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NOTES ON THE BINDING NUMBERS FOR (a,,k)-CRITICAL GRAPHS

SIZHONG ZHOU AND JIASHANG JIANG

Let G be a graph of order n, and let a,b,k be nonnegative integers with 1  a < b.
An [a,b]-factor of graph G is defined as a spanning subgraph F of G such that
a € dp(z) < b for each z € V(F). Then a graph G is called an (e, b, k)-critical graph
if after deleting any k vertices of G the remaining graph of G has an [a, b}-factor. In
this paper, it is proved that G is an (a, b, k)-critical graph if the binding number

(@+b-1)(n—1)

bind(G) > o k42

and
n> (a+b-1){a+b-2) + bk

b b-1"
Furthermore, it is showed that the result in this paper is best possible in some sense.

1. INTRODUCTION

All graphs considered in this paper will be finite and undirected simple graphs. Let
G be a graph with vertex set V(G) and edge set E(G). For z € V(G), the neighbourhood
Ng(z) of z is the set vertices of G adjacent to z, and the degree dg(z) of z is | N(z)|. The

minimum vertex degree of V(G) is denoted by §(G). For S C V(G), Ng(S) = | Ng(z)
z€ES
and we denote by G[S] the subgraph of G induced by S, by G — S the subgraph obtained

from G by deleting vertices in S together with the edges incident to vertices in S. A
vertex set S C V(G) is called independent if G[S] has no edges. If S C V(G), then
P;(G~- S) denotes the set of vertices in G — S with degree j and |P;(G - S)| = p;(G- S).
The binding number bind(G) of G is the minimum value of |NG(X )l /1X| taken over all
non-empty subsets X of V(G) such that Ng(X) # V(G). Let a and b be integers with
0 < a £ b. An [a, b]-factor of graph G is defined as a spanning subgraph F of G such that
a € dp(z) < b for every vertex z of G (Where of course dr denotes the degree in F). If
a = b =k, then an [a, b]-factor is called a k-factor. A graph G is called an (e, b, k)-critical
graph if after deleting any k vertices of G the remaining graph of G has an |[a, b]-factor.
If G is an (a, b, k)-critical graph, then we also say that G is (a, b, k)-critical. Ifa = b=n,
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then an (a,b, k)-critical graph is simply called an (n, k)-critical graph. In particular,
a (1, k)-critical graph is simply called a k-critical graph. The other terminologies and
notations not given in this paper can be found in [1].

Many authors have investigated (g, f)-factors {10, 11, 12, 7]. The following results
on k-factors and [a, b]-factors and (a, b, k)-critical graphs are known.

In [4], Katerinis and Woodall proved the following result for the existence of k-
factors.

THEOREM 1. ([4]) Letk > 2 be an integer and let G be a graph of orderp > 4k—6
and binding number bind(G) such that kp is even and

. 2%-1(-1)
bind(G) > =273
Then G has a k-factor.
In [6], Li and Cai gave the following result for the existence of [a, b]-factors.

THEOREM 2. ([6]) Let a and b be integers such that 1 < a < b. Suppose that G
is a graph of order n > 2a + b+ (a® — a)/b. If §(G) > a and

max{dg(z),dc(y)} >

a+ b

for any two nonadjacent vertices z and y of G, then G has an [a, b]-factor.
In [9], Matsuda showed the following result for the existence of [a, b]-factors.
THEOREM 3. ([9]) Let 1 < a < b be integers and G a graph of order

(e-1)(a+1)(a+d)(a+b—1) (a+b)(ab+b-1)
n2 a(b-1) ab(b—1)

Suppose that §(G) > a and

max{dg(z), de(y)} > a+b

for any vertices z and y of G with d(z,y) =2. Then G has an [a, b}-factor.
In [3], Kano proved the following result for the existence of [a, b]-factors.

THEOREM 4. ([3]) Let a and b be integers such that 2 < a < b, and let G be a
graph of order n with n > 6a+b. Put A = (a — 1)/b. Suppose for any subset X C V(G),

we have
. n
Ng(X) =V(G) if |X|2 lml, or
|NG(X)| 1+ N|X| if |X|< ll+,\

Then G has an [a, b]-factor.
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In [5], Li obtained the following result for the existence of (a, b, n)-critical graphs.
THEOREM 5. ([5]) Let a,b,m and n be integers such that 1 < a < b, and let G
be a graph of order m with
S (a+b)(k(a+b) —2) +n

z b
If6(G) 2 (k~1)a+n, and
am+bn
|NG(.’L‘1) U NG(IQ) U---U Na(z‘k)l >
a+b
for any independent subset {z,,z, -+ ,zx} of V(G), where k > 2, then G is an (a, b, k)-

critical graph.
THEOREM 6. ([5]) Let a,b,m and n be integers such that 1 < a < b, and let G
be a graph of order m with
m> (a+b)(a+b+k—3b+ (a—2)(k-2)+1 n

If6(G) 2 (k- 1)e+n, and

+bn
max{do(z1), da(aa), -+ da(er)} > T

for any independent subset {z1,z,:-- ,zx} of V(G), where k > 2, then G is an (a, b, k)-
critical graph.
In [13], Zhou obtained the following result for the existence of (a, b, k)-critical graphs.
THEOREM 7. ([13]) Let a,b, k be integers with1 < a<b, k>0, and let G be a
graph ofordern 2a+k+1. If

8(G) >n+a+b—2vbn — bk + 1,
then G is an (a, b, k)-critical graph.

In this paper, we discuss a binding number condition for a graph to be (a,b, k)-
critical. The main results will be given in the following section.

2. THE PrROOF OF MAIN THEOREMS

Now we give our main theorems.

THEOREM 8. Let G be a graph of order n, and let a,b and k be nonnegative
integers such that 1 € a < b. If the binding number
(a+d-1)(n-1)

bind(G) > e TR — bk 4 2

and b—1)a+b-2) bk
nz(a+ - 1)(a + —)+

b b-1’

then G is an (a, b, k)-critical graph.
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In Theorem 8, if k = 0, then we get the following Corollary.
COROLLARY 1. Let G be a graph of order n, and let a and b be two integers
such that 1 € a < b. If the binding number

(a+b—-1)(n—-1)
bn~(a+b)+2

bind(G) >

and
n> (a+b—-1)(a+b-2)

b b ’

then G has an [a, b]-factor.
According to Corollary 1, the following theorem obviously holds.
THEOREM 9. ([2]) Let G be a graph of order n, 1 < a < b. If the binding number

(a+db-1)(n-1)

bind(G) > b3

and
n> (a+b—1)(a+b—2)’

b

then G has an [a, b]-factor.

Let a,b and k be nonnegative integers such that 1 < a < b. The proof of Theorem
8 relies heavily on the following lemma.

LEMMA 2.1. ([8]) Let G be a graphof ordern > a+k + 1. Then G is (a,b, k)-
critical if and only if for any C V(G) and |S| > k

a—-1

> (a-5)p;(G - S) < bIS| - bk, or

Jj=0

0c(S,T) = b|S| + dg-s(T) — a|T| > bk,

where T = {z:z € V(G)\ S, dg_s(z) <a-1}.
PROOF OF THEOREM 8: Suppose a graph G satisfies the condition of the theorem,

but it is not an (a, b, k)-critical graph. Then, by Lemma2.1, there exists a subset S of
V(G) with |S| > k such that

(1) 86(S,T) = blS| + do-s(T) - alT| < bk — 1,

where T = {z : z € V(G)\ S, dg-s(z) < a—1}. We choose subsets S and T such that
|T| is minimum and S and T satisfy (1).
If T = @, then by (1), bk — 1 > 6¢(S,T) = b|S| > bk, a contradiction. Hence,
T # 2. Let
h= min{dc_s(:c) 1z E T}
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According to the definition of T, we have
0<h<a-1

We shall consider various cases according to the value of h and derive contradictions. [
Case 1. h=0.

At first, we prove the following claim.
CraM 1. (bn—(a+b)—bk+2)/(n—-1)> 1.

PROOF: Since

(e+b-1)a+b-2)
P
> b troT
then we have

—(a+b)-bk+2-(n-1)=(b—1)n—(a+b)—bk+3
((a+b 1)(a+b 2)

>0-1) )
—(a+b) bk +3
_ (b—l)(a+b—bl)(a+b-—2) @B 43

2@+b-2)—(a+b)+3>0

Thus, we have
—(a+b)—bk+2

n-—1

Let m = i{x czeT, de_s(z) = 0}|, and let Y = V(G) \ S. Then Ng(Y) # V(G)
since h = 0. In view of the definition of the binding number bind(G), we get that

> 1.

|Ne(Y)] > bind(G)|Y|.

Thus, we obtain

n—m > |No(Y)| > bind(G)[¥| = bind(G) (n - |S]),
that is,
n—m

Using |S| + |T'| € n and (1) and (2) and Claim 1, we have

bk-12 JG(S, T)= bIS| +dg-s(T) - a|T|
2 b|S| - (a-1)|T| -
2

blS| ~ (a = 1)(n - IS]) - m
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=(a+b-1)|S|-(a—1)n—m

> (a+b—1)(n—b—7.;-(_i—(g—)) —(a—1n-m

=bn—(a+b—1)(§ui(—g—)) -m
(n—m)(bn — (a +b) — bk + 2)
(a+b-1)(n-1) )'
= b ((n-m)(bn—-(a+b)—bk+2)) 3

>bn——(a+b—1)(

n-1
> bn - ((n—l)(bn- (a+b) —bk+2)) 1
n—1
= bk + (a +b) —
2 bk,
which is a contradiction. 0

Case 2. 1<h<a-1.

Let z, be a vertex in T such that dg_s(z,) = h, and let Y = (V(G)\ S) \ Ng-s(z1)-
Then z; € Y \ Ng(Y), so Y # @ and Ng(Y) # V(G). In view of the definition of the
binding number bind(G), we obtain

|Ne(Y)]

2 bind(G).

Thus, we get that
> |No(¥)| > bind(G)|Y| = bind(G)(n — h ~ IS]),

that is,

n-1

>n—h-——.
@) 1512~k - d@
By |S] + |T'| £ n and (1) and (3), we obtain

bk = 1> 66(S,T) = bS] + dg_s(T) — alT|
> bS] — (a — B)IT|
> b8}~ (a — h)(n—1S1)
=(a+b—-h)|S|—(a—h)n
>(@+b-h)(n—h- bnd(G)) (@a—h)n
() >(a+b-h)(n-h-”" (ZI:)_lbk+2)—(a-—h)n.
Let
f(h)=(a+b—h)(n—h—bn_(z_t:)__lbk+2)—(a—h)n.
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In fact, the function f(h) attains its minimum value at h =1sincel1 < h<a-—1lis an
integer. Then, we have

f(h) = £Q1).
Combining this with (4), we obtain

bk—l>f(1)=(a+b—1)(n—1—bn-(“:::)_—lbk+2) —(a=1)n

=(e+b—-1)n—-1)—(bn—(a+b) —-bk+2)— (a—1)n
= bk -1,

that is a contradiction.

From the argument above, we deduce the contradictions, so the hypothesis can not
hold. Hence, G is (a, b, k)-critical.

Completing the proof of Theorem 8.
REMARK. Let us show that the condition

. (@+b—1)(n-1)
bind(G) > ) — bk + 2

in Theorem 8 can not be replaced by
(a+b-1)(n-1)
bn~(a+b)—bk+2
Let b > a > 2,k 2 0 be three integers such that a + b + k is odd, and let
n= (e+b-1)(a+b—-2)+(a+d-2)+(a+2b—-1)k
- b
is an integer, and let [ = (a+ b+ k — 1)/2 and
(a+b-1)(a-2)+(a+b-2)+(a+b—- 1)k
3 .
Clearly, m is an integer. Let H = K,, \/[K,. Let X = V(lK,), for any = € X, then
|Ng(X \ z)| = n - 1. By the definition of bind(H),

bind(G) >

m=n-2l=n—-(a+b+k-1)=

) _INg(X\z)] n-1_ n-1  (a+b-1)(n-1)
bind(H) = — T =1 aFbTk=2 m—(@ib) —bh+2
Let S = V(K,,) CV(H), T = V(IK,) C V(H), then |S| =m 2 k, |T| = 2. Thus, we
get
05(S,T) = b|S| - a|T| + dg-s(T)

= b|S| — a|T| + |T| = b|S| - (a - V)T

_b(a+b— Na-2)+(a+b-2)+(a+b—-1)k

- b

—(a-1)(a+b+k-1)

= bk -1 < bk.
By Lemma 2.1, H is not an (e, b, k)-critical graph. In the above sense, Theorem 8 is best
possible.
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