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Resultants of Chebyshev Polynomials: the
First, Second, Third, and Fourth Kinds

Masakazu Yamagishi

Abstract. 'We give an explicit formula for the resultant of Chebyshev polynomials of the first, second,
third, and fourth kinds. We also compute the resultant of modified cyclotomic polynomials.

1 Introduction

In [4], Jacobs, Rayes, and Trevisan obtained explicit formulas for the resultants of
Chebyshev polynomials of the first and second kinds, and Louboutin gave a short
proof in [8]. As there are four (first, second, third, and fourth) kinds of Chebyshev
polynomials, it is the purpose of this note to compute the resultant of two Chebyshev
polynomials of any kinds. It is intriguing to notice that the Jacobi symbol is involved in
the result. For the proof, we use the roots of Chebyshev polynomials, basic properties
of sine and cosine values, and basic properties of the Jacobi symbol, including the
reciprocity law. When restricted to the first or second kinds, our proof is different
from both [4] and [8]. As an application, we also compute the resultant of modified
cyclotomic polynomials. Our result is a refinement of a well-known formula due to
Diederichsen [2] (see also [1,3,5,7,9]) for the resultants of cyclotomic polynomials.

2 Resultant of Chebyshev Polynomials

The Chebyshev polynomials Ty, U, V,,, and W, of the first, second, third, and fourth
kind, respectively, are characterized by

T,(cos0) = cosn0, U,(cosB) = w
sin 0
Vi (cos 6) = cos(n + 1/2)9’ W, (cos 0) = s1n(1.4 + 1/2)9)
cos6/2 sin 6/2

where 7 is an integer (cf. [11,12]). The normalized Chebyshev polynomials of the first
and second kinds are defined by C,(x) = 2T, (x/2),Sn(x) = Un(x/2). We adopt
Schur’s notation .7, (x) = S,_1(x). For odd n we define

Vu(x) = Vi 2(%/2), - Wa(x) = Wiy 2(x/2).
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In this note, we always assume odd indices for the polynomials ¥} and #,,. For n > 1

we have
i 7T
Cu(x)= TI (x—2cosj—), F(x)=TI (x—2cos]—),
0<j<2n, 2n 0<j<2n, 2n
jrodd Jjreven
7T i
Yo(x) =TI (x—Zcos]—), Wo(x)= TI (x—2cos]—).
0<j<n, n 0<j<n, n
jrodd jreven

We will use the following identities:
21 Wa(=x) = (=1)"Va (%),

Won (x) [ Wy (x) if n is odd,

(2.2) W (Cu(x)) = {y /Z(x)/y /z(x) if n is even.

Let res(f, g) denote the resultant of two polynomials f and g. For the definition
and properties of the resultant, see [4]. In particluar, we note that

(2.3) res(g, f) = (-1) %6 48 res( 1, g).

In addition to those properties listed in [4], we also quote the following from [10]. If
h is a polynomial with leading coefficient c, then

@4)  res(f((x)), g (h(x))) = 8 des(E) desh) rog( 1, gydesth),

Let n = [1}_; p;' be the prime factorization of a positive odd integer #, and a an
integer. The Jacobi symbol is defined by

e (4)-h(5)"

where (a/p;) is the Legendre symbol. For a prime p and an integer n we write
ord,(n) = k when p* is the highest power of p dividing n.
Theorem 2.1 Let m, n be positive integers and let g = gcd(m, n).

_1\mn/2 iOI‘Zm ordy(n),
(1) res(Cm,Cn):{( 1)"mri228 iford,(m) # ord,(n)

0 iford,(m) = ord,(n).
_1)m-D(n-1)/2 o g,
(i) res(Fm>Sn) = (-1) ljfg
0 ifg>1

(iii) res(Vpm> %) = (2).
(iv) res(Wo W) = (2).

-1 m(n—l)/zzg—l i 0rd2 m ZOI'dz n),
(v) res(Cp,-S) = {(() : ;ordzgm; < ordzgn;.
(vi) res(Cp,7p) =res(#,, Cp) = ( ﬁg)z(g_l)/z'
(vii) res(-Fm, V) = res(Wy, Sm) = (%)
(viii) res(W, V) = ( )Z(g_l)/z-

2
14
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Proof For positive integers n and a we introduce the following products:

ajm ajm
S(n,a) =TI 2sin 7, C(n,a)= ]I 2c0s Y7
0<j<n n 0<j<n n
ajm ajm
s(n,a) =TI 2sin 27, c(n,a)= I 2cos 7.
0<j<n/2 n 0<j<n/2 n

Then we have

jn >
ym; yn = yn 2 — ) = >
res( ) O<Ij—£m ( cos m) Som 1)

res(Fm, Cn) = 1 Cn(2cosﬂ):C(m,n),
m

O<j<m
res(Wm, #y) = 11 %(ZCOSE) = s(m,n))
0<j<m, m s(m,1)

jeven

res(Wm,Cn) = T1 Cn(ZcosE) =c¢(m,2n),
0<j<m, m
j:even

tes(e %) = 11 (200527 = S020)
m

0<j<m, - 5(”’1,1) ’
j:even

res(Wm, Vn) = 11 %(ZCOSE) = C(m’n).
0<j<m, m c(m,1)

jieven

Note that the denominators are nonzero. For these resultants the results are immedi-
ate from Lemma 2.3. Then changing the sign of x in (iv) and using (2.1), (2.4), and
the reciprocity law of the Jacobi symbol, we obtain (iii). This also applies to the first
equalities in (vi) and (vii). Finally,

i njm
res(Cp, Cy) = II C,,(Zcos]—) = I 2cos %
0<j<2m, m 0<j<2m, 2m

jrodd jrodd

is nonzero if and only if ord, (m) # ord,(n). If this is the case, then

C(2m,n)

res(Cp,, Cp) = Clmn)

and (i) follows from Lemma 2.3. [ |

Remark 2.2 1In [4,8], explicit formulas for res(T,,, T, ) and res(U,,, U, ) were ob-
tained. They are identical to our (i) and (ii), respectively, in view of (2.4).

Lemma 2.3  Let n, a be positive integers and g = ged(n, a).
—1)(n-1(a-1)/2 ifog=1,
(i) S(n,a)-= {( ) n g

0 otherwise.
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(i) C(ma)- (()_1)(n—1)a/22g—1 ifords (n) < ordy(a),

otherwise.
(iii) If nis odd, then

s(n a)z{(:)\/ﬁ if a is odd,
, (QT/Z)\/E if a is even.

(iv) Ifnisodd, then

(raay < (D202 aisoda
c(n,a)= (%/g)z(g—l)/Z if a is even.

Proof Weputn'=n/g,a’ =a/g.
(i) Ifg>1 then S(n,a) = 0, since sin(an'n/n) = 0. Suppose g = land let {n =
e?™/N (N is a positive integer). Since 2sin(ajz/n) = 1(2:](1 - {37, we have

S(I’l a) - 1( an(n-1)/2" ( (]) ( 1)(n—1)(a71)/2n.

2n i 1

(ii) Ifordy(n) > ordy(a), then C(n,a) = 0, since cos(a(n’/2)m/n) = 0. Suppose
ordy(n) < ordy(a); in particular, n’ is odd. If g = 1, then by (i) we have S(#, a) #
0,S(n,2a) # 0,and

S(n,2a) -1)a/2
C(n,a) = =(- 1)(” )a/2
S(n,a)
If g > 1, then
g-1n'—1 I g-1 ’
C(n,a) =11 II 2COSM x H2cos a(kn’)
k=0 j=1 k=1
s 'k jm k
=TI H( H? 2cos 27 o XHZ( 1H*
k=0 j=1

= (_1)(n—n’)a/22g—lc(n ,a')s,

and we are reduced to the case g = 1.

(iii) If g > 2, then S(n,a) = 0 since sin(an’nm/n) = 0. Suppose g = 1. It follows from
(i) and the identity S(n,a) = (-1)(* D@ D/25(n, 3)? that |s(n, a)| = \/n. By
Gauss’ Lemma, the sign of s(a, n) is equal to ( “72) if a is even (cf. [6, Propo-
sition 8.1]). If a is odd, then, counting the number of odd j’s in the interval
0 < j < n/2, we see that s(n, a) = ( %)s(n, a+n), so the sign of s(n, a) is ( %) .

(iv) If g =1, then by (iii) we have s(n,a) # 0 and

s(n,2a) {1 if a is odd,

( %) if a is even.
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Suppose g > 1. We compute

(e-1)/2 kn' + i
cma)= Tl 1 2cos XKW I
k=0 o<j<n’/2 n
(g-1)/2 T (g-1)/2 !
x JI 11 2COSMX I 2cosa(kn L
k=1 o<j<n’/2 n k=1
(g-1)/2 / "
= TI [T (-1)**2cos a—],ﬂ
k=0 o<j<n’/2 n
(g-1)/2 / ’j (s-1)/2 /
x I I (-1)° k2c0s 7 M 2(-1)°*
k=1 o<j<n’/2 n k=1

= 28 D2y "3,

where & = 1if a’ is even, and & = (-1)(€D/8 = ( %) if a’ is odd. Thus we are

reduced to the case g = 1. ]

3 Resultant of Modified Cyclotomic Polynomials

For n > 3let ¥, denote the minimal polynomial of 2 cos(271/n) over Q. Then ¥, (x) €
Z[x] and deg(¥,,) = ¢(n)/2. These are what we called the modified cyclotomic poly-
nomials in the introduction, as we have the identity

(3.1 ¥, (x+x71) =x M2, (x),

where @, is the n-th cyclotomic polynomial. Here are some properties of ¥,,. For n
odd we have

(3.2) P2n(x) = ¥ (—x).
By [13, Proposition 2.5] we have
Tajn Wy (x)r(n/d) ifn=1 (mod 2),
(3.3) W (x) = { Mapnya Ya(x)*2Dif n =2 (mod 4),
Tajn/2 F(x)#124)if =0 (mod 4).
Combining this with (2.2), for p a prime we have

Yon(x)¥u(x) ifp+mn,

(3.4) ¥, (Cp(x)) = {\}, () itp|n
pn .

We need to generalize the Jacobi symbol to the Kronecker symbol; it is defined by
(2.5) for any positive integer n by requiring further that

0 ifa=0 (mod2),
(g): 1 ifa=<l (mod 8),
-1 ifa=+3 (mod 8).

We introduce one more notation. For a positive integer n let L(n) = pifnisa
power of some prime p, and L(n) = 1 otherwise. The notation A(n) = logL(n) is
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often used in analytic number theory. We note the following identity:

(3.5) L(n) = [T d*®.
dln

Lemma 3.1 Letn>3.

() (2)=L(n)
(ii) Except for ¥4(-2) = -2, we have

(zcwy) if n is odd,
(ﬁ}z))L(n/Z) if niseven, n > 4.
(iii) Except for ¥4(0) = 0, ¥3(0) = -2, we have

\Pn(_z) = {

(o) ifn=1 (mod 2),
¥ (0) = (ﬁ) ifn=2 (mod 4),
(7o) L(n/4) ifn=0 (mod 4).

Proof The exceptional cases are clear as W, (x) = x, ¥3(x) = x? — 2. For odd n the
claims follow from (3.3), (3.5), and the facts #;,(2) = n, #,,(-2) = ( _71) s H,(0) =
( ’72) . Then applying (3.4) for p = 2 (so C,(x) = x> — 2), we complete the proof. M

Now we compute res(¥,,, ¥,,). In view of (2.3), we may make some additional
restrictions on m and n.

Theorem 3.2 Letm,n>3,m# n.
(i) Ifm 4+ n,n+ m,and misodd, then

res(Wp, ¥,) = ( f((;;)) )

(i) Ifm+ n,n+ m,m < n, and m, n are even, then
Linf2))
L(n/2)
(iii) Ifm | n and m is odd, then, putting L; = L(m), L, = L(n/m), we have
res(¥p, ¥,) {(ﬁj) if L1 # Ly,
2T L= L
(iv) Ifm | nandordy(m) =1, then, putting Ly = L(m/2), L, = L(n/m), we have
res(Wy, ¥,) {(ﬁj) if Ly # L,
L;b(m)/z B (il) ifLy = L.
(v) If4| m|n, then, putting L, = L(n/m), we have

res(¥,,, ¥,) = (

-1 ifm=4,n=8,
(Z—;) ifm=4,n+8,

1 otherwise.

res(W,,, V)
Lf(m)/z
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Proof (i) We use induction on the number of prime divisors (multiplicity taken
into account) of g = ged(m, n).

If g = 1, then the claim follows from (3.3), Theorem 2.1, and (3.5); note that L(n) =1
ifn=2 (mod 4) and that L(n/2) = L(n) if n =0 (mod 4).

Suppose g > 1. Since the assumption implies L(#n) = 1 or L(m) = 1, we have to
show that res(\¥,,, ¥,,) = 1. Let p be a prime divisor of g. We have m/p >3,n/p > 2
by the assumption. If n/p = 2, then by (2.3), (2.4), and (3.2) we have

res(Vy,, ¥,) = res(\I’Zm(—x), ‘I’p(—x)) =res(¥p, Yam)»
whose computation will be postponed until (iii). Suppose n/p > 3. By (2.4) we have
res(Win/ps Wnsp)? = res(Winyp (Cp (%)), W (Cp (%)),

then by (3.4) we find that
res(W,/p, ¥o/p )P
B> ¥os) , ifu=v=1,

res(Wm, Wnyp) 1es(Wpn/p> )

res(Yp/ps Vs )P

M’ ifu=1,v>2,
(3.6) res(¥,,, ¥,) =1 1e8(¥myp> V)

res(¥,, /5> Vrp)?

M’ ifﬂ >2.v=1,

res(¥m, ¥o/p)
1es(¥n/p> Vn/p)? ifu>2,v>2,

where we put 4 = ord,(m), v = ord,(n). The idea of using this identity is borrowed
from [3]. In each case, it follows from the induction hypothesis that res(¥,,, ¥,,) = L.

(ii) The case m = 4 is immediate from Lemma 3.1, since res(¥y, ¥,,) = ¥,,(0). We
suppose that m > 6 and use the identity (3.6), which is valid also for p = 2.

The case ord,(m) = ordy(n) = L. By (2.3),(3.6), and (i) we have

L(n/2)

¥, ¥,) = (=1)(m/Dem/2)/a( 22012

res( ) =(-1) (L(m/z))

Since we have ¢(k) = L(k) -1 (mod 4), if k > 3 is odd, we have

res(Wp,, V) = ( Ii((r://ZZ)))

by the reciprocity law.

The case ord,(m) =1, 0rd,(n) > 2. Similarly, we have

res(W,,, ¥,) = ( Lfr(nr;)z) )

We have either L(n) = L(n/2) =1or L(n) = L(n/2) = 2, so, in any case,

L(n) L(m/2)
(L<m/z)) - L(n/2) )

The case ord,(m) > 2,0rdy(n) = 1. Similarly, we have

res(Wp, V) = (_1)¢(m)¢(n/2)/4(;((nn/12)))'
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Since we have 4 | ¢(m),2 | ¢(n/2), and L(m) = L(m/2), we are done.

The case ord,(m) > 2,0rdy(n) > 2. Similarly, we have res(¥,,, ¥,,) = 1. Since at least
one of m/2,n/2 is not a prime power, we are done.

(iii) We use induction on the number of prime divisors (multiplicity taken into
account) of m. Let p be a prime divisor of m.

The case m = p. If n = 2p, then by Theorem 2.1 we have
res(Wp, W) = res(#, V) = ( %) 212,
as desired. Suppose n/p > 3. First we compute
res(¥y, ¥,/ (Cp)) = (le:l[j/2 ‘Pn/p( CP( 2cos 2]771) ) = \Pn/p(z)(P—l)/Z,
so that by Lemma 3.1 we have
(3.7) res(¥p, ¥,/,(Cp)) = L(n/p)? P/,

Now, if ord, (#) = 1, then we have

res :res(\yw\ljn/p(cp)): L(n/p)
(¥p, ¥n) res(¥p, ¥,/p) ( L(p)

by (i) and (3.7). If ord,, (n) > 2, then we have
res(\Wp, V) = res( ¥, ¥,/ (Cp)) = L(n/p)*®/2,
Since either L(n/m) =1or L(n/m) = L(m) = p holds, we are done.

)L(n/p)‘/’(")/z

The case ord,(m) = 1,m > p. In this case L(m) = 1, so we have to show that
res(W,n, ¥,) = L(n/m)?(™/2. First suppose ord,(n) = 1. By (3.6) and the induc-
tion hypothesis we have

res(Wyn/pr W/p) = £L(n/m)* D2 res (W, 9,) = 1.

Since m + (n/p), (n/p) + m,and L(m) = 1, we have res(\¥,,;, ¥,,;,) = 1 by (i). Thus
we have res(¥,,, ¥,) = L(n/m)?™)/2. We next suppose ord,(n) > 2, and use (3.6)
and the induction hypothesis. If L, = 1, then L(n/(m/p)) =1, so res(¥pm, ¥,) = L
Otherwise, L, = L(n/(m/p)) = p, so

res(¥p, ¥, = ((L(r:@)l’(b(mm/z)w _ polm2,

The case ord,(m) > 2. By equation (3.6) and the induction hypothesis, and noting
that L(m/p) = L(m), we obtain the desired result.
(iv) The case ord,(n) = 1.
By (2.4) and (3.2) we have
res(Wp, ¥,y ) = (—1)#(me(m/4 1es( ¥y /2> Vny2)-
We could use (3.6) for p = 2 to deduce this. As is easily seen, we have

(=1)P(meO0/4 _ {1 if Ly # Lo,

(£) ifLi=Ly
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so the claim follows from (iii).

The case ordy(n) > 2. We use equation (3.6) for p = 2 and (iii). If L, = 1, then
L(n/(m/[2)) =1, so res(¥,,, ¥,) = 1. Otherwise, L, = L(n/(m/2)) = 2and L; # L,,
O
2
— £} p¢(m/2)/2
res(‘I’m,\Pn)—(Ll)Z .

(v) This is immediate from Lemma 3.1 if m = 4. Otherwise, using (3.6) for p = 2
and induction, we complete the proof. ]

Corollary 3.3 ([1-3,5,7,9]) If3 < m < mn, then

1 ifm+n,

res(®,,, D, ) =
(@, ®1) L(n/m)*™  ifm | n.

Proof Let { = ¢?™/™. By (3.1) we have

res(Wp, W)= 1 Wu(F+{7) = T1 () ?P0,(0) = res(Om, D),
je(zjm)” je(Zm>

since 3. je(z/m)« j =0 (mod m). So the claim follows from Theorem 3.2. ]
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