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On meromorphic solutions of certain par-
tial differential equations

Feng L

Abstract. In this paper, we describe meromorphic solutions of certain partial differential equations,
which are originated from the algebraic equation P(f, g) = 0, where P is a polynomial on C2. As
an application, with the theorem of Coman-Poletsky, we give a proof of the classic theorem: Every
meromorphic solution u(s) on C of P(u, u’) = 0 belongs to W, which is the class of meromorphic
functions on C that consists of elliptic functions, rational functions and functions of the form R (¢%*),
where R is rational and a € C. In addition, we consider the factorization of meromorphic solutions
on C”" of some well-known PDEs, such as Inviscid Burgers’ equation, Riccati equation, Malmquist-
Yosida equation, PDEs of Fermat type.

1 The meromorphic solutions of some PDEs

In this section, we consider meromorphic solution 4(z) = h(z1, ..., 2, ) of the following
partial differential equation

hy, = Ri[¢1(h) + Ry¢2(h)], (1.1

where Ry (% 0), R, are two rational functions on C", ¢; and ¢, are two meromorphic
functions on C. This PDE is originated from the algebraic equation P(f, g) = 0, where
P is a polynomial on C2. Let P be an irreducible polynomial mapping from C? to a
plane algebraic curve C in C2. Then a theorem of Picard in [11] says that if the genus of
the Riemann surface associated with the closure of C in P? is bigger than one, then any
such map is constant. One version of the Uniformization Theorem in [10] shows that
the curve C of genus g can be parameterized by (i) rational functions if g = 0, and (ii)
by elliptic functions if g = 1. In 2008, Coman-Poletsky [6, Theorem 5.2] obtained the
following theorem.

Theorem A. Two meromorphic functions f and g on C" satisfy P(f, g) = 0, where P
is a polynomial on C?, if and only if one of the following holds:

(i) There exists a meromorphic function 4 on C" and rational functions Ry, R, on C
so that f = Ry(h) and g = R, (h).
(ii) There exists an entire function 4 on C", and elliptic functions ¢1, ¢, with the

same periods, so that f = ¢(h), g = ¢2(h).
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We assume that f = Pi] andg = %‘ inequation P(f, g) = 0,whereu = u(zy, ..., 2,)

is a meromophic function on C", P(%# 0) and P,(# 0) are two rational functions on
C". Then,

P(i,ﬁ) =0, (1.2)
Py P
Due to Theorem A, one gets that

Fo= i), F-=hi,
where fi, f> and h satisfy the conclusion of Theorem A. Suppose that f; # 0. Then,
u =Py fi(h),u; = Pyf2(h) and

_ Pafs(h) = GLA)

= =Ri[¢1(h) + Ry0,(h)], (1.3)
2 Prfi(h) 1[¢1(h) + Rag2 ()
=B = 9P 1 i i n =L
where Ry = 7 (£ 0),R; = 7 P, are two rational functions on C", ¢; = 7 and
1

¢2 = % are meromorphic functions on C. By Theorem A, one gets that both ¢, and ¢,
1

are rational functions or elliptic functions. Therefore, (1.3) is a special case of (1.1).

Now, we consider the equation (1.1). For two functions f, g on C, we define a set
E(f,g)asE(f,g) ={z € C: f(z) = g(z) = 0}. And $E(f, g) is the number of
elements in E(f, g). More specifically, we obtain that

Theorem 1. Suppose that / is a nonconstant meromorphic solution on C" of (1.1).

(1) If YE(¢p1 — a, ¢2 — b) = 5 for two constants a,b € C, then hy, is a rational
function; In particularly, if §E(¢1 — a, ¢2 — b) = oo, then h;, = Ry[a + Ryb].

(2) If ¢, is a rational function on C, then ¢; is also a rational function on C.
Furthermore, if / is transcendental, then

h, = Boh* + Bih + B, (1.4)

where B; (i = 0, 1, 2) is a rational function on C".

Remark 1. If & is an entire function in (1) of Theorem 1, then the condition
BE(¢1 — a, ¢, — b) > 5 can be weakened to §E (¢ — a, ¢2 — b) > 3. Meanwhile, /i,
reduces to a polynomial on C".

Remark 2. If ¢, is a transcendental meromorphic function and ¢; is a rational
function on C, then the same argument as in the proof of (2) yields that R, = 0. Fur-
thermore, if / is transcendental, then (1.4) also holds. Unfortunately, for the case that
both ¢; and ¢, are transcendental meromorphic functions on C the method in the
proof of Theorem 1 does not work. We leave this case for further study.

From Theorem 1, we prove the following result.
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Corollary 1. Suppose that / is a nonconstant meromorphic solution of (1.1). If ¢; and
¢, are two nonconstant meromorphic periodic functions on C with the same periods 7.
Then, R; reduces to a constant A, ¢1 + A¢; also reduces a constant C, and h,, = CR;
is a rational function on C".

Below, we turn attention to meromorphic solutions of (1.2). By combining Theorem
1 and Corollary 1, we immediately get the following result.

Corollary 2. Suppose that u is a nonconstant meromorphic solution of (1.2). Then, u
can be written as u = Py f(h), where f and h satisfy one of the following assertions.

(i) f is an elliptic function on C, h is an entire function and /4, is a polynomial on C";

(ii) f is a rational function on C, & is a meromorphic function on C", and #, is a
rational function or h;, satisfies the following equation

h;, = Boh* + Bih + B, (1.5)
where B; (i = 0, 1, 2) is a rational function on C".

Remark 3. In [30], Saleeby described meromorphic solutions of P(u,u;) = 0,
where P is a polynomial on C2. Meanwhile, Saleeby gave an outline of an algorithm for
finding meromorphic solutions of P(u,u; ) = 0 of genus 0. Some ideas of our theo-
rems are based on Saleeby’s results. And some related results can be found in [22, 23, 24].

Remark 4. It should be emphasized that if P; and P, are constants in (1.2), then
the coefficient B; (i = 0,1, 2) of (1.5) in (ii) of Corollary 2 reduces to a constant. In
[30], Saleeby obtained the forms of meromorphic solutions on C? to (1.5) when B; is a
constant.

Below, we give an application of the above results. Let us denote by W the class of
meromorphic functions on C that consists of elliptic functions, rational functions and
functions of the form R(e“®), where R is rational and a € C. Consider a Briot-Bouquet
differential equation

P(u,u’) =0, (1.6)

where P is a polynomial on C2. We state the following result, which can be found in [8].
Theorem B. Every meromorphic solution u# = u(s) on C of (1.6) belongs to W.

In [8], it says that Theorem B was known to Abel and Liouville, but probably it was
stated for the first time in the work of Briot and Bouquet in [3, 4]. Some further studies
which are related with Theorem B can be found in [7, 8, 15, 16, 17]. Below, due to the
theorem of Coman-Poletsky(Theorem A), Corollary 2 and Remark 4, we offer a proof
of Theorem B.
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Proof of Theorem B. Suppose that u(s) is transcendental. From Corollary 2, Theorem
A and Remark 4, we get thatu = f(h), u’ = g(h), where f, g, h are three functions on
C which satisfy one of the following assertions.

(1) f, g are two elliptic functions with the same periods and 4’ is a polynomial;

(2) f, g are two rational functions, / is a transcendental meromorphic function and
satisfies the following equation

/4 =Boh2+B1h+Bz, (17)
where B; (i = 0, 1, 2) is a constant.

We firstly consider (1). It is easy to get b’ = % = a(h), where a = % is also
an elliptic function. Note that A’ is a polynomial. Therefore, @ is a constant and /4 is a

linear function, which implies that u = f (/) is also an elliptic function, sou € W.

Next, we deal with (2). Suppose By = 0. Solve the differential equation i’ = B h+ B
yields that h(s) = AeB'® + B, where A(# 0), B are constants. Thenu = f(h) € W,
since f is a rational function.

Below, assume that By # 0. Rewrite (1.7) as
h =By(h—a)(h-b) (1.8)

where a, b are two constants. It is easy to see that @ and b are Picard exceptional values
of h. Suppose that a = b. Solve the differential equation (1.8) leads to A(s) = a — m,
where C is a constant. So, # = f () is a rational function, a contradiction. Thus, a # b.
By the fact that a and b are Picard exceptional values of &, we can set Z_TZ = ¢”, where
v is an entire function. Rewrite it as

_bey—a
T oev—1"

(1.9)

Substitute (1.9) into (1.8) yields that y* = —By(b — a) is a constant. So, 7 is a linear
function, which together with (1.9) implies that u € W.

Thus, we finish the proof of Theorem B.
Before the proofs of main results, we assume that the reader is familiarity with the
basic notations of Nevanlinna theory, and we utilize four results of a meromorphic

function f on C" (see e.g., [33, 34)).

(a). The Nevanlinna second fundamental theorem

q
(=270 /) < ) N =) 450 /)
Jj=1 J

f_
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for any ¢ distinct complex numbers wi,--- ,wy € C U {oo}, where S(r, f) denotes
any quantity satisfying that S(r, f) = o{T (7, f)} as r — oo outside a set of r of finite
Lebesgue measure.
(b). Suppose that f and g are two meromorphic functions on C". Then, T(r, %) =
T(r, /)+0(1),T(r, fg) < T(r, )+T(r,g) and T (r, f+g) < T(r, f)+T(r,g)+O(1).
(c). Suppose that a is a rational function on C", f is a transcendental meromorphic

function on C". Then, T(r,a) = S(r, f).
(d). The logarithmic derivative lemma m(r, f%) =S(r.f),j=1,..,n

2 Proofs of the Theorem 1 and Corollary 1

Proof of Theorem 1. We firstly consider the case (1). Assume that zg € E(¢1—a, ¢p,—Db).
Then, ¢1(z0) = a and ¢,(z0) = b.1f h(a@) = 7o, then, substituting @ into (1.1) yields that

hz, (@) = Ri(@)[¢1(h(a)) + R2(@) 2 (h(a@))] = Ri(a)[$1(20) + Ra(@)¢2(20)]
= Ri(@)[a + Ry(a)b],

(2.1)
which implies that @ is a zero of i, — Ry [a+ R,b]. Foreach zo € E(¢1—a, ¢, —Db), the
above discussion shows that all the zeros of h—z¢ are zeros of h;, — Ry [a+R,b]. Suppose
that &, is transcendental. Then, h,, — Ry[a + R,b] # 0. Obviously, £ is transcendental
and T'(r, R1[a + Ryb]) = S(r, h). Suppose that ¢ = $E(¢1 — a, ¢, — b) > 5. Observe
that all the poles of /1, are poles of & and &, just has multiple poles. Suppose that 3 is
a pole of h;, with multiplicity m. Then m > 2 and 8 is a pole of & with multiplicity at
least m — 1. So, N(r, hy,) < 2N(r, h). Together with the second fundamental theorem,
one obtains that

1
h—zo

(@-2T(r. < > NG,
20€E(¢1~a,p2—b)
1
hz, — Ri[a + RyD]
<T(r,hg)+S(r,h) =m(r,hy,) + N(r, hy) + S(r, h)

)+ S(r, h)

< N(r,

)+ S(r,h) <T(r,hy — Rila+ Ryb]) +S(r, h)

h
< m(r, %) +m(r,h) +2N(r,h) + S(r,h) < 2T(r,h) + S(r, h),
(2.2)
which is a contradiction since ¢ > 5. Therefore, &;, must be a rational function.
In particularly, suppose ¢ = §E (¢1 —a, ¢ —b) = co. Observe that h;, — Ry [a+ R, D]
is a rational function. Without loss of generality, we assume that

T(r,hz — Ri[a+ Ryb]) < Alogr, as r — oo, (2.3)

where A is a positive constant. For each zg € E(¢; — a, ¢, — b), the above discussion
shows that all the zeros of h—z are the zeros of h;, — Ry [a+R,b]).If h;, — R [a+R;b] £
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0, then,
1

T(r,h;,—R Ryb]) = N(r,
(r, hz;=Ri[a + Ryb]) (r th_Rl[a_'_sz])

> Z N(r,
20€E(¢d1~a,¢,-b)

)= (A+1)logr, as r — o,
— 20

since ¢ = §E(¢1 — a, ¢, — b) = 0. This contradicts (2.3). Therefore, one gets that
q=4E(¢ ¢ g
/’lzl - R [Ll + sz] =0. (24)

Below, we consider case (2). Rewrite (1.1) as

e, = Rag(h) = 91 (). @9
1

On the contrary, suppose that ¢ is a transcendental function. Note that ¢, is a rational
function. It follows from (2.5) that / is transcendental. By [5, Theorem 4.1], we have

lim —T(r’¢1(h)) =0
r—oe  T(r, h)

Suppose that deg ¢, = d. Then, (2.5) yields that

(2.6)

T $1(0) =T (1 e, = Rz ()
<T(r,R)+T(r,Ry) +T(r,hy,) +T(r,¢2(h)) + O(1)
<T(r,hy) +T(r,p2(h)) + O(logr)
=m(r,hy) + N(r,hy,) +dT(r, h) + S(r, h)
< m(r, %) +m(r,h) +2N(r,h) +dT(r,h) + S(r, h)
< d+2)T(r,h)+S(r,h) =0(T(r,h)),

which contradicts (2.6). Thus, ¢ is also a rational function.

Note that ¢ and ¢, are rational functions. We rewrite (1.1) as
th :R1¢1(h)+R1R2¢2(h) = R(h), (27)

where R(h) is a rational function in &, whose coefficients are rational functions. If 4
is transcendental, then, either [30, Proposition 1] or [32, Corollary 3] yields that (2.7)
becomes the following equation

h;, = Boh* + Bih + B,

where B; (i = 0, 1, 2) is a rational function on C".
This finishes the proof of Theorem 1.

Proof of Corollary 1. We know that ¢; and ¢, are two nonconstant periodic functions
on C with the same period. Suppose that zo € C is not a pole of ¢; and ¢,. And assume
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that ¢1(z0) = a and ¢,(z9) = b. Then $E (¢ — a, ¢, — b) = oo. It follows from (1) of
Theorem 1 that

hZ1 -R [Cl + sz] =0. (2.8)
Because ¢, is nonconstant, there must exist a point o such that ¢,(tg) = d # b and
¢1(t0) = ¢ # 0. ThenE(¢1 — ¢, ¢ — d) = o0. The same argument as above yields that

hzl - R [C + de] =0. (29)
Combining (2.8) and (2.9) leads to that R, = ﬁ = A, a constant. Rewrite (1.1) as

hz, = Ri[¢1(h) + Ag2(h)] = Ris(h), (2.10)

where ¢3 = @1 + Ag, is also a periodic function. Furthermore, ¢3 is a constant.
Otherwise, the left side of (2.10) is a rational function and the right side of (2.10)
is a transcendental meromorphic function, which is impossible. Let ¢3 = C. Then,
hz, = CRy.

This finishes the proof of Corollary 1.

3 The factorization of meromorphic functions on C"

In this section, we turn attention to the factorization of meromorphic solutions of some
certain PDEs. If & = f(g) is a meromorphic function on C", where g : C" — Cis an
entire function and f : C — P = C U {co} is a meromorphic function, then 4 is said
to have a factorization with right factor g and left factor f (g may be a meromorphic
function on C" when f is a rational function from C to P). A meromorphic function A
is said to be prime if every such factorization implies that either f or g is linear. Fur-
thermore, & is said to be pseudo-prime if every factorization of the above form implies
that either f is a rational function or g is a polynomial.

The first prime function e* + s on C was introduced by Rosenbloom in [27]. Some
further results on the factorization of meromorphic functions on C can be found in
[12, 13, 26]. Observe that e® + s is a solution of the following equation

FOCS) + an_1 () FV(s) + -+ ao(s) f(s) = a(s), (3.1)

where a(s), ag(s), - - -, an—1(s) are rational functions on C. Therefore, it is natural to
consider the primeness or pseudo-primeness of meromorphic solutions of (3.1). It is
pointed out that the meromorphic solutions of (3.1) maybe not prime. Steinmetz in
[33] proved that any meromorphic solution on C of (3.1) is pseudo-prime. Later on,
Chang-Li-Yang generalized this result from one variable to several variables as follows.

Theorem C. Let m be a positive integer and

DU F(2) + An(2)D "V F(2) + -+ + A1 (2) F (2) + Ao (z) = 0

be a differential equation, where the coefficients Aj(z), 0 < j < m, z = (21,...,2n),
1y ++n

are rational functions in C" and the operator DU = %, Il=lL+-1, (1<
ozl
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[ < m). Then any meromorphic solution F(z) of finite order must be pseudo-prime
provided that F'(z) is not a constant along each zj-axis (1 < j < n).

Here, for a meromorphic function f on C", the order of f is defined as

log T (r,
o(f) = limsup 28> S).
r—o00 l r
If p(f) is finite (respectively infinite), then f is of finite order (respectively infinite
order).

In [5], Chang-Li-Yang offered an example to show that in contrast to the case of one
complex variable, the condition “finite order” in Theorem C can not be dropped.

Below, we continue to study the pseudo-primeness of entire solutions to certain
PDEs. Consider P(u, uz,) = 0, where u is an entire function on C" and P is a polyno-
mial on C2. From Theorem A, we see that u has a factorization u = f(g), where f, g
satisfy some conditions. So, it’s natural to ask whether u is pseudo-prime or not? In this
section, we consider this question and obtain the following result.

Theorem 2. Suppose that an entire function u = u(zy, ..., z,) on C" is a solution of the
following PDE
P(z,u,uz) = Za,l(z)u/l‘)u;l; =0, (3.2)
Ael

where [ is a finite set of multi-indices (g, 41) with nonnegative integers Ao, 4, and
aa(z)(# 0) is a rational function on C". If u is of finite order and u,, # O, then u is
pseudo-prime.

Remark 5. For the case n = 1, Liao-Yang in [21, Theorem 2] proved that any entire
solution of (3.2) must be pseudo-prime. The main theorems in this section are inspired
by Liao-Yang’s result. Below, we offer two examples to show that the conditions “finite
order” and u,, # 0 are necessary.

Example 1. Consider
u(z) = 1t ¢(22,002n)
where ¢ (22, . . ., 2,) is a transcendental entire function on C". Obviously, u is an entire

solution of infinite order to P(z,u,u;) = uz; —u = 0. But u is not pseudo-prime,
sinceu = f(g), where f =e*onCandg =z + ¢ (22,...,2,) on C".

Example 2. Suppose that f () is an entire function of finite order on C which is not
pseudo-prime. Let u(z) = f(z2). Obviously, P(z, u, u;,) = u,, = 0, and u is of finite

order but not pseudo-prime.

It is pointed out that Examples 1-2 can be found in [5], given by Chang-Li-Yang.
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Let I and J be finite sets of multi-indices as in Theorem 2. Next, we consider more
general PDEs

P(z,u,uz,uz,) = Z a,l(z)u/loufll + Z b,,,(z)u"“’ué‘; =0, (3.3)
Ael HeJ

where a,(z)(# 0), b,(z)(# 0) are rational functions on C?, and z = (z1, z2). Then,
we obtain the following result.

Theorem 3. Suppose that u = u(z, z,) on C? is a nonconstant entire solution of (3.3).
If u is of finite order and u,, # O, u,, # 0, then one of the following assertions holds.

(1) u is pseudo-prime;

(2) I = J, and u has the form u = f(g), where f is transcendental meromorphic
function on C with at most one pole, g is a transcendental entire function on C? satis-

fying that for any 4 = (Ao, 1) € I there exist co-prime polynomials ¢, d, such that

ca8z +dag,, =0and [—fﬁgi;]l‘ = ——ng

Remark 6. Suppose that a,(z) = a(z2) and by (z) = B(z1) are two polynomials on
C for some A € I. Then, ¢ (z) = P1(z2) and d,(z) = Q1(z1) reduce to a function of
one variable. And ¢ 8., + d18;, = 0 becomes

P1(22)8z + Q1(z1)gz, = 0.

Solving the above PDE yields that g = y(Q(z1) — P(z2)), where P(z;) = / Pi(z3)dza,
0(z1) = / 0Q1(z1)dz; are two polynomials on C, and  is an arbitrary entire function
on C. Furthermore, u(z1,22) = f(y(Q(z1) — P(z3))).

It is pointed out that the case (2) indeed occurs in Theorem 3, which can be shown
by the following example.

Example 3. Consider that u(z;,z;) = esm(zlzzzzz). Then, u is an entire solu-
tion of zyuz, + ziug, = O. It is easy to see that u = f(g), where f(s) = e® and
g(z1,722) = sin( ;ZZZ) are two transcendental entire functions and z28,, + 218z, = 0.
So, the assertion (2) occurs.

In Theorem 3, if we add some conditions to guarantee that the assertion (2) cannot
occur, then entire solutions of (3.3) must be pseudo-prime. Inspired by this idea, we get
a corollary by Theorem 3.

Corollary 3. Suppose that entire function u of finite order on C? satisfies (3.3) and
uz, # 0,uz, # 0. Then, u is pseudo-prime if u satisfies one of the following conditions.

1 #J;
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(2) There exists an index A = (dg,4;) € I N J such that 4; > 2 and ngg is a
nonconstant irreducible polynomial.

We pay attention to entire solutions of some well-known PDEs. From Theorems 2-3
and Corollary 3, we immediately get the following results. It is noted that some of them
may have been recorded in the literature, the author is not able to find such a reference.

Corollary 4. Suppose that u#(z) = u(z1, z2) is an entire function of finite order on C?
and uz, # 0,uz, # 0. Then u is pseudo-prime, if u satisfies one of the following PDE:s.

(1) Inviscid Burgers’ equation u,, + uu,, = 0;

(2) Riccati equation u,, = au® + bu + ¢, where a(# 0), b, ¢ are rational functions
on C?;

(3) Malmquist-Yosida equation u}’ = IZZ(’) a;u’, where m is a positive integer,
aam (% 0),..., ag are rational functions on C;

(4) PDEs of Fermat type of au™ + bu’; = 1, where m,n are two positive integers,
a(# 0) and b(% 0) are two rational functions on C2.

In the above theorems and corollaries, the condition “finite order” is necessary.
Below, we omit this condition by considering a system of Malmquist-Yosida type
of partial differential equations, which is inspired by a theorem of Hu-Yang in [19,
Theorem 6.2]. In fact, we obtain the following result.

Theorem 4. If a transcendental meromorphic function u(z) = u(zi,...,z,) on C"*
satisfies the following system of partial differential equations

m;— 1 2m,—

()™ + Y7 aij(ug) = ) bipl, =120
j=1 1=0

where m; (i = 1,...,n) is a positive integer and a; ;, b;; are rational functions on
C", then u is of finite order. In particularly, if u is an entire function on C", then u is
pseudo-prime.

Remark 7. In [19, Theorem 6.2], Hu-Yang considered the pseudo-primeness of
meromorphic solutions of a certain system of partial differential equations. In Theorem
4, if u is meromorphic function on C”, we have not deduced that u is pseudo-prime
and leave it for further study.

Remark 8. In [35], Zimogljad proved that every entire transcendental solution of a
second-order algebraic differential equation on C with rational coefficients has a posi-
tive order. Therefore, as Theorem 2-4, one can consider the pseudo-primeness of entire
solutions of some second-order PDEs, such as Burgers’ equation uz, + uu,, = vz,
One-dimensional diffusion equation u;, = vug,,, and some generalizations of them,
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where v is a constant.

4 Proofs of the Theorems 2-4

In order to prove the above theorems, we employ the following lemmas. The first one is
a theorem of Brownawell in [2], which is a generalization of the remarkable Steinmetz’s
Reduction Theorem in [33].

Lemma 1. Let

F],...,Fk:CHPI, hl,...,hkicnﬁpl

be meromorphic functions, none of which is identically zero. Also let g : C* — Cbe a
nonconstant entire function. For some C > 0, suppose that the characteristic functions
satisfy

k
Z T(r,h;) <CT(r,8)+S(r,8).

Jj=1

If
Fi(g)h1 + F2(8)ha + -+ + Fir(g)hx = 0,
then there exist polynomials Q1 (2), . . . , Qk(z) not all identically zero in C[z] such that
O1Fi+0)F+ -+ Qi Fr =0.
The second one is due to Strelitz in [31].

Lemma 2. Every entire transcendental solution of a first-order algebraic differential
equation with rational coefficients has an order no less than 1/2.

The last one is given by Chang-Li-Yang, which is contained in the proof of [5,
Theorem 3.1]. It also appears in [19]. For n = 1, see Edrei-Fuchs in [9].

Lemma 3. Let g : C" — C be a transcendental entire function, and let f : C — P! be
a meromorphic function of positive order. Then, F = f(g) is of infinite order.

Proof of Theorem 2. The following proof is relied heavily on the proof of Liao-Yang
in [21, Theorem 2]. Assume, to the contrary, that u = f(g) where f : C — Plis
a transcendental meromorphic function and g : C" — C is a transcendental entire
function. Substituting u = f(g) into (3.2) yields that

> ar@ NI [ (8] [g2 (21 =0. (4.1

Ael

Obviously, g,, # 0, since u,, # 0. Since g is transcendental, one gets that

T(rsa/l(z) [gZ1 (Z)]AI) < CT(V, g) + S(r’ g)7
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where C is a fixed positive constant. By Lemma 1, there exist polynomials Q ; which are
not all identically zero such that

DA )P [f(9)]" =o0. (4.2)

Ael

In [21, Theorem 2], Liao-Yang proved that f has positive order. For the sake of com-
pleteness, we will state their proof in all details. We know that u = f(g) is an entire
function. If @ € Cis a pole of f, then @ must be a finite Picard exceptional value of g.
Observe that g is a transcendental entire function. Picard’s little theorem tells us that g
has at most one finite Picard exceptional value. So, f has at most one pole on C. If f is
an entire function, then, Lemma 2 yields the order p(f) > 0.If f has one pole at a with

multiplicity m, then we can write f(s) = T Sh_(;;m,

Taking derivative of f yields that f’(s) = % Substitute the forms of f
and f” into (4.2) yields that

DT Pis) A" 1 ()] =0,

JeA

where A is an entire function on C.

where P;(# 0) is a polynomial. Then again by Lemma 2 we get p(h) > 0. So,
p(f) = p(h) > 0. The above discussion yields that f is of positive order. By Lemma 3,
one can get a contradiction.

This finishes the proof of Theorem 2.

Proof of Theorem 3. Suppose that the conclusion (1) is invalid. Then, we can set u =
f(g), where f : C — P! is a transcendental meromorphic function and g : C* — C is
a transcendental entire function. Substituting u = f(g) into (3.3) yields that

DL an@ @I [f (eI [g2 (21"

Ael

+ Z bu()[f (g1 Lf (g™ g2, ()] = 0.

ued

(4.3)

Suppose that A = I N J. Then, we rewrite (4.3) as

> @@L @I L (DI [z ()Y

Ael\A

+ 3 b Lf (8@ (g2 ()] 44

pueJ\A

+ D AN £/ (@) [a1(2)g2, ()™ + ba(2)g=, ()M = 0.

AeA
Obviously,
T(r,l1(z)) <CT(r,g)+S(r,g),

where 1(z) € {aa(2)[gz, (1", bu(2) (82,21, aa(2)gz (M +ba(2)gz, ()™}
If I\ A #0orJ\A # 0, then the same argument as the proof of Theorem 2 yields a
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contradiction. Below, we assume that /\ A = @ and J\ A = 0. Thatis I = J = A. Then,
(4.4) becomes

LA L (g [aa(2)gs, (" + D228V =0. (45

A€

If one of a,1(2)gz, (2) + ba(2)gz,(2)11 (A € A) is not identically zero, then the same
argument as the proof in Theorem 2 yields a contradiction. Therefore,

ax(2)8z ()" +ba(2)g, ()" =0, 1€ A (4.6)
Rewrite (4.6) as [gﬁ]’11 = _Z_j' Furthermore, we can derive that ﬁﬁ = 2—’1, where
z1 z1 7
c1(z) and d(z) are two polynomials on C" and [2—1]”1 = -5

This finishes the proof of Theorem 3.

Proof of Theorem 4. The following proof is based on the idea of Hu-Yang in [19,
Theorem 6.2]. We firstly prove that there exist two positive constants o~ and r such that
for |z| = ro,
|uz, |2
———— < 7|7, i=1,..,n. 4.7
T+ |up)? |zl (4.7)
On the contrary, for any N > 0, there exist an index i € {1,2,...,n} and a sequence
{v;} € C" such that

s 0P

|vi|=r; = 00, as t — oo, W_rt . (4.8)
Without loss of generality, we assume that
N=2(1+ rinla)l({degai’j, degb; }). (4.9)
From (4.8), one gets
[z, (ve)| = (1+ |u(v,)|2)r£\//2 > riv/z — 00, as t — oo.
Further, for ¢ large enough, we get that
I < R ey S lai ()]
(1z)™ + ; anjuz |2z O™ ,Z‘ (TSI

> 2 ()™ (),

. a; i (v . .
since % — Oast — oo forany j = 1,...,m; — 1. Meanwhile, we have
2§ t
ml-—l Zm,- 2m,—

(z)™ + > ai j(uz,)’
j=1

2, bent!
1=0

< D bl ()l (@11)
1=0

=Vt =Vt
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For ¢ large enough, combining (4.10) and (4.11) yields that

Jug, 1™ 2Z b Ol )l R ¥
By < o <23 bl <, (412)
(1+ Ju(ve)[?)m (1 + u(vy)|2)mi £
which implies that
|z, (vi)I? ~ N

— <, <. 4.13
eGPy <7 =7 @19
By (4.8) and (4.13), we derive a contradiction. Thus, (4.7) is valid. Without loss of gener-
ality, we assume that (4.7) holds for any z € C". The same argument of Hu-Yang in [19,
Theorem 6.2] yields that u is of finite order. For the sake of completeness, we give it in
all detail. So,

Au(r) = er_Z"/ (1+|u|2)_2du Adu Ay
2 cn|r|

n
= n’lrz’z"/ (1+ |u|2)_2 Z |uzi|2 v (4.14)
crirl i=1
< r2—2n+o‘ / Vn — Kr(r+2’
Cnlr|
where K is a positive constant. By the definition of T'(r, u) (see e.g.,[20, 33]), one gets that

T(r,u) = /ror Au(t)% +0(1) < (O_%r‘”z +0(1).

Therefore, u is of finite order. Furthermore, if u is a transcendental entire function,
then by Theorem 2, u is pseudo-prime.

This finishes the proof of Theorem 4.
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