial
supercuspidal support for simple objects IT in Repy,, (GL,(F)). When IT is
killed by ¢ this is just the usual notion of supercuspidal support (taken up to
inertial equivalence), but this notion also makes sense for those IT on which
multiplication by £ is an isomorphism. For an inertial equivalence class (L, )
as above, we can then consider the full subcategory Repy, ;) (GL, (F))..») whose
objects are those IT such that every simple subquotient of /7 has mod ¢ inertial
supercuspidal support given by (L, m). Our first main result, Theorem 11.8,
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then states that the blocks of Repy, ., (GL,(F)) are precisely the subcategories
Repw(k) (GL, (F)L.x1-

For each such (L, ), let Ay ) be the center of Repy, ,(GL,(F))(L »)- The
main objective of this paper is to understand the structure of A, ., and its
action on the objects of Repy, , (GL,, (F))[1 »). Our starting point is the Bernstein—
Deligne description of the analogous question over algebraically closed fields.
Indeed, if /C is the algebraic closure of the field of fractions of W(k), then
tensoring with K defines a functor from Repy, ¢, (GL, (F)) to Repg(GL, (F)); the
image of this functor is a product of blocks of Repx(GL, (F)).

More precisely, Bernstein and Deligne show that the blocks of Repx(GL, (F))
are indexed by inertial equivalence classes of pairs (M, ), where 7 is an
irreducible supercuspidal representation of GL, (F) over K. If we denote the
corresponding block by Rep(GL, (F))u 7, then the essential image of the block
Repze(GL, (F))L,»; under the functor that tensors with K is the product of those
Repze(GL, (F))u.z whose objects, when considered as W (k)[GL,, (F)]-modules,
are objects of Repyy 4, (GL,,(F)) L ). It is then not hard to show (Proposition 12.1)

that in this case one has an isomorphism of E—algebras:

A ® K= l_[ Apz,

M,z

where Ay, ; is the center of Repr(GL, (F))um ». Since (for formal reasons) Ay
is £-torsion free, this shows that A, ,; embeds naturally as a W (k)-subalgebra of
the product of the A 7. The Bernstein—Deligne theory (which we summarize in
Section 3) gives a completely explicit description of the latter.

Understanding the integral structure of A, ,; is considerably more difficult; our
approach is to construct explicit projective objects Pk , of Repy, (, (GL, (F)) from
maximal distinguished cuspidal k-types (K, ). These projectives have a number
of useful properties; in particular their endomorphism rings are commutative, and
can be explicitly computed after tensoring with K. We carry out this computation
in Sections 6 (in the depth zero case) and 8 (for the general case). Although
the integral structure of the endomorphism ring is harder to describe, we are
able to construct an explicit subalgebra Cg , of the endomorphism ring of Pk .
in Sections 7 and 9, and describe the action of this subalgebra explicitly. We
also show, in Section 10, that the action of Cg , makes Py . into an admissible
Ck .[GL, (F)]-module.

As a result of this admissibility, we are able to deduce Bernstein’s second
adjointness for the group GL,(F), a fact which allows us to build further
projective modules out of the Pk, via parabolic induction. In this way,
we construct, for each block Repy, (GL,(F))L ), a faithfully projective
object Py .
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From the fact that P, . is faithfully projective, we deduce (see Section 12)
that an element of A, . ®ww K lies in Ay 5 if, and only if, it preserves
PiLx) in Pl x ®wa K. The module P, ,; is a direct sum of modules built by
parabolic induction from tensor products of Pk .. We therefore have a wide array
of endomorphisms of P, . at our disposal, because of our explicit understanding
of the endomorphism algebras Ck .. In Section 12, we exploit this to construct
a subalgebra C|; ,; of the endomorphism ring of P, ,;, and we show that this
subalgebra actually lies in A, . Moreover, we can show that Py, . is admissible
over C|; }, and thus that A, ;) is a finitely generated C|, ,;-module.

A consequence of this finiteness is that an object IT of Repy 4, (GL, (F))[L.n
is admissible as an A, ,;(GL, (F))-module if, and only if, it is finitely generated
as a W(k)[GL, (F)]-module. This is an integral analogue of a result of Bernstein
over fields of characteristic zero.

Our construction of P, also allows us to prove results describing the
interaction between the ring A, ,; and parabolic induction (we refer the reader
to Theorem 12.3 for a precise statement). This also allows us to show that A,
admits a tensor factorization as a tensor product of rings A, »,;;, where each (L;,
7;) is a so-called simple pair. (Theorem 12.4.)

The action of Cj, . on irreducible representations of GL,(F), both in
characteristic zero and in characteristic ¢, can be made completely explicit
in terms of a choice of certain ‘compatible systems of cuspidals’. (We refer the
reader to Theorem 9.4 and the discussion preceding it for a description of these
systems.) From this one can show that the action of C, ,; on irreducible smooth
k-representations of GL,(F) in Repy,, (GL,(F))[L ») is sufficient to distinguish
representations with different supercuspidal supports (Proposition 12.11). On
the other hand, it is not hard to show that if two irreducible k-representations of
GL, (F) have the same supercuspidal support, then A, ,; acts on both of them
via the same map A, ,; — k. In particular, the k-points of both Spec C|, ) and
Spec A( ) are in natural bijection with the set of possible supercuspidal supports
of irreducible k-representations of GL,(F) in the block corresponding to (L, 7).
(Corollary 12.12.) This gives a ‘mod ¢’ analogue of the corresponding result
of Bernstein—Deligne for complex points of the classical Bernstein center. An
immediate corollary is that the map Spec A, »;/¢ — Spec C|. /¢ is a bijection
on k-points; from this we can conclude that the inclusion of Cy;, ,1/€ in Aj,./%
identifies Cy; /¢ with the reduced quotient (A, /€)™

In the final section, we prove some additional results about the structure of the
endomorphism rings of the projectives Pk ., assuming a result (Theorem 13.1)
whose proof we postpone to the sequel paper [H1]. Conditionally on this result,
we are able to realize A, ,; as a subalgebra of a much simpler ring than the
endomorphism ring of P, ,; this simpler ring can, in small cases, be given a
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completely explicit description. As a result we are able to give completely explicit
descriptions of A, ;) in numerous situations where » is small relative to £ and
the order of ¢ modulo £. (See the examples at the end of Section 13 for precise
statements.)

This is the first paper in a four-part series. The second paper, [H1], applies
the structure theory of A, developed here to questions that arise from the
theory of Whittaker models, that were first studied over the complex numbers
in [BH]. We establish versions of several of these results that hold for smooth
representations of GL, (F) over W (k). These results have implications for the
structure theory of certain representations associated to the ‘local Langlands
correspondence in families’ of [EH]. In particular, [EH] conjectures the existence
of certain algebraic families of admissible representations of GL,, (F) attached to
Galois representations. These families are characterized by certain properties that
can be understood in terms of the spaces of Whittaker functions we consider. We
make use of this in [H1] to reduce the question of the existence of such families
to a natural conjecture that relates A, ,; to the deformation theory of Galois
representations, via the local Langlands correspondence.

The third and fourth papers in the series, [H2] and [HM], will be devoted to
exploring this relationship between A, ,; and Galois theory. In particular, we
construct a natural isomorphism between the completion of A, ) at a point
x as a subalgebra of the universal framed deformation ring of the semisimple
representation of G attached to x via local Langlands. In particular, this will
yield a proof of the existence of the families conjectured in [EH].

2. Faithfully projective modules and the Bernstein center

DEFINITION 2.1. Let A be an abelian category. The center of A is the ring of
endomorphisms of the identity functor Id : A — .A. More prosaically, an element
of A is a choice of element f), € End(M) for every object M in A, satisfying the
condition fy; o ¢ = ¢ o fy for every morphism ¢ : N — M in A.

If A is the category of right R-modules for some (not necessarily commutative)
ring R, then it is easy to see that the center of A is the center Z(R) of the ring R.
Indeed, Z (R) acts on every object of A; this defines a map of Z(R) into the center.
Its inverse is constructed by considering the action of Z(R) on R, considered as
aright R-module.

When A is a more general abelian category, we can often describe its center by
reducing to the case of a module category. We more or less follow the ideas of
[R, Section 1.1]. The key is to find an object in A that is faithfully projective, in
the following sense:
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DEFINITION 2.2. Let A be an abelian category with direct sums. An object P in
A is faithfully projective if:

(1) P is a projective object of A.
(2) The functor M +— Hom(P, M) is faithful.
(3) P is small; that is, one has an isomorphism:
®ic; Hom(P, M;) = Hom (P, ®;c; M)
for any family M; of objects of A indexed by a set 1.

One checks easily that the condition that M +— Hom(P, M) is faithful is
equivalent to the condition that Hom(P, M) is nonzero for every object M of A.
If A has the property that every object of A has a simple subquotient, then it
suffices to check that Hom( P, M) is nonzero for every simple M.

If P is a faithfully projective object of A, one has:

PROPOSITION 2.3 [R, Theorem 1.1]. Let P be faithfully projective. The functor
M +— Hom(P, M) is an equivalence of categories from A to the category of

right End(P)-modules. In particular, the center of A is isomorphic to the center
of End(P).

Idempotents of the center correspond to factorizations of A as a product of
categories. In practice we can obtain these factorizations by constructing suitable
injective objects of A.

PROPOSITION 2.4. Suppose that every object of A has a simple subquotient, let
S be a subset of the simple objects of A, and let 1,, I, be injective objects of A
such that, up to isomorphism:

(1) every simple subquotient of I, is in S;

(2) every object in S is a subobject of 1;;

(3) no simple subquotient of I, is in S; and

(4) every simple object of A that is not in S is a subobject of L.

Then every object M of A splits canonically as a product M, x M,, where every
simple subquotient of M, is in S, and no simple subquotient of M, is in S. This
gives a decomposition of A as a product of the full subcategories A, and A,
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of A, where the objects of A, are those objects M, of A such that every simple
subquotient of My is in S, and the objects of A, are those objects M, of A such
that no simple subquotient of M, is in S. Moreover, every object of A, has an
injective resolution by direct sums of copies of 1|, and every object of A, has an
injective resolution by direct sums of copies of I,.

Proof. Let M, be the maximal quotient of M such that every simple subquotient
of M, is in S, and let M, be the kernel of the map M — M,. We first show
Hom(M,, I;) = 0. Suppose we have a nonzero map of M, into /,, with kernel N.
Then the injection of M,/ N into I; would extend to an injection of M /N into I,
and thus M /N would be a quotient of M, dominating M, all of whose simple
subquotients were in S. It follows that no simple subquotient of M, lies in §, as
such a subquotient would yield a nonzero map of M, to I,.

If we let M5 be the maximal quotient of M such that no simple subquotient of
Mj; is in S, then the same argument (with I; and I, reversed) shows that every
simple subquotient of the kernel of the map M — Mj lies in S. In particular the
projection of M, onto Mj is injective. Suppose the image of M, were not all of
M;. Then (as M surjects onto M3), there is a simple subquotient of M3 that is
also a subquotient of M /M,; such an object would have to be in both S and its
complement. Thus M, is isomorphic to M3, and hence M splits, canonically, as
a product M| x M,. The decomposition of A as the product A" x A" is now
immediate, as is the claim about resolutions. L]

REMARK 2.5. Itis easy to make a dual argument with projective objects; we state
the proposition in terms of injectives because that is the form of the proposition
we will use.

3. The Bernstein center of Rep;(G)

Let G = GL,(F) be a general linear group over a p-adic field F, and let k be
an algebraically closed field of characteristic £ not equal to p. Our goal is to study
the Bernstein center of the category Repy,,(G) of smooth W (k)[G]-modules.
It will be convenient for us to assume throughout that ¢ is odd, so that W (k)
necessarily contains a square root of g, where ¢ is the order of the residue field of
F. This is done largely for convenience; when £ is 2 all the arguments we present
remain valid after adjoining a square root of g to W (k). We begin by studying the
category Repg(G) of smooth K[G]-modules, where IC is the field of fractions of
W (k). Most of the results of this section are standard. We limit ourselves to the
case of GL, (F), although the results of this section have analogues for a general
reductive group.
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The description of the center of Repx(G) depends heavily on the theory of
parabolic induction, and particularly the notions of cuspidal and supercuspidal
support, which we now recall. Let (M, ) be an ordered pair consisting of a Levi
subgroup M of G and an absolutely irreducible cuspidal representation 7w of M.

Let P be a parabolic subgroup of G, with Levi subgroup M and unipotent
radical U, and let 7 = 71, ® - ® 7, be a W(k)[M]-module. We let ig be the
normalized parabolic induction functor of [BZ]; that is, ign is the W(k)[G]-
module obtained by extending m by a trivial U-action to a representation of P,
twisting by a square root of the modulus character of P, and inducing to G. (This
depends on a choice of square root of g in W (k); we fix such a choice once and for
all.) Similarly, we denote by rg the parabolic restriction functor from W (k)[G]-
modules to W (k)[ M ]-modules.

DEFINITION 3.1. Let M be a Levi subgroup of G, and let m be an absolutely
irreducible supercuspidal representation of M over a field L. Let IT be an
absolutely irreducible representation of G over L. Then the pair (M, i) belongs
to the supercuspidal support of IT if there exists a parabolic subgroup P of G,
with Levi subgroup M, such that I7 is isomorphic to a Jordan—Holder constituent
of the normalized parabolic induction i § 7.

DEFINITION 3.2. Let M be a Levi subgroup of G, and let = be a cuspidal
representation of M over a field L. Let IT be an absolutely irreducible of G over
L. Then the pair (M, ) belongs to the cuspidal support if I1 if there exists a
parabolic subgroup P of G, with Levi subgroup M, such that /7 is isomorphic to
a quotient of i§.

Over a field L of characteristic zero, the notions of cuspidal and supercuspidal
support are equivalent, but the notions differ over fields of finite characteristic.

Two pairs (M, 7)) and (M’, ') are conjugate in G if there is an element g of G
that conjugates M to M’ and m to 7’. This determines an equivalence relation on
the set of pairs (M, ). It is then well known that the cuspidal and supercuspidal
support of a given representation 7 are given by a single conjugacy class of pairs.
For cuspidal support, this is an easy consequence of Frobenius reciprocity, but for
supercuspidal support this is a deep theorem, first proven by Vigneras [V2, V.4].

DEFINITION 3.3. We say that two representations 7, 7' of G that differ by a twist
by x o det, where x is an unramified character of F'*, are inertially equivalent.
More generally, if M is a Levi subgroup of G, two representations 7w and 7’ are
inertially equivalent if they differ by a twist by an unramified character x of M,
that is, a character y trivial on all compact open subgroups of M.
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We are primarily interested in cuspidal and supercuspidal support up to inertial
equivalence. Two pairs (M, ) and (M’', ') are inertially equivalent if there
is a representation 7" of M, inertially equivalent to m, such that (M, ") is
conjugate to (M’, ’). The inertial supercuspidal support (respectively inertial
cuspidal support) of an absolutely irreducible representation I7 of G is the inertial
equivalence class of its supercuspidal support (respectively cuspidal support).

THEOREM 3.4 (Bernstein—Deligne, [BD, 2.13]). Let M be a Levi subgroup of
G, and let w be an irreducible cuspidal representation of M. Let Rep(G)y »
be the full subcategory of Repx(G) consisting of representations Il such that
every simple subquotient of Il has inertial supercuspidal support (M, ). Then
Repie(G) m - is a direct factor of Repi(G).

There is thus an idempotent e,, , & of the Bernstein center of Repg(G) that
acts by the identity on all objects of Repx(G)y,» and annihilates all of the other
Bernstein components.

Moreover, it is possible to give a complete description of the center Ay, of
Repe(G)m . Let ¥ (M) denote the group of unramified characters of M. Then
¥ (M) can be identified with the algebraic torus Spec E[M /My], where M, is the
subgroup of M generated by all compact open subgroups of M. The group ¥ (M)
acts transitively (by twisting) on the space of representations of M inertially
equivalent to 7, and the stabilizer of 7 is a finite subgroup H of ¥ (M). Note that
H depends only on the inertial equivalence class of 7, not 7 itself. The group
W (M)/H is a torus, isomorphic to Spec K[M/MO]H; a choice of 7 identifies
¥ (M)/H with the space of representations of M inertially equivalent to 7.

Let Wy, be the subgroup of the Weyl group W (G) of G (taken with respect to
a maximal torus contained in M) consisting of elements w of W(G) such that
wMw~' = M. Define a subgroup Wy, () of Wy, consisting of all w in W,
such that 7" is inertially equivalent to 7 (this subgroup depends only on the
inertial equivalence class of 7). Then Wy, (;r) acts on the space of representations
of M inertially equivalent to m, and hence (via a choice of ) on the torus
Spec KM /Mo]*. This action is in general a twist of the usual (permutation)
action of Wy, on M /M,, but if & is invariant under the action of Wy, (), then
the action of Wy, () on M /M, is untwisted.

We have:

THEOREM 3.5 (Bernstein—Deligne). A choice of m yields an identification
of Ay with the ring (K[M/MO]H)WM“’). More canonically, the space of
representations of M inertially equivalent to w is naturally a W/ H -torsor with
an action of Wy (r), and the center of Repg(G) is the ring of Wy (x)-invariant
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regular functions on this torsor. Moreover, if f is an element of Ay ., and I1 is
an object of Repic(G) m.» with supercuspidal support (M, '), then f acts on IT
by the scalar f(r').

We conclude with a standard result describing the action of the Bernstein center
on modules arising by parabolic induction. Let (M;, 7r;) be pairs consisting of a
Levi subgroup M; of GL,, (F), and an irreducible cuspidal representation 7; of
M; such that 7r; is invariant under the action of Wy, (;r;). Let M be the product of
the M;, considered as a subgroup of GL,,(F'), where n is the sum of the n;. Let 7=
be the tensor product of the 7;; it is an irreducible cuspidal representation of M.
We then have an action of Wy, (;r) on the inertial equivalence class of (M, ).

In this setting, the group (M /M,)* is the product of the groups (M;/(M;)o)™,
where H; is the subgroup of characters fixing 7r; under twist. The isomorphism:

KM/ Mol = Q) KIM; /(M;)o]"

then restricts to give an embedding:

@ - (RIM/Mol™)"™ — QYEKLM /(M) )™ .

PROPOSITION 3.6. Let I1; be a collection of representations of GL,, such that
for each i, I1; lies in Rep(GL,,, (F)) y, ,- Let P = LU be a parabolic subgroup
of GL,(F), with L isomorphic to the product of the GL,, (F), and let I1 be the
tensor product of the I1;, considered as a representation of L. Then i SL”(F)H lies
in Repic(GL, (F)) .1

Moreover, under the identifications

Auq = (KIM /M),
A, = (KIM; /(M;)o]") "0
induced by (M, ) and (M;, m;), if x lies in Ay ., then the endomorphism of
i gL”(F)H induced by x coincides with the endomorphism of i gL”(F)H arising from
the action of @ (x) on I1.

4. Construction of projectives

Our goal is to apply the theory of Section 2 to the category Repy,,(G) of
smooth W (k)[G]-modules. In particular, we will factor this category as a product
of blocks, and construct an explicit faithfully projective module in each block.
The first step is to obtain a supply of suitable projective W (k)[G]-modules, and
study their properties.
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DEFINITION 4.1. Let R be a W (k)-algebra. By an R-type of G, we mean a pair
(K, 7), where K is a compact open subgroup of G and t is an R[K]-module that
is finitely generated as an R-module. The Hecke algebra H(G, K, 1) is the ring
Endg(q)(c-Ind§ 7).

For the most part we will be concerned with R-types for R = k, or R = K,
where K is the fraction field of W (k). Note that for any R[G]-module r,
Frobenius reciprocity identifies Homgx(t, ) with HomR[G](c—Indg T, ), and
hence gives an action of H(G, K, t) on Homgk (7, m). Moreover, if V is the
underlying R-module of 7, H(G, K, t) can be identified with the convolution
algebra of compactly supported smooth functions f : G — Endg(V) that are
left and right K-invariant, in the sense that f(kgk') = t(k) f(g)r(k'). If g is
in G, then we denote by I,(t) the space Homgnyx,-1 (T, T8), where 78 is the
representation of gK g~! defined by t8(k) = t(g 'kg). Then the map f — f(g)
is an isomorphism:

H(G. K, Dex = 1,(0),

where H(G, K, t)k.x is the space of functions in H(G, K, t) supported on
KgK.

In this section, we will primarily be concerned with a certain class of types
which are called maximal distinguished cuspidal types in [V2, IV.3.1B]. We omit
the precise definition of these types here; for our purposes it suffices to know
certain specific properties of a maximal distinguished cuspidal R-type (K, 1),
where R is a field.

Such a type arises from a simple stratum [%, n, 0, 8], together with a character
0 in the set C(2, 0, B) defined in [BK1, 3.2.1]. Here 2( is a maximal order in
M,(F), and B is an element of 2 such that E = F[g] is a field. This allows us
to identify E* with a subgroup of GL,(F). Let ¢ and f denote the ramification
index and residue class degree of E over F. One then has:

e K is the group J(B,2) of [BK1]. In particular, K contains a normal pro-
p subgroup K'! (called J'(B, ) in [BK1]), such that the quotient K /K is
isomorphic to GL, . (IF,r), where g is the order of the residue field of F.

e 7 has the form k¥ ® o, where o is the inflation of a cuspidal representation of
K /K" over R, and k is a representation of K that is a -extension of the unique
irreducible representation of K' containing 6.

Maximal distinguished cuspidal R-types have the following useful properties:

THEOREM 4.2 [V2,IV.1.1-IV.1.3]. Let R be a field, and let (K, t) be a maximal
distinguished cuspidal R-type arising from an extension E/F.
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(1) There is a unique embedding of GL,,.;(E) into G such that the center E*
of GL,,.r(E) normalizes K and K, and acts trivially on K /K. We identify
GL,,.f(E) and E* with their images under this embedding. The intersection
OfGLn/ef(E) with K is GL”/ef(OE).

(2) The subgroup E* of G normalizes t. In Particular, Tt extends to a
representation of E*K, and any two extensions of t differ by a twist by
a character of EXK /K = Z.

(3) The G-intertwining of (K, t) is equal to E* K.

(4) For any extension T of T to a representation of E* K, there is an isomorphism
of H(G, K, 1) with the polynomial ring R[T,T™'], that sends T to the
unique element f; of H(G, K, t) such that f; is supported on KwpK
(where @ is a uniformizer of E), and

felkwpk') = (k)T (wg)T (k).

(5) For any extension T of T to a representation of E*K, the representation
c-Ind¥. T is an irreducible cuspidal representation of G over R.

(6) Every irreducible cuspidal representation of G over R arises in this fashion.
Those irreducible cuspidal w that arise from a given (K, t) are precisely
those T whose restriction to K contains t.

If R is a field, and &, 7’ are absolutely irreducible cuspidal R-representations
containing a maximal distinguished cuspidal type (K, 7), then Homgg (7, )
and Homgg,(t, ') are modules over H(G, K,t) = R[T,T™'] that are one-
dimensional as R-vector spaces. In particular, T acts via scalars ¢ and ¢’ on
Hompgk (7, 7) and Homg, (7, '), respectively. Let x be an unramified k-valued

character of F* such that x ()¢ = ¢'c™'. As T is supported on KK,

and detw; = w)/°, the H(G, K, r)-modules Hompgx|(t, 7 ® x o det) and
Hompgk(z, 7') are isomorphic, and so m’ is a twist of m by an unramified

character; that is, 7 and ' are inertially equivalent.

REMARK 4.3. The isomorphism of R[T,T~'] with H(G, K, t) depends on a
choice of extension T of t, and also a uniformizer ;. When R is a field, this
isomorphism may be reinterpreted in the language Bernstein and Deligne use to
describe the Bernstein center, and made independent of @ (but not of 7). Let &
be the irreducible cuspidal representation of G whose restriction to E* K contains
7. Then every representation of G inertially equivalent to 7 has the form 7 ® x
for some unramified character x of G/ Gy, and we have m = 7 ® x if, and only if,
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7 ® x contains 7. The latter holds precisely when T = T ® x|gxx, which holds if
and only if x (wg) = 1. Let Z be the subgroup of G generated by w; our choice
of @y identifies R[T, T~!] with R[Z]. The map Z — G/ G, is injective (but not
in general surjective), and induces a map

Hom(G/G,, G,,) — Hom(Z, G,,)

by restriction. Let H be the kernel of this map; the induced map on rings of
regular functions then identifies R[Z] with the H-invariants R[G/G]”. The
identifications:

H(G,K,t) = R[T, T"'1 = R[Z] = R[G/G,]"

give an identification of H(G, K, t) with R[G/G,]" that does not depend on
wg. The map x — 7w ® x describes a bijection between (Spec R[G/Gy])/H
and the set of representations of G inertially equivalent to . Under the above
isomorphisms, the character of H(G, K, t) that corresponds to a representation
7 ® x of G is the character of R[G/G]” obtained by treating R[G/G,] as the
ring of regular functions on the space of unramified characters of G and evaluating
such functions at .

Let K’ be a finite extension of the field of fractions K of W (k), and let O be its
ring of integers. If 7 is an absolutely irreducible cuspidal integral representation
of G over K, then 7 contains a unique homothety class of G-stable O-lattices,
and the reduction r,7r of any such lattice modulo ¢ is an absolutely irreducible
cuspidal representation of G over k. In this situation we have the following
compatibilities between the types attached to 7 and r,7, due to Vigneras:

THEOREM 4.4 [V2, IV.1.5]. Let w be an irreducible cuspidal representation of
G over K', containing a maximal distinguished cuspidal K'-type (K, T).

(1) There is an unramified character x : F* — (K')*, such that m ® (x o det)
is integral.

(2) The K-representation T is defined over K, and the mod £ reduction of T
is an irreducible k-representation t of K, such that (K, t) is a maximal
distinguished cuspidal k-type contained in ri[r ® (x o det)].

(3) Every maximal distinguished cuspidal k-type arises from a maximal

distinguished cuspidal K'-type via ‘reduction mod £’, for some finite
extension K' of K.
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We can use this theory of reduction mod £ to turn inertial equivalence into an
equivalence relation on simple cuspidal smooth W (k)[G]-modules 7. Such 7 fall
into two classes: either £ annihilates 7, in which case 7 is an irreducible cuspidal
k-representation of G, or £ is invertible on 7, in which case 7 is an absolutely
irreducible cuspidal representation of G over some finite extension X’ of K.

LEMMA 4.5. Let  be a simple smooth W (k)[G]-module on which € is invertible,
and let K’ be a finite extension of K such that every K'[G]-simple subquotient of
7w Qi K' is absolutely simple. Then m Qi K' is a direct sum of absolutely simple
K'[G]-modules, and Gal(E/ KC) acts transitively on these summands.

Proof. Let 1y be an absolutely simple K'[G]-submodule of 7 ®x K'. Then the
sum of the submodules 7§ for g in Gal(C/K) is a Galois-stable /C'[G]-submodule
of 7 ®x K’, and hence descends to a JC[ G]-submodule of 7. This submodule must
be all of 7, and the result follows. OJ

DEFINITION 4.6. Let (K, t) be a maximal distinguished cuspidal k-type, and let
7 be a simple cuspidal smooth W (k)[G]-module. We say that 7 belongs to the
mod { inertial equivalence class determined by (K, t) if either £ annihilates & and
7 contains (K, ), or if £ is invertible on 7w and there exists a finite extension K’
of K such that one (equivalently, every) absolutely simple summand of 7 ®;x K’
is inertially equivalent to an integral representation of G over ' whose mod ¢
reduction contains (K, 7).

Fix a maximal distinguished cuspidal k-type (K, t), with T = ¥ ® o, and let
P, — o be the projective envelope of o in the category of W(k)[G L, . (F,/)]-
modules. We then have:

LEMMA 4.7. The representation k lifts to a representation k of K over W (k).

Proof. As K, is a pro-p-group, the restriction x; of x to K, lifts uniquely to
a representation k; of K, over W(k), normalized by K. The obstruction to
extending & to K is thus an element of H*(K, W (k)*). The first two paragraphs
of [BK1], Proposition 5.2.4, show that this element can be represented by a
cocycle taking values in the p-power roots of unity, and is thus a p-power torsion
element o of H*(K, W(k)*). (In [BK1] the authors work over C rather than
W (k), but their argument adapts without difficulty. Note that they denote by 7y,
the representation we call &y, by J), the group we call K, and J,, the group we
call K,.)

Let U be a p-sylow subgroup of K containing K. The restriction of « to U lifts
uniquely to a representation over W (k), extending ;. It follows that the image of
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a in H*(U, W (k)*) under restriction vanishes. But the corestriction of this image
to H*(K, W (k)*) is equal to ra, where r is the index of U in K. Thus « is killed
by a power of p and an integer prime to p, and must therefore vanish. 0

LEMMA 4.8. The tensor product K ® P, is a projective envelope of k @ o in the
category of W (k)[K ]-modules.

Proof. The restriction of x to K is irreducible, and the restriction of ¥k @ P, to
K is a direct sum of copies of k;. We thus have isomorphisms of W (k)[K /K ]-
modules:

Homg, (K, k @ P,) = P,.

(Here ¢ € K/K; acts on Homg, (k,k ® P,) by f +— f2, where fé(x) =
gf (g7 'x); note that this action depends on &, not just its restriction to K;.)
Now suppose we have a surjection:

o' — 0

of W (k)[K]-modules. We need to show that any map ¥ ® P, — 6 lifts to a map
to 6’. As we have identified P, with Homg, (k, € ® P,), such a map induces a
map P, — Homg, (k, 0). This latter map is K /K-equivariant.

As K is a pro-p group, the surjection of " — 6 induces a surjection

Homg, (k,0") — Homg, (&, 0)
of W(k)[K/K,]-modules. As P, is projective, the map
P, — Homg, (k, 6)

lifts to a map
P, — Homg, (k,6").

Tensoring with i, we obtain the desired map k @ P, — 6’, so k ® P, is projective.
On the other hand, ¥ ® P, is indecomposable over W (k)[K ], and is therefore
a projective envelope of ¥ ® o in the category of W (k)[ K ]-modules. 0

As the functor c-Indg is a left adjoint of an exact functor, it takes projectives to
projectives. In particular, the module Py, defined by Py . := c-Ind§ & @ P, is a
projective object in Repy, 4, (G).

PROPOSITION 4.9. Let @ be a simple cuspidal smooth W (k)[G]-module in

the mod € inertial equivalence class determined by (K, t). Then there exists a
surjection Px , — .
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Proof. First suppose that ¢ annihilates 7. The surjection of P, onto o gives rise
to a surjection Pg . — c-Indg 7. As the restriction of 7 to K contains 7, we have
a nonzero (thus surjective) map c—Indg T — 1 as claimed.

On the other hand, if £ is invertible in 7, then fix an absolutely simple summand
7o of m ®x K’ for some finite extension K’ of K. As 7 is in the mod £ inertial
equivalence class determined by (K, 7), there is a maximal distinguished cuspidal
K'-type (K, T) contained in 7y; its mod € reduction is (K, 7). If we regard T as a
representation of K over the ring of integers O’ of X', we have surjections

T —>71

KQP, — 1,

and thus obtain a map ¥k ® P, — T by projectivity of ¥ ® P,. This map is
necessarily surjective, so by applying the functor c—Indg, we obtain a surjection

Pk Qway O — c-Ind§ 7.
Composing this surjection with the nonzero maps
c-Ind§ T — c-Ind%(F) Qway K — mo
yields a nonzero map Pk, Qi K' — m, and hence a nonzero map
Pir @k K' — 7 ox K.

As Homy(6)(Pk.» ®x K', 7 @k K') is isomorphic to Homyg(Px ., 7) @ K,
there exists a nonzero map from P . to 7, which must be surjective by simplicity
of . (|

It will follow from results in Section 8 that not every simple quotient of Py .
has the above form.

Our next goal is to use the Pk . to construct projectives that admit surjections
onto representations with given cuspidal support. We must first introduce some
additional language. As a maximal distinguished cuspidal k-type determines an
inertial equivalence class of cuspidal representations, we will sometimes say
that the supercuspidal or cuspidal support of a representation I7 is given by a
collection {(K, t7), ..., (K,, 7.)} of maximal distinguished cuspidal k-types; this
means that I7 has supercuspidal (or cuspidal) support (M, ), where M is a ‘block
diagonal’ subgroup of the form GL,, x --- x GL,, , and 7 is a tensor product
7 ® - - - ® m, where 7; is in the inertial equivalence class determined by (K;, 1;)
for all i.
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DEFINITION 4.10. Let M be a Levi subgroup of G and let = be an irreducible
cuspidal representation of M over k. Let I1 be a simple smooth W (k)-module.
We say that (M, ) belongs to the mod ¢ inertial cuspidal support of IT if either:

(1) II is killed by ¢, and its cuspidal support is the inertial equivalence class of
(M, m); or

(2) £ is invertible on I7, and there exists a finite extension K’ of X, with ring of
integers (0', such that IT ®x K’ is a direct sum of absolutely simple K'[G]-
modules, and for some (equivalently every) absolutely simple summand 71,
of IT ®x K, there exists a smooth (0’-integral representation 77 of M lifting
7, such that the cuspidal support of 1 is the inertial equivalence class of
(M, 7).

In this language, Proposition 4.9 says that every simple W (k)[G]-module with
mod ¢ inertial cuspidal support given by (K, t) is a quotient of Pk ..

We will also need a notion of mod £ inertial supercuspidal support. We
first recall a standard result about the behavior of supercuspidal support under
reduction mod £:

PROPOSITION 4.11 [V3, 1.5]. Let I be an absolutely irreducible smooth integral
representation of G over a finite extension K' of IC, with supercuspidal support
(M, 7). Then 7 is an integral representation of M. Moreover, let IT and 7t denote
the mod € reductions of I1 and 7, respectively. Then  is irreducible and cuspidal
(but not necessarily supercuspidal). Moreover, the supercuspidal support of any
simple subquotient of I1 is equal to the supercuspidal support of .

DEFINITION 4.12. Let M be a Levi subgroup of G and let = be an irreducible
supercuspidal representation of M over k. Let IT be a simple smooth W (k)[G]-
module. We say that (M, i) belongs to the mod ¢ inertial supercuspidal support
of IT if there exists a Levi subgroup M’ of G containing M, and an irreducible
cuspidal representation 7" of M’ over k, such that IT has mod £ inertial cuspidal
support containing (M', =), and " has supercuspidal support containing (M, 7).

PROPOSITION 4.13. Let I1 be an irreducible smooth integral representation of
G over a finite extension K' of K. The following are equivalent:

(1) IT has mod £ inertial supercuspidal support (M, ).

(2) Every simple subquotient of the mod £ reduction of Il has supercuspidal
support inertially equivalent to (M, 7).
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Proof. This is immediate from Proposition 4.11. O

If M is a Levi subgroup of G, and 7 is an irreducible cuspidal representation
of M over k, define Py ) to be the normalized parabolic induction

Porny = ig[Prin @ -+ ® P, 1,1,

where P is a parabolic subgroup whose associate Levi subgroup is M, and
the (K;, t;), are a sequence of maximal distinguished cuspidal k-types whose
associated mod ¢ inertial equivalence class is (M, 7).

REMARK 4.14. Strictly speaking, P,y may depend on the choice of P, as well
as the particular pairs (K;, 7;); we suppress these dependences from the notation.
In fact, it seems likely that changing P, or replacing some of the (K;, 7;) with
equivalent types, give rise to isomorphic modules Py .y, but we will not need
this and do not attempt to prove it.

LEMMA 4.15. Let I1 be an absolutely irreducible representation of G over k or a
finite extension K' of K, and let 71, . . ., w, be a sequence of absolutely irreducible
cuspidal representations such that I1 is a quotient of i,? [71®---Qm,]. Let s; be the
permutation of 1, ..., r that interchanges i and i + 1 and fixes all other integers.
Then either I1 is a quotient ofig[ns,.(l) ® - @y, ], or m; and w;yy are inertially
equivalent.

Proof. The parabolic induction i g[yrl ® - - ® m,] is isomorphic to
.G
ipltsmy ® - ® 5]

unless 7; = (| | o det)*!m; ;. If this is the case then 7; is inertially equivalent
to 7Ty y- L]

PROPOSITION 4.16. let I1 be a simple smooth W (k)[G]-module with mod £
cuspidal support given by the inertial equivalence class (M, ). Then I1 is a
quotient of P ).

Proof. Either I1 is defined and absolutely irreducible over k, or £ is invertible on
IT and there exists a finite extension ' of K such that IT ®jx K’ is a direct sum
of absolutely simple X'[G]-modules. Choose an absolutely irreducible cuspidal
representation 77 of M, defined over the appropriate field (k or K’) such that, over
this field, IT admits a nonzero map from ign. Writem =71, ® --- ® 7,, and
choose (K;, ;) maximal distinguished cuspidal types such that 7; is in the inertial
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equivalence class determined by (K;, 7;) for all i. Then, for a suitable parabolic
subgroup P, we have

Pur = ig[Pm.zl) ® - ® Pk, .ol

Reorder the 7; such that for all i 7; is in the mod ¢ inertial equivalence class
determined by (K;, t;). By the previous lemma, we may do this and still assume
that there is a nonzero map from {7 to I1. Now we have a nonzero map of
Pk, -, into 71; for each i, that is surjective if 77 is defined over k and that becomes
surjective after inverting ¢ if 77 is defined over some K'. Hence, after induction,
we obtain a nonzero map of Py ) to i§7 that is surjective if I7 is defined over
k, and becomes surjective after tensoring with X' if £ is invertible on IT. If IT is
defined over k, then composing this surjection with the surjection of i§7 onto IT
yields a nonzero map of Py ) to IT; this map must be surjective as [T is simple.
On the other hand, if ¢ is invertible on /7, we have a nonzero map

Pty Qway K' — 1T @ K’

obtained by composing the surjection of Py ® K’ onto i§7 with the map
i — I1 @k K'. We thus have a nonzero map of Py ) onto I7, and the result
follows. o

We will see later that in fact the W (k)[G]-modules Py ) are projective, and
once we have established this they will form the basic building blocks of our
theory.

5. Finite group theory

Our first step in understanding the projectives Py ) and Pk . is to understand
the projective envelope P, of a representation o of GL, (IF,). This mostly uses
standard facts from the representation theory of GL,(F,) that we now recall. For
conciseness, we let G denote the group GL, (Fy), and fix an £ prime to g.

If P = MU is a parabolic subgroup of G, with Levi subgroup M and unipotent
radical U, we have parabolic induction and restriction functors:

: Repw(k) (M) — Repw(k)(E)
: Repyy ) (G) = Repyy, (M).

Q| Q)

r

Here iz G takes a W (k)[M]-module, considers it as a W (k)[ P]-module by letting
U act tr1v1a11y, and induces to G. Its adjoint rE (which is both a left and right

adjoint in the finite group case) takes the_U -invariants of a W (k)[G]-module and
considers the resulting space as a W (k)[ M ]-module.
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Just as in the representation theory of GL,, over a local field, we can then define:

DEFINITION 5.1. A W (k)[G]-module 7 is cuspidal if rgn = 0 for all proper

parabolics P of G. An irreducible k[@l or K[G]-module 7 is supercuspidal
if it does not arise as a subquotient of ign/ for any proper parabolic subgroup

P = MU of G and any representation 7z’ of M (over k or I, as appropriate).

Over K, an irreducible representation 7 is cuspidal if and only if it is
supercuspidal; over k a supercuspidal representation is cuspidal but the converse
need not hold. We also define:

DEFINITION 5.2. Let P = MU be a parabolic subgroup of G, and let 7’ be an
irreducible representation of M.

(1) An irreducible k[G] or E[E]—modgle 7 has cuspidal support (M, ') if ’
is cuspidal and 7 is a quotient of ign

(2) An irreducible k[G] or K[G]-module 7’ has supercuspidal support (M, ")
if 7w’ is supercuspidal and 7 is a subquotient of ign

The cuspidal and supercuspidal support of an irreducible 7 always exist,
and are unique up to G-conjugacy. Over K the two notions coincide, but this
is not true over k because of the existence of cuspidal representations that
are not supercuspidal. As with representations of GL,(F'), the uniqueness of
cuspidal support (up to G-conjugacy) is an immediate consequence of Frobenius
reciprocity, but the uniqueness of supercuspidal support is deep and requires
work (in the setting of general linear groups over finite fields, it follows from
the classification of irreducible modular representations of G due to James [Ja].

As the parabolic induction and restriction functors are defined on the level of
W (k)[G]-modules, it is clear that the reduction mod £ of a cuspidal representation
is cuspidal. The notion of supercuspidal support is compatible with reduction mod
¢ in the following sense: if 7 is an irreducible representation of G over K, and
7 is any subquotient of its mod ¢ reduction, then the supercuspidal support of 7
is equal to the supercuspidal support of the mod ¢ reduction of the supercuspidal
support of 7.

Deligne-Lusztig theory provides a parameterization of the irreducible
cuspidal representations of G over K in terms of semisimple elements s of
G whose characteristic polynomials are irreducible, up to conjugacy. To a
semisimple element s (up to conjugacy), we associate a subset of the irreducible
representations of G over K as follows: let M, be the minimal split Levi
subgroup of G containing s. Then M is a product of general linear groups G, ,
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and the factors s; of s under this decomposition all have irreducible characteristic
polynomials. We call the s; the ‘irreducible factors’ of s, and refer to an s
with only one irreducible factor as ‘irreducible.” Thus each s; yields a cuspidal
representation of G, , and hence s yields a cuspidal representatlon 7' of M. Let
Z(s) be the set of irreducible representations of G over K with cuspidal support
(M, ). Note that if s and ¢ are conjugate then the pair (M,, ") attached to ¢
is conjugate to the pair (M, '), so that Z(s) = Z(t). More generally, if Mis a
Levi subgroup of G, and s is a semisimple conjugacy class in M, we let T (s)
be the set of irreducible representations of M over K whose cuspidal support
is ﬁ—conjugate to (M, ). We let I, denote the parabolic induction ign/; I
depends only on the conjugacy class of s, and the irreducible representations that
appear with nonzero multiplicity in /; are precisely the elements of Z(s).

We now recall the concept of a generic representation of G. Let U be the
unipotent radical of a Borel subgroup of G, and let ¥ : U — W (k)* be a generic
character. (For instance, if U is the subgroup of upper triangular matrices with
I’s on the diagonal, we can fix a nontrivial map ¥ of IF; into W(k)* and set
W (u) = Y(up + -+ u,_1,).) We say an irreducible representation of G over
k (respectively K) is generic if its restriction to U contains a copy of ¥ ®y ) k
(respectively ¥ Qw K). By Frobenius reciprocity a representation is generic if
and only if it admits a nontrivial map from c—Ind% v,

We summarize the relevant facts about generic representations that we will need
below:

(1) If 7 is an irreducible generic representation over k (respectively K) then
its restriction to U contains exactly one copy of ¥ ®wy«, k (respectively
¥ Qww KC). (Uniqueness of Whittaker models.)

(2) Every cuspidal representation is generic.

(3) If P is a parabolic subgroup of G, with Levi subgroup M, and 7 is an
irreducible generic representation of M, then i%yr has a unique irreducible
generic subquotient. (In particular, there is, up to isomorphism, a unique
generic irreducible representation with given supercuspidal support.) On the
other hand, if 7 is irreducible but not generic, then igJT has no generic
subquotient.

In light of these facts, for any semisimple element s of G, we let St, denote
the unique irreducible generic representation of G over K that lies in Z(s). (Of
course, St, only depends on s up to conjugacy.) Note that St, is a direct summand
of I;. It will be necessary to understand the behavior of I; and St; under parabolic
restriction.
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PROPOSITION 5.3. We have a decomposition:
r St, = P Styy...
t

where t runs over a set of representatives for M-conjugacy classes of semisimple
elements of M that are G-conjugate to s, and Stz is the unique irreducible

generic representation of M over K that lies in L (0).

Proof. By Frobenius reciprocity, for any irreducible representation o of M, we
have an isomorphism:

Homﬁ(o" ”g Sts) = Homg(iga, Sts).

As St is generic and irreducible, the right-hand side is zero unless igo has
an irreducible generic summand; if this is the case then o is irreducible and
generic, iga has a unique irreducible generic summand, so the right-hand side
has dimension at most one. In particular, every irreducible summand of rg St
is generic and occurs with multiplicity one. Moreover, if the right-hand side is
nonzero, then the cuspidal support of one (hence every) summand of ¢ is given
by s, so the M-cuspidal support of o is given by a conjugacy class # of M that is
G-conjugate to s. O

We can rewrite this isomorphism as follows: Let M, be the minimal split Levi
of G containing s, so that Stzz. , is cuspidal. Fix a maximal torus of M; then
conjugating s appropriately we may assume that it is also a maximal torus of M.
Consider the set W (M, M) of elements w of W(G) such that wM,w ™" lies in M.
Then W(M,, M 1) has a left action by W (M) and a right action by the subgroup
Wiz, (s) of W(G) consisting of those w in W(G) such that wM w = M,
and wsw~! is M,-conjugate to s. Moreover, the map s — wsw~"' then yields a
bijection between W (M)\W (M, M)/ W5;(s) and the set of M-conjugacy classes
t of elements that are G-conjugate to s. We thus obtain a decomposition:

PROPOSITION 5.4. We have a decomposition:
F ~
re St, = @ St37. wsw-1
w

where w runs over a set of representatives for W(M)\W (M, M)/ W7 (s).

We will need to understand the compatibility of this decomposition with a
decomposition of rgls. We have:
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PROPOSITION 5.5. There is a direct sum decomposition:
P; ~
rEIS = @ Iﬁ,wxw’l 4
w

where w runs over a set of representatives for W (M)\W (M, M), and L7 g1 18

. . w o
the parabolic induction: Lol Sty - Moreover, on a summand Styz -

of rg St,, the map rg Sty — rgls induces an injective map
Stﬁ,w’s(w’)" - @ Iﬁ,wsw" .
w

Proof. This is a consequence of Mackey’s induction—restriction formula, together
with Proposition 5.3. O

We now turn to considerations related to reduction modulo £. Given an
irreducible cuspidal representation 7 of G over K, its mod ¢ reduction is
irreducible and cuspidal. Every cuspidal representation of G over k arises by mod
£ reduction from some such 7. If = corresponds to a semisimple conjugacy class
s, then the reduction mod ¢ of 7 is supercuspidal if, and only if, the characteristic
polynomial of the £-regular part s™¢ of s is irreducible. Moreover, if 7 and 7’ are
irreducible cuspidal representations correspond to semisimple conjugacy classes s
and s’, then the mod ¢ reductions of 7 and 7’ coincide if, and only if, 5™ = (s)"®.
Thus the supercuspidal representations of G over k are parameterized by ¢-regular
semisimple conjugacy classes in G with irreducible characteristic polynomial,
and the cuspidal representations of G over k are parameterized by £-regular
semisimple conjugacy classes s’ such that there exists a semisimple conjugacy
class s, with irreducible characteristic polynomial, such that s’ = s™¢.

Let 7 be a cuspidal but not supercuspidal representation of G over k, and
let s’ be the corresponding semisimple element. Such an s’, factors into m
identical irreducible factors s; for some m dividing n. Moreover, the supercuspidal
support of the  that corresponds to s’ is the tensor product of m copies of the
supercuspidal representation of G, /m corresponding to s.

Fix an -regular semisimple element s’ of G, and let £(s") be the union of the
sets Z(s) for those semisimple s with s™¢ = s'. Let e, be the idempotent in E[E]
that is the sum of the primitive idempotents e, for all 7w in £(s’). Then one has:

THEOREM 5.6. The element ey lies in W (k)[G].

Proof. This is an immediate consequence of [CE, Theorem 9.12]. O
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Fix an irreducible cuspidal representation w of G over k that is not
supercuspidal, corresponding to an £-regular semisimple element s’ (up to
conjugacy). The representation 7 arises as the mod ¢ reduction of an irreducible
cuspidal representation 7 of 7w over K; there is thus a semisimple element s of
G, with irreducible characteristic polynomial, such that s’ = s'™2. It is then easy
to see that there exists an m > 1 dividing n such that, up to conjugacy, s’ factors
as a block matrix consisting of m irreducible factors s;. Moreover, m lies in the
set {1, e,, Le,, Ezeq, ...}, where ¢, is the order of ¢ modulo £. The supercuspidal
support of 7 is the tensor product of m copies of the supercuspidal representation
7y corresponding to s’.

PROPOSITION 5.7. Suppose we have an irreducible representation @ of G over
K whose mod £ reduction contains 7 as a subquotient. Let s be the semisimple
conjugacy class corresponding to the supercuspidal support of w. Then s¢ = 5.

Proof. The supercuspidal support of 7 is given by the pair (M, 7y 5), Wwhere M
is the minimal split Levi containing s and 7, , is the corresponding supercuspidal
representation of M; over KC. The mod ¢ reduction 77 is thus isomorphic to a
subquotient of a parabolic induction ignM,.y, where 7y,  is the mod £ reduction of
7Ty .s- By the above discussion, my, ; is the cuspidal representation of M, attached
to 5™, which has supercuspidal support (M, ). Since 7 is a subquotient of
a parabolic induction of ), ;, the supercuspidal support of 7 is also (Mre, Tyree).
In particular, s™ and s’ represent the same conjugacy class. O

Fix an irreducible cuspidal representation 7 of G over k, and let s’ be a
representative of the corresponding £-regular semisimple conjugacy class. Let P,
be a projective envelope of .

PROPOSITION 5.8. The W (k)[G]-module e, Indgklf is a projective envelope of

7, and hence is isomorphic to P,. In particular, P, Qw Kis isomorphic to the

direct sum
P st.
s

sisree =g’
Moreover, the endomorphism ring Endy, 16 (P,) is a reduced, commutative, free
W (k)-module of finite rank.

Proof. The module ey Indg ¥ is projective, as induction takes projectives to
projectives. Suppose 7’ is an irreducible representation of G over k that admits a
nonzero map from ey Indg v, Thetl 7’ is generic and has supercuspidal support
given by s’, so 7' = 7. Thus ey Ind% ¥ is a projective envelope of .
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As Py is free of finite rank over W (k), so is Endyy ) 5,(Pr). Thus we have an
embedding:

EndW(k)[E] (Pr) — EndW(k)[E] (Pr) ®wa) K.

The latter is the endomorphism ring of the module e, Indg(llf Qwa K). This

module is a direct sum of the generic representations 7 of G over K whose mod £
reduction contains 7, each with multiplicity one. In particular, its endomorphism
ring is reduced and commutative. O

Let P be a parabolic subgroup of G, let U be its unipotent radical, and let M
be the corresponding Levi subgroup. We will need to understand the restriction
rgpﬂ. The following lemma is an immediate consequence of Proposition 5.3:

LEMMA 5.9. We have an isomorphism:

TP ek= @ @St

sisTe8=g" t~s

In particular, the endomorphism ring Endwac)[m(rgpﬂ) is reduced and
commutative.

Suppose that each block of M has size divisible by n/m. Then s’ is conjugate
to an element of M, and this element is unique up to M-conjugacy. Then Sty , is
the unique generic representation of M determined by this conjugacy class in M.
Let P3; , be a projective envelope of Sty ..

PROPOSITION 5.10. The restriction rgpn is zero unless each block of M has size
divisible by n/m. When the latter occurs there is an isomorphism:

Proof. Every Jordan—Holder constituent of P, has supercuspidal support
corresponding to a tensor product of m copies of the representation with
supercuspidal support s;, and thus rEPP,, = 0 unless the condition on the block

size of M holds. When this condition does hold, ran is projective, and hence a

direct sum of indecomposable projectives. Moreover, ig Stj7 + contains a unique
generic Jordan—Holder constituent; this constituent is necessarily isomorphic to
7, and thus yields a map P, — ig Stj7 . By Frobenius reciprocity we obtain a
map:

P.
rﬁpﬂ i d StM,S/ 5
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and therefore rgP,, has a summand isomorphic to Py; . It is then easy to see that

this is the only summand, by tensoring with K and applying Lemma 5.9. O

COROLLARY 5.11. The map
ey Z(W (K)[G]) — Endyy o5, (Px)
admits a section: .
EndW(k)[E](Pn) — ey Z(W(K)[G])

such that the composition:
Endy 6 (Pr) — ey Z(W(K)[G]) — Endyy 461 (Pr)
is the identity.

Proof. The W (k)[G]-module e, W (k)[G] is a projective module, and is therefore
a direct sum (with multiplicities) of projective envelopes of modules in the block
containing 7. Any such module 7’ has supercuspidal support corresponding to
(sy)™, and hence cuspidal support of the form (M, m3; /) for some Levi M of G.
It is easy to see that igPM,S, is then a projective envelope of 7’. Thus e, W (k)[G]
is isomorphic to a direct sum of modules of the form l.gpﬁys/ for various M.

As Pz o is isomorphic to a parabolic restriction of P, the endomorphisms
of P, act naturally on Pj; ., and hence on igpﬁsl. This gives an action of
Endy 4y (Px) on ey W (k) [G], via elements of the center of e, W (k)[G]. The
resulting map .

Endy 6)(Pr) = ey Z(W(K)[G])

is the desired section. O

We now obtain more precise results about P, under the additional hypothesis
that £ > n.
Let @,.(x) be the eth cyclotomic polynomial.

LEMMA 5.12. Let r be the order of g mod £, and suppose there exists an e not
equal to r such that £ divides ®,(q). Then £ divides e.

Proof. As g has exact order r mod ¢, it is clear that £ divides @, (¢), and also that
r divides e. The polynomial x¢ — 1 is divisible by @, (x)®,(x); as ¢ is a root of
both of these polynomials mod £ we see that x* — 1 has a double root mod ¢, and
so £ divides e as required. O

It follows that for £ > n, there exists at most one e dividing n with @,(q)
divisible by £.
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As a result, one has:

LEMMA 5.13. Let s’ be an £-regular semisimple element of GL,(FF,), whose
characteristic polynomial is reducible, and suppose that there exists a semisimple
element s of GL,(F,) with irreducible characteristic polynomial such that
s’ = s, Suppose also that £ > n. Then for any s such that s’ = s™¢, either
s = s’ or the characteristic polynomial of s is irreducible.

Proof. Fix a semisimple element s with irreducible characteristic polynomial
such that s" = 5. Then s is contained in a subgroup of G, isomorphic to ., and
(when considered as an element of IF;.,), s generates IF» over IF,. We regard s and
s’ as elements of .. Write s = s’s,, where s, is £-power torsion. Then there are
integers e, and ¢’ dividing n such that s” generates [F - over I, and s, generates
F e over IF,. The least common multiple of ¢’ and ¢, is equal to n. Note that ¢’
is not equal to n, as this would imply that the characteristic polynomial of s’ was
irreducible.

In particular, e, cannot be equal to 1, so e, is a nontrivial root of unity. Thus £
divides @,,(q), and hence e, is the unique m < n such that £ divides @,,(g).

Now if s is an arbitrary element with s™¢ = s, we can write s as s’s, for some
£-power root of unity s,. Either s, is trivial or s, lies in [F ; as we know that the
least common multiple of ¢’ and e, is n the latter case implies that s generates ¥
over I, as required. |

In particular, if £ > n, and o is a representation that is cuspidal but not
supercuspidal, corresponding to a semisimple element s’, then every irreducible
representation ¢ of G, over K whose mod ¢ reduction contains o is either a
supercuspidal lift of o, or has supercuspidal support given by s’. We thus have:

COROLLARY 5.14. For € > n, and m cuspidal but not supercuspidal, we have:

P, @K =sy e,
&
where & runs over the supercuspidal representations lifting o.

6. Structure of Py . in depth zero

The goal of the next four sections will be to apply the finite group theory of
Section 5 to understand the structure of Py .. Recall that, by definition, we have

Py =cIndS &k @ P,.
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The representation o is inflated from a cuspidal representation of GL,, . (IF,s);
such a representation is of the form Sty for some semisimple £-regular element s’
of GL, . (F,r). For conciseness we abbreviate GL, ./ (FF,/) by G for this section.

The decomposition

P. ® K = P st
of Proposition 5.8 gives rise to a decomposition:

Pr.. ® K = P c-Indf & ® St,,

where s runs over a set of representatives for the G-conjugacy classes of
semisimple elements s whose £-regular part is conjugate to s’.

DEFINITION 6.1. Let (K, k ® o) be a maximal distinguished cuspidal k-type. A
generic pseudotype attached to (K, k ® o) is a KC-type of the form (K, k¥ ® St),
where s is a semisimple element of G whose £-regular part is conjugate to s’.

If St, is cuspidal, then the generic pseudotype (K,k ® St;) is a maximal
distinguished K—type, whose mod ¢ reduction is the type (K, k ® o). In general
a generic pseudotype is not a type in the usual sense of the word; we will see that
in some sense the Hecke algebras attached to generic pseudotypes are analogues
of spherical Hecke algebras. (In particular, they can be identified with centers of
Hecke algebras attached to types.)

In this section and Section 8§ we will prove several basic results about the
structure of representations induced from generic pseudotypes, as well as certain
natural W (k)[G]-submodules of these representations.

Our approach makes use of the theory of G-covers, which can be found
in [BK1] for a field of characteristic zero, and [V2] over a general base ring.
We largely follow the presentation of [V2, Section II]. Let P = MU be a
parabolic subgroup of G, with Levi subgroup M, unipotent radical U, and
opposite parabolic subgroup P° = MU°. Let (K, 7) be an R-type of G, and
let Ky, K, K~ denote the intersections K N M, K N U; K N U°®, respectively.
Let 7), be the restriction of 7 to K.

DEFINITION 6.2. The pair (K, t) is decomposed with respect to P if
K = K KyK™, and 7 is trivial on K™ and K. If 7 is the trivial representation

we will sometimes say that K is decomposed with respect to P.

The key example that motivates this definition is as follows: Let P be a standard
parabolic subgroup of G, with Levi subgroup M, and let P and M be the images
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of PN GL,(Of) and M N GL, (OF) under the reduction map GL, (Op) > G =
GL,(IF,). If we then take Kp to be the Lreimage of P in GL,(Or), and let T be
any representation of Kp inflated from M via the maps:

Kp—>P—> M,

then one checks easily that the pair (Kp, T) is decomposed with respect to P. We
will be concerned primarily with this example for the majority of this section and
the next.

Returning for a moment to the general situation, suppose that (K, t) is
decomposed with respect to P, and let A be an element of M. Following [V2],
I1.4, we say that A is positive if AKTA~! is contained in K*, and A"' KA is
contained in A. We say A is negative if A~! is positive.

We say that A is strictly positive if the following two conditions hold:

e For any pair of open compact subgroups U, U, of U, there exists a positive m
such that AU A~ is contained in U,.

e For any pair of open compact subgroups Uy, Uy of U°, there exists a positive
m such that A= U7A™ is contained in Us.

The discussion of [V2, I1.3] shows that when (K, 7) is decomposed with
respect to P, there is a natural R-linear injection:

T':HM,Ky,ty) — HG,K, 1),

that takes every element of H (M, K, T)) supported on K ALK, to an element
supported on KiK. Moreover, let H(M, K, ty)* be the subalgebra of
H(M, Ky, ty) consisting of elements supported on double cosets KyAKy
with A positive. Then the restriction T of T' to H(M, Ky, ty)" is an algebra
homomorphism.

We now have the following result:

PROPOSITION 6.3 [V2, 11.6]. Suppose there exists a central, strictly positive
element A of M such that T*(1g,,;x,) is an invertible element of H(G, K, 1),
where 1g,.k,, is the unique element of H(M, Ky, ty) that is supported on
KyuAKy, and whose values at A is the identity endomorphism of ty. Then T™
extends uniquely to an algebra map:

T:-HM,Ky,ty) > HG,K, 7).
If (K,t) is decomposed with respect to P, and the hypothesis of

Proposition 6.3 is satisfied, we say that (K, t) is a G-cover of (Ky, Ty).
We then have:
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THEOREM 6.4 [BK3, page 55]. Suppose that (K, t) is a G-cover of (Ky, Ty),
with t and Ty defined over K, and that the Sfunctor Homg (v, —) (respectively
Homg,, (ty, —)) is an equivalence of categories between a block of Repx(G)
(respectively Repi(M)) and the category of right H(G, K, t)-modules
(respectively H(M, Ky, Ty;)-modules).

Then for any K[M)-module I1, we have an isomorphism of H(G, K, 1)-
modules:

Homg (7, i,‘fﬂ) = Hompyw k.0, (H(G, K, T), Homg,, (ty, IT)).

The first goal of this section is to understand the E[G]—module c—Indi K ® St,,
in the so-called depth zero case where K is the subgroup GL,(Opr) of G and &
is trivial. Let M be the minimal split Levi of G containing s; conjugating s if
necessary we assume that M is standard. Then there is a unique standard Levi
subgroup M of G such that the image of M N GL,(Op) in G is M. We also
fix a standard parabolic P with Levi subgroup M, and let P be the image of
P N GL,(OF) in G. We then set Ky = K N M and let K» be the preimage
of P in K. We regard St, as a representation of K via inflation, and Stzz, as a
representation of K, or K » (depending on context) via inflation from M.

There is then a close relationship between the pair (Kp, Stz; ) and the pair
(K, Sty). Indeed, we have an isomorphism:

c-Ind? | Sty = c-Ind? i Sty ,

and (since St is a direct summand of ig Styz,,) it follows that c—Indg St, is a direct
summand of C—Inng Styz.s-

On the other hand, the pair (Kp, Stz ) is decomposed with respect to P, and
indeed, one has:

THEOREM 6.5. The pair (Kp,Stz;,) is a G-cover of the pair (K, Sty ).
Moreover, these pairs satisfy the hypotheses of Theorem 6.4.

Proof. That the pair in question is a G-over follows from [BK3, Theorem 7.2], or,
alternatively, from our description of the Hecke algebra H (G, Kp, Stz; ;) below.
By construction, (Ky, Stj;,) is a maximal distinguished cuspidal M-type,
and hence Homg,, (Stz7 ;, —) is an equivalence of categories from the block of
Repg(M) corresponding to the cuspidal type (K, St;,) to the category of
right H(M, Ky, Stj; )-modules. It then follows from [BK2, Theorem 8.3] that
Homyg, (Stjz ;, —) is an equivalence on a block of Repg(G). O

https://doi.org/10.1017/fms.2016.10 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2016.10

The integral Bernstein center 31

Let m be an irreducible cuspidal K—representation of M containing the
type (Ky, Stz7,). As an immediate consequence of the above theorem and
Theorem 6.4 we deduce:

COROLLARY 6.6. The representations c—IndiF Styz, and c-Indi St, are objects
of the block Repie(G) (a1, ).-

We now turn to the question of computing the endomorphism ring of the
induction c-IndiF Stz ;- This ring is the Hecke algebra H (G, Kp, Sty; ). The
Mackey formula gives an isomorphism:

H(G. Kp.Sty,) = €P I,(Styz,)

8

where g runs over a set of representatives for the double cosets K p g K p. Without
loss of generality we may restrict our attention to g of the form wt, where w is
a permutation matrix and ¢ lies in the standard maximal torus 7" of G. We may
further assume that every entry of ¢ is a power of a fixed uniformizer  of F. Let
Z be the subgroup of T consisting of elements ¢ such that every entry of ¢ is a
power of @

We then have:

PROPOSITION 6.7. Let Wy;(s) be the group of permutation matrices w that
normalize M, and such that wsw~" is M-conjugate to s. Let g have the form
wt, with w a permutation matrix and t € Z. Then 1,(Sty; ;) is one-dimensional if
w is in Wy;(s) and t is in the center Zy of M, and zero-dimensional otherwise.

Proof. Suppose first that ¢ does not lies in Z,;, or that w does not normalize
M. Then there is a unipotent subgroup U of M, contained in the image of the
composition:

KpNgKpg™' - K — G,

that acts trivially on Stgﬁ’x. An element of I,(Sty ) is, by definition, a Kp N
gKpg~'-equivariant map from Sty to Stgﬁs; such a map must factor through
the U-coinvariants of Stzz.,- As Stzz , is a cuspidal representation of M, this space
of coinvariants vanishes.

Now suppose that ¢ lies in Z, and w normalizes M. Then the image of
Kp N gKpg~! under reduction from GL, (Of) to G contains M, and so we have
an isomorphism:

HomKngKngn (Stﬁ’s, Stgﬁ,s) = Homﬁ(StﬁS, Stﬁﬂqu).

The latter is one-dimensional if, and only if, w lies in W3;(s) and zero otherwise.

O
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The characteristic polynomial of s factors as a product of irreducible
polynomials f/"' ... f; this induces a factorization of Wy;(s)/W (M) as a
product of symmetric groups S,,, and a parallel factorization of Z as a product
of (free abelian) groups Z;, such that the action of W;(s)/ W (M) on Z; factors
through S,,, for all i. We may regard elements of Z; in two ways: first, they are
elements of Z, and can thus be considered as n by n diagonal matrices whose
elements are powers of @w. On the other hand, if we fix an identification of
the quotient S,,, of Wy;(s) with the Weyl group of GL,, (F;), where F; is the
unramified extension of F of degree d;, and let Z! denote the group of diagonal
matrices in GL,,, (F;) whose entries are powers of zr, then there is a unique
identification of Z; with Z; that is compatible with the actions of S, on Z; and
the Weyl group of GL,,, (F;) on Z!.

If we make these identifications, then the subspace H; of H(G, Kp, Stj; )
supported on double cosets of the form KpwzKp, with z € Z; and w € §,, is
a subalgebra, and in fact a familiar one. Indeed, the construction of [BK1, 5.6],
gives an isomorphism from the affine Hecke algebra H (g, m;) (regarded as the
Hecke algebra H(GL,, (F;), I), where [ is the Iwahori subgroup of GL,, (F;))
to H;. This isomorphism is support-preserving, in the sense that it identifies the
one-dimensional subspace of H (GL,,, (F;), I) supported on [wzl, for z € Z; and
w in the Weyl group of GL,,, (F;) with the subspace of H; supported on KpwzKp.
(This isomorphism depends on certain choices, but these will be irrelevant for our
purposes.)

In this way we find that H(G, Kp, Stz7,) is a tensor product of Iwahori
Hecke algebras H;. We will now relate this to H(G, K, St;). We have seen that
c-Ind St, is a summand of c—Indgp Sty 5; in particular any central endomorphism
of the latter commutes with projection onto c-Ind$ St,, and hence induces an
endomorphism of c—Indg St,. We thus have a natural map:

Z(H(G, Kp, Sty;,)) — H(G, K, St,).

Moreover, since we can identify H(G, Kp, Sty ) with H(G, K, ig Styz.5)s
this natural map is support-preserving, in the sense that an element of the
domain supported on a union of double cosets Kpg; Kp maps to an element of
H(G, K, St,) supported on the union of the double cosets K g; K.

Moreover, we have:

PROPOSITION 6.8. The map Z(H (G, Kp, Stz7,)) — H(G, K, St,) is injective.
Proof. As c-Indi St, is a direct summand of C-Indg ig Stzz ¢, any endomorphism
of the former extends by zero to an endomorphism of the latter. This allows us to

view H(G, K, Sty) as a Z(H(G, K, ig Styz.,)-submodule of H(G, K, ig Star,)s
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from this point of view the claim is that this submodule is not annihilated by
any nonzero element of Z(H(G, K, i$ Sty ,)). But H(G, K,k ® i Stz; ) is a
tensor product of affine Hecke algebras; in particular (for instance, by Bernstein’s
presentation of H (g, n) [Lu]), itis free over its center and its center is a domain.
Thus no element of H (G, K, ig Stzz ,) is annihilated by any element of the center

of H(G, K, iS Sty ,). O

In fact, we will show that this map is an isomorphism. In light of the injectivity
shown above, and the fact that this map is support-preserving, this amounts to a
dimension count.

Let z be an element of Z, and let 13: be the intersection: GL,(Of) N
2GL,(OF)z"". Then the image of P, under the projection GL,(O) — G is a
parabolic subgroup P of G; this parabolic subgroup contains a standard Levi M.

Since G is the union of the double cosets Kz K, for z € Z, it suffices to compute
H(G, K, St))g.x = I.(St,) for all such z. By definition, we have

I.(St;) = Hom; (St;, St;) = Homgp_(St,, St)),

where the last equality follows by noting that the kernel of the map 13Z — P.
acts trivially on both St, and Sti. Let U, be the unipotent radical of P.. Then
for any u € 15Z that maps to U, the element z~'uz acts trivially on St,, and so u
acts trivially on St;. In particular, any P.-equivariant map from St, to St¢ factors

through the U .-coinvariants of St,; this space of coinvariants is precisely rg’ St;.
A parallel argument shows that the image of this map lies in a submodule of St?

that is isomorphic to rgz St,. In this way an element of I,(St,) gives rise to an
element of Endy;, (rgz St,), and the resulting map

I, (St;) — Endy, (rgZ Sts)

is an isomorphism.
By Proposition 5.3 we have a direct sum decomposition:

P, ~
rg (Sts) = @ Stﬁ,m}.\‘uﬁ“
w

where w runs over a set of representatives for W(M.)\W (M, M.)/ W+ (s), and
St37. wsu-1 18 isomorphic to Stgz_ -1 if, and only if w and w’ lie in the same
double coset. We thus find:

PROPOSITION 6.9. Forz € Z,_the dimﬁzsiﬁ@ of H(G, K, St,)k.x is equal to the
cardinality of the quotient W(M )\W (M, M)/ W37 (s).
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It remains to compute the dimension of Z(H (G, Kp, Sty;)) supported on
KzK. As H(G, Kp, Sty; ;) is a tensor produce of Iwahori Hecke algebras, it is
first useful to observe:

LEMMA 6.10. For any element 7 of Z;, the subspace elements of H(GL,,, (F;), I)
that are central and supported on the union of the double cosets [wzw'l, for w,
w’ in the Weyl group of GL,,, (F), is one-dimensional. Moreover, the sum of these
spaces as z varies is the entire center of this Hecke algebra.

Proof. We are grateful to an anonymous referee for pointing out that this is
essentially the content of [D1, Corollary 3.1]. We include an alternative argument
for completeness.

Let J be the subgroup GL,, (OF) of GL,, (F;). Then the induction c—Indf 1
contains the trivial character of J, and so c-Ind(J}L'""(Fi) 1 is a direct summand of
c—Ind?L'"" "= c—Ind?L"” " c-Ind] 1. In Particular, the center of H(GL,, (F;),

GL,,. (F;) . . .
I) preserves the summand c-Ind, ™ " 1; this gives a support-preserving map

from the center of H(GL,, (F;), I) to the spherical Hecke algebra H(GL,, (F;),
J). (This map simply gives the action of the center of the unipotent block on

L. (F; . . .
() 1.) One verifies easily that the action of the center of

H(GL,, (F), 1) on c-Ind, """ 1 is faithful; indeed, this is the same injectivity

argument as in the proof of the injectivity of the map:

. . G
the induction c-Ind,

Z(H(G, Kp, Sty;,)) > H(G, K, Sty).

On the other hand, the standard description of the action of the spherical
Hecke algebra on the irreducible quotients of c—Ind?L"”'(Fi) 1, together with the
Bernstein—Deligne description of the action of the center of Repi(GL,, (F;))
on these irreducibles, shows that for any element x of the spherical Hecke

algebra, there is an element of the center of Repx(GL,, (F;)) whose action on
L, (F; . . . . .
c-Ind, ™ "1 coincides with that of x. Since this element also gives an element of

Z(H(GL,, (F), I)), we find that the map Z(H (GL,, (F}), I)) — H(GL,, (F)),
J) is surjective, and hence an isomorphism.

Now the dimension of H(GL,, (F;), J),., is one for all z, so there is a one-
dimensional subspace of the center of H(GL,,, (F;), I) supported on JzJ. Since
JzJ is the union of Jwzw’l, as w and w’ range over elements of the Weyl group
of GL,,, (F;), the remaining claims follow. O

Our support-preserving isomorphism of H(G, Kp, St; ) with the tensor
product of the spaces H(GL,,(F;), I) shows that for any z, there is a one-
dimensional subspace of Z(H (G, Kp, Stj;,) supported on the union of the
double cosets of the form Kpwzw'Kp, for w and w’ in Wy;(s), and that the
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full center is the sum of these subspaces. Fix z, and let S, be the set of 7’ € Z
such that Kz’K = KzK. For any such 7’ we have 7/ = w~'zw for some w
in the Weyl group of G. On the other hand, if wzw™" is an element 7' of Z,
then w™'M,w = M, € M, so w lies in W(M, Mz). We thus have a surjection
W(M,M.) — S., defined by w — w'zw. This surjection descends to a
bijection of W (M,)\W (M, M) with S.. Define an equivalence relation on S, by
setting 7’ ~ z” if the collection of cosets K pwz'w’' Kp (w, w' € W4;(s)) coincides
with the collection Kpwz"w' Kp (w, w € Wy(s)). Then 7/ ~ 7" if, and only if,
Kp7 Kp = Kpwz"w' K p, for some w and w'’ in Wy;(s). This happens if, and only
if, we have 7/ = wz"w~! for some w in Wy;(s).
We thus obtain:

PROPOSITION 6.11. The map w — w~'zw induces a bijection between: i

COROLLARY 6.12. The map:
Z(H(G, Kp, Sty;,)) > H(G, K, St,)

is an isomorphism.

Proof. We have shown that this map is an injection, and that the dimension
of the subspace of the target supported on KzK is equal to the cardinality of
W (M)\W (M, M.)/ Ws(s). On the other hand, for each equivalence class [z'] in
S, we have a one-dimensional subspace of Z(H (G, K p, Stj;;)) supported on the
union of cosets Kpwz'w’'K p; for distinct equivalence classes these spaces have
disjoint supports contained in KzK. The dimension of Z(H(G, Kp, Stj7 ) kk
is therefore at least the cardinality of S, and the result is immediate from
Proposition 6.11. O

On the other hand, we have shown that the map Homg,(Sty,, —) is
an equivalence of categories between Repg(G)y . and the category of
H(G, Kp, Stz ;)-modules. It follows that the map Ay, — H(G, Kp, Sty )
giving the action of Ay, on c-Inng Stz , identifies Ay , with the center of
H(G, Kp, Stz; ;). From this point of view, the corollary above asserts that
the map Ay, — H(G, K, St,) giving the action of Ay , on c—Indﬁ St, is an
isomorphism.

7. Endomorphisms of Pk . in depth zero

Our next objective is to refine the results of the previous section, in order to
obtain results that hold over W (k) rather than C. We retain the assumption that
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we are in depth zero, so that K is a maximal compact and 7 is inflated from a
cuspidal representation of the k-points of a general linear group.

For our purposes it will be necessary to work inductively, with a sequence of
cuspidal types. Fix an integer n; and let G, be the group GL,, (k). If we fix a
supercuspidal representation o, of G, corresponding to an irreducible ¢-regular
conjugacy class s| in G, then, for each m in the set {1, eg, Le,, Ezeq, ...} (wheree,
is the order of ¢ mod £) we have a cuspidal representation o, of G, = GL,, . (k)
corresponding to the conjugacy class (s])" in G,,.

For each m, we obtain a cuspidal type (K,,, t,,) in G,, := GL,,,,(F) by setting
K,, = GL,,,(OF) and taking t,, to be the inflation of ¢,, to K,,. Then if we write
‘P, for the projective envelope of o,,, we have Pk, ., = c- IndG”’ P

Let E,, denote the endomorphism ring of Pk . . The 1som0rphlsm

ms

P.®K = Pst.

where s runs over the conjugacy classes in G,, with £-regular part (s7)™, induces
an isomorphism:

Pkyrn ® K = @D c-Indg” St, .

By the previous section, the summand c- IndG‘" St, lies in Repe(Gi)m, .z, »

and the pairs (M, m;) are not inertially equlvalent for distinct s. Thus any
endomorphism of Pk, . preserves each of the summands C-Indgljz‘ St,, and we
have an isomorphism:

Em ® E = l_[ AMS,m )

where for each s, 7, is a supercuspidal representation of M, containing the type
(K, Sty7,..).

We will inductively construct a family of endomorphisms &, ,,, ..., ®,,,, of
Pk,,..,,- These endomorphisms will be characterized by their images in A, . for
each s. We describe the rings Ay, ,, more concretely as follows: fix a uniformizer
@ of F, and let Z; denote the subgroup of M, consisting of elements of the center
of M, whose characteristic polynomial has the form (r — 1)*(r — )’ for integers
a and b. We then have a map IC[Z ] — IC[M /(M,)°] that takes an element of Z
to its class modulo (M,)°, and its image is the subalgebra IC[ M, /(M,)°]", where
H; is the group of unramified characters x of M; such that 7, ® x is isomorphic
to ;.

A particular choice of 7, gives rise to an isomorphism:

Ang o, = (KM, /(M) 1) Wi ©)
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as in 3.5. It will therefore be important to have a systematic way of choosing the
1. In depth zero this is rather straightforward: fix a uniformizer @ of F. Then
for a given m, and any irreducible conjugacy class s in G,, with £-regular part
(so)™, we extend St, to a representation A, of F*K,, by letting @ act via the
identity. Then c-Indg”; x,, s 1s an irreducible supercuspidal representation of G,
which we denote by m,, ;. We call the collection {r,, ,} the compatible family of
cuspidals attached to s| and our choice of @ .

For an arbitrary s with £-regular part (s})", we let sy, ..., s, be the irreducible
factors of s, of block sizes nymy,...,nym,, and let M, be standard Levi of
GL,, (F) with block sizes nym, ..., nym,, and take m,, ; to be the tensor product

of the m,, ,,. This fixes, for all s, a corresponding isomorphism:

W (5)

A,z = (KIM, /(M)°1™)

We next define distinguished elements of Ay, . :

DEFINITION 7.1. For 1 < i < m, and s a semisimple conjugacy class in G,
with £-regular part (s7)", let 6; ; be the image, in KM, /(M,)°] of the sum of the
elements z in Z, with characteristic polynomial (+ — 1)"~(t — @)™, (Note
that this sum may be empty, in which case 6; ; = 0.)

The elements 6, ; are clearly invariant under the actions of both H, and Wy, (s),
and we may thus regard them as elements of A, . via our chosen isomorphism.
This allows us to give a characterization of the endomorphisms ©; ,,.

THEOREM 7.2. Fori < i < m, there exists a unique endomorphism ©,,, in E,,
such that for all s with £-regular part (s|)", the composed map

Em - Em ®E - AMsJTs

takes ©; ,, to 6; ;. Moreover, ©,, , is invertible.

It is clear that such a ©; ,, is unique if it exists; the construction of the &, ,, will
occupy the remainder of the section.

The construction of &,,,, for any m is straightforward: it is simply the
endomorphism of c-Ind%Z ‘P, given by the action of the central element @ of
G,,. This is clearly invertible, and its image in Ay, ,, is equal to 6, ;.

The ©;,, fori < m will be constructed by an inductive argument. Let m’ < m
be two consecutive elements of the set {1, e,, fe,, Ezeq, ...},and set j = m/m’,
sothat j = £ or j = e,. Let M be the standard Levi of G,, given by j blocks
of size m’, and let P be the standard (upper triangular) parabolic with Levi M.
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Further let P;; be the representation of Pf,j of M, and let K’ be the preimage of
P in K,,. Also let M denote the standard Levi of G,, given by j blocks of size
m’ and let K, be the maximal compact subgroup K’ N M of M. We may regard
‘Par as a representation of K’ or of K. The key point in our inductive argument
is then:

THEOREM 7.3. The pair (K', Py;) is a G-cover of (K, Prp).

The proof of this is somewhat complicated and will be postponed to the end of
the section. An immediate consequence is that we have a sequence of maps:

E = HM, Ky, Py) = H(Gp. K'. Pip) = H(Gy, K, i Pr)

where P is the standard (block upper triangular) parabolic with Levi M. Our first
step is to compare the latter with E,,.

By Proposition 5.10, we have an isomorphism: rgMPm = Py;. Frobenius
reciprocity then gives us a map:

ig’" P = P
Let P, be the image of this map.

LEMMA 7.4. The quotient P,,/ P’ is cuspidal. Moreover, every endomorphism of
P preserves P!.

Proof. Note that the composition:

P .G,
Py — rg i7" Py — rG P

is an isomorphism by construction. In particular, the map

T &Py T P,
m

is surjective, and factors through rg P... The inclusion of P, inP,, thus inducts
an isomorphism:

P~ P
G, P, = G, Pon.

Now let = be a Jordan—-Hélder constituent of P, /P’ . Then rgmn = 0 by the
above calculation. Suppose 7w were not cuspidal. Then it would have cuspidal
support (ﬁ/, n’) for some proper Levi subgroup M of G,, with 7’ a product
of cuspidal representations o,,», with m” < m. In particular, M would then be
conjugate to a subgroup of M, and rgmﬂ could not be trivial.
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Let f be an endomorphism of P,,, and suppose f does not preserve P;,. Then
the image of f(P)) in P, /P, is nonzero, so we have a nonzero map from P,

to a cuspidal representation of G,,. This induces a nonzero map of ig”’ P toa
cuspidal representation of G,,, which is impossible. O

Our next step is to compare H(G,,, K,,, P,,) with H(G,,, K,,, P,,). Let Z,,
be the subgroup of G,, consisting of diagonal matrices whose entries are powers

of w. Then G,, is the union of double cosets K,,zK,, for z € Z,,. Moreover, for
any z, we have isomorphisms:

H(Gm’ Kmy Pm)K,,,sz = Iz(Pm) = Endﬁz (FEP;P’")
H (G, K. P ke = L(Pl) = Endy (r2 P,)

where P is the image in G,, of K,, N zK,,z~", and M. is the associated Levi.

If 7 is not central in G, then M. is a proper subgroup of G,,. Hence parabolic
restriction to M annihilates the cokernel of the map P, — P,, and so this

inclusion induces an isomorphism of rf “P. with rf *Pn. By contrast, if z is

central, then H(G,,, K,,, Py)k,:k, 18 glven by the endomorphlsm ring of P,
and hence, by Lemma 7.4 maps to the endomorphism ring of P, (and thus to
H(G,, K,,,P))). Combining these maps for all z (central or otherwise) we find:

PROPOSITION 7.5. There is a surjection:
H(G,, Ky, Pn) — H(G,, Ky, P,)

compatible with the inclusion of c-Ind " P, inc- Ind ‘P, and the actions of the
respective Hecke algebras on these spaces Moreover thls map is an isomorphism
away from double cosets of the form K ,,zK,, for 7 central in G,,,.

Our next objective will be to compare the Hecke algebras H(G,,, K., P,,) and
H(G,, K,, zf’" P5p)- By construction there is a surjection:

Gm PM _ 7)/

and this surjection induces a surjection of c- IndG’” G’” onto c- IndG”’ ‘P;,. We then
have:

LEMMA 7.6. Let ¢ be a central element of H(G,,, K,,, lE'" Pip). Then ¢ preserves
the kernel of the map:

c-Indy” iJ’ — c-Ind{" P,

and therefore descends to an element of H(G,,, K,,, P,) with the same support
asc.
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Proof. After inverting ¢, P! becomes a direct summand of ig’" Par» and so the

module c-Indy” P;, ® K is a direct summand of c-Ind§” ig'” P @ K. The element
¢ commutes with projection onto this summand, and so preserves the kernel of
this projection. On the other hand, c—Inng ‘P!, is £-torsion free, and so the kernel
e
11—

of the map from c—Ind%”; »" Py onto c—Ind%”': P;, consists of those elements of

the kernel of the projection that lie in c-Ind%”’ ig’" Pz If x is such an element, it

is clear that cx is as well. O

We can now sketch an inductive construction of the @; ,,. Assume that for each
1 <i < m’', we have constructed elements ©; - as in Theorem 7.2. Assume further
that for i < m’ the element ©; ,, of H(G,, K,, P,) is supported away from
double cosets of the form K, zK, for z € Z,, central. Then we can construct the
®; , fori < m’, as follows: '

First, let 6, ,, be the element of E®/ by the formula:
Om= D Opw® @O, ..

ryteetri=i

where 0 < r, < i for all k and by convention ®,, = 1. For any si, ..., s;, each
with £-regular part (s{)’"', the maps E,, — K[Zsk] takes ©; ,, to 6, ;.. Taking the
tensor product of each of these maps gives, for s the conjugacy class in G,, with
‘blocks’ s;, a map:

E® — KI[Z,]

that takes @, ,, to 6, ,. '

Let @i,m be the image of C:)i,m under the map E,ff/ — H(G,, K/, P3;) coming
from Theorem 7.3. Note that, for i < m, the element ®,,, is supported away
from double cosets of the form K,,zK,, with z central in G,,. (This is because
@,-,m = uT*((:),-,m)u" for an invertible element u of H(G,, K,,, ig"’ Pin)-
Since for z central, z normalizes K,,, so conjugation by u preserves
H(G,, K,, ig’”),(mzkm. Since T*(@i,m) has no support on K,,zK,, neither
can @,,,.)

It now suffices to show that @,»,m lies in the center of H(G,,, K, P3;). Suppose
this is the case. Then O, ,, gives rise to an element of H(G,,, K,,, P,,) supported
away from K,z K,, for z central. There is thus a unique lift of the image of @Lm to
an element &; ,, of H(G,,, K,,, P,,) supported away from K,,zK,, for z central.

Now let s be a semisimple conjugacy class in G,, with £-regular part (s')". If s
is irreducible, then 6;; = O for i < m, and any element of H(G,,, K, Py)
supported away from the cosets K,,zK,, for z central maps to zero in
H(G,, K,,, St;). Thus ©;,, maps to 6; ; for such s.
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On the other hand, if s is not irreducible, we may choose semisimple conjugacy
classes si,...,s; in G, such that s is conjugate to the element of G, with
‘blocks’ sy, ..., s;, and let Stj; ; denote the tensor product of the representations
St,,, considered as a representation of Stz;. We have a map ig”’ Sty ; — St,, and
the action of ®,,, on c—IndGm St, is compatible, via this map, with the action of
@;,, on the summand c-Indgm 15’" Stz ; of c- IndG"’ G’"P ® K.

On the other hand, because the maps of Hecke algebras corresponding to

G-covers are compatible with parabolic induction, the action of ®;,, on the
compact induction c—Indg’" ZE’” Stz ; is compatible with the action of @,»,m on

c—Indl}fM Sty 5, in the followmg sense: We have commutative diagram:

ES/] — ® H(Gm’y Km” Stsk)
k

= |

H(Gp, Ky iS"Py) — H <G,,,, K,.iS ®Stsk> .

Recall that we have a fixed identifications of A, . with a subalgebra of K[ZS].
Similarly we may identify the center of Repi(Guw)u, -, With a subalgebra

of E[Zsk], and Z; is isomorphic to the product of the Z,. We then have a
commutative diagram:

Ayone  —  KIZ,]

l
Q) A n, > QKIZa]
k k

where the left-hand vertical map is given by Proposition 3.6.

The element 6; ; of K[Z,] corresponds to an element of A, , and this acts
on c- Ind 4 G"’ Styz;; the above commutative diagram shows that this action is
induced, v1a the map T, from the action of 6;; (considered as an element of
&y Awm,, x,) on c-Indy &), St,,. Since the action of 6; , coincides with that of
(:)i m, and T((:), m) is equal to @,-m by definition, we conclude that the action of
®;,, on c- IndG’” +" Sty 5 coincides with ¢; ;. Together with the compatibility of
O,-,m and O, ,,, th1s shows that ®;,, maps to 6, ; for all s.

It thus remains to show that the element @, m 1s central in H(G,,, K|, Pyp).
Since c-Ind$ X ‘P57 is £-torsion free, it suffices to prove this after tensoring w1th K.

We will show that the action of O,,m coincides with the action of an element of
the center of Repe(G,,), proving the claim.
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Indeed, let x; be an element of this center that acts via 6; ; on Repx(G ) u, 1,
for each semisimple conjugacy class s with £-regular part (s;)™. Since the pairs
(My, y) give distinct blocks for distinct conjugacy classes s, such elements x;
exist.

On the other hand, we have a direct sum decomposition:

cIndf” i9" Py @ K = @) c-Ind” iS” &, St,,

STyeensSj

and (for s the semisimple conjugacy class given by a block diagonal matrix whose
blocks are the s;) the action of A, ,, on the summand corresponding to the s; is
given by 6; ;. Thus the action of @i,m on c-Indg’; ig’” ‘Pi; coincides with that of x;,
and is in particular central. Our construction of the @, ,, is thus complete, modulo
the proof of Theorem 7.3, which will occupy the remainder of this section.

LEMMA 7.7. Let P = MU be a parabolic subgroup of G,, with Levi M, and
let (K, t) be a pair consisting of a compact open subgroup K of G, and a
W (k)[K]-module t that is decomposed with respect to P. Set Ky = K N M,
and let Ty be the restriction of T to Ky. Suppose that there are positive
central elements Ay, . .., A, of M, whose product is strictly positive, and elements
X1, ..., X of HIM, Ky, Ty) such that for each i, x; is supported on \; K, and
T*x; is invertible in H(G,,, K, t). Then (K, 1) is a G,,-cover of (K, Tu).

Proof. Let A be the product of the A;, and x the product of the x;. Then x is
supported on K,,AK,,, and T x is the product of the T*x;, hence invertible. We
must show that there is a strictly positive central element A’ of M such that 1,
maps, via T, to an invertible element of H(G,,, K, t). Fix any strictly positive
central A’ in M. Then for some sufficiently large r, A"(A")~! is strictly positive.

We have:
T+[(xr)lK,,,(N)*lKnl]T+[1KmA/Km] = T+Xr,
and since T"x" is invertible one must have T*[1x, ,«, ] invertible as well. ~ [J
For 1 <i < j, let V; be the span of the basis vectors e, _1)t+1, - . ., €y; in F",

so that M is the Levi of G,, preserving the V;. Let z be the central element of M
that acts by multiplication by & on V; and the identity on all other V;, and let w be
the permutation matrix that maps e; to e(;_1y,4; for 1 <i < m’ande; to e;_,, for
m'+1<i < jm'. Set I1 = wz. Then IT normalizes K'. Thus, if we let 8 denote
the automorphism of P;; = Pf,] that cyclically permutes the tensor factors, we
have a unique element y of H(G,,, K’, Pj;) supported on K'[TK’ that takes the
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value B at I1. Moreover, left multiplication by y induces an isomorphism:
H(Gu, K', Pk — H(Gp, K', Py) ke

for any x.

For 1 <i < j,letA; = w™IT'. Then }; is a central, positive element of M (but
is not strictly positive). Let x; be the element of H (M, K, P;;) giving the action
of A; on C—Indl,‘fM Piz. Then x; is supported on Ky A; Ky,. It thus suffices to show
that for each i, Tt x; invertible in H(G,,, K', Pyp).

Equivalently, it suffices to show that the element v; defined by v; = T (x;)y™
is invertible. Note that v; is supported on K'w™K’' C K. It follows that

~ G

the endomorphism v; of c-Ind$/ Py = c-Ind% zJ’PM is induced by an

endomorphism v; of ig’” P5i. We will show that v; is an isomorphism.

Indeed, unwinding the definition of v;, we see that when considered as an
element of the Hecke algebra H (Em, P, ‘Ps1), the support of v; is on the double
coset Pw~' P, and v; is the unique element supported on this double coset that
is given at w™' by the isomorphism of Py; with 77%7' that permutes the tensor
factors.

Note that the map U — (P Nw'Pw ™) \ P is bijective. Thus the double coset
Pw P decomposes as the disjoint union of cosets Pw u as u runs over the
elements of U. It follows that, if we regard elements of lgPM as functions from
G to P57, then the action of v; on a function f this space is given (up to a power
of p) by first applying the ‘permute the tensor factors’ automorphism of Py; to
the values of f, and then summing over all the translates of this new function by
elements of the form w~"u, for u € U. This is precisely the map described in [HL,
Theorem 2.4], where it is shown to be an isomorphism. Thus v; is an isomorphism
for all i, completing the proof.

8. Generic pseudotypes

In this section and the next we will extend the techniques and arguments of
the previous two sections to arbitrary generic pseudotypes. In every case the final
results we obtain will be direct analogues of those from the depth zero case, but
there are many more technicalities that need to be addressed.

Let (K, ) be a maximal distinguished cuspidal k-type, with t of the form
k ® o. For suitable choice of s we then obtain a generic pseudotype (K, k ® Sty).
Attached to the type (K, 7) is a finite extension E of F, of ramification index e
and residue class degree f over F, and an embedding GL, . (E) into G such K
contains GL, .;(Or) and the chain of maps:

GLn/ef(OE) —- K — K/Kl
identifies K /K, with the quotient G = GL, .7 (F,r) of GL,, ;s (Of).
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We will use these identifications to construct analogues of the Levi subgroups
M and M of Section 6. First, let M be the minimal split Levi of G containing s.
We will make a choice of Levi subgroup M of G depending on M, as follows:
let V be an n-dimensional F-vector space on which G acts via the standard
representation, so that G = GL(V). The distinguished subgroup GL, ./ (E) of
G coming from the type (K, 7) gives V the structure of an E-vector space.
Let L be an (’)E lattice in V stable under GL,,/ef(OE) then we have a map:
GL,.f(OF) — G coming from the isomorphism: G GLFq ,(L/@gL). The

Levi subgroup M of G then gives a direct sum decomposition:
L/wpL = ®;L;,

where the L; are the minimal subspaces of L /@ L stable under M. Choose a lift
of this to a direct sum decomposition:

L= @,L
of Og-modules, and hence a decomposition:
V=6V

of E-vector spaces. Let M be the corresponding Levi subgroup of G (consisting
of matrices that preserve each of the V;). Then M is a product of linear groups
M; = Autz(V;). Note that the image of M N GL,,.;(O) in G is precisely M.

Let P be the parabolic subgroup of G that preserves the subspaces Vi, V| + V5,
and so forth, and let U be its unipotent radical. Let P and U be the images of
PNGL,/r(Of) and U NGL, . (Of) in G. Then P is a parabolic subgroup of G
with Levi M and unipotent radical U.

As in Section 6, the next step is to relate the pair (K, ¥k ® Sty) to a G-cover
of a certain cuspidal M-type (K, T)). Our construction of the pair (K, Ty)
closely parallels [BK1, Sections 7.1 and 7.2], and is more or less the ‘reverse’ of
the construction of [BK3, Section 7].

Recall that the maximal distinguished cuspidal type (K, 7) arises from a simple
stratum [, n, 0, B], together with a character 6 in C(2l, 0, 8). Given this data,
the group K is the group J(B,2() in [BK1], and the representation ¥ of K is a
B-extension of the unique irreducible representation of J' (B8, 2A) whose restriction
to the subgroup H'!(B, 1) contains the character 6.

Let 2(; be order in Endr(V;) induced by £; that is, the image of the subring
of 2 that preserves V; in Endr(V;). Then conjugation by E* stabilizes 2(; and
2A; NEndg(V;) = Endp, (L;). Given these orders, the procedure at the beginning
of [BK3, 7.2] constructs an order 2’ in End (V) (this is the order denoted by 2
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in [BK3, Section 7]). The order 21’ is contained in the maximal order 2. Set
K' =J(B,A).

Let K p be the preimage of P in K, via our identification of K /K with G. Then
by [BK1, Theorem 5.2.3(ii)], there is a unique W (k)[K’]-module ¥’ of K’ such
that we have:

IndP)" %lx, = Ind3" 7',

(Strictly speaking, this is proved in [BK1] over an algebraically closed field of
characteristic zero, rather than over W (k); in the proof of [V1, I11.4.21] Vigneras
observes that the same result holds for the W (k)-representations we use here.)
Over K, the representation K’ can alternatively be described, up to twist, in the
following way: the character 6 gives rise to an endo-class of ps-characters (©, 0,
B) in the sense of [BK3, Section 4]. Then (®, 0, 8) in particular give rise to a
character 0" in C(’, 0, B8). From this perspective k' is a S-extension of the unique
irreducible representation of J!(B, ') whose restriction to H'!(S,2l’) contains
the character 6’.

We now apply the construction of [BK1, 7.2] to the representation £’. That is,
let K” be the subset (J(8,20) N P)YH' (B, A"); it is shown in [BK1, 7.1 and 7.2]
that K” is a group, and that the K’ N U-fixed vectors in £’ are stable under K.
Thus these fixed vectors give a representation k" of K”. Let K, be the intersection
K" N M, and let iy, be the restriction of k” to K,,. We then have the following:

LEMMA 8.1. The pair (K", k") satisfies the conditions [BK3, (7.2.1)]. Explicitly:
(1) The restriction of K" to H'(B, ') is a multiple of 6.
(2) The representation k" is trivial on K" N U and K" N U°.

(3) The group K, is the product of the groups K; = K N M;, and the
representation Ky is a tensor product of irreducible representations k; of
K; for each i. Moreover, the subgroup K; of M; is equal to J(B8,%;), and
each k; is a B-extension of the unique representation of J'(B,2;) whose
restriction to H'(B, 2;) contains the element 0; of C(2;, 0, B) determined by
the ps-character (0, 0, B).

Moreover, the map:
4 ~ ~
Indk, &" — &’

(obtained by Frobenius reciprocity from the realization of k" as the U N K"-
invariants of k') is an isomorphism.

Proof. The first claim follows from [BK1, 5.1.1] and our description of ¥” as a
B-extension. The second is clear from the construction of ¥”. The decomposition
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of k as a tensor product of &; is [BK1, 7.2.14], as is the fact that each k; is a
B-extension (the necessary intertwining property on the &; is verified as part of
[BK1, 7.2.15]). The fact that the characters 6; are the ones claimed in the theorem
follows from [BK1, 7.1.19]. The isomorphism is [BK1, 7.2.15]. L]

Let s; be the projection of s to M;; then s; is a semisimple element of M,
with irreducible characteristic polynomial. As K; contains J'(8, 2I;) as a normal
subgroup, and the quotient is naturally isomorphic to M;, we may regard the
cuspidal representation St,, of M, asa representation of K;. We set t; = k; ® St;;
the pair (K;, 7;) is then a maximal distinguished cuspidal type in M;. Let 7y,
be the tensor product of the t;; it is then a representation of K, and we have
Ty = Ky ® Sty , Where Stz  is the tensor product of the cuspidal representations
St,,. The pair (K, Tj) 18 @ maximal distinguished cuspidal M-type.

On the other hand, by construction, the quotient of K” by J!(8, ') is naturally
isomorphic to M. We can thus regard Stjz , as a representation of K”, and form
the representation 7" = k" ® Stz; ;. We will show that (K", t”) is a G-cover of
(Kum,s Tv)-

Note, however, that unlike in the level zero case, there is further work to
be done: the pair (K”, v”) must be related to the original pair (K, 7). To this
end, consider the representation 7, = K|x, ® St;,, where we regard Sty; as a
representation of K p via the surjection

KP — F — M
‘We then have:

THEOREM 8.2. The pair (K", t") is a G-cover of (K, Tyr). Moreover, there are
natural isomorphisms:
&2 _y ~ 2A)*
c-Indy,” " =c-Indg,” Tp

AX 1~ AX ~
c-Indy, 7" = c-Indy k ® I
where we regard I; as a representation of K via the surjection of K onto G.

Proof. We have verified that (K", k") satisfies the list of properties in [BK3,
7.2.1]. In particular, if one applies the procedure of [BK3, Section 7.2] to the type
(K, Ti), one arrives at the representation (K", t”). Thus (K", t”) is a G-cover
of (K, ty) by [BK3, Theorem 7.2]. (Notice that the procedure given there in
particular applies to the type (Ky,, T)) because we have verified that each of the
types (K;, t;) arises from the same endo-class (®, 0, 8) of ps-character.)
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Whenever we have H’ a subgroup of H, and representations A of H and A" of
H', we have a general identity:

Ind? Al ® B= A®Ind? B
It follows from this and the isomorphism:
& = Ind¥, &
that we have an isomorphism:
c-Indy, v = c-Ind}, 7/,

where ' = &' ® Stj;,. (Recall that the surjections of K’ and K” onto M
are compatible with the inclusion of K” in K’, so we can regard Sty as a
representation of K’ here.)

Next, the isomorphism:

Ind(m) = Ind(%/)x Klkp
induces an isomorphism:
Ind" ¢/ = Ind§.)” 5.
Finally, we have an isomorphism:
Ind}, «|x, ® Styz, = Ind} « ® I

obtained by inducing the previous isomorphism from (2()* to 2A* and applying
the tensor product identity. O

As in Corollary 6.6, the maximal distinguished cuspidal type (K, ty) gives
rise to a unique inertial equivalence class of cuspidal representations of M; let &
be an irreducible representation of M over K that lies in this inertial equivalence
class (or equivalently, that contains the type (K, Tp)). We then have:

COROLLARY 8.3. The K[G]-modules c—Indg K®I; and C—Indi K ®St, are objects
OfRCpE(G)(M,n).

Proof. Theorem 8.2 implies that we have an isomorphism:
c-Ind$ & ® I, = c-Ind§, 7"

As (K", t”) is a G-cover of the maximal distinguished cuspidal type (K, Ty),
it follows immediately from [BK2, Theorem 8.3] that c—Indg,, t” lies in the block
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Repi(G) m ). As for c—Indg K ® St,, note that, by definition, St, is the (unique)

generic summand of /;, and so this K[G]—module is a direct summand of the
first. ]

We now turn to the question of understanding the Hecke algebra H (G, K,
K ® St,), or equivalently the endomorphism ring Endg, (c-Indg K ® St,). The
isomorphisms of Theorem 8.2 induce isomorphisms:

H(G, K// 'L'”) ~ H(G, (Q[/)X Ind(i") ”
H(G,Kp,tp) = H(G, ()", Indg," 7"

These isomorphisms are compatible with support in the sense that an element
of one of the left-hand Hecke algebras supported on a double coset K”gK"” or
KpgKp gets sent to an element of the right-hand Hecke algebra supported on
A g (A,

This allows us to compare H(G, K", t")krex» and H(G, Kp, Tp)k,ek, for
various g in G.

On the one hand, the space H(G, K", t”) is well understood; just as in the
depth zero case, the discussion in [BK3, Section 1] shows that it is a tensor
product of affine Hecke algebras. As in the depth zero case, there is a sense in
which the isomorphism to a tensor product of affine Hecke algebras is compatible
with support, but (as we are no longer able to work with standard Levi and
parabolic subgroups) it will take somewhat more work to make this precise. To
begin with, recall that M is the subgroup of G consisting of endomorphisms of V
that preserve each summand V; of V, and let Z be the subgroup of M consisting
of elements that act by a power of wg on each V;.

Choose a maximal torus Tk of GL, . (E), and let T be its reduction mod w.
Then 7 is a maximal torus of G; we assume it is contained in M. Let W (G) be the
Weyl group of G with respect to 7. The choices of Ty and T give an isomorphism
of W(G) with the Weyl group of GL,, ¢ (E).

Now choose a maximal torus T of G. We will say that Tr is compatible with
T if every Tg-stable E-line in F” is a sum of Tg-stable F-lines. A choice of Tr
compatible with Ty identifies the Weyl group of GL, ., (E) with a subgroup of
W(G), and thus lets us consider W (G) as a subgroup of W(G). In what follows,
whenever we have a trio of groups G, GL, s (E), G, we will choose maximal
tori of these groups related in the sense described above, and implicitly make the
corresponding identifications on Weyl groups.

Let Wy be the subgroup of W(G) normalizing M, and let W3 (s) be the
subgroup of Wy; consisting of w such that wsw™' is M-conjugate to s. If W,
is the subgroup of W(G) normalizing M, we can identify W5; with a subgroup
of Wy. Then H(G, K", t") is supported on the double cosets K"gK" for g
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in Wy7(s)Z, and each H(G, K", v")gr4x~ is a one-dimensional K-vector space.
(Observe that if w, w'" are in W4;(s), and z, 7’ liein Z, then K"wzK" = K"w'z’ K"
if, and only if, z = z’ and w~'w’ lies in W(M).)

We now decompose Z into a product of factors Z;, just as we did in the
depth zero setting. Specifically, if we write the characteristic polynomial of s
as a product of irreducible polynomials f;"' ... f, with deg f; = d;, then the
quotient of Wy;(s) by the subgroup W (M) of Wy;(s) is a product of permutation
groups W; = S, where W; permutes the ‘blocks’ of s with characteristic
polynomial f;. If we let Z; be the subgroup of Z consisting of elements that are
the identity away from those blocks, then Z; is a subgroup of Z invariant under the
conjugation action of Wy;(s), and the conjugation action of Wy7(s) on Z; factors
through S, ;. Moreover, W;Z; is a subgroup of GL,, and the subspace H; of H(G,
K", t") supported on cosets of the form KgK for g in W;Z; is a subalgebra of
H(G, K", ") isomorphic to the affine Hecke algebra H(GL,(E};), I), where E;
is the unramified extension of E of degree d;, and I is the Iwahori subgroup. (This
isomorphism depends on certain choices and is therefore not canonical; we refer
the reader to [BK1, 5.6], for its construction.)

The algebra H(G, K", t”) is then the tensor product of the H;. Moreover, the
map from H(GL,(E;), I) to H; is compatible with supports in a manner exactly
analogous to the depth zero case. We may embed GL,,,(E) in M; in such a way
that the image of GL,,; (O;,) is equal to the intersection of 2 with the image of
GL,,,; (E}), and so that the maximal tori of M; and M; N GL, . (E;) arising from
Tr and Ty are compatible with the standard maximal torus of GL,,, (E;). Then the
reduction mod @ of GL,,; (O, ) is a subgroup of M j isomorphic to GL,,, (IF g );
we assume we have chosen our embedding so that the standard maximal torus of
GL,,; (F 7 ;) is contained in the Levi Msj.

This embedding allows us to identify W; with the (standard) Weyl group W; of
GL,,; (E;). Our choices identify Z; with a subgroup Z'’, of the diagonal matrices
in GL,,,(E}), and then GL,,,;(E;) is a union of double cosets /;w’z'[;, with w’
in WJ( and 7’ in Z}. The identification of H (GL,,,(E;), I) with H; then takes the
subspace H(GL,,,(E;), I)jwz1 10 H(G, K", T")grmy.x7, Where w and z are the
elements of W; and Z; corresponding to w’ and z’.

Our identification of H(G, K”, t”) with a tensor product of Iwahori Hecke
algebras allows us to establish an ‘integral’ version of the fact that (K", t”) is a
G-cover of (K, T)). More precisely, we have:

LEMMA 8.4. Let L be a W (k)-lattice in Sty; ;, and let Ly be the lattice Ky @ L

in ty. Similarly, let L" be the lattice k" @ L in t”. Then (K", L") is a G-cover
of (Ku, Ly). Moreover, if H? denotes the intersection of H; with H(K", L"),
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and H°(GL,,;(E)), I) is the Iwahori Hecke algebra over W (k), then there is an
isomorphism of H; with H(GL,,;(E;), I) that restricts to an isomorphism of H?
with H°(GL,,,(E;), I).

Proof. This is closely related to the arguments of [V2, IV.2.5 and IV.2.6].

It is clear that the only condition that needs to be verified is that there is an
element of H (K}, Ly) with totally positive support whose image in H (K",
L") is invertible. This follows immediately if there is an isomorphism of H}
with H°(GL,,,(E;), I) compatible with supports, as in the latter algebra the
characteristic function of any totally positive double coset is invertible. It thus
suffices to establish this second claim.

Let ﬁ(GLm/. (Ej),I) be the subalgebra of H(GL,,(E;), ) consisting of
elements supported on double cosets of the form Jw’'l with w" € W;, and ﬁﬂ,
the subalgebra of H; supported on double cosets of the form K"wK” with
w € W;. Define EO(GL,,,I. (E;),I) and ﬁj. analogously. The construction of
[BK1, 5.6.1-5.6.4], yields a canonical isomorphism of ﬁ(GLmj (E;), I) with H j
compatible with supports, and their argument shows that this isomorphism sends
H'(GL,,,(E;)), ) to H,.

The extension of this isomorphism to an isomorphism of H (GL,,, (E;), I) with
H; depends on a choice of element x of H; supported on K"I1;K", where I1;
is the element of the extended affine Weyl group denoted by I7(B) in [BKI,
Section 5.5] (here we consider I1; to be an element of M ;). Indeed, the main result
of [BK1, Section 5.6] shows that given any such x there is a unique isomorphism
of H(GL,,;(E;), I) with H; sending the characteristic function of /17,1 to x and
extending the canonical isomorphism of H (GL,, ;(E))) with H;.

Choose x to lie in H;, and to generate the W (k)-submodule of H; supported
on K"I1; K" (note that the latter is free of rank one over W (k); see the proof of
[BK1, 5.6.7]). By the argument of [BK1, 5.6.8], such an x is invertible in H]‘.’.

As H°(GL,,(E;), I) is generated by H (GL,,(E))), together with the
characteristic function of /71;1 and its inverse, the isomorphism H (GL,,(E;),
I) — H; takes H°(GL,,;(E;), I) to H poIt thus remains to show that the image
of H°(GL,,,(E;), I) is all of H?.

Note that for any element w of W;, and any integer a, left multiplication by the
characteristic function of //1;1 is an isomorphism:

H(GLmJ(Ej)s I)II'I}‘wI — H(GLm](Ej)7 I)1H7+lw['

Thus left multiplication by x maps (H j?) Krmew K 1O (H ;’) k7 e+ k> and this map
J
is bijective since x is invertible. On the other hand, every double coset on which
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H? is nonzero has the form I7{w for some a and some w. Thus H? is generated
by x and H, and the result follows. O

Our next step is to translate this detailed structure theory for H (G, K”, t”) into
a corresponding theory for H(G, Kp, Tp), via the isomorphisms of Theorem 8.2.
(This is not necessary in the depth zero case, as in that case we have Kp = K”
and 7p = t”.) To do so we must study the intertwining of 7, and of 7.

LEMMA 8.5. Let P be the preimage of P under the map
GLy/es (Op) — GLyjop (Fyr).

(1) Let & be a W (k)-representation of K trivial on K, and let g be an element of
G that intertwines k @&. Then g lies in K GL, s (E)K. Moreover, if g lies in
GL,.f(E), then g intertwines § when & is considered as a representation of
GL, /s (Og) inflated from GL,, s (F,), and there is a natural isomorphism.:

I(k ® §) = L (k) @ I, (§).

(2) Let & be a W (k)-representation of K p trivial on K, and let g be an element
of G that intertwines kg, @ §. Then g lies in Kp GL,/.s(E)Kp. Moreover,
if g lies in GL,,,;(E), and then g intertwines & when & is considered as a

representation of P inflated from P, and there is a natural isomorphism:
Io(Klk, ® &) = 1o(k) @ L, (8).

Proof. Case (1) is almost precisely [BK1, Proposition 5.3.2], except that the
coefficient space here is W (k) rather than C. In spite of this the argument of [BK1]
adapts without difficulty, and the argument in case (2) is identical. O

COROLLARY 8.6. Let g be an element of G that intertwines tp. Then g lies in the
double coset Kp GL, .s (E) K p. Moreover, if g lies in K pWy7(s)ZK p, then I,(tp)
is one-dimensional.

Proof. The previous lemma shows that g lies in Kp GL,/s(E)Kp, so the
first statement is clear. For the second statement, it suffices to consider g in
Wi(s)Z. For such g, I,(tp) is equal to I,(Sty; ), where Stj; ; is considered as
a representation of the parahoric subgroup P of GL, /s (E) inflated from M. We
thus have

I,(Sty7,,) = Hompy o1 (Stﬁm Sth’S)-
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It is easy to see that for g in W3;(s)Z, we have a surjection
PNgPg' - M
induced by the surjection of P onto M, and that the representations Stz ; and

Stgﬁs, when considered as representations of P N gPg™", are both inflated from
Sty via this surjection. The result follows. O

As a result we obtain:

PROPOSITION 8.7. The isomorphism:
H(G, K”, ‘L'” = H(G, Kp, TP)

of Theorem 8.2 is support-preserving, in the sense that for all g in GL,.;(E), it
induces an isomorphism:

H(G, KH, ,L,// K"gK" = H(G, KP» IP)KPgKP'

Proof. For any g in G, we have an isomorphism:

P HG. K" T grgr = H(G, @), c-Ind§," 7")
%

()< g(A)*

where g’ lies in a set of representatives for the double cosets K”g’K” in
(A")*g(R)*. An easy calculation shows that if g and g’ lie in W4;(s)Z, and

Q) g = AN g' AN,
then K"¢gK”" = K"g'K" and KpgKp = Kpg'Kp. As H(G, K", ") is supported
on K"Wy;(s)ZK”, it follows that H(G, ('), c—Ind(KQf,)X t”) is supported on the
double cosets (A')* W3(s)Z(R')*. Moreover, each H(G, K", ") g4k~ is one-

dimensional for g in W3;(s) Z. It follows that H (G, (1')*, c-Ind%/)x ") @) g(ar)
is as well.
On the other hand, for g in G we also have an isomorphism

P HG. Kp. t)kpex, = H(G, @), c-Ind” 1)

4

(A)* g(A)* ’

where g’ runs over a set of representatives for the cosets Kpg' Kp in (A")* g (') *.
For g in Wy;(s)Z, the right-hand side is one-dimensional, and the summand on
the left corresponding to g’ = g is also one-dimensional. On the other hand, if
g doesn’t lie in (A")* Wy7(s) Z(2')* then the right-hand side is zero, so all of the
summands on the left vanish as well. It follows that H(G, Kp, tp) is supported
on KpWy;(s)ZKp, and that for g in Wy;(s)Z, the isomorphisms above identify
H(G,Kp, Tp)kpok, With H(G, K", t")grok» as required. ]
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With Proposition 8.7 established, the remainder of the argument goes more
or less exactly as in Section 6. The next step is to understand the relationship
between H (G, Kp, 1p) and H(G, K, k ® St,). As St; is a direct summand of I,
c—Indg K ® St, is a direct summand of c—Indﬁ Kk ® I;. We therefore obtain a map:

Z(H(G, Kp,1p)) — H(G, K, & ® St,).

that is support-preserving in the sense that elements supported on a double coset
KpgKp for some g € GL,,/(E) get sent to elements of H(G, K,k ® St,)
supported on KgK. As in depth zero, we have:

PROPOSITION 8.8. The map Z(H(G,K,k ® I,)) — H(G,K,k ® St,) is
injective.

Proof. The proof of this is identical to the proof of Proposition 6.8. O

To show that this map is an isomorphism, it remains to compare the dimensions
of H(G, K, k ® St,)kex and Z(H (G, K, k ® 1)) x4k for a suitable set of g. This
is essentially an intertwining calculation, analogous to the one done in Section 6,
except that we must now respect the distinction between GL,, . (E) and GL, (F),
which introduces a few subtleties:

Fix an element g of M N GL,,.;(E). For such a g, let Pg be the image of
8 GL, /s (OF) g ' NGL, Jef(OF) in G. Then Pg is a parabolic subgroup with
unipotent radical U, and Levi M,.

Let P, be the subgroup g GL,.;(Or)g ™" N GL,.; (OF) of GL, s (Ok). Then
g 'P ¢& 1s also a subgroup of GL,, Jef (Op), and its image under the reduction map
to G is oppos1te parabolic P of P Let U be the preimage of U in P ; then

for any u in U,, the conJugate g 'ug maps to the identity under the composition
g‘lP g — P — M The conjugation map P — g‘lP g thus descends to a
map M — M ¢ WeE say g is M -central if the resultmg automorphism of M is
trivial. It is clear that for any g, there exists a k in GL,.;(Of) such that gk is
M ,-central. We then have:

LEMMA 8.9. Let g be an element of M N GL, . (E), and let & be a W (k)[G]-
module considered as a module overl/V(k)[GLn Jef (Op)] by inflation. Then 1,(£)

. P o=
is free of rank one over Endy, 437,1(r5"§). Moreover, if g is M ,-central, we have
a natural isomorphism:

L&) = Endw<k>[ﬁg](r§g5)'
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Proof. By definition, I,(§) = Homw(k)[;,g](é,ég). Note that for u in Ug, the
element g~'ug acts trivially on &. Thus u acts trivially on £¢. In particular, any
element of /,(§) gives rise to a map:

- Fﬂ Fﬂ 8
Homy, 5,1 (ra £, r "€ )-

Conversely, any such map gives rise to an element of /,(§). (Here we are
identifying the U-invariants of & with the U,-coinvariants via the natural

. . . . . P .
map from invariants to coinvariants. Moreover, the representation r-‘§ is a
representation of M, considered as a representation of P, by inflation.) As

conjugation by g descends to an inner automorphism of M, r=*£# is isomorphic

to rg”’é , and we can take this isomorphism to be the identity when g is Mg -central.
The result is then clear. O

Iﬁt z be an element of Z. Then our ﬁied Lnaximal torus of G is a miximal torus
of_Mg. As in Section 6, we define W(M, M) as the set of w in W(G) such that
wMw~! is contained in M. We then have:

PROPOSITION 8.10. The spaces H(G, K, % ® St,) and H(G, K, & ® i$ Sty7 ,)
are supported on KZ K. Moreover, for 7 in Z, we have:

H(G7 K? K ® Is)KzK = Iz(lz) ® Endf[ﬁz](@wlﬁz,wsw—‘)
H(Ga K? E ® Sts)KzK = Iz (k") ® Endz[ﬁz](eaw’ Stﬁz,w’s(w’)*l)

where w runs over a set of representatives for W_(MZ)\W(M, M), and w' runs
over a set of representatives for W(M )\W (M, M)/ W31 (s).

Proof. By Lemma 8.5, it suffices to compute the spaces I,(I;) and I,(St,). Note
that for any z in Z, it is clear that z is M -central. The result is thus immediate
from Lemma 8.9, together with Propositions 5.3 and 5.5. 0

As a result, exactly as in Section 6, we have:

COROLLARY 8.11. @ Z € Zihe_dimension of H(G, K, k ® St,) .k is equal to
the cardinality of W(M )\W (M, M)/ W3;(s).

Proof. The modules Sty7_ -1 and Stz (50~ are isomorphic if, and only if,
w and w’ represent the same class in W (M.)\W (M, M)/ W+;(s). It follows that
dimg Endiez7.1 (@ Staz. ew-1) = #W (M \W (M, M)/ Wy;(s)

and the result follows by Proposition 8.10. O
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It remains to compute the dimension of the subspace of H(G, K, k ® I;) that is
central and supported on K g K. The argument here is more or less identical to that
of Section 6, via the identification of H(G, K, K ® I;) with the tensor product of
the H;. This identification, together with Lemma 6.10, allows us to immediately
deduce:

PROPOSITION 8.12. For any 7z in Z, the space of central elements of H(G, Kp,
Tp) supported on the union of double cosets of the form Kpwzw'Kp with w, w'
in Wy;(s) is one-dimensional. Moreover, the sum of these spaces as z varies is the
entire center of H(G, Kp, Tp).

‘We can thus conclude:

THEOREM 8.13. The map:
Z(H(Ga KPa TP)) - H(Ga K’ Iz' ® St&)

is an isomorphism.

Proof. By the injectivity of this map, and Corollary 8.11, it suffices to show
that for each z in Z, the subspace of Z(H (G, Kp, Tp)) supported on KzK
has dimension equal to the cardinality of WM\W(M, M, / Wy(s). This is
immediate from Propositions 8.12 and 6.11. O

As in 6, we may deduce from this that the map Ay, — H(G, K,k ® St,)
giving the action of Ay, , on c—Indg K & St is an isomorphism.

9. Structure of Endg (Pk,,)

Our next step will be to understand the endomorphism ring Endy )6, (Pk..) =
H(G, K, P,g,) for an arbitrary «. Mostly, we will follow the arguments of
Section 7 in the depth zero case, with some necessary modifications. However,
it will be useful to make some additional observations, which we omitted from
Section 7 because their proof does not appreciably simplify in the depth zero
setting.

To simplify notation, let E,, be the ring Endy ) x;(P,), and let Ex , be the ring
Endy (61 (Pk..)- By Proposition 5.8, E, is a reduced commutative W (k)-algebra
that is free of finite rank over W (k).

We have a direct sum decomposition:

P.ek= P st,

susTee=g’
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where s’ is the f-regular semisimple element of G corresponding to the
representation o . This yields a decomposition:

Pr.®K= P cIndfi®St,.

sistee =g’

PROPOSITION 9.1. Let g be an element of G that intertwines Pk .. Then g lies
in K GL, s (E)K, and we have a direct sum decomposition:

Ig(PK,t)®K= @ Ig(ié®StY)

Moreover, if g lies in GL,,; and is Mg—central, then there is a natural
isomorphism:

Ig(PK,'[) g Ig(/z) ® EndW(k)[Mg](rgng).

Proof. Every statement other than the decomposition is a direct consequence of
Lemma 8.9. As for the direct sum decomposition, the decomposition:

K= & st.
sisTe8 =g’
yields a decomposition
7P 0k = @ s,
sistee=s’

From Proposition 5.3 we see that no two irreducible summands of the right-hand
side are isomorphic to each other, so any endomorphism of the right-hand side
preserves each of the summands. We thus have a decomposition:

Endyy o, (7 @ Endyy 7, (r Testy).

sustee=g’

Tensoring both sides with I, () yields the desired result. O

COROLLARY 9.2. The action of Ex; ® K on the direct sum decomposition

Pr.®K= @ cIndfi® St

sisree=g’

preserves each summand, and thus yields an isomorphism:

Ex.®K= [[ H(G. K.k ®St,).

sisee=g’
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In particular, Eg . is reduced, commutative, and £-torsion free. Moreover,
Spec Ek . is connected.

Proof. The direct sum decomposition follows immediately from Proposition 9.1
by summing over the elements supported on KgK for each g. The embedding
follows from the absence of £-torsion in Ek , (which is immediate from the fact
that P . is projective). Reducedness and commutativity of Eg , then follow from
the corresponding results for H(G, K, k ® St;).

For the last claim, suppose that we had a nontrivial idempotent in Ek .. Then,
since the spectrum of H (G, K, k ® Sty) is connected for all s, such an idempotent
maps to either zero or one in each H(G, K, k ® St), and hence lies in E, ® K.
But E, is saturated in Eg .; that s, if £x lies in E,, then so does x. Thus we would
obtain a nontrivial idempotent in E,, which is impossible since E, is local. |

We now turn to questions that have already been addressed in the depth
zero case in Section 7. As in that setting, it will be necessary to understand
families of cuspidal representations of GL;(F) for various i, all of which
have supercuspidal support inertially equivalent to some power of a fixed
supercuspidal representation over k. Fix an integer n;, and let (K|, 7;) be a
maximal distinguished supercuspidal k-type for GL,, (F)). We have 11 = k| ® o1,
where o is the supercuspidal representation of GL,, ., (FF,s) attached to an ¢-
regular element s; of GL,, s (IF,/) with irreducible characteristic polynomial.

Let f' be the product f deg(s}), and recall that e, is the order of g’ modulo
£. Let m be an element of the set {1, e,r ey, Ezeqf/, ... }. For precisely such m,
the generic representation o, of GL,,,,/.r(IF,s) corresponding to a block matrix
consisting of m copies of ] is cuspidal.

In Section 7 the choice of such a o,, sufficed to define a depth zero type in
GL,,n(F). Here we must work harder: for any suitable m we must also define
a representation «,, of a suitable compact open subgroup of GL,,,,(F). We do
so as follows: the data giving rise to the type (K|, t;) consist of an extension
E of F of ramification index e and residue class degree f, a stratum [2(,, n,
0, 81, with E = F[p], and a character 6 in C(2l;, 0, 8). Then 6 gives rise to
an endo-equivalence class (©, 0, 8). Let 2, be the maximal order M,,(2(;) of
M,,..(F); then the endo-class (®, 0, §) gives rise to a compact open subgroup
K,, of GL,,,(F) and a representation «,, of K,,. (This is slightly misleading: the
representation «,, is in fact only well defined up to certain twists. For the moment
we will let ,, be any representation of K, arising from the choice of 2, and the
endo-class (@, 0, B). Later we will make additional assumptions on «,, that pin it
down precisely.

Let 7,, = k,, ® 0,,; then (K,,, 7,,) is @ maximal distinguished cuspidal k-type in
GLy, (F).
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For each positive integer m, let G,, be the group GL,,,,(F) and let G, be the
group GL,, /¢ (F, 7). For each semisimple conjugacy class s in G,, with £-regular
part (s7)", let M, be the minimal split Levi of G,, containing s, let M, be the
corresponding Levi of G,,, and let Z; be the subgroup of the center of M; N
GL,,/er (E) consisting of diagonal matrices whose entries are powers of w.

As in Section 7, we may define elements 6, ; of W (k)[Z,]" %) as follows:

DEFINITION 9.3. Let 6; ; be the element of Z; given by the sum of the elements

of Z; whose characteristic polynomial (as an element of GL,,,/.r(E)) has the
form (t — wg)™i/el (t — 1)ymm=ilef

As in Section 7, it is possible that §; ; = 0.

Of particular interest to us will be the subgroups corresponding to s = (s7)";
we denote these by Mo,m, My, and Z, ,,. For i between 1 and m, let z; ,, be an
element of Z,,, with characteristic polynomial (1 — @ y)"/¢/ (t — 1)mm=0/ef

For m € {1, e,r,legr, ... }, and any conjugacy class s in G,, with £-regular
part (s))", set E,, = Ek, .,. We have a chain of maps:

Em - H(va Km’ iz‘m & St\) = AMA-,T[‘- = K[ZS]WM“ (S)7

where the first map arises from Corollary 9.2, the pair (M;, ;) is in the inertial
equivalence class determined by k,, and s, and the last isomorphism depends on
a particular choice of (My, ;). As in Section 7 we will construct elements of
E,, whose action we can describe explicitly in terms of the 6; ;; this will require
choosing a ‘compatible family of cuspidals’ analogous to the family constructed
in Section 7, in order to suitably normalize the maps to E[ZS] for all s.

Fix, once and for all, an absolutely irreducible integral supercuspidal
representation 7y of GL,, (F) containing (K, k; ® Sty). We will construct,
for each m € {1, e,rsley, ... }, and each irreducible conjugacy class s in G,
such that s™* = (s7)”, an absolutely irreducible cuspidal representation m, of
GL,,,(F) containing (K,,, k,, ® St,). Our construction will mostly parallel that
of Section 7, but as usual the nontriviality of k,, introduces complications.

We proceed as follows: note that (K,,, £, ® Sty) is a maximal distinguished
cuspidal C-type. In particular, H(G,,, K,,, &, ® St,) is isomorphic to K[O*'],
where © is an element of H(G,,, K,,, k,, ® St;) supported on Kz, ., K,,. We
have an isomorphism:

H(Gp, Ky, K @ Sto)k =1I,,Kn) ® End)c[cn](St ).

mZm,m Km Zm m

We also have an isomorphism:

mZm,m Km ~m m

H(Gm, Km, K (%) St(Y )’")K (Km) X EndlC[Gm](St(r )m)
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Let 7y be the cuspidal representation 71®'”

isomorphism of H (G, Ky, Kn @Sty yn) w1th IC[ZO,,,,]WMD
of E[Zo,m] maps to an element of H(G,,, K., K ® St(sym) g
has the form ¢ ® 1 for some ¢ € I,
endomorphism of Styn.

We may then consider the element ¢ ® 1 of I, (k) ® Endgg,(St;). This
gives us an element & of H(G,, K,,, K ® St,)k,.,..x,- There is then a unique
irreducible cuspidal representation 7, of G,, over K that contains (K, £ ® Sty),
on which ® acts via the identity. Note that 7, is integral.

We will refer to the family of cuspidal representations {m,} as the compatible
Jamily of cuspidals attached to our choice of ;. The dependence on the choice
of 7y is mild; indeed, replacing 7, by an unramified twist ;) ® (x o det)
simply twists each 7y by x o det as well. Note that (for the moment) there is also
a dependence on the «,, we have chosen; this will be resolved when we pin down
the «,, precisely.

For each m, and each reducible conjugacy class s in G,, we define an
irreducible cuspidal representation 7, of M;, by taking 7, to be the tensor product
of the cuspidal representations 7,, defined above, where the s; are the irreducible
factors of s.

We can now state a key result of this section, analogous to Theorem 7.2:

of M. Such a choice gives an

©D"™). the element Zm.m

mzmmKn- LHIS €lement
(Km), where we regard 1 as the identity

m,m

THEOREM 9.4. For each m, there exists a subalgebra Ck, ., of Ex,, -, generated
over W (k) by elements ©,,,, ..., O, and (O, )", such that for any s with
s™ = (s))"™, the composed map:

CKm»Tm - AMA\JZA = K[ZS]WM:(Y)

takes ©;,, to 6; ;. (Here the left-hand map is the map giving the action of Ex,, .,
on the summand (Px,, 4, ® K) v, x, of Pi,y.c, @ K.)

Note that this property characterizes the @; ,, uniquely. The basic strategy, as
in the depth zero case, is to construct the &; ,, inductively via G-covers. The case
m = 1 is easy: we have an isomorphism

H(G, K,k ® Pm)K]zl,[K] =1, LK) ® EndW(k)[G,](Pdl)

We define @, ; to be the unique element of the form ¢ ® 1, for some ¢ in I, (ky),
that acts on the quotient () of Pk, ., ® K via the identity. It is clear from our
construction of the m, that this @, | has the desired property.

We now turn to the inductive part of the argument. This will proceed via a
G-cover argument, along the lines of the construction in Section 7. However,
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the argument is considerably more delicate because of the presence of the «,,.
In particular, the same complications that arose in Section 8 (as compared to
Section 6) will arise here.

Let m’ be the largest element of {1, e, Zeq/r, ...} strictly less than m, and
set j = m/m'. Let V,, be the F-vector space on which G, acts, and identify
V. with the direct sum of j copies V1, ..., V,y ; of V, . Let M be the Levi
subgroup of G,, preserving this direct sum decomposition, and let P be the
parabolic preserving the flag

Viea CVrn +Vipa Coo- C Vg 4o+ Vi

The groups P = MU give rise to subgroups P = MU of G,, in the usual way.
We have maximal orders %, of G, and 2, of G, attached to the types
(K, T) and (K, 7,v). The procedure of [BK3, 7.2] also yields an order 2,
contained in 2, attached to the flag defined above. Set K, = J(B, ), let K,
be the subgroup (J (B, A, ) N PYH'(B,2) of K/, and let K, p be the preimage
of P in K,, under the map from K, to G,,. Then, just as in Section 8 we have
representations k,, of K, , k;, of K., and k,, p of K,, p, satisfying:

m?® m’
’Zr/n,P = (lzl/n) |Km.P

K’ ~ ~
Ind 2 &’ =&/

K} Km =Km
Indg ) &), » = Indg,” &),

Moreover, the intersection K, of K with M is (under the identification of M
with a product of j copies of G,) equal to the product of j copies of K,,. The
restriction k) of k,, to K, factors as a product of j copies of a representation
k,, containing a character attached to 2, via the endo-class (©, 0, 8). Thus &,
differs from &, by a twist.

We henceforth assume that, for each m, we have chosen k,, so that k,, is equal
to K. It is clear this can be done; the choice of «; is arbitrary, and for each pair
m’, m of successive elements of {1, e, Eeqf/, ...}, changing k,, by twist changes
K, , by the ‘same’ twist. With this assumption the representations k,,, depend only
on our choice of k.

Finally, let P;; denote the inflation of PS{' from M to a representation of K,
and also (somewhat abusively) the inflation of 7753”’1{ to a representation of K (via

the surjection of K/’ onto P).
Exactly as in Section 8, we obtain isomorphisms:

Gm =1 )~ Gn ~ )~ m 7. ‘7m )
c-Indgy &, ® Py = c-Indy” |k p ® Py = c-Indy” i ® i5" Py

H(G, K, %, ® Pip) = H(Gp, Kp, Gn.p @ Py) = H (G, K, i ® 15" Pry).

m?’
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Moreover, the discussion in Section 8 following Theorem 8.2 shows that these
maps are compatible with supports.
We are now in a position to prove an analogue of Theorem 7.3:

THEOREM 9.5. The pair (K, k! @ Psp) is a G-cover of (Ky, ky @ Prp).

m?’

Proof. By Lemma 7.7, it suffices to construct a sequence of central elements

Aty ..., A of M, whose product is strictly positive, and for each i an invertible
element x; of H(G,,, K/, k" ® P;;) supported on KA/ K", such that T*x; is
invertible.

Let w be an element of W(G,,) that maps V,,; to Vv ;, and V,,; to Vs ;_; for
1 <i < j,and let z be the central element of M that acts by multiplication by @
on V, and by the identity on all other V,,, ;. Let IT = wz. Then IT normalizes
K/, and intertwines k. Let o be any isomorphism &/ = ()", and let B be
the automorphism of PM = 73®’ that cyclically permutes the tensor factors. Then
o ® B is an isomorphism of k¥ ® Py; with its IT-conjugate. Let y be the unique
elementof H(G,, K, , k,, ®73M) supported on K ITK' that takes the value ¢ ® 8
at I1. Since I1 normahzes K),and o ® B is an 1som0rphlsm, left multiplication
by y induces an isomorphism:

H(Gma KH Ko ® PM)K”XK” - H(va K. K, ® ,PM)K”H.)LK”

m?’ m

for all x, and an analogous statement holds for right multiplication.

Now for 1 <i < j,let A; = w™'IT'. Then A, is a central and positive (but not
strictly positive) element of M, and the product of the A; is strictly positive. Let x;
be the element of H(M, Ky, Ky ® Pyp) giving the action of A; on c-Indy ky ®
Paz- Tt suffices to show T *x; is invertible for each i; equivalently, it suffices to
show that (T+x;)y ™" is an invertible element v; of H(G,,, K/, k! @ P7).

Since v; is supported on K//w~' K, and the subalgebra of

H(G,, K, &, ® Py)

supported on K,, is isomorphic to the endomorphism ring of ig’" Par, we may

interpret v; as being induced from an endomorphism v; of ig’" ‘Pi;. Exactly as in
Section 7, one verifies that v; is the automorphism of this space described in [HL,
Theorem 2.4], completing the argument. 0

Our construction of the ©®;,, now proceeds in a manner similar to that of
Section 7. In particular, we obtain a map:

EZ — H(Gp. K} Kl @ Pip) = H(Go Koy K ® 19" Prp).

ﬂl
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Recall that P/, is the image of zf’” in P,, under the natural map from the former
to the latter. Exactly as in Sectlon 7, we have:

PROPOSITION 9.6. There is a surjection:

H(Gma Km7 ’znl ® Pm) - H(Gm’ Kﬂh ’znl ® ,P;n)

compatible with the inclusion of C-IndGm Kp @ P, in c-Ind” K kn ® P, and
the actions of the respective Hecke operators on these spaces. Moreover, this
surjection is an isomorphism away from double cosets of the form K, z,, , K.

Proof. The proof is identical to that of Proposition 7.5, except that elements of the
form z/  are no longer central, so the statement must be rephrased slightly. [J

m,m

Similarly, in a manner identical to the proof of Lemma 7.6, we have:

LEMMA 9.7. Let ¢ be a central element of H(G,,, K,,, kK, ® i;’“’Pﬁ). Then c
preserves the kernel of the surjection:

Gy ~ .G, y Gm ~ /
c-Indy” &, ® i" Py — c-Indg” &, ® P

o’

and thus descends to an element of H(G,,, K, Ky ® 73(;’”).

With these results in hand we return to the inductive construction. Fix m’
immediately preceding m, and suppose that we have constructed elements ©;
as in Theorem 9.4. Suppose further that for 1 < i < m’, the element ©;,, is
supported away from double cosets of the form Kz, Ky, and that ©,, , is an
element of Eg , . , supported on Kz, » K, and is of the form ¢ ® 1, where ¢
liesin I ,  (k,). (These stipulations hold when m’ = 1 by construction, and we
will show that the inductive construction of the ©®;,» implies these conditions for
each larger m’ as well.) We now turn to constructing the elements ©; ,,.

As in Section 7, we first define @, = be the element of E, ®/ defined by the
formula:

éi,m = Z @rl,m’ ® te ® @rj,m’s

riteetri=i

and let @lm be the image of @,m in H(G,,, K., kn, ® zf’"PM) For i < m,

Olﬁm is supported away from cosets of the form K,,z), ,,K.,. By contrast, ()m "
is supported on K, 2, » K, and has the form ¢ ® 1 for an element ¢of I, (k).

The arguments of Section 7 show that for any s with £-regular part (s7)”,
and any s, ...,s; in Em/ such that the ‘block’ matrix with blocks sy, ..., s; is
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conjugate to s, the action of @l » on the summand c- IndK Km & i;’" R, St,, of
c-Ind$” Ko km @ lF'" P ® K is via the element 6; s of Ay, .. In particular, @i,m is

central in H(G,,, K., K ® lJ” PiD-

The construction of the elements ©; » as in Theorem 9.4 is now straightforward.
Consider the image of 5, m 0 H(Gy,, Ky, Ky @ P)). For i < m, this image is
supported away from cosets of the form K,,z;, , K, and hence lifts uniquely to an
element of E,, supported away from K, z;, ,, K,,. Denote this element by &, ,,; it
is clear from our calculations that this has the claimed properties. For i = m, the
element @m = 18 supported on K,,z,, » K,, and has the form ¢ ® 1 for some ¢ in

I, . @k); welet ©,, denote the element ¢ @ 1 of H(G,,, Ky K @ P Kz Kon -
Again, it is clear that this element maps to 6, , for all s.
The proof of Theorem 9.4 is thus complete. O

We now turn to considering the implications of Theorem 9.4. Our construction
of the ©; ,, gives us control over the mod ¢ cuspidal supports of the pairs (M, ;).

THEOREM 9.8.

(1) Let V be an irreducible cuspidal representation of G, over k containing
(Ko» Tw). Then the supercuspidal support of V is inertially equivalent to
(L, ™).

(2) For each semisimple conjugacy class s in G,, with £-regular part (s))™, the
supercuspidal KC-representation w; of M has mod £ inertial supercuspidal
support equivalent to (L,,, 7&™).

(3) Let V be an irreducible cuspidal representation of G, over k whose mod
£ inertial supercuspidal support is equivalent to (L,, t"). Then r lies in
{1, e, 'y ...}, and V contains (K,, t,).

(4) Let V be an irreducible supercuspidal representation of G, over K whose
mod ¢ inertial supercuspidal support is equivalent to (L,, w®"). Then r lies
in{l,e p, Leypy ... }, and 'V is an unramified twist of ; for some irreducible

semisimple conjugacy class s in G, with £-regular part (sp)".

Proof. These claims all follow easily from results of Vigneras in [V2]. However,
they also follow directly from what we have proven above. For completeness, and
with an eye towards potential generalizations to situations not covered by [V2],
we give this alternative argument:

For the first claim, note that we have a surjection Pk, ., — V. Let V be a
cuspidal lift of V to a representation over K ; since V admits a nonzero map from

https://doi.org/10.1017/fms.2016.10 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2016.10

D. Helm 64

Pk, .z, V must lie in Repg(G)y, . as above. Moreover, since V is cuspidal we
must have M; = G and m, cuspidal; in this case V is an unramified twist of ;.
We thus have an action of Eg, . on V via the maps:

EKm-Tm - AM;,?TS i Endf[G](‘;) = E

This action preserves the image of P, in V and thus reduces modulo £ to a
map« : Eg, ., — k.If welet Eg, . acton V viaa, then this action is compatible
with the surjection of Py, . onto V.

Let m be the kernel of «, and let V’ be the quotient Py, ., /mPk, -, . Every
endomorphism of a quotient of V' lifts to an element of Eg, ., and is thus a
scalar; this implies that the cosocle of V' is absolutely irreducible. Since we have
a surjection V' — V, the cosocle of V' is isomorphic to V.

On the other hand, we have a map Eg,, ., — W(k)[ZO,m]WMO-m((Si)m) giving the
action of Ex, . on c—Indg’”’j Km ® St(‘yi)m, and the target of this map is generated by
the images of the ®, ,,,. It is then straightforward to verify that the map « coincides
with the composition:

EK - W(k)[ZO,m]WMO,m((sg)m) N k,

ms>Tm

where the second map takes the images of ®, ,, ..., ®,_1 , to zero and takes the
image of ©,,,, to (6, ,). (This amounts to verifying that @, ,, acts by zero on
V for 1 <i < m — 1, but this is clear since V is cuspidal: the action on V thus
factors through the action of Ey, . on V and for 1 < i < m — 1, the elements
©®; ,, annihilate the cuspidals.)

Let W be the image of Pk, , in C-Indg: Km @ St(n. We have a surjection
V' — W/mW, and hence in particular V is isomorphic to a subquotient of W.
On the other hand, since W ® K is isomorphic to c—Indg’”’j Km @ Stsym, it follows
that W ® K lies in Repe(G) Mgy gy and thus that every subquotient of W has

mod ¢ inertial supercuspidal support (L,,, T2").

For the second claim, note that it suffices to prove this when s is irreducible,
and in this case m; contains (K, K ® St,). Twisting so that 7 is integral, we find
that the mod ¢ reduction of 7 contains (K, t,) and so we are done by claim (1).

Now let V be an irreducible cuspidal representation of G, over k for some r.
Then V contains a maximal distinguished cuspidal k-type (K’, t"). Write
v’ = k' ® o'. Then o’ is attached to an £-regular semisimple conjugacy class ¢ in
G,; moreover, as o is cuspidal, ¢ is the £-regular part of an irreducible conjugacy
class and thus has the form (¢/)" for some irreducible ¢-regular conjugacy
class ¢ and some positive integer r’ dividing n,r. Let n] = nyr/r’ and fix a
maximal order in GL,; (F). Then the endo-class (®’, 0, B’) attached to (K’, t')
associates to this maximal order a compact open subgroup K| of GL, (F) and
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a representation «; of K| (defined up to twist). Set 7| = k| ® o,, where o,
is the supercuspidal representation associated to ¢'; then (K|, r/) is a maximal
distinguished supercuspidal type, and the construction of this section associated
to this type a family (K] , ;) for suitable m. Moreover, we may choose the twist
of «; so that (K’, t’) is equivalent to the type (K, t/). Then claim (1) above
shows that V has supercuspidal support inertially equivalent to (77')®", where 7’
is some supercuspidal k-representation of GL,, (F') containing (K7, 7/). But then
r =r"and 7’ and 7 are unramified twists of each other, so (K7, /) is equivalent to
(K, 7). It now follows that o, is a unramified twist of o, by a character, so
that s and ¢’ differ by an element of the center of G,. Thus r must lie in
{1, e, legr, .. .} so the type (K,, t,) makes sense and is equivalent to (K’, /).
Thus V contains (K’, t’) as claimed.

Claim (4) follows from (3) easily by reducing an unramified twist of V
modulo £. O

We conclude this section by giving a complete description of E,, . for small
m; that is, for m < £. There are two cases to consider; in the first, m = 1, and in
the second m = e, > 1.

When m = 1, the element ©7, of Ek, ., generates (Ex, )k, k, as an Eq -

module for all r, and hence we have
Ex,. = E,[0]7].

This case was already studied by Dat in [D4]; in particular Dat shows that E,
is a universal deformation ring of oy, and that, after completing at any maximal
ideal of characteristic ¢, Ek, ,, becomes the universal deformation ring of the
corresponding supercuspidal representation.

When m > 1 but m < ¢, then any s # (s})" with s = (s])™ is irreducible.
We have an ideal /“* of E,,, that is the kernel of the action of E,, on St .

PROPOSITION 9.9. When 1 < m < £, we have an isomorphism:

EK = Eam[@l,m3 R @;,ilm]/<@l,mv e @m—l,m> 3 A

m>Tm

Proof. As E, and the ©,,, are contained in Eg,, . , we have a map:

EO—m [@1,/‘}1’ t @rf,lm] — EK,,,,‘E,,,'
It is easy to see that (®; ,,, ..., &,_;,,) map to zero in H(G,,, K, kK, ® St,) for

s # (sp™, sothat (®y,, ..., Op_y,) - [°*? is in the kernel of the map to Ek,, ., .
Denote this ideal by J.

To see that this ideal is precisely the kernel, first note that the restriction of this
map to E,, [O©F! ]identifies E, [O! ] with the subring of Eg, . supported on

m,m m,m
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elements of the form Kz}, , K,,. Moreover, the ideal of E, [©1,, ..., O 1/J]

generated by the ®;,, for 1 < i < m — 1 is a complementary W (k)-submodule

of the subring E, [@,fylm]. When restricted to the ideal generated by the elements
O\ ms -y Om_1m, the composed map:

Eo @i pmy...,05 1/ — Ex

,m

—> H(Gm7 Kma /’Z‘m ® St(si)m)

msTm

is injective, and its image is precisely the subring of H(G, K, k,, & Stsym)
supported away from elements of the form K,,z), , K,. From this we see that
the map '

E, [Oim,..., 0!

m,m

1/J — Ek,,

Tm
is injective.

To see surjectivity, note that the map E, ., — H(Gu, Ky, Kn & Stiym)
is an isomorphism away from double cosets of the form K,z , K., so any
element of Ex, . supported away from the latter is in the image of the map from
E, [Orm,..., @,fm]. On the other hand we have already seen that every element

supported on a double coset K, z;, ,, K, 1s in the image, so the resultis proven. [
REMARK 9.10. When ¢ > n, and o is not supercuspidal, Paige gives an
explicit description of E, as a W (k)-algebra in [Pg, Theorem 4.11]. The above
proposition thus gives a complete description of E ; in this case.

10. Finiteness results

Our next goal is to establish fundamental finiteness results for Pk .. In order
to do so it will be necessary to work integrally with lattices inside a generic
pseudotype (K, kK ®St,). Choose a finite extension " of & such that St is defined
over K, and let O’ be the ring of integers in X'. We can then consider O'-lattices
L, inside St,, and consider the ‘integral generic pseudotype’ (K, k ® L;), and try
to determine the structure of C—Indg K ® L as amodule over H(G, K,k ® Ly).

There will be two lattices in St of particular interest to us. We construct the first
of these as follows: denote by M the Levi subgroup M, of G. The representation
Styz., is irreducible, cuspidal and defined over K’, and remains irreducible when
reduced mod £. There is thus a M-stable O'-lattice L7 in Stzz 5, and such an L7
is unique up to homothety. Then ing is an (O'-lattice in ;. Let L, be the image
of this lattice in St;.

The second lattice we will make use of will be denoted L/, and is defined
as follows: the representation St, is a direct summand of P, Qw K. Let L]
be the image of P, @w«) O under the projection to St,; this defines L, up to
homothety. The lattice L is the one that is of interest to us in applications, but
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is more complicated; we will study it via its relationship with L,. Note that there
exista, b such that £“L; C L, C £PL,. Let 77, and 77, denote the representations
KQ®Lg,andk @ L.

The pair (K, t;,) is not difficult to understand; indeed, the arguments of
Section 8 apply. In particular, consider the pair (K, Ky ® L37), where M, Ky,
and i, are as in Section 8. It follows from Lemma 8.4 that (K", k" ® L4;) is a G-
cover of (K, Ky ® L37), and that the center of H(G, K", k” ® Ly;) is isomorphic
to O'[Z,]"7®). (Indeed, a choice of a compatible family of cuspidals for the tower
of types that contains (K, t) gives rise to explicit isomorphisms:

H(M, Ky, kuy ® L) = O'[Z]
Z(H(G, K", k" ® L) = O'[Z,]"7.

Henceforth we fix such a choice.) The intertwining calculations of Section 8

give rise to a support-preserving isomorphism H(G, K", k" ® Lz;) with

H (G, K3, k7 ® Ly;), and an isomorphism of the latter with H (G, K,k ® igLM).
We now observe:

LEMMA 10.1. Let x be a central element of H(G, K,I?@igLﬁ). Then x

descends to an endomorphism of c-Indg/? ® Ly via the surjection of l.gLM

onto L.

Proof. The results of Section 8, particularly the discussion after the proof of

Proposition 8.7, show that this holds after inverting £. We have a surjection:
c-Ind§ # ® (iSLy) — c-Ind§ & ® L,

and it suffices to show that x preserves the kernel of this surjection. But as this

holds after inverting ¢, and both the left-hand and right-hand sides are £-torsion

free, the result follows. |

We next turn to questions of admissibility:

LEMMA 10.2. The module c-IndAIgM KQLy is an admissible H(M, Ky, Ky QL yy)-
module.

Proof. Let w be an O'[M]-module such that 7 ®» K’ is absolutely irreducible
and such that the restriction of 7 to K, admits a nonzero map from £ ® Ly,.
Then Homek, (K ® Ly, ) is a free O'-module of rank one. Consider the
O'[M]-module 7 @ O'[M/M,], on which M acts on O'[M/M,] via the natural
character M — O'[M/M,)]. We have

Homoyx,,1(K ® Ly, ) = O'[M /My,
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and H(M, Ky, t) = O'[Z] acts on the right-hand side via the inclusion of O'[Z]
in O'[M/M,]. This yields an isomorphism:

(C-Ind%M K ® Ly) ®o1z, O[M/My] =1 @0 O'[M]Mo].

In particular, the left-hand side is admissible over O'[M/M,], and so c—IndZ,‘fM K®
L, is admissible over O'[Z,]. O

LEMMA 10.3. Let R be commutative W (k)-algebra, let P = MU be a parabolic
subgroup of G, and let ® be an admissible R[M)]-module such that for any
parabolic subgroup P' = M'U’ of M, }’ICI’JT is admissible as an R[M']-module.
Then iSw is an admissible R(G]-module, and, for any parabolic subgroup
P’ =M"U" of G, r({:”ign is an admissible R{M"]-module.

Proof. This is an immediate consequence of Bernstein—Zelevinsky’s filtration of
of the composite functor r(’;”i ¢ [BZ, 2.12] together with the fact that parabolic
induction takes admissible representations to admissible representations. O

Let R be the center of H(G, K, k ®i§LM). (We may also regard R as the
center of H(G, K", k" ® L3).) By Lemma 10.1, the ring R acts on c-Ind$ 7.

PROPOSITION 10.4. The module c-Ind$ 7, is admissible over R. More generally,
for any parabolic P = M'U’ in G, the module r(’;’ C-Indg 7., is admissible
over R.

Proof. We have shown that we may identify the center of H(G, K", k" & Lz;)
with the ring O'[Z,]"#®. This ring acts on c-Ind$ 7, via its identification with R.

Consider the module k), ® Ly;; this is a lattice in a maximal distinguished
cuspidal M-type. Thus the W (k)[M]-module c—IndfM Ky @ L7 is admissible and
cuspidal over the Hecke algebra H (M, K, k) ® L3;), and the latter is isomorphic
to O'[Z,]. It follows that i § c—Ind%M Ky ® Lz is an admissible O'[ Z,]-module, as
is rfi§ c-Indy Ky ® Ly for any P'.

The subalgebra O'[Z,]"7® of O'[Z,] acts on both i§ c-Ind",gM Ky ® Ly and
on c-Ind$, & ® Ly;. In fact, any map between these two modules is O'[ Z,]V#)-
equivariant. To see this, note that we can identify O'[Z,]""® ®o K with the
center Ay, ., of Rep(G)y, x,» and thus the action of O'[Z,]"7) is compatible
with every map between the two modules after inverting £. Since both modules
are £-torsion free the claim follows.

As O'[Z,]is a finitely generated O'[ Z,]"#)-module, it now suffices to produce
an embedding of c-Ind§, &’ ® Ly in i§ c-Indy, &y ® L.
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We first consider this question over C. In this situation the two modules are
actually isomorphic. To see this, note that after tensoring with K, ¥’ ® Ly
becomes k” ® Stz; ;, which is, in the language of [BK3], a semisimple type. In
particular, Homg~ (k" ® Sty , —) yields an equivalence between the block of
Repz(G) corresponding to the type k” ® Sty ; and the category of H(G, K",
k" ® Stz ;)-modules. On the other hand, it is an easy consequence of Theorem 6.4
that the space

Homg» (K" ® Styz . i c-Ind%M Ky @ Styz )

is a free H(G, K", k" ® Stz )-module of rank one. We may thus identify
c-Ind{, " ® Stz with i§ c-Indy, Ky ® Lyz.

Descending from K to K, we find an isomorphism of c¢-Ind$, & ® Ly; ® K’
into i§ c—Ind%M Ky ® Ly ® K'. It suffices to show that, after multiplying
by a sufficiently large power of ¢, such a map takes c-Ind$, &’ ® Ly into
i c-Ind'}gM Ky ® Lgz. But this is clear since G-maps from the former to the latter
are, by Frobenius reciprocity, the same as K”-maps from £” ® Ly; into the latter,
and k" ® Ly is finitely generated as an (O’-module. O

We now compare c-Ind, 7;, and c-Ind 7;,. The inclusions ¢“L; C L C (L
give rise to inclusions: £¢ c-Ind$ 7, C c-Ind§ T, C L c-Ind§ 7.

The endomorphism ring Eg ., of Pk . preserves the factor C-Indg K ® St, of
P ® K, and hence preserves the image of Px ., ® O in C—Indg K ® St,. This
image is equal to c—Indg 77, In particular, we obtain a map of Ex . ® O’ into
H(G, K, TL;).

For some m, we have (K, t) = (K, t,,), where K,, and t,, are as in Section 9.
Our choice of compatible family of cuspidals in Section 9 gives an isomorphism:

H(G, K,k ®St) = K[Z,"%®.

The isomorphism of R ® K with H (G, K, k ® St,) identifies the ring R with the
subalgebra O'[Z,]"% ). We also identify H (G, K, t;,) with another, yet-to-be-
determined OO’-subalgebra that contains Ex . ® O'.

We observe that as a subalgebra of K[Z,]""), H(G, K, t;,) contains the
images of the elements ©;, of Ck ., as well as the image of @,;!'m. We may
identify these with the elements 6; ; of K[ZJ]WV(“'), and hence with elements of
R. We then observe:

PROPOSITION 10.5. The algebra W (k)[Z,]"") is a finitely generated module

over the subalgebra W(k)[@lﬁs,...,9,”,_;,9";};] In particular, R is a finitely
generated module over this subalgebra.
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Proof. Let sq,...,s, be the irreducible constituents of s, and let z;, ..., z, be
the elements of Z, such that, when considered as an element of GL, ./ (E), z; is
scalar with entries @ on the block of Z; corresponding to s;, and the identity on
all other blocks. Let d; be the degree of 5; over IF,/, and let d be the degree of s’
over F, s, where 5™ = (s")". Then, by definition, we have:

gi,s = ZHZj’

s jes
where S runs over those subsets of 1, ..., r such that
> d; =di.

jes

Now consider the polynomial

Pty =] Ja" +z).

i=1

For 1 < i < r, the coefficient of "~ in P(t) is 6;,. It follows that the
elements (—z;)%/% are integral over W (k)[0,, ..., 051, and so the elements
z; themselves are. As W (k)[Z,] is generated by the z;, together with 0,;}\,, it
follows that W (k)[Z,] is integral, and hence finitely generated as a module, over
W(K)[b1s, - - - Ons 6,11, and the result is immediate. O

‘We now show:

PROPOSITION 10.6. The module c—Indg Ty, Is an admissible Eg .[G]-module.
Moreover, for any P' = M'U’ in G, rgl C—Indg 7, is admissible as a Ex .[M']-
module.

Proof. The module rf’ c-Ind$ 7, is admissible over R, which we have identified
with O'[Z]"7®. 1t is thus also admissible over O'[0y, ..., 04, 0,], by
Proposition 10.5. The 6;, preserve both c—Indg 77, and c—Indg 71, and any
embedding of the latter in the former is equivariant for the 6; ; (as the action of
these elements is via the Bernstein center). Fix such an embedding; this yields an
embedding of r% c-Ind§ 7, in rf c-Ind§ 7, that is compatible with the action
of the elements 6; ;. As the former is admissible over O'[0, ..., O,.;, 9,;’15], the
latter must be as well, and the result follows. O

We now return to the study of Px .. We choose K’ (and by extension (")
sufficiently large that every map from E, to /C has image contained in (O'. Then
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St, is defined over K’ for every s. Moreover, the embeddings:

Pr.. ® K — @ c-Indg & & St
Ex.®K < [[H(G. K.k ®St)

factor through embeddings:
Pk ® 0O — @ c-Ind 7y

Ex.®0 — 1_[ H(G, K, ).

N

We thus have:

THEOREM 10.7. For any parabolic subgroup P’ = M'U’ of G, rgPK,, is an
admissible Cg [M']-module (and hence also an admissible Ex .| M']-module).

Proof. For each s, r2 c-Ind$ 77, is admissible over Cx . ® O, and hence also
over Ck .. The result is thus immediate from the above decomposition. O

COROLLARY 10.8. The W (k)-algebra E . is a finitely generated C .-module.

We now turn to the study of the W(k)[G]-module Py ., for an inertial
equivalence class (M, ) of irreducible cuspidal representations of M over k.
Write 7 as a tensor product of irreducible cuspidal representations 7; of general
linear groups GL,, (F), and for each i, let (K;, 7;) be a maximal distinguished
cuspidal k-type contained in 7;.

THEOREM 10.9. Let R be the tensor product, over W (k), of the rings Ek, ., for
alli. Then Py ») is an admissible R|G]-module, and for any parabolic subgroup
P = M'U of G, rE Pus.x) is an admissible RIM']-module.

Proof. This is an immediate consequence of Theorem 10.7 and Lemma 10.3. [

11. The Bernstein decomposition and Bernstein’s second adjointness

Our next goal is to apply our results on the structure of Pk . to establish a
Bernstein decomposition for the category of smooth W (k)[G]-modules. With the
results of the previous section in hand, this is an easy consequence of Bernstein’s
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second adjointness for the category of smooth W (k)[G]-modules, which is due,
in this generality, to Dat in [D3]. However, at this point it is not too much work
to give an alternative proof of Bernstein’s second adjointness which is quite
different in spirit from Dat’s approach. We thus detour for a moment to show
how Bernstein’s second adjointness follows from the results so far.

For technical reasons (namely, the fact that parabolic induction is naturally a
right adjoint, and therefore takes injectives to injectives), it will be useful for us to
work with injective objects rather than the projectives Pk .. To obtain a suitable
supply of injectives, we define:

DEFINITION 11.1. Let IT be a smooth W (k)[G]-module. We denote by IT" the
W (k)[G]-submodule of smooth vectors in Homyy o, (IT, K/ W (k)).

As IKC/ W (k) is an injective W (k)-module, and the functor that takes a W (k)[G]-
module to the submodule consisting of its smooth vectors is exact, the functor
IT — ITY is exact as well. Moreover, we have:

LEMMA 11.2. Let IT and I1' be smooth W (k)[G]-modules. Then there is a
natural isomorphism:

Homyy 161 (11, uary”’y — HomW(k)[G](H/’ 7).
PVOOf Both HOmW(k)[G] (H, (H/)\/) and HOmW(k)[G] (H,, I_Iv) are in bijecﬁon with

the set of G-equivariant pairings IT x IT" — K/ W (k) that are smooth with respect
to the action of G. O

COROLLARY 11.3. If I is a projective W (k)[G]-module, then IT" is injective.

Proof. The functors Homyy )6y (—, IT") and Homy 61 ({1, (—)") are naturally
equivalent, and the latter is exact. O

This duality is well behaved with respect to normalized parabolic induction:

LEMMA 11.4. Let P = MU be a Levi subgroup of G, and let m be a smooth
W (k)[M]-module. Then there is a natural isomorphism:

(i§m) — iSn.

In particular, if I1 is a simple W (k)[G]-module with cuspidal (respectively
supercuspidal) support (M, ), then IIY has cuspidal (respectively
supercuspidal) support (M, ).
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Proof. Integration over G/ P defines a G-equivariant bilinear map:
(Sl x [iS7Y] — K/W(k),
and hence a G-equivariant map:
iSoY — [igyr]v.

This map is easily seen to be an isomorphism by passing to U-invariants for a
cofinal family of sufficiently small compact open subgroups U of G. O

Note that if I7 is an admissible W (k)[G]-module, (or, alternatively, an
admissible KC[G]-module), then (/7")" is naturally isomorphic to I7. In particular,
this is true if I7 is simple.

If (K, ) is a maximal distinguished cuspidal k-type, we define I . to be the
injective W (k)[G]-module Py .. Similarly, if (M, ) is a pair consisting of a
Levi subgroup of G and an irreducible cuspidal representation = of M over k, we
set Iy, to be the W (k)[G]-module Py, ).

PROPOSITION 11.5. The W (k)[G]-module Iy is injective. Moreover, every
simple W (k)[G1-module I1 with mod ¢ inertial cuspidal support (M, 7r) embeds
in I(M,]T)'

Proof. For a suitable parabolic subgroup P, and suitable maximal distinguished
cuspidal types (K;, 7;), we have:

-G
,P(\;l/[’ﬂ\/) = [lppkl,rlv R PK,_,Trv]v
.G
= lPIKlvTI Q- ® IK;-J;—'

As i§ is a right adjoint of an exact functor (by Frobenius reciprocity), the latter
module is clearly injective.

Now given [1, ITY has mod ¢ inertial cuspidal support (M,rm"); by
Proposition 4.16 we have a surjection Py vy — ITY. Dualizing, and using
the fact that (/IT")" = IT, we obtain our desired result. O

PROPOSITION 11.6. Let (M, ) and (M’, ") be two pairs consisting of a Levi
subgroup of G and an irreducible cuspidal representation of that Levi subgroup
overk. Let I = Iy ny; 1" = Loy . If Homy g 161(1, I') is nonzero, then the mod
¢ inertial supercuspidal supports of (M, ) and (M', ) coincide.

Proof. Set P = P nvys P’ =P aryvy, sothat [ =P and I’ = (P’)". We have
an injection of Homy ;61(1, ') into Homyy )6y ((1")", I"); the latter is equal to
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Homy ) 61(PYY, (P")¥Y). We also have an embedding:
Homy 16 (P, (PY") - Homy 16 PV ® K, PHY"Y ® E),

so it suffices to show that the latter is zero unless the mod ¢ inertial supercuspidal
supports of (M, ) and (M’, =) coincide.

We have an embedding of PV & K into (P ® ).

If (L,n’) is a pair consisting of a Levi subgroup of G and an irreducible
supercuspidal representation of L over KC, and 7’ has mod ¢ inertial supercuspidal
support different from (M, 1), then the projection (P ® K),. of P ® K
to Rep,C(G)L,, vanishes by part (2) of Theorem 9.8, and therefore so does
P ® IC) [ It follows that (P ® K)¥ has a direct sum decomposition in
which each summand lies in some block of Repy(G) corresponding to an inertial
supercuspidal support whose mod £ reduction is (M, rr). Similarly, (P’ ® Kyvv
has a direct summand decomposition in which each summand lies in some block
of Repy(G) corresponding to an inertial supercuspidal support whose mod ¢
reduction is (M’, r').

Thus, if the mod ¢ inertial supercuspidal supports of (M, ) and (M’, ')}
differ, then no summand of (P ® K)¥" lies in the same block as any summand of
(P’ ® K)VV, and the result follows. O

COROLLARY 11.7. Every simple subquotient of I ) has mod £ inertial
supercuspidal support equal to that of (M, 7).

Proof. Let IT be a simple subquotient of I, ), with mod £ inertial supercuspidal
support (M’, r’). Then IT embeds in I,y ,; as the latter is injective we obtain
a nonzero map Iy .y — I . The preceding proposition now implies that
(M’, ") has the same mod ¢ inertial supercuspidal support as (M, 7). O

An immediate corollary is the ‘Bernstein decomposition’ for Repy ) (G).
Let M be a Levi subgroup of G, and let = be an irreducible supercuspidal
representation of M over k. If IT is a simple smooth W (k)[G]-module with mod
£ inertial supercuspidal support given by (M, 7), then the mod € cuspidal support
of IT falls into one of finitely many possible mod ¢ inertial equivalence classes.
Choose representatives (M, ;) for these inertial equivalence classes, and let
Ly = Loty ey ® - - - @ Iy, - Then every simple subquotient of Ij, ,; has mod
£ inertial supercuspidal support (M, ). On the other hand, any simple smooth
W (k)[G]-module 7w with mod ¢ inertial supercuspidal support (M, 7) has mod ¢
inertial cuspidal support (M}, ;) for some j, and hence embeds in I(y; ;) (and
thus also in Iy 7).
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On the other hand, if I7T is a simple smooth W (k)[G]-module whose mod
£ inertial supercuspidal support is not in the inertial equivalence class (M, ),
then there is an infinite collection of possible inertial equivalence classes into
which the mod £ inertial cuspidal support of IT could fall. If we let Ir37 7 denote
the direct sum of /. as (M', ') runs over a set of representatives for the
inertial equivalence classes of pairs (M’, ) over kK whose supercuspidal support
is not in the inertial equivalence class (M, ), then no subquotient of /777 has
mod ¢ inertial supercuspidal support equal to (M, ), and every simple object
of Repy,,(G) whose mod ¢ inertial supercuspidal support is not equivalent to
(M, ) is a subobject of Iz

THEOREM 11.8. The full subcategory Repy, ., (G)im.x) of Repy , (G) consisting
of smooth W (k)[G]-modules Il such that every simple subquotient of Il has
mod £ inertial supercuspidal support given by (M, 1) is a block of Repy,, (G).
Moreover, every element of Repy, ;) (G)m.») has a resolution by direct sums of
copies of Iy .

Proof. This is immediate from the above discussion and Proposition 2.4. O

Our first application of this Bernstein decomposition will be to establish
Bernstein’s second adjointness for smooth W (k)[G]-modules. This will allow us,
at last, to conclude that the modules Py, ., are projective. We follow the argument
in the lecture notes by Bernstein—Rumelhart [BR], adapting it as necessary so that
it will work in Repyy ) (G).

DEFINITION 11.9. Let P = MU be a parabolic subgroup of G, let K be a
compact open subgroup of G that is decomposed with respect to P, and let A be a
totally positive central element of M. Let T; be the element of H (G, K, 1) given
by T*(1k,1k,)- A smooth W(k)[G]-module [T is K, P-stable, with constant
ck.p..» if there exists a positive integer cx p.; such that IT¥ splits as a direct sum:

HK — HK[T):«‘K,P.A] @Hjl“i.invem
where ITX[T, "] is the W (k)-submodule of ITX consisting of elements killed

by 7,%"*, and g is the maximal W (k)-submodule of ITX on which [A] is
invertible.

—invert

The key to establishing Bernstein’s second adjointness will be proving that for
every pair K, P, and every supercuspidal inertial equivalence class (L, ), all
objects of Repy, ) (G)(r.x) are K, P-stable. We first make a few observations:
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LEMMA 11.10. Let IT be a smooth K, P-stable W (k)[G]-module. Then IT" is
also K, P-stable.

Proof. We have

(n\/)K >~ (HK)\/ ~ HK[T;K.P,)»]V @ [H]I*i

V.
—invert] ’

the result follows immediately. O

LEMMA 11.11. Finite direct sums of K, P-stable modules are K, P-stable.
Infinite direct sums of modules which are K, P-stable with a uniform constant

ck.p,. are K-stable. Kernels and cokernels of maps of K, P-stable modules are
K, P-stable.

LEMMA 11.12. Let IT be a smooth W (k)[G]-module. Then the natural
projection:

% — ()"
identifies (ITy)*" with ITX Q) WE)IT., T, ' In particular, if IT is K, P-
stable, then the map I — (I1y)X" is surjective, and one has a direct sum

decomposition:
HK — HK[T;K,P.A] @ (HU)KM .

This decomposition is independent of A.

Proof. We make (ITy)%" into a W (k)[T;]-module by letting T; act on (ITy)%*
via A. It is then clear that the map

% — ()"

is T;-equivariant. It thus suffices to show that every element of the kernel of this
map is killed by a power of T;, and that, for every element x of (ITy)*", A" x is
in the image of this map for some sufficiently large m.

For the first claim, let ex+ be the idempotent projector onto the K+ invariants
of a K-module. As K = K~ Ky K™, we have ex = eg+e, ex-. For each m, we
have

eK)\.meK = eKJreKMer)\,meK

= eK+)"meKM€)F”’K’)J"eK = )Lmex—mKﬂmeK.

(Here we have used that A is positive.) Now if X is an element of ITX that maps
to zero in I1y, then exX = X, and there exists a compact open subgroup U, of
U such that ey, ¥ = 0. But as A is strictly positive, there exists an m such that
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AT™K*A™ contains U;. Thus X is killed by ej-ng+;» and fixed by ex. Then X is
killed by ex A" ek, as required.

As for the second claim, let X be a lift of x to IT¥¥. There is a compact open
subgroup K’ of G that fixes x; then x is in particular invariant under K’ N U°. As
A is strictly positive, there exists an m such that A" X is invariant under K ~. Thus

eK+kmi = €K+€KM6K7)\,mi = eK)»m)?,

$0 ex+A™X lies in ITX. As ex+ acts trivially on IT; (because K is contained in
U), ex+A™x maps to A X under the map

ma* — ()",

as required.

Finally, if IT is K, P-stable, then IT¥ surjects onto ITX @y g, W (K)[ T, T, '1;
this surjection identifies (I7;)%X* with the maximal T;-divisible submodule of
IT% and thus yields the asserted direct sum decomposition. To see that this
decomposition is independent of A, choose another strictly positive element A’
Then the maximal T}, -divisible submodule of ITX is contained in both the
maximal 7;-divisible submodule and the maximal 7, -divisible submodule; since
projection onto (ITy)** is an isomorphism on each of these submodules they
must all coincide. O]

LEMMA 11.13. Let R be a commutative Noetherian W (k)-algebra, and let I1
be an admissible R[G]-module. Suppose that rEIT is also admissible. Then I1 is
K, P-stable.

Proof. As rl1IT is a twist of ITy, the hypotheses imply that IT% and (IT,)*" are
finitely generated R-modules. On the other hand, we have an isomorphism

(ITy)* = " @iz RIT,. T, ']
The result is now an immediate consequence of [BR, Lemma 33]. O

COROLLARY 11.14. For any Levi subgroup L of G, and any irreducible cuspidal
representation  of L over k, the modules Py ) and 1y ) are K, P-stable.

Proof. For Py ), the result follows from the previous lemma, together with
Theorem 10.9. We also have the result for Py -, as this is a finite direct sum
of modules Ppay 71. AS Ly zy = Py nvy» We also have the result for /(y ), and
hence also for Iy . O
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PROPOSITION 11.15. For any Levi subgroup L of G, and any irreducible
supercuspidal k-representation w of L, every object of Repy (G is K, P-
stable.

Proof. Any object of Repy,,(G)L - has a resolution by direct sums of Iy ;.
These are K, P-stable, so the result follows from the fact that kernels of maps of
K, P-stable modules are K, P-stable. O

It follows that for any object /T of Repy, ,(G) . x), the map [TX — (ITy)* is
surjective.

PROPOSITION 11.16. Let IT be an object of Repy, i, (G)r.x)- There is a canonical
isomorphism:
rell” = (rf ).

Proof. We follow the proof of [B, Theorem 2]. First note that rg ITY is a twist
of (ITV)y by our (fixed) square root of the modulus character of P, and rZ IT
is a twist of ITy. by a square root of the modulus character of P°. As these
two modulus characters are inverses of each other, it suffices to construct an
isomorphism (ITy-)" = (ITY)y of W(k)[M]-modules.

For each K that is decomposed with respect to P, we have an isomorphism:

(HK)\/ N (H\/)K

coming from a perfect pairing IT% x (ITV)® — /W (k). Under this pairing,
the adjoint of 7, is T;-i. If we take A to be strictly positive with respect to P,
then A~! is strictly positive with respect to P°. Moreover, IT is both (K, P)-
stable and (K, P°)-stable. In particular, (ITy-)% is isomorphic to the maximal
T,-1-divisible submodule of ITX, and ((IT")y)X is isomorphic to the maximal
T, -divisible submodule of (JT")X. Moreover, under these identifications (7. )%
and ((ITY)y)®" are direct summands of ITX and (ITV)X, respectively. The pairing
on the latter thus descends to a perfect pairing:

(My)™ x (IT)0) ™ — K/ W (k).

By [B], Lemma 1, we can find a K decomposed with respect to P inside any
compact open subgroup of G. Taking the limit over a cofinal system of such K
gives the desired perfect pairing

Mye x (IT")y — K/ W(k),

and hence the desired identification of (IT")y with (ITy.)". ]
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THEOREM 11.17 (Bernstein’s second adjointness). Let I1, and I, be objects
of the categories Repy,,(M) and Repy, ., (G)(L ), respectively. Then there is a
canonical isomorphism:

.G ~ P°
Homyy 161 (@ p 111, IT>) = Homyy oy (111, I IT,).

Proof. We follow the argument of the ‘claim’ after [BR, Theorem 20]. We first
establish the case in which IT, = (I1,)" for some [T, in Repy ) (G)iL.xv)- We then
have a sequence of functorial isomorphisms:

Homyy oypry (I, "(I;Jonz) = Homyy oyppry (I, (ré’l'lé)v)
= Homyy gy (rg 15, 1T))
= Homyy e (I, i5 1))
= Homyy o6y (T}, (S 1TT1)Y)
= Homy (i 5 Ty, IT,)

In particular, the result holds for [T, = I . If I1; is finitely generated, then
the functors Homyy (05 1Ty, —) and Homy gy (T, rE°—) commute with
arbitrary direct sums, so the result holds for I7, finitely generated and I1, an
arbitrary direct sum of copies of Ij ;. As any [1; is the limit of its finitely
generated submodules, the result holds for an arbitrary I7;, when IT, is an arbitrary
direct sum of copies of I, ,;. Finally, we can resolve an arbitrary I1, by direct
sums of copies of I, ,, and the result then follows for all I1,, IT,. O

COROLLARY 11.18. The representations Py | are projective and small.

Proof. 1t suffices to show that each Py ., with 7’ irreducible and cuspidal over
K is projective and small, as P, . is a finite direct sum of representations of this
form. For a suitable sequence of types (K;, t;), we have

-G
P(M,JT’) = lPPKI,Tl ® & PK,,I,.-

For each i the representation Pk, ., is projective and small (as Pk, ., is the compact
induction of a finite-length W (k)-module). Thus the tensor product I7 of the P, -,
is projective and small when considered as a W (k)[M]-module. We have shown
that P(qu/) lies in RepW(k) (G)[L,JT]‘

Fix a smooth representation I1" of G, and let [1;; _, be the direct summand of
IT’ that lies in Repy, ) (G) (L ~;. Then

Homy o1 (P 11 = Homuwieo) (Pt T )
~ Po 4
= Homy @y (1T, rg I}, 1)
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As rf” commutes with direct sums it is easy to see this implies Py ) is small;
projectivity of Py, follows from exactness of rf”. O

COROLLARY 11.19. The Bernstein center Ayp ) of Repy 4, (G)(L ) is isomorphic
to the center OfEHdW(k)[G](p[Lyﬂ]).

Proof. Every simple object of Repy,(G)iL ) is a quotient of Py ) for some
pair (M, ') with inertial supercuspidal support (L, ), and hence such an
object is a quotient of Py, ;. It follows that P, ., is faithfully projective in
Repyy ) (G)ir.x> and the result follows immediately. O

12. Structure of the Bernstein center
In this section we prove basic facts about the center A, ) of Endy 61 (PiL.x)-

PROPOSITION 12.1. There is a natural isomorphism:

A ®K = [ Aws

(M, 7)

where (M, ) runs over inertial equivalence classes of pairs in which M is a
Levi subgroup of G and 7 is a cuspidal representation of M over K whose mod
L inertial supercuspidal support equals (L, ). This isomorphism is uniquely
characterized by the property that for any I1 in Repe(G), and any x in App ),
the action of x on I1 coincides with that of its image in [ | = Aj z-

Proof. The module P defined by P = c—Indg} W (k), where {e} is the trivial
subgroup of G, is a faithfully projective module in Repy, (G). We have

PRK = c—Ind{Ge} C; in particular P ® K is faithfully projective in Repe(G).
As P is £-torsion free, we have an injection:

Endw(k)[G](P) e Endw(k)[G](P) %) K = EndK[G](P ® K)
In particular, we have an isomorphism:
Z(Endyy61(P)) ® K = Z(Endgg,(P ® K)).

Multiplying both sides by the central idempotent e[, ,; gives us the desired
isomorphism. This isomorphism is equivariant for the actions of both sides on
P ® K, and hence for all objects of Rep(G). O
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As Pyp ) is, by definition, a faithful A(; ,;-module, we have injections:

A[L,rr] ® K —> EndE[GJ (P[L,n] ® K)
Endyw w)i61(PiL,x) < Endgg, (P ® E)’

and it is clear that Ay ) is the intersection, inside Endgs(PiL.x1 ® K), of
these two subalgebras. Thus we can identify A, ,; with the set of elements x
in [ ] 5 Aj 7 such that the action of x on Py, ) ® K preserves Pz ;.

We now study the interaction between A, ) and parabolic induction. We first
show:

LEMMA 12.2. Let P be a parabolic subgroup of G, with Levi subgroup M, and
let IT be a smooth W (k)[ M ]-module that is £-torsion free. Then the natural map:

Endy gy (IT) — Endyypan (05 1T)

is injective. Moreover, if f is an element of Endy x61(iSIT) such that £° f is in
the image of this map for some a, then f is also in the image of this map.

Proof. Let g be an element of Endy (/7). Then g fits in a commutative
diagram:
rEiSn — 11
¥ \

P:G
regipgll — I

in which the horizontal arrows are the natural maps (and are therefore surjective),
and the vertical arrows are rji5g and g, respectively. The surjectivity of the
horizontal maps shows we can recover g from rji§g, proving the first claim.
As for the second, suppose that £“ f = i5 g for some g. Then the image of r£i$ g
is contained in €“r£iGI1 and the above diagram shows that the image of g is
contained in £°J1. As IT is £-torsion free it follows that g is (uniquely) divisible

by £ in Endy g (I7); that is, g = €“g’. Then we have f = i$g'. O

Now let L’ be a Levi subgroup of G containing L, such that L’ is a product
of factors L} isomorphic to GL,, (F). Then if L; is the Levi subgroup L N L]
of L, we have L = [, L; and & factors as a tensor product of supercuspidal
representations 7r; of L;. In this situation we have:

THEOREM 12.3. Suppose V lies in Repy ;) (M) ), and let P be a parabolic

subgroup of G with Levi component M. Then igV lies in Repy (G x)-
Moreover, there is a unique map: f : Ay — @, Ap,.x, such that, for all V
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in Repy ., (M)(L.x), the diagram:

AjLm) - XA
i

s s
Endw(k)l(;](ig V) < Endw(k)lMJ (V)

commutes. Moreover, f is independent of P.

Proof. Let V bet the faithfully projective W (k)[M]-module &), Py, - Then Vis
a direct sum of representations of the form (), Py ./, where for each i, M/ is a
Levi subgroup of M; and 7/ is an irreducible cuspidal representation of M/ over
k with inertial supercuspidal support (L;, ;).

Fix a collection (M], /), let M’ be the product of the M; and let 7’ be
the tensor product of the n/. Then i§ ), Pz is isomorphic to projective
representation Py .+, and (M’, ") has inertial supercuspidal support (L, 7). In
particular, i § &Q); Py« lies in Repy ) (G)(L.). Since i V is a direct sum of these
projectives, it too lies in Repy ) (G)L.x1-

On the other hand, any object of Repy, ) (M). - has a resolution by direct
sums of copies of V, so its parabolic induction has a resolution by direct sums of
copies of i V and hence lies in Repy, ) (G)z -

We now turn to the second claim. We first construct the map f over K. In this
case we have product decompositions:

A ®K = l_[ Ay z

(M.7)

®A[Li~,ﬂi] ® K = ® 1—[ AMiﬁi’
i )

i(M; 7

where M, 7 runs over pairs with mod £ inertial supercuspidal support [L, 7] and
]\7I,~, 7T; runs over pairs with mod £ inertial supercuspidal support [L;, 7;].

Define f ® KC on A s —> &, Ay 7 to be the map @ described immediately
before Proposition 3.6 if ([ ], M;, ®;7;) is inertially equivalent to (M, 77), and the
zero map otherwise. It is clear from Proposition 3.6 that the resulting f ® K has
the desired property with respect to parabolic induction.

Since W (k) contains a square root of g, parabolic induction is compatible
with twisting by elements of Gal(K/ K), and from this we see that f ® K must
be Gal(E/ K)-equivariant. In particular, f ® K descends to a map f ® K from
Al ®@ KtoQ); Az, 1 @ K. This latter map also has the desired property with
respect to parabolic induction.
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Now let x be an element of A[; ,;, and let y be the image of x under f ® K.
Then y lies in Q) A1, ;) ®C, and so there exists a power £ of £ such that £y lies
in ®; AL, 1. Now x acts on iV, and the action of £“x on i§V coincides with
that of £y. It follows by Lemma 12.2 that there is an element y" of Endy s (V)
such that the action of x on i§ coincides with that of y’. Since £*y and ¢“y’
agree on iV, and V is £-torsion free, we must have y’ = y. Thus y lies in the
intersection of ); Az, ;) ® K with Endy ) (V), and we have seen that this
intersection is precisely ); Az, x;)-

We have thus constructed the desired f, and shown that the given diagram
commutes for our particular choice of V. But every object of Repy, ,(M)1.n
has a resolution by direct sums of copies of V, so the diagram commutes for an
arbitrary object of this category.

Finally, since f ® K does not depend on P, neither does f. 0

In one particularly important case the map arising from parabolic restriction
is an isomorphism. Call a pair (L, ) simple if L can be written as a product of
copies of GL,,(F) for some fixed m, and = is inertially equivalent to a tensor
product (/)™ for some fixed supercuspidal representation " of GL,,(F). Say
two simple types (L, ) and (L,, ;) overlap if there exist positive integers
m, ji, j2, and a supercuspidal representation 7’ of GL,,(F'), such that L, and L,
are isomorphic to GL,,(F)’t and GL,, (F)”, respectively, ; and 7, are inertially
equivalent to (7/)®' and (7')®”2, respectively. If (L, ;) and (L,, ;) do not
overlap, we say they are disjoint.

Given an arbitrary pair (L, ), there is, up to inertial equivalence, a unique
collection {(L;, 7r;)} of disjoint simple pairs such that L is the product of the L;,
and 7 is the tensor product of the m;. We call this collection the canonical
factorization of (L, i) into simple types.

Given such a factorization, there is a unique Levi subgroup M of G containing
L such that M is a product of general linear groups M; with M; N L = L; for
all i. We denote by Repy ;) (M), ») the block of Repy, (M) whose simple
objects V have the form ®;V; with V; a simple object of Repyy,(Mi)z, ;) for
all i. The center Ay, ) of Repy ) (M), ., is isomorphic to &), Az, ;). Let
P be a parabolic subgroup of G with Levi M. Then parabolic induction i§ takes
Repyy o (M) 11, .71y 10 RePyy ) (G) (L)

THEOREM 12.4. Let {(L;, 7;)} be the factorization of (L, ) into disjoint simple
pairs. Then the functor

it Repy o (MLm= Repy(GiL.x
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is an equivalence of categories. In particular, the map map:
fiAm — Q) Arwm
i
arising from Theorem 12.3 is an isomorphism.

Proof. Let (M’', ") be a pair, with M’ a Levi containing L and 7" a cuspidal
representation of M’ with inertial supercuspidal support (L, 7). Then there is a
unique collection {(M], 7/)} such that M’ is the product of the M, 7’ is the tensor
product of the 7/, and each 7 has inertial supercuspidal support (L;, 7r;). From
this it follows that Py, is isomorphic to i &); Py . Taking direct sums, we
find that P ., is isomorphic to i§ &), Pz, x1-

Let ez, »,1) be the idempotent corresponding to the block Repy ) (M), =)
of Repy,,(M). From Bernstein—Zelevinsky’s filtration of the composite functor
r&i§, we see that the natural map

PG
r'glp ®P[Li,m] - ®P[Li,ﬂi]
i i

is a surjection, whose kernel is annihilated by ey, ;- We thus have natural
isomorphisms:

~ P.G
Q) Pirnn = e mnriis Q) Piem
i i

~ -G P
P S igeqr, a1 Pieq-

From this one deduces that the pair of functors i§ and ey, ;75 are inverses.
For instance, any object V' of Repy, (M), 1y admits a resolution by direct
sums of copies of @), Pz, »1- Applying the functor ez, »,;r&i§ to this resolution
yields a complex isomorphic to the original one via the natural isomorphism
described above. The remainder of the argument is similar.

The functor i§ thus identifies Ay ) with @), Az, »;; since this isomorphism is
induced by parabolic induction it agrees with the map f of Theorem 12.3. O

We now turn to the question of constructing natural elements of A, ;. We
will do this first in the case where the pair (L, ) is simple. In this case, up to
inertial equivalence, L is isomorphic to GL,, (F)" for some n; and r, and 7 is a
tensor power " of an irreducible, supercuspidal k-representation 7r; of GL,, (F).
Then, as in Section 9, we may choose a maximal distinguished supercuspidal k-
type (K1, 71) contained in 77;. Attached to this type are integers f, f’ and, for each
m in {1, €, Zeqf/, Zzeq,r, ...}, a maximal distinguished cuspidal type (K, T,,);
the representation t,, factors as usual as «,, @ 0,,,.

https://doi.org/10.1017/fms.2016.10 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2016.10

The integral Bernstein center 85

In this case, by definition, the projective P, . is given by:
~ .G
Pirm = @ tp, ®PK“/'T“1'
v J

where v runs over all increasing partitions v; < v, < v3... of r such that v; lies
in {1, €, Eeq #,...}forall j, and P, is the standard (upper triangular) parabolic
with block sizes corresponding to v.

Fix a v as above, and let ¢ be its length. For 1 < i < r, we can define an
endomorphism @, , of i ®; Pr,, v, by setting

@i,v - E,u ® @p,,-,vj,
J

where 1 runs over tuples (i1, ..., i ) of nonnegative integers such that pu; < v;
for all j, and the sum of the u; is i. (Here ©,,, ,, is the endomorphism of PKU ™
constructed in Theorem 9.4; the tensor product of these endomorphisms acts by
functoriality of parabolic induction on i ® 73;(‘, 7,0

Let ®; be the endomorphism of P - that, for each v, acts via @;, on the
summand i§ Q) Pk, 0, Of Pirx)-

To understand the action of ®; on Py ; we invoke results of Sections 9.
In particular, we fix a lift 7; of m; containing the type k; ® St,,, where s; is
the £-regular conjugacy class of GL,, ¢ (F,s) corresponding to o;. This choice
gives rise to a compatible system of cuspidals (M, my) as in Section 9; here
s varies over conjugacy classes in GL,,; s (F,r), with £-regular part (s;)’, for
i € {l,e,r,¢e,r,...}. As in the discussion before Theorem 9.4, we have an
isomorphism:

Ay, = K[Z,]7 0,

For any m, the endomorphism ring Ex, . ® K of Py . ® K factors as the
product:

[[Kiz"o.

By Theorem 9.4, the endomorphism ©; ,, of Pk, ., maps to the element [] 6,

under this identification, where 6;; is the element of K[Z,] constructed in
Section 9.
Fix a v of length ¢. We then have an isomorphism:

® EKnj,er ®K = l—[ ®K[Zsj]WM“f (s/),
J i g
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where § = sy,...,s is a sequence such that s; is a conjugacy class in
GL,,y,/er (Fyr) with £-regular part (s;)”. If s is the semisimple conjugacy
class in GL, /s (IF,s) corresponding to ‘block diagonal’ matrix with blocks
S1,...,8, then K[ZS] is the tensor product of the K[S ;1. Moreover, under the
composition

R Ex, ., > @Kiz,1"5 — Kz,
J J

the element O, , of ) JE K,;.%, Maps to the element 6, ;.

In particular, action of @; , on the part of ig X i PK,,j T ® K lying in the block
(Mg, my) is via the element of Ay, . corresponding to 6; ; under the isomorphism:

Ayt m, = K[Z,]7 O,

We immediately deduce:
THEOREM 12.5. The elements ©, ..., O, lie in AL .

Proof. The action of ©; on P, ,; coincides with the element [ ]| My, Ois of the
product [ | M.z, Am,.x,s in particular it lies in the center of the endomorphism ring
of P[L,rrj . I

We let Ci . be the W(k)-subalgebra of A, ., generated by the elements
©®;,i € 1,...,r, together with & I, More generally, if [L, 7] is not simple
but factors into the simple types [L;, m;], we let Cj, ,; be the tensor product
of the algebras Ci;, r,;;, regarded as a subalgebra of A[; ) via the isomorphism
AL = Q) Ar,.x constructed above.

When (L, m) is simple, it is not hard to show that the elements @, ..., O,
are algebraically independent. Indeed, let s be the semisimple conjugacy class
in GL,.s(IF,s) given by (s;)". Then Z; is free abelian group on r generators,
and Wy, (s) is the symmetric group that permutes them. The elements 6, i, ...,
0,5 of W(k)[Z,] are the elementary symmetric functions in these generators.
In particular, they are algebraically independent (and generate W (k)[Z,]":®
over W(k)).

Since ©®; maps to 6; ; under the composition:

~ T Wag, (s
Ciom1 = AlLm) = Ay n, = KlZ,] Mx(s),

we have:

PROPOSITION 12.6. Let s be the semisimple conjugacy class in GL,,/.; (F,r)
given by (s1)". Then the map Ci 5y — W(k)[Z,]"") is an isomorphism.
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PROPOSITION 12.7. The module Py ) is an admissible Ciy, .)|G]-module (and
hence is also admissible as an Ay, )[G]-module).

Proof. It suffices to show this in the case where [L, ] is simple, and in this case
it suffices to show that each i @ ; Pva,ruj is admissible over C|., ;. The module

&, Pk, ., is admissible over @) ; Ck, -, -
J J 7 J
It thus suffices to show that, for each v, the map C. ) > ), Ck,,.r,, makes
the latter into a finitely generated C|, ,-module. We have a commutative diagram:

Ciz.x - ® CK"j T
J

\
Wk)[Z,]"" ) — ® W(k)[ZSJ.]WM‘f (s7)

J

where s is the semisimple conjugacy class in GL,,, /. (IF;s) given by (s;)" and s;
is the semisimple conjugacy class in GL,,,,/.r(F,s) given by (s;)". The vertical
maps are isomorphisms. In particular, we have inclusions

Ciem € Q) Ck,, m, S WHRNZ,.
J

But W (k)[Z,] is finitely generated as a C|, ,-module, so the result follows. [

We thus have:

THEOREM 12.8. The ring AL ) is a finitely generated, reduced, {-torsion free
W (k)-algebra.

Proof. As Py is admissible over C|, , its endomorphism ring is finitely
generated as a Cj; r;-module. Thus Ay, ,; is a finitely generated Cj; ,j;-module.
Since Ci; ) is a polynomial ring over W (k), it is immediate that A, ) is a
finitely generated W (k)-algebra. The fact that A, ., is £-torsion free follows from
AL € Endw6)(PiL.x)) and the fact that Py, ) is £-torsion free. Reducedness
follows from the fact that A, ; embeds in A, . ®w« K, and the latter is reduced
by Proposition 12.1. O

THEOREM 12.9. Let IT be an object of Repy,(G) L. that is finitely generated
as a W (k)[G]-module. Then II is an admissible A ,[G]-module.

Proof. As Py is faithfully projective, there is a surjection of a direct sum of
(possibly infinitely many) copies of Py, onto I71. Any element x of I7 is in the
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image of this surjection, and any element X that maps to x is nonzero only in
finitely many copies of P ;. Thus if [T is generated by finitely many elements,
then there is a finite direct sum of copies of P, ,; whose image in IT contains all
the generators, and this direct sum surjects onto I7. (|

We next turn to the question of understanding the k-points of Spec A .. If
IT is an irreducible object in Rep,(G). »}, then it admits an action of A ,;
by Schur’s lemma this action is via a map f7 : A, — k. Conversely, if f :
A( x) — kis any map, then P, ®4, ., rk is an admissible smooth k[G]-module
on which A, ,; acts via f, so there exists an irreducible /T such that f = fj.

There is thus a surjection [T +— f; from isomorphism classes of irreducible
objects in Rep, (G)(.) to k-points of Spec Ay, .

LEMMA 12.10. Suppose I1 and II' are irreducible k-representations in
Rep, (G) 1 ») with the same supercuspidal support. Then fg = f.

Proof. Suppose that IT and T’ both have supercuspidal support (L, ") for some
7’ inertially equivalent to 7. Let 7’ be a lift of 7' to /C. Then both IT and IT’ are
subquotients of i § 7. On the other hand the action of A, , on i$7 factors through
AL ® K, and the latter acts on i§7 by scalars. It follows that any element of
A[L 1 acts on IT and [T’ by the same scalar; that is, f7 = fir. L]

Conversely, we have:

PROPOSITION 12.11. Let I1 and II' be irreducible k-representations in
Rep, (G) (L. and suppose that fr and fr agree on Cp . Then IT1 and II'
have the same supercuspidal support.

Proof. Tt suffices to prove this in the case where (L,m) is simple. The
supercuspidal supports of I7T and [T’ have the form (L, 7 ® x) and (L, 7 ® x'),
respectively, where x and y’ are unramified characters of L.

Choose a lift x of x to a character L/Ly, — W (k)*, and consider the pair
(L, 7 ® ), where 7 is the representation 7" of L.

If P is a parabolic with Levi L, then A . acts on i$7 ® x via the map

Atn) = Aygn, = (KIL/ L))" = KIZ,]" ),

where s is the semisimple conjugacy class (s;)" in GL,,,/.r(IF;s). The action of
an element of Aj, . on i§7 ® ¥ may be described as follows: the character
X_can be viewed as a W (k)-point of SpecE[L/Lo]; then an element x of
(ICL(L/Lo)]")Wms ) acts on i§7 @ x by the scalar x(¥), where we regard x as a
function on Spec E[L /Lol
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Reducing mod ¢, we find that an element of A, ., that maps to a given element
x of (W(k)[(L/Lo)]")"ms) acts on i§m ® x (and hence on IT) by the scalar
x(x). Similarly, such an element acts by x(x’) on IT'.

Since fr; and fr agree on Cy; ), we have 6;,(x) = 6, ,(x’) for all i. Thus,
when considered as k-points of Spec W (k)[L /L], the characters x and x’ map
to the same k-point of (Spec W (k)[(L/L¢)]")" ) In particular, the pairs
(L,m ® x) and (L,m ® x’) are conjugate, so [I and I’ have the same
supercuspidal support as claimed. O

Combining these, we have:

COROLLARY 12.12. If IT and I1’ are irreducible representations of G over k
that lie in Repyy 4\ (G)r.x), and fr1, frr are the maps A ) — k giving the action
of Ap, on Il and IT' respectively, then f; = fr if, and only if, I1 and IT
have the same supercuspidal supports. Moreover, the map Spec AL 1 ® k —
Spec C1..» ® k is a bijection on k-points.

COROLLARY 12.13. The composition:
Cio ®k > AL ®k > (AL @ k)™

identifies C(y, 1 ® k with the reduced quotient of Ay 1 ® k.

Proof. The map Ay, . — K[Z,]"*© factors through W (k)[Z,]""©, where
s is the semisimple conjugacy class in GL,, /. (IF,s) given by (s;)", and the
composition:

C[LJ-[] (Y k — A[L,n] ®k —> k[ZS]WMS(K)

is an isomorphism. We thus obtain a map (A, 1 ® k)™ — Cj; . ® k that is left
inverse to the map Cjz ,; ® k — (AL ® k)™, We must show that it is also a
right inverse. For this it suffices to show that the map (A, ;1 ® k)™ — Ci1 .1 ®k
is injective. But both maps are bijections on k-points. Since Spec C|,, , is integral,
s0 is Spec(A L . ®k)™; the map Spec C, ,1®k — Spec(A[, »®k)™® is dominant
and so the induced map on rings of functions must be injective. O

13. Further results

In this section we establish more precise results on the structure of Ay, .
we focus on the case in which the pair (L, w) is simple. Fix an irreducible
supercuspidal representation r; of GL,(F), and for each positive integer m, let
G,, be the group GL,,,(F), let L,, be a Levi of G,, isomorphic to a product of m
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copies of GL,,(F), and let 7,, be the representation (7r,)®" of L,,, so that (L,,, 77,,)
is a simple pair.

All of our results in this section rely on the following result, which is proved
in [H1]:

THEOREM 13.1 [H1, Proposition 4.9]. Let (K, t) be a maximal distinguished
cuspidal k-type of G,,, and let p be a prime ideal of E . with residue field k (p).
Then the cosocle of the tensor product Pk . Q, . k(p) is absolutely irreducible
and generic.

Suppose the inertial supercuspidal support of (K, t) is (L, 7,,), so that there
is an action of A, ,, on Pk . and a corresponding injection A, ,, — Ek .. Let
m be a maximal ideal of A, ., , with residue field k. We then have:

LEMMA 13.2. Every irreducible quotient of Pk ./mP . is generic.

Proof. The quotient Ex ,/mEy . is a finite-dimensional k-algebra, and is thus a
product of finite-dimensional local k-algebras E;, with maximal ideals m;. We
then have an isomorphism:

Pk« /mPg . = @PK,‘E ®kk. Ei

and it suffices to show that any irreducible quotient of the right-hand side is
generic.
Fix i. Then E; admits a filtration by ideals

O=h<ch<c---Cl =E

such that the quotients /;,,//; are one-dimensional k-vector spaces. We can
thus choose, for each j, an element x; of I; such that x; generates /; modulo
I;_;. Then multiplication by x; induces an surjection of Px ; ®g, , ¥ (m;) onto
1Pk . /1;_1Pk .. It follows that Px . ®g,, E; admits a filtration such that
the cosocle of each successive quotient is irreducible and generic. Thus every
irreducible quotient of Py . ®g, . E; is generic as claimed. O

We will say a simple object IT of Repy, 4, (Gn)iL,.x,1 18 generic if either:
e (I1 =0, and I7 is an irreducible generic k-representation of G,,; or
o (I =11, and IT ®x K is a direct sum of irreducible K—representations of G,

each of which is generic.
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We can then rephrase Theorem 13.1 as follows:

THEOREM 13.3. Let (K, t) be a maximal distinguished cuspidal k-type of G,
with supercuspidal support (L,,, 7,,). Then every simple quotient of Pk . is
generic. Moreover, every simple generic object of Repy ) (G)L,, .z, IS a quotient

OfPK’T.

Proof. Let IT be a simple quotient of Pk .. Then Endyy g (IT) is either
isomorphic to k, if £IT = 0, or to an extension X' of K (note that every
endomorphism of [T lifts to an endomorphism of Pk ., so that [T has a
commutative endomorphism ring).

Suppose first that Endy 6, (IT) is an extension X' of K. Then, since A, -,
acts on /1, and the natural map A, ., — Ek . is an isomorphism after inverting
£, we have amap Ex,, ;, — Endwu g (IT). This map is surjective because every
endomorphism of [T lifts to an element of Ek, . , and hence its kernel is a
maximal ideal m. Then [T then a quotient of Py . ®g, . k(m). Since IT is simple,
the cosocle of Pk ; ®g, , k(m) surjects onto I71. It follows that, when regarded as
a representation over « (m), I7 is absolutely irreducible and generic, so that I7 is
a generic W (k)[G]-module as claimed.

On the other hand, if £IT = 0, then the annihilator of [T in A, , is a maximal
ideal m with residue field k, and I7 is an irreducible quotient of P . /mPx ., and
is therefore generic by Lemma 13.2.

Conversely, let /T be a simple generic object in Repy,,(G)iL,, .x,1, and set
k =k if £IT = 0, k = K otherwise. Then IT ® « is a direct sum of irreducible
representations; let I7’ be an irreducible summand. The action of A, -, on T’
is viaa map A, »,; — k. This map depends on the choice of IT’, but its kernel
m does not.

Let m be a maximal ideal of Ek ., lying over m. Since « is algebraically closed,
and Eg . is finite over A, |, themap A, .., — « giving the action of A[, .,
on 1" extends to amap f : Ex./m — «.

The cosocle of IT” of Px . ®g,,.r k is an irreducible generic representation
on which A, .. acts via f; in particular the supercuspidal supports of I1”
and T’ coincide. Since there is a unique generic representation with given
supercuspidal support, I1” is isomorphic to [1’; we thus obtain a surjection
Pk« Q. ,.; k — IT'. In particular, Homy 6, (Pk : ®, .1 k, IT ® k) is nonzero
and so Homy 4);61(Pk -, IT) is nonzero as well. O

We will apply this result in the setting of Section 9. Fix a maximal distinguished
supercuspidal k-type (K, 7;) containing my; then the construction of Section 9
gives rise to maximal distinguished cuspidal k-types (K, t,) for m in
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{1, e,rslegr, ... }. Fix an element m > 1 in this set, and let m’ be the largest
element of this set strictly smaller than m. Set j = m/m’. We then have
projectives P,, = Pk, ., and P,, = Pk , ., we denote their endomorphism
rings by E,, and E,,, respectively.

Let M be a Levi of G, containing L,, and isomorphic to a product of j copies
of GL,,/(F), and let P be a parabolic with Levi M. Theorem 13.3 gives us
the following relationship between the W (k)[M]-module P2’ and the parabolic
restriction r£P,,:

PROPOSITION 13.4. The map:
r& P ® Homy uun (re P, Piyl ) — Po

is surjective.

Proof. Note that r,?Pm is a projective W (k)[ M ]-module. It thus suffices to show
that every simple quotient of Pf,j admits a map from r$P,,. By Theorem 13.3, any
simple quotient 1T Pf/j is generic and lies in Repy, ., (M), - Thus i IT lies in
Repy ) (G)iL,,.x, and has a simple generic subquotient. Hence Homy i6(Po
i$IT) is nonzero, and so Homyy g (rS Py, IT) is nonzero as well. O

As a consequence, we deduce:

THEOREM 13.5. There exists a unique map: f,, : E, — Efj,j making the

diagram:
®j
A[Lmvﬂm] g A[Lm/aﬂm’]
E, — ES,]
commute.

Proof. Our descriptions of A;;, , | ® K and E,, ® K show that the natural map
AL, .n — En giving the action of A, . on P, becomes an isomorphism after
tensoring with IC, and hence after inverting £. Uniqueness of the map is clear thus
if such a map exists.

To construct the map, note that E,, acts on P,, and hence on rg P... Moreover,
if x is an element of E,, in the image of Ay, ., then x acts on rfP, via the
natural map A, ] — Aﬁ{”,,nm,], by the adjointness of parabolic induction and
restriction. It thus suffices to show that the action of E,, preserves the kernel of
the surjection:

P P ®j ®j
rG Pm ® HomW(k)[M] (rG Pm’ Pm’ ) - 7Dm’ .
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On the other hand, if x lies in E,,, then for some a, £“x lies in Az, ,;, and
hence acts via an element of AS’ .1 On r5 P, In particular, £“x preserves the
kernel of the map:

[rgpm X HomW(k)[M] (rgpm, Pf//)] — 7)5/

and so x preserves this kernel as well (as the kernel contains all £-torsion). Thus
x gives an endomorphism of P>/ and we are done. O

We have the following control over the image of E,, in Efj’,j :

THEOREM 13.6. Let y be an element of E,f;/ such that, for some a, £y lies in
the image of E,,. Then there exist elements x\, x, of E,,, and a positive integer b,
such that:

(1) x, is supported on double cosets of the form K,,z! K,,; and

Q) fulx2) =Ly = fulx).

Proof. We invoke results from Section 9. In particular, by Proposition 9.6 we have
a support-preserving map

En /I < H(Gpy Ky, kon @ P, )

that is an isomorphism after inverting £ and whose cokernel is supported on
double cosets of the form szfnm K,.
The G-cover construction of Section 9 yields a map:

T : E;?/j — H(Gma K,, ’zm ® lgmlpﬁ)

and Lemma 9.7 shows that central elements of H(G,,, K,,,, Ky ® ig'” P3i) descend
to elements of H(G,,, K., Km ® 73(’,]”).

If ¢y is in the image of E,,, then for some ¢ > a, £y lies in the image
of Ay, - In particular, 7 (£°y) coincides with an element of A, ., as an

endomorphism of c-Indg: Km @ i," Py and is thus central. In particular, Ty is
central as well.

We thus obtain an element y’ of H(G,,, K., K ® P(;m) corresponding to T'y.
Let y; be the part of y’ supported on double cosets of the form K men,m K., and set
¥} =y — 5. Then yj is the image of an element x, of E,,. Moreover, for some b,
€%y} is the image of an element x, of E,, supported on double cosets of the form
Kz o Kon-

The action of T f,, (x;) on c-Indg” k,, ®77(/,m then coincides with that of £°y;, and
that of T'f,,(x;) coincides with y;. We thus have T'f,, (x,) = Ty — Tfu(x))),

O

and since T is injective the claim follows.
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The existence of maps f, as above allows us to considerably simplify our
description of A[;, ;- From this point on we let m be arbitrary. Call a partition

v of m admissible if each v; lies in the set {1, €, Keqf/, ...}. We order the
admissible partitions by refinement, via the convention v < V" if v refines v'.
Since each element of the set {1, e,rs Zeqfr , . .. } divides the next, there is a unique

maximal (that is, coarsest) partition v of m for every m.
For any admissible partition v of m we have a map

A[Lm»nm] g ®AL|;/‘JTV]» - ® EU_/"
J J

THEOREM 13.7. Let v be the maximal admissible partition of m. Then the map
A[Lmvnmj - ® EUj
J

is injective, and has saturated image (that is, if £°x lies in the image for some
a, then so does x). In particular, if m lies in {1, e, tegr, ...} then the map
AL,z — En is an isomorphism.

Proof. We have seen that A, ., is the intersection, in Endy 6,1 (PiL, 2,1 @ K).
of Az, z,1 ® K and Endw 6,1 (PiL,.71)-

Let x be an element of Q); E,; such that £“x is the image of y € Ay, . For
any admissible partition v’ of m, v’ refines v. We thus have a map:

® Evj — ® Ev['
J i

obtained by iteratively applying maps of the form f,, to the tensor factors. For

each v/, let x,, be the image of x in ), E,. Then x,, gives an endomorphism of

i ,?V';' &); P, and the action of £“x,, on this space coincides with that of y.

Now Py, .»,1 is isomorphic to the direct sum of the spaces igj/” &X); Py as V'
varies over all admissible partitions. The endomorphism of P, . that acts by
x,» on the summand corresponding to v’ for all v’ is given by y/£“ and thus lies in
A[Lm;ﬂm]' D

We conclude by giving a characterization of the image of Az, 1 in @, E,;,
where v remains the maximal admissible partition of m. We have 7, = k| ® oy,
where o, is a supercuspidal representation of G, corresponding to an ¢-regular
semisimple conjugacy class s’ in G,. We have an isomorphism:

E, ® K — [[Kiz1",
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where s runs over semisimple conjugacy classes in G, with £-regular part (s')"/.
Forsuchans,let¢, : E,, — K[Z,]""s® be the projection onto the corresponding
factor.

Let 5 be a sequence of conjugacy classes, where §; is a semisimple conjugacy
class in G,; with ¢-regular part (s")"7. The tensor product of the ¢;; gives a map:

o5 ®Evj — ®K[Z;}.]WM3; @
J j

We may also regard s as a single conjugacy class in M,, where M, is a Levi
subgroup of G,, with ‘block decomposition’ given by v.

Now suppose that 5 and s’ are two conjugacy classes in M, as above, and let
w € W(G,) be an element of W(G,,) that conjugates s to 5'. Then conjugation

by w induces an isomorphism:
[z =]] Z
j j

and a compatible isomorphism:
l_[ WMsj (3:]) = l—[ WM;}. 5/1)
J J

where we regard all the products as subgroups of M,, and hence of G,,. We thus
obtain isomorphisms:

i W G~ N M O
v @ KIZs 1 = Q) KIZ:1
J J

THEOREM 13.8. An element x of ), E,; lies in the image of A, x,) if, and
only if, for all s, 5" as above, and all w € W(G,,) that conjugate s to s', we have

¢5(x) = Yuds (x).

Proof. It suffices to show that the action of x on i gf” K, Py, ® K coincides with

an element of A, ;1 ® K. Elements of the latter have the form I1 w5 Am.7, Where
(M, ) runs over a set of representatives for the inertial equivalence classes of
pairs over K with mod ¢ inertial supercuspidal support (L,,, 77,,)-

For s, let M; be the product of the M;,; and let 75 be the tensor product of the
75;. Then (M5, m5) is inertially equivalent to a unique pair (M, 77) as above. This
inertial equivalence induces a map:

Anz — @ KIZ:],
J
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and the image consists of those elements that are invariant under all w € W(G,,)
that conjugate 5’ to itself.

Moreover, if 5 and 5" are such that (Ms, ;) and (My, my) are both inertially
equivalent to (M, 77), then there exists a w € W(G,,) that conjugates s to s', and
then the diagram:

Az —~ Q) KiZ;]
J
{ v
Anz — QKIZ; ]
J
commutes, where the left vertical arrow is the identity and the right is .
Thus, if x satisfies the hypothesis of the theorem, it gives rise to a well-defined

element of A, . ®K, and the action of this element on i n &P, ® IC
coincides with that of x. Thus x lies in the image of Az, ] as clalmed

ms

EXAMPLE 13.9. Suppose that ¢, > m and so the partition v consists entirely
of 1’s. (This includes, in particular, any banal situation.) The ring E; is the ring
W(k)[@fll]. An element x of E®™ satisfies the conditions of Theorem 13.8 if,
and only if x is invariant under S,,. Thus in this case A, ) is simply an algebra
of symmetric polynomials; in fact, one has C, .} = AL, .z, In this case.

EXAMPLE 13.10. Suppose that £ > m, and that ¢/ = 1 modulo £. Then the
partition v consists entirely of 1’s, and E| is isomorphic to W(k)[()1 Ll -1,
where £¢ is the largest power of ¢ dividing g — 1. Then, as in the last example,
an element of x in E fz’m satisfies the conditions of Theorem 13.8 if, and only if x
is S, invariant. We thus obtain an explicit description of A, ,,; in this setting
as well. (Note that this case includes — but is slightly larger than — what is often
called the ‘quasibanal’ setting in the literature.)

EXAMPLE 13.11. Suppose that e, r <m < Zeq_,-/, so that the partition v is given
by 1,...,1,e,r. The ring E; is given by W(k)[©]7], and, by Proposition 9.9,
E, , is given by:

"

1 cusp
— o e AE )
Eeqf/ Errgqf, [O],eqf/a ey Oeqf/,eqf/a O /I (Olﬁeqf/ FECIRIEI Oeqf/—],eqf/ )

e f/ ,e //
(Recall that I°**? is the kernel of the map E,, s W (k) giving the action of
.

E,, L, on the unique irreducible, noncuspidal summand of 73 P ®K.)
q

® —
We regard E,, , s a subalgebra of E, "® E, by the inclusion
E,, s Ee - It is then not hard to verify, using Theorem 13 8, that the image of

q
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. ®m—e . . .
AL in E; 7 QE, ,is generated by E,, P together with the images of the
"

e
elements O, ...,6,, 0 U of A[L . (First one proves these elements generate
after tensoring with IC, then one verifies that if £x is in the subalgebra generated
by these elements, then so is x.)

This yields a presentation:

Ay = Eq, [0, ...,0,,0 /1. ],

(Teq f
where J is the ideal generated by the elements: ©; form —e, s +1< j < e, —1
and ©; — O, g O, P for e, <j<m. As remarked earlier, Paige’s description
X g’ q°
of the structure of E,, . [Pg] means that this presentation is completely explicit.
q

In general, when v is a more complicated partition, the criteria of Theorem 13.8
do not realize Ay, r,) as a ring of invariants in §); E,,. Obtaining a clean
description of A, .. in this setting is substantially more complicated; in
particular it is unlikely that one can find a clean presentation like the ones above.
We refer the reader to [H2], where we will address this question from a rather
different perspective.
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