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Abstract  We construct and examine an operator space X, isometric to £2, such that every completely
bounded map from its subspace Y into X is a compact perturbation of a linear combination of multiples
of a shift of given multiplicity and their adjoints. Moreover, every completely bounded map on X is a
Hilbert—Schmidt perturbation of such a linear combination.
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1. Introduction and the main result

In [8], Gowers and Maurey constructed a Banach space X, such that any T € B(Xj;)
is a strictly singular perturbation of a Toeplitz operator. In this paper, we present a
similar construction in the operator space case. In fact, the space X constructed below
has certain additional properties. For instance, a linear operator on X is completely
bounded if and only if it is a Hilbert—Schmidt perturbation of a Toeplitz operator with
coefficients in a certain weighted ¢, space.

Throughout the paper, we freely use standard operator space results and terminology.
The reader is referred to [6,23] for more information. We work mainly with operator
spaces isometric to £5. The shift operator S € B({3) is defined by setting S0; = ;41 for
i € N (throughout the paper, (J;);en denotes the canonical basis in £5). For the sake of
brevity, we shall use the notation S=! for S* (that is, S~16; = 0, S§; = 6;_1 for i > 2).

Some additional notation will be used in the paper. We use S,,, 1 < p < 0o, to denote
a Schatten class of operators, while || - ||, is the corresponding norm. Throughout the
paper, C > 1 and m € N are fixed. ¢;(CV!,Z) denotes the weighted ¢; space of all
sequences a = (a;)jez, equipped with the norm |[lall, =307 Cll|a;|. We define the
Toeplitz operator T, as

T,=> a;S™ +Y ;5™ € B(ly).
J20 3<0

Our main result is the following theorem.
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Theorem 1.1. For every m € N and C' > 1 there exists an operator space X =
X(C,m), isometric to {2, such that the following conditions hold.

(i) (a) Any operator of the form T, + W € B(X), with a € 0,(CV1,Z) and W € Ss,
is completely bounded, with ||T, + W||eb < |lallw + [[W]|2-

(b) Conversely, every T € CB(X) can be written as T =T, + W, with a €
06OV ZY, W€ Sy, Wl <AIT|ler and ||alw < 4||T||c,. Here, the con-
stant ~ depends only on C and m.

(ii) If Y is an infinite-dimensional subspace of X, and T € CB(Y, X), then T — T,, is
compact for some a € ¢,(CV!,Z) satistying ||al|, < 4||T|cb-

(iii) Any infinite-dimensional subspace of X fails the operator approximation property

(OAP).
(iv) Ko(CB(X)) = Z ® Z/mZ and K,(CB(X)) = {0}.

It is instructive to compare this statement with the results of Gowers and Maurey [8,
13,14]. For any m, they construct a Banach space X; = Xs(m), equipped with a basis
(e;), such that

(1) the left and right shifts with respect to this basis, denoted by L and R, respectively,
are contractive, and

(2) for any T € B(Y,X,) (Y is a subspace of X,), there exists a sequence (a;);ez €

¢1(Z) such that
H‘ (Zaj " Zaj mj)m .
7>0

7<0

Here, the semi-norm |[||WW||| is described in terms the action of an operator W on block
bases in X, in a rather involved way. It is known that W is compact = [|W]|| =0=W
is strictly singular. However, we are not aware of any explicit descriptions of B(Xj;). In
this way, Theorem 1.1 (ii) is similar to known results, and (i) is an improvement.

As noted above, the shift space of Gowers and Maurey has a basis; hence, it has the
approximation property. We do not know if this property is inherited by all of its infinite-
dimensional subspaces. Thus, (iii) underscores the difference between the classical and
non-commutative cases.

Finally, Theorem 1.1 (iv) is similar to an exercise following [13, Theorem 12.1], stating
that Ko(CB(X,)) = Z ® Z/mZ and K,(CB(X,)) = {0}.

Motivation for this paper comes in part from the work on representations of Banach
algebras as spaces of (completely) bounded maps. It was proved by Berkson and Porta [1]
that B(¢,) (for p € [1,2) U (2, o0]) has no non-trivial representations on B(¢2). Following
the work of Stgrmer [26], Neufang, Popa, Ruan, Smith and Spronk [16,24,25] recently
established that certain group algebras can be represented isometrically as subalgebras
of CB(B(H)), where H is a suitable Hilbert space. In fact, in many cases the group
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algebra can be identified with the algebra of module maps, satisfying certain continuity
properties.

We are interested in a similar problem: suppose that A is a unital Banach algebra and
m: A — B(H) is a unital representation. Can H be equipped with an operator space
structure X such that CB(X) consists of ‘small’ (usually, Hilbert—Schmidt) perturbations
of elements of m(.A)? The study of this question begun in [21], where we gave a positive
answer when A is a hyperfinite von Neumann subalgebra of B(¢3), and 7 is the identity
representation. In [19], we proved that the answer is positive when H = ly ®4 {5, A is
a dual Banach algebra, and 7 = p ® Iy,, where p : A — B({2) is a contractive, unital,
weakly* continuous representation. A positive answer is given in [20] when A is the
bidual of the James quasi-reflexive space (viewed as a commutative Banach algebra).

In this paper, we consider the weighted convolution algebras E(C"j ‘,[‘), where the
semigroup I is either Z or ZT = NU {0} and C' > 1. In other words, we work with the
set of (bi-)infinite sequences

(aj)jer = Y a;6;,
jer

equipped with the norm ||(a;)jer(lw = >;cr Cll|a;|, and with the multiplication d5 x
8¢ = 054t for s,t € I' (see, for example, [4, §4.6] for properties of such algebras). The
map ¥ : £(CV,Z) — B(fy) : §; — S™ is not a representation, but ‘close to’, and
CB(X) consists of Hilbert-Schmidt perturbations of elements of 1 (¢;(C19!,Z)). In § 8 we
consider some faithful representations 7 : £(CVl, I') — B(H), where H is {5 or {5(Z). By
modifying the reasoning of §§2—7, we equip H with an operator space structure X () in
such a way that m : £(CV!, ") — CB(X (7)) becomes a complete isometry and, moreover,
CB(X(m)) = w(£(CV!, I')) + S,. In Theorem 8.1, we list some properties of the spaces
X (m). These spaces do not seem to be as interesting as the space X = X(C,m), and
hence we mention them only briefly.

The rest of the paper is structured as follows. In §2, we construct the space X =
X(C,m) (henceforth, this notation will be reserved for the operator space constructed
there), establish the groundwork for the rest of the paper and prove Theorem 1.1 (i) (a).
The key part is §3, in which we show that for every T € CB(Y, X) (here Y is a sub-
space of X) there exists a € £,(CV!,Z) such that T — T, is compact. Based on this,
we establish Theorem 1.1 (ii). In addition, we show that no coordinate subspace of X
has non-trivial completely bounded (c.b.) projections (Theorem 3.1), and that a subspace
Y < X is completely isomorphic to X if and only if dim X /Y is finite, and divisible by m
(Theorem 3.2). Consequently, the space X(C,1) is completely prime (Corollary 3.3).

In §4 we show that, for certain Z — X, for any T € CB(Z, X) there exists a €
£1(CY1, Z) such that T — T, is Hilbert-Schmidt. In particular, this happens when Z = X,
thus completing the proof of Theorem 1.1 (i). Moreover, any infinite-dimensional ¥ < X
contains an infinite-dimensional Z with the above property (Theorem 4.1).

Sections 5 and 6 are devoted to proving that infinite-dimensional subspaces of X fail
the OAP, and to computing the K-groups of CB(X) (parts (iii) and (iv) of Theorem 1.1,
respectively). In § 7 we establish some additional properties of the space X = X (C,m),
and its subspaces. We show that, for general Y < X compact operators in CB(Y, X)
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may fail to be Hilbert—Schmidt, or have certain non-commutative properties analogous
to compactness (compare with Theorem 1.1 (i), stating that any compact T € CB(X)
is Hilbert—Schmidt). Finally, in §8 we present a version of our construction, involving
representations of weighted convolution algebras.

2. The construction of X (C, m)

In this section, we construct the space X = X(C,m) as in Theorem 1.1. Recall that,
by [21], there exists a family (F;)$2, of finite-dimensional operator spaces such that

(i) E; is isometric to £5° for some n; € N, and {i | n; = j} is infinite for any j € N,

(ii) for any operator u : Ef — E;, we have |lull1/(4+27%) < |lullep < |Jull if i = 4,
lullen = [lull2 if @ # 5.

Denote by K the space of compact operators on /5. Find a sequence of operators
w; : f3 — €5 such that |ju;||2 =1 and, for any e > 0, n € N, and for any u : ly — (%
satisfying |Ju|l2 = 1, there exists ¢ € N, for which n; = n and |Ju; — ulj; < . On the
Banach space level, we identify the range of u; with F; described above.

We define the operator space X = X(C,m) as follows: for x € ¢5 ® K, let

(2.1)

U= {Cc-wrogmegma|p g e NU{0}},
|zl xox = sup{||(wU ® I)z||pex | i €N, U €U}

Clearly, X is an operator space (Ruan’s axioms are satisfied), X is isometric to ¢5 as a
Banach space and ||S™||cb, [|S*|lcb < C (S*S = I, and hence a product of any number
of copies of S and S* in an arbitrary order can be written as SPS*?, where p and ¢ are
non-negative integers). Moreover, 2-summing operators with the range in X (and with
arbitrary domain) are completely bounded (see the following lemma).

Lemma 2.1. IfY is an operator space, and T : Y — X is a 2-summing operator, then
IT|lcb < m2(T). If Y is isometric to a Hilbert space, and T : Y — X is a Hilbert—Schmidt
operator, then ||T||cb < ||T|2-

Proof. By (2.1),
IT|lcb = sup{||w;UT||ev | i € N, U e U} < sup{||uw;UT|1 |i €N, U eU}.
By [9, Statement 4.5], ||[u;UT||1 < [Juill2||U]|7m2(T) < m2(T) for such ¢ and U. Thus,
IT|en < m2(T). 'Y is isometric to a Hilbert space, then 7o (T') = || T||2 (see, for example,

[9, Statement 3.9]) and we are done. O

Thus, Theorem 1.1 (i) (a) has been established. To deal with the rest of the theorem,
we need to obtain lower estimates for c.b. norms of operators on X. The following lemma
is one of our main tools.
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Lemma 2.2. Suppose that Y is a subspace of X. Consider the operatorsT : Y — X,
u:X — 05 and v : 05 — Y, such that ||u|s =1 = ||v||. Let

¢ = sup{C~PTD|ju§™P ™ 9v|| | p,g € NU{0}}.
Then ||T||e = ||uTv||1/(4max{c, 1}).

Proof. Fix e > 0. By construction, there exist infinitely many i € N such that i > 71,
n; =n and |lu; — ul|; < e (we identify €5 with E;). We view v and v as maps from X to
E; and from EJ to X, respectively. By (2.1),

[olle = sup{C~ P+ u; S™P S ™|, | j €N, p,g € NU{0}}.
If ¢ = j, then
C=PFD ||y S™P S| o, < CPFD (|| S™P S My |y + |Ju — wil)) < ¢+ ¢
for any p,q € NU{0}. If j # 4,
O~ D |uy S S| < ug S™PS ]z < Jlugll2 ]SS o] = 1.

Therefore, ||v||cr < max{c+e,1}.
By (2.1), |luilleb = 1, and therefore ||u|leh < [Jts|leb + ||u — wi]j1 = 1 + €. By the defini-
tion of E;, |[w|eb = ||w|l1/(4 + €) for any w € CB(E}, E;), and therefore

[[uTv]|ep [uT ]|y
||THCb P = .
Tulleolvlles ~ (d+)(1+ ) maxie+e, 1}
However, £ can be chosen to be arbitrarily small. O

3. Extracting the Toeplitz part

The main goal of this section is to prove part (ii) of Theorem 1.1, namely, that every
element of CB(Y, X) (Y is a subspace of X) is a compact perturbation of the restriction
of a Toeplitz operator to Y. We also establish the following theorem.

Theorem 3.1. Suppose that Y is a coordinate subspace of X (that is, Y = spanld; |
i € I| for some T C N), and P € CB(Y) is a projection. Then P has finite-dimensional
kernel or finite-dimensional range.

Theorem 3.2. Suppose that X’ is a subspace of X of finite codimension and Y is a
subspace of X. Then X' is completely isomorphic to Y if and only if dim X/Y is finite,
and dim X/X’ — dim X/Y is divisible by m.

Recall that an operator space Z is called completely prime if, for any projection P €
CB(Z), either ran P or ker P is completely isomorphic to Z.

Corollary 3.3. The space X(C,1) is completely prime for any C' > 1.
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Proof. By Theorem 3.1, any projection P € CB(X(C,1)) with infinite rank has finite-
dimensional kernel. By Theorem 3.2, ran P is completely isomorphic to X (C,1). O

For the proofs, we need certain special orthonormal bases (&;), modelled on lacunary
sequences, in the sense that (S™J1¢; , S™I2¢, ) = 0 if iy # ia, and |j1] + |j2| is sufficiently
small. More precisely, let « = $min{1,InC}. For i € N, let K; = [i/a]. A sequence
(&)ien in Lo is called shift lacunary if it is normalized, and

(i) for each i € N, supp§; = {r e N| (&, 6,) # 0} C [2m(K; + 2), c0),

(ii) there exists a sequence of mutually orthogonal subspaces (F;);en of 3, such that
dim F; = 2K; + 1, and S™¢; € F; whenever |j| < K;.

Note that the above definition implies that (£;,&;) = 0 if ¢ # k. More properties of
shift lacunary sequences are mentioned below, in (3.1).

Proposition 3.4. Suppose that (Y,,) is a sequence of infinite-dimensional subspaces
of 2. There then exists a shift lacunary sequence (&, )nen, so that &, € Y, for any n.

Proof. Without loss of generality, we can assume that supp¢& C [2m(K; + 2),00)
whenever £ € Y;, 7 € N.

We shall select a shift lacunary sequence (§;) inductively. Pick an arbitrary norm-1
& € Yy, and an arbitrary subspace F of £2, containing S™7¢; for |j| < K;. Now suppose
that &1,...,&,-1 and F1,..., F,,_1, satisfying the definition above, have been chosen, and
pick &, and F),. Pick an arbitrary norm-1 vector

i
€n € Yn N ( U Sijk) :
7S Kn,
1<k<n—1
Then supp &, C [2m(K, +2),00), and (S™&,,n) = (0, S™™In) = 0 whenever |j| < K,
and n € Fy for some k € {1,...,n — 1}. To complete the construction, let F;, be an
arbitrary subspace of £y of dimension 2K, + 1, containing S™/¢, whenever |j| < K,,
and orthogonal to the spaces Fy for 1 <k <n— 1. ([l

We use shift lacunarity sequences to ‘localize’ the actions of Toeplitz operators Tl,.
Denote by P; the orthogonal projection onto F;. Observe that

STrSTIg = S0 if p+ g < 2K +1),
(I = P)S™" ™™g, = 0 ifp+q< K, (3.1)
(7P g ) = 0 if p+ g < max{K;, Ky}

(here p and ¢ are non-negative integers).
We begin by showing that ‘badly off-diagonal’ parts of operators can be neglected.

Lemma 3.5. Suppose that (&) is a shift lacunary normalized sequence in X (C,m) =
X, Z =spanl§; | i € N] and T € CB(Z,X). Then, in the above notation, W = T —
Sooc, PTP;|z is a Hilbert-Schmidt operator, satisfying |W |2 < 16|/ cp-
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Proof. For n € Nlet @, = > ;| P;. By Lemma 2.1, it suffices to show that
[@nWQn|zll2 < 16[|T[|c,  for any n.

A simple argument shows that

QuWQn=4-2"" > (Qu-Pr)WPr=4-27" > (Q.—Pr)TPr,

Fc{1,2,...,n} Fc{1,2,...,n}

where Pr = . P;. Thus, it remains to prove that, for any F, ¢ < 4|T'[|c», where
¢ =||(Qn — Pr)TPr|z||2- Define an isometry v : ¢5(F) — Z by setting ve; = &; (the
vectors (e;)i;er form the canonical basis of 62(.7-')). Find an operator u : X — ¢2(F) such
that ||ulls = 1, u(Qn — Pr) = w and ||u(Q, — Pr)TPru|; = c.

To estimate C'~(P+9) |4, SP™S*Iy||;, observe that

JusPms el < 3 usPm S e | = 3 u(@n — Pr)STmS .
i€F i€EF

However, by (3.1), (Q,, — Pr)S™PS*™1¢, =0 if p+ ¢ < i/a. For other values of j, we use
the trivial estimate ||u(Q, — Pz)S™?S* ™1, || < 1. Therefore,

Z u(Qn — Pr)S™ S ™| < [{i e Fli<a(p+q)} <1+ a(p+q) <ePHa),
ieF

By our choice of a, C' < €*; hence, C~(P+9) |4, §™P§*™4y||; < 1 for all values of p and q.
By Lemma 2.2, |T|e, > 1e. O

Note that any c.b. map on the space Z is a Hilbert—Schmidt perturbation of a scalar
(see [21]).

Corollary 3.6. Suppose that Z is as in Lemma 3.5 and T € CB(Z). There then exists
a Hilbert—Schmidt operator W € B(Z), such that |W |2 < 16||T||cb, and A =T — W is
a diagonal operator (that is, A&; = \;§; for any i, with \; € C).

Proof. Note that T¢; = > o0 (T€;,&)&; for any j. By definition, P;¢§; = 6;;&; (6;5 is
Kronecker’s delta). Therefore, >-° | P,TP,; = \;&;, where \; = (T'¢;,&;). Let A be the
diagonal operator on Z corresponding to (\;);en, and note that A =", P,TP|z. An
application of Lemma 3.5 completes the proof. |

Next we show that, for any n > 0, every T € CB(Z, X) (with Z as above) can be
approximated ‘reasonably well’ by linear combinations of S™, with [j| < n

Lemma 3.7. Suppose a normalized sequence (&;)ien Is shift lacunary, and let Z =
spanf¢; | i € N]. For N € N let Zy = spanl[¢; | ¢ > N|. Then for every T € CB(Z, X) and
every n > 0 there exist complex numbers (a;)|;|<n, such that

S Ja 01 < 4inf |7z [len
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and

inf <A™ inf | T 24 leb-
N N

<T 5 ajsmj)

j Zn

Proof. By Lemma 3.5, >, ,TP;|z is a ¢.b. map, and T — >, P,TP,;|z is Hilbert-
Schmidt. By Lemma 2.1,

(r-32r)

<inf
N

=0.
2

inf ‘ (T - Z PiTPlv)

ZN cb ZN

Therefore,

inf |72l = inf

ZN cb

()

Thus, it suffices to show that, for any ' = . P, TP;|; € CB(Z, X ) such that ||T|z,||cb <
1 for some K, we have inf x>, ¢, v < C~("F1), where

N :inf{H( Z a; 8™ —T>

j=-n

3 Jaylci! < 1}.

j=—n

ZN

Denote by Py the set of operators W : Zn — X such that W¢; € F; for any i > N (we
equip P with the norm inherited from B(Zy, X)). By our assumption, T|z, € Py for
any N. Moreover, the definition of shift lacunarity implies that S™|, € Py if |j] < N.

Therefore,
n .
( S ay8m - T)

j=—n

€ Py for N >n.
ZN

It is easy to check that Py is a Banach space, which is isometric to the ¢, direct sum
(B, n Fi)oo- Indeed, the ranges of the projections P; are mutually orthogonal; hence,
the map Id : Py = (D, Fi)oo : W = (W&;)i>n is an isometry.

Suppose, for the sake of contradiction, that infy cy,, > C~ (1) There then exists
¢ > C~("*) such that T|z, ¢ Y, n for any N > max{n, K}. Here, Bp, is the closed
unit ball of Py, ‘conv’ denotes the closed convex hull of a set, and

4§i|aﬂ0j<1}>.

j=-n

n

Yn7N = cC™ M conv <C_(n+1)BPN U { Z ajSmj'ZN

j=—n

By the Hahn-Banach theorem, there exists fy € Py such that |fo(T|zy)| > ¢, and
|fo(W)| < ¢ for any W € Y,, . Consequently, || fol| < 1, and |fo(S™ |z, )| < CVI=n=1 if
|7] < n. By Helly’s theorem (or by the local reflexivity principle), there exists f € (P ).
such that ||f|| < 1, and

f(Smj|ZN) = fO(Smj|ZN) if |.7| <N
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(consequently, | f(S™| )| < CUI="=1 for such j). Here, we identify (Py). (a predual of

Pr) with (Dyy F)1- Thus, f = (1:)is, with 1 € Fy, and 3,y ]l = [I£]] < 1. The
action of f on Py is defined by setting

FW) =Y (W&,mi) for W e Py.
>N

Find a sequence max{n, K} < Ny < N1 < Ny < --- of positive integers and a sequence
(fx)72, such that, for every k,

Nj—1
fr = (b?m)ﬁ“&il, where n; € F;, ||n:|| =1, b; =0, Z b? < 1,
i=Np_1
Ni—1 Nj—1
> TG > and | Y bf(Smjgi,m‘ < CHI="=1 hen |j| < n
i=Ng_1 i=Ng_1

Select M > C?(+1) and define the operators v : £} — Zy, and u: X — 37 by setting

Nk 1 Nk 1
vep = Z b;& and u¥e, = Wi Z bin;
1= Nk 1 i= Nk 1
(as usual, (e;)M is the canonical basis from ¢27). Then |Jul| < 1 and |Jv|| < 1. Moreover,
Ni—1
[(uT| 7, ver, ex)| = Z b7 (T€:, i)

i=Ng_1 M

for 1 < k < M; hence, |[uTv||; > ¢v/M. It remains to estimate C~(P+®||yS™PS*may||;
(p,q = 0) from above. For p 4+ ¢ > n, we have

O~ ||y 5mp grmay||, < O~ P+ < 0DV,

If p+ g < n, observe that, by (3.1),

Ng—1
Z b2(ST=Dg; )| < ClPmad=n=1 < olrta)—n—1

i=Np_1

VM|(uS™ S ™ ey, er)| =

for 1 <k < M. Also by (3.1), (uS™PS*™vey, e7) = 0 if k # £. Therefore,

M
|uS™ vy < Z [(uS™Ivey, ep)| < C~ VM.
kyt=1
By Lemma 2.2,
7122, oo > e =
Zno ficb 4max{C-(+D/M,1} = 4
which contradicts the assumption that [Tz, [len < - O
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Lemma 3.8. Suppose that Z and T are as in Lemma 3.7. There then exists a sequence
a € £1(CV1,Z) for which ||a||w < 4||T ||, and T — T,|z is compact.

Proof. Assume that ||T||c, < . By Lemma 3.7, for every n € N there exist complex
numbers (ag-n))” and N,, € N such that

j=—n

Z |a§»”)|C’U| <1 and H( Z aé")Smj T)

j=-n Jj=—-n ZNn

’ < C*(nJrl)

(we keep the notation of Lemma 3.7). Without loss of generality, we can assume that
N1 < Ng <---.

For |j] > n, let al™

5~ =0, and regard a™ = (ag-n))jez as an element of ¢1(C!, Z), with
|la™||,, < 1. By passing to a subsequence if necessary, we can assume that the sequence
(a'™) converges weak* to a = (a;)jez € El(Cm,NZ) (in other words, lim,, a§-n) = a; for
any j € Z). Clearly, |la|l, < 1. Moreover, lim,, |, — T, || = 0. Indeed, fix € > 0, and
find K € N such that C~(K+1) < le. Find M € N such that |a\" — aj| < ¢/9K for
|7| < K and n > M. For such n,

”Ta_Ta(n) = Z(a’j _a§”))smj
JEZL
<D lay = a1+ D7 (lagl +1al™))
l7l<K l71>K
€ 2e
2K +1)— + =
< (2K + )9K + 3

<E.
Therefore,
I(Ta = D)z, | < 1T = Ta | + | (Toer = Tlzy, | <e+C°
for ¢ > max{K, M}. Thus, lim, ||(T, — T)|zy,|l = 0, and hence T — T.|z is compact. [

Proof of Theorem 1.1 (ii). Suppose that Y is an infinite-dimensional subspace of X
and that T' € CB(Y, X) satisfies ||T'||cp, < 5. First show that for every ¢ > 0 there exists
a € £1(CH1,Z) such that ||a|l, < 1, and limy |[(T, — T)|yy || < ¢ (here Yy = Y Nspan]d; |
i > NJ). Indeed, suppose this is false for some ¢ € (0,1). Find a sequence (a(™) which
is dense in the unit ball of ¢1(C!,Z) and let T = T,.,. For each n, Y contains
an infinite-dimensional subspace Y, such that |(T(" — T)¢|| > c for any ¢ € Y,. By
Proposition 3.4, there exists a shift lacunary sequence (;);en such that & € Y;, whenever
i€ {2771, 32771 5.1 |} Therefore, limsup; ||(T, — T)&]| > 1c whenever a belongs
to the unit ball of £, (C17!, Z), which contradicts Lemma 3.8.

Thus, there exist a sequence of positive integers N1 < No < --- and a sequence (a(”))
of elements of the unit ball of £, (CV71, Z), such that ||(T) — T)lyy, || < 27" forany n € N
(here, as before, TM) = Ta(n)). Passing to a subsequence if necessary (see the proof of
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Lemma 3.8), we can assume the existence of a € £,(C!,Z), such that |a, < 1, and
lim,, |7, — T™|| < 2=™. Therefore,

(T = 1)y, || S T =Ty, ||+ |1 Te =T < 2'77
for any n € N. Thus, T,|y — T is compact. 0

Remark 3.9. If Y is a coordinate subspace of X, then a as above is unique. Indeed,
if Y = span[d;, | k € N], then a; = limy_,oo(T'd;, , 0i,+m;) for any j € Z. For a generic
Y < X and T € CB(Y, X), there may be more than one a € ¢;(CVl,Z) for which
T — T,y is compact (see §7.2 for more details).

To prove Theorems 3.1 and 3.2, we follow in the footsteps of [8], and associate complex-
valued functions with members of CB(Y, X). To this end, identify ¢, (CV!, Z) with the set
Y of those analytic functions f on the annulus A = {z € C | C~! < |2| < C}, whose Lau-
rent coefficients belong to ¢;(C17!, Z). More precisely, for f € Y we have f(z) = > ajzd,
with ||(a;)||w < oco. Let || f|ly = ||(a;)|lw- Clearly, ¥ (equipped with pointwise multipli-
cation) is isometric, and algebraically isomorphic, to £, (C7!, Z) with its convolution.

Suppose that Y is an infinite-dimensional coordinate subspace of X and that T €
CB(Y,X). By Theorem 1.1 (ii) and Remark 3.9, there exists a unique a = (a;) ez €
£,(CV1,Z) for which T — T, is compact. We construct a function ¢(T") € ) by setting

o(T)(z) = Z a2l for z € A.

J

Note that, if Y7 and Y5 are infinite-dimensional coordinate subspaces of X, T7 €
CB(Yl,YQ) and T, € CB(YQ,X), then ¢(T2T1) = ¢(T1)¢(T2)

Thus, we can pass from CB(X) to the well-understood, commutative Banach algebra )
(see [4, Chapter 4.6] for its properties). This allows us to investigate c.b. projections on,
and complete isomorphisms of, the space X.

Proof of Theorem 3.1. Suppose that Y is an infinite-dimensional coordinate sub-
space of X, T € CB(Y) and T? = T. Let f = ¢(T). By the reasoning above, f? = f.
That is, f(z) =0 or f(z) =1 for any z € A. However, f must be continuous, and hence
either f =0, or f = 1. In the former case, T' is compact, and hence ranT is finite dimen-
sional. In the second case, I — T is compact, and hence ran(I — T') is finite dimensional.
Therefore, ker T' is finite dimensional. O

Remark 3.10. As we show in §7.1, the statement of Theorem 3.1 fails for non-co-
ordinate subspaces of X.

The next two lemmas allow us to prove a statement more general than Theorem 3.2.
These results will be used again to compute the K-groups of CB(X) in §6.

Below, we define the direct sum Y @ Z (Y and Z are operator spaces), for y € M, (Y)
and z € M,,(Z), by setting

|y @ 2llar, (vez) = max{||yllar, (v, 12l a1, (2)s 1Y © 2l a, vy @, 2)) 3
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where MIN(FE) denotes the Banach space E, equipped with its minimal operator space
structure. In the following, Y™ stands for Y @Y @--- @Y (n times). If n = 0, we identify
Y™ with {0}. B(Y™) is henceforth identified with M,,(B(Y")) (the space of n x n matrices
with entries in B(Y)) as a vector space. Similarly, we identify CB(Y™) with M, (CB(Y")).

Lemma 3.11. Suppose that Y is an infinite codimensional subspace of X", n > 1.
Then no completely bounded map from X™ into Y has a bounded inverse.

Proof. An operator T' € CB(X™) can be represented as an n X n matrix (T(m));‘,q:l,
whose entries are c¢.b. maps on X. By Theorem 1.1 (ii),

TP — T, o + WP
with W®9 compact, and

0D = (o)) ez € (:(CY, 7).

Denote the operator (Ta<m>)g,q:1 by T,, where a = (aj)jez, and aj = (agpq))g

n X n matrix for any j; clearly,

=1 1s an

S Ol ) < o
JEL
Similarly, denote the operator (I/[/(p‘?))]’;q:1 by W.
Consider a function f = (Ip, ® ¢)(T) : A — M,. That is, f = (f(zw))z’q:17 with
[P0 = $(TP9) or, in other words,

f(z) = a;z",
i

(PQ))n

where a; = (aj bg—1 18 an n x n matrix. Suppose first that det f(z) = 0 for some
z€T={weC||w| =1}. Fix € > 0, and show that there exists a unit vector £ € X™
with finite support, such that || T(Iz ® S)*¢|| < & for any £ > 0 (here Iy ® S € B(X™)
is defined via Ipy @ S(1,...,8n) = (S&1,...,5&,) for &1,...,&, € X). This would imply
that T' does not have a bounded inverse.

Denote by M the operator of multiplication by f, acting on ¢35 (L2 (T)). By the density

of trigonometric polynomials, there exists

p(z) = Z bzt by € 03,

|k|<N

such that [[p[ley(L,(r)) = 1, and | M¢pllegL,(1)) < ie. Let n= 2 ki< Ok @ Oy, and

note that ||, (Iy ® S)“n|| < e for any ¢ > 0. By the compactness of W, there exists

K > 0 such that |[W(Iip ® S)n|| < ic for any ¢ > K. Let £ = (Ip ® S)¥n. Then
IT(Iey @ S)*€|| < e for any £ > 0. )

If det f does not vanish on T, then the operator T, is Fredholm (see [5, Chapter 1]

r [15]); hence, so is T = T, + W. In particular, dim(X™/T(X™)) < co. O
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Corollary 3.12. Suppose that X, is a finite codimensional subspace of X", n > 1,
and Y is an infinite codimensional subspace of X™. Then no completely bounded map
from X1 into Y has a bounded inverse.

Proof. Consider T' € CB(X;,Y). Find a finite-dimensional E — X™ such that X™ =
span[E, X;] and ENX; = {0}. Find F < X™ such that dim F = dim F', and FNY = {0}.
There then exists an invertible operator U : E — F. Let T = TP + U(I — P), where P
is a projection for which ker P = E, ran P = X;. Clearly, T’ € CB(X™,span[Y, F]). If T
has a bounded inverse, then so has T, which contradicts Lemma 3.11. O

Lemma 3.13. Suppose that n > 1, X; and Y are subspaces of X" and that
dim X" /X, < oo. Then X, is completely isomorphic to Y if and only if dim X"/Y
is finite, and m divides dim X" /X; — dim X"/Y".

Proof. By the construction of X (2.1), the operators S™ and S*™ are completely
bounded. Hence, any coordinate subspace of X is completely isomorphic to its subspaces
of codimension m,2m,3m, .... Since all subspaces of X™ of given (finite) codimension
are completely isomorphic, we have shown that X; and Y are completely isomorphic if
dim X" /X7 — dim X" /Y is divisible by m.

Suppose, on the other hand, that X; and Y are subspaces of X", that X; is com-
pletely isomorphic to Y and that dim X/X; < co. By Corollary 3.12, dim X"/Y < oc.
Suppose, without loss of generality, that dim X™/X; < dim X"/Y,and T: X; - Y isa
complete isomorphism. By adding a finite-rank operator if necessary (as in the proof of
Corollary 3.12), we can view 1" as a complete isomorphism from X" onto its subspace of
finite codimension.

As in the proof of Lemma 3.11, consider a function f = (Ips, ® ¢)(T) : A — M, cor-
responding to a € M,, ® ¢,(CV!,Z). Then W = T — T, is compact. T is a Fredholm
operator of index K = dim X/X; — dim X/Y, and hence so is T,. By [5] (or [15]), —K
is equal to the winding number of the function z — det f(2™) around 0, which must be
divisible by m. O

Proof of Theorem 3.2. Apply the previous lemma with n = 1. 0

4. When is T — T, Hilbert—Schmidt?

In the previous section, we showed that every c.b. map from ¥V to X (Y — X) is a
compact perturbation of a Toeplitz operator T,, with a € 01(CY1,7). Below we show
that, for certain subspaces, this perturbation is actually Hilbert—Schmidt. In particular,
we establish this for Y = X (Theorem 1.1 (i) (b)). In addition, we prove the following
theorem.

Theorem 4.1. Any infinite-dimensional subspace Y of X has an infinite-dimensional
subspace Z such that any T € CB(Z,X) can be written as T = T,|z + W, with a €
6(CHLZ), W€ Sa, W2 < 20v2||T|ev, and |jallw < 4||T||en. Moreover, such a Z can
be selected so that any T € CB(Z) can be written as T = Az + W, with A € C,
W e Sy, |[W]l2 < 700||T||er and |A| < ||T||. In fact, any infinite-dimensional Y contains
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an uncountable family of subspaces Z, which have the property described above, and are
not completely isomorphic to each other.

To do this, we need a definition.

Definition 4.2. A sequence (&;);eny C X is called c-nice (here ¢ > 1) if it is orthonor-
mal and, for any M € N, any ¢ > 0 and any finite set (n;)F_, € X, there exists
No((mk)E_,,e, M) € N with the property that, for every N > No((ng)E_,, &, M), there
exists an orthogonal projection ) for which the following conditions apply.

(i) [|QS™PS*™ay|y < cCPTY for any p,q > 0. Here, v : €37 — span[¢; | i € N] is defined
by setting ve; = (& + &vn)/V/2 (as usual, (e;)M, is the canonical basis for £37).

(i) 1Qnell > (llmwll —€)/v2 for 1 <k < L.

A subspace Y of X is called c-nice if it has a c-nice orthonormal basis.

Ubiquity of c-nice sequences will be proved below (Lemmas 4.4 and 4.8). First we
present a result underscoring their importance for this section.

Lemma 4.3. Suppose that Y is a c-nice subspace of X and that T € CB(Y,X) is
compact. Then T is Hilbert-Schmidt, with || T s < 4v2¢||T ||cb-

Proof. It suffices to show that, for every e > 0 and M € N,

1 (& (T — o))/
I > 5 (3 PE=22) (1.1)

i=1

where (&;) is a c-nice orthonormal basis in Y.

Taking N > No((T&)M,,e, M) to be sufficiently large, and perturbing T slightly, we
can assume that T¢;, y =0 for 1 < i < M. Let v be as in the definition of niceness, and
find u : X — €37 such that u = uQ, |lul|2 = 1 and

Y o (s UTs |- '
warell = jerels = (Y 1areet) > (3 U=

i=1 i=1

By the definition of niceness again,
[usS™PS ™|y = [[uQS™PS ™|y < [|QS™PS ]l < cCPT.
An application of Lemma 2.2 establishes (4.1). O

Next we give examples of c-nice sequences. We say that a sequence (&;);en is regular if
it is normalized, shift lacunary, and there exists a sequence (¢;);>0 of complex numbers,
such that

0422

(S™9&;, &) — oy < 21 4 ija)t
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if 1 <j <2(1+4i/a) (here, as before, &« = min{1,InC}/2). Note that, for —1 > j >
—2(1+i/a),

(S™¢, &) = (€, S™I&;) = (S™™Ig;, &).
Therefore, defining ap = 1 and o; = a—_; for j < 0, we conclude that, for a regular
sequence, we have

21

.y o
|<S J€i7§i> - aj| < 92i+4

W whenever |j| < 2(1 + z/a) (42)

Lemma 4.4. Every infinite-dimensional subspace of {5 contains a regular sequence.

Proof. Suppose that Y is an infinite-dimensional subspace of X. By Proposition 3.4,
it contains a shift lacunary sequence (;);en. By a diagonalization argument (and passing
to a subsequence if necessary), we can assume that o; = limy (S™Mig; &) exists for each
j > 0. Passing to a further subsequence, we can assure ourselves that the appropriate
bound for [{(S™7¢;, &) — o] holds if 1 < j < 2(1 +i/a). O

Lemma 4.5. Any regular sequence is 1-nice.

Proof. Suppose, for 1 < k < L, that n, € X, ||[nk]| = 1 and suppne C [1, No]. We
shall show that, for any N > max{Ny, M}, there exists an orthogonal projection @ such
that [|Qnkll = ||nx]l/v2, and ||QS™PS* ™|y < CPTY for any p,q = 0 (as before, (e;)M,
is the canonical basis for £}, and ve; = (& + &4 n)/V?2).

For 1 < ¢ < M define the operators w; :£§K1‘“ — F; and w; : E%Kﬁl — Fiyn by
setting w; f; = S™¢; and wf; = S™ & n (here K; = |i/a, (f])JK:_K is an orthonor-
mal basis in EgK”l, and Fy, Fy,... are as in §3). Consider the polar decompositions
w; = U;A; and w] = U/A}, where U; and U] are isometries from (25! into F; and
Fj n, respectively, and A; = (wiw;)/?, A} = (wiw})'/? act on (25 F,

Now observe that, for —K; < j, k < K;

(wiw; fr, f;) = (w; fr,wi fj) = (ST, S™E,),

and therefore, wiw; = EZk:1<Sm(k_j)£i,§i>Ejk (here Ejj, is the matrix with 1 on the
intersection of the jth row and kth column, and zeros elsewhere). A similar expansion
can be written for w}*w}. By (4.2),

(S &) — (S™MFE LN, € n)]
< [(S™Fg; &) — o] + (STFTDE N, Eivn) —

0421

< 2731 1 ija)
for such k£ and 7, and hence

0141

K;
lwyw; — wiFwil|3 < Y (S, &) — (S™MFE LN, Gipn)]? < IO
J,k=0 i
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Moreover, ||wfw; + wi*w}|| < 2(2K; + 1), and therefore, by [2, Theorem X.2.3],
o\
14¢ = AP < s = ol g + il < (5 )

Now let G; = span[(U; + U))A;f; | —K; < j < K;] and G = span[G,...,Gu). Note
that G; — F; + F;+n, and hence the spaces G; are mutually orthogonal. We claim
that the orthogonal projection @), whose kernel is precisely G, satisfies the definition of
1-niceness. First note that any £ € G can be written as £ = &1 +&;, with & € Fi+- - -+ Fy,
& € Fxy1+ -+ Fxyar, and ||&]] = || &l = ||€]|/v/2- By the choice of N, (ng, &) = 0
for 1 < k < L, and hence ||nx — &|| = [|ni||/v/2 for any ¢ € G. Thus, [|Qnxl| = [lnll/v/2.

Next we estimate

M M
m *1M m *1M 1 m *7M
lQs™s qvn%:Z;nQS PS qveiH?:i;HQs PG + i) 2.

For i < a(p + q), we trivially have [[QS™?S*™4(&; + &1 n)|| < V2. For i > a(p + q), let
j = p — q, and observe that

STPGImaE, — §mig, — UiAsf; and  STPSTE, = SME = ULALS;.
Moreover,
(Ui + U Aify = (UiAifj + Ui AL f;) + Ui (A; — A} f;
= S"PSTMUE + Giyn) + U (A — A f; € G =ker Q.
Hence, QS™S*™ (€, + &4 ) = —QUI(A: — A}y and

m *1M « '
Q5™ (6 + )l < 14: - A1l < (5 ).
Thus, for any p,q > 0,

2(QS™P S w5 = > QST T(& + &y n)|
iza(ptq)

+ 30 1SS e + Ein).

i<a(ptq)

By the above,
Yo 1QSPS TG + &in)IIP < 21{i € NU{0} i < a(p+ )}

i<a(p+q)

< 214+a(p+q), p+qg=1,
o, p=4q=0,

and

>SS + )P < D <Z) -

iza(p+q) i=[a(p+q)]
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Therefore,
2 QS™PS |2 < 21 + 2a(p + g)) < 26F+D < 20

for any p, ¢ > 0. Thus, the sequence (&;) is 1-nice. O

Remark 4.6. The proof of Lemma 4.5 actually yields a stronger result: suppose that
(&) is a regular sequence. Then for any ()i, C X, M € N and € > 0, there exist
N§((qi)E_y, e, M) such that for any N > N} ((nx)E_,,e, M) and for A € C with [A\| =1
there exists an orthogonal projection Qy for which ||Qanx|l > (/x| — €)/v/2 whenever
1<k < Land [|Q\S™PS* ™y, ||, < CPH4. Here, the operator vy : £37 — span[¢; | i € N|
is defined by setting vye; = (& + A n)/V2. Indeed, in the notation of the lemma, we
let @ be the projection with the kernel span[(U; + AU})Aif; | 1 <i < M, |j| < K;]. The
proof of Lemma 4.5 shows that )1 satisfies the above conditions. The case of a general
A is dealt with in the same manner.

Proof of Theorem 4.1. By Lemma 4.4, every infinite subspace Y of X contains a
regular sequence (;);en. Let Z = span[¢; | ¢ € N], and consider T' € CB(Z,Y') satisfying
|T|leb < £. By Theorem 1.1 (v), there exists a € £1(C1, Z) such that W = T — T, is com-
pact, and ||al|, < 3. Consequently, ||[W|c, < 1. By Lemmas 4.3 and 4.5, ||[W]|2 < 4V/2.

Now consider T} € CB(Z), with ||T1|[c, < g=. By Lemma 3.6, there exists a diagonal
operator T' € CB(Z) (that is, T = & for any i € N) such that ||, < ¢+ and
|T — Ti]]2 < £2. As above, there exists a = (a;)jez € ¢1(CV!, Z) such that ||al, < 1 and
[W]l2 < 4V2, where W =T — T,| . Let ¢ = > jez @i, where (as in the definition of
regularity) a; = lim;(S™7¢;, ;). Clearly, the sum above converges, and |c| < ||all, < 1.
We shall show that clz — Ta| z is a Hilbert—Schmidt operator. Indeed, for any 1,

X =(T6, &) =Y a;(S™&, &) +ci,
JEZ
where ¢; = (W¢;, ;). However,
2
mic N gl — Y

for |j| < K;, while for other values of j we have [(S™/¢;,&;) — a;| < 2. Therefore,

I\ —c| < Z la;[[(S™&, &) — aj| + |ci

JEZ
K a2
< Z |aj|22z+4(1+7//04)4 +2 Z |(IJ| + ‘CZ|
j=—K; lJI>K;

However, >*.7 Cllla;| <1, and hence 2ijlsk; 1] < C~(Ki+1) < ¢=/* On the other
hand, Zf:_K laj| < 1. Hence, by definition of «,

21

< S 207 4 e <

D Q.
N = < g )

+ 26721‘ + |CZ| < 2.18722‘ + |Cl|

94i+4
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Therefore,

n n n

1T —elzll3 =) A —c> <D (217 +ei])® < 2) (457 + [¢i?).
i=1 i=1 i=1

We have Y, |¢;|* < [[W||3 < 32, and hence || T — clz||2 < 1/64+ 9/(e* — 1), and

9 16 700
Ty —clzlls <||T —cl Ty =Tl <4/64+ 57—+ = < —
It = eIzllz < IT = eIzl + | T2 = T2 m+85<85

Finally, || = lim sup [(T3&;, &) < T3]

We next modify our proof to show that Y contains uncountably many subspaces Z
with the above properties. For each infinite F C N, let Zx = span[¢; | i € F]. Any
subsequence of a regular sequence is regular, and hence CB(Zx, X) and CB(Z#) are as
in the statement of the theorem.

It is well known (see, for example, [21]) that there exists an uncountable family 7
of subsets of N such that FAG is infinite if F and G are distinct members of Z. We
shall show that Zr and Zg are not completely isomorphic to each other. Indeed, suppose
positive integers p; < py < --- are such that {p1,p2,...} = F\ G. We shall show that
no T € CB(Zr, Zg) has a bounded inverse.

Indeed, write 7' =3, a;jS™ + W, where > jez Cllla;j| < 0o and W € Sy. Let P be
the orthogonal projection onto Zg. For each i, we have

T¢,, = PTE, =Y a;PS™¢,, + PWE,,.
JEL

The sequence (&;) is shift lacunary. Hence, S™/¢,, is orthogonal to &, whenever p; # k,
and |j| < K,,. In this case, S™¢,, is orthogonal to Zg or, in other words, PS™¢,, = 0.
As K,,, > i for i > ip, we have

i 76, < i (3 gl + 1) =0
71>
(here we use the compactness of W). Thus, T is not invertible. O

Remark 4.7. In fact, we have shown that the spaces Zr and Zg are not semi-
isomorphic (in the sense of [22]).

Coordinate subspaces of X give rise to a class of c-nice sequences. We say that an
increasing sequence of positive integers (n;) is self-repeating if, for any Ny € N, there
exist N, K > Ny such that n,; xy = n; + K whenever 1 <7 < Np.

Lemma 4.8. Suppose an increasing sequence (n;) is self-repeating. Then the sequence
of coordinate vectors (0, )ien Is y1-nice, where
vmj } vm
71 =71 (C,m) = max< 1,sup - » <max<q 1, ———— 5.
( ) { V201 = 2vVelnC

jEN
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Proof. Suppose that n € X and suppny € [1, V7] for 1 < k < L. Find Ny such that
CN2 > /M. Find N, K > max{ny; + mNy, N1} so that n;, g =n; + N for 1 <i < M.
Let @ be the orthogonal projection with the kernel G = span[dy, + dp+x | 1 < k < NJ.
As in the proof of Lemma 4.5, we conclude that ||Qnx|| = ||nx]l/v2 for 1 < k < L.

It remains to estimate ||QS™PS*™y|y. If p + ¢ > Na, then

1QS™P S ™|y < [Jvll = VM < C™ < mCPH.

If p+ g < N3, use the equality

M M
2(QS™P S M5 =2 QS S M ve|* = [|QS™PS (S, + Gy )7

i=1 i=1

If mq > n;, then S*™94,,, = 0, and hence ||QS™PS*™4(§,,, + On < 1. Otherwise,

ol
SRS (O + Oniin) = Onyrm(p—g) T Oniyn+mp—q) € G5

and QS™PS*4 (6, + 0p,, ) = 0. Therefore,
2QS™P S ™ v||5 < [{i € N | mg > n;}| < mg < m(p+q).

By our choice of 71, [[QS™PS*™ vy < \/im(p+ q) < 1 CPF. O

Proof of Theorem 1.1 (i), (ii). Consider T € CB(X). By the proof of Theo-
rem 1.1 (ii), and by Remark 3.9, there exists a unique a € {4 (CV1.Z) such that |all., <

4||T||en, and T — T, is compact. By Lemma 4.8 (applied to the sequence n; = i), we
conclude that | T — T,ll2 < 4v27||T — Tulleb < 20v/271||T|cb- O

Remark 4.9. Observe that N contains uncountably many self-repeating sequences.
To see this, call an infinite subset of N self-repeating if the corresponding sequence is self-
repeating. Suppose that F is a subset of B = {10 | n € N}. Let 7, = FU(FN[1,10]+30)
and, for n > 2, Fp1 = F, U (F, N [1,10"] 4+ 3 - 10™). Then the set F' = J,cny Fn is
self-repeating (indeed, 7' N[1,10"]+3-10" = F'N[1 +3-10™,4-10"] for every n € N),
and F' N B = F. Thus, F +— F' is an injection from 25 to the family of self-repeating
sets.

For a self-repeating set F, let Yr = span[d; | ¢ € N]. If F and G are subsets of B,
and |FAG| = oo, then, arguing as in the last part of Theorem 4.1, we conclude that
Yr and Yy are not completely isomorphic. Thus, X contains an uncountable family of
coordinate subspaces that are not completely isomorphic to each other.

5. Failure of the OAP

Proof of Theorem 1.1 (iii). Suppose that Y is an infinite-dimensional subspace Y
of X. By Lemma 4.4, Y contains a regular sequence (&;). Select N > 21. For every
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n > N and s = 41 there exists r = r(n,s) such that n, = dimE, = 2"*! and
|ty — wps||1 < 27+ where wys : X — E,. is defined by

271,
wne§ = 27 (D)2 Z@,fi + 8iyon)e; forany £ € X

i=1

(here (e,;)?il is the canonical basis for F,.). Define v, : Ef — Z by letting v,s¢; =
(& — 5&i49n)/V/2. We show first that [[vnslle, < 1. Indeed, by (2.1) (see the proof of

Lemma 2.2),
[onsllen < max {1, sup €= FF0 i, S50, 1 |
p,q=
< max {L SUEO Ci(erq)(”wnsSmpS*qunsHl + ”ur - wns”l)} (5'1)
p,.q=
However,
on
2||wnsSmpS*mqvns”1 < 2 Z |<wnssmpswnqvnsekael>|
k=1
on
= 37 (€ + $Erszn), STPS ™ — sEppz )l
k=1

2TL
<Y &, STPSTME) — (Ligan, STPSTTIE on)|

i=1

+ > [(Er, STPSTMEN]. (5.2)

ke, 1<k 0<2n+1

Using the definition of regularity as in the proof of Lemma 4.5, and recalling that o < %,
we conclude that

o 1
. QmpgFmqeN . mp g*mq ¢.
|<§z, STPS £z> <£z+2",s S £z+2"> < 22i+3(1 T i/a)4 < 94i+3

if max{p, ¢} < 2(1+i/a). Thus,

b
S [(, STPSEY — (€40, STPSE 50 )|
=1
la(p+q)/2]
<3 (6 STPSTMEN + (Giron, STPSTE 50)])
=1

2"L
+ 0> G STPSTME) — (Eaan, STPSTME 0|
i=|a(pt+q)/2]+1

2’7),
1
<a(p+Q)+Zm <a(p+q) + 155
=1
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On the other hand, by (3.1), (£, S™PS*™4¢,) =0 if p + ¢ < max{k, ¢}/, and hence
> (€, STPSEN | < { (K, 0) | k # £, max{k, (} < a(p+ )} < (a(p+q)*.
kAL, 1<k, 0<2n+1
Thus, by (5.2),
[wns 8™ S Munsl1 < 5 (355 + p + @) + (a(p + ))?),

and therefore, by (5.1),
[vnsllen < max {1, sup 3C°FH0(1 +alp+a) + (alp+0))) ) =1,
P>

since 1+ a(p+q) + (alp+9))* < (1 + a(p + ) < 2@ra) < CWFo),

If Y has the OAP, there exists, by [21, Lemma 6.1], a finite-rank map T': Z — Y such
that T¢ = & for 1 <i <2V and ||Tvpslep < 27/4* for any n > N and s = 1. By the
above, ||Uns|ler < 1 and, moreover, ||wyslleb < |ty — whsll1 + [|urflen < 2. Thus,

HwnsTUns”l < 5||wnsTvns||cb < 7HTUnchb < 271/4—1’

and therefore
on

2n/2+1 Z |<wnsTvnsei» 67,>|
i=1

2"1
= (T, &) — (Téian, Givan) + (T, Giran) — (Téizan, &)
=1

< 2n/2+1|‘wnsTUnsH1 < 2371/4'
Averaging over s, we obtain

o
272N " [(wn, 1 Tvn 4164, €3) + (W, -1 Tvp, 164, €3))|
=1

g 2371/4.

on
= Z (T, &) — (T&iyon, Eiyon)
im1

Let A, = Re Zf;(T&,&}. Then Ay = 2V and, by the triangle inequality, A, >

2A,, —23"/% Tt is easy to show by induction that A, > 3-2"~24+7.23"/ for any n > N.
On the other hand, sup,, 4, < ||T]|1 < oo: a contradiction. O

6. K-theory of CB(X(C,m))

In this section, we prove Theorem 1.1 (iv). First, recall the basics. Suppose that A is a
Banach algebra. We denote by M, (A) the algebra of n x n matrices with entries from A,
with obvious multiplication. For a; € M,,(A), i = 1,2, we denote by a; ® as the element

(al 0 ) € Mnl +no (A)

0 a9
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To define the K-groups, first assume that A has identity I. For n € N, IP,,(A) denotes
the set of idempotents (or projections) in M, (A). For k < n, we view IP;(A) as a subset
of IP,,(A), by identifying p € TP, (A) with p @0~ € TP, (A) (here and below, 0(*)
stands for the zero element of M (A)). We let IPo(A) = U, ey IPn(A).

We say that p,q € IP,(A) are algebraically equivalent (p ~, q) if there exist u,v €
M,,(A) satisfying vu = p, uv = ¢. p and q are 0-equivalent (p ~o q) if p® I*) ~, q @ I*)
for some k& > 0 (here I®) is the element of Mj(A) consisting of k copies of I on the
diagonal and zeros elsewhere). Equivalently, p ~¢ ¢ if p@r ~, ¢®r for some r € TP, (A).

The 0-equivalence class of p € TP (A) is denoted by [p]o. Following [3, § 5], we intro-
duce the (abelian) group Ko(.A) as the set of all differences [p]o—[g]o, with p, ¢ € TP (A).
The equality [plo — [¢lo = [P']lo — [¢']o holds if p & ¢’ ~¢ p’ & ¢q. Addition is defined by
[plo + [glo = [p ® ¢lo, and [0]¢ serves as the neutral element of this group.

To define the group Kj(A), consider the set GL,(A) of all invertible elements of
M, (A). For £ < n, identify U € GLg(A) with U@ I € GL,(A). Let GLy(A) =
U,, GL,,(A). We say that U € GL¢(A) and V € GL,(A) are homotopically equivalent
(U ~ V,yor U ~p V) if, for some k& > max{/,n}, there exists a continuous path
h :[0,1] — GLj(A) such that h(0) = U @ I*=9 and h(1) =V @ I*~™). [U]; denotes
the equivalence class of U. The abelian group K (A) is generated by the set of equivalence
classes GLoo(A)/ ~1, equipped with the addition [U]y + [V]1 = [U @ V]; and with the
neutral element [I];.

If A is a non-unital Banach algebra, denote by A its unitization, with the identity I.
s : A% — C denotes the scalar map: s(a+\) = A, for any a € A and A € C. s,, stands for
Iy, ® s (viewed as a map from M,,(A*) to M,,). Clearly, if a € M, (A*) is an idempotent
(or invertible), then so is s,(a) € M,. The K-groups of A can be described as follows:
Ki(A) = K (A*), and Ky(A) is the subgroup of Ky(A*) generated by [plo — [s,(p)]o, for
p € 1P, (A%).

Now suppose that 7 is a bounded algebraic homomorphism between Banach algebras
A and B. Clearly, Ip;, ® m maps idempotents (and, in the case of unital algebras, invert-
ible elements) of M, (A) into idempotents (respectively, invertible elements) of M, (B).
Attaching the unit if necessary, we define the group homomorphisms Ky(w) : K,(A) —
K¢(B) : [a)e = [In, @ 7(a)]e for £ = 0,1 and appropriate a € M, (A).

The reader is referred to [3,13] for more information on the K-theory for Banach
algebras. Applications of K-theory to algebras of bounded operators can be found in
[11,13,28]. We quote some specific results later on.

By Theorem 1.1 (i), we have a short exact sequence

085 CB(X) 3 Y -0, (6.1)

where ) is the algebra of analytic functions on the annulus A with coefficients in
0y (C’m,Z), 7 is the natural injection and ¢ is the quotient map. In fact, ¢ was described
explicitly in the paragraphs following Remark 3.9. There, we observed that for any T €
CB(X) there exist unique a = (a;)jez € ¢1(CV!,Z) and W € S, for which T = T, + W.
We defined the function ¢(7') by setting, for z € A, ¢(T)(2) =>_,cz ajz7. Moreover, it
was observed that ¢ is an algebraic isomorphism, that is, ¢(T1T2) = ¢(T1)p(T2).
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We first calculate the K-groups of the algebras S and ), and then use Bott periodicity
[3, Chapter 9] to prove Theorem 1.1 (iv).

To deal with ), observe that idempotents of M, () are precisely those functions
f+ A — M, whose entries belong to ) and such that f(z) is a projection (not necessarily
self-adjoint) for any z € A. For f € IP,(Y) define rank f = rank f(z) (clearly, the latter
does not depend on the choice of z € A).

To classify the equivalence classes of f € GL,(})), observe that, since the Banach
algebra Y is commutative, f € M, (Y) is invertible if and only if det f is an invertible
element of ). By [4, Theorem 4.6.12], the spectrum of ) is identified with A via the
evaluation map. Thus, f € M,()) is invertible if and only if det f does not vanish
anywhere on A.

If g € Y does not vanish on A, denote by wind g the winding number of the function
T — C:zw g(rz), C7! <r < C, around 0. By continuity, this winding number does
not depend on .

Lemma 6.1.
(a) The group K1(Y) is homomorphic to Z, via [f]; — —winddet f, f € GL, ().
(b) The group Ko(Y) is homomorphic to Z, via [f]o — rank f, f € IP,(Y).

Proof. First we tackle (a). It is well known in K-theory that K;(C(T)) = Z,
with the group homomorphism given by [f]1 +— —winddet f for f € GL,(C(T))
(this follows, for instance, from [10, Proposition 8.3.1]). Moreover, the restriction map
j:C(A) - C(T) : f— f|r determines a group homomorphism between K;(C(A)) and
K1 (C(T)). Indeed, suppose f € GL,(C(A)) is such that there exists a continuous map
& : [0,1] — GL,,(C(T)) such that #(0) = jf and &(1) = 1)y, (that is, #(1)(z) = I, for
any z € T). Define the maps &1,P, : [0,1] — GL,(C(A)), for t € [0,1] and z € A, by
setting @1 (t)(z) = ®(t)(z/|z|) and

f(2), tC +(1—t) < |2 <tC+ (1 - 1),
Po(t)(2) = F(ECT + (1 =1)/|2]), C7H <o <tCTH+(1-1),
FEC+ @ —t)/|2), tC+(1—1t) <[z <C.

Clearly, both @, and @5 are continuous, $1(1) = 1, (as a function on A), Po(1) = f
and 91(0) = P2(0).

This shows that f and g lie in the same connected component of GL,,(C(A)) if and
only if jf and jg lie in the connected component of GL,, (C(T)). Therefore, the map
K (C(A)) = Z: [f]1 — —wind det f is a group homomorphism.

Moreover, by [27, Theorem 3.8|, the Gelfand transform induces a homomorphism
between K1(Y) and K;(C(A)). That is, f,g € GLw(Y) are connected by a path lying
in GL(Y) if and only if they are connected by a path lying in GL.(C(A)). Con-
versely, every equivalence class of GLo(C(A)) has a representative in GL () (in fact,
f : 2z~ z7% can work as such a representative, for an appropriate k € Z). Thus,
Ki1(Y) = Z: [fl1 — — wind det f is a group homomorphism.

https://doi.org/10.1017/50013091505000337 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091505000337

252 T. Oikhberg

Part (b) is proved in a similar fashion. The only additional ingredient is the connection
between homotopy equivalence and algebraic equivalence between classes of idempotents.
More precisely, suppose A is a Banach algebra. By [3, Propositions 4.3.1 and 4.4.1], if
p € IP,(A) and ¢ € IPy(A) are algebraically equivalent, then, for sufficiently large
k, there exists a continuous map h : [0,1] — IP4(A) such that h(0) = p® 0% ~™) and
h(1) = q @ 0%~™). Conversely, if such a map h exists, then p ~, q [3, Proposition 4.3.3].

(Il

To tackle Sa, we need a technical lemma (which may be known to specialists).

Lemma 6.2. If W is a Hilbert—Schmidt map on a Hilbert space H, and I + W is
invertible, then (I + W)~ — I is Hilbert-Schmidt.

Proof. Let T = I + W. Find a subspace E — H of finite codimension, for which
IWl|g|| <1/2.Let F = HOFE, E' =T(FE),and F' = T(F). Clearly, E’ and F’ are closed,
and dim H/E’ = dim H/FE (T has Fredholm index 0). By the invertibility of T, E'NF’ =
(), and hence H = span[E’, F']. Let Wy = W Pg, where Pg is the orthogonal projection
onto E. Then Wy = Y 72 (—1)¥W{ is Hilbert-Schmidt, and I + Wy = (I + Wp)~ L.
Therefore, T(I + W1)|g = I (the identity map on E').

Denote by @ the projection onto E’ along F’ (that is, ran@ = E’ and ker @Q = F’).
Let Wo = WhQ + ((T|r)~ — Ip)(I — Q). Clearly, Wy is Hilbert-Schmidt, and

T(I+Wo) =TI +W2)Q+T(I+Wo)(I -Q)=Q+(I-Q)=1.
Since both T and I + Ws are Fredholm operators of index 0, I + Wy = T 1. O

Our treatment of the K-groups of S owes much to [11]. We view the unitization of
Sy (denoted by Sg) as the subalgebra of CB(X), generated by Sy and the identity I. By
definition, X™ is isometric to £3(f3), and hence M, (S%) can be viewed as a subalgebra of
CB(X™) C M, (B(f3)). Moreover, for any a € M, (S%), a—s,(a)®1 is a Hilbert-Schmidt
operator on £ ({s).

Corollary 6.3. Suppose that A is an element of Mn(Sg), invertible in M, (B({z)).
Then its inverse belongs to M, (Sg) Furthermore, the spectrum of A is at most countable,
with at most finitely many accumulation points.

Proof. If A is invertible, then a = s,,(4) is an invertible element of M,,. Thus, mul-
tiplying by a~! ® I if necessary, we can assume that A = I + W, where I is the identity
on 3(¢3), and W € M,,(Sz). By Lemma 6.2, A~! € Mn(Sg)

By [12, Proposition 2.c.10], A — A ® I is a Fredholm operator of index 0 for any
A ¢ 0(sp(A)). Then, for any A € 0(A) \ 0(s,(A)), there exists € > 0 such that 1 ¢ o(A)
whenever 0 < |X — p| < e. As in the proof of [12, Lemma 2.c.12], it follows that o(A) is
at most countable, and o (s, (A)) contains all the accumulation points of o(A). O

Below, we denote by @,,, n > 0, a rank-n idempotent in Sy. Clearly, all such idempo-
tents of the same rank are algebraically equivalent.
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Lemma 6.4.
(a) The group K1(Sz2) is homomorphic to {0}.

(b) The group K(Sz2) can be identified with Z, via n +— [Qplo for n > 0 and n —
—[Q—n]o for n < 0.

Proof. (a) Suppose that A is an invertible element of M, (Sg) By Corollary 6.3, and
by [11, Lemma 3.2], we show that A can be connected to the identity by a path of
invertible elements.

(b) For any p € IPn(SQﬁ), sn(p) € TIP(M,) is similar to a diagonal n X n matrix.
Hence, one can assume that p = a ® I + W, where a € M,, is a diagonal projection and
W is Hilbert—-Schmidt. By the proof of [12, Theorem 2.c.13] (adapted to the operator
space setting in [18)]), p is algebraically equivalent to p; @ - - - @ p,,, where p1,...,p, are
idempotents in Sg. Moreover, if P € IP(Sg)7 then P ~, s(P)I + (—1)3(P)Qn(p), with
s(P) € {0,1}, and n(P) € {0} UN. It is easy to see that P, @ ---® Py ~, P{®--- & P],
if and only if

¢ k
Y os(P) =) s(P) and Y (=1)*FIn(p) = (-1)*Fn(P)).
j=1 j=1 j=1 j=1
Therefore, the Banach algebra 8o has cancellation: if p1, ps € IPo (Sg) satisfy p1 ~g p2
(that is, p1 @ q ~q p2 @ ¢ for some q € IPOO(Sg)), then p; ~4 p2. We complete the proof
as in [11, Theorem 3.9]. O

Proof of Theorem 1.1 (iv). We rely on the well-known fact (see, for example, [3,
Chapter 9]) that (6.1) gives rise to a sequence of group homomorphisms which is ‘exact
in the middle’. That is, ker Ky(¢) = ran K,(7), where £ = 0,1, and the maps ¢ and ¢ are
as in (6.1).

To prove the theorem for K, note that, if T is an invertible element in M, (CB(X)) =
CB(X™), then det ¢,,(T) does not vanish on A (here ¢, = In;, ® ¢). Write T = T, + W,
where a € M, (¢1(CV1,Z)) corresponds to ¢,(T), and W is Hilbert-Schmidt. Since
T is invertible, T, must have Fredholm index 0. Thus, by [5, Chapter 1] or [15],
wind det (¢, (T)) = 0, and therefore, by Lemma 6.1, K1(¢)([T]1) = 0. In other words,
K,(CB(X)) = ker K1(q). However, ker K1(q) = ran K1 (i), by ‘exactness in the middle’,
and ran K (i) = {0}, by Lemma 6.4. Thus, K;(CB(X)) = {0}.

Next we deal with Ky. By Lemma 6.1, Ko(q)([plo — [¢]o) = rank ¢, (p) — rank ¢x(q)
for p € IP,,(CB(X)) and ¢ € IP(CB(X)). Thus, ran K((q) can be identified with Z,
and ran Ko(q) = K¢()). Moreover, define a group homomorphism p : Z = Ky(Y) —
Ko(CB(X)) by setting u(n) = [I™] for n > 0 and pu(n) = —[I™]y for n < 0. Clearly,
Ko(g) o p is the identity on Z. ‘Exactness in the middle’ then implies that Ko(CB(X)) =
Z @ ran Ko (i).

It remains to show that ran Ky(i) = Z/mZ. By Lemma 6.4, we have a bijective group
homomorphism v : Z — Ky(Ss), taking n to [Qn]o for n > 0 and to —[Q_,]o for n < 0.
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Thus, we need to prove that Ky (i)(v(n1)) = Ko(¢)(v(n2)) if and only if m divides n; —nas.
We consider the case of n; < 0 and ny > 0; all other combinations of signs are handled
in a similar manner.

By the above results, Ko(i)(v(n1)) = Ko(i)(v(ng)) if and only if —[Q—_n,]o = [@n,]o-
By the definition of ~yg, the latter occurs if and only if Q_,, @® Qn, ® I*) ~, I for
some k € N. But the left-hand side is algebraically equivalent to Qs ® I*), where s =
ny — n1. Equivalently, there exists an operator space Z, containing X* as a subspace of
codimension s and completely isomorphic to it. Let n = [s/m], and £ = mn — s. X* is
completely isomorphic to all of its subspaces of codimension mn, and hence so is Z.
Therefore, X* is completely isomorphic to its subspace of codimension ¢. By Lemma 3.13,
m divides ¢, and hence m also divides s. O

7. Further properties of X (C, m)

7.1. Subspaces with few completely bounded maps
We show that the shift ‘degenerates’ on some subspaces of X (C,m).

Proposition 7.1. For any n € N there exists a subspace Z of X such that Z is a direct
sum of mutually orthogonal infinite-dimensional subspaces Zy,...,Zy, and T : Z — X
is completely bounded if and only if T =Y 7 _, cxJy + W, where W € S, and Jj, is
the composition of the orthogonal projection from Z onto Z and the embedding of Zj,
into X. For such (cx)}_, and W,

Wl
21vV2y/n

Moreover, Z is not completely isomorphic to a complete direct sum of more than n

ma{leal .. e, b < Il < €Ml o fea + 17
infinite-dimensional operator spaces.
The following lemma establishes Proposition 7.1 for n = 1.

Lemma 7.2. Suppose that |A\| = 1, and a shift lacunary orthonormal sequence (&;)
exists such that ||S™& — || < &5 = a®(1+i/a)~52= "+ for every i € N. Then T :
7 — X is completely bounded if and only if T = c¢J + W, where J is the embedding of
Z = spanl[¢; | ¢ € N] into X. Moreover,

||W|2}
max s |c|, —= ¢ < ||T||eb < || + [|[W]|2.

Proof. By a simple induction argument,
1S™¢ = N&|| < IAS™I D¢ = N H&l + 1m0 (5™ = A < je (7.1)
for any j € N, and therefore, the sequence (&;) is regular, with a; = M.

Consider T € CB(Z, X) satisfying ||T||cp < 3. Then T = T.|lz + W, for some a =
(a;)jez € £1(CV1,Z), such that |jall, < 1 and ||[W|s < 5v/2. Let ¢ = > a;jN. Clearly,
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le] < |lallw. Next we show that

[Tz —eT 3= H (Zajsmf - )5
i 7

2
1
<8'

By (7.1),

(gl

Za (8™ —

< Z lag] (5™ = Mgl + Y lagl (5™ —

l71ZKi+1 l7I<K;
<2 Y lagl+lalle D il
1> Ki+1 91<K;
O522'
<o EHD 4 <3

(1+i/a)i22i+s

(recall that O+ < 0=21InC — ¢=2) Therefore,

1Talz —cJ|3 = Z I(Ta — o&l* < 926743

which establishes (7.2). Thus,

IT = cJll2 < NT = Tall2 + | Ta — ¢J |2 < 5\f+ﬁ

To finish the proof, observe that |c| < ||T|.

N)&|

255

O

Proof of Proposition 7.1. For 1 < k < n let A\, = e2™V=1(k=1)/n_Gelect a shift
lacunary sequence (&;) such that || A& — S™& || < a?(1 +i/a) =227+ whenever i =

n(¢ — 1) + k, for some £ € N. Let Z = span[{,y—1)4% | £ € N], and Z =
N] = span[Zy, ..., Z,].

span[¢; | i €

Suppose T € CB(Z,X). By Lemma 7.2, for every k there exist ¢, € C and
Wk S SQ such that ‘C}c‘ < ||T|Zk|| < ||T||7 ||Wk||2 < 476||T|‘cb and T|Zk = Cka + Wk The

spaces (Z) are mutually orthogonal, and hence
HT — Z Ck Jk

k=1
On the other hand, by the proof of Lemma 7.2,

“Smj|ZZAiJk ZZ” (8™ — AM)&nerr|? <9Ze*4l

k=1 k=1 ¢=0

n 1/2
_ (Z ||Wk||§) < 4763/ T
2 k=1
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for 0 < j < n — 1. Therefore, || Sp_; X Jkller < 1+ [|S™ ||, < C™. However,

n—1 n
Ji = NNk,
j=0 k=1

S|

and hence ||J;]lcb < C™ for 1 < i < n.

Now suppose that Rj,...,R,+1 are completely bounded projections in Z and that
R;R; = 0ifi # j. We must show that at least one of the projections has finite-dimensional
range. To this end, define a map 7 : CB(Z) — (2, by setting

(S w) =t

k=1

(here (¢) C C, and W € Ss). By the above, 7 is well defined and is a bounded algebraic
homomorphism. Therefore, m(R;) = xg, for any ¢ (here E; is a subset of {1,...,n}).
Moreover,

xe:XE; = T(Ri)w(R;) = m(R;R;) = 7(0) = 0,

and therefore, by the pigeon-hole principle, E; is empty for some i. For such i, R; is
Hilbert—Schmidt, and hence of finite rank. O

7.2. Compact operators on subspaces of X (C,m)

We conclude the paper by pointing out that, for a generic subspace Y — X = X (C,m),
compactness of an operator T € CB(Y, X) does not imply any further ‘interesting’ prop-
erties of T' (cf. Lemma 4.3). First show that subspaces of X allow a large variety of
diagonal operators.

Proposition 7.3. Suppose the function f : A — C belongs to Y, and {\,A2,...} C
f(T). There then exists a subspace Y of X, spanned by a shift lacunary basis (§;)ien,
and T € CB(X), so that T¢; = \&; for any i € N.

Proof. Find the points z1,29,--- € T such that f(z,) = A, for any n € N. By
approximating ‘very spiky’ functions concentrated around the points z,, by trigonometric
polynomials, we find that, for each n,

K,
gn(z) = Z Qjn 2’
Jj=—Kn

such that ||gnll2 = 1, and ||(f — An)gnll2 < 27™. Find an increasing sequence (M,,) of
positive integers such that M,, > K, for every n, and moreover, the sequence () is shift

lacunary, where
Kn

gn: Z ajn(sm(Mn—i-j)'

J=—Kn
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Write f(2) =) ,ez a;27. By the above, ||Tué, — An&n|| < 2. Define an operator W :
X — X by setting

W&, = Taén — Anén  and W|span[§n|n6NH =0.

Clearly, W is Hilbert-Schmidt, and hence T, — W € CB(X). However, (T, — W), =
An&n- O

It easily follows from the above proposition that, for any separable symmetric sequence
space € not isomorphic to ¢y, there exists a subspace Y of X and a compact T € CB(X)
such that the sequence of singular numbers (0;(T));en does not belong to £ (in other
words, such a T does not belong to the ideal Sg; see, for example, [7] for the definition).
Indeed, we find a sequence (s, )nen € ¢o \ € such that s, € (0, %) for any n, and consider
f(z) =1 — z. We then find a sequence (z,) such that |f(z,)| = s,. By Proposition 7.3,
there exists T € CB(span[¢; | ¢ € N]) such that T¢; = f(z;)&. Then (s,) is the sequence
of singular numbers of the operator T.

Several versions of ‘non-commutative compactness’ have been put forward over the
years (see, for example, [17,18]). If u € CB(Y, Z) (Y and Z are operator spaces), one
can introduce the sequence of complete Kolmogorov numbers by setting, for n € N,

diP(u) = inf{||grulles | F < Z, dim F < n}

(here qr : Z — Z/F is a quotient map). Similarly, the complete Gelfand numbers are
defined by setting
P (u) = inf{|lujg|len | G =Y, dimY/G < n},
where jg is the canonical embedding. A map u € CB(Y, Z) is called operator compact
(Gelfand compact) if lim,, d°(u) = 0 (respectively, lim,, c<P(u) = 0).
Below we show that a compact T' € CB(Y, X) need not be either operator or Gelfand
compact.

Proposition 7.4. There exist a subspace Y of the space X = X (C,m) and a compact
operator T € CB(Y') such that

inf{|l¢grTjcllev | F — X, G =Y, dimF < co, dimY/G < oo} > 0.

Remark 7.5. A fortiori, T cannot be approximated by finite-rank operators in the
¢.b. norm. This contrasts sharply with operators on X: among the compact operators on
X itself, the norms || - |[¢p and || - |2 are equivalent. Hence, for any compact T' € CB(X)
there exists a sequence of finite-rank maps (7},) such that

lim | T — Tllep = lim || — Tpll2 = 0.
n n

The following technical lemma seems to be part of the folklore. We state and prove it
for the sake of completeness.
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Lemma 7.6. Suppose that Y and Z are operator spaces, u € CB(Y, Z), and there
exists a net (F;) of finite-dimensional subspaces of Z, such that Z = | J; F;. Then

inf{|lgru|cb | F = X, dim F < oo} = inf ||¢F, u|cb-

Proof. Assume, without loss of generality, that |[uflc, < 3. Let
A = inf{||gruller | F — X, dim F < co}.

For any € € (0, 3), there exists a finite-dimensional subspace F < Z such that ||grul|c, <
A+ e. Then for every € X ® K with ||z|| < 1 there exists f € F ® K satisfying

If+ (u@Ix)z|]| < XA +e.

By the triangle inequality, ||f|| < 1. A simple perturbation argument (see [23, §2.13])
shows that there exists 7 such that for any f € F ® K there exists f’ € F; @ K, satisfying
| f—f'|| < e. By the triangle inequality, || f'+(u®Ix)z| < A2e. Hence, ||gr,ulc < A 2.
However, ¢ can be taken to be arbitrarily small. (]

Proof of Propisition 7.4. Find a sequence (¢;) of positive integers such that m <
0 <y <--- ) limg £y = oo and ), 1/4; = co. Consider a shift lacunary sequence (&;);en,

consisting of vectors
N;+4;

1
&= > o

t k=N, +1

where Ni + £, + 2m(1 + |k/a]) < Niyq for any k (as before, @ = min{1,InC}/2). We
shall show that Y = span(¢; | i € N] < X and T = (I — S™)|y satisfy the conditions of
Theorem 7.4. Clearly, [|T||c», < 1+ C. Moreover, TE; = /2m/{;n;, where

_

m—

1
i = \/?Tn L (5N11+j - 5Ni+€i+j)'

Jj=

Note that lim; [|T¢;|| = 0 and the vectors n; are orthonormal; hence, T is compact.
Applying Lemma 7.6 to T and then to 7™, we see that it suffices to show that, for any
K eN,

laxTlyilleb = 3, (7.3)
]

where Yi = span[¢; | i > K], Fix = span[dy,...,0k] and gk : X — X/Fk is the quotient
map. To this end, fix M € N so that

K+M -1/2
c< > 1/@) < (2m)~L.
i=K+1

Define v € B({,Yx) and v € B(X, () by setting ve; = xyy, and u*e; = e,
where (e;)}, is the canonical basis for £, ¢; = ¢/\/lx+:. Note that |[v]| = 1 = |Jul|2.
Pick ¢ € (0,1) and find (as in the proof of Lemma 2.2) s > ¢~! such that ny, = M,
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and |lus — ul|; < e. We identify the domain of v and the range of u with E¥ and E;,
respectively. Note that Fx = kerqx C keru, and hence there exists a linear operator
u € B(X/Fk, Ey) such that ugx = u. We obviously have

gk Tvl|eb

— . 7.4
Tllenlolen (7-4)

lax Ty lleb >
To establish (7.3), we find suitable estimates for the numerator and the denominator
of (7.4). Look at the numerator first. Recall that @gx = u. By the properties of the
space E (see §2),

M M
2m
4+ &) |lageTv|ler = ||uTv|1 = Z (Twe;, u*e;)| = Z

g 77K+zacz77K+z>
K+1i

<
(R

K-H

| §

o

Next we show that [v|c(z:,x) < Vm/(v/2¢) + €. As in the proof of Lemma 2.2,

||1}||Cb < max{17 sup C_(p+Q)||usSmpS*mq’U||1}.
P,q20

However,
M
[uS™PS ™y < D |(ues, ST ve;)|
ij=1

M
= Z [{(u*e;, S™PS ™ pe;)| + Z [(u*e;, S™PS* M ve;)|.
i=1 i#j

The first term on the right can be estimated as follows:

< ! M cim vm
[(u*ei, STPS ™ ves)| = Y |cimivi, STPS M k) < ) —mm ==

As for the second term, the conditions on the sequence (Nj) imply that
(u*e;, S"PS M ve;) = (cimitr, "SI k) =0
whenever i # j, and max{i, j} < a(p + ¢). Therefore,

Z [(ue;, ST S* ™ ve;)| < [{(i,5) € N* | i # j, max{i,j} < alp+ @)} < (ap+ q))*
i
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Thus,

[us S™S* |1 < [Jus — ullr + [|uS™P S ]|y
Vm
V2¢
Vm 2
— (1 +alp+

ﬂc( (r+q))

<e+ \/ﬁcp-i-q’
V2e

<e+ X 4 (alp+q))?

<e+

and therefore [|[v|c, < &+ v/m/V2e.
Finally, by definition of the quotient of operator spaces,

[aller = lluflen < flusllen +[lu = usller < 14-¢
(here we use (2.1)). Thus, (7.4) yields

\/%/C
(4+¢)(e+ vVm/V2)(1+¢)

”Tch >

However, € > 0 can be arbitrarily small. Hence, we have (7.3). O

8. Representations of ¢;(C!,Z) and £,(C7,7Z%)

In this section, we modify the construction presented above to exhibit operator spaces
arising from faithful unital representations of weighted convolution algebras ¢1(C Il Z)
and ¢1(C7,ZT). As before, C > 1 and m € N are fixed. We shall use S}, to denote the
bilateral shift on ¢5(Z). For the semigroup I' = Z or Z* = NU{0}, consider the following
contractive unital representations:

Tz L (CVLZ) = B(la(Z)) : §; — C71918],
Tzt (CI,ZY) — B(la(Z)) : 6; — O WIS,
Tyt et (CT,ZY) = B(ly) : §; — O g™,
Tgr g 0(CTZY) — B(ly) 1 65 v C7HIG*™I,

Here, the letters b, ¢ and r stand for ‘bilateral’, ‘left’ and ‘right’, respectively. It turns
out that these representations give rise to operator spaces.

Theorem 8.1. Suppose that C > 1, m € N, (I',d) € {(Z,b),(Z*,b),(Z*,r),(Z*,0)},
and mrq Is one of the representations described above. Let I" =7 if I' = Z and let
I'" =N if I' = Z". There then exists an operator space Xra = Xraq(C,m), isometric to
lo(I"), such that 714 induces an isomorphism from ¢, (CV!, I") into CB(X.4). Moreover,
the following conditions hold.
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(i) For any a € El(CU',F), Imra(@)|les = 5llalw-

i
(ii) T € CB(Xpq) if and only if T = 7y 4(a) + W for some a € ,(CH,I") and W € S,.
In this case,
lallw + W2 = [Tller > max{[|allw/4, ¥[[W ]2},

where v depends only on C' and m.

(iii) If Y is an infinite-dimensional subspace of Xp g4, then for any T € CB(Y, X q)
there exists a € (1(CVI,T") such that T — mrq(a)|z is compact, and |af. <
4||T||cb- Moreover, Y contains an infinite-dimensional subspace Z such that any
T € CB(Z,Xr4) can be written as T =wrq(a)lz + W, with a € El(C’m,F),
W €S, [Wlls < 2082 T e, and flallw < 4T |-

(iv) Any infinite-dimensional subspace of X 4 fails the OAP.
(v) Xr.q is not completely isomorphic to any of its proper subspaces.
(Vi) Ko(CB(XF,d)) = ZQ, Kl(CB(Xz+7d)) = {O} and Kl(CB(XZb)) = 7.

The proof of this theorem is similar to those presented above, so we outline it only
briefly. We use the spaces E; described in § 2. The maps u; : {o(I"") — E; are such that, for
all n, N € Nand u : lo(I"") — ¢4 with |Ju||s = 1, there exists ¢ > N such that dim E; = n
and ||u — u;]|1 < 27N. We define the operator space structure, for z € £5(I"") ® K, by
setting _

Jollxsuox = sup{C— | (S @ I el pex | €N, j €T},

where Sy stands for S, (d = b), S (d = 1), or S* (d = ¢). Then X4 is an operator
space, isometric to £o(I"), and ||7r,a(a) + Wlle < |lallw + [|[W]|2 for any a € £,(C1, )
and W € Ss.

For notational simplicity, we henceforth use X and m for Xr 4 and 74, respectively.

Our next goal is to split an operator T' € CB(Y, X), Y — X, into its compact and
Toeplitz parts, thus proving (iii). When dealing with right or left shifts (d = r or ¢),
we use shift lacunary sequences as before. In the bilateral case we employ bilateral shift
lacunary sequences. We say that a sequence (&;)ien in €o(Z) is bilaterally shift lacunary
if it is normalized, and there exists a sequences of mutually orthogonal subspaces (F;)ien
of £5(Z), such that dim F; = 2K; + 1, S}Z"jfi € F; whenever |j| < K;, if 1 # k. As in
Proposition 3.4, we prove: suppose (Y;,) is a sequence of infinite-dimensional subspaces of
(?(Z). There then exists a bilaterally shift lacunary sequence (£,,)nen, such that &, € Y,
for any n. As in §3, we show that, for any ¥ «— X and T € CB(Y, X), there exists
a € £,(CV1, I) for which T — 7(a)|y is compact.

As in §§4 and 5, we define c-nice and regular sequences, and establish parts (i), (ii)
and (iv) of Theorem 8.1.

To deal with parts (v) and (vi), it is convenient to represent ¢1(C¥!, I") as a function
algebra Y. More precisely, by [4, Theorems 4.6.9 and 4.6.12], the spectrum of £, (C17!, I")
is

{zreC|Ct<|z|<C}, T =17,
{zeC||z| <C}, =17+
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Yr is the algebra of functions f on Ap with the power series decomposition

fz)=> a2’

jer

and the norm

1A= lag|C.

jer

As in §3, define ¢ : CB(X) — Yr by setting ¢(T)(z) = >_;cp ajzl, where a = (a;)jer is
such that T'— 7(a) is compact (there are no non-trivial compact Toeplitz operators, and
hence such an a is unique).

We can now show that X” = X @ -+ ® X (n times) is not completely isomorphic to
any of its proper subspaces (this is a counterpart of Lemma 3.13, and yields part (v)
of our theorem). To minimize the clutter, we use ¢, and m, for Ip;, ® ¢ and Ip;, ® T,
respectively. Suppose that T' € CB(X™") is a complete isomorphism onto its range. As in
the proof of Lemma 3.11, T is Fredholm. Thus, the range of T has finite codimension,
and there exists 73 € CB(X™) such that 73T = Ixn. Then f1(2)f(z) = In;,, for any
z € Ap, where f; = ¢,(T1) and f = ¢,(T). 7, is a unital representation. Hence, 7, (f)
is invertible. But T' — m,(f) is compact, and hence T has Fredholm index 0.

Part (vi) of our theorem can be deduced from (v) by imitating § 6. Alternatively, one
can observe that ¢ om = Iy,.. Hence, the short exact sequence

0— 8 5 CB(X) S yr — 0,

splits, and therefore, K ;(CB(X)) = K;(S2) ® Ks(Yr) for s = 0,1 [3, Proposition
8.3.6]. The K-groups of Sy have already been described in Lemma 6.4, while K (YVr) =
Ks(C(Ar)), by [27]. But Ko(C(Ar)) = Z (this follows from [3, Example 5.3.2] or [10,
Proposition 8.3.1]). As noted in §6, K;(C(Az)) = Z, while it is easy to show that
K1(C(Agz+)) = {0} (see [13, Example 9.6.1]).
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