SOME PROPERTIES OF THE ZEROS OF BESSEL FUNCTIONS
by LL. G. CHAMBERS
1. Let j,, be the mth positive zero of J,(x) (n not necessarily integral). Then
Relton (1), p. 59, has conjectured from numerical considerations that

Pt e 1 =22m>0, (@)
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It is shown here that certain relations given by Gatteschi (2) enable the in-
equalities to be proved along with the additional relations
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2, Gatteschi (2) has shown that there exists a relation of the form

| dnm = Xmm - Aaf Xom | <K Xdms oo n
where Xem=(M+In—D7, 2)
=3P =1 i ?3)

and X, is a function of » only, whose exact form will not be reproduced- here.
The relation (1) holds provided that

Tjum> 1A D +3). oo, @

In particular 4; = 0:375, 4, = 1-875, K, = 0-575, K, = 10-8, and the results
are applicable if j,,,>4-775, j;,>11-141. These conditions are certainly
satisfied if m=3. If m = 1 or 2, the relations («) and (f) can easily be proved
numerically. It follows therefore that

Xom = 24+ (A5 = 2K, )%02 + 24, K Xt + KXo
<2, e, (5)
< x:m - 2'1n + ('li + 2Krl)"‘rl_m2 - 2'1n1<nx;m4 + Kixu-mG'

3. In order to prove («) and (y) we apply (5) tO joms Jam+1> Ju+1m and find
that
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. . . n
]3m+]3m+1_2]:+1m> ‘5‘ +(4n+2)+a", ..................... (6)
where

ay = (2= 2K Y X+ Xt 1) = 2434 1 + 2Kt )Xn 33 m
+ 2)‘nKn(x;m4 + xn_m4+ D+44,4:K, 4 lxn—+4lm

+ Kﬁ(xn—mﬁ + xn_m6+ 1) - 2Kr;:+ lxn-+6lm'
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It is easy to see that the left side of (6) is less than 4n®+(4n+2)+b,, where
b, is a quantity similar to a,. Both a, and b, tend to zero as m tends to infinity
and hence (y) is proved.

Relton’s conjecture (&) will be proved if we can show that

2 464a,>0. oo, (8)

The absolute value p of the sum of the negative terms in a, is given by
4 =K, =22+ x72 D) +2QK, + ADx5 2+ 2K2x 5.8, . 9)
an X <X T <X, e (10)
X g 1 KX g m X33 s neeemerrenmriieaaenararinans (11)

-where x5, = (137)/4=10-2, x,5 = (15n)/4=11-8. Substituting the appro-
priate values for the K’s and the A’s, we find that

Cp<2:020x724+48-2x52 +1066X55, oviieiiiiiiieeein (12)
= 0-024+0-35+0-0001. ........ [RTTTUUT (13)

2
It is clear from this that the negative part of a, is less than % +6, and so the

inequality (8) is true and Relton’s conjecture (x) is proved. Relton’s con-
‘jecture (f) can be proved in exactly the same manner, together with the result (6).

In conclusion, it may be remarked that any number of results similar to
(@), (B), (), (6) may be obtained by the methods of this paper.
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