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In a r e c e n t note of Kolodner [2], the Cantor I n t e r s e c t i o n T h e o r e m 
is used to give an a l t e r n a t i v e proof of the wel l known Cont rac t ion 
Mapping P r i n c i p l e . Kolodner applied Cantor ' s t h e o r e m f i r s t to a bounded 
m e t r i c space and then reduced the g e n e r a l c a s e to this s p e c i a l c a s e . 
Somet ime ago, we found a somewhat different proof of the Cont rac t ion 
Mapping P r i n c i p l e using C a n t o r ' s t h e o r e m . Since our proof s e e m s 
somewha t m o r e d i r e c t we p r o p o s e to p r e s e n t it h e r e . 

THEOREM. (Banach) Let T be a mapping of a comple t e m e t r i c 
space (X,p) into itself which sa t i s f i e s p (Tx, Ty) < kp (x, y) for some 
cons tan t k < 1 and a l l x, y G X. Then T has a unique fixed point £ , 

and p (T x, £ ) -> 0 _a_s n -> oo for each x € X. 

Proof . F o r x e X, define <p(x) = p (x, Tx) . 

Since T is a con t rac t ion , it eas i ly follows that cp is a cont inuous 

function on X and <p(T x) -*- 0 as n -> oo , for each x e X . 

Define C = {x e X | <p (x) < 1/m} . 

F r o m the above obse rva t ion , we see that C is c losed and non-empty 
m 

for each m = 1, 2, . . . . 

F u r t h e r m o r e , we m a y e s t i m a t e the d i a m e t e r of the se t C by 
1 m 

the following device ; if x, y e C 
° J m 

p (x , y ) < p ( x , Tx ) + p ( T x , Ty) + p ( T y , y) < 2 / m + kp (x , y) . 

Hence, d i am C < 2 / m ( 1 - k ) . Thus , the fami ly of se t s ( C } 
m ~ m m=l 

is a nes ted fami ly of c losed s e t s for which d i am C -*• 0 as m -> oo . 
m 

By Can to r f s t h e o r e m the i n t e r s e c t i o n of t hese se t s conta ins a s ingle 
point £ . 

Since T(C ) C C for a l l m , £ is a fixed point of T and 
m ~ m 

c l e a r l y un ique . 

F o r each x e X, o b s e r v e that 
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p(T n x, i) = p (Tnx, T n£) < knp(x, £)-» 0, as n • 

In fact , s ince p(x, £ ) < p(x, Tx) / ( 1 - k), we have the following 
e s t i m a t e for the r a t e of c o n v e r g e n c e : • (cf [2]), 

p(T n x, £)< k n p(x , T x ) / ( l - k ) . 

R e m a r k . With l i t t le modi f ica t ion , the proof given above m a y be 
used to give an a l t e r n a t i v e proof of a t h e o r e m of E d e l s t e i n [1] conce rn ing 
c o n t r a c t i o n m a p p i n g s on e -cha inab le s p a c e s . 
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