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Abstract

We shall introduce the notions of strong Morita equivalence for unital inclusions of unital C*-algebras
and conditional expectations from an equivalence bimodule onto its closed subspace with respect to
conditional expectations from unital C*-algebras onto their unital C*-subalgebras. Also, we shall study
their basic properties.
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1. Introduction

In a previous paper [5], following Jansen and Waldmann [3], we introduced the notion
of strong Morita equivalence for coactions of a finite-dimensional C*-Hopf algebra
on unital C*-algebras. Modifying this notion, we shall introduce the notion of strong
Morita equivalence for unital inclusions of unital C*-algebras. Also, we shall introduce
the notion of conditional expectations from an equivalence bimodule onto its closed
subspace with respect to conditional expectations from unital C*-algebras onto their
unital C*-subalgebras. Furthermore, we shall study their basic properties.

To specify, let A and B be unital C*-algebras and H a finite-dimensional C*-Hopf
algebra. Let H° be its dual C*-Hopf algebra. Let p and o be coactions of H” on A and
B, respectively. Then we can obtain the unital inclusions A C A <, H and BC B>, H
and the canonical conditional expectations E’l’ and ET from A >, H and B =, H onto
A and B, respectively. We suppose that p and o are strongly Morita equivalent. Then
there are an A — B-equivalence bimodule X and a coaction A of H° on X with respect
to (A, B, p, o). Let E* be the linear map from X >, H onto X defined by

El(x >y h) = 7(h)x

for any x € X, h € H, where 7 is the Haar trace on H.
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In Section 2 we give the notion of strong Morita equivalence for unital inclusions of
unital C*-algebras so that A C A <, H and B C B <, H are strongly Morita equivalent.
We also give the notion of conditional expectations from an equivalence bimodule onto
its closed subspace with respect to conditional expectations from unital C*-algebras
onto their unital C*-subalgebras so that E4 is a conditional expectation from X >; H
onto X with respect to E4 and E®.

In Sections 3—5 we study the properties of conditional expectations from an
equivalence bimodule onto its closed subspace with respect to conditional expectations
from unital C*-algebras onto their unital C*-subalgebras. In Sections 6—8 we give
the upward and downward basic constructions for a conditional expectation from an
equivalence bimodule onto its closed subspace and a duality result which are similar to
the ordinary basic constructions for conditional expectations from unital C*-algebras
onto their unital C*-subalgebras. Furthermore, in Section 9, we study a relationship
between the upward basic construction and the downward basic construction for
the conditional expectation from an equivalence bimodule onto its closed subspace.
Finally, in Section 10, we show that the strong Morita equivalence for unital inclusions
of unital C*-algebras preserves their paragroups.

Let A and B be C*-algebras and X an A—B-bimodule. Then we denote the left A-
action and right B-actionon X by a- xand x - b forany a € A, b € B and x € X. For a
C*-algebra A, we denote by M,,(A) the n X n matrix algebra over A and by I, the unit
element in M, (C). We identify M, (A) with A ® M, (C).

2. The strong Morita equivalence and basic properties

We begin this section with the following definition. Let A, B,C and D be C*-
algebras.

DeriNiTion 2.1. Inclusions of C*-algebras A ¢ C and B € D with AC = C and BD = D
are strongly Morita equivalent if there are a C—D-equivalence bimodule Y and its
closed subspace X satisfying the following conditions:

(1) a-xeX,c{x,yyeAforanyacA, x,ye Xand o(X,X)=A, o«(\,X) =C;
2) x-beX,{(x,y)pe Bforanybe B, x,y € X and (X, X)p = B, (Y, X)p = D.

Then we say that the inclusion A C C is strongly Morita equivalent to the inclusion
B c D with respect to the C—D-equivalence bimodule Y and its closed subspace X. We
note that X can be regarded as an A—B-equivalence bimodule.

Remark 2.2. (1) If Y is a C—D-equivalence bimodule, C.Y=Y-D=Y by Brown
et al. [2, Proposition 1.7].

(2) If strongly Morita equivalent inclusions A € C and B C D are unital inclusions
of unital C*-algebras, we do not need to take the closure in Definition 2.1.

PropositioN 2.3. The strong Morita equivalence for inclusions of C*-algebras is an
equivalence relation.
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Proor. It suffices to show the transitivity since the other conditions clearly hold. Let
AcCand Bc D and K c L be inclusions of C*-algebras. We suppose that A c C is
strongly Morita equivalent to B ¢ D with respect to a C—D-equivalence bimodule Y
and its closed subspace X and that B C D is strongly Morita equivalent to K C L with
respect to a D—L-equivalence bimodule W and its closed subspace Z. We consider the
closed subspace of Y ® W spanned by the set

{x@zeY®, W|xeX,zeZ}.
We denote it by X ®p Z. For any x,x; € X, 71,0 € Zanda€ A, ke K,
a-(x1®z1)=(a-x1)®z1€X®pZ,
(x1®21) k=x1®(z-k)€X®pZ,
c{X1 ® 21, X2 ®22) = c{x1 - p{21,22), X2) = c{x1 - B(21,22), X2)
= a{x1 - B{21,22), X2) €A,

(X1 ® 21, X ® 2201 = {21, X1, X2)p * 2201 = {21, {X1, X2)B * 2201
={z1,{x1, X208 - 22)k € K.

Also, by Definition 2.1 and Remark 2.2,

cAX®pZ,X®pZ) = (X p{Z,Z),X) = a{X - B, X) = s(X, X) = A,

(X®p Z,X®p Z)L ={ZAX,X)p-Z)L=(Z,B-Z)x ={Z,Z)k = K,

Y®p W, X®p Z) = (Y- p(W,2),X) = (Y- D,X) = (Y. X) =C,

Yep W, X®p Z) =WY. X)p-2)=W,D-Z), =D -W,Z),
=W,Z),=L.

Therefore, we obtain the conclusion. O

Let A ¢ C and B c D be unital inclusions of unital C*-algebras which are strongly
Morita equivalent with respect to a C—D-equivalence bimodule Y and its closed
subspace X. Let E4 and E® be conditional expectations from C and D onto A and
B, respectively. Let EX be a linear map from Y onto X.

DeriNiTioN 2.4. With the above notation, we say that EX is a conditional expectation
from Y onto X with respect to E4 and E? if EX satisfies the following conditions:

(1) EX(c-x)=EA(c)-xforanyce C, x€ X;
(2) EX@a-y)=a-EX(y)foranya€cA,yeY;
(3)  EMc(y,x) = (EX(y), x) forany x € X, y € Y;
4) EX(x-d)y=x-EB(d)foranyde D x € X;
(5) EX(y-b)=EX(y)-bforanybeB,ycY;
(6) EP((y,x)p) =(EX(y),x)p forany xe X,y €Y.

By Definition 2.1, we can see that EA(c(y, x)) = 4(EX(y), x) for any x€ X, y€ Y,
and that EB((y, x)p) = (EX(y), x)p forany x € X, y € Y.
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Let A ¢ C and B C D be unital inclusions of unital C*-algebras, which are strongly
Morita equivalent with respect to a C—D-equivalence bimodule Y and its closed
subspace X. By Kajiwara and Watatani [4, Lemma 1.7 and Corollary 1.28], there are
elements xi,...,x, € X such that }\?,(x;, x;)p = 1. We consider X" as an M,(A)-B-

equivalence bimodule in the obvious way and let x = (xi, x, ..., x,) € X". Then
(x,X%)p = 1. Let p = j,a){X, %) and z = p7,4)(X, X) - X. Also, let ¥ be the map from B
to M, (A) defined by

Yp(b) = m,)(z - b,2) = [alxib, x )11

for any b € B. Then p is a full projection in M, (A), thatis, M, (A)pM,(A) = M, (A) and
Wp is an isomorphism of B onto pM,(A)p by the proof of Rieffel [8, Proposition 2.1].
We repeat the above discussions for the C—D-equivalence bimodule Y in the following

way: we note that
n n
Z(Xi, Xi)p = Z(Xi,xih; =1
i=1 i=1

We consider Y" as an M, (C)-D-equivalence bimodule in the obvious way. Then
x=(x1,...,x,) € Y"and

D = M a)$X%X) = m,0(%, X) € M, (C),

2= M){%X) - X = pofXX) - XY,

Let ¥p be the map from D to M,(C) defined by

Yp(d) = myc){z-d,2)

for any d € D. By the proof of [8, Proposition 2.1] p is a full projection in M,(C), that
is, M,,(C)pM,(C) = M,(C), and ¥p, is an isomorphism of D onto pM,(C)p. Also, we
see that W = Wp|p by the definitions of Wz and Wp. Let Wy be the map from X to
M, (A) defined by

Al x) Al x) o alx, X)
0 0 0
Wx(x) = :
O 0 0 nxn
for any x € X. Let
1 0 0
00 0
f= : :
00 ... 0

nxn

Lemma 2.5. With the above notation, Yy is a bijective linear map from X onto
(1® f)M,(A)p.
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Proor. It is clear that Wy is linear and that (1 ® f)¥x(x) = Wx(x) for any x € X. We
note that p = [4{x;, x)1" Then for any x € X,

i,j=1"
Z Al xppalxi, x1) ... Z A, xi)alXi, Xn)
p p
Yy (x)p = 0 0
0 0
nxn
Here, for j=1,2,...,n,
n n n
ZA(X, XpaXi, X;) = ZA(A(X» X)) Xi, Xj) = ZA<X A Xi Xi) By Xj) = a{X, X;).
P P p

Thus we can see that Wx(x)p = Wx(x) for any x € X. Hence Wy is the linear map from
Xto(l® f)M,(A)p. Lety e (1® f)M,(A)p. Then we can write that

Vi oeee Yn Z)UA(X[,XO e ZM‘A(X:’,X@
0o .. = =
y=1. ) |lp= 0 ... 0 s
0 0

where yy,...,y, € A. Modifying the Remark after [4, Lemma 1.11], let y be the linear
map from (1 ® f)M,(A)p to X defined by

x() = Zym(xi’xj) X

ij=1
Then since 3_;(x), x;)p = 1,
(Fx o))
A<ZyiA<xi»xj>'xj’xl> A<ZyiA<xi’xj>'xj’x">
ij=1 ij=1
- 0 0
» 0 0
A<Z)’i'xi'<xjsxj>B»xl> A<Zyi‘xi'<xj’xj>3’xn>
ij=1 ij=1
- 0 0
i 0 0
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Also,
(x o ¥x)(x) = ZA(X, Xiyalxi, Xj) - Xj = ZA(X, Xi)+ Xi - {Xj, Xj)B
=1 =1
n n
= ZA(X,%‘) CXp = ZX <X, Xi)p = X.
i=1 i=1
Thus we obtain the conclusion. |

Lemma 2.6. With the above notation, Wy satisfies the following:

(1) WYx(a-x)=a-Wx(x)foranyaec A, xeX;

2) Wx(x-b)=Yx(x) Yp(b)foranybe B,x e X;

B)  A¥x(x),Yx(y)) = alx,y) for any x,y € X, where we identify A with (1 ®
HIM,(A)A® f)=A® f;

@) (x(0), YxO)pm,a)p = Ye((x,y)B) for any x,y € X.

Proor. (1) Leta € A and x € X. Then

ala-x,x1) ... ala-x,x,)
0 0
Yx(a-x) = . ) . =a-VYx(x).
0 0

Hence we obtain (1).
(2) Let b € Band x € X. Then

(A, x1) oo adX, X))
0 .. 0
Wx(x) - ¥p(b) = : ' : [adxi - b, X1
o ... o0 |
ZA(X» xppalxi-b,x1) ... ZAOC, Xi)alXi - b, xn)
i=1 i=1
= 0 0
0 0

nxn
Here, for j=1,2,...,n,

n n

DA XAk - b xjy = 3 Al (i X, X)) = adx - b X)),
i=1 i=1
Thus we obtain (2).
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(3) Let x,y € X. Then since we identify A with A ® f,

n n

ACEX (0, Wx (D) = D" 406 1040 30" = D a6 x:)alxi,y)
i=1 i=1

= D alaln ) x5 y) = ) adx e (0, %08, Y) = 40630,
i=1

i=1

Hence we obtain (3).
(4) Let x,y € X. Then

(Px(x), YxO0pu,ayp = Px ()" Ux () = [alx, 52 aly, x D11y -
On the other hand,
W((x,y)8) = [alxi - <6 )8, X1y = [adaxi, X) -y, x)15
= [a(xi, 24y, X0 -

Hence we obtain (4).
Let Wy be the map from Y to M,,(C) defined by

c{xx1) ..o X x)
0
Yy(x) = .
0 0

nxn

forany x €Y.

109

CoroLLARY 2.7. With the above notation, Yy is a bijective linear map from Y onto

(1 ® )M, (C)p satisfying the following:

(1) Yylc-x)=c-Yy(x)foranyceC,xeY;
2) Yy(x-d)=Yy(x) -¥p(d) foranyde D, xeY;

3B) (Py(x),Yy(y)) = c{x,y) for any x,y €Y, where we identify C with (1®

IM,CO)A®f)=C® f;
4 FPyx), ¥y pm,c)p = ¥Yo(x,y)p) for any x,y € Y;
(5) W¥x=Yyix.

Proor. It is clear that Wx = Wy|x by the definitions of ¥y and Wy. By Lemmas 2.5

and 2.6, we obtain the others.

[m]

Let A c C and B C D be unital inclusions of unital C*-algebras. We suppose that
A c C and B c D are strongly Morita equivalent with respect to a C—D-equivalence
bimodule Y and its closed subspace X. Then by Lemmas 2.5 and 2.6 and Corollary 2.7,

we may assume that

B=pM,(A)p, D=pM,(Cp, Y= IM,(C)p, X=(1® f)M.(A)p,
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where p is a projection in M,,(A) satisfying M,(A)pM,(A) = M, (A), that is, p is full in
M, (A) and n is a positive integer. We regard X and Y as an A—pM,,(A)p-equivalence
bimodule and a C—pM,,(C)p-equivalence bimodule in the usual way.

We consider the following situation. Let A ¢ C be a unital inclusion of unital C*-
algebras and p a full projection in M,(A). Then the inclusion pM,(A)p C pM,(C)p
is strongly Morita equivalent to A ¢ C with respect to the C—pM,,(C)p-equivalence
bimodule (1 ® f)M,(C)p and its closed subspace (1 ® f)M,(A)p. Let EA be a
conditional expectation of Watatani index-finite type from C onto A. We denote by
Indy (E*) the Watatani index of E*. We note that Indy(E*) € C N C’. Let {(u;, u})}Y,
be a quasi-basis for EA. Then {(u; ® I,, u; ® I,,)}f\i1 is a quasi-basis for E4 ® id, the
conditional expectation from M,,(C) onto M,,(A). Since p is a full projection in M, (A),
there are elements ay,...,ak, by, ...,bg in M,(A) such that Zfil a;ipb; = 1y, Let
EI’j be the conditional expectation from pM,,(C)p onto pM,(A)p defined by

E)(x) = (E* ®id)(x)

for any x € pM,(A)p. Then by routine computations, we can see that

is a quasi-basis for E;}. Furthermore,
Indw(Ep) = ) pi ® L)a;pb,(u} ® L)p = ) plus} @ I,)p
ij i
= p(Indw(E*) ® I,)p = (Indw(E") ® I,)p.
Let F be the linear map from (1 ® f)M,,(C)p onto (1 ® /)M, (A)p defined by
F((1® f)xp) = (E* ®id)(1 ® fHxp) = (1 ® /)E @ id)(x)p
for any x € M,,(C).

Lemmva 2.8. With the above notation, F is a conditional expectation from (1 ®
)M, (C)p onto (1 ® f)M,(A)p with respect to E* and EQ.

Proor. It suffices to show that F satisfies conditions (1)—(6) in Definition 2.4.
(1) Forany c € C, x € M,,(A),

F(c-(1® f)xp) = F((c® f)xp) = F((1 ® f)(c ® I,)xp)
=(1® )E" ®id)((c ® [,)x)p = (1® fHE (c) ® I,)xp
=E4c)- (1@ fxp.

Thus we obtain condition (1) in Definition 2.4.
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(2)Foranyae A,y e M, (C),

F(a-(1® f)yp) = F(1® f)a® I,)yp) = (1® fHE* ®@id)(a ® I,)y)p
=a-(1® )E* ®@id)y)p=a-F((1® fyp).
Thus we obtain condition (2) in Definition 2.4.
(3) For any x € M,,(A),y € M,(C),
(F((1 @ fyp). (1 ® fxp) = (1 ® HIE* @ id)(y)p. (1 ® f)xp)
= (e HE @id)(ypx'(1® f)
= (E*®id)((1® fypx' (1 ® f))
= (E* ®id)(c((1 ® f)yp. (1 ® f)xp))
since we identify C with (1 ® f)M,(C)(1 ® /) = C ® f. Thus we obtain condition (3)
in Definition 2.4,
(4) Forany y € M,,(C), x € M,,(A),
F((1® f)xp - pyp) = F(1® fxpyp) = (1 ® f)(E* ® id)(xpy)p
= (1® fxp(E* ®id)y)p = (1® f)xp - E5(pyp).
Thus we obtain condition (4) in Definition 2.4.
(5) For any x € M,,(A), y € M,,(C),
F((1® fyp - pxp) = F(1 ® fypxp) = (1 ® f)(E" ®@id)(ypx)p
=(1® )E" ®id)y)p - pxp = F(1® f)yp) - pxp.
Thus we obtain condition (5) in Definition 2.4.
(6) For any x € M,,(A),y € M,(C),
(F((1® fHyp). (1 ® Nxp)pu,crp = PE* @Id)3) (1 ® fxp
= p(E* ®id)(y* (1 ® f)x)p
= EA((1® Pyp, (1 ® NXPYpu,crp):

Thus we obtain condition (6) in Definition 2.4. Therefore, we obtain the conclusion. O

THeEOREM 2.9. Let A C C and B C D be unital inclusions of unital C*-algebras, which
are strongly Morita equivalent with respect to a C—D-equivalence bimodule Y and its
closed subspace X. If there is a conditional expectation E* of Watatani index-finite
type from C onto A, then there are a conditional expectation E® of Watatani index-
finite type from D onto B and a conditional expectation EX from Y onto X with respect
to E* and E®. Also, if there is a conditional expectation E® of Watatani index-finite
type from D onto B, then we have the same result as above.

Proor. This is immediate by Lemmas 2.5, 2.6 and 2.8 and Corollary 2.7. O
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3. One-sided conditional expectations on full Hilbert C*-modules

Let B ¢ D be a unital inclusion of unital C*-algebras and let Y be a full right Hilbert
D-module and X its closed subspace satisfying the following:
(1) x-beX,{x,yjpeBforanybeB, x,y€X;
(2) (X, X)p=B,{Y,X)p=D;
(3) there is a finite set {x;}!_; C X such that forany y € ¥,

n

Z Xi - {Xi, Y)p = Y-

i=1
We note that Y is of finite type and that X can be regarded as a full right Hilbert B-
module of finite type in the sense of Kajiwara and Watatani [4]. Let Bp(Y) be the
C*-algebra of all right D-linear operators on Y for which has a right adjoint D-linear
operator on Y. Let C = Bp(Y). For any x,y € Y, let 9};}, be the rank-one operator on Y
defined by

0/, = x- (3,

for any z € Y. Then QJ’Z , 1s a right D-module operator. Hence 9}2), € Cforany x,y€Y.
Since D is unital, by [4, Lemma 1.7], C is the C*-algebra of all linear spans of such Qf’y.
Let Ay be the linear spans of the set {6} | x,y € X}. By the assumptions, 3., 67 . = 1y.
Hence A is a x-algebra. Let A be the closure of Ag in Bp(Y). Then A is a unital C*-
subalgebra of C. Let Bg(X) be the C*-algebra defined in the same way as above. Let &
be the map from B(X) to A defined by 7(6Y ) = 6} , where x,y € X and 67 is the rank-
one operator on X defined as above. Then clearly 7 is injective and 7(Bg(X)) = Ayp.

Thus Ay is closed and Ay = A.

Lemma 3.1. With the above notation and assumptions, the inclusion A C C is unital
and strongly Morita equivalent to the unital inclusion B C D with respect to Y and its
closed subspace X.

Proor. By the above discussions, the inclusion A ¢ C is unital. Clearly A and B
are strongly Morita equivalent with respect to X, and C and D are strongly Morita
equivalent with respect to Y. For any x,y,z €Y,

00, =x-(y,2p=x- <Z X; - <XiJ>D,Z>D = Z x -y, %) p{Xis 2)p

i=1 i=1

n

_ Y

- Z O[X'<vai>D]sxi (@)
i=1

Since x; € X, [x- (y,x)ple Y fori=1,2,...,n, Hiy € (Y, X) for any x,y € Y. Thus

c(Y, X) = C. Therefore, A C C is strongly Morita equivalent to B C D with respect to
a C—D-equivalence bimodule Y and its closed subspace X. O

Furthermore, we suppose that there is a conditional expectation E? of Watatani
index-finite type from D onto B.
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DerniTion 3.2. Let EX be a linear map from Y onto X. We say that EX is a right
conditional expectation from Y onto X with respect to E if EX satisfies the following
conditions:

(1) EX(x-d)=x-EB(d)foranyde D, x€ X;

(2) EX(y-b)=EX(y)-bforanybeB,ycY;

(3)  EP(y,x)p) = (E*(y),x)p forany x € X, y € Y.

Remark 3.3. (i) By Definition 3.2, we can see that E2((y, x)p) = (EX(y), x)p for any
xeX,yeY.

(i) EX is a projection of norm one from Y onto X. Indeed, by Raeburn and
William [7, proof of Lemma 2.8], forany y € Y,

IEXW)Il = sup{IKE* (), 2)5ll | lzll < 1,z € X}
= sup{llE® (v, p)Il | lzll < 1,z € X}
< supf{[[yllllzll |zl < 1,z € X}
= |yll.

Since EX(x) = x for any x € X, EX is a projection of norm one from Y onto X.

Lemma 3.4, With the same assumptions as in Lemma 3.1, we suppose that there is a
conditional expectation EB of Watatani index-finite type from D onto B. Then there is
a right conditional expectation EX from Y onto X with respect to E®.

Proor. Let EX be the linear map from Y to X defined by

(EX(), )8 = E*((y, X)p)

for any x € X, y e Y. We show that conditions (1) and (2) in Definition 3.2 hold.
Indeed, for any x,y € X, d € D,

(3 EX(x - d)yp = EP((y, x - d)p) = E*((y, x)pd) = (v, X)sE”(d) = (y, x - E*(d))3.
Hence EX(x-d) = x- EB(d) forany x€ X,d € D. Foranyb€ B,y Y, x€ X,
(x, EX(y - b))g = EP((x,y - b)p) = E°({x, y)pb) = E*((x,y)p)b
= (x, EX(3))b = (x, EX(y) - b)3.
Hence EX(y-b) = EX(y)-bforany ye Y, b € B. O

Lemma 3.5. Let A € C and B C D be unital inclusions of unital C*-algebras, which
are strongly Morita equivalent with respect to a C—D-equivalence bimodule Y and its
closed subspace X. Let EB be a conditional expectation of Watatani index-finite type
from D onto B, and EX a right conditional expectation from Y onto X with respect to
EB. Thenforanya€ A, yeY, EX(a-y)=a- EX(y).
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Proor. Since X is full with the left A-valued inner product, it suffices to show that
EX(4(x,2) - y) = a(x,2) - EX(9)
for any x,z € X, y € Y. Indeed,
E*(4(x,2) - y) = EX(x - (z,y)p) = x- E’((z,y)p) = x - (z, EX ()3
= a(x,2) - EX(9). o
ProrosiTiON 3.6. With the same assumptions as in Lemma 3.5, there is a conditional

expectation E* from C onto A such that EX is a conditional expectation from Y onto X
with respect to E* and E5.

Proor. Let E be the linear map from C onto A defined by
EAe)-x=EX(c-x)

for any ¢ € C, x € X. First, we note that the conditions in Definition 2.4 except for
condition (3) hold by the assumptions and Lemma 3.5. We show that condition (3) in
Definition 2.4 holds. Indeed for any x,z€ X,y €Y,

EYNe(y,x)) - 2= EX(c(y, x) - 2) = EX(y - (x,2)8) = EX(y) - (x,2)p = c(EX (), %) - 2.

Hence for any x € X, y € ¥, EA(c(y, x)) = c(E*(y), x). Next, we show that E4 is a
conditional expectation from C onto A. Forany a € A, x € X,

E*a) - x=EX(a-x)=a-EX(x)=a - x
by Lemma 3.5. Hence E*(a) = aforanya € A. Forany c € C, x € X,
IEA() - xll = 1IEX(c - 2)ll < lle - xl| < llell l1x]|

by Remark 3.3(ii). Hence ||E“|| = 1 since E4(a) = a for any a € A. Thus E* is a
projection of norm one from C onto A. It follows by Tomiyama [9, Theorem 1] that
E* is a conditional expectation from C onto A. Therefore, we obtain the conclusion. O

Let B ¢ D be a unital inclusion of unital C*-algebras and let Y be a full right Hilbert
D-module and X its closed subspace satisfying conditions (1)—(3) at the beginning of
this section. We suppose that there is a conditional expectation E? of Watatani index-
finite type from D onto B. Let C = Bp(Y) and let A be the C*-subalgebra, the linear
spans of the set {9){ y 1 %,y € X}. Then by Lemmas 3.1-3.5 and Proposition 3.6, there
are a conditional expectation EX from Y onto X and a conditional expectation E* from
C onto A such that EX is a conditional expectation from Y onto X with respect to E4
and EB. We note that a conditional expectation E* is dependent only on E? and EX by
condition (3) in Definition 2.4. Hence by Theorem 2.9, E* is of Watatani index-finite
type. Thus we obtain the following corollary.

CoroLrLARY 3.7. With the same notation as in Proposition 3.6, a conditional
expectation E* from C onto A defined in Proposition 3.6 is of Watatani index-finite

type.

Combining the above results, we obtain the following theorem.
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TueorREM 3.8. Let B C D be a unital inclusion of unital C*-algebras and let Y be a full
right Hilbert D-module and X its closed subspace satisfying conditions (1)—(3) at the
beginning of this section. Let E® be a conditional expectation of Watatani index-finite
type from D onto B. Let C = Bp(Y) and let A be the C*-subalgebra, the linear spans
of the set {6) | x,y € X). Then there are a conditional expectation E* of Watatani
index-finite type from C onto A and a conditional expectation EX from Y onto X with
respect to EA and E5.

REmMARK 3.9. (i) In the same way as in Definition 3.2, we can define a left conditional
expectation in the following situation. Let A C C be a unital inclusion of unital C*-
algebras and let Y be a full left Hilbert C-module and X its closed subspace satisfying
the following conditions:

(1) a-xeX,c{x,yyeAforanyaecA, x,yeX;
2) X X)=A, (¥, X)=C;
(3) there is a finite set {x;}7_, C ¥ such that forany y € ¥,

n
Z ¥ xi) - xi = y.
i=1
We note that Y is of finite type and that X can be regarded as a full left Hilbert A-
module of finite type in the sense of Kajiwara and Watatani [4].
(ii) A conditional expectation from an equivalence onto its closed subspace in
Definition 2.4 is a left and right conditional expectation.
(iii) We have the results on a left conditional expectation similar to the above.

4. Examples

In this section, we shall give two examples of conditional expectations from
equivalence bimodules onto their closed subspaces.

First, let A and B be unital C*-algebras which are strongly Morita equivalent with
respect to an A—B-equivalence bimodule X. Let H be a finite-dimensional C*-Hopf
algebra with its dual C*-Hopf algebra H". Let p and o~ be coactions of H on A and B,
respectively. We suppose that p and o are strongly Morita equivalent with respect to a
coaction A of H” on X, that is, (A, B, X, p, o, A, H°) is a covariant system (see [5]). We
use the same notation as in [5]. Let

C=Ax,H, D=Bx,H

be crossed products of C*-algebras A and B by the actions of the finite-dimensional
C*-Hopf algebra H induced by p and o, respectively. Also, let Y = X =, H be the
crossed product of an A—B-equivalence bimodule X by the action of H induced by
A. Then by [5, Corollary 4.7], Y is a C—D-equivalence bimodule and C and D are
strongly Morita equivalent with respect to Y. Easy computations show that the unital
inclusions A ¢ C and B C D are strongly Morita equivalent with respect to Y and its
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closed subspace X. Indeed, it suffices to show that (X, Y) = C and (X, Y)p = D since
the other conditions in Definition 2.1 clearly hold. For any x,y € X, h € H,

x> 1, (1> h)*(y > 1)) = (1= h)* ey = 1, x=, 1)
= o Ly > D(1 >, h) = 40, y) >4 h.

Hence (X, Y) = C. Also,
(x> 1,y = hyp = (x,y)p <, h.

Thus (X, Y)p = D.
Let E‘]’ and ET be the canonical conditional expectations from A =, H and B =, H
onto A and B defined by

Ef(a>, h) =1(h)a, E{(b>gh)=1(h)b,

forany a € A, b € B, h € H, respectively, where 7 is the Haar trace on H. Let Ef be the
linear map from X >, H onto X defined by

El(x >y h) = (h)x
foranyxe X, he H.

Proposition 4.1. With the above notation, Ef is a conditional expectation from X >, H
onto X with respect to E* and E®.

Proor. Let X, Y and Ef be as above. We claim that E‘l’ S E‘lr and Ef satisfy conditions
(1)—(6) in Definition 2.4. Indeed, we make the following computations.
(1) Foranyae A, xe X,he H,

Ef((@xp, h) - (x> 1)) = E{(a- [hay 2 x] % hey)
=a-xt(h)>y1=E(ax,h)- (x>, 1).

(2)ForanyaeA,xeX,he H,
El(axy 1) (x> ) = EXa- x> hy = (hya- x>, 1 = (a, 1) - EXx e h).
(3) Forany x,ye X, he H,

EN(c(y > b, x>0 1)) = EV(a(y, [S (hay)" - x1) >4 h2y)
=4, [S(ha))" -2 xD1(h2)
= A, T()x) = A(E{(y >0 h), x).

(4)Foranybe B,xe X,he H,

E{((x > 1) (b5 1) = E{(x b=y h) = 7()(x - b=y 1) = (x4 1) - ET (b > h).
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(S)Foranybe B,xe X,he H,
E{((x=a h) - (b, 1) = E{(x - [hqy "o bl %3 hy) = x - br(h) =, 1
= Ef(x =) h) - (b, 1).
(6) Forany x,ye X, he H,

ET((y > h, x> )p) = ET () o (3, X)B] %5 hy3)
= (W), X)p = (E}(y >4 h), x >4 1.

Therefore, we obtain the conclusion. O

We shall give another example. Let A C B be a unital inclusion of unital C*-algebras
and let F be a conditional expectation of Watatani index-finite type from B onto A. Let
f be the Jones projection and B; the C*-basic construction for F. Let F be its dual
conditional expectation from B; onto B. Let f; be the Jones projection and B, the
C*-basic construction for F. Let F, be the dual conditional expectation of F| from B,
onto B;. Then A is strongly Morita equivalent to By and B is strongly Morita equivalent
to B, by Watatani [10]. Since F and F are of Watatani index-finite type, B and B; can
be equivalence bimodules, that is, B can be regarded as a Bj—A-equivalence bimodule
as follows: forany a € A, x,y,z € B,

By =xfy", (oya=F&'y), xfy-z=xF(yz), x-a=xa.

Also, B can be regarded as a B,—B-equivalence bimodule as follows: for any b € B,
X, ¥,z € By,

BNy =xf1y", (yp=F1(x"y), xfiy-z=xF1(yz), x-b=xb.

We denote by Indy (F) the Watatani index of a conditional expectation F from B onto
A. Also, let {(w;, w;)}_| be a quasi-basis for F.

Lemma 4.2. With the above notation, we suppose that Indy (F) € A. Then the inclusions
A C B and By C B; are strongly Morita equivalent.

Proor. Let 6 be the linear map from B to B defined by
0(x) = Indw(F)"*xf
for any x € B. Then for any a € A, x,y,z € B,
0(xfy 2+ a) = 0(xF(y2)a) = Indw(F)' *xF(y2)af = Indw(F)'*xF(y2) fa.
On the other hand, since Indw(F) e AN B,

n

xfy-0) - a = xfy-Indw(F)'zf -a = Y xfywifiw; - Indw(F)'Pzf -
i=1

= xfyIndy(F)"?zfa = xF(yIndw(F)""*2) fa = Indw(F)"*xF (y2) fa.
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Thus 6 is a Bj—A-bimodule map. Furthermore, for any x,y € B,
(60x), 000 = F1(6(x)'6()) = F1((Indw(F)'"*xf)* (Indw(F)'?y )
= Indw(F)F1(fx"yf) = Indw(F)F\(F(x*y)f) = F(x"y)
= (.X, y>A,
B,{0(x), 0(y)) = 0(x) /16(»)" = Indw(F)xffify" = xfy" = p,(x, )

by [10, Lemma 2.3.5]. Thus we regard B as a closed subspace of the B,—B-equivalence
bimodule B; by the map 6. In order to obtain the conclusion, it suffices to show that
8,{B, B1) = By and (B, B;)p = B since the other conditions in Definition 2.1 clearly
hold. Let x,y,z € B. Then

4%, 3f2) = 5,40). yf2) = ,{Indw(F)'"xf,yf2) = Indw(F)'*xf fiz" fy".
Since fiz" = 2" fi, 5,{B, B1) = B,. Also,
(x.yf2)p = (0(x), yf2)p = (Indw(F)"*xf,yf2)p = F1(Indw(F)'"* fx"y f2)
= Fy(Indw(F)"*F(x"y) f2) = Indw(F)""?F(x"y)z.
Hence (B, B, ) = B. Therefore, we obtain the conclusion. O

Prorosition 4.3. With the above notation, we regard B as a closed subspace of B, by
the linear map 6 defined in Lemma 4.2 and we suppose that Indy (F) € A. Then there
is a conditional expectation G from By onto B with respect to F and F».

Proor. Let G be the linear map from B; onto B defined by

G(xfy) = xF(y)f = 6(Indw(F)""*xF (y))

for any x, y € B, where we identify 8(Indy(F)~'/>xF(y)) with Indy(F)~'/2xF(y). By
routine computations, we can see that G satisfies conditions (1)—(6) in Definition 2.4.
Indeed, we make the following computations.

(1) For any x| = afb, y1 = dlfbl € By, a, b,(ll, b] € Bandz € B,

G(x1fiy1 - 02)) = G(xi fiyr - Indw(F)'2zf) = G(x1 F1 (v Indw(F)' %z £))

= G(afbFi(a) fbiIndy(F)'*zf))

= G(Indw(F)'*afbF (a1 F(b12)[))

= Indw(F)"?aF (ba, F (b)) f

= Indw(F)""?aF (ba\)F(b:2)f.

On the other hand,
Fy(x1fiy) -z = Indw(F) ' x1y; - 2 = Indw(F) ™' afbay fb; - z
= Indw(F)™'aF(ba))fb; - z = Indw(F) ™' aF (ba)F(b;2).

Since we identify O(Indy(F)'aF(ba,)F(bz)) with Indy(F)"'?aF (ba,)F(b,z)f, we
can see that G satisfies condition (1) in Definition 2.4.
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(2) For any a,b, x,y € B,
Glafb - xfy) = Glafbx[y) = G(aF(bx)fy) = 6(Indw(F)™2aF (bx)F(y)).
On the other hand,

afb - G(xfy) = afb - Indw(F)"*xF(y) = aF(bIndw(F)"'*xF (y))
= Indy(F)"2aF (bx)F(y).

Thus G satisfies condition (2) in Definition 2.4.
(3) For any x,y,z € B,

B {G(XfY), 02)) = p,(xF () f, Indw(F)'?zf) = Indw(F)"'*xF () fz".
On the other hand,

Fa(p,{xf,0(2))) = Fa(g,{xfy, Indw(F)'?2£)) = Fa(xfyfi fz Indw(F)"?)
= Indw(F) " 2xfyfz* = Indw(F) ' ?xF(y)fz".

Thus G satisfies condition (4) in Definition 2.4.
(4) For any b,z € B,

G(0(z) - b) = G(Indw(F)"*zf - b) = G(Indw (F)"*zfb) = Indy(F)'?zF (b)f.
On the other hand,
0(z) - F(b) = Indw(F)'"*2fF(b) = Indy (F)'*zF (b)f.

Thus G satisfies condition (4) in Definition 2.4.
(5) Foranya € A, x,y € B,

G(a- xfy) = Glaxfy) = axF(y)f = a- G(xfy).

Thus G satisfies condition (5) in Definition 2.4.
(6) For any x,y,z € B,

F(xfy,02))p) = F(F1(y* fx* Indw(F)"?zf)) = F(F\(y* F(x"2)Indw(F)"* £))
= Indy(F) ' ?F(y*F(x"2)) = Indw(F) > F(y")F(x"z).

On the other hand,

(G(xf),6(2))p = (XF) f, Indw(F)'*2 )5 = Indw (F)™ > F(y")F(x"2).

Thus G satisfies condition (6) in Definition 2.4. Therefore, we obtain the conclusion. O
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5. Linking algebras and conditional expectations

Let A ¢ C and B c D be unital inclusions of unital C*-algebras, which are strongly
Morita equivalent with respect to a C—D-equivalence bimodule Y and its closed
subspace X. We regard Y and X as a full right Hilbert D-module and its closed
subspace, respectively. Then Y and X satisfy the conditions at the beginning of
Section 3. We also note that the full right Hilbert D-module Y @ D and its closed
subspace X @ B satisfy conditions at the beginning of Section 3. Let Ly = Bg(X @ B)
and Ly = Bp(Y @ D). By Raeburn and Williams [7, Corollary 3.21], Ly and Ly
are isomorphic to the linking algebras induced by equivalence bimodules X and
Y, respectively. We denote the linking algebras by the same symbols Lx and Ly,
respectively. In the same way as in the proof of Brown, Green and Rieffel [1, Theorem
1.1], we obtain the following proposition.

Prorosition 5.1. Let A € C and B C D be unital inclusions of unital C*-algebras. Then
the inclusions A C C and B C D are strongly Morita equivalent if and only if there is a
unital inclusion of unital C*-algebras K C L and projections p and q in K satisfying:

(1) pKp=A, pLp=C;
(2) gKq=B, qLqg=D;
(3) KpK=KgqK=K,LpL=LgL=L p+q=1;.

We suppose that there is a conditional expectation E? of Watatani index-finite type
from D onto B. By Lemma 3.4, there is a right conditional expectation EX from ¥ onto
X with respect to EZ.

LemmMa 5.2. The linear map EX ® E® is a right conditional expectation from Y & D
onto X ® B with respect to E®.

Proor. We show that conditions (1)—(3) in Definition 3.2 hold.
(1)Forany xe X, b e B,d € D,

(EX®o E®)(x®b)-d) = (EX® E®)((x-d)® bd) = x - E>(d)® bE®(d) = (x® b) - E®(d).
(2)Foranybe B,yeY,d e D,
(EX@ EP)(y®d)-b) = (EX® E®)(y- b) @ db) = (EX(y) ®d) - b.
(3)Foranyxe X,be B,yeY,de D,

(EX® EBYy®d), x®byp = (EX(y) ® EB(d), x® b)p
=(EX(), x)p + E®(d)*D
= E*((y, x)p) + E®(d"D)
=EB((yed,x®b)p).

Therefore, conditions (1)—(3) in Definition 3.2 hold. O
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By Proposition 3.6 and Corollary 3.7, there is a conditional expectation EXX of
Watatani index-finite type from Ly onto Ly such that EX @ E® is a conditional
expectation from Y @ D onto X & B with respect to EXx and EB. Since we identify
Ly and Ly with the linking algebras induced by equivalence bimodules X and Y,
respectively, we obtain the following proposition.

Proposition 5.3. With the above notation, we can write
el fle x|) 2 EA(c) EX(x)
y d|) |EX(») EB(d)

for any element [% a4l € Ly, where for any z € X, we denote by 7 its corresponding
element in X, the dual Hilbert C*-bimodule of X.

Proor. Let 6,¢4 .07 be the rank-one operator on ¥ @ D induced by y® d,z® f € Y © D.
Then by Definition 2.4, for any x® b € X & B,
EY (Byoazof)  (x® b) = (EX @ EP)(By00.0/(x ® b))
=(E*oEh(yod- (z® f,.x®b)p)
=(EY@ E")y®d - ((z.x)p + D))
= EX(y- (&, x)p + f*D) ® E?(d((z, X)p + [*D)).

On the other hand, since we identify Ly and Ly with the linking algebras induced by
X and Y, respectively, by the proof of [7, Corollary 3.21], we regard 6ygq e, as an

element [Cz%’f 4 yd]{ ] Then

[EA(dy, ) EX(- f")} [x] _ [EA(c<y, D) x+EX(y- f)- b]
b

EXGz-d*)  EB@f) ||b| " | (EXG@-d*),x)p + EBdf*)b

_[EX(ci2) - x+y- fb)
T |E(z-d*, x)p + df*b)
= ELX(gysBd,zer) “(x@b).

Therefore, we obtain the conclusion. |

Lemma 5.4. With the above notation, let {(u;, u?)}!_ | and {(v;, \{’;.)}’;L=1 be any quasi-bases
for E* and E®, respectively. Then for any y € Y,
m n
y= ZEX(y-vj)-v; = Zui CEX(ul - y).
= i=1

Proor. By the discussions in Section 2, we may assume that

B=pMi(A)p, D=pM(Cp, X=(1® )M (Ap, Y= )M (C)p,
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where k is a positive integer,

10 ... 0
00 ..0
U
00 ... 0],

and p is a full projection in My(A). Furthermore, we regard X and Y as an A—pM(A)p-
equivalence bimodule and a C—pM;(C)p-equivalence bimodule in the usual way. Also,
we can suppose that

EB = (E* @ idy,c)lpmcrps  EX = (E* ® idu, )l cps
respectively. Let {(u;, )}, be any quasi-basis for E*. For any c € C, h € My(C),

n n

S E¥p (1@ e®hp) = Y ;- (B @ idu, )} ® e ® hp)

i=1 i=1

= > wi- (E"ujc)® fhyp
i=1

= > wE ujc)® fhyp
i=1

= D (c® fp=(18 f)cohp.
i=1

Replacing the left-hand side by the right-hand side, in a similar way to the above, we
can obtain the other equation. O

Lemwma 5.5. With the above notation, for any y € Y,
Indy(E*) -y = y - Indy(E®).
Proor. By Lemma 5.4, forany y € Y,
Z wi - EXu; -y vj) - V= Zy RUIERE Indy (E?).
bJj J
Similarly,
Z wi- EX} -y -v)) v = Indy(EY) - .
Lj
Hence, we obtain the conclusion. O

CoRrOLLARY 5.6. With the above notation,

{ls 21 21)

A
is a quasi-basis for EX* and Indy(EX) = [Ind%(E . du?( EB)]'

i=1,2,...,n,j=1,2,...,m}
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Proor. By Lemma 5.4 and routine computations, we can see that

{ls s 2

is a quasi-basis for ELx. Hence by the definition of Watatani index, we can see that

Indy (EA 0
Indy/(ELx) = [ w >IndW(E,,)]. o

i=1,2,...,n,j=1,2,...,m}

6. The upward basic construction

Let A ¢ C and B C D be unital inclusions of unital C*-algebras, which are strongly
Morita equivalent with respect to a C—D-equivalence bimodule Y and its closed
subspace X. We suppose that there are conditional expectations EA and E? from C
and D onto A and B, which are of Watatani index-finite type, respectively. Also, we
suppose that there is a conditional expectation EX from Y onto X with respect to E4
and E®. Let ¢4 and ep be the Jones projections for E4 and E5, respectively and let C;
and D; be the C*-basic constructions for E4 and E?, respectively. We regard C and D
as a C;—A-equivalence bimodule and a D;—B-equivalence bimodule in the same way
as in Section 4. Let _

Y1 =C®s X®pD,
where D is the dual equivalence bimodule of D, a B—D;-equivalence bimodule. Clearly
Y; is a C;—D;-equivalence bimodule. Let EY be the linear map from Y; to Y defined
by
EV(c®x®d) =Indw(EN ¢ x-d*

forany c € C,d € D, x € X. Then EY is clearly well defined. For any y € Y,

n n
EY( Z w; ® EX(u} - y) ®T) = Z Indw(EY)w; - EX(u} - y) = Indyw(E*) ™" -y
i=1 i=1
by Lemma 5.4. Hence E? is surjective. Also, we note that
E'(c®x®d) = Indw(EY) "¢ - x-d" = c- x - d*Indy(EE)™!

forany ce C, de€ D, x € X by Lemma 5.5. Let ¢ be the linear map from Y to Y
defined by
() = Zui®EX(u;‘ Y V) ®V;
b
foranyyeY.

Lemma 6.1. With the above notation, we have the following conditions: for any c € C,
deD,y,zeY,

(1) ¢lc-y)=c-90);
2 ¢@&-d)=¢@)-d;
3 (PO, 9(@) =y, 25
@) (o), d(@)p, = ¥, DD
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Proor. Letce C,d e D,y,z€ Y. Then

olc-y) = Zu; ®EX(u?c-y V)®V; = Zui ®EX(EA(ul’-‘cuk)u,*< Y V)@V

iy ik

= Z wEA(uf cuy) ® EX(uZ Y V)®V; = Z cu; ® EX(u,’: Y V) ®V;
ik K

=c- ().

Hence we obtain condition (1). In a similar way to the above, we can obtain condition
(2). Next we show conditions (3) and (4):

{900, $(@) = Y ¢ ® X} -y -v)) ® T, ue ® EX(u -2 v) @ 7))

i,j.k,l

= > wialE @ -y - v) @7, EX (g - 2 vi) @ W), i)
i,j.k,l

= > uialE* @} -y v @5, EX (g - 2 v) @ ey
i,j.k,l

= > wialE¥ @] -y v)) - vy vidm, X - 2 v)eatsy
i,j.k,l

= > wialEX ) -y v)) - EP0v), By - 2 w)ears;
i,j.k,l

= > wialE¥ @] -y - v;EPOv)), EX (- 2 viears
i,j.k,l

= > wialEN @} -y v, EX Gy - 2 vears;
ikl

_ A * X/ % *

= ZuiE (cCui -y - vi, EZ(uy - 2+ vi)))eauy,
ikl

_ Ao X/ % *

= ZuiE (i cCy - vi, E (- 2 - vi)))eauy
ikl

= Z oy - vi, EX(u} - 7 vi)Yeau;
]

= Z v EXu - 2+ vp) - v)Yeau
]

= Z v, uy - ety
%

= Z oy Dukeau
%

= C(}%Z>-

Hence we obtain condition (3). We obtain condition (4) in a similar manner. O
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By the above lemma, we can identify Y with a closed subspace of Y satisfying
conditions (1), (2) in Definition 2.1 except for the conditions that (Y, Y) = C and
Y1,Y)p=D.

Lemma 6.2. With the above notation, we identify Y with a closed subspace of Y| by the
linear map ¢. Then ¢,(Y1,Y) = Cy and (Y,,Y)p, = D;.

ProoE. Let c® x®d € Yy and y € Y. Since ¢(y) = Zi,ju,-®EX(uj.‘ Y V) ®vj,

c(c®x8d,¢()) = Y clc@®x8du;® EXW} -y - v) @)

i

= Zc]<c-A<x®iEx(u? Y V) ® Vi), U
i

= cles alx EB@ V), EX@ -y - v)), u)
i

=" ealx EB@'v)), EXw} -y - v))eat;
i

= Z ceapix - EB(d*vj),EX(uf Sy vl
i

= Z ceac{x - EB(d*v)),u; - E(u} -y - v)))
i

= Z ceac{x - EP(dv)),y - v})
7

D ceactx EPdv)vi,.y)
7
ceac{x-d",y) = ceac{x,y - d).

Since (X, Y) = C, we obtain that ¢, (Y1, Y) = Cy. Also, since (X, Y)p = D, we obtain
that (Y1, Y)p, = D, in the same way as above. O

By Lemmas 6.1 and 6.2, we obtain the following corollary.

CoroLLARY 6.3. With the above notation, the inclusions C C C; and D C D, are
strongly Morita equivalent with respect to the C\—D;-equivalence bimodule Y| and
its closed subspace Y.

Let E€ and EP be the dual conditional expectations of E4 and E?, respectively.

Lemma 6.4. With the above notation, EY is a conditional expectation from Y| onto Y
with respect to E€ and EP.

Proor. We show that conditions (1)—(6) in Definition 2.4 hold. Note that we identify
Y with ¢(Y) C Y.
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(1) Forany cy,co€C,y€e?,
E'(cieacs-y) = ) E¥(creacs ui ® EX(uf -y - v)) © 7))
LJ
= > EY(ciEMNeou) ® EXuf -y - v)) @7
ij
= Z Indw(EY) 1 E*couy) - EX(u} -y - Vi) v
iJ
= Indw(E*")"cic3 -y = ES(creacy) - y.
(2)Forany c¢y,c, € C,xeX,de D,
EY(ci -2 ® x®c7) =EY(cic, ® x®67) =Indw(EY 'cicr - x - d*
= -EY(cz®x®47).
(3) By the proof of Lemma 6.2, forany ce C,de D, xe X,y€Y,
ES(c/c®x®d,y)) = Indw(EN) ce(x-d,y)
= Indw(EY) ' c(c-x-d".y) = ¢ (E (c®x® d). y).
(4) By Lemma 5.5, we can see that
E'(y-diegds) = y - EP(depdy)

for any dy,d, € D, y € Y in the same way as in the proof of condition (1).
(5) In the same way as in the proof of condition (2), we can see that

E'cox®d -d)=E'(cox®d) d

forany ce C,d|,d, € D, x € X.
(6) By Lemma 5.5 we can see that

E*((c®x®d,y)p, = (E"c®x®d),y)p,
forany ce C,d € D, x € X, y € Y. Therefore we obtain the conclusion. O

DeriniTioN 6.5. In the above situation, Y is called the upward basic construction of Y
for EX. Also, EY is called the dual conditional expectation of EX.

ReMark 6.6. The linear map ¢ from Y to Y; defined in the above is independent of
the choice of quasi-bases {(u;, «;)} and {(v;, v;.)} for E4 and E®, respectively. Indeed,
let {(w;, w))} and {(z;, zj.)} be another pair of quasi-bases for E4 and E2, respectively.
Then forany y € Y,
Z w; ® EX(WZ-‘ yZ)®Z; = Z ukEA(u,’:wi) ® EX(w:-‘ Y ZH® [V]EB(V7Zj)T
i ikl
= Z U ® EX(EA(u,twi)wjf YV zZ)H® EB(ZjVI) -V
ikl

https://doi.org/10.1017/51446788717000301 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788717000301

[25] Strong Morita equivalence for inclusions of C*-algebras 127
= Z U ® EX(uZ -y- ZjEB(Z;V[)) ®V;
Jkl

= Zuk®EX(uZ Y V) @V = ().
]

Next, we shall show that the upward basic construction for equivalence bimodules
is unique in a certain sense.

Let A ¢ C and B C D be unital inclusions of unital C*-algebras as above. Also, let
EA,EB EX and C,, D; be as above.

Lemma 6.7. With the above notation, Indy(E*) € A if and only if Indw(E®?) € B.

Proor. We assume that Indy (E4) € A. By the discussions before Lemma 2.8, we may
assume that

B=pM(A)p, D=pM(C)p, EPE*®idy,c)lpmcps
where k € N and p is a projection in My(A) satisfying M(A)pMi(A) = M(A) and
M (C)pM(C) = M (C). Then by the discussions before Lemma 2.8,
Indyw(E®) = (Indyw(E*) ® L) p.

Since Indy (E*) € A, Indw(E®) € pM(A)p = B. Thus, we obtain the conclusion. O

Let W be a C;—D;-equivalence bimodule. We suppose that Indy(E*) € A. Then
Indw(E®) € B by Lemma 6.7. Also, we suppose that Y is included in W as its closed
subspace and that the inclusions C € C; and D C D; are strongly Morita equivalent
with respect to W and its closed subspace Y. Furthermore, we suppose that there is a
conditional expectation F¥ from W onto ¥ with respect to E€ and EP satisfying

F¥(ea -y - ep) = Indw(EY)™" - EX(y) (%)

for any y € Y, where e4 and e are the Jones projections for E4 and E?, respectively.
Note that in Lemma 6.10, we shall show that the conditional expectation EY from Y,
onto Y with respect to E€ and EP satisfies

E¥(es -y - ep) = Indyw(EY)™" - EX(y)

for any y € Y. We show that there is a C;—D;-equivalence bimodule isomorphism 6
from W onto Y; such that
F'=E"o0.
Let {(u;, u7)} | and {(v;, V;')}szl be quasi-bases for E4 and EB, respectively and let
{(wi, w)YL | and {(z;, Zj.)};.":l be their dual quasi-bases for EC and EP defined by
wi = wieaIndyw(EM',(i=1,2,...,n),

z; = viepIndw(E®)'2,(j = 1,2,...,m),

https://doi.org/10.1017/51446788717000301 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788717000301

128 K. Kodaka and T. Teruya [26]

respectively. Let 8 be the map from W to Y defined by
6(y) = Indw(E*) Z u; ® EX(F (equ -y - vjeg)) ® V;
]
= > uwi® EX(F"(eaus; -y - vjen)) ® 7; - Indyy (E”)
ij
for any y € W. Clearly 6 is a linear map from W to Y.

Lemma 6.8. With the above notation, for any ci,c; € C, dy,dy e Dandy e W,
O(creacs - y) = creacy - 0(y), O(y-diepdr) = O(y) - diepds.
Proor. For any c¢j,c, e Candye W,

Bcieacs - y) = Tndw(E") )" u; @ EX(FY(E*(ujci)eacs - y - vjes) ® 7;

iJ
= Indy(E") Z wEAuic)) ® EX(FY(eaca -y - vjen) ® v

iJ
= Indw(E?) Z c1® EX(FY(eAEA(czu,-)uf Y- Vvjep)) ®V;

iJ
= Indw(E?) Z crescr - U @ EX(FY(eAu:f Y- vjep) ®V;

iJ

=creacs - 0(y).
Similarly, we can see that 6(y - diepdy) = 6(y) - d1epd, for any dy,d, € D and y € W.
Therefore, we obtain the conclusion. O

Lemma 6.9. With the above notation, 6 is surjective.

Proor. By Lemma 6.8 and condition (), for any c € C,d € D and x € X,

O(cey - x-epd™) = cey - O(x) - epd”
= ZceA w @ EX(u} - x-v)®V; - epd”
Lj
= ZC@EX(EA(ui)uf - X vjEB(v;))®J= c®x®d.
]
Hence 6 is surjective. O

Next, we show that 6 preserves both inner products.
Lemma 6.10. Foranyy €Y,

en-y-eg=en () ep=es EX(y) = EX(y) - es,
E"(ea-y-ep) =Indw(A)™" - E*(y) = EX(y) - Indy(B) "
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Proor. Foranyy €Y,
e 'y-eB:eA'Zui@)EX(uf Y-V ®Vj-ep
Lj
- Z 1® EX(E -y -v;EP(v) @ 1= 10 EX() ® L.
bJj
Also, by similar computations to the above, forany y € Y,

ea-EX(y) = ex- $(EX() = EX(y)-ep = 1 @ EX(y)® 1.

Furthermore,
E"(en-y-ep) = E'(es- EX(y)) = E(ea) - EX(y)
=Indy(A)™" - EX(y) = E*(y) - Indy(B)""'
by Lemma 5.5. Thus, we obtain the conclusion. O

Lemma 6.11. With the above notation, 0 preserves both inner products.

Proor. Let y;,y, € W. Then
00) = Indw(E) )" u; @ 0 @7, 6(32) = Indw(EY) )\ i, ® x: ® 77,
i,j i1
where
x1 = EX(F¥(eats] - y1 - vjep)), xp= EX(FY(eAMf1 “¥2-Vvjep)).

Hence by Lemma 6.10,

{001, 6(y2))

= IndW(EA)2 Z ol (U; ® x1 ® ‘,).j’ U, ®x ® \7)
i, Jsi1sJ1

= Indw(EY) ) ¢ (ialn & 7, 50 ® 7))
i, Jsi1sJ1

= Indw(E*)? Z o (uialxr - Vi, Vi), X2), i)
i1

= Indy(E*)? Z i uialxr - (vj, v} Y, X2), i)
i, o1, j1

= Indw(EYY? Y o Gualrn - EBiv), 300, )
i»j’ila/.]

=TIndw(E"Y > weasixs - EX(iv;), xohu,
i, Jhi1sJ1

= Indy (E*)?

X " wieaslEX(FY (equ; - y1 - v ep)), EX(F¥ (eat;, - y2 - vj,en)u,

i,i1,]1
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= Indy (E*)?
Y * Y * *
X Z uic,{ea - F'(eau; - y1-vjep)-ep,ea- F (eau; - y2-vjep)-epu;
[RI
Indy (E*)?

Y Y
X Z c(uiea - F (eautj - yy - vjep) - ep, uiex - F~ (eatt; - y2-vj ep) - ep)

Li1sJ1

Z o wi - FY (W} - y1 - vjep) - ep, wi, 'FY(W?l Y2+ Vjep)-ep)
Li,J1
= Z oy -vjes,y-vjep) = Z oy eV, y2) = ¢, (1. y2)-
Ji J
Also, by Lemma 6.10, we can see that (6(y;), 0(y2))p, = {¥1,¥2)p, in the same way as
in the above. Therefore, we obtain the conclusion. O

Prorosition 6.12. With the above notation, 0 is a C\—D;-equivalence bimodule
isomorphism from W onto Y, such that F¥ = EY o 6.

Proor. By Lemmas 6.8, 6.9 and 6.11, we have only to show that F¥ = EY o 4. For any

yew,
Y _ X Y * %
(E" 0 0)(y) = > - EX(F (eats] -y - vien)) - v
LJ
= Indw(E?) Z u;- F¥(ea - F¥(eaus -y - vjep) - ep)- v
ij
= Indw(E?) Z FY(ujey - FY(eAu;k -y -vjeg) - erj»)
i.J
= Indw(E)™" > F¥(wi- FY W} -y 2)) - 2))
ij
= Indw(EY™" Y F¥(y-2;2)
J
=F'()
by condition (x) and Lemma 5.5. Therefore, we obtain the conclusion. O

Summing up the above discussions, we obtain the following theorem.

THEOREM 0.13. Let A C C and B C D be unital inclusions of unital C*-algebras. Let
E* and E® be conditional expectations from C and D onto A and B of Watatani index-
finite type, respectively. Let EX be a conditional expectation from Y onto X with respect
to EA and EB. Let C| and D, be the C*-basic constructions and e, and eg the Jones
projections for E* and Ep, respectively. We suppose that the Watatani index, Indy (E*)
is in A. Let W be a Ci—Di-equivalence bimodule satisfying that Y is included in W
as its closed subspace and that the inclusions C C Cy and D C D, are strongly Morita
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equivalent to with respect to W and its closed subspace Y. Also we suppose that there
is a conditional expectation FY from W onto Y with respect to E€ and EP satisfying

F¥(ea -y - ep) = Indw(E")™" - EX(y)

for any y € Y, where E€ and EP are the dual conditional expectations from C| and
Dy onto C and D for E* and E®, respectively. Then there is a C—D;-equivalence
bimodule isomorphism 6 from W onto Y, such that F¥ = E¥ o 0, where Y is the upward
basic construction of Y for EX and EY is the dual conditional expectation of EX.

7. Duality

In this section, we shall present a certain duality theorem for inclusions of
equivalence bimodules.

Let A ¢ C and B C D be unital inclusions of unital C*-algebras, which are strongly
Morita equivalent with respect to a C—D-equivalence bimodule Y and its closed
subspace X. Let E4 and E® be conditional expectations of Watatani index-finite type
from C and D onto A and B, respectively. Let EX be a conditional expectation from
Y onto X with respect to E4 and EB. Let C; and D; be the C*-basic constructions for
E* and E® and e4 and ep the Jones projections for E4 and EZ, respectively. Let Y| be
the upward basic construction for EX and let EC, EP and EY be the dual conditional
expectations from Cy, D; and Y; onto C, D and Y, respectively. Furthermore, let C,
and D, be the C*-basic constructions for E€ and EP, respectively, and ec and ep the
Jones projections for E€ and EP, respectively. Let Y, be the upward basic construction
for EY and let E€', EP' and E"" be the dual conditional expectations from C,, D, and
Y, onto Cy, D; and Yj, respectively. Let {(u;, u;“)}if: , and {(v;, v;.*)}f;l be quasi-bases for
E* and EB, respectively. We note that we can assume that k = k;.

We suppose that Indy(E?) € A.  Then Indyw(E®) € B by Lemma 5.5. By
Proposition 4.3, the inclusions C; € C; and A C C are strongly Morita equivalent
with respect to the C,—C-equivalence bimodule C| and its closed subspace C. Also,
there is a conditional expectation G from C; onto C with respect to E€ and E. Let
p=[E*ujuplf,_,. Then by the discussions in Section 2, p is a full projection in
M (A). Let ¥, be the map from C to My(A) defined by

We,(creact) = [EAwjen) EX (cu )]y
for any ¢y, c; € C. Then by the discussions in Section 2, ¥¢, is an isomorphism of C,
onto pMi(A)p. Let W, be the map from C, to My (C) defined by
We,(crecer) = [ESWe)EC(caw)]} -,
= [EC(Indw(E™)?equ;cr) E (Indw(E*)*cyuje,)]
= [Indw(E)E (eatsjc1) E (caujes)]

for any ¢y, ¢, € Cy, where {(w;, w)}_| is the quasi-basis for EC defined by w; =

Indy (E*)?ujes for i = 1,2,..., k. Then Y, is also an isomorphism of C, onto
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pM;(C)p. Furthermore, let ®¢ be the map from C to M(A) defined by
EA(uTc)
Dc(c) = :
EAujc)
for any ¢ € C, By the discussions in Section 2, ®¢ is a C;—A-equivalence bimodule

isomorphism of the C—A-equivalence bimodule C onto the pM;(A)p—A-equivalence
bimodule pM;(A)(1 ® f), where

1 0 0
0O 0 ... 0

f=1. . . . |eM(©
0O 0 ... 0

and we identify A and C; with A ® f and pM;(A)p, respectively. Let ®¢, be the map
from C; to My(C) defined by
E€(wic)
Oc,(0) =
EC(WZC)
for any ¢ € C. Then by the discussions in Section 2, @¢, is a C,—C-equivalence

bimodule isomorphism of the C,—C-equivalence bimodule C; onto the pM;(C)p—C-
equivalence bimodule pM;(C)(1 ® f), where

1 0 ... 0
0O 0 ... 0

f= oo € My (©)
0O 0 ... 0

and we identify C and C, with C® f and pMi(C)p, respectively. Thus, the
inclusion C; c C, can be identified with the inclusion pM;(A)p C pM(C)p, the
C,—A-equivalence bimodule C can be identified with the pM;(A)p—A-equivalence
bimodule pM;(A)(1 ® f) and E€ can be identified with (E4 ® id)| pM(4)p Dy the above
isomorphisms. Results similar to the above hold. Let g = [EB(v;."v.,-)]i."jzl. Then
q 1s a full projection in My(B). Then the inclusion D; C D, is identified with
the inclusion gM(B)q C gM(D)q, the D;—B-equivalence bimodule D is identified
with the gM;(B)g—B-equivalence bimodule gM;(B)(1 ® f), and EP is identified with
(E’ ® id)|ga,(B)g by the following isomorphisms. Let Wp, be the isomorphism of D,
onto gMy(B)q defined by

Wp,(diepd,) = [EB(V?dl)EB(dZVj)]ij:p
for any dy,d, € D. Let ¥p, be the isomorphism of D, onto gM;(D)q defined by

¥p,(diepds) = [EP(z/d))EP (daz)))k

i,j=1
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for any dy,d, € D,, where {(zi,Z;‘)}f:1 is the quasi-basis for EP defined by z; =
Indy(B)!/?v;ep for i =1,2,...,k. Furthermore, let ®, be the D;—B-equivalence
bimodule isomorphism of D onto gM(B)(1 ® f) defined by

EP(vid)
Dp(d) = :
ER(vid)

for any d € D, where we identify D; with gM(B)q. Let ®p, be the D,—D-equivalence
bimodule isomorphism of D; onto gM;(D)(1 ® f) defined by

EP(Z;d)
®p,(d) = :
ED(z,":d)
for any d € D, where we identify D, with gM;(D)q. Let Y| and Y, be the upward
basic constructions for EX and EY, respectively. By the definitions of ¥} and Y5,

Y1=C®AX®35, Y2=C1®CY®DE.

Then
Y1 = pMi(A)(1 ® f) ®1 X ®p (1 ® f[)Mi(B)g

as C—D;-equivalence bimodules where we identify pM;(A)p and gM;(B)q with C,
and Dy, respectively. We regard p - Mi(X) - g as a pM(A)p—qM(B)g-equivalence
bimodule in the usual way. Similarly,

Y, = pM(C)YA ® f)®c Y ®p (1 ® [)M(D)q

as Cp,—D»-equivalence bimodules, where we identify pM;(C)p and gMy(D)g are
identified with C;, and D, respectively.

LemMma 7.1. With the above notation,
PM (A1 ® ) ®4 X ®p (1 ® f)Mi(B)g = p- Mi(X) - q

as pMi(A)p—qMi(B)g-equivalence bimodules. Hence Y| = p - Mi(X) - q as C1—D;-
equivalence bimodules, where we identify pM(A)p and gMy(B)q with C| and Dy,
respectively.

Proor. We have only to show that
PM(A)A ® f)®4 X @5 (1® [)Mi(B)g = p - Mi(X) - q

as pM(A)p-gM(B)g-equivalence bimodules. Let @ be the map from pM;(A)(1 ®
R+ X®(1® f)Mi(B)gto p - Mi(X) - g defined by

Q(pa(1® f)®@ x®(1® fbg) = pa- (x® f) - bq
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for any a € My(A), b € My(B), x € X. Then it is clear that ® is well defined and a
pM(A) p—gM(B)g-bimodule. For any a,a; € M(A), b1, b, € My(B) and x1, x; € X,

pvap(par(1® f) @ x1 ® (1 ® f)big, pax(1 ® ) ® x2 ® (1 ® f)baq)
= pMap{Pai(1 ® f) - ax1 © (1 ® /)b1g, x2 ® (1 ® f)b2q), pas(1 ® f))
= o )pPaialx1 ® (1 ® fbiq, x2 ® (1 ® b2q) ® f, par(1 ® f))
= pai[a{x1 ® (1 ® fb1q,x2 ® (1 ® [brq) ® flasp
= pai[a{x1 - {1 ® f)b1g,(1 ® f)b2q), x2) ® flayp
= pai[a{x; - (1 ® f)bi1gby(1 ® ), x2) ® flasp.

On the other hand,
pmaypSpar - (x1 ® f) - biq, paz - (x1 ® f) - bag)

= pai(1® Huu{(x1 ® f) - biq, (x2 ® f) - brg)(1 ® fayp
= pai[alx1 - (1 ® fHbigh5(1 ® f), x2) ® fla;p.
Hence O preserves the left pM;(A)p-valued inner products. Also,

(pai(1® H@x1 @ ® fbi1q, par(1® )@ x @ (1 ® fHbag)gm. By
=(x1 ®(1® fb1q,{pai(1® f), par(1 ® s - x2 & (1 ® b2q)qr,(B)q
=(x1®(1® fbi1g,(1® fla;pa(1® f) - x2 ® (1 ® f)b2q)qm(B)g
=((1® Hbig,[{x1, (1 ® Naipa(1 ® f) - x2)8 ® f1b2q@)gm,(B)g
= gb1(1® fH{x1, (1 ® fajpa(1® f) - x2)p ® flbag
= gbi[{x1,(1 ® fHa|pax(1® f) - x2)p ® f1bag.

On the other hand,

(pai - (x1 ® f) - biq, paz - (x2® ) - b2g)qm,B)g
=gbi(1® f){pai - (x1 ® f), paz - (x2® u,3 (1 ® fbrg
= gbi[(x1, (1 ® fla]par(1® f) - x2)p ® flbagq.
k

Thus @ preserves the right gM;(B)g-valued inner products. Furthermore, let {f; j}ijzl
be a system of matrix units of M(C). Then since f = fi;, for any x € X and
Lj=1,2,...,k

pd®fi)®xede fig=pdefi)leflexe e )1 fijq
€ pM(A)1 ® f) @4 X @5 (1® f)Mi(B)q.

Then by the definition of p - My(X) - ¢, fori, j=1,2,...,k,

O(p(1® fi)®@x®@(1® fi)g)=p(1® fi1) - x®f)- (1 fij)g=p - (x® f;)- q.

This means that @ is surjective. Therefore, we obtain the conclusion. O
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CoroLLARY 7.2. With the above notation,
pM(C)A® [)®c Y ®p (1® f[)Mi(D)g=p- Mi(Y) - q

as pMy(C)p—gM(D)g-equivalence bimodules. Hence Y, = p - Mi(Y) - q as Cr—D>-
equivalence bimodules, where we identify pM(C)p and gM(D)q with C, and D,,
respectively.

Proor. This is immediate by Lemma 6.1. O

By the above discussions, we can obtain the C;—D;-equivalence bimodule
isomorphism @, from Y; onto p - M(Y) - g defined by

Di(c; ®y®dy) = [EC(Wjc1) y- EP(djz)If

for any c¢; € Cy, d) € Dy, y € Y, where we identify C; and D, with pM;(C)p and
gMi(D)q by the isomorphisms defined above, respectively. Also, we can obtain the
C-D-equivalence bimodule isomorphism ® from Y; onto p - M(X) - g defined by
D(c®x®d) = [E*ujc)- x- EP(dv)]

for any c € C, d € D, x € X, where we identify C and D with pM(A)p and gM;(B)q
by the isomorphisms defined above, respectively.

Let EP"M«X)q be the conditional expectation from p - My(Y) - g onto p - My(X) - q
defined by

EPMO = (BX @ iy (0)lparrg

with respect to conditional expectations induced by E4 ® idy,c) and E® ® idp,c).
Lemma 7.3. With the above notation, we have
EPMX)q 31 =doEN.

Proor. We can prove this lemma by routine computations. Indeed, for any ¢, € Cy,
d, € Dy, y € Y,

(EPMX 0 @))(cy @y @ dy) = EPMOUEC(Wie)) - y - EP(djz)If o))
= [EX(ES(wier) -y - EP(dzy)IE it
Let ¢; = creacs, c2,¢c3 € C and dy = dyepds, dr,d3 € D. We note that for any i, j =

1,2,...,k,
w; = wieaIndy(EM'2, z; = vjegIndw(E®)'/%.

Hence
[EX(E(wic1) -y - EP(dizp)f )
= [EX(E€(Indw (E*)' Pequjcreacs) - y - EP(dsepdyv jepIndy (EP) )],
= [EX(Indw(E*) 2 E*(ufca)es - y - d3EP(dyv Indw(EP) D)
= [Indw(EY)"PEAwjc2) - EX(c3 -y - d3) - EP(dyv )Indw (EP) 215,

ij=1
= Indy(EY) ' [EAWjcy) - EX(c3 - y - d3) - EP(dyv )],
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by Lemma 5.5. On the other hand,
E"(c; ®y®d)) = Indy(E*)c; - y-d} = Indw(EY) "¢, - ¢(3) -
= > Indw(EY o1 - @ EXuj -y - v)) @7; - d.
Lj
Since C1 = Cp€pC3 and dl = d263d3,
E'(cr@y@d) =) Indw(E) ' ;B (c3u) @ EX (] -y - v)) ® [ EP(dav )],
ij
Hence
(@0 EM)(c1 ®y®d))

= > Indy (BN [E W c BN esu) - E¥(u - y - v)) - EP(EP0d3)dvn) ey
iJ
= > Indw(EY) B @) BN esup) - EX@j -y - v)) - EP05d)EP (v,
iJ
= > Indw(EY) B @ ca) - EX(Ecsupu -y - viEP(5d3)) - EP( v,y
= I;jch(EA)‘l[EA(u;‘cz) EX(c3 -y - d3) - EX(d3va)]) ey
Therefore, we obtain the conclusion. |

TuEOREM 7.4. Let A C C and B C D be unital inclusions of unital C*-algebras, which
are strongly Morita equivalent with respect to a C—D-equivalence bimodule Y and its
closed subspace X. Let E* and E® be conditional expectations of Watatani index-finite
type from C and D onto A and B, respectively, and let EX be a conditional expectation
from Y onto X with respect to E* and EB. Let C,, D, and Y, be the C*-basic
constructions and the upward basic construction for EA, E® and EX, respectively.
Also, let E€, EP and EY be the dual conditional expectations from Cy, Dy and Y, onto
C, D and Y, respectively. Furthermore, in the same way as above, we define the C*-
basic constructions and the upward basic constructions C», D, and Y, for E€, EP and
EY, respectively, and we define the second dual conditional expectations E€', EP' and
EY1, respectively. Then there are a positive integer k and full projections p € My(A)
and g € My(B) with

pM(A)p = Cy, gMi(B)g = Dy,

pM(C)p = Cy,  gMi(D)q = Dy,
such that there are a C\~D-equivalence bimodule isomorphism ) of Y| onto p -
M (X) - g and a Cy—D;-equivalence bimodule isomorphism @ of Y, onto p - Mi(Y) - q

satisfying
EPMiX)q o 31 —DoEN

where EPM{X)4 s the conditional expectation from p - Mi(Y) - g onto p - Mi(X) - q
defined by
EPMC0T = (EX ® idygy 0)lp-aty(vrg-
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Proor. This is immediate by Lemmas 6.1 and 7.3 and Corollary 7.2. O

8. The downward basic construction

Let A c C and B c D be unital inclusions of unital C*-algebras which are strongly
Morita equivalent with respect to a C—D-equivalence bimodule Y and its closed
subspace X. Let EA and E® be conditional expectations of Watatani index-finite
type from C and D onto A and B, respectively. Let EX be a conditional expectation
from Y onto X with respect to E4 and EB. We suppose that Indy (E4) € A. Then by
Lemma 6.7, Indw(E®) € B. Also, we suppose that there are full projections p and g in
C and D satisfying

E*(p) = Indw(EY)™",  E®(g) = Indw(E™)™,
respectively. Then by [6, Proposition 2.6], we obtain the following. Let P = {p}' N A
and let E” be the conditional expectation from A onto P defined by
E”(a) = Indy(E*)E* (pap)
for any a € A. Similarly, let Q = {g}’ N B and let E€ be the conditional expectation
from B onto Q defined by
E9(b) = Indw(E®)E®(qbq)
for any b € B. Then Indy(E?) = Indy(E*) € PN C’ and Indy(E?) = Indy (E?) €
Q N D’. Furthermore, we can see that
ApA=C, BgqB=D,
pap = Ef(a), qbg = E9(b),
for any a € A and b € B. Also, the unital inclusions A € C and B C D can be regarded
as the C*-basic constructions of the unital inclusions P C A and Q C B, respectively.
In this section, we shall show that the unital inclusions P C A and Q C B are strongly
Morita equivalent and that there is a conditional expectation from X onto its closed

subspace with respect to E” and E€.
LetZ={xeX|p-x=ux-gq}. Then Z is a closed subspace of X.

Lemmva 8.1. With the above notation, Z is a Hilbert P—Q-bimodule in the sense of
Brown et al. [2].

Proor. This lemma can be proved by routine computations. Indeed, for any a € P,
xeZ,
p-axn=pa-x=a-(p-)=a-(x-g)=(a-x-q.
Hence a - x € Z for any a € P, x € Z. Similarly for any b € Q, x € Z, x - b € Z. For any
X,YEZ,
oAl yy=cp-x,y)=cx-4,y) = c{x,p-y) = alx, y) - p.
Hence 4¢{x,y) € P for any x,y € Z. Similarly for any x,y € Z, {x,y)4 € Q. Since Z is a

closed subspace of the A—B-equivalence bimodule X, Z is a Hilbert P-Q-bimodule in
the sense of Brown e al. [2]. O
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Let EZ be the linear map from X to Z defined by
E*(x) = Indw(E") - E*(p - x - g)
for any x € X. We note that
E*(x) = EX(p-x-q) - Indw(E")
for any x € X by Lemma 5.5.
LeEmMaA 8.2. With the above notation, E? satisfies conditions (1)—(6) in Definition 2.4.
Proor. Foranya €A, z€ Z,
E*(a-2) =Indw(E") - EX(p-(a-2) - q) = Indw(E") - EX(pa - z- q)
= Indw(E") - EX(pap - z) = Indw(E*)E*(pap) - z = E"(a) - z.
Hence EZ satisfies condition (1) in Definition 2.4. Similarly, EZ satisfies condition (4)
in Definition 2.4. Forany b € Q, x € X,
E*(x-b) = Indw(E") - EX(p - (x b) - @) = Indw(E") - E*(p - x - gb)
=Indw(EY) - EX(p-x-q)-b=E*(x)-b.
Hence EZ satisfies condition (5) in Definition 2.4. Similarly, EZ satisfies condition (2)
in Definition 2.4. Forany x € X, z € Z,
P(EZ(x),2) = a(Indw (E") - E¥(p - x - 9),2) = Indw(EN)4(E*(p - x - q),2)
= Indw(EY)E* (4(p - x - ¢,2)) = Indw(E*)E* (pa(x, 2 - q))
= Indy (ENE" (palx, p - 2)) = Indw(EY)E* (pa(x, 2)p)

= E (a(x, 2)).
Hence EZ satisfies condition (3) in Definition 2.4. Also, in the same way as above, by
Lemma 5.5, we can see that EZ satisfies condition (6) in Definition 2.4. O

Lemma 8.3. With the above notation, s{X,Z) = A, (X,Z)g = B.
Proor. Since EZ is surjective by Lemma 8.2,

AX,Z) = a(X, EX(X)) = (X, Indw(E*) - EX(p - X - @))
= X, EX(p - X - @))Indw(E*) = E*(c(X, p - X - ¢))Indy(E™)
= E*(c(X, X - ¢)p)Indw(E™).

Since X - B = X by [2, Proposition 1.7] and BgB = D,

(X, Z) = E*(c(X - B, X - Bg)p)Indy(E*) = E*(c(X, X - BgB)p)Indy(E*)
= E*(c(X, X - D)p)Indy (E*).
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Since BC D, X =X - BC X - D by [2, Proposition 1.7]. Hence

A(X, Z) > E*(c(X, X)p)Indw(E*) = E*(41(X, X)p)Indy (E*)
= EFA(Ap)Indy (E?) = A.

Since 4(X,Z) C A, we obtain that 4(X, Z) = A. Similarly, we obtain that (X, Z)p = B.
Therefore we obtain the conclusion. O

CoroLLARY 8.4. With the above notation, Z is a P-Q-equivalence bimodule and EZ is
a conditional expectation from X onto Z with respect to E¥ and E©.

Proor. First, we show that Z is a P—Q-equivalence bimodule. By Lemma 8.1, we
have only to show that Z is full with both inner products. Since EZ is surjective by
Lemma 8.2,

PZ,Z) = p(EX(X), E*(X)) = E"(a(X, E“(X))) = E"(1(X. Z))
=Ef ) =P

by Lemma 8.3. Similarly, (Z,Z)p = Q. Thus, Z is a P-Q-equivalence bimodule.
Hence EZ is a conditional expectation from X onto Z with respect to E and EC. O

ProrosiTioN 8.5. With the above notation, unital inclusions P C A and Q C B are
strongly Morita equivalent with respect to the P—Q-equivalence bimodule X and its
closed subspace Z and there is a conditional expectation from X onto Z with respect
to E? and E©.

Proor. This is immediate by Lemmas 8.1 and 8.2 and Corollary 8.4. O

DeriniTioN 8.6. In the above situation, Z is called the downward basic construction of
X for EX. Also, EZ is called the pre-dual conditional expectation of EX.

9. Relation between the upward basic construction and the downward
basic construction

Let A ¢ C and B c D be unital inclusions of unital C*-algebras, which are strongly
Morita equivalent with respect to a C—D-equivalence bimodule Y and its closed
subspace X. Let E4 and E® be conditional expectations of Watatani index-finite type
from C and D onto A and B, respectively. Let EX be a conditional expectation from Y
onto X with respect to E4 and E®. We suppose that Indy(E*) € A and Indy (E®) € B.
Let e, and ep be the Jones projections for E4 and E®, respectively. Then by [10,
Lemma 2.1.1],

A={aeClesa=aes}, B={beD]|egh=beg},

respectively. Let C; and D; be the C*-basic constructions for E4 and E5, respectively,
and let E€ and EP be the dual conditional expectations from C; and D; onto C and
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D, respectively. Then e4 and ep are full projections in Cy and Dy, respectively, by [10,
Lemma 2.1.6], and

Indy(E€) = Indy(E*) € A, Indw(EP) = Indy(E®) € B,
respectively. Furthermore,

EA(x) = Indy(E€)EC(esxes) for any x € C,
EB(x) = Indy(EP)EP(epxep) forany x € D,
respectively. Let Y| be the upward basic construction for EX, and E? the dual

conditional expectation of EX from Y; onto Y. We recall that Y can be regarded as
a closed subspace of Y; by the linear map ¢ from Y to Y| defined by

60) = ) @ EXw} -y v) &7,
ij
forany y € Y, where {(u;, u})} and {(v;, v;)} are quasi-bases for E4 and E2, respectively,

and

Y1 =C®y X®pD.

Let
Z={eY|es o) =d0O)-ep).

By the discussions in Section 8, Z is a closed subspace of Y and Z is an A-B-
equivalence bimodule.

Lemma 9.1. With the above notation, Z = X.
Proor. For any x € X,
eA-¢(x):ZeA'ui®EX(uf'x'vj)®\7j
ij
= Y 1@ EX(E wu} - x-v) ®F;
LJ
=ZI®EX(x-vj)®v~j=Z1®x-EB(vj)®v~j
J J
= Z 1®x® [vjEB(v;)fz lox®1.
J

Similarly, ¢(x) -ep=1® x ® 1. Hence x € Z. Thus X c Z. Also, let yeZ. Since
ea-p(y) =) - e, )
ea-d(y) =€y - d(y) =ea- () - ep.

Also, since

ex-¢0) =) 18 E y-v)@T; and es-¢0)-ep=18E @I,
J
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we see that
Zl@EX(y-vj)@nTj =19EX(y)® 1.
J

Using the conditional expectation E?,

Indw(E)™" - E¥(y) = > Indw(E*) ™" - EX(y-vj) - v} = Indw(EY) " -y
J
by Lemma 5.4. Thus EX (y) =y, that is, y € X. Therefore, we obtain the conclusion. O
By Lemmas 6.10 and 9.1, we obtain the following:
Prorosition 9.2. With the above notation, X can be regarded as the downward basic

construction for EY, and EX can be regarded as the pre-dual conditional expectation
of EY.

Next, let p and ¢ be full projections in C and D satisfying
E*(p) = Indw(EY)™",  E®(g) = Indw(E®)™,

respectively. Let P, Q, EP, EC and Z, EZ be as in Section 8. We shall show that Y is
the upward basic construction for EZ, and that EX is the dual conditional expectation
of EZ. By Section 8, we can see that

Indy(E?) = Indy(EY e PN C’, Indyw(E?) = Indw(E®)e QN D'.

Also, we can see that
E*(x) = Indw(E*) - EX(p - x - q).

Furthermore, we can regard C and D as the C*-basic constructions for E¥ and E?,
respectively by [6, Proposition 2.6]. We can also regard p and g as the Jones
projections in C and D, respectively. Hence by Proposition 6.12, we obtain the
following proposition.

Prorosition 9.3. With the above notation, Y can be regarded as the upward basic
construction for E?, and EX can be regarded as the dual conditional expectation of
EZ.

10. The strong Morita equivalence and the paragroups

In this section we show that the strong Morita equivalence for unital inclusions of
unital C*-algebras preserves their paragroups. We begin this section with the following
easy lemmas.

Lemma 10.1. Let A € C and B C D be unital inclusions of unital C*-algebras, which

are strongly Morita equivalent with respect to a C—D-equivalence bimodule Y and its
closed subspace X. Then C - X =X-D =Y.
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Proor. Since X is an A-B-equivalence bimodule and A C C is a unital inclusion, there

are elements xy, xp, ..., x, € X such that )} (x;, x;)p = 1p. Thenforany y € Y,
n n
y=y-lp= Z)" (xi, X;)p = Zc()’,xﬁ © Xj.
i=1 i=1
Hence we can see that C - X = Y. Similarly, we obtain that X - D =Y. O

Let AcC C and B C D be as above. Let C C C; and D C D; be unital inclusion
of unital C*-algebras, which are strongly Morita equivalent with respect to a C;—D-
equivalence bimodule Y| and its closed subspace Y. We note that X C Y C V).

Lemma 10.2. With the above notation, the inclusions A C Cy and B C D are strongly
Morita equivalent with respect to the C1—D-equivalence bimodule Y| and its closed
subspace X.

Proor. It suffices to show that
aY1,X)=C, (Y1,X)p, =Dr.
Indeed, by [2, Proposition 1.7] and Lemma 10.1,
a{Y1,X) =c,(Y1-D1,X) = ¢, Y1, X - D) = ¢,{Y1,X - DDy)
=oY,Y D) =c Y1, Y1) =Cy.
Similarly, we can prove that (Y}, X)p, = D;. |

Let A ¢ C and B C D be unital inclusions of unital C*-algebras, which are strongly
Morita equivalent with respect to a C—D-equivalence bimodule Y and its closed
subspace X. Then by Lemmas 2.5 and 2.6 and Corollary 2.7, we may assume that

B=pM,(A)p, D=pM,(C)p, Y=(010]fIM,(C)p, X=(1® f)M.(A)p,

where p is a full projection in M,,(A) and n is a positive integer. We regard X and Y as
an A—pM,(A)p-equivalence bimodule and a C—pM,,(C)p-equivalence bimodule in the
usual way.

Lemmva 10.3. With the above notation, we suppose that unital inclusions of unital
C*-algebras A C C and B C D are strongly Morita equivalent. Then the relative
commutants A’ N C and B’ N D are isomorphic.

Proor. By the above discussions, we have only to show that
A'NC = (pM,(A)p) N pM,(C)p,

where p is a projection in M, (A) satisfying the above. By routine computations, we
can see that
M,(AY "M, (C)={c®l,|ceA’'NnC}

Hence we can see that A’ N C = M,(A) N M,(C). Next, we claim that M,(A) N
M,(C) = (M, (A) N M,(C))p. Indeed, let 7 be the map from M,(A) N M,(C) onto

https://doi.org/10.1017/51446788717000301 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788717000301

[41] Strong Morita equivalence for inclusions of C*-algebras 143

(M, (A) N M,(C))p defined by n(x) = px for any x € M,(A) N M,(C). Since p is
a projection in M, (A), n is a homomorphism of M,(A) N M,(C) onto (M,(A) N
M, (C))p. We suppose that xp = 0 for an element x € M,,(A) N M,(C). Since p is
full in M,,(A), there are elements z1,...,z, € M,(A) such that

m

E3
ZZ[PZ,- = 1, 4)-
=1

Then

m

m
0= Zzﬂpzﬁ‘ = Z XZipz; = X.
i=1

i=1
Hence r is injective. Thus 7 is an isomorphism of M,(A) N M,(C) onto (M,(A) N
M, (C))p. Finally, we show that
(pMA(A)p)' N pM,(C)p = (My(A) N MA(C))p.
Indeed, by easy computations, we can see that

(pM,(A)p) N pMu(C)p > (My(A)' N My(C))p.

We prove the inverse inclusion. Let y € (pM,(A)p)’ N pM,(C)p. Let w = 37, z;yz}.
Then for any x € M, (A),

m m m
wx = Z ZiyZ; XZ;pz; = Z Ziypz; XZjpZ; = Z ZiPZ; XZjPyZ;
i,j=1 i,j=1 ij

m m
= Z xszyzj = Z xzjyzj = xw.
j=1 j=1
Hence w € M,,(A)’ N M,,(C). On the other hand,

wp = pw = i Pz = i pzipyz; = iypziPZ? =yp=y.

i=1 i=1 i=1

Thus y € (M,,(A) N M,(C))p. Hence
(PMn(A)P)I N PMn(C)P = (Mn(A), N Mn(C))p

Therefore, we obtain the conclusion. |

Let A c C and B € D be as above. We suppose that there is a conditional expectation
E? of Watatani index-finite type from C onto A. Then by Section 2, there are a
conditional expectation of Watatani index-finite type from D onto B and a conditional
expectation EX from Y onto X with respect to E4 and EZ. For any n € N, let C,, and D,
be the nth C*-basic constructions for conditional expectations E4 and EB, respectively.
Then by Corollary 6.3, the inclusions C,_; ¢ C,, and D,,_; C D,, are strongly Morita
equivalent for any n € N, where Cy = C and Dy = D. Thus, by Lemma 10.2, A c C,
and B C D, are strongly Morita equivalent for any n € N.
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TueorREM 10.4. Let A C C and B C D be unital inclusions of unital C*-algebras, which
are strongly Morita equivalent. We suppose that there is a conditional expectation of
Watatani index-finite type from C onto A. Then the paragroups of AC C and BC D
are isomorphic.

Prookr. This is immediate by the above discussions and Lemma 10.3. O

(1]

(9]
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