A CONTINUATION THEORY FOR WEAKLY INWARD MAPS
by DONAL O’'REGAN

(Received 3 December, 1996)

Abstract. Fixed point and random fixed point theorems are presented for weakly
inward maps. Also a continuation theorem for weakly inward maps is presented.

1. Introduction. This paper presents some new results for weakly inward mappings
defined on a Banach space E. The paper will be divided into two main sections. In Section 2
we first establish a continuation theorem for weakly inward multivalued maps. This result
together with a result of Deimling [2,3] will yield a variety of fixed point results for weakly
inward maps in shells of Banach spaces. The results we present would arise naturally if a
theory of fixed point index was available in a Banach space setting. However this is not
known for general Banach spaces even when the maps are compact; see [7,15] for recent
results. The fixed point theory we derive will be useful in studying the existence of non-
negative solutions to positone and non-positone problems; see [10,16] for applications in the
single valued case. The case when E is a locally convex Hausdorff linear topological space
will also be discussed in Section 2. In Section 3 we present some random fixed point theorems
for weakly inward maps. Our paper was motivated by work of Deimling [2,3], Precup [12],
Reich [13] and Webb [18].

For the remainder of this section we gather together some definitions and known facts.
Let E be a Banach space (or more generally a locally convex Hausdorft linear topological
space) and let C be a closed convex subset of E. The set '

I(x)=x+My—-x):1=0,yeC} for xeC

is called the inward set at x. A mapping F : C — 2F (here 2% denotes the family of all non-
empty subsets of E) is said to be weakly inward with respect to C if

Fx)NIc(x)#9 on C. (1.1)

REMARK. It is worth noting that some authors define weakly inward w.r.t. C to be the
more restrictive condition F(x) € I¢(x) on C.

Recall [3] if C is a closed convex subset of a Banach space then
Ic(x)=Ic(x)=x+{Ay-x):2>1,yeC}

Let X and Y be topological spaces. A mapping F: X — 27 is upper semicontinuous (u.s.c.).
if the set F~'(B) = {x € X: F(x)N B # @} is closed for any closed set B in Y. F is lower
semicontinuous (1.s.c.) if F~!(B) is open for any open set Bin Y. If Fis u.s.c. and l.s.c. then
we say F is continuous. Now let E be a Banach space and Qg the bounded subsets of E. The
Kuratowski measure of noncompactness is the map o : Qg — [0, oo] defined by

a(A)=inf{e>0:A§UX,- and diam(X;) <e€}; here A€ Q.

i=l
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Let Z be a nonempty subset of E and F: Z — 2. Fis called a k-set contraction (k>0 a

constant) if a(F(W)) < ka(W) for all bounded sets W of Z. We call F a condensing map if Fis

a 1-set concentration and a(F(W) < (W) for all bounded sets W C Z with a(W) #£ 0 (of

course F being a 1-set contraction can be removed from the definition of condensing if we wish).
Next we state a result of Deimling [3] which will be used in Section 2.

THEOREM 1.1. Let E be a (real) Banach space and C a closed, bonded, convex subset of E.
Suppose F: C — 2F is a u.s.c. condensing map with closed convex values. If F(x) N\ I¢(x) # 9
on C then F has a fixed point in C.

Let (82, .A) denote a measurable space. For a metric space (X,d) we denote by CD(X) all
nonempty closed subsets of X. Suppose Z is a nonempty subset of X and F: Z — 2¥. Now F
is called hemicompact if each sequence {(x»)}5c, in Z has a convergent subsequence whenever
d(x,, F(x,)) > 0 as n— oo; recall if Y is a nonempty subset of X then d(x,Y)=
inf,ey d(x, y). A mapping F: Q — 2% is measurable (respectively weakly measurable) if for
every closed (respectively open) subset D of X, F-'(D)={weQ:Fw)ND £} e A A
mapping F: @ x Z — 2¥ is called a random operator if for every x € Z themap F(.,x) : @ —> X
is measurable. A random operator F: Q x Z — 2% is called continuous (hemicompact etc.)
if for each w € Q, F(w, .) is continuous (hemicompact etc.). The single valued map ¢ : Q - X
is said to be (i) a deterministic fixed point of F if ¢(w) € F(w, ¢(w)) for all w € Q; (ii) a ran-
dom fixed point of F if ¢ is a measurable map such that ¢(w) € F(w, ¢(w)) for all w € Q.

We now state a very recent result due to Tan and Yuan [17].

THEOREM 1.2. Let (2, A) be a measurable space and Z a nonempty separable complete
subset of a metric space (X, d). Suppose the map F: Q x Z — CD(X) is a random continuous
hemicompact map. Then F has a deterministic fixed point iff F has a random fixed point.

2. Fixed point theory. In this section we establish a continuation type result for weakly
inward maps. First we assume E is a Banach space and C C E'is a closed convex subset of E.
Let U, be a bounded open subset of £ and U = Uy N C. For notational purposes let CK(E)
denote the family of all nonempty, convex, compact subsets of E. Suppose L: U — Eis a
continuous operator (single valued). By IK;y(U, E; L) we mean the set of all u.s.c. conden-
sing, weakly inward w.r.t. C (i.e. F(x)N1¢(x) # @ on U), maps F: U — CK(E) such that
L — Fis zero free on 3U (i.e. Lx¢ Fx for all x € U); here aU denotes the boundary of U in
C. A mapping F € IK,y(U, E; L) is L-essential in IKyy(U, E; L) if for every G € IKy(U, E; L)
with F|yy = Glyy we have that L — G has a zero in U. Otherwise F is L-inessential in
IK,y(U, E; L) i.e. there exists G € IKy(U, E; L) with Flyy = G|,y and L — G is zero free on U.
Two maps F, G € IK;y(U, E; L) are homotopic in IK;y(U, E; L) written F & G in IK;y(U, E; L)
if there is a u.s.c. condensing [9,11] map N : U x [0, 1] » CK(E) such that N,(u) = N(u, 1) :
U — CK(E) belongs to IKyy(U, E; L) for each t € [0, 1] and Ny = F, N; = G.

THEOREM 2.1. Let E, C, Uy, U, L be as above and F € IKy(U, E; L). Then the following
are equivalent:
(i) F is L-inessential in IKy(U, E; L); _
(i) there is a map G € IKyy(U, E; L) with F= G in IKay(U, E; L) and L — G is zero free
on U,
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Proof. We first show (i) implies (ii). Let G € IK3y(U, E; L) with G|,y = Flyyand L~ G is
zero free on U. Define H: U x [0, 1] - CK(F) by

H(x, 1) = 1G(x) + (1 — )F(x) for (x,1)e Ux][0,1].

A standard argument (see [5,9,11] shows H is u.s.c. and condensing. Also foreach ¢t € [0, 1], H, €
IKu(U, E; L). To see this first notice L — H, is zero free on dU for each ¢ € [0, 1] (since L — G
is zero free on aU and F|yy; = Glyy). In addition for x € U we have F(x) NIc(x) # @ and
G(x) N Ic(x) # @ and so, since H,(x) = tG(x) + (1 — t)F(x), we have

H(x)N1c(x) # 0

since /¢(x) is a convex subset of E. Thus F = G in IK;(U, E; L).
We next show (i) implies (i). Let N : U x [0, 1] - CK(E) be an u.s.c. condensing map
with N, € IK3y(U, F; L) foreach t € [0, 1] and Ny = G, N| = F. Let

B={xeU:Lxe N(x,1) forsome 1¢€]0,1]}.

If B=@ then in particular L— F=L— N; has no zeros so F is L-inessential in
IKyy(U, E; L). It remains to consider the case when B#@. A standard argument (see
{5,9,11]) shows B is closed. In addition since 3U N B =@ there is a continuous function
w: U— [0, 1] with u(8U) = 1 and wu(B) = 0. Define

J:U— CK(E) by J(x)= N(x, u(x)).

Now J is u.s.c. and condensing. We claim J|;; = Fly, L — J is zero free on U and J is weakly
inward w.r.t. C. If this is true then J e IKyy(U, E; L) with L —J zero free on U and
Jlay = Flay. Consequently Fis L-inessential in IK,y(U, E; L) and we are finished.

It remains to prove the claim. L — J is zero free since 0 € L(x) — J(x) means L(x) €
N(x, u(x)) which means x € B and so u(x) =0 (i.e. L(x) € N(x,0)), a contradiction since
L — G is zero free. If x € 9U then u(x) =1 and so

J(x) = N(x, u(x)) = N(x, 1) = F(x).

Finally to show that J is weakly inward w.r.t. C notice that for fixed s € [0, 1] N is
weakly inward w.r.t. Ci.e. Ny(x) N Ic(x) # @ for x € U. For fixed x € U let u(x) = s so that
J(x) = Ny(x) and

J(x) N Te(x) = Ny(x) N 1c(x) # 0.

We can do this argument for all x € U and so J is weakly inward w.r.t. C. O

Theorem 2.1. immediately yields a topological transversality theorem for weakly inward
maps.

TEEOREM 2.2. Let E, C, U, U,_L be as above. Suppose F and G are 1wo maps in
IK30(U, E; L) such that F = G in IKyy(U, E; L). Then F is L-essential in IKyy(U, E; L) iff G is
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L-essential in IK;y(U, E; L).

Proof. Suppose F is L-inessential in IKyy(U, E; L). Then Theorem 2.1 guarantees a map
T € IKyy(U, E; L) with F= T in IKsy(U, E; L) and L — T is zero free on U. Thus G Tin
IK3u(U, E; L) so G is L-inessential in IK;y(U, E; L) by Theorem 2.1. Symmetry will now
imply Fis L-inessential in /Kyy(U, E; L) iff G is L-inessential in IK;y(U, E; L). O

For the remainder of this section let L = I (the identity operator).

THEOREM 2.3. Let E, C, Uy, U be as above, uy € U= Uy N C. Then the constant map
F:U— {u,) is I-essential in IKyy(U, E; I).

Proof: Let G : U :— CK(E) be any u.s.c. condensing, weakly inward w.r.t. C, map with
Glay = Flyu = {uo}. We must show G has a fixed point in U. Since Uy is a bounded subset of
E we may choose R>0 so that

Uc{xeE: x|l <R} and GU)cC{xeE:|x| <R}

Let
D=CNni{xeE:|xli<R+1}
and define .
G(x), xeU
J(x) = —_
{uo}, xeDJU.

Now J : D — CK(E) is a u.s.c. condensing map. We claim J is weakly inward w.r.t. D. If this
is true then Theorem 1.1 implies that J has a fixed point, say y, in D (i.e. y € J(»)). It is
immediate that y € U so y € G(y).

It remains to prove the claim. If x € D/U then J(x) = {uo} € I5(x) since up € Uy N C (s0
up € D). Now let x € U and take y € J(x) = G(x) with y € Ic(x). Now there exists {4,},cn»
with 4, > 1 for n € N and {z,,},,eny € C with

Iy =[x + Aa(z2, = ¥l = O as n — oo.

Let
v, =X+ /?.,,(Z)”l - X).

Then v;, > y asn — oo and so
v, €ExeE x| < R+1})
for n € N sufficiently large. Let u, = Il; Then

2y = (1 = pn)x + HnVj,

0 z;, € {x € E: ||x]| < R+ 1} for n sufficiently large. In addition since {z;, },encc We have

z;, € D for n sufficiently large, and ||y — (x + As(zs, — )|l = 0 as n — oco. Thus y € I5(x).0]

Theorems 2.2. and 2.3 will now be used to present a variety of fixed point results.
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THEOREM 2.4. Let FE be a Banach space and C a closed convex subset of E. Let Uy, be a
bounded open subset of E and uy € CN Uy = U. In addition assume

h:Ux[0,1] = CK(E) is a u.s.c. condensing map such that h(x, 0) = {ug}
Sor all x € U and such that for each t € [0, 1], h,() = h(., t): U— CK(E) 2.1
is weakly inward w.r.t C and x¢ h,(x) for x € 3U

holds. Then h(., 1) has a fixed point x € U.
Proof. The result follows immediately from Theorem 2.2. and Theorem 2.3. ]

THEOREM 2.5. Let E be a Banach space and C a closed convex subset of E. Let Uy be a
bounded open subset of E,U = UyNC and 0 € U. Suppose F: U — CK(E) is a u.s.c. I-set
contractive, weakly inward w.r.t. C, map and x¢ AF(x) for A € [0, 1] and x € 3U. In addition
assume

if {x} € U with y, € F(x,) for all n and x, — y, — 0

— 2.2
as n — oo, then there exists x € U with x € F(x) 22)

holds. Then F has a fixed point.

ReMARK. If U is weakly compact and I — F: U — CK(E) is demiclosed on U then it is
easy to see that (2.2) holds. Recall the operator S : D(S) € E — CK(E) is said to be demiclosed
on D(S) if for x,, € D(S) with y, € S(x,,) for all n, the condition x, — xand y, — yasn - oo
imply that x € D(S) and y € S(x); here — denotes weak convergence.

Proof. For each n € {2, 3, ...} define

F, = (1 —%)F:U—) CK(E).

Clearly F, is u.s.c. (1 — l)-set contractive map. In addition for x € U we have F(x) N Ic(x)
# 0 and 0 € Ic(x) since 0 € U C C. Consequently, since F,(x) = (1 — 1) F(x) + 10, we have

Fa(x)N1c(x) # 0
since 1c(x) is a convex subset of E. Thus F, is weakly inward w.r.t. C. Let
h(x, 1) = tF,(x) for (x,0)e Ux]|0,1].
It is easy to check that & satisfies (2.1) with u, = 0. Theorem 2.4 implies that F, has a fixed
point x, € U. Choose y, € F(x,) with x, = (1 — 1}y,. Notice

1
Xn—Vn = _;)’n -0

since F(T) is bounded. Now apply (2.2). We are of course guaranteed the existence of x € U
with x € F(x). W
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Next we establish some fixed point results in shells of Banach spaces.

THEOREM 2.6. Let E be a Banach space and C a closed, convex subset of E. Let W and V
be open bounded subsets of E and let Uy = WN C and U, = VN C. Assume U, C U, (proper)
and F . Uy — CK(E) is a u.s.c. condensing, weakly inward w.r.t. C, map. In addition suppose

x¢F(x) for xe€alU, Ual,, 2.3)

F: Uy — CK(E) is I-inessential in IKsy,(Uy, E; I) (i.e. Fly is I-inessential) 2.9

d _ _
an F: T3 — CK(E) is I-essential in Ky, (T3, E: ) @.5)

hold. Then F has at least one fixed point in U,/ Uj.

Proof. Suppose F has no fixed points in U»/U;. Now (2.4) implies that there exists a
u.s.c. condensing, weakly inward w.r.t. C,map 6 : Uy — CK(E) with 8|, = Fl,y, and x¢ 6(x)
for x € U;. Define @ : U, — CK(E) by

Fx), xeU/U

0= 60, xe T

Now @ is a u.s.c. condensing, weakly inward w.r.t. C, map. Also @ has no fixed points on U,
(since 8 has no fixed points on U; and F has no fixed points on U,/U,). This of course con-
tradicts (2.5). O

Our next theorem was motivated by results of Precup[12].

THEOREM 2.7. Let E be a Banach space and C a closed, convex subset of E. Let W and V
be open bounded subsets of E and let Uy = WNC, U, =VNC and Uy C Uy (proper) with
0 € U,. In addition assume

N:TU; x [0,1] > CK(E) is a u.s.c. condensing map such that for each t € [0, 1],
N() = N(,1): U; —» CK(E) is weakly inward w.r.t. C, with N(x, 0) = {0}

for all x € U, and for each t € [0, 1] we have x¢ N,(x)

Jor all x € 3Uy;

(2.6)

H: U x[0,1] = CK(E) is a u.s.c. condensing map such that for each t € [0, 1),
H,() = H(,1t): U - CK(E) is weakly inward w.r.t. C, and for each 2.7
t € [0, 1] we have x¢ H(x) for all x € dU\;

H(x, 1) = N(x, 1) for all x € U; (2.8)
and
x¢ H(x,0) for all x € U,. 2.9

Then N(., 1) has a fixed point in Uy/Uy.

Proof. From Theorem 2.3 we know that the zero map is I-essential in /Kyy,(Us, E; 1).
Then (2.6) together with Theorem 2.2 implies
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N(., 1): U; — CK(E) is I-essential in IKy,(Us, E; ). (2.10)

Now (2.9) (and also (2.7)) implies that H(x,0) is [-inessential in /Kyy, (Ui, E; I (this is
immediate from the definition of I-inessential in /Ky, (U, E; I). This together with (2.7),
(2.8) and Theorem 2.2 yields

N(., 1) = H(., 1) : U, > CK(E) is I-inessential in 1Ky, (U), E; I). 2.11)

Now (2.10), (2.11) (see also (2.6), (2.7) and (2.8)) imply that (2.3), (2.4) and (2.5) hold. The
result now follows from Theorem 2.6. O

THEOREM 2.8. Let E be a Banach space and C a closed, convex subset of E. Let W and V
be open bounded subsets of E and let Uy = WN C, U, = VN C and U C U, (proper). Sup-
pose 0 € U, and F: U, — CK(E) is a u.s.c. condensing, weakly inward w.r.t.C, map. In addi-
tion assume

x¢AF(x) for A€]0,1] and x e dU,, (2.12)
there exists a v € C/{0} with x¢ F(x) + v for § > 0 and x € 3U, (2.13)

and
F()+ pv: Uy = CK(E) is weakly inward w.r.t. C for all u > 0 (2.14)

hold. Then F has a fixed point in U/ U,.

REMARK. If Fis single valued and C is a cone then (2.14) holds. To see this recall [15]
that F: U, - CK(E) weakly inward w.r.t. C (in this setting) means

x € 3eCN U, x* € C*, x*(x) =0 implies x*(F(x)) > 0;
here C* = {x* € E* : x*(y) > 0 for all y € C}. Now if x € 3sC N Uy, x* € C*, x*(x) = 0 then
X" (F(x) + pv) = x*(F(x)) + px*(v) = 0,

since v € C and x* € C*. Thus (2.14) holds in this case. In fact it is also easy to see that (2.14)
is true even if F is multivalued and C is a cone. In this case I¢(x) is a wedge.

Proof. Now x¢F(x) for x € 3U, U dU, (see (2.12) with 2 =1 and (2.13) with § =0).
Choose M > 0 such that ||{y : y € F(x)}|| £ M for all x € U; and choose 8y > 0 such that

I8ovll > M +sup {l|x|| : x € U} (2.15)
Now let
N(,H=tF()and H(., 1) = F(.)+ (1 — H),v.
Clearly (2.12), (2.13) (with § = (1 = &), and (2.14) imply that (2.6) and (2.7) in Theorem 2.7
are satisfied. In addition (2.8) is true since N(x, 1) = F(x) = H(x, 1) for x € U, and finally
(2.15) implies (2.9) is satisfied. The result now follows from Theorem 2.7. O

ReMARK. Let WIK(U, E) denote the family of all u.s.c. condensing maps F: U — 2
with nonempty, compact, Rs (or more generally acyclic [4,5]) values and with F(x) C I¢(x) for
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x € U. In the usual way we can define WIK,y(U, E; L) and L-essential in WIK,y(U, E; L).
Exactly the same reasoning as in this section establishes an analogue of Theorem 2.2 and
Theorem 2.6 (for maps in WIK,y(U, E; L)). We also obtain the analogue of Theorems 2.3-
2.5, 2.7-2.8 once we produce the analogue of Therorem 1.1 in this setting. This result (with
extra conditions) can be found in Fitzpatrick and Petryshyn [4, Corollary 1 and Theorem 4].

The results in this section could be extended also to the situation when E, d is a locally
convex metrizable linear topological space. For convenience we take L = I (for the more
general case follow the ideas below and the ideas in [9]). Let X be a subset of E. A multi-
valued bounded map F: X — CK(E) is said to be a P-concentrative mapping [8] if for each
p € P (P is a defining system of seminorms on E) and each bounded non-p-precompact sub-
set M of X (i.e. M is not precompact in the pseudonormed space (E,p)) we have

ap(F(M)) < ap(M),

where a,(.) denotes the measure of noncompactness [8] in the pseudonormed space (E,p).

Let C be a complete convex subset of E, Uy a d-bounded open subset of Eand U = Uy N C.
PIK;(U, E; I) denotes the set of all u.s.c. P-concentrative, weakly inward w.r.t. C, maps
F: U — CK(E) which are fixed point free on 3U. A mapping F € PIK;y(U, E; I) is I-essential
in PIKyy(U, E; ) if every G € PIKyy(U, E; I) with F|y; = G|y has a fixed point in U.
Otherwise F is I-inessential in PIKyy(U, E; I). Two maps F, G € PIKyy(U, E; I) are homo-
topic in PIKyy(U, E; I) written F= G in PIKyy(U, E; I) if there is a u.s.c. P-concentrative
map N:Ux[0,1]— CK(E) such that N,(u)= N(u,t):U— CK(E) belongs to
PIKy(U, E; I) for each t € [0, 1] and No = F, N, = G.

The ideas used to prove Theorem 2.1 and Theorem 2.2 together with those in [11]
immediately yields the following analogue of Theorem 2.2.

THEOREM 2.9. Let E, C, Uy, U be as above. Suppose F and G are two maps in
PIKyy(U, E; I) such that F= G in PIKyy(U, E; I). Then F is I-essential in PIK;y(U, E; 1) iff G
is I-essential in PIKy(U, E; I).

This immediately produces an analogue of Theorem 2.6.

THEOREM 2.10. Let E be a locally convex metrizable linear topological space and C a
complete, convex subset of E. Let W and V be open d-bounded subsets of E and let Uy, = WN C
and Uy =V N C. Assume Uy C U, (proper) and F: Uy — CK(E) is a u.s.c. P-concentrative,
weakly inward w.r.t. C, map. In addition suppose

X¢F(x) for xedU,Ual,, 2.16)
F: U, —» CK(E) is I-inessential in PIKyy,(U, E; I) .17

and
F: Uy — CK(E) is I-essential in PIK;y,(Us, E; I) (2.18)

hold. Then F has at least one fixed point in U,/ U,.

We can also obtain analogues of Theorems 2.3-2.5, 2.7-2.8 once we produce an ana-
logue of Theorem 1.1. An analogue of Theorem 1.1. in the locally convex Hausdorff linear
topological space setting (with some extra conditions) may be found in Reich [13,14].
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We conclude this section by discussing briefly 1-set contractive weakly inward maps. Is
the property of having a fixed point invariant by homotopy for 1-set contractive maps? It is
well known that the answer in general is no. The following discussion indicates (in my opinion)
where the difficulties lie. In this setting let E,C,U, U, be as in the beginning of Section 2. We
will consider maps F: U — CK(E) which satisfy some property, which we will call property
(P). MKyy(U, E; I) denotes the set of all u.s.c. 1-set contractive, weakly inward w.r.t. C, maps
F: U — CK(E) such that Fis fixed point free on aU and F satisfied property (P). A mapping
Fe MKy (U E; D) is I-essential in MKyy(U, E; ) if every Ge MKyy, (U, E;I) with
Flay = Glay has a fixed point in U. Two maps F, G € MK,y (U, E; I) are homotopic in
MKyy(U, E; I) written F=~ G in MKyy(U, E; I) if there is a u.s.c. 1-set contractive map
N:Ux[0,1] = CK(E) such that N,(u) = N(u, f) : U - CK(E) belongs to MK;,(U, E; I) for
each t € [0, 1] and Ny = F, N, = G.

To prove a topological transversality theorem in this setting we need to assume property
(P) satisfies the following assumptions:

if F: U— CK(E),G: U— CK(E) are two maps which satisfy property (P),
then aF + (1 — a)G : U — CK(E) must satisfy property (P); (2.19)
here 0 < o < 1 is a constant

and
if w:T — [0, 1]is a continuous map and N : U x [0, 1] = CK(E)
is a u.s.c. I-set contractive map with N, € MKyy(U, E; I) for each (2.20)
t € [0, 1], then the map J: U — CK(E) given by '
J(x) = N(x, u(x)) must satisfy property (P).
REMARK. Suppose property (P) means the map is condensing, then clearly (2.19) and
(2.20) hold.
Essentially the same reasoning as in Theorem 2.1 and Theorem 2.2 yields the following
result.

THEOREM 2.11. Let E, C, Uy, U be as in the beginning of Section 2. Suppose F and G are
two maps in MKy(U, E; I) such that F= G in MKyy(U, E; I). Also assume (2.19) and (2.20)
hold. Then F is I-essential in MKyy(U, E; I) iff G is I-essential in MKyy(U, E; I).

Next we establish an analogue of Theorem 2.3.

THEOREM 2.12. Let E,C,Uy,U be as in the beginning of Section 2 and uy € U= Uy N C.
Let MKyy(U, E; I) be as described above and assume (2.19) and (2.20) hold. In addition suppose

Sfor any G € MKyy(U, E; I) with Glyy = {up} and any {x,} € U

— 2.21
with x, € (l - l) G(x,) + l {up), then there exists x € U with x € G(x) @21)
n n

is satisfied. Then the constant map F: U — {ug} is I-essential in MKy(U, E; I).
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Proof. Let G : U — CK(E) be any u.s.c. 1-set contractive, weakly inward w.r.t. C, map
with G|y = Flyy = {ug} and suppose G satisfies property (P). We must show G has a fixed
point in U. Let D and J be as in Theorem 2.3. For each n € {2,3...} consider

J, = (1 —%)J—f—luo : D — CK(E).
n

Clearly J, is a u.s.c. (1 — i)-set contractive, weakly inward w.r.t. D (see the ideas in Theorem
2.3 and Theorem 2.5), map. Now Theorem 1.1 implies J, has a fixed point x, € D for each
€{2,3,...}. In fact x, € Uso J(x,) = G(x,) i.e.

Xy € (1 —l>G(x,,)+l{u0}.
n n

Now (2.21) implies there exists x € U with x € G(x). It is immediate that x € U. O

Analogues (with extra assumptions) of Theorems 2.4, 2.6-2.8 could also be obtained in
this setting.

3. Random fixed point theory. We can use a recent result of Tan and Yuan (see Theorem
1.2) to establish random analogues of the results in Section 2. For completeness we state and
prove the random analogue of Theorem 2.8 (this extends results in [1]).

THEOREM 3.1 Let ((2, A) be a measurable space and E a separable Banach space. Let C
be a closed convex subset of E, W and V are open bounded subsets of E with Uy = WnNC,
U, =VnNC, U C U, (proper) and 0 € U,. Suppose F: Q x U, — CK(E) is a random con-
tinuous, condensing, weakly inward w.r.t. C (for each w € Q, F(w,.) : Uy — CK(E) is weakly
inward w.r.t. C), map and in addition

for each w € Q, x¢AF(w, x) for 1 € [0, 1] and x € 83U, (3.1)
there exists a v € C/{0} such that for each w € Q (3.2)
x¢ F(w, x) + 8v for § > 0 and x € U, '
and
for eachw € Q, F(w, ) + uv : U, » CK(E) is weakly (33)

inward w.r.t. C forall u > 0

hold. Then F has a random fixed point xy with xo(w) € Uy/ U, with xo(w) € U,/ U, for each
w e Q.

REMARK. If F'is multivalued and C is a cone then (3.3) is satisfied.

Proof. Firstly note F: Q x U — CK(E) is hemicompact (see [17, Lemma 2.1]). Also
Theorem 2.8 implies that F has a deterministic fixed point. Apply Theorem 1.2 and we
deduce that F has a random fixed point. O

REMARK. It is also easy to establish a random analogue of Theorem 2.6. We leave this to
the reader.
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