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Cross-sectional C*-algebras associated with
subgroups

Damian Ferraro

Abstract. Given a Fell bundle B = {B; }+¢ over a locally compact group G and a closed subgroup
H c G, we construct quotients Cj,, (B) and Cf,;(B) of the full cross-sectional C*-algebra
C*(B) analogous to Exel-Ng’s reduced algebras C} (B) = C?e}TE (B) and Cx(B) = CE‘C}TG (B).
An absorption principle, similar to Fell’s one, is used to give conditions on B and H (e.g., G
discrete and B saturated, or H normal) ensuring Cy, 5 (B) = Cipy6(B). The tools developed here
enable us to show that if the normalizer of H is open in G and By := {B; }tcn is the reduction of
B to H, then C*(By) = C; (Bn) if and only if C,; (B) = Cf (B); the last identification being
implied by C*(B) = C} (B). We also prove that if G is inner amenable and C} (B) ®max C; (G) =
Cf(B) ® C}(G), then C*(B) = C}(B).

1 Introduction

In the 1950s and early 1960s, Mackey and Blattner [4, 13] described an induction
process V ~ Ind$ (V) that creates a unitary representation Ind$;(V) of a locally
compact group G out of a unitary representation V of a closed subgroup H c G (we
write H < G).

When translated into the language of C*-algebras, V ~ Indg(V) becomes an
Cc*(G)
C*(H)
Rieffel noticed this in [17], where he presented an (abstract) induction process for

¢.{ (). Later, in [9], Fell
presented two induction theories: one for Banach *-algebraic bundles and one for *-
algebras; generalizing the works of Mackey-Blattner and Rieffel (respectively). Most
of what we need is contained in Fell’s original notes, but we prefer to use the standard
references [10, 11].

Fell had a problem the other authors did not: not all the representations can be
induced. This led him to the concept of inducible representation of a *-algebra and a
notion of positivity for representations of Banach *-algebraic bundles. The respective
definitions themselves [11, Chapter XI Sections 4.9 and 8.6] reveal that Fell’s theories
are related in the same way Mackey, Blattner, and Rieffel’s are. This is made explicit in
[11, Chapter XI Section 9.26 and Chapter XI Section 10].

We make use of all definitions and results of [10, 11] (e.g., integration, weak
equivalence, and weak containment of *-representations). All the groups considered

induction process 7 ~ Ind (m) for representations of (full) group C*-algebras.

representations of C*-algebras he used to describe 7 ~ Ind
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2 D. Ferraro

in this work are locally compact (this includes Hausdorft) and we abbreviate “*-
representation” and “unitary representation” to representation. The integrated form
of a representation S is indicated by adding~somewhere inside or over the expression
S. Whenever X = {X;}cp is a Banach bundle, P stands for the base space and X; for
the fiber over t € P. The set of continuous cross-sections of X with compact support
will be denoted by C.(X), and not by £(X) as in [11].

Fell’s absorption principle states that given a saturated Banach *-algebraic bundle
B = {B;}1e; H < G; a nondegenerate representation S of B and a unitary representa-
tion U of H, the representation S|z, ® U of the reduction By := {B; } ey is B-positive
and the respective induced representation of B is unitary equivalent to S ® Indg( U),
which we write as

(L1) S®Ind%(U) = Ind (8|3, ® U).

For H = {e} (e being the unit of G) and U: H — C trivial, Ind$ (U) is the left regular
representation A: G - B(L*(G)) and we get S® A Indfe}(sh;e ).

The representations of the form S ® A are explicitly considered by Exel and Ng in
[8] and, as we shall see later, those of the form Ind?e}(gb) appear as A ®¢ 1, with
A3:C*(B) - B(L?(B)) being the reduced representation of [8, Definition 2.7]. Exel
and Ng used those two families of representations to give natural definitions of the
reduced cross-sectional C*-algebra of a Fell bundle, C; (B) and C;(B), which turn
out to be isomorphic [8, Theorem 2.14]. Exel-Ng’s ideas go back to Raeburn’s work on
coactions [15], as pointed out in [8, p. 515].

The construction of C;(B) can be extended considerably by using the ideas of
[12] of producing exotic crossed products for C*-dynamical systems out of quotients
Q of the full group C*-algebra C*(G). Say we have a locally compact group G
and a quotient map q:C*(G) - Q. Let B = {B;}tc be a Fell bundle and take
faithful nondegenerate representations 7: C*(B) — B(X) and p:Q - B(Y), so n ®
p:C*(B) ® Q - B(X ® Y) is faithful and nondegenerate (we are considering min-
imal tensor products). Both 7 and p o g are the integrated forms (or disintegrate
to) representations S: B - B(X) and U: G — B(Y). For the canonical representation
11:G - M(Q) we have [S® U], (n(f) ® p(z)) = n(bf) ® p(19(t)z), for all b € By,
feC.(B) and z € Q. Hence, the image of the integrated form S®U:C*(B) -
B(X®Y) (of S® U) is contained in M(C*(B) ® Q) and 621 := S&U:C*(B) —
M(C*(B) ® Q) is independent of (7, p). We define the g-cross-sectional C*-algebra
Cy(B) = 8B4(C*(B)). If B is the semidirect product bundle of a C*-dynamical
system (A, G, a), C;(B) = A %44 G is a quotient of the full crossed product C*(B) =
AxyG.

Take, for example, the integrated form 1:C*(G) - C(G) of the left regular
representation A: G — B(L*(G)). By definition, Ci(B) = Cx(B). Since A is induced
by the trivial representation of { e}, it is natural to replace { e} with any other subgroup
H < G and consider g: C*(G) — C*(G)/I, with I the intersection of the kernels of
all integrated forms of representations induced from H. This associates an H-cross-
sectional C*-algebra Cfy,(B) := C;(B) to every Fell bundle B over G.

There is still another natural quotient Cj;, (B) := C*(B)/] one may associate to
H. Take for J the intersection of all the kernels of integrated forms of representations
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of B induced from B-positive representations of By. In case B is saturated, all
representations of By count [11, p. 1159]. This is also the case if H = {e}.
We claim that C7 5, (B) = C¥(B). Indeed, given a representation ¢ of B, = By,

the abstractly induced representation Indgemc(g)(gb) of [11] is (Ap ®¢ 1)|c,(5)- By
(11, Chapter XI Section 9.26], A ®¢ 1 is the integrated form Iﬁd{%e}(</>). Hence, for

all f € C* (B), we have [As ()]  [As (f) @ 1] = [Tdy., (¢) ] with equality if ¢ is

faithful. It is then clear that J = ker(13) and Cfe}TB(B) =1z (C*(B)) = C(B).
Fell’s absorption principle comes into play when we want to compare Cf;,45(B)

and Cjp,(B), for a general H < G. To start with, we have canonical quotient maps

12) C*(B) L~ CHTB(B) C*(B) —2> Clyyo(B).

Assume B is saturated and take faithful representations S and U of C*(B) and

C*(H), respectively. By [11, Chapter XI Section 12.4], Iﬁdfl(U) factors through
a faithful representation of C*(G)/In and our construction of Cj,;(B) implies

||qBTG (N =[[S&U]y| forall f € C*(B). By Fell's absorption principle, [|[[S®U]¢| =

[y (St ® U)s] < |q#1% (£)]. This implies las'® (O] < 14" (f)]. In other
words, there exists a unique quotient map 775 making of

(1.3) C*(B)
q"* %
Cing (B) — Cing(B)

a commutative diagram.

One of the main results of [8] is that ”{%}: C;(B) - C;(B) is an isomorphism,
even if B is not saturated (in which case the mere existence of n{%} is in question).
When B is saturated and H is normal, we can get the same conclusion out of
(1.1). Indeed, let T be a representation of By with faithful integrated form. By [11,
Chapter XI Section 12.8], T < Ind} (T)|s,, < S|s, and this implies S|z, is faithful.
The continuity of the induction process with respect to the regional topology [11,
Chapter XI Section 12.4] implies | g™ (f)| = HIndg(S@H)fH forall f € C*(B). For
the trivial representation x: H — C, Fell’s absorption principle gives

19" ()] = | Ind; (S|z, )| = [ [S&Ind§;(k)]¢] < |[S®Indf(U)]/|
(14) = a3 (N

which clearly implies 773 is isometric. These arguments can not be extended to non-

normal subgroups. Consider, for example, B as the trivial bundle over G with constant
fiber C and H < G such that the canonical *-homomorphism C*(H) - M(C*(G))
is not faithful.

How was that Exel and Ng manage to define ﬂ?e} and prove it is faithful even for
non saturated B? The short answer is that they developed a version of (1.1) where =
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is replaced by a weak equivalence ~ of representations. Exel-Ng’s absorption principle
states that for any given nondegenerate representation S of B,

(15) S ® A~ Indp,y (S]3,).-

The statement and proof of this claim is implicit in that of [8, Theorem 2.14] when the
authors show A (a) ®g), 1=0 < [S®A], = 0. Notice (1.5) suffices to define n{%} and
make (1.4) work.

All the facts presented before led us to the following questions concerning a general
Fell bundle B = {B;} ¢ (saturated or not) and H < G.

(1) Are all representations of By inducible to B (i.e. B-positive)?

(2) Can one imitate Exel-Ng's construction of Ag:C*(B) — B(L%(B)) using H
instead of {e}? More specifically, we ask for the possibility of constructing a right
C*(By)-Hilbert module L (B) and *-homomorphism

APB.C*(B) - B(L%4(B))

such that, for every representation T of B, onehas A#® ® ;.1 = Iﬁdf} (T).Incase
this can be done, it would follow immediately that Cjy,5(B) = A® B(cr(B)).

(3) Isthere any general weak form of (1.1)? We mean something similar to (1.5) which
one may use to define 77j; .

(4) Assuming questions (2) and (3) admit affirmative answers, under which circum-
stances is 773; an isomorphism? In other words, when is A#® (C*(B)) universal
for the representations of B of the form S&Ind$; (U )? We know this is true if H is
normal and B saturated, is saturation really necessary?

The outline of this article is as follows. After this introduction, the first main
Theorem gives an affirmative answer to question (1) and right after that we construct
the *-homomorphism A®® of question (2). We then prove Cing(B) and Cipy6(B)
have certain universal properties for different families of representations of B. Those
characterizations are used to compute Cj;,.3 (B) and Cj;,;(B) in a concrete example
revealing that many of our theorems fail if some hypotheses are removed. As an appli-
cation we construct certain “exotic coactions” &: Cjp, ¢ (B) - M(Cjj6(B) ® Q%) for
specific quotients QF of C*(G). In the last part of Section 3, we show that if G is inner
amenable and C; (B) ®max C; (G) = Cf (B) ® C;(G), then C*(B) = C;(B).

Our answer to question (3) occupies most of Section 4, which ends with a series of
corollaries. In one of them we construct a *-homomorphism that, in some situations,
happens to be the inverse of the 77}; of (1.3). Another of the corollaries is an extension
of Exel-Ng’s absorption principles to normal subgroups other than {e}.

In the fifth and final section, we study the dependence of Cj;,4 (B) and Cfy,6(B)
with respect to H. The main result states that if the normalizer of H is open in G, then
C*(Bu) = C;(By) if and only if Cfj,5(B) = C;(B). As a corollary of this we get
that C*(B) = C;(B) implies C*(By) = C} (By).

2 Positivity and induction

We take from [10, 11] all the definitions, constructions and results concerning rep-
resentations, C*-algebras, Banach and C*-algebraic bundles (the latter are called Fell
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bundles). Any notation different from that of [10, 11] will be introduced along with its
corresponding explanation.

Given a (right or left) Hilbert module X, we denote B(X) the C*-algebra of
adjointable maps from X to X. Whenever A is a C*-algebra and m: A - B(X) a
nondegenerate *-homomorphism, 7: M(A) — B(X) stands for the unique extension
of 7. We use the symbol ( , ) to denote inner products (except when we recall the
definition of Banach *-algebraic bundle). The modular function of a locally compact
group G will be denoted by A and integration with respect to a left invariant Haar
measure will be indicated by dt.

Whenever A and B are C*-algebras and there exists a canonical *-homomorphism
7: A —> B, the expression A = B means 7 is an isomorphism and we think a = 7(a)
for all a € A. This is the case when we write C*(G) = C;(G) (i.e. G is amenable) or
A®B=AQ®nx B

When we say B = {B;} ¢ is a Banach *-algebraic bundle we are implicitly assum-
ing the existence of a structure (B, r,-) making B = (B, ,-) a Banach *-algebraic
bundle in the sense of [11, Chapter VIII Section 3.1]. When we write b € B we mean
b € B. Notice that the fibre B, over the unit e € G is a Banach *-algebra. By definition,
B = {B;} s is a Fell bundle (i.e. C*-algebraic bundle) if |b*b| = |b|? and b*b is
positive in the C*-algebra B,, for all b € B. Given a Banach *-algebraic (Fell) bundle
B = {B:}tec and H < G, the reduction By := {B;} ey is a Banach *-algebraic (Fell,
respectively) bundle with the structure inherited from B.

The concrete and abstract induction processes of [11] can be applied to any B-
positive representation S: By — B(X) and give two unitary equivalent representa-
tions of B [11, Chapter XI Section 9.26], any of which we denote by Ind% (S) and
call the representation of B induced by S. The definition of B-positivity we adopt is
that of [11, Chapter XI Section 8.6]. By [11, Chapter XI Section 8.9], a representation
S: By — B(X) is B-positive if for every coset rH € G/H = {tH: t € G}, every integer
n>0,alby,...,b, € B,g,andall &,...,¢&, € X,

(2.1) Z Sb *b; fzaf}

i,j=1

We give an alternative formulation in Corollary 2.2.

In [11, pp. 1159] Fell proves the theorem below for saturated bundles and asks
if saturation can be removed from the hypotheses. It indeed can and, as pointed
out by Fell in the same page, this leads to a simpler formulation of positivity for
representations of Banach *-algebraic bundles (Corollary 2.2).

Theorem 2.1 If B = {By}cq is a Fell bundle and H < G, then all the representations
of By are B-positive.

Proof Let T:By — B(X) be a representation. Fix ¢ € G and elements by,...,b, €
Bin. Take sy,...,5, € H such that bj € By, (j=1,...,n). Set 5:= (s1,...,5,) and
ts := (tsy,...,ts,) and define the matrix space

Mts(g) —{(M,]) ]1Mz;€B(ts)1(ts)’Vl]—1 }
It is of key importance to notice that M5 (B) = M;(Bg).
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By [2, Lemma 2.8], M;(B) is a C*-algebra with usual matrix multiplication as
product and x-transpose as involution. A quick way of proving this is by taking
a representation R: B — B(Y) with all the restrictions R|p, being isometric (which
exists by [11, Chapter VIII Section 16.10]) and to identify M;;(B) with the concrete
C*-algebra

{(RMi,j)?,jzl:Miaj € BS,TIS]" A 1,] =1,.. .,n} C ]B(Yn)

The matrix M := (bjb;)} ;_; belongs to M,s(B) and, regarding B as a B - B-
equivalence bundle, we can easily adapt the proof of [2, Lemma 2.8] to show that M is
positive in M (B) = M (Bg). An alternative (direct) proof is as follows.

Notice that for all M = (M;,;)} ;_, € Ms(B) and all i =1,...,n we have M;,; €
B.. So we may define a trace function tr:M;(B) — B, by tr(M) := Y1, M; ;. The
operations

M (B)xB, - B, (M, b) = (M;,;b)} i

()5, Mio(B)xMio(B) > B.  (M,N) > (M,N), = tr(M*N)

make of M5 (B) a full right B, -Hilbert module which we denote by M;s(B)p, .
For every M € M;(B), the operator ¢p:Mys(B)g, > Ms(B)g,, N » MN, is
adjointable because for all N, P € M, (B)5,,

(¢mN, P)p, = tr((MN)"P) = tr(N*(M"P)) = (N, ¢+ P)s,

Moreover, the natural representation ¢: Mys(B) - B(M;s(B)3,), M — P, is a *-
homomorphism.

To prove that ¢ is faithful, we take an approximate unit {e;};c; of M;s(B).
For all M € M;5(B), we have X7, (M;,;)* M, = tr(M* M) = lim; tr((Me;)* M) =
lim;(@aei, M)p,. Thus, ¢ = 0 implies 27 ;_;(M;,;)* M;,; = 0 and this yields M = 0.

Now that we know ¢ is faithful, to prove that M := (bjb;)? ., >0 (in M5(B) =

i,j=1
M, (Bg)) it suffices to show that ¢ s > 0. This is the case because for all N € M (B)p,
we have .
(¢N> N) 5, = tr((paN)*N) = tr(N*M*N) = 3 (Z ij]-,i) (Z kak,i) > 0;
i=1 \ j=1 k=1

where the last inequality follows from the fact that the definition of Fell bundle
requires c* ¢ to be positive in B, for all ¢ € B.

IfN := M'/? € M5(B) = M(By), then all the entries N; ; of N belong to By and
forall &,...,&, € X we have

n

S Ty &) = O (T, 05 = 30 iTN,c,f,,ZTNhf,
k=1 i=1

i,j=1 i,j,k=1
proving that T is B-positive. u
Corollary 2.2 (cf. [11, Chapter XI Section 11.11]) Let B = {B;}sc be a Banach *-

algebraic bundle and H a closed subgroup of G. For any representation S: By — B(X)
the following conditions are equivalent:

(1) Sis B-positive.
(2) (Sp=p&, &) > 0forallbe Bandé e X.
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2.1 Fell’s abstract induction process for Fell fundles

Take a Fell bundle B = {B;} . The convolution product f * g, the adjoint f* and
norm | f|; of f, g € C.(B) are given by

fg= [ feg0ds (0 =867 Ifh= [ 1fG)]ds

The L'-cross-sectional algebra L'(B) of B is the | |;-completion of C.(B).

The cross-sectional C*-algebra of B, C*(B), is the enveloping C*-algebra of L' (B)
and we know from [11, Chapter VIII Section 16.4] that L'(B) is reduced, meaning
that we may think of L' (B) as a dense *-subalgebra of C*(B). The integrated form of
a representation T: B — B(X) is the unique representation T: C*(B) — B(X) such
that Tp€ = [; Ty(nyEdtforall f € C.(B)and € X. All representations of C*(B) arise
this way (so they can be “disintegrated”) and T determines T.

The definition of weak containment (and equivalence) of representations we adopt
are those of [10, Chapter VII Section 1] and [11, Chapter VIII Section 21]. Given two
sets of representations, § and 7T, the expressions 8 < T and 8§ ~ T mean that 8 is weakly
contained in T and that § is weakly equivalent to 7T, respectively.

The basic ingredients we need to perform Fell’s abstract induction process (see
[11, Chapter XI Sections 8.7 and 9.25]) are a closed subgroup H c G; a representation
T: By — B(X); the “normalized restriction”

1/2
02 pCB) - C(Ba) p0-(33) " 50

and the action C.(B) x C.(By) = C.(B), (f,u) = fu, given by

AG(S) 1/2 .
AH(S)) d

It is shown in [11, Chapter XI Section 8.4] that for all f, g € C.(B) and u,v € C.(Bp),
p(N) =p(f)  (fwyv=fluxv) p(fu)=p(flu (f*gu=fx(gu).

We abbreviate izgg to A%(t) and write py instead of p only when not doing so
may cause any confusion.

Any representation T: By — B(X) is B-positive and this implies that there is a
unique pre-inner product [ , ]7 on the algebraic tensor product C.(B) © X such that,
forall f,ge C.(B)and &, ne X, [f© & g@nlr=(Tpgsp)é n). We denote by X7

the Hilbert space obtained as the completion of the quotient

(23) fun= |, f(ts)u<s1>(

Co(B) © X/{u € C.(B) © X: [u,u]r = 0}

with respect to the natural (quotient) inner product, which we denote by (, ).
The image of an elementary tensor f © £ € C.(B) ® X (via the quotient map and
the inclusion into the completion) will be denoted f ®r &. By construction,

(2.4) (ferégorn) = <Tp(g**f)£’ n) = (& Tp(f**g)’7>'
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By [11, Chapter XI Section 9.26] the (abstractly) induced representation
Ind>(T): B — B(X%), and its integrated form Iﬂde(T):C*(B) - B(X%) can be
characterized by saying that

Ind(T)y(f ®1 §) = (bf) @r & Indy(T)g(f ®1 &) = (g f) ©r &

forallb € B, f, g € C.(B) and & € X, where the action of B on C.(B) used in the first
identity is

B x C(B) - C.(B) (beB, f) - bf (b)(t) = bf(s't).

Remark 2.3 'The trivial one-dimensional complex Banach bundle over G, Tg =
{Cé;}cq, is a saturated Fell bundle with the operations (zd,)(wd;) = zwd,s and
(26,)* =28,. We can easily identify C.(T), L'(Tg) and C*(T) with C.(G), L'(G)
and C*(G), respectively. The unitary representations of G are in one to one corre-
spondence with the nondegenerate representations of 7. Up to this identification,
the induction process U ~ Ind%(U) is the same as U — IndgG (U).

2.1.1 The induction module

With (. )3:Co(B) x C.(B) - Cu(By) defined by (f, )% == p(f* + £), Cc(B)
becomes a right C.(Bp)-rigged left C.(B)-module (in the sense of [11]) with the
action (2.3) on the right and the natural action by convolution on the left. If we
consider C.(Bpy) as a dense *-subalgebra of C*(By), then (, )7 is positive in the
sense that (f, f)5 > 0 forall f € C.(B). Indeed, take a nondegenerate representation
T: By — B(X) with faithful integrated form. Then T<f,f)-§ = Tp(f* «f) > 0 because T
is B-positive [11, Chapter XI Sections 8.6-8.9].

We are now in the situation of [16, Lemma 2.16], so there exists a right C*(By)-
Hilbert module L}, (B) (with inner product (, )c«(s,)) and alinear map q: C.(B) —
Ly (B) with dense image and (q(f),q(g))c+(s,) = p(f* * g) for all f,g e C.(B).
To prove q is faithful, we start by noticing that q(f) = 0 implies p(f* * f)(e) =0,
which translates to [ f(£)*f(t) dt = 0. This last condition implies f = 0 because ¢
f(t)* f(t) is a continuous function with compact support from G to the positive cone
of B,.

Now that we know that g is injective, we omit any reference to it and think of
C.(B) as a dense subspace of L% (B). For example, we make no distinction between
(2 8)cx (e (f>8) B and p(f* * g).

The following remark will be used repeatedly (and even without mention) in the
rest of the article.

Remark 2.4 Given a non empty set A, Hilbert spaces X and Y and functions x: A —
X and y: A — Y such that (x(a),x(b)) = (y(a), y(b)) for all a,b € A, there exists a
unique linear isometry I:span{x(a):a € A} — span{y(a):a € A} suchthatIox = y.

The proposition we are about to state is a reinterpretation of [11, Chapter XI Section
9.26]. It reveals that when working with Fell bundles, the induction process can be
carried out using Hilbert modules and not just left rigged modules.
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Proposition 2.5 There exists a unique *-homomorphism AH®:C*(B) - B(L%(B))
such that AHBg f*gforall f, g € C.(B). Moreover, for any representation T: By —

B(X) itfollows that

AM® @12 Indy (T).
Proof ~Take any representation T: By — B(X). By [11, Chapter XI Section 9.26] the
representation T|c () is inducible to C(B) via the conditional expectation p of (2.2)

and the resulting induced representation is Iﬁdi (T)|c.(s)- Then, forall f, g € Cc(B)
and € € X we have

(Tiagupegz & €) = IIndg(T) (g @1 O < [ fIF1g ®1 & = [ £1}{ Tig 0 & €)-
Since we can choose T so that T is faithful, we have (f * g, f * g)5 < || f|*(g, g)5 and

(frghig=p((f*&) *h)=p(g"+ (f *g)) = (g [ * h)y
for all f, g, h e C.(B). This implies the existence ofa map A% C.(B) - B(L%(B))
such that A%g = £+ g, |A%] < | fl; and (A?)" -

Note that A isa * homomorphlsm Wthh is contractive with respect to || |, so it
admits a unique extension to a homomorphlsm ALY (B) - B(L%(B)); which we
can extend in a unique way to a *-homomorphism A#%: C*(B) — B(L%(B)).

The tensor product L% (B) ®; X is the closed linear span of elementary tensors
f®7&(feCo(B)and & e X) with (f @7 & g@7 1) = (Tigp2&n) = (fOr & g @1
1). So there exists a unique unitary U: L% (B) ®; X — X} sending f ®; £ to f @7 &.
This operator intertwines A#® ®; 1 and Iﬁdﬁ(T) because for all f,ge C.(B) and
& € X we have

U*Indy (T);U(g @5 7) = U ((f * §) ®1 1) = (f * §) ®1 1
= (A" @115 (g @7 1);

which implies U*Iﬁdi(T)fU = [A"P ®;1]f forall f e C*(B). ]

Remark 2.6 One may use [11, Chapter VIII Section 12.7] to disintegrate A#® into a
Fréchet representation AH® " which happens to be given by A ;, f=>bf forallbeB
and f e C.(B) c leq( B). This ultimately follows from the fact that for all b € B and
f,8€Ce(B), AHE(f + g) = A, AP g = AlB o = (bf) + g = b(f * g).

Remark 2.7 (Systems of Imprimitivity) As pointed out in [11, Chapter XI Section
14.4], there is a natural action Co(G/H) x C.(B) » C.(B), (f,g) — fg, where

fg(r) = f(rH)g(r). Moreover, Fell shows that given a representation T: By — B(X),
the action of Cy(G/H) induces a representation

y":Co(G/H) > B(L}(B) @7 X) yi(g®ré)=fgeré

In particular, (&, T, r)§) = |y} (g ®1 ) < |fI*g ®1 &> = | fI*(, (g )¢) and

this yields (fg, fg) < | f|*(g, g)- This is the key fact one needs to prove the existence
of a unique *-homomorphism y: Co(G/H) — B(L3;(B)) such that y g = fg for all
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(f.g) € Co(G/H) x C.(B). It turns out that y is nondegenerate and 1//} =yr®; L
The pair (A"®, ) is a kind of universal system of imprimitivity because, accord-
ing to [11, Chapter XI 14.3-14.4], by disintegrating A"® ®:1 and ¥ ®; 1 one gets
Ind}(T) and the projection-valued measure induced by T. It then should come
as no surprise that, denoting 7 the natural action of G on Cyo(G/H), one obtains
AFB Ly =y, AHP) forall b e B, and f € Co(G/H).

Remark 2.8 1If H={e}, then L%(B)=L*(B) and A"® = 1g. Indeed, in this
situation B, = C.(By) and the inner product of f,ge C.(B) in L*(B) is
[of()*g(t)dt=f*xg(e)=p(f*+g)=(f gk The action of (2.3) reduces to
(fb)(t) = f(t)band thisis the action used by Exel and Ng to construct L2(B). Hence,
L%(B) = L2(B). The rest is an immediate consequence of the last proposition above
and [8, Proposition 2.6].

Remark 2.9 If H = G then L% (B) is the C*-algebra C*(B) considered as a right
C*(B)-Hilbert module and A®®: C*(B) - B(C*(B)) is the natural inclusion. This
is the case because (f, g)2 = p(f* * g) = f* * g and the action (2.3) is given by the
convolution product.

3 Universal properties of cross-sectional C*-algebras

Let B be a Fell bundle and F a non empty family of representations of B. We say
that a C*-algebra A is universal for J if there exists a surjective *-homomorphism
m: C*(B) — Asuch that (i) forevery (S: B — B(X)) € F, there exists a representation
pS:A - B(X) with pSom =S and (i) for some S € F, pS is faithful. Notice p° is
unique because 7 is surjective.

Say S € J is such that p® is faithful. Then ker(7) = ker(S) = n{ker(T): T € F} and
this implies the existence of an isomorphism 7: A — C*(B)/ n {ker(T): T € F} such
that 7 o 77 is the natural quotient map. Given another surjective *-homomorphism
k: C*(B) — C satistying (i) and (ii), ¢ := (%) ! o 1 A > C is the unique isomorphism
such that yo 7 = k.

The next propositions imply Cj;,4 (B) is universal for the representations of B
induced from representations of By; while Cjj,3(B) is for those of the form T ®

Ind$ (U), T being a representation of B and U one of H.
Proposition 3.1 Let B ={B;}ic be a Fell bundle, H< G and T:By — B(X) a
representation. Then there exists a unique representation p: Cypy 5 (B) — B(X%) such
that p o g"'® = Iﬁdf,(T). Moreover, if T is faithful then so is p.
Proof Let J c C*(B) be the intersection of all the kernels of integrated forms of
representations of B induced from representations of By. We obviously have ] c
ker(Iﬁdfl(T)), so there exists a unique function p: C*(B)/] - B(X?) such that
pogt® = I{ide(T) (implying p is a representation).

Assume T is faithful and let S be any other representation of By. Both S and its
nondegenerate part induce the same representation of B, so we may assume both

S and T are nondegenerate. We have S < T because T is faithful. By the defini-
tion of weak containment for bundles, S < T and the continuity of the induction
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process with respect the regional topology (11, Chapter XI Section 12.4] implies
IndH(S) < IndH(T) Hence, ker(IndH(T)) c ker(IndH(S)) and it follows that ] =
ker(Indﬁ (T)) or, in other words, that p is faithful. ]
Proposition 3.2 Let B = {B¢} g be a Fell bundle and H < G. Given nondegenerate
representations T: B — B(X) and U: H — B(Y) there exists a (unique) representation
p: CHTG(B) - B(X®Y) such that p o qHTG T&Ind (U). Moreover, p is faithful if
T and U are.

Proof By definition, we may think of Cj,;(B) as the image of the *-

homomorphism §:C*(B) > M(C*(B) ® Q) associated with the quotient map
2:C*(G) - Q := C*(G)/I; with I c C*(G) the intersection of all the kernels of inte-

-G
grated form of *-representations induced from H. Hence, Indy; (U) factors through a
representation 7: Q — B(Y ) and we getarepresentation T ® m: C*(B) ® Q > B(X ®

Y) we may extend to the multiplier algebra to get a representation T ® 7.

When we described §: C*(B) - M(C*(B) ® Q) in the introduction we made use
of canonical unitary representation 1:G — M(Q) and the action of B on C.(B) c
C*(B). In fact, §7(g®2) = Jo f(t)g®i(t)zdt forall f,g e C.(B) and z € Q. This
yields T ® 70 8 = T®Ind%(U). Since we are identifying Cing(B) =8(C*(B)), the
quotient qBTG C*(B) - Cf16(B) becomes f ~ J; and we may therefore define

P as the restriction of T® 7 to C HTG(B) Say we have some other representation
Cing(B) » B(X®Y) such that p o g6 = T®Ind%(U). Then p’ 0 1% = po

quG and this yields p = p’ because qg “ is surjective.

Assume the integrated forms of T and U are faithful. Then, 7 is faithful because
given any other representation V of H we have V < U= V < U = Ind3(V) <
Ind%(U) = IﬂdIG_I(V) < Iﬁdg(U) and this implies [ is the kernel of IﬂdIG{( U) or, in
other words, 7 is faithful and so must be T ® 7; which clearly implies p is faithful. m

Remark 3.3 Say B = {B;}sc is a Fell bundle and we have conjugated subgroups
H < G and K = rHr™'. By [11, Chapter XI Section 12.21], up to unitary equivalences,

the classes of representations of G induced from H and K agree. Then there exists an

isomorphism x: Cf,;(B) = Ciy(B) such that y o qHTG _ qlgG.

In the introduction, we showed C7,, .5 (B) =A5(C*(B)) and we know from
Remark 2.8 that 15 = A{¢}® Thus Clops(B) = ALeYB(C*(B)). This is a particular
case of a more general fact.

Corollary 3.4 For every Fell bundle B = {B:}c and H < G, the quotient map
C*(B) - AHB(C*(B)), f+ AMB(f), makes of AHB(C*(B)) a universal C*-
algebra for the representations of B induced from By.

Proof Let T:By — B(X) be a representation. By Proposition 2.5, there exists a
* homomorphlsm 6:B(L%(B)) > B(L%(B) ®4 X) such that (M) = M ®5 1 and

6o AHB = IndH(T). The restriction 9|AH‘B(C*('B))-AHB(C (B)) - B(X}) is then

the unique representation p of A#®(C*(B)) such that p o AH® = Iﬁdi (T). If T is
faithful then 0 is also, which clearly implies p is faithful. ]
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3.1 An example

Here, we present an explicit example of a Fell bundle B = {B;};c and H < G such
that:

« The normalizer of H is open (because G is discrete).

e Ag:C*(B) — C;(B) is not an isomorphism.

e Forallr e H, Cfpy,1,6(B) = C*(B) (see Remark 3.3).

« Cig(B) =C*(B) andifr € G\H, then Cy 1, (B) = C; (B).

The lemma below is of key importance in the rest of the article, in particular in
the example presented right after its proof. We state it in full generality and not only
for discrete groups. By considering trivial Fell bundles over groups with constant
fiber C, it is easy to use the Lemma to prove the analogous statement for unitary

representations of groups.

Lemma 3.5 If B = {Bi}c is a Fell bundle and the normalizer of H < G is open, then

(1) For every nondegenerate representation T of By we have T < Indg(T)|g~3H.
(2) Given a nondegenerate representation T: B — B(Y), T|p,, is faithful if T is.

Proof By [11, Chapter XI Section 12.8] and [11, Chapter XI Section 14.21], the first
claim holds if H is either open or closed in H. To deal with the general case, we let N
be the normalizer of H in G. Using induction in stages [11, Chapter XI Section 12.15],
the continuity of the induction and restriction processes with respect to the regional
topology [11, Chapter XI Section 12.4 and Chapter VIII Section 21.20] we get

Indj; (T)|s, = Indy (Indg™ (T))|s,|5, = Indg* (T)|s, = T

and Ind} (T)|s, > T by transitivity.

To prove the second claim, we take nondegenerate representations S and T of
By and B, respectively, with faithful integrated forms. We have Ind}; (S) < T, so
S <Ind3(8S)|s, < T|s, and T|s, must be faithful because $ is. ]

Take for G the free group in three generators, F3 =< a, b, ¢ >, and think of IF; =<
a, b > as a subgroup of F5. Let T = {C6; } 1, be the trivial Fell bundle and define

B := {00} ew\r, U {CO:}rer, € T.

Then, B is a Fell bundle with the structure inherited from 7.
Nondegenerate representations of B and unitary representations of ¥, are in one
to one correspondence via an association

(T:B - B(X)) « (UL:F, - B(X)),

where U := Ty, This identification preserves direct sums, weak containment, and
unitary equivalence.

Given a nondegenerate representation T:B — B(X) and f e C.(B), let f' ¢
C.(F,) be such that f(t) = f'(t)d; for all t € F,. It is easy so show Ty = UfT, and
this implies the existence of a unique isomorphism 7: C*(B) — C*(F,) extending
C:(B) » C.(F,), f = f'. Hence, C*(B) = C*(IF).
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Fix t € F5 and set H := tF,t™'. We want to identify Cj;p (B) and Cj,5(B).
According to Remark 3.3, Cjyp, (B) = Ci 4y, (B) and to compute this last algebra
we take nondegenerate faithful representations T: C*(B) - B(X) and V: C*(F,) —
B(Y). We have

F3
UT®IndJFz(V) ~UTg Indg; (V)|1F2'

Since V weakly contains the trivial representation of F, and V < Indgz(V)hF2
(Lemma 3.5), we have UT < UT @ V < UT ® Inng(V)hgz. Thus the integrated form

F
of UT®™4% (V) 5 faithful and, consequently, T®Ind£z (V) is a faithful representation

of C*(B) that factors through a representation of Cy . (B) via q%ﬂ&: C*(B) —»
Ci,sr,(B). Tt is then clear that qy"™ is faithful and we may think Cr,1p,(B) =
C*(FFy).

To compute Cf;,5 (B ), we must consider the representations of B. The only non
zero fibers of By are those over H nF,. We divide the discussion in two cases: t €
F, and t ¢ F,. In the first case, By is the trivial bundle over the group H = I, and
representations of B, By and I, are in one to one correspondence T «» T|g, « UT.
Moreover, this association preserves weak containment and direct sums. By Lemma

- B
3.5, for every representation S of By we have § < Ind}; ()3, so Indy(S) is faithful
if § is. By Proposition 3.1, ¢'®: C*(B) — Cj;;5(B) is an isomorphism and thus we
get Cy (B) = C* ().

Now assume f ¢ [, in which case the word t contains a letter ¢ or ¢ and this
implies HNF, = {e}. The only non zero fiber of By is then B, = CJ, and for every
representation T of By we have T = Ind{f’e’i (T|p,)- By induction in stages [11, Chapter
XI Section 12.15] and Proposition 3.1, Cf,5 (B) = C;(B). For the identity ¢: B, — C,
U™ (9 s the regular representation of IF, and thus we may think of g'/'®: C*(B) —

13 (B) as the regular representation AF2:C* () — Ci ().

3.2 Exotic coactions

Let G be a locally compact group and fix H < G. For the trivial Fell bundle
T6 = {C¢} e, we have C*(G) = C*(T¢). Since T is saturated, we have a *-
homomorphism ngc as in (1.3). We know ngﬁ is an isomorphism if H is normal. The
reason for this is, basically, that the trivial representation 74: H - C is weakly con-
tained in Ind$ (75 )|, which also happens if the normalizer of H is open in G (Lemma
3.5). In [6] Derighetti gives a number of conditions implying 75 < Ind$ ()| 4.

Remark 3.6 If there exists a representation V of G such that 7y < V|g, then
ﬂgc is an isomorphism. Indeed, for every representation U of H with faith-

ful integrated form, Ind%(U) < Ind$(V|y ® U) 2 V ® Ind% (U). Hence, the fact

that g™ (f)] < |[V @ IndZ(U) 15 < Iq5° ()] = |7 (g7 (f))] for all f e
C*(G), implies the desired result.

Definition 3.1 We say, G satisfies Derighetti’s weak condition with respectto H < G
if for some representation U of H it follows that 75 < Ind%(U)|.
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We now focus our attention on the quotlents Qf; = Ci;i(Tg) of C*(G) and the
natural quotient maps g% = glgc Cc*(G) —»

Theorem 3.7 If B = {B,}cc is a Fell bundle and §: C*(B) — M(C*(B) ® Q) the
*-homomorphism corresponding to q% (see the introduction), then there exists a unique
*homomorphism p: Cis(B) ~ M(Cjy6(B) ® Qf}) making

C*(B) ——>— M(C*(B) ® QF)

HtG THIG o1
| s

Cing(B) - M(Ciy6(B) ® Qﬁ)

a commutative diagram. Moreover, p is faithful if G satisfies Derighettis weak condition
with respect to H.

Proof Let T:C*(B) - B(X), U:C*(H) - B(Y), and V:C*(G) - B(Z) be non-
degenerate faithful representations. By Proposition 3.2, there are unique faithful rep-
resentations y: Cj, TG(B) > B(X®Y)and v:Q% > B(Z®Y) such that yo qHTG
T®Ind$§(U)and v 0 g§ = V&Ind$;(U). We make extensive use of the faithful nonde-
generate representation 4 ® v: Cj;(B) ® Qff > B(X ® Y ® Z® Y) and of its exten-
sion 4 ® v to the multiplier algebra.

We have (4 ®v) o (q2'°®1) = (T®Indf;(U)) ® 4 and this implies (4 ® v) o

(921% ®1) o & is the integrated form of

(T®Ind%(U))® (VeInd%(U)) 2 Te Ve Ind%(Ind%(U)|y ® U)
* T®Ind%(V|g ® Ind%(U)|g ® U).

It then follows from Proposition 3.2 that for all f € C*(B), we have

3.1) I(g5" ©1) 0 8(f)| = [(uev)o(qh'® @1) 0 8(H)] < |45 (f).

and the existence of p follows (uniqueness being immediate).

Assume G satisfies Derighetti’s weak condition with respect to H and let W
be a representation of H such that 75 < Ind%(W)|g. Then, W < U = Ind (W) <
Ind%(U) = 15 < Ind%(W)|g < Ind$ (U)|g = 75 < Ind$;(U)|g. In addition, 7p <
V]| because Ind%;(U) < V. Hence, U 2 1y ® 75 ® U < V| ® Ind%(U)|y ® U and
the inequality of (3.1) becomes an equality (implying p is isometric). [ ]

Let p®:C; i6(B) > M(Cj ® Q) and p"%:Qff -~ M(QJ] ® Qfj) be the *-
homomorphisms given by the theorem above. To prove the coaction identity

(~p3~® 1) o PB = (1® pHS) o p®, one may take faithful nondegenerate representations
T, U and V of C*(B), C*(H) and C*(G), respectively, and consider the (faithful)
representations ¢ and v of CHTG(B) and Qf, respectively, such that yo qHTG

T&Ind§;(U) and voqG = V&Ind5(U). The extension (uy®v®v) is a faithful
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representation of M(Cj;,5(B) ® Qa® Q%) and (u@vev)o (pP ®@1)opPo qare

is the integrated form of

[T®Ind$(U)]®[VeIndi(U)] e[V eInd%(U)],

as that of (u ® v® v) o (1 ® pHS) 0 p® 0 g% is, implying

(Wevev)o(p? @) op® oghi® = (uovav)o (18 pi%) o p® o gli'°.

The identity above implies (p2 ® 1) o p® = (1 ® pHC) 0 p® because (u ® v ® v) is
faithful and quG surjective.

3.3 Inner amenable groups

Buss, Echterhoff, and Willett have asked [5, Question 8.8] for a class € of groups for
which the nuclearity of A x;, G implies the amenability of the action a. McKee and
Pourshashami [14] showed C contains all inner amenable groups.

We are not dealing with amenability here, but with weak containment. So, it
is natural to replace nuclearity of A x;, G with something weaker. We propose
(A %rg G) ®max C; (G) = (A %y G) ® C; (G) and ask for which class € of groups this
condition implies A %, G = A x4 G. In Corollary 3.9, we show C contains all inner
amenable groups.

Following the ideas presented in the introduction, given a Fell bundle B = {B;} ¢
one can construct a *-homomorphism

@:C*(B) - M(C*(B) ®max C*(G))

such that given a nondegenerate representations 7: C*(B) ®max C*(G) - B(X), 7o
® is the integrated form of TU:B — B(X), (b € B;) — T,U;, with the integrated
forms of T: B — B(X) and U: G — B(X) being f — 7(f ®max 1) and g = (1 ®max
g), respectively. One may arrange 7 so that U: G — B(X) is trivial (t ~ 1) and T is
faithful, so 77 o @ = T and it follows that @ is faithful.

It is shown in [7] that if G is discrete, then the diagonal arrow of the commutative
diagram

C*(B) ————> M(C*(B) ®max C*(G))

q)y J{A‘B ®max/i

M(C}(B) ®max C (G))

is faithful. This is not an exclusive property of discrete groups.

Proposition 3.8 If G is inner amenable, then @ is faithful.
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Proof Let T:C*(B) — B(X) a nondegenerate faithful representation. The left and
right regular representations A, p: G — B(L?(G)) commute and are unitary equiva-
lent, so the ranges of T ® p and 1 ® A commute and their integrated forms combine to
produce a representation

7: C{ (B) ®max C; (G) » B(X ® L*(G)).

The composition 7 0 A ®max Lo®=70®" isthe integrated form of T ® w with
w:G - B(L*(G)) given by w; = A;p,. To say G is inner amenable is equivalent to say
w weakly contains the trivial representation of G, so T < T ® w and it follows that
7o @' = T®w is faithful. Hence, ®” is faithful. |

Corollary 3.9 If G is inner amenable and C;(B) ®max C; (G) = Ci (B) ® CI(G),
then C*(B) = C(B).

Proof For H = {e} the *-homomorphism §: C*(B) - B(C*(B) ® Q%) we use to
define Ci(B) =8(C*(B)) is @ and Cjp6(B) = C;(B). But @ is faithful, so
C*(B) = C:(B). ]

4 An absorption principle

Fell’s absorption principle does not hold for non saturated Fell bundles. Indeed, the
example of Section 3.1 reveals T®IndfF2,_1(V) may be a faithful representation of
C*(B) while Indy%,,+(T|s,,
C*(B) + C*(‘B). Therefore, Ind’> (T|T‘YF2,—1 ® V') can not be unitary equivalent

rlFyr—1

® V) factors through a faithful representation of

to T&Ind?, ,-1(V) (not even weakly equivalent).

The theorem we present below is our best answer to question (3) of the Introduction
on Fell’s principle. It emerged during our attempt to generalize Fell's and Exel-Ng’s
absorption principles. The computations revealed that the “moving around” technique
of [8, pp. 515] is appropriate when the inducing subgroup H is stable by conjugation
(normal). In the general case, conjugation “moves H around” and this is the reason
why the conjugated subgroups tHt ™! appear bellow. The proof is quite technical, we
suggest to skip it on a first read.

Theorem 4.1 Let B = {B, }cc be a Fell bundle, H < G, T: B - B(X) a nondegenerate
representation and U: H — B(Y') a unitary representation. If for each t € G we denote
by +U the conjugated representation tHt™* — B(Y), r = Uy, then

® ¢ U) } teG-
Proof For convenience, we introduce the following notation:
V = Ind%(U) Pt = Prue.

The Hilbert space induced by U is Y}, and we regard X ®° Y/ := (*(G) ® X ® Y},
as an (?-direct sum of #G copies of X ® Y. Similarly, the direct sum of #G copies of
T®Vis

T ® Ind%(U) » {Indry,- (T|3

tHt~1

H = tHt™ 4T =T|s

tHt~1

T ®% V:BaB(X@G Yg) b»—)lzz(c)@)[T@ Ve,
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which is the composition of T ® V with the faithful *-homomorphism
O:B(X® Y)) »B(X®° 1)), O(R) =1z ®R.

If we denote by TéV and T&°V the integrated forms of T® V and T ®° V,
respectively, then ® o (T®V) = T&° V. Indeed, for all f € C.(B) and every elemen-
tary tensor g ® £ ® 17 € (*(G) ® X ® Y}, we have

(T6°V];(g@ten - [ go[Te V(e d -gs((TaV] (o)
=00 [TaV](g® o).

Since ® is an isometry and both T ® V and all the members of {Ind?}{(t‘T ®
+U) }tec are nondegenerate, we can use [11, Chapter XI Section 8.20] to the deduce
it suffices to show that

N - B
@) JT6V]yl = sup{ds( T o UY i€ G) ¥ feCulB)
The ¢>-direct sum

(4.2) S:=@Ind (4T ® V)
teG

< - B
is a nondegenerate representation whose integrated form is § = ®segInd (4T ® ;U)

and [ S| = sup{HIﬁdi,(ﬂT ® U)s|:t € G}. Thus, S is weakly equivalent to T ®° V
if and only if (4.1) holds.

To compare T ®° V and S, we will construct a linear isometry between their
domains,

(4.3) I:tQ%(X ®Y) ey~ X@° Y,
€

that intertwines S and T ®“ V. To state the properties defining I, we need to prove
the existence of a (unique) linear function

(4.4) L:C.(G,X®°Y) > X®° Y]
which is continuous in the inductive limit topology and satisfies

(4.5) L(foldeien])=de(felfeun])

forall f € C.(G),& € X,n € Yandt € G, where we regard the algebraic tensor product
C.(G) @ (X ®° Y) as a subspace of C.(G, X ®° Y) in the usual way (f ® u is the
function t — f(t)u).

Uniqueness of L follows from the fact that the functions of the form f ® (§; ® { ®
1) span a subset of C.(G, X ®° Y) which is dense in the inductive limit topology [10,
Chapter II Section 14.6]. To prove the existence of L, we take u,v € C.(G, X ®° Y)
suchthatu=fo (5, ®¢é®n)andv=¢0 (5, ® (@ k) for some f,g e C.(G),r,s¢€
G, &, { e X and , k € Y. The inner product of the candidates for L(u) and L(v) is
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(6,@8@[foun].dele[geyr])
= {0r, 808 ONf @un, g @u k)

= (0,060 [, [ GO F@g(a)in, Uur) dedt
:foGAg(t)l/zﬁg(zt)mr@f@n,(1®1® U)(8, ® { ® 1)) dzdt
(4.6) :/H/GAfl(t)l/z(u(z),(1®1®Ut)v(zt))dzdt.

Fix a compact D c G and denote by Cp (G, X ®° Y) the set formed by those f ¢
C.(G, X ®° Y) with supp(f) c D. This vector space is a Banach space with the norm
| oo Let C$ be the subspace of Cp (G, X ®° Y) spanned by the functions of the form
fo(é®&®n)withfeCp(G),teG,&ecXandy e Y. Weclearly have C.(G)CS c
C$. Iffor each t € G, we define C$(¢t) as the closure of {u(t):u € CH}, then C3(t) =
X ®F Y for every t in the interior of D and {0} otherwise. By [I, Lemma 5.1], the
closure of C$ in C.(G, X ®° Y) with respect to the inductive limit topology is {f €
C(G,X®%Y):f(t) e CH(t)VteG}=Cp(G, X®YY).

Take any u,v € Cp(G, X ®° Y). By the preceding paragraph, there are sequences
{ttn}nen and {v, }nen in C§ converging uniformly to u and v, respectively. Then
for all # € N there exists, a positive integer m, and (for each j=1,...,m,) elements
Sn,j>8nj €Cp(G)s n,jsSn,j € Gy & js Cnyj € X and (, j, ki j € Y such that

my My
Up = an,j © ((Srn,,- ® fn,j ® ’7n,j) Vn = Zgn,j ) (8sn,j ® (n,j ® “n,j)~
=i =i

By (4.6), for all a, b € N we have

My my
>80, ® (80, ®[fa; ®U Ma,j]) = D 85, ® (Cok ® [ok ®U Kb k])
=1 k=1

:‘[H/;Ag(t)lﬂ((ua—Vh)(z),(1®1®Ut)(ua—v;,)(zt))dzdt‘.

For the inner product inside the integral above to be non zero, we must have z, tz €
D, which implies t = tzz™' € Hn (DD ™). If ap and Bp are the measures of D and
Hn (D™'D) with respect to the Haar measures of G and H, respectively, and yp :=
sup{A%(t)/%te Hn (D™'D)}, then

Mg my
200, ® (£aj ® [fa,j ®U a,j]) = D 05y ® (Cok ® [0k ®U Kb k])
j=1 k=1

is not greater than |u, — v, |2 apBpyp-
Several conclusion arise from that bound:

(1) If we take u=v and v, = uy, it follows that {Z;”:“l 0r,; ® (£4,j ® [fa,j ®U

fa,j]) }aen is a Cauchy sequence in X ®° Y/; the limit of which we denote by
LD({”n}neN)~
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(2) If u=v and we take limit in a and b, we get Lp({#s}nen) = Lo({Vn }nen)-
Thus, we may define a function Lp: Cp(G, X ®° Y) > X ®° Y/, u > Lp(u) =
LD({un}neN)-

(3) Takinglimitin a and bwe obtain |Lp(u) — Lp(v)| < |4 = v]|eo/apBDYD> 50 LD
is continuous.

4) Lp(fo(6:oé®n)) =069 E® (f®yn) and Lp is linear when restricted to
C$. Thus Lp is linear.

(5) By (4.6) and the continuity of Lp,

@7 (Lp(u).Lp(v)) = ffAG ()2 (u(s), (1® 1® U, )v(st)) dtds.

It follows immediately that L is an extension of L, whenever E c G is a compact
set containing D. Then, there exists a unique function L: C¢(G, X ®° Y) » X ®° Y},
extending all the Lp’s. This extension is linear and continuous in the inductive
limit topology by [10, Chapter II Section 14.3]. Note also that L satisfies (4.5) and,
consequently, it has dense range.

Now that we know L exists, we are one step closer of being able to specify the
properties defining the map I of (4.3). Given r € G, f € C.(B), £ e X and 5 € Y we
define [r, f, & n] € C.(G,X ®% Y) by

(4.8) [, & n](s) = Ag(r) 28, ® Tr(ryE @ 1.

We claim there exists a unique linear and continuous map I with the domains and
ranges specified in (4.3) and such that forallt € G, f € C.(B), e Xand € Y,

(4.9) I(f®,re,v (§®1)) = L([t. f, & 1]).

To prove this claim, we start by taking elementary tensors f ® rg,u ({® ) and
g ®, 10, ({ ® K) on (possibly equal) direct summands of @, (X ® Y)g‘msU. Notice
the r and the ¢ in the subindexes indicate the direct summands the tensors belongs to.
By (4.7), we have

(L([r, f> & n]), L([1, 8, (. 5])) =
= [G fHAfI(w)l/zAG(rt)ﬂ/z(&T ® Tr(zr1)E ® 1,01 ® Ty(awi-1){ ® Uyrk) dwdz

= [ [ A5 A6 ()28 8:){Tyar 1§ ® 1 Tygenwr1y ® Uyic) dzdw
HJG —_—

=Ag(r71)(8r,01)
- f /G AG(W)P2(81, 8 ( T2y € ® 11y Tg(arwrny{ @ Uy) dzdw
H
= f / AS L rwr YY2(5,,8,)(E® 1, Tf(zy* g(zrwr1)§ ® rUpyr k) dzdw
[ f A,H(W)l/2 (0, 0 {E® 1, Tr(2y* g(zw)( ® r Uy i) dzdw

= (0, 0 )(E @ 1, [ T® Ulp,(fr4)({ ® K))
=(f®,1e,u (£®1),8®,10,u ({®K)).
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The existence of I then follows immediately from Remark 4.1 if one considers the

functions
b:GxCe(B) x X xY — @(X(@ V)ieu  bnfi&n) =f®,1eu(§@n)
GxC(B)xXxY —>Xa%Y) c(r, f,&n)=L([r. f. & n)).

We are not sure if I is surjective, but we can use the ideas of [8] to “move” the image
of I to “fill” X ®° Y. The movement is via the map

p:G—>IB§(X®G Y{}) pt = ltt®1X®1Y5,

where 1t: G — B(¢*(G)) is the left regular representation of the discrete version of G
(1t(d5) = 8¢5). Note p and ® have commuting ranges, so the range of p commutes
with that of T&“V = @ o (T®G). We remark that the continuity of p (which may fail)
plays no réle in the proof.

Let K be the image of I. We claim that G - K := span{p;K:t € G} is dense in X ®°
Y?. To prove this we define, for each t € G, the function

UrCo(G,X®%Y) » C(G,X®°Y)  (uif)(2) = (1t ®1x ® 1y) f(2).
In particular, y;(f © (6, ® E® 7)) = f © (8¢ ® E® 77). Hence,
Low(fo(s-efen)=L(fo(dre®fen))=0refa[fayr]
=p:i(6, ®E@[f@un])=p:L(fO (5 ®E@ 7))

and we get L o yy = p; o L because both L o y; and p; o L are linear and continuous in
the inductive limit topology and agree on a dense set. Thus G - K contains the image
through L of

Ko := span{p[r, f, & n]:r,t € G, fe C(B), £ X, e Y} c C(G, X7 Y).
Note C(G)Kjp c Kj. Besides,

(4.10) welts £ 61)(2) = Ag(£) 28,0 ® TyarnyE@ 1.

Fixing z € Gand varying r,t € G, § € X, € Y and f € C.(B), the elements we obtain
on the right-hand side of (4.10) are all those of the form & ® T,& ® 7, for arbitrary
s€G,beB,&e Xandn € Y. The closed linear span of this vectors is X ®° Y because
T is nondegenerate, and we conclude (using [10, Chapter II Section 14.3]) that K is
dense in C.(G,X ®° Y) in the inductive limit topology. Hence, G - K contains the
dense set L(Ky) and it follows that G - K = X ®° Y.

Our next goal is to show that I intertwines the S of (4.2) and T ®° V. To prove
this claim, we fix r,s,t € G, b€ B,, f € C.(B), g€ C.(G), &,{ e X and %,k € Y. For
convenience, we denote by uand v the tensors f ® re,u (§® 17) and g © (8 ® { ® k),
respectively. Recalling (4.7) we get

([T V]yoI(u),L(v)) = (L([s. f. & n]), [T ®° V] (8: ® { ® (g ®u K)))
=(L([s. f-& D). 8 @ Ty { ® (17 g ®y )
(L([s: f-&nD- L(r g © (8: ® Ty={ ® 1))
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= /H /G AS(wW)([s, £, & 1](2), 8; ® Tyl ® Uy i) g(rzw) dzdw
= /H fc AS(w) 2 Ag(s) V26, ® Tt(zs1)E® 1,0 ® Ty« { ® Uy k) g(rzw) dzdw
= [ 50 86() 200 8:){ Togrrzsy §© 1.8 © Uy} g (2w) dzdw

- fH fG AG (W) 206 (5) V284, 0N Ty (ssy £ @ 11, { © Uy ) g (2w) dzdw

=(L([s,bf.&n]), L(g o (8r @ (@ K))) = (I(bf ® 10,0 (§@ 1)), L(V))
=(IoSy(u), L(v)).

Since u and v are arbitrary basic tensors and L has dense range, by linearity and
continuity we get that [T ®“ V], o I = I 0 S,; which implies that for all f € C.(B)

(4.11) [T&°V]fol=108;.

The same identity holds for all f € C*(B) because C.(B) is dense in C*(B).
Recall that G - K spans a dense subset of £2(G) ® X ® Y}, thus for all g € C*(B),
we have

[T&°V]g =0 [T&V]gpiol=0VtecG < p[T&°V],0l=0VteG
< [T@GV]goI:0<:> IoSg:oﬁgg:(),

where the last equivalence follows from the fact that I is an isometry. We may then
define a *-homomorphism Q: (T&°V)(C*(B)) - §(C*(B)) by Q ([T@G V]g) -

S,
g
The thesis of the theorem was shown to be the equivalent to (4.1) which, in turn,
is equivalent to say () is an isometry. But Q is indeed an isometry because it is an

injective *-homomorphism between two C*-algebras. ]

The first application of Theorem 4.1 is the comparison of the C*-algebras Cf;,(B)

and Cjj,4 (B) when the normalizer of H is open in G. This covers the cases examined
in the example of Section 3.1, where there is always a quotient map ®Z: Cing(B) —»
Cing (B) that it is not always injective.
Corollary 4.2 Given a Fell bundle B = {B;}cc and H < G with open normalizer,
there exists a *-homomorphism O%: Cjy,;(B) — Cipp(B) such that 0F oghl® =
q™® Iffor all r € G we identify Cip(B) = Crur116(B) as indicated in Remark 3.3,
then N,eq ker(@%m_l) = {0}. Moreover, ®% is an isomorphism if either B is saturated
or H normal.

Proof Let T:B — B(X) be a faithful nondegenerate representation and x: H - C
the trivial representation. By Propositions 3.1 and 3.2, Lemma 3.5, and Theorem 4.1,
forall f € C*(B), we have

4" ()] = [ind; (Tl © £),] < | [T © Ind§ ()] < a4 ()]
H1G

which implies the existence of ®% . Uniqueness is a consequence of the fact that g
is surjective. In case B is saturated, 6%[ is the inverse of the ﬂg of (1.3).
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To prove the claim about the intersection of the kernels, we take a faithful non-
degenerate representation U of H. The integrated form of all the restrictions T|s
and conjugations , U have faithful integrated forms, so for all f € C*(B), we have

g (f) € N ker(@F) < gy 1 (f) Y reG

reG
< [Indj,+(Tls,,, ® U)f|| =0VreG
= |[T ® Indg(U)]s] =
had qBTG(f) 0,
which completes the proof. ]

In many parts of [11] Fell gets a result for representations of Banach *-algebraic
bundles out of the corresponding result for Fell bundles. Such techniques yield the
following.

Corollary 4.3 Let B = {B;}c be a Banach *-algebraic bundle over a locally compact
group, H< G, T:B - B(X) a nondegenerate representation and U:H — B(Y) a
unitary representation. If for each t € G we denote by U the conjugated representation
tHt ™' > B(Y), r> Uy, then {T|n , ® ;U}te is a set of B-positive representa-
tions and

tHt~1

(4.12) T @ IndS(U) » {Ind%, (T|s., ® (U)}req.

Proof Let C be the bundle C*-completion of B and let p: B — € be the canonical
quotient map of [11, Chapter VIII Section 16.7]. The construction of € implies the
existence of a unique representation S: ¢ - B(X) such that Sop = T.

Theorem 2.1 implies S|e . , ® ;U is C-positive for every t € G. Hence, by [11,
Chapter XT Section 12.6], the composition (S|e,, , ® (U)o (p|s,, ) = T|s,,, , ® U
is B-positive for all t € G.

We know that § ® Ind$; (U) ~ {Ind%;,-: (S|e

tHt—1

tHt~1

® +U) } teG, which implies

tHt~1

(4.13) (S®Ind%(U))op~ {IndS,(Sle ., ® U)o pliec.

tHt—1

It is clear that (S ® Ind$(U))op = (Sop) ®Ind%(U) = T ® Ind§(U). On the
other hand, by [11, Chapter XI Section 12.6], for all t € G we have

c B
Indth_l(S|eth—l ® (U)o p =Indp ((S|(‘3tm4 ® U)o (p|Bth—l ))
=Ind}y(Tls, ., ®,U).

tHt~1

Thus (4.13) implies (4.12). [
4.1 Exel-Ng's absorption principle

If the subgroup H of Theorem 2.3 is normal in G, then all the restrictions T|s

tHt~1
become T|z, and T ® Ind%(U) » {Indp (T|s, ® :U)}seq. One can arrange U to
have ;U ~ U for all t € G. Indeed, this is the case if U is faithful or U := @ sV for
some other representation V of H.
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Corollary 4.4 If, in addition to the hypotheses of Theorem 2.3, we assume that H is
normal in G and ,U ~ U forall t € G, then T ® Ind%(U) ~ Indp, (T|3, ® U).

Proof Itis clear that Ind} (|3, ® U) < {Ind;,-. (Tl ® tU)}te- Besides, for
any t € G we have T|g, ® ;U < T|, ® U and, since induction preserves weak con-
tainment,

Ind} (T3, ® U) < Ind5 (T3, ® U).

Then, Ind5 (T|s, ® U) » {Ind (T|p,,,+ ®+U)}tec and the thesis follows from
Theorem 2.3 (and the transitivity of weak equivalence). ]

The hypotheses of the Corollary above are fulfilled if T: B — B(X) is any represen-
tation, H = {e} and U: H — C, s ~ 1. In this case, Corollary 4.4 becomes Exel-Ng’s
absorption principle.

5 Weak containment and subgroups

In [8] a Fell bundle B is called amenable if C*(B) = C;(B) (ie. A5:C*(B) —»
B(L2(B)) is faithful). This is equivalent to say any representation T of B is weakly
contained in some other of the form S ® A (this is the so called weak containment
property, WCP).

The recent developments on amenable actions (4 la Anantharaman-Delaroche)
suggest Exel and Ng should have named amenable those bundles having the approxi-
mation property they introduced in [8]. We follow this stream, so amenability implies
the WCP.

The reduced representation A4, considered as a map from Cg,5(B) = C46(B) =
Cf*(%) to Cf yp (B) = CEE}TG(B) = C}(B), is a particular case of the maps y and v
o

Proposition 5.1 Let B = {B;}c be a Fell bundle. Given subgroups K < H < G, there
exist unique *-homomorphisms puii*: Cjj,5(B) = Ciy(B) and vE*: Cipo(B) -
Cirg(B) such that uliX o g™ = gK1® and vEK 0 116 = K16

Proof The existence of uX is equivalent to the validity of |g¥"® (f)| < [q™"2 (f)|
for all f e C*(B). To prove this, we take a faithful nondegenerate representation

T:C*(Bg) — B(X). By Proposition 3.1 and induction in stages [11, Chapter XI
Section 12.15],

G g ()] = [18dy (T),] = [6dk (IndZ*(T))/] < 4" ()]

The proof of the existence of viX is similar. It combines induction in stages with
Proposition 3.2, the details are left to the reader with the suggestion to consult (5.2).
]

Corollary 5.2 The restrictions of both ¢®'® and quG to L'(‘B) are faithful.

Proof We have #g{e} o gt = gledt® = )y = q.{BE}TG = vg{e} o quG, so it suffices
to consider the case H = {e}. In [11, Chapter VIII Section 16.4] Fell proves that the
direct sum of the integrated forms of the generalized regular representations of B is

https://doi.org/10.4153/50008414X2400083X Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X2400083X

24 D. Ferraro

faithful. This is equivalent to say that Iﬁdi} (7m)|11(B) = Ap ®x 111 () is faithful, with
7 the universal representation of B,. Thus, A |11 () is faithful. ]

Corollary 5.3  In the situation of Proposition 5.1, the following claims hold:

(1) C*(B) =C;(B) < Cippp(B) = C;(B) forall H< G < Cypy(B) = C; (B) for
all HLG.

(2) IfC*(Bu) = CKTBH(BH) then Ciyq (B) = Cipyz (B).

(3) If C*(H) = Qg, then Cip,5(B) = Ciy6(B).

(4) If H is amenable, then Cipyq(B) = Cr*(B) = Cipg(B).

Proof The first claim follows easily after one notices y, Gled o =l Hiey o uGH vy Gle) o

;1 {e} G{e} _
to (5.1). The hypothesis implies the integrated form of Indf’l’((T) is faithful, so the
inequality of (5.1) becomes an equality.

The proof of the third claim is similar. Take faithful nondegenerate representations
T:C*(B) - B(X) and U:C*(K) — B(Y). Then, IﬁdZ(U) is faithful and Proposi-
tion 3.2 (together with induction in stages) implies that for all f € C*(B)

(52) g ()] = |[TSIndi(V)]s] = [ T&Indg; (Indit (U) ][ = 147 ()],

which clearly implies v2X is isometric.

If H is amenable and we set K ={e}, then Ci,5(B) = Ci(B)=C/(B);
C*(H) =C}(H) =QF and C*(By) = C;(By) (see [8]). Thus the last claim is a
consequence of the preceding ones. ]

" and identifies pq, ' = Ag = vG{ ¢} For the second claim, we go back

The converse of claim (2) of the Corollary above is intimately related to question
(4) of the Introduction. If we put K = {e} in the claim, then we get that C*(By) =
C; (By) implies Cj,5 (B) = C;(B). Whenever the converse holds, one can use claim
(1) of Corollary 5.3 to deduce the WCP passes from B to By. This is false in general
because B may be the semidirect product bundle of a C*-dynamical system (4, G, «),
in which case By is that of the restricted system (A, H, |y ). By [5, Section 5.3], it is
not true that Ax, G = Ax;, G (ie. C*(B) = C; (B)) implies A %), H=Axpy, H
(C*(Bu) = C; (Bn)).

In Theorem 5.5, we show that whenever the normalizer of H is open in G,
By has the WCP if and only if Cjj,5(B) = C;(B). When applied to semidirect
product bundles, this gives a condition on H for the WCP to pass from (A, G, «) to
(A, H, a|p) (see Corollary 5.6); giving a partial affirmative answer to Question (b) of
[3, Section 9].

We need a (probably well known) fact about the regular representations of sub-
groups.

Proposition 5.4  Let G be a locally compact group and H a closed subgroup of G with
open normalizer. If we denote by A€ the left regular representation of G, then AS|gr ~ AH.

Proof Assume H is open in G and decompose L*(G) into a direct sum with respect
to the right cosets H\G = {Ht:t € G}, that is L*(G) = @ zem g L*(Z). With this
decomposition A®|; becomes a direct sum of representations unitary equivalent to
M50 A% ~ AH,
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We now assume that H is normal in G and that the left invariant Haar measures of
G, H and G/H have been normalized so that [; f(t) dt = [y, [y, f(ts) dsd(tH) for
all f € C.(G) (exactly as in [10, Chapter III Section 13.17]). Besides, we let I: G — R*
be the continuous homomorphism of [10, Chapter III Section 13.20], i.e., the unique
function such that [, f(sts™") dt =T (s) [, f(t) dtforall f € C.(H) ands € G.
Forany f € C.(H) and £ € C.(G) c L*(G), we have

H(/\G'|H)fEH2 _ L Lf* *f(t)f(t_ls)@dtds
_ fG N fH fH F* % F(OE(E sr)E(sr) dedrd (sH)
(5.3) ZL/HF(S)/I;fo*>ef(t)f(t‘lrs)f(rs)dtdrd(sl—[),

To bound the inner double integral in the last term above we define, for each s € G,
¢ € C.(H) c L*(H) by &(z) = &(zs). Then

[, [+ fE ) Esatdr = [ £ fOQ7E &) de < 0 1PIE?

and we can continue (5.3) to get

ACTa) 87 < A [ [ ECar)ECar) drd(sH) = 10 PP

Thus H()LG~|H)fH < |M~Hf|\ for all f € C.(H) and this implies A¢|y < Af. Lemma 3.5
gives M1 < A6 |y, so A~ AC |y
For the general case, we define N as the normalizer of H in G and use the argu-

ments of the proof of Lemma 3.5 to get A%|y = A%|n|m = AN | ~ A®, which implies
/\G|H ~ AH, ]

Theorem 5.5 Let B = {B,}cc be a Fell bundle and H < G. If the normalizer of H is
open, then Cjp.3(B) = C;(B) if and only if C*(By) = C; (Bn) and these conditions
hold if Ciy 6 (B) = C;(B).
Proof We have ‘ug{e} 0 0f = vg{e}. Hence, Cjp6(B) = C/(B) (ie., vg{e} an iso-
morphism) if and only if Cf;;(B) = Ciy(B) = C; (B) (both yg{e} and O are
isomorphisms). By Corollary 5.3, C*(By) = C; (By) implies Cf,5(B) = C7 (B).
Suppose Cyjy5 (B) = C; (B) and take a faithful nondegenerate representation T of
B. By Proposition 3.1, Indp (T, ) ~ Ind{%} (T|p,) and this, together with Lemma 3.5,
Yields T|'BH = IndE(T|BH)|BH ~ Ind‘{Be}(T‘BeN'BH = T|'BH = Indﬁ}(T|Be)|BH‘ BY
B.)

we get Ind{Be}(T|Be)|BH ~ T|p, ® A and we conclude T|g,, < T|p, ® A1. Lemma3.5
implies the integrated for of T|g,, is faithful, thus By has the WCP. ]

gy ~ T|5, ® A%y and from Lemma 5.4

Exel-Ng’s absorption principle, Ind{{Be} (T
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Corollary 5.6 If B = {B;}cc is a Fell bundle, C*(B) = C; (B) and the normalizer of
H < G is open, then C*(By) = C} (Bg).

Proof This is a straightforward consequence of Corollary 5.3 and Theorem 5.5. =

References

[1] E Abadie, Enveloping actions and Takai duality for partial actions. J. Funct. Anal. 197(2003),
no. 1, 14-67.

[2] E Abadie and D. Ferraro, Equivalence of Fell bundles over groups. J. Operator Theory 81(2019),
no. 2, 273-319.

[3] C Anantharaman-Delaroche, Amenability and exactness for dynamical systems and their
C*-algebras. Trans. Amer. Math. Soc. 354(2002), no. 10, 4153-4178.

[4] R.]J. Blattner, On induced representations. Amer. J. Math. 83(1961), no. 1, 79-98.

[5] A.Buss, S Echterhoft, and R Willett, Amenability and weak containment for actions of locally
compact groups on C*-algebras. Mem. Amer. Math. Soc. 301(2024), no. 1513, v+88 pp. ISBN:
978-1-4704-7152-1; 978-1-4704-7957-2

[6] A.Derighetti, Some remarks on L'(G). Math. Z. 164(1978), no. 2, 189-194.

[7] R.Exel, Partial dynamical systems, Fell bundles and applications, Mathematical Surveys and
Monographs, 224, American Mathematical Society, Providence, RI, 2017.

[8] R Exel and C.-K Ng, Approximation property of C*-algebraic bundles. Math. Proc. Camb.
Philos. Soc. 132(2002), 509-522.

[9] J. M. G. Fell, Induced representations and Banach *-algebraic bundles, Lecture Notes in
Mathematics, 582, Springer-Verlag, Berlin and New York, 1977. With an appendix due to A.
Douady and L. Dal Soglio-Hérault.

[10] J. M. G Fell and R. S. Doran, Representations of *-algebras, locally compact groups, and Banach
*-algebraic bundles: Basic representation theory of groups and algebras. Vol. 1, Pure and Applied
Mathematics, 125, Academic Press, Boston, MA, 1988a.

[11] J. M. G Fell and R. S Doran, Representations of *-algebras, locally compact groups, and
Banach*-algebraic bundles: Banach *-algebraic bundles, induced representations, and the
generalized Mackey analysis. Vol. 2, Pure and Applied Mathematics, 126, Academic Press,
Boston, MA, 1988b.

[12] S Kaliszewski, M. B Landstad, and J Quigg, Exotic group C*-algebras in noncommutative
duality. New York J. Math. 19(2013), 689-711.

[13] G. W. Mackey, Induced representations of locally compact groups. I. Ann. of Math. 2(1952),
no. 55, 101-139.

[14] A. McKee and R. Pourshahami, Amenable and inner amenable actions and approximation
properties for crossed products by locally compact groups. Can. Math. Bull. 65(2020) no. 2,
381-399.

[15] I. Raeburn, On crossaed products by coactions and their representation theory. Proc. London
Math. Soc. (3) 64(1992), no. (3), 25-652.

[16] I. Raeburn and D. P Williams, Morita equivalence and continuous-trace C*-algebras. Vol. 60,
American Mathematical Society, Providence, RI, 1998.

[17] M. A Rieffel, Induced representations of C*-algebras. Adv. Math. 13(1974), 176-257.

Departamento de Matemdtica y Estadistica del Litoral, CENUR Litoral Norte, Universidad de la Repiiblica,
Salto, Uruguay
e-mail: dferraro@litoralnorte.udelar.edu.uy

https://doi.org/10.4153/50008414X2400083X Published online by Cambridge University Press


mailto:dferraro@litoralnorte.udelar.edu.uy
https://doi.org/10.4153/S0008414X2400083X

	1 Introduction
	2 Positivity and induction
	2.1 Fell's abstract induction process for Fell fundles
	2.1.1 The induction module


	3 Universal properties of cross-sectional C*-algebras
	3.1 An example
	3.2 Exotic coactions
	3.3 Inner amenable groups

	4 An absorption principle
	4.1 Exel–Ng's absorption principle

	5 Weak containment and subgroups

