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Abstract

Let Ay = k(x, y)/(x2, xy + qyx, ¥?) be the quantum exterior algebra over a field k with char k # 2, and
let A, be the Zy x Z,-Galois covering of A, . In this paper the minimal projective bimodule resolution of
Ay is constructed explicitly, and from it we can calculate the k-dimensions of all Hochschild homology
and cohomology groups of A,. Moreover, the cyclic homology of A, can be calculated in the case where
the underlying field is of characteristic zero.
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1. Introduction

Let A be a finite-dimensional algebra (associative with identity) over a field k. We
consider the enveloping algebra A® = A°? ®; A. For a finitely-generated bimodule
AXa, the ith Hochschild homology and cohomology of A with coefficients in
X, denoted by HH;(A, X) and HH(A, X), are the groups Torf\e(A, X) and
Exti\e(A, X) respectively, for each i >0 [7]. Of particular interest is the case
X = A, and in this case we shall write HH;(A)= HH;(A, A) and HH' (A) =
HH(A, A). Tt is well known that the Hochschild homology and cohomology of
an algebra are subtle invariants of associative algebras under Morita equivalence,
tilting equivalence, derived equivalence, and so on, and have played a fundamental
role in the representation theory of Artin algebras: Hochschild cohomology is closely
related to simple connectedness, separability and deformation theory [1, 8, 14, 18, 25];
Hochschild homology is closely related to the oriented cycle and the global dimension
of algebras [3, 16, 19].
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In [18], Happel asked the following question. If the Hochschild cohomology
groups HH"(A) of a finite-dimensional algebra A over a field k£ vanish for all
sufficiently-large n, is the global dimension of A finite? In 2005, Buchweitz,
Green, Madsen and Solberg gave a negative answer to this question by exhibiting
the Hochschild cohomology behaviour of a family of pathological algebras A; =
kix, y)/ @, xy
+ gyx, y?) (the so-called quantum exterior algebras) [5]. Moreover, these algebras
have been studied to exhibit some other pathologies and thus give negative answers
to some open problems, such as Tachikawa’s conjecture, Ringel’s problem, and
so on [20, 23, 26]. Recently, this class of algebras has been extensively studied.
Their Hochschild homology and cohomology have been calculated explicitly, and
the Hochschild cohomology rings of A, have been determined via generators and
relations [5, 27].

During the last few years, several results and tools from algebraic topology, such as
covering theory, have been adapted to the representation theory of noncommutative
finite-dimensional associative algebras over a field k [13]. A comparison of the
Hochschild cohomology of the algebras involved in a Galois covering of the Kronecker
algebra with a cyclic group of order 2 was initiated in [22]. A Cartan—Leray spectral
sequence related to the Hochschild—Mitchell (co)homology of a Galois covering of
linear categories was obtained in [9]. The skew category, Galois covering and smash
product of a category over a ring are studied in [10, 11]. It is well known that
there are strong connections between skew group algebras, Galois coverings and
smash products of graded algebras [12]. Moreover, it is proved in [17] that a finite-
dimensional quiver algebra is Koszul if and only if its finite Galois covering algebra
with Galois group G satisfying char k1 |G| is Koszul. As an example, the Galois
covering algebra A, of quantum exterior algebra A, with Galois group G satisfying
chark |G| is Koszul again. In this note we consider the case where G is the
noncyclic Abelian group Z; x Z,. We first provide a minimal projective resolution
of Ay. Applying this minimal projective resolution, we calculate the Hochschild
(co)homology of A,, and the cyclic homology of A, can be calculated in the case
where the underlying field is of characteristic zero. These examples will be helpful
to understand deeply the Hochschild homology and cohomology behaviour of Galois
covering algebras of Koszul algebras with finite Galois groups.

2. Minimal projective bimodule resolutions

Throughout this paper, we fix a base field k with char k 2 and let Z, = {0, 1} be
the residue group modulo 2. We always suppose that

Ay =k{x, y)/(x*, xy + gyx, y*)

is the quantum exterior algebra, with g € k\{0}, unless otherwise specified.
Let O be the quiver given by four points 0,1, 6/, 1 and eight arrows xg, yg5, X7 1>
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/ / / /
xL, yZ, xZ, y_ as follows:
o Yo 1 i

0 ) x5 )
!
Yo ya
i T
T° 7

T

We sometimes write arrows x;, y;, x;, y; instead of x7, yr, xl,i, yl,i respectively, i =0, 1,
and assume that, for any nonnegative integers k, j, if k = j (mod 2), then x; = x,
x} =x;,yj = yx and y;. = y;. For an arrow p € Q, we denote the length of p by I(p),
and let o(p), t(p) be the origin and terminus of p respectively. Denote by [ the ideal
of the path algebra k Q generated by

R = {XiX[, YiYit1s X[ Xis YiViy1s XiVi +qYiXit1, X;yi + qyix; g i =0, 1},

For information on quivers we refer to [2]. Set Ay, =kQ/I. Then A, is just the
Zy x Z»-Galois covering of the quantum exterior algebra over k, which is a Koszul
algebra (see [17]). Denote by eo, ¢, e1, €] the primitive orthogonal idempotents

corresponding to the points 0, (_)/, 1, T respectively. Then we can order the paths in
Q in left length-lexicographic order by choosing

ep <e(<el <e; <xg=<Xx)<X| <X]<Yo<Y)<Y <V,

namely, u; . ..ug < vy ...v; with u; and v; being arrows if s < ¢, or s = ¢ but u; = v;
for0 <i <r and u, < v, forsome 1 <r <s. Thus, A, has an ordered k-basis

/ / !/ i .
B={ei, e;, xi, xj, yi, ¥, YiXit1, ViXj 4 | i =0, 1},

if we identify the elements of B with their images in A,. We always write a
composition of paths from left to right.

Now we construct a minimal projective bimodule resolution (P,, 8,) of A,. For
each n > 0, we first construct certain elements

0 10< j <n i =0.1),
Let
0,i 0,i’
fo( D=, fo( ’)=el/-,

1,i 1,i 1,i’ 1,i’
A =x M=y M0 =x 100 =0

For any p € {xo, yo, x1, ¥1}, we define

o o’ if lis odd;
P = ip
p if ] is even.
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Then we can define

{f(nl) f(nl)}j 0 l=0, 1’
for all n > 2 inductively by setting
fj(n,i) _ qu.(n—l,i)x(n—k—j-i-l) f(n 1 1) (n+j)

itj Yitj+1
fj(n,i’) f(" L,i") l(ijJ)_l_f(n Li) l(iji;rl)»

and
FuD = gl g e =0, 1.

Let

rm — {fj(n,i)’ fj(n,[/) |0<j<n,i=0,1}.

Clearly, || =4(n + 1).
Recall that a nonzero element

N
X = Zaipi €kQ
i=1

(4]

(2.1

is said to be uniform if there exist vertices u and v in Qg such that o(p;) =u
and t(p;)=v for all p;, i=1,2,...,s. Note that fj("’l) and f.("”,) are linear
combinations of some paths in kQ for all 0 < j <n, which are uniform. Thus for
any f € I'™, we usually denote by o(f) and #( f) the common origins and termini of

all the paths occurring in f. Set

I ={fer™ o(f)=iandt(f)=j}. i.j=010,1"

Let ® := Q. Let
[ AqotH@t(fHAg (Yn=0).

ferm

Note that
f(n J) — zf(n 1,i") + qn j f(n 1 z+1)’
fj(n,l _ f(n 1,i) +C]n Jylf(n 1 (l+1))

So we can define 8, : P, — P,_1 by setting

80" @1(f") =xi @ t(f" )+ (=D)"glo(f" ) @ x

+q" Iy @)
1 .
+ ( I)HO(f(IZ l)) ® yl(i—;i)p
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Sao(f" Y @1 (f") = xj @ (£ + (—1)"glo(f" ) @ x1H
+q" Ty @r(f )
+ (="o(f" M @ Y.
THEOREM 2.1. The complex (P,, &)

Snt 8 83 8 81
N e NN Ny NNy )

is a minimal projective bimodule resolution of the covering algebra Ay =kQ/1.

PROOF. We consider the minimal projective bimodule resolution of A, constructed
in [6, Section 9]. Let X = {xo, yo. X1, Y1, X{» ¥4, X1, ¥1}. Since A, is a Koszul algebra
(see [17]), we only need to prove that '™ is a k-basis of the k-vector space
K, := ﬂ XPRXY.
p+gq=n—2
Note that XK,,—1 N K,—1X C K,. By Formulae (2.1) and (2.2),

(n,0) n,0) (1) (n,1)
fj ’fj afj ’fj EKm

by induction on n. Clearly, '™ is k-linearly independent.
Denote by (R1) the ideal of kQ generated by

R = {yixis1 — qxiyl, yixie1 — qxlyl i =0, 1}.

Then the quadratic dual of the Koszul algebra A, is just the algebra A!q

=kQ/(R%), which is isomorphic to the Yoneda algebra E(A,) of A, (see
[4, Theorem 2.10.1]). Thus the Betti numbers of a minimal projective resolution of
Ay over Ag are dimg K, = 4(n + 1). Hence '™ is a k-basis of K,,.

Finally, the maps §, are determined by [6, p. 354]; see also [15]. a

3. Hochschild homology and cyclic homology

In this section we calculate the k-dimensions of Hochschild homology groups and
cyclic homology groups (in the case char k = 0) of the covering algebra A,. Let X
and Y be the sets of uniform elements in k Q; then one defines

XOY={(p,g)e X xY|t(p)=o0(q) and t(q) = o(p)}.

We denote by k(X © Y) the vector space that has as basis the set X © Y.
Applying the functor Ay ®4¢ (-) to the minimal projective bimodule resolution
(P,, 84), we have the following result.

LEMMA 3.1. We have A, ®n (P, 84) = (N, Ts), where N, Zk(BOT™)and t, :
N,, = Ny_1 is given by
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i —_ 14 . . ] _ .
b, f17) = bxi, f[100) + (=g (b, )

+¢" (by, fj(iTl,i—H))+(_1)n(yi(ijji)lb’ fj(iIl,i));
T, £y = bxf, £0) + (=1 b, )
+q”_j(by{, f;ﬁwﬂ),))+(_1)n(yz‘(ﬁﬂl)b’ f;ﬁl’i,))-
PROOF. Clearly,

Na=Aq ®ns Py =A@ || () @k 1()
fer®

~ 1] aAgB & BT,

a,Beleq ey e1.€1)

where E is the maximal semisimple subalgebra of A,. Thus B © '™ forms a k-basis
of N, by definition.
From the isomorphism above, we have the commutative diagram

1®34
..._)Aq®A2Pn 'lAq@AZPn_]_)...

| |
i k(BOT®) — > k(BOT@ Dy 5 ...

So the differentials 7, can be induced by &, in the minimal projective resolution
(Po, ). O

Note that H H,(A4) = Ker 7,,/Im 7,11 by definition:
dimy H H, (A4) = dimgKer 7, — dimgIm 7,14
= dimg N,, — dimgIm 7, — dimgIm 7,4 1. 3.1

Consequently, to calculate the dimensions of Hochschild homology groups of A, we
only need to determine the dimy N,, and dimgIm t,,.
For any (b, /) e BO '™ [(b) and n must have the same parity. If n is odd, then

BoT™ = (tx} © Ty U (b} © Tigh U (i} @ TEH U ({x} @ T
U} 0T\ Uyl @ TIH) U (I} 0 T U (v} @ T);
if n is even, then
BOoT®™ = (e} @TEH U fep) ©TI U (fery 0Ty U (fefy o TV
U (fyox1} © TUD) U (fygx} © T\
U({y1xo} @ TYD U (yjxgl © TE).
Hence dim; N, =4(n + 1).
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We now define an order on B ® '™ as follows:

(b1, £i") < (b, fI) if i < o, or ji = ja butby < by,

for any (b1, ;") (ba, ") € BOT™ and iy, iz € (0,0, 1, 1').
We still denote by 7, the matrix of the differentials 7, under the ordered bases
above, and write

1 ¢¢ 0 0 g"" 0 1 0
14 1 0 0 1o g o0 1
Ai=1o o 1 q' - Bi= 0 ¢ 0

0 0 ql Ax4 0 1 0 qn—l 4x4

It follows from the descriptions of the differentials 7, in Lemma 3.1 that if n is odd,
then

0
0 A
—B; O
0 Ay
Tn = -B; . ;
0
0 An—l
—B,_» O
0 4(n+1)x4n
and if n is even, then
Ao
0O O
B, A
0
T, =
0
Bn—2 An—Z
0 0

By 4(n+1)x4n

Clearly,

rank(t,) = Z rank (Iilgl) ,
n—2} !

ie(1,3.5, ...,
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if n is odd; and

rank(t,) = rank(Ag) + rank(B,) + Z rank (B,- Ai)
i€{2,4,6,...,n=2)

— 44 > rank (B; A;),
i€{2,4,6,....,n—2}

if n is even.

LEMMA 3.2. Let Ay be the Zy x Zo-Galois covering of Ay, with q an rth (r > 2)
primitive root of unity. If n (>2) is odd,

2n —k —1 ifrisoddandn =2kr — 1, for somek > 1,
rank(t,) = orrisevenandn =kr — 1, for somek > 1;

2n —2 otherwise.
and if n(>2) is even, then

2n —k+1 ifrisoddandn =2kr, for somek > 1,

rank(t,) = orr is even and n = kr, for some k > 1,
2n otherwise.
PROOF.
CASE 1. Suppose n is odd.
Fori =1,3,5,...,n—2, by elementary operations, each
Aiti
_Bi
can be changed into
0 0 _qn—i _qn+1
0 0 _qn-i-l _qn—i
0 0 1 qi-i-l
0 0 qz-i-l 1
0 0 g>=D_q 0
0 0 0 g?r=D — 1
-1 0 0 0
0 -1 0 0 8xd
Ait Aiti - -
Note that rank B = 3 or 4, and rank B )= 3 if and only if
—bj —Db;
q2(n—i) =1: q2(n+1) =1;
g2ith =1 g?ith =1,

Moreover, g2 +1) = 1 if and only if either of the following ((1) or (2)) is satisfied:
q y g
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(1) risoddand2(n + 1) = 4kr, for some k > 1;
(2) risevenand2(n + 1) = 2kr, for some k > 1.
Since i is odd, we have g2+ = 1 if and only if either of the following ((3) or (4)) is
satisfied:
(3) risoddand2(i + 1) = 4k;r, for some k; > 1;
(4) risevenand2(i + 1) = 2kyr, for some k| > 1.
If (1) and (3) are satisfied, thenr isodd, n =2kr — l and k1 =1,2, ...,k — 1. So

the number of i satisfying
A1) _
rank (_ B; ) =3

isk — 1, and rank(t,) =2n — k — 1.
If (2) and (4) are satisfied, thenr iseven,n =kr — landk; =1,2,...,k— 1. So

the number of i satisfying
Ait1) _
rank (_Bi ) =3
isk — 1, and rank(z,) =2n — k — 1.

Otherwise, for each i,
Aiv1) _
rank <_Bi) =4,

Sorank(z,) =4 x (n — 1)/2) =2n — 2.

CASE II. Suppose # is even.

For i =2,4,6,...,n —2, by elementary operations, each (B; A;) can be
changed into
00 1— q2(n—i) 0 1 qi _qn—i _qn
00 0 1 — q2(n—i) qi 1 _qn _qn—i
1 0 0 0 0 O 0 0
0 1 0 0 0 O 0 0

4x8

Note that rank(B; A;) =3 or4, and rank(B; A;) =3 if and only if

2(n—i)_1. 2n_1
q =1 q- =
2i

q” =1.

Moreover, we have g2 = 1 if and only if either of the following ((5) or (6)) is satisfied:
(5) risoddand2n = 4kr, for some k > 1,
(6) risevenand2n = 2kr, for some k > 1.
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Since i is even, we have q2i =1 if and only if either of the following ((7) or (8)) is
satisfied:
(7) risoddand2i =4kr, for some k; > 1;
(8) risevenand?2i =2kyr, for some k1 > 1.
If (5) and (7) are satisfied, then r isodd, n =2kr and k1 =1, 2, ...,k — 1. So the
number of i satisfying rank(B; A;)=3isk — 1, and rank(z,) =2n — k + 1.
If (6) and (8) are satisfied, then r iseven,n = kr and k1 =1, 2, ...,k — 1. So the
number of i satisfying rank(B; A;)=3isk — 1, and rank(z,) =2n —k + 1.
Otherwise, for each i, rank(B; A;) =4. So

n—2

rank(t,) =4 + 4 x =2n.

The proof is complete. u

LEMMA 3.3. Let A4 be the Zp x Zr-Galois covering of Ay. If q (#0) is not an rth
(r > 2) primitive root of unity, then for n > 2

2n — 2 if n is odd and g (#0) is not a root of unity;
2n if n is even and q (#0) is not a root of unity;
3(n—1) ifnisoddand q ==£l;
%n—|—1 if nis even and g = £1.

rank(t,) =

PROOF.

CASE I. Suppose n is odd. If g (£0) is not a root of unity, then ¢>"*1 =£ 1 for
n > 2, and rank(t,) =2n — 2; if ¢ = £1, then ¢>"*D =420+ = 1, and rank(z,)
= (3/2) (n—1).

CASE II. Suppose 7 is even. If g (£0) is not a root of unity, then g2 # 1 forn > 2,
and rank(t,) = 2n; if ¢ = %1, then ¢** = ¢* =1, and rank(t,) = (3/2)n + 1. This
completes the proof. O

Forn =0, 1, 2, direct computations show that
dimg H Hy(Ay) = 4;
dimkHHl (Aq) =4,

4 ifg#£=El, /1,

dimg H Ha(Ay) =
WHHAD =05 e — 1 2y

THEOREM 3.4. Let Ay be the Zo x Zo-Galois covering of the quantum exterior
algebra Ay. If q is an rth (r > 2) primitive root of unity, then for n > 2

https://doi.org/10.1017/5S0004972708000312 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972708000312

[11] Hochschild (co)homolog 45

k+3 ifrisoddandn="2kr —2 orn=2kr, for somek > 1,
orrisevenandn =kr —2 orn =kr, for somek > 1;
dimiHH,(Ay) = {2k +2 ifrisoddand n =2kr — 1, for some k > 1,

orrisevenandn =kr — 1, for somek > 1;

4 otherwise.
PROOF. By Lemma 3.2 and the formula
dimg H H,(Ay) = dimg N, — dimgIm 7, — dimyIm 7,1,
we can get the result directly. O

THEOREM 3.5. Let Ay be the Zy x Zo-Galois covering of the quantum exterior

algebra Ay. If g (#0) is not an rth (r > 2) primitive root of unity, then for n > 2,
dimg H Hy(Ag) = 4 l:fq (£0) is not a root of unity;
n+3 ifg==I.

PROOF. By Lemma 3.3, we have dimy (t,,) + dimy (7,,41) = 4n if ¢ (340) is not a root
of unity; and dimg (t,) + dimg (t,+1) = 3n + 1 if ¢ = £1. The theorem follows from
the formula (3.1) as desired. O

Denote by HC,,(A) the nth cyclic homology group of A, (see [21]).

COROLLARY 3.6. Let Ay be the Zy x Zo-Galois covering of the quantum exterior
algebra Ay. If q is an rth (r > 2) primitive root of unity and char k = 0, then

dimg HCp(Ay)
k+3 ifrisoddandn=2kr — 1 orn="2kr — 2, for some k > 1,

= orrisevenandn =kr — 1 orn=kr — 2, for some k > 1;

4 otherwise.
PROOF. By [21, Theorem 4.1.13],
dimy HC,, (M) — dimg HC, (k%) = —(dimy H Cp—1(A,) — dimg HCy—1 (k*))
+ (dimy H H, (A) — dimy H H, (k*)).
Thus
dimg HC,, (A,) — dimy HC, (k*) = Zn“(—l)"*" (dimy H H; (A ) — dimy H H; (k*)).
i=0

It is well known that

4 ifi=0; 4 ifii ;
dimHH & =1" "'TY and dimHCGKY =] NSO
0 ifi>1 0 ifiisodd.
By Theorem 3.4, we can obtain the result. O
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COROLLARY 3.7. Let Ay, be the Zy x Zo-Galois covering of the quantum exterior
algebra Ag4. If q (0) is not an rth (r > 2) primitive root of unity and char k =0,

then
n—1 . .
5 +4 ifq==1andn is odd,
dimy HC, (M) = g+4 if g = +1 and n is even;
4 if g (#0) is not a root of unity.

PROOF. Similarly to the proof of Corollary 3.6, we can get this corollary by
Theorem 3.5. O

For completeness, we also consider the degenerate case when g = 0. Then

Ao = k(x, y)/(x%, xy, ¥2),

and its Z, x Zp-Galois covering algebra Ag = kQ/(Ryp), where the quiver Q is as in
Section 2 and

Ro = {Xi X[, YiVit1, X{Xis Y Yiy1, Xiy, Xjyi |§ =0, 1}.
THEOREM 3.8. Let A be the 7 x Z,-Galois covering of Ay as the above; then
dimy H H,,(Ag) = 4.

PROOF. Clearly, Ag is a quadratic monomial algebra. Denote by Aé) the quadratic
dual of Ag; then

Ag = kQ/(yoxp, yixi. Yoxo. ¥ix1),
and
, i . . . ’~/
" = {fj(n i) = x,»xl{x,- ce Xi(n / )y,(n ])yi(—nQ—I 7 t yl(i]i)l’ fj(n .

XDy =i+ =i+ (n—j+1)

i i i+1 Vit 10=j=ni=0,1)

vy
=X XiX; ...

is a k-basis of Ab. Thus, by [24], we can get a minimal projection resolution of Ay,

80 80 30
0 <0y . 0 _°n 0 0 _"2 0_"1 0
(PO’(S.)’.”_)Pn_)Pn1_)”'_)P2_>P1_)PO_)O’

where

PO= ] Aoo(f)®1(f)Ao.

fer®

and the differentials are given by

20(H@1(HH=L""Qt(f)+ (—1)"o(f) ® R""",
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where L"~! and R"~! are the subpaths of f satisfying f = L"~'g = hR"~! for some
g, her,
Applying the functor Ag ®x¢ (1) to (P9, 89), we get the homology complex

(N2, 70) of Ag, and dimy NO = 4(n + 1),
2n —2 ifnisodd;

dimyIm 'c,? = o
2n if n is even.

So dimg H H,(Ag) = 4. u
Similar to Corollary 3.6, we have the following result.

COROLLARY 3.9. Let Ao be the 7y x Zo-Galois covering of Ay and char k = 0; then

dimy HC, (Ag) = 4.

4. Hochschild cohomology

In this section we calculate the k-dimensions of Hochschild cohomology groups of
the covering algebra A,. Let X and Y be the sets of uniform elements in kK Q; then one
defines

XY ={(p.q) € X x Y [o(p) =0(q) and (p) =1(q)}.

We denote by k(X //Y) the vector space that has as basis the set X// Y.
Applying the functor Homye (-, A,) to the minimal projective bimodule resolution
(P, 8s), we have the following result.

LEMMA 4.1. We have Hompe ((Ps, 8), Ag) = (M®, ¢*), where M" = k(Bj T ™)
and "1 M" — M"t1 is given by

O b, £0) = b, £ (D b )

i+j
. Litl 4 Li
+qn j(yi+lb’ f](i‘il‘ i+ )) + (_l)l’l-i-l(byi(:l_j./)’ j(:l_-il- l))’

’./ 1i . i1 il
G b, ) = Cab, fIND) 4 (<1 g oa (D D)
+q"/ LG+ +j+1 L1
4" (ke £ ) (1T Oy D, ),

PrROOF. Clearly,

M" =HomA2(Pn,Aq)=HomAg< [T AqotH) @A, Aq)

ferm
=[] ehethHap= [] eAH)agt).
ferm ferm

Thus B// T'™ forms a k-basis of M" by definition.
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Applying the commutative diagram

8*
-+ —> Hompe (P, Ag) *"J’LHomAZ(PnH, Ag) —> -+

| o

L k(B T®) = k(B T+ — .

we can induce the differentials ¢” by §, in the minimal projective resolution
(Pu 8.)' D

Clearly, for any (b, f) € B//T™, I(b) and n must have the same parity. Thus
dimyM" =4(n + 1).
Now, we can define an order on 3// '™ as follows:

(b1, fj(ln’”)) < (b, fj(zn’IZ)) if j1 < jp or j1 = jp but by < by,
for any

i [ (b2, 1) € BYT™  and iy, iz € 40,0, 1, 1),

We still denote by ¢" the matrix of the differentials ¢" under the ordered bases
above, and write

—4' 1 0 0 -1 0 g"" 0
1 =4 0 o0 1o -1 0o g
CG=o o —q' 1 > Di= gt 0 -1 0

0 0 L =4') 44 0 ¢ 0 =1/,

It follows from the description of the differentials ¢” in Lemma 4.1 that if n is odd,
then

Cy Dy

Cn-1 Dn 4nx4(n+1)

and if » is even, then
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0 gD
0 —qCo O
0 gD
¢ = —qC2
0
0 qDy 0
=qCn—2 0/ 4 amrny
Clearly,
> rank(C; Dj4;) ifnisodd;
i€{0.2.4,..n—1}
rank(¢™) =

D.
Z rank ( l+2> if n is even.
i€{0,2,4,...n-2} —Ci

LEMMA 4.2. Let Ay be the Zy x Zo-Galois covering of Ay, with q an rth (r > 2)
primitive root of unity. If n (>2) is odd, then

2n —k+ 1 ifrisoddandn =2kr + 1, for some k > 1,
rank(¢") = ; orrisevenandn =kr + 1, for some k > 1;

2n + 2 otherwise;
and if n (>2) is even, then

2n —k —1 ifrisodd and n = 2kr + 2, for some k > 1,

rank(p") = orrisevenandn = kr + 2, for some k > 1;
2n otherwise.
PROOF.
CASE 1. Suppose n is odd.
For i =0,2,4,...,n— 1, by elementary operations, each (C; D;;1) can be
changed into
_qi 1 _qn—l qn—i—l qZ(n—i—l) -1 0 0 0
1 _qi qnfifl _qnfl 0 qZ(nfifl) -1 0 0
0 0 0 0 0 0 -1 0
0 1 0 0 0 0 0 -1

4x8
Note that rank(C; D;41) =3 or 4, and rank(C; D;y1) =3 if and only if

2(m—i—-1) _ 1: q2(nfl) =1;

q

=1 =

g¥ =1.

Moreover, we have ¢g>"~! = 1 if and only if either of the following ((1’) or (2)) is
satisfied:
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(1) risoddand2(n — 1) = 4kr, for some k > 1;
(2)) risevenand2(n — 1) = 2kr, for some k > 1.
Since i is even, we have g% = 1 if and only if either of the following ((3') or (4)) is
satisfied:
(3") risodd and 2i = 4k;r, for some k; > 0;
(4) risevenand 2i = 2kr, for some k; > 0.
If (1') and (3') are satisfied, then r is odd, n =2kr +1 and k; =0, 1, ..., k. So
the number of i satisfying rank(C; D;4+1) =3isk + 1, and rank(¢") =2n — k + 1.
If (2/) and (4') are satisfied, then r is even, n =kr +1and k; =0, 1, ..., k. So
the number of i satisfying rank(C; D;4+1) =31isk + 1, and rank(¢") =2n — k + 1.
Otherwise, rank(¢") =4 x ((n + 1)/2) =2n + 2.

CASE II. Suppose n is even.
Fori =0, 2,4, ..., n— 2, by elementary operations, each

Dii»
—C;

can be changed into

-1 0 0 0

0 -1 0 0

0 0 q2(n—i—2) -1 0

0 0 0 qZ(n—i—Z) -1

0 0 qn72 _qn7172

0 0 _qnfhi72 qn72

0O 0 q' -1

0 0 = ¢ s

Note that rank <D’é2) =3 or 4, and rank <Dig2) = 3 if and only if
=G =G

2n—i—2) _ 1. 2(n—=2) _ 1.
q =1 q =1
{ 2i { 2i

g’ =1 q” =1.

Moreover, we have qz(”_z) =1 if and only if either of the following ((5") or (6')) is
satisfied:

(5) risoddand2(n — 2) = 4kr, for some k > 1;

(6') risevenand2(n —2) = 2kr, for some k > 1.

Since i is even, we have q2i =1 if and only if either of the following ((7') or (8')) is
satisfied:

(7) risodd and 2i = 4k r, for some k; > 1;

(8) risevenand2i = 2k;r, for some k1 > 1.
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If (5') and (7') are satisfied, then r is odd, n =2kr +2 and k1 =0, 1, ..., k. So
the number of i such that
rank <?’az) =3

is k + 1, and rank(¢") =2n — k — 1.
If (6') and (8') are satisfied, then r is even, n =kr +2 and k; =0, 1, ..., k. So

the number of i such that
Dip\
rank ( —C; ) =3

is k + 1, and rank(¢") =2n — k — 1.
Otherwise, rank(¢") =4 x (n/2) = 2n. The proof is complete. O

LEMMA 4.3. Let Ay be the Z x Z-Galois covering of Ay. If q (#0) is not an rth
(r > 2) primitive root of unity, then for n > 2,

2n+2 if n is odd and q (#0) is not a root of unity;

rank(¢") = 2n if n is even and q (#0) is not a root of unity;
vo= %(Vl-l—l) ifnisodd and g = +1;
%n ifnisevenand g = +£1.
PROOF.

CASE 1. Suppose n is odd. If g (#0) is not a root of unity, then g?=b £1
for n > 2, and rank(¢") = 2n + 2. If ¢ = £1, then ¢>"~ = ¢% =1, and rank(¢")
=3/2)(n+1).

CASE II. Suppose n is even. If g (£0) is not a root 'of unity, then ¢g2"=2 = 1 for
n > 2, and rank(¢") = 2n. If ¢ = £1, then ¢>"*~? = ¢% = 1, and rank(¢") = (3/2)n.
This completes the proof. O

Forn =0, 1, 2, direct computations show that
dimy HHO(A,) = 1;
dimgHH' (A ;) =2;

3 ifg=2=%1, £/—1;

dimg HH?*(A,) =
S PR e

THEOREM 4.4. Let Ay be the Zy x Zo-Galois covering of the quantum exterior
algebra Ay. If q is an rth (r > 2) primitive root of unity, then for n > 2,
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k+1 if r is odd and n = 2kr or n = 2kr + 2, for some k > 1,
orrisevenandn =kr orn=kr 42, forsomek > 1;

dimkHH”(Aq)z 2k +2 ifrisoddandn =2kr + 1, for some k > 1,

orrisevenandn =kr + 1, for somek > 1;

0 otherwise.

PROOF. Note that HH"(A4) = Ker ¢" ! /Im ¢" by definition, and

dimg H H" (A ) = dimgKer "' — dim;Im ¢"
= dimg M" — dimgIm "' — dimyIm ¢"

= dimgM" — rank ¢" ! — rank ¢". 4.1)

The theorem follows from Lemma 4.2. O

THEOREM 4.5. Let Ay be the Zo x Zo-Galois covering of the quantum exterior
algebra Ay. If g (#0) is not an rth (r > 2) primitive root of unity, then for n > 2,

dimy HH™ (A,) = : N 12 (ji)] s not a root of unity;
PROOF. By Lemma 4.3,

dim(¢") + dimg (9" ™) = 4n + 4
if g (0) is not a root of unity; and

dimy (¢") + dimg (") =3n + 3

if ¢ = 1. The theorem follows from the formula (4.1) as desired. O

COROLLARY 4.6. If q (#0) is not an rth (r > 2) primitive root of unity, then the
Hilbert series of the Zp x Zp-Galois covering of the algebra A is

I
—_— if g = +1;
dgimHE (A" = (=2 T4

n=0 1 +2t 412 ifq (30) is not a root of unity.

o0

PrROOEF. This follows from Theorem 4.5 and the fact that

o.¢] i 1

Theorem 4.5 shows that the Z, x Z,-Galois covering of the algebra A, also give a
family of counterexamples to Happel’s question in the case where g (#0) is not a root
of unity. For completeness, we also consider the degenerate case when g = 0.
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THEOREM 4.7. Let Ao be the 7y x Zo-Galois covering of Ay, then

1 ifn=0;
ifn=1;
if n > 2 is even;
2n+2 ifn>2isodd.

dimg H H" (Ag) =

PROOF. Denote the cohomology complex of Ag by (M, ¢7). We can get

dimg My =4(n + 1);
dimgIm (pé =3;

2n+2 ifn>21isodd;

dim;Im ¢! =
KM 0 0 if n > 2 1is even.

Thus, we can get this theorem by the formula (4.1). O
Similar to Corollary 4.6, we have the following result.

COROLLARY 4.8. The Hilbert series of the 7y x Z;-Galois covering algebra Ay is

oA . 4t(1+1)
> dimHH"(Ao)t" =1+1 + o

n=0
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