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Abstract

We focus on supercritical decomposable (reducible) multitype branching processes.
Types are partitioned into irreducible equivalence classes. In this context, extinction
of some classes is possible without the whole process becoming extinct. We derive
criteria for the almost-sure extinction of the whole process, as well as of a specific class,
conditionally given the class of the initial particle. We give sufficient conditions under
which the extinction of a class implies the extinction of another class or of the whole
process. Finally, we show that the extinction probability of a specific class is the minimal
nonnegative solution of the usual extinction equation but with added constraints.
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1. Introduction

Decomposable (or reducible) multitype branching processes differ in several ways from
irreducible processes. In the literature, authors generally focus on the asymptotic behaviour of
such branching processes without discussing extinction criteria or algorithmic issues.

Let {Z(t), t € N} denote a supercritical discrete-time multitype branching process, where
Z (1) is arow vector whose ith entry is the size of the type-i population at time ¢; let p > 1 be
the spectral radius of the mean offspring matrix M, and let v be its corresponding positive left
eigenvector. In the case where M is irreducible, Kesten and Stigum [8] showed that there exists
a one-dimensional random variable w such that lim, oo (Z(¢)/p") = wv with probability I:
the eigenvalue p plays the role of a normalizing constant; all types grow at the same rate p.
The same authors proved in [9] that in the reducible case, the asymptotic behaviour of Z(#)
depends on the type of the initial individual. In addition, different subsets of components of
the vector Z(¢) have, in general, different normalizing constants: different types may grow at
different rates. The corresponding limit vector shows a greater variety of qualitative properties
than in the irreducible case.

Foster and Ney [2] studied the asymptotic behaviour of the extinction probability of the var-
ious types in a critical multitype decomposable Galton—Watson process. They also emphasized
that, unlike in the irreducible case, the asymptotic behaviour depends on the type of the initial
particle. In another paper [3], still in the critical case, they analyzed limiting distributions of the
population size in different subsets of particle types, normalized by the appropriate constants,
and conditioned on existence or nonexistence of some subsets of particle types.

Received 19 November 2010; revision received 16 February 2012.
* Postal address: Department of Mathematics and Statistics, The University of Melbourne, Parkville, VIC 3010,
Australia. Email address: sophiemh@unimelb.edu.au

639

https://doi.org/10.1239/jap/1346955323 Published online by Cambridge University Press


https://doi.org/10.1239/jap/1346955323

640 S. HAUTPHENNE

Among other authors, we also refer the reader to the work of Sugitani [14], who also focused
on critical decomposable Galton—Watson processes and described general limit theorems, and
to Sewastjanow [13, Chapter 4], who made a classification of the types in a reducible branching
process.

From a practical point of view, decomposable branching processes have many applications
in biology and epidemiology: Olofsson [11] used a decomposable branching process as a model
of telomere shortening, and Scalia-Tomba [12] studied the asymptotic final size distribution of
reducible multitype Reed—Frost epidemic processes.

Here, we investigate extinction probabilities of discrete-time supercritical decomposable
multitype branching processes. The types are partioned into irreducible equivalence classes.
We distinguish among two types of extinction event: the whole process may become extinct,
which corresponds to fotal extinction, and there may also be situations where the process lives
forever while some classes become extinct and will never be generated again, which we classify
as partial extinction (a precise definition is given later).

We derive necessary and sufficient conditions for total and partial extinctions, as well as for
the extinction of a specific class, conditionally given the class of the initial particle. We give
sufficient conditions under which the extinction of a class implies the extinction of another class
or of the whole process. Finally, we show that the extinction probability of a specific class is
the minimal nonnegative solution of the usual extinction equation but with added constraints,
and that it is also equal to the total extinction of a modified branching process. We discuss
the algorithmic issues to compute the partial extinction probabilities, in particular for special
classes of multitype branching processes called Markovian trees [1], [6], [7].

The paper is organized as follows. In Section 2 we recall a fundamental result about the
extinction probability of a multitype branching process, and we define partial extinction. In
Section 3 we prove various extinction criteria. Finally, in Section 4 we characterize the partial
extinction probabilities and discuss computational matters.

2. Definitions and notation

Let {Z(t) = (Z1(t), ..., Z,(t)), t € N} be a multitype branching process, where Z; (t)
represents the number of individuals of type i alive at time 7, 1 < i < n. We denote by P;(s)
the offspring generating function of an individual of type i, that is,

Pi(s) =E[s%D | g =i] fors = [s1,52,...,5,] withls;| <1,
where the notation sZ(1) stands for slz'(l)szzzm e s,,Z”(l), and g is the type of the progenitor:
wo = i means Z(0) = e;, where e; is a vector whose ith component is 1 and whose
other components are all 0. Here ‘'’ denotes the transpose operator. Accordingly, P(s) =
[Pi(s), Pa(s), ..., P,(s)]" is the offspring generating vector.

We use the notation 1 for the column vector [1,1, ..., I]T, and write s < t and s < f for
two vectors s and ¢ if s5; < t; and 5; < t;, respectively, for all 7.

The matrix M = (M;;) represents the mean offspring matrix: M;; = (3 P;(s)/0s;)[s=1 is
the mean number of children of type j generated by a parent of type i, 1 <i, j <n.

A multitype branching process is said to be irreducible when any type of individual may have
individuals of all types among their (direct or indirect) descendants with positive probability.
Otherwise, it is called reducible. This is stated more formally as follows.

Definition 2.1. A multitype branching process is irreducible if the mean offspring matrix M is
irreducible, that is, if, foreach 1 < i, j < n, there exists an integer k > 0 such that (M k)i i #0.
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Definition 2.2. A multitype branching process is singular if the n generating functions Pj (s),
..., P,(s) are linear in sq,...,s, (thus without constant term), that is, if each individual
generates exactly one and only one direct descendant.

Letqg =[q1,92, ..., qn]T be the vector of conditional extinction probabilities of Z(¢), given
the type of the initial individual, that is,

qi = P[there exists T < 00: Z(T) =0 | ¢y = i], 1<i<n.

This is a fotal extinction: there will be no individual alive after time 7.

Let p = sp(M) be the spectral radius of the matrix M. The following theorem is a
fundamental result in the theory of branching processes. A nice proof may be found, for
instance, in [10, Chapter 1, Theorem 7.1].

Theorem 2.1. Assume that the branching process is nonsingular.
o If p < 1 then q =1, and we say that the branching process is subcritical.
e If p = 1then q = 1, and we say that the branching process is critical.

e If p > 1 then we say that the branching process is supercritical, and ¢ < 1 in the
irreducible case, ¢ < 1 with q # 1 otherwise.

In all cases, q is the minimal nonnegative solution of the vector equation
P(s)=s 2.1

in the sense that any other solution x of (2.1) is such that q¢ < x.

In practice, the extinction probability vector ¢ may be obtained by applying the functional
iteration on the extinction equation (2.1) (see [5, Chapter 2, Theorem 7.2]). Let P M(s) = P(s)
and PX (s) = P(P*=V(s)) for k > 2.

Theorem 2.2. If0 < a < 1 then limy_, oo P® (a) = q. This still holds ifa < 1 witha # 1in
the irreducible case.

From now on, we assume that the branching process {Z(¢), t € N} is supercritical and
reducible, that is, there exist indices 1 < i, j < n such that, for all £k > 0, (Mk)i i =05
this means that individuals of type i will never have any individual of type j among their
descendants.

The matrix M may be written in a normal form, possibly after a permutation of indices
(see [4, Chapter 13]):

My 0O 0 - 0
Moyt Mo 0 . 0

M=| M1 Mz M3z - 0 |, (2.2)
Mml MmZ Mm3 e Mmm

where the diagonal blocks My are irreducible or equal to 0, and the subdiagonal blocks My,
for k > ¢ are nonnegative. We write Mye (1 < k, £ < m) for the (k, £)th submatrix of M, in
order to distinguish it from M;;, which is the (i, j)th component of M.
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We will say that there is a path from type i to type j, and write i — j, if there exists a
nonnegative integer n such that (M");; > 0, that is, if an individual of type i has a descendant
of type j with positive probability. We will write i <> j ifi — j and j — i. The relation
‘<>’ is an equivalence relation; accordingly, the n types of branching process {Z(¢), t € N}
are partitioned into m < n equivalence classes Cy, 1 < k < m (see [10, Section 2.3]). The
diagonal blocks of the normal form of the matrix M reflect this partition: Myx = (M;;); jec,
and Myy = (M;})iecy, jeC,-

We can extend paths to classes by saying that there is a path from class Cy to class Cy, and
write k — ¢ if there are i € Cy and j € Cy such thati — j.

We define the following sets of class indices for 1 < k < m:

D= <k:k— £t} Ar =€ >k: L — k}, & =€ < k: My #0}.

In other words, Dy, is the set of classes descending from Cj and Ay is the set of ancestor
classes of Cy. Clearly, £ € Ay if and only if k € D,. Finally, £ € & means that an individual
in class Cy has a positive probability of directly generating an individual in class Cy, k # €.

For each k, if o9 = i, where i € Cy, the subprocess {Zk(t) =[Z;®)], j € C, t € N},
restricted to the individuals whose type is in Cy, is an irreducible branching process with mean
offspring matrix My [9].

It is well known [4] that, when a matrix M has the form given by (2.2), its spectrum is
precisely the union of the spectra of the Myi, 1 < k < m, so that the spectral radius of M
is sp(M) = maxj<k<m SpP(Mkk). Therefore, one supercritical subprocess {Zk (1), t € N} is
enough for the whole process {Z(¢), t € N} to be supercritical as well. However, the behaviour
of the reducible branching process is not determined by the spectral radius of M only; we shall
demonstrate in the next section how the criticality of the different subprocesses { ZK(1), t € N}
influences the behaviour of the whole process Z(z). Let us first introduce some notation.

Let E denote the total extinction event: E = {there exists T > 0: Z(T) = 0}. We write
qy. for the vector of extinction probability of the whole process, given that the initial individual
belongs to class Ci. That is, for each i € Cy, the ith entry of gy is given by

(qr)i =P[E | o =i].

With this, ¢ = [q1, g2, ..., ¢m]" denotes the vector of conditional extinction probabilities of
the whole process, given the class of the initial individual.

Now observe that if we restrict our attention to the class Cy only, then the event {there exists
T > 0: Z%(T) = 0} does not necessarily imply the extinction of class C since at time 7', some
individual in another class might be alive and able to produce new individuals of class Cy in
the future. Thus, extinction of class C¢, which we term a partial extinction, corresponds to the
event E; = {thereexists 7 > 0: forallt > T, Zte) = 0}. We denote by q,f the extinction
probability vector of class Cy given that the initial individual belongs to class Cy. That is, for
eachi € Cy, the ith entry of q,f is given by

()i =PLE( | 9o = i],

and ¢¢ = [qf, qf, ey q,fl denotes the vector of conditional partial extinction probabilities
of class C¢, given the class of the initial individual.

The proposition below directly results from the fact that if the whole process {Z(z), t € N}
becomes extinct then all the classes Cy become extinct too.

]T

Proposition 2.1. It holds that ¢ < q* forall 1 < £ < m.
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3. Extinction criteria

In an irreducible branching process, the extinction probability vector ¢ has either all its
components equal to 1 or all its components strictly less than 1 [10]. In a reducible branching
process, this dichotomy does not hold anymore: all the components of g are equal to 1 in the
subcritical and critical cases, but there might be some components equal to 1 in the supercritical
case as well.

Actually, by irreducibility of the equivalence classes, for each 1 < k < m, either gy = 1 or
qr < 1, with at least one k such that gz < 1 if the whole process is supercritical, and, for each
1 < £ < m, either q,f =1or q,f < 1. Here, it may thus happen that, starting from one class Cg,
the whole process eventually becomes extinct with probability 1, so that g; = 1, while starting
from another class Cj,, the process has a positive probability of surviving, so that g, < 1.

We shall assume in the rest of the paper that none of the subprocesses {Z*(¢), t € N} is
singular (1 < k < m). The first result below provides a necessary and sufficient condition for
the total extinction, given the class of the first individual.

Proposition 3.1. For1 <k <m,
qr <1 <= thereexists L € Dy : sp(Myge) > 1. 3.1
Proof. First, we show that the statement
g <1 << (sp(Mgx) > 1) or (there exists £ € &: q; < 1) (3.2)

implies (3.1). To this end, recall the definition of &, and further recursively define

g=6. &= |J & for2<r<R@,

—1
1234

where R(k) is the smallest r such that & = @&. With this, if k € Dy (i.e. if My # 0) then

Dy = {k}U Uf:(kl)_l &/, and Dy = UR(k)_l €] otherwise.

r=1

Now, expanding the right-hand side of (3.2) we obtain

qr <1 (sp(Mgx) > 1) or (there exists £ € E: qp < 1)

(Sp(Mir) > 1)

or [there exists £ € & : (sp(Mygg) > 1) or (there exists h € &;: g5 < 1)]
(sp(Mig) > 1) or (there exists £ € E: sp(Myg) > 1)

or (there exists £ € 8,(2: q <1)

(sp(Mix) > 1) or (there exists £ € E: sp(Mygg) > 1)

I 111

or (there exists £ € 8,(2: sp(Mgg) > 1) ...
or (there exists £ € 8,5(’()_1: Sp(Myge) > 1)
or (there exists £ € 8,5(’(): q <1

> thereexists £ € (K} U & U U---UXI™): sp(Mye) > 1

<> there exists £ € Dy : sp(Mygg) > 1,

yielding (3.1).
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In order to show (3.2), it actually suffices to prove that

thereexists £ € §: qe <1 — qr <1, (3.3)

qg=1 forallle & = (qx <1< sp(Mix) > 1). 3.4

Recall that P (s) denotes the offspring generating vector associated to the branching process
{Z(t), t € N}; we decompose it as P(s) = [Pi(s), P2(s), ..., Pn(s)]", where the subscript
in the subvector Py (s) indicates the class of the initial individual, that is, for each i € Cy,
(Pi(s) = E[s*V | g = i].

By Theorem 2.1, the extinction probability vector ¢ = [¢1, g2, ..., qn]" is the minimal
nonnegative solution of the fixed point equation s = P(s) and, thus, in particular, for each
1 <k < m, qx = Pr(q). Assume without loss of generality that My, 7# 0. Actually, Px(q)
depends only on g; for £ = k and all £ € &. Letk; < k» < --- < k), denote the elements in
&r; we may thus write

ak = Pe(q,. qiys - - - qk,> k),

where Py (qx,, gk - - - qk, qx) is the restriction of Pr(q) to (¢;) je(gUk))-

First, assume that §; # & and that there exists at least one £ € & such that g¢ < 1. Then,
P (+) being nondecreasing in each of its variables and strictly increasing in at least one variable
of each subvector, we have

g < P, 1,...,1,q) <1,

and we get g¢; < 1, which proves (3.3).
Now, if g¢ = 1 for all £ € & then

g = P(1,1,....1,q1) = PX(gp),

where P¥(-) is the offspring generating function associated to the irreducible branching process
{(Z¥(1), t € N} restricted to class Cy. The mean offspring matrix corresponding to that branch-
ing process is given by M, and its total extinction probability vector actually corresponds to q,’(‘ ,
that is, the extinction probability of class Cy, given that the type of the initial individual belongs
to this class. By Theorem 2.1, q,f is then the minimal nonnegative solution of s = Pk (s).
Therefore, since q; also satisfies the fixed point equation s = f’k(s), it must be such that
qr > q,':. On the other hand, by Proposition 2.1, gx < q,’{‘ , S0 we have g, = q,’(‘. Consequently,
if sp(Myx) > 1 then {Zk(t), t € N} is supercritical and g; < 1; otherwise, qx = 1.

If & = o then the same conclusion holds by an analogous reasoning. Thus, we obtain (3.4).

The second result concerns partial extinction. Starting from an individual in class C, class
Cy survives with positive probability if and only if there exists an intermediate class Cj, such
that k — h — £ which is associated to a supercritical subprocess {Z"(r), t € N}.

Proposition 3.2. For 1 < { <m and all k € Ay,
q,f <1 <= thereexistsh € Ag N Dy : sp(Mpp) > 1.

Ifk ¢ Ay then qf = 1.
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Proof. If k ¢ A, then it is obvious that qk =1 smce an individual from class Cy will never
generate any individual in class Cy. In particular, qk =1forallk < £.
Now, let us fix £. We show by induction on k that, for all k € A,

sp(Mpp) <1 forallh e A NDy = ¢qf=1. (3.5)

Let k = ming{k € A,}. We initiate the induction by showing that if sp(Mj) < 1 for all
h € Ay ﬂJDkthenq,f =1

We denote by Pl = [{I”i, J’é, e, {Pfﬂ] the vector of direct offspring in each class of an
individual of type i. Fori € Cy,

(g)i =Y PP =i, dy,....d)] [] @H*. (3.6)

d>0 1<x<m

If x € & then x ¢ A, by the definition of k, and, therefore, qf =1. Letx # k. If x ¢ & then
d, = 0 with probability 1. So, we find that

(g))i = Y PIP; = dil(g)™ = (PYi(g)),

d&zo

where recall that PX(.) is the offspring generating function of the subprocess {ZX(t), t € N}
restricted to class Cy. Using exactly the same argument as in the proof of Proposition 3.1, we
see that qk isa solutlon of the equatlon s = PX(s), whose minimal nonnegative solution is q,]f
If My = 0 then qk =1, and, thus, qk = 1. If My # Othen k € Dy, so that Dy N Ay = {k};
thus, by assumption, sp(Mix) < 1, and we arrive at the same conclusion.

Now let K € Ay and assume that (3.5) holds for all £ € A, such that k < K (this is our
induction assumption). We need to show that it still holds for K, that is, if sp(:Mp;) < 1 for all
h € A, N Dk then qf; = 1. We can repeat exactly the same argument as for k and write (3.6)
for K, except that now if x € kg then qf = 1 by the induction assumption because D, C Dg.

It remains to show that if there exists a class Cj such that k — h — € with sp(Mpp) > 1
then q,f <1

First, since sp(Mp,) > 1, the subprocess {Z" (1), t € N} is supercritical and the class C},
survives with a positive probability if the initial individual belongs to Cj,. Moreover, since
k — h, each type in Cy has a positive probability to generate a type in Cj. Therefore, it is clear
that, starting from a type in Cg, class Cj, has a positive probability to survive.

Finally, survival of class C, implies survival of class Cy since i — £ (see Proposition 3.3(i)).
As a consequence, starting from a type in Cy, class Cy has a positive probability to survive, that
is, q,f < 1, and the proof is complete.

A direct consequence of Proposition 3.2 is the following.

Corollary 3.1. For1 < { <m,
gt =1 < spMyy) <1 forallh € Ay.

Now, suppose that we ‘observe’ the extinction of some class C,. What can we conclude
about the extinction of other classes, on the basis of the structure of M?

We examine how, by virtue of the relations between classes, knowing the extinction of class
C¢ may inform us of the eventual extinction of class Cy, and even of the whole process.
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For two events A and B, we write A C BifP[ANB‘] =0,and A = Bif A C Band B C A.
With this notation, the inclusions E; € Ej and E; C E respectively imply that g¢ < ¢* and
g’ < g, and the equivalences E; = Ej and E, = E respectively imply that ¢ = ¢* and
¢ =q.

We first do not condition on the class of the initial individual, we merely assume that
Plgp = i] > 0 for all type i, and we give general criteria about the inclusion and equivalence
of extinction events.

We show below that if k — ¢ then, given that class C; becomes extinct, class Cy almost
surely becomes extinct as well. On the other hand, the extinction of class Cj implies the
extinction of class Cy if and only if each subprocess {Z"(r), t € N} such that » — ¢ and
h — k is subcritical.

Note that in the formulation of the second statement below k£ must not necessarily belong to
A for Ey to imply E, (see Remark 3.1 below).

Proposition 3.3. For1 <k, { <m,
(1) k € Ay implies that Ey C Ey,
(1) sp(Mpup) < 1 forall h € Ay \ Ay if and only if Ex C E,.

Statements (i) and (ii) actually provide the following sufficient condition for the equivalence of
extinction events: for k € Ay and all h € Ay \ Ay,

sp(Mpp) <1 =  Ep=Ey.

Proof. (i) Suppose that k € A,. We have to show that E; C Ej, or, equivalently, that
E; C Ej. Let V; be the total number of individuals born in class C,. Then, Ej = [V, = oo].
Let us show that Ef, C [V, = oo].

Lett; <t <13 <--- bethe successive birth times of individuals in C;. As we assume the
survival of class Cy, this sequence is almost surely infinite. Now, let X,, denote the indicator
of the event {there exists t > ¢, : Zt @) # 0}. The assumption that k € 4, implies that

P[X,=1]|Z@,) #0]1>0

for all n > 1. Therefore, V; > Zl<n<oo X, = oo almost surely, which proves that E} C Ej.

(i1) Now, assume that, for all & = ;‘eg \ Ak, sp(Mpn) < 1. We have to show that E; C Ey,
thatis, E; N Ex = 9.

Note that if £ € Ay then Ay \ Ay = @ and, from (i), Ex € E,. Let us assume from now
on that £ ¢ Ay, and that both events E} and E; occur simultaneously with positive probability.
‘We have to show that we obtain a contradiction.

We either have My = 0 or £ € A, \ Ag, so that, by assumption, sp(Mee) < 1. As
a consequence, since, by assumption, C, survives and C; becomes extinct with positive
probability, Ay \ Ar # &, where Ay = Ay \ {¢}, and there is at least one h € Y \ A
such that Vj, = oo almost surely. Let

ﬁ:m}?x{hed\:g\ftk: Vi, = o0}.

Then Vj, = coand V; < oo almostsurely forallx € efiﬁ C s¢. Thisimplies thatsp(Mj;) > 1,
which contradicts the assumptions. We thus have E; N Ey = @.
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Finally, let us show that, if there exists i € Ay \ Ay such that sp(Mpp) > 1, P[Ej ﬂEg] > 0.
Let us fix & in #A¢ \ Ak such that sp(Mpy) > 1. We have, for any i € Cp,

P[Ei N Ef] > Plgo = iP[Ex N E | @o = i]. 3.7
The second factor on the right-hand side of (3.7) is such that
PIELNE} | 9o =il >PlE, | go = i]P[Ex N E} | o =i, E}]. (3.8)

But, by assumption, sp(My;) > 1; thus, P[E} | 99 = i] > 0,and, as h ¢ Ay, P[Ey | @9 =i,
E;] =1, so that

PIEx NE; | go =i, E}]1 =PLE] | 9o =i, E},].
Now, since i € Ay, by (i) we know that P[E} | E;] = 1, so P[E} | 9o = i, E}] > 0, and
the right-hand side of (3.8) is strictly positive, which implies that the right-hand side of (3.7) is
strictly positive as well, and, thus, P[Ex N EE] > 0.

The extinction of class Cy is equivalent to the extinction of the whole process if all classes
Cy such that k - £ eventually become extinct with probability 1, or if kK — £ for all k (and,
thus, £ = 1).

Proposition 3.4. The following sufficient conditions hold for the extinction of a class to be
equivalent to the total extinction.

() For1 <t <m,if forallk ¢ A, q¢* =1then E; = E.
(i) If Ay ={1,2,...,m) then E| = E.

Proof. We already know from Proposition 2.1 that E C E, forall 1 < £ < m.

(1) If k € A, then, by Proposition 3.3(1), E; € Ex. If k ¢ A, then, by assumption, qk =1,
which implies that P[Ef] = 0, so that P[E, N E}] =0, and E; C Ey.

We thus have E; C Ej for all | < k < m, and, therefore, E;, C E, which implies that
E,=E.

) If Ay = {1,2, ..., m}, we know from Proposition 3.3(i) that E1 C Ej forall1 <k < m,
so that £y C E, and, thus, £ = E.

Remark 3.1. Propositions 3.3(i) and 3.4 only give sufficient conditions. Let us show with an
example that they are not necessary conditions. Take the mean offspring matrix

M1 0 0
M= 0 Mxn 0 [,
M3 Mz M3z

and assume that sp(M32) < 1 and sp(M33) > 1. By definition, A = {1, 3}, A> = {2, 3}, and
A3 = {3}. We have 2 ¢ A, but E; C Ej since E1 C E3 by Proposition 3.3(i), and E3 C Ej
by Proposition 3.3(ii). Thus, we may have E; C Ej with £ < k, even if k is not in .
Furthermore, £1 = E, but 2 ¢ 4 and q2 # 1, since q% < 1 by Proposition 3.2. Thus,
Proposition 3.4 does not provide necessary conditions either.
Note that if, in addition, sp(:M11) < 1 then, by Proposition 3.3(ii), E» C Ep, evenif2 ¢ 4,
and E3 C E by Proposition 3.4. Thus, E1 = E; = E3 = E in that case.

Sometimes, the effect of the extinction of a class on another class depends on the type of
the initial individual; if we know that it belongs to some class Cj, then the assumptions of
Propositions 3.3 and 3.4 must be verified for the classes in Dy, only.
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Corollary 3.2. Forall1 <{,k,h <m,
(1) if Cy, Ci, and Cy, are three classes such that
o ke Ay,
o (Ay\ Ar)NDy # I, and
o Sp(Myy) < 1 forall x € (Ag \ Ar) N Dy,
then Ex N[po =il = E¢N[po =il foralli € Cy,

(i) if Dy C Ay or, forall x € Dy \ Ay, q;;, =1, then E¢ N [@o = i] = E N [go = i] for all
i €Cp.

The proof is very similar to those of Propositions 3.3 and 3.4, and is thus omitted.

4. Partial extinction

Now that we have established necessary and sufficient criteria for the almost-sure extinction
of classes, we characterize the vector g¢ of extinction probabilities of class Cy as one particular
solution of a fixed point equation.

Theorem 2.2 asserts that in the irreducible case, for any 0 < a < 1 with @ # 1, we have

lim P™(a) =gq,
n—oo

and, as a consequence, the only solutions of the extinction equation s = P(s) in the unit cube
are 1 and ¢q (see [5, Chapter 2, Corollary 1]). In the reducible case, this is no longer the case,
each ¢ is also a solution of the extinction equation, which may thus have up to m + 1 distinct
solutions. The limit of P (a) when n tends to oo actually depends on the vector a.

Theorem 4.1. For each 1 < £ < m, the vector of extinction probabilities qz of class Cy is the
smallest nonnegative solution of the extinction equation s = P(s) such that q,f =1 for each
k -+ L.

Proof. We follow the same arguments as in [10, Theorem 7.1]. Let g%(n) denote the
probability that all classes in 4, become extinct no later than the nth generation. We have
gt(n) < q*®m + 1) and ¢° = lim,,_. o ¢*(n). The probabilities g*(n) may be computed recur-
sively, i.e.

q‘() = P(fY,

where f ¢ is the indicator vector of the classes which do not lead to class Cy, that is, f,f =1
for k -» £, and f,f = 0 for k — £. Indeed, for all classes in +¢ to become extinct at the first
generation, the initial individual must not produce any individual in a class belonging to .
Forn > 2,

q‘() = P(g*(n —1)).

Since the sequence {g‘(n)},>1 is nondecreasing in n and the generating functions are
continuous in each variable, we obtain

q' = P(q"),

which shows that g is a solution of s = P (s) with the property that q,f =1foreach k = €.

https://doi.org/10.1239/jap/1346955323 Published online by Cambridge University Press


https://doi.org/10.1239/jap/1346955323

Decomposable branching processes 649

It remains to show that g is the minimal nonnegative solution of s = P (s) under the specific
constraint q,f =1 for each k - £. Let ¢* be any other such vector. We have ¢* > f*, and,
thus,

*=PgH) = P(fH=q"),
by the monotonicity of P(-), and we finally get ¢* > P(g’(n)) for all n > 1. Then, letting n
tend to oo, we obtain ¢* > ¢, completing the proof.

This shows again that g < q‘Z forall 1 < ¢ < m, since q is the minimal nonnegative solution
of s = P(s) without any constraint.

Theorem 4.1 opens the way for algorithmic developments, as we show in the sequel, but
before doing so, we observe that it may be interpreted as follows: the extinction probability
vector g* of class Cy also corresponds to the total extinction probability vector § of a modified
branching process {Z(t), t € N}, in which we fix at O the birth rate of an individual which is
not able to generate individuals in class Cy. In terms of processes, we thus have the following

property.

Proposition 4.1. The extinction probability vector q" is the minimal nonnegative solution of the
extinction equation s = P(s), where P(s) is the offspring generating function of the modified
branching process {Z(t), t € N}, in which we set Py (s) :=1forallk » ¢.

Proof. We have

¢ = P[there exists T} > 0: Zy(T;) = 0 forall k — ¢ | ¥ol
= P[there exists T > 0: Zx(T1) = 0 forall k — € | ¢,

and, as the individuals unable to generate individuals in class C, eventually die without any
offspring in the modified branching process,

P[there exists 71 > 0: Zk(Tl) =0forallk — £ | o]
= P[there exists T, > T : Z,-k(Tz) =0forallk — ¢
and Zy(T>) = 0 forall k - € | @]
= P[there exists 7> > 0: Z(Tz) =0 ¢o]

I
=3

This shows that ¢¢ = §.

The extinction criteria of a class Cy are thus equivalent to the total extinction criteria of the
modified branching process (still reducible).

One can interpret these two results in light of Sewastjanow [13, Chapter 4, pp. 100-101].
Defining a regular set of types S as a set such thatif i, j € S, where typei — k,and k — j
for some intermediate type k, then k € S, Sewastjanow showed that the process obtained
by restricting the branching process to types belonging to a regular set S is a new branching
process. In our case, the classes belonging to 4, form a regular set of types, and we observe
that the extinction of class Cy is equivalent to the extinction of the set of types in A, that is,
E, = {ﬂkem E}. Indeed, we already know from Proposition 3.3 that E, C Ej forallk € Ay,
and it is clear that the extinction of all ancestors of C; implies the extinction of Cy.

In the rest of the paper we discuss computational issues. In order to prove the next result, we
need the following dichotomy property: assuming that there is a path to extinction from each
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type of individual, that is, g; > O for all 1 < i < n, a nonsingular branching process {Z(¢),
t € N} either grows to oo, or goes to 0:

P[tl_i)rgo|Z(t)| =+oo] +P[tl_i)rgo|Z(t)| =o] =1 @.1)

It does not remain positive and bounded [5, Chapter 2, Theorem 6.1].
The counterpart of Theorem 2.2 in the present case is then provided by the following theorem.

Theorem 4.2. Forall 1 < £ < m and every vector a® such that

w |=1 forallk » ¢,
K l<1 forallk — ¢

we have
lim P™@®) = q°.
n—oo
Proof. Let us fix £. For clarity of exposition, we reorder the n types of the branching
process into two classes: L, = Ukem Cyand L, =1{1,2,...,n}\ L,. Hence, we may
rewrite a© = [a,, a,]" witha, < 1anda, = 1.
As in the proof of Theorem 4.1, we consider successive generations and we define Z,, to be
the population size at the nth generation. We have, for any finite N € Ny,

PP @) =3 "PlZ,=0.y) [ 9ol + Y PlZ,=(x.y) | polal

y=0 y=0
x>0, x£0
llell<N
+ ) PlZy=(x.y) | pola.
y=>0
x>0, x#0
xl>N

The first term approaches ¢ as n tends to co. The second term tends to 0 as n tends to oo.

Indeed, foralli € L.,

Y. PlZ,=(xyle0=il=0,

y=0

x>0, x£0
lxl<N

since if the initial individual belongs to L, then it is unable to generate an individual in Cy,
which implies that it is not able to generate an individual in L, either. For alli € L,,

lim » PlZy=(x.y |¢o=i]=0

n—00
y=0

x>0, x#0
xll=N

since if the first individual belongs to L, then (Z,,), is the restriction of the branching process
limited to the types in L,, which is another branching process, itself exploding or becoming
extinct by the dichotomy property stated in (4.1). In the limit, ||x|| can thus not be both nonzero
and less than or equal to N.

Finally, the third term tends to O since it is dominated by P[||Z, ]| > N | ¢o] times the Nth
power of a quantity strictly less than 1, and N is arbitrary.
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Theorems 4.1 and 4.2 suggest a method to numerically compute ¢* for each class Cy in a
reducible multitype branching process: starting with the initial vector x¢(0) = a‘® such that

a(@) _ 1 forall k » ¢,
K71 Pe0) <1 forallk — ¢,

the functional iteration x¢(n) = P(xf(n — 1)), n > 1, converges to the vector qz.

Another more efficient way to compute partial extinction probabilities would be to use Propo-
sition 4.1 and to compute g* as the total extinction probability of the branching process modified
such that Py(s) = 1 for all k - €. This allows for the direct use of any available algorithm.
For instance, in some special cases of multitype branching processes called Markovian trees,
several linear and quadratic algorithms have been developed to compute the total extinction
probability; see [1], [6], and [7].
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