COMPOSITIO MATHEMATICA

Vinogradov’s three primes theorem with
almost twin primes

Kaisa Matoméki and Xuancheng Shao

Compositio Math. 153 (2017), 1220-1256.

doi:10.1112/50010437X 17007072

A LONDON
FOUNDATION V/\ \Tﬁ MATHEMATICAL
COMPOSITIO AR [socieTy
MATHEMATICA B |isr 1a0s

https://doi.org/10.1112/50010437X17007072 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X17007072
https://doi.org/10.1112/S0010437X17007072

<</\ Compositio Math. 153 (2017) 1220-1256

/ doi:10.1112/90010437X17007072

Vinogradov’s three primes theorem with
almost twin primes

Kaisa Matomaki and Xuancheng Shao

ABSTRACT

In this paper we prove two results concerning Vinogradov’s three primes theorem with
primes that can be called almost twin primes. First, for any m, every sufficiently large
odd integer N can be written as a sum of three primes pi, p2 and p3 such that, for each
i € {1,2,3}, the interval [p;, p; + H| contains at least m primes, for some H = H(m).
Second, every sufficiently large integer N = 3 (mod 6) can be written as a sum of three
primes pi1,p2 and ps such that, for each ¢ € {1,2,3}, p; + 2 has at most two prime
factors.

1. Introduction

The Hardy—Littlewood prime tuples conjecture says that, for any admissible set of k integers
H ={hi,...,hy}, there are infinitely many values of n such that n+hy,...,n+ hy are all prime.
Here H is said to be admissible if it misses at least one residue class modulo p for every prime
p. In particular, the twin prime conjecture is the special case when H = {0,2}.

Using an elaboration of the linear sieve method, Chen [Che73] proved that there are infinitely
many primes p such that p+2 is the product of at most two primes (this property is traditionally
denoted by p 4+ 2 = P,). If one insists on prime values, it is only recently that Zhang [Zhal4],
and subsequently Maynard [May15], made the breakthrough showing that there are infinitely
many values of n for which at least two of n + hq,...,n + hy are prime, provided that k is
large enough but fixed. Indeed, Maynard’s argument shows that one can find m primes among
n+ hi,...,n+ hg for any m, provided that k is large enough in terms of m. This result was
proved independently by Tao in an unpublished work. We refer the reader to the excellent survey
article [Gralb] for the main ideas behind these works.

Since the introduction of the Hardy—Littlewood circle method, there have been a flurry
of results about solving linear equations in prime variables, by analyzing exponential sums over
primes. In 1937, Vinogradov showed that all sufficiently large odd positive integers can be written
as a sum of three primes. This establishes the ternary version of the Goldbach conjecture. In this
paper, we prove the analogous statement for the special types of almost twin primes mentioned
above.

THEOREM 1.1. For any positive integer m, there exist positive constants H = H(m) and
No = No(m) such that every odd integer N > Ny can be written in the form N = p; + pa + ps,
where, for i = 1,2,3, p; are primes such that the interval [p;, p; + H] contains at least m primes.
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VINOGRADOV’S THREE PRIMES THEOREM WITH ALMOST TWIN PRIMES

In view of recent work of Helfgott [Hell5], one can in fact take Ny = 7 above (after possibly
increasing H ).

THEOREM 1.2. Every large enough integer N = 3 (mod 6) can be written in the form
N = p1 + pa + ps, where, for i = 1,2,3, p; are primes such that p; + 2 is a product of at
most two primes.

Related problems have been considered before. Green and Tao [GT06] showed that there
are infinitely many three-term arithmetic progressions in the almost twin primes considered in
Theorem 1.2, and this has been generalized in [Zho09] to handle k-term progressions for any
fixed k. See [Pinl5] for analogous results for the almost twin primes considered in Theorem 1.1.
As we discuss in the next section, since the equation N = p; +ps +p3 is not translation-invariant,
for subsets of the primes the ternary Goldbach problem involves additional complications
compared to the problem of finding three-term arithmetic progressions. For the ternary Goldbach
problem, Matoméki [Mat09] previously showed that N = p; 4+ ps + p3 is solvable in primes with
p1+2=P,po+2=P) and p3s +2 = P;.

It is worth mentioning that a vast generalization of Vinogradov’s theorem has been proved
by Green and Tao [GT10], with a crucial ingredient from the work of Green, Tao, and Ziegler
[GTZ12]. They introduced the concept of higher-order Fourier analysis, which allows one to
handle all linear systems of finite complexity (that excludes the twin prime or the binary
Goldbach case). We plan to return to a generalization of Theorem 1.1 in this direction in a
future work.

2. Outline of proof

In this section we describe the main ingredients in the proofs of Theorems 1.1 and 1.2. The
general strategy for proving both theorems follows closely the transference principle initiated in
[Gre05]. Let f be the (weighted) indicator function of the considered subset of the primes, and
let v be a sieve majorant so that f < v and that f has positive density in v. The Fourier analytic
transference principle in [Gre05] produces a dense model f of f, such that 0 < f < 1 and that
f has positive average. Moreover,

Yoo fm)fma)fma)~ Y () f(n2) f(ng). (2.1)

1<n1,n2,n3<N 1<n1,n2,n3<N
ni+nz2+n3=N ni+n2+n3=N

If we are instead looking for solutions of a homogeneous linear equation such as nj + no = 2ns,
then the right-hand side above is bounded from below by Roth’s theorem. In this way one can
find arithmetic progressions in subsets of primes [GT06, Zho09, Pin15]. In our current case, the
right-hand side above could vanish if, for example, ]?is supported on [1, N/4] or if, writing ||z||
for the distance from the nearest integer, we had |[v2N| > 3/10 and f is supported on numbers
n for which ||v/2n| < 1/10.

To get around this issue, we need to know more about the structure of ]7 Examining the
proof of the transference principle, one may observe that fis the convolution of f with a Bohr
set. If we ensure that f is bounded below pointwise, then the right-hand side of (2.1) is certainly
bounded below as well. This pointwise lower bound translates to the requirement that primes
from the considered subset can be found in Bohr sets.
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2.1 Smooth Bohr cutoff
Given a cyclic group G = Z/NZ, a subset  C G and n € (0,1/2], define the Bohr set

B = Bohr(Q,n) ={n e G : [[{n/N| < nfor all £ € Q}.

For technical reasons, it is more convenient to study a smooth version of 1g, whose Fourier
spectrum has bounded size.

For n € (0,1/2] and a positive integer D, let ng(a:) :R/Z — [0, 2] be the Selberg polynomial
of degree D that majorizes the interval [—n,n]. The definition can be bound in [Mon94, ch. 1,
formula 217%] and is given in (3.1) below. The Selberg polynomial has a Fourier expansion

Spa@) = > Sh (ke(k)

|k|<D
with ]§Bn(k)| < 1/(D +1) 4+ min{2n,1/|k|} by [Mon94, ch. 1, formula (22)].

DEFINITION 2.1 (Smooth Bohr cutoff). Given a cyclic group G = Z/NZ, a subset Q C G and
n € (0,1/2], let D = [4/n]%% and define the smooth Bohr cutoff x = yq,, : G — R by

x(n) := [ 85.,&n/N).

£eq

Note that since Sgn(:c) is a majorant of 1)<, (), we have the lower bound x(n) > 1 for
n € Bohr(Q,n).

Remark 2.2. Using the Selberg polynomials SB 0 is not essential here, one could replace them

for instance by the function (cos wx)? for some large even D depending on 1 and |Q|. This way
x(n) would no longer be at least one in the Bohr set, but one could easily prove good enough
variants of the lemmas we need.

2.2 A transference type result
Let G = Z/NZ. We use the standard notation E,cg to denote the average N~' > .. For a
function f : G — C, its Fourier transform is defined by

Fi©) = Eucctme( -5 )

and its L'-norm is defined by
1f1l1 = Encalf(n)].

For two functions f,g : G — C, their convolution is defined by

fxg(t) = Enecf(n)g(t —n).
In §4 we prove the following transference type result. It says that we can handle a non-
homogeneous linear equation if we have some additional hypotheses about averages in Bohr
sets.
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THEOREM 2.3. Let G = Z/NZ for some large N, and let f; : G — Rx¢ be a function. Let K > 1
and 6 > 0 be parameters. There exists a Bohr cutoff x = xq,, (depending on fi) with |Q| <g 5 1,
1€Q, andn=n(K,J) € (0,0.05), such that the following statement holds. Let fa, f3 : G — Rxg
be functions satisfying

fixx(@) = 6llxll1, (22)
for every t € [N/4,N/2) and i € {2,3}. Suppose that
> hin) =N, (2.3)
0.IN<n<0.4N
and that R
D IREOPP <K (2.4)
{eG

for every i € {1,2,3}. Then f1 * fo * f3(N) = 62/200.

The artificial requirement 1 € 2 and the assumption that (2.2) holds only for ¢ € [N/4, N/2)
come from the way Theorem 2.3 will be applied. To avoid wrapping around issues, we will
apply Theorem 2.3 with each f; supported on [N/4,N/2). If 1 € ©Q and n < 0.1, then
B(Q,n) C (=0.1N,0.1N), so that (2.2) can be expected to hold when t € [N/4,N/2).

We will see that the condition (2.4) for the types of almost twin primes we consider follows
easily from the work of Green and Tao [GT06].

2.3 Almost twin primes in Bohr sets

To apply Theorem 2.3 to prove Theorems 1.1 and 1.2 in §5, we need to verify the hypothesis
(2.2) for the indicator functions of the types of almost twin primes we consider. This is achieved
in Theorems 2.5 and 2.6, in statements of which we use the following definition.

DEFINITION 2.4. For a function x : Z — C, we say that it has Fourier complexity at most M if
x can be written as a linear combination of at most M exponential phases:

M
x(n) = bie(ain),
=1

for some |b;| < M, and o; € R/Z.

Note that since we do not request b; to be non-zero, if x is of Fourier complexity at most M,
then it is of Fourier complexity at most M’ for any M’ > M. Note also that the smooth Bohr
cutoff xq, in Definition 2.1 (extended to Z in the obvious manner) has Fourier complexity at
most O ,(1).

THEOREM 2.5. For any positive integer m, there exist a positive integer k = k(m) and positive
constants 0y = dp(m) and p = p(m) such that the following holds. Let x : Z — R=( be a function
with Fourier complexity at most M for some M > 1, and let € > 0 be given. Let W = Hpgwp
with w large enough in terms of m, M and e, and let (b, W) = 1. There exist non-zero distinct

integers hi,...,hy—1 = Om m (1) with h; positive for j = 1,...,m — 1, and a positive integer
No = No(m, M, e, w) such that, for every N > Ny and |t| < 5N,
1 wk N
> X(t—mn) > do - k( > X(t—n)—m—i—Om(sN)).
N<n<2N (logN) SO(W) N<n<2N w/
Wn4-belP

Wn+b+Wh;€P for i=1,....m—1
pITTES, (Wntb+Wh;) = p=>N©
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THEOREM 2.6. There exists a positive constant 61 such that the following holds. Let x : Z — Rxg
be a function with Fourier complexity at most M for some M > 1. Let W = Hpgwp with w
large enough in terms of M, and let (b, W) = 1. There exists a positive constant No = No(M, w)
such that, for every N > Ny and |t| < 5N,

1 w2 N
> -wzagtn (3 w-n- )
%Sni?]ﬂ\)( (log N) SD(W) N<n<2N w /
Wn-l?lj—_i-Zeng
p|Wn+b+2 = p}Nl/mO

Let us briefly discuss the proofs of these results. In §6 we shall state the results of Maynard
and Chen saying that one can find almost twin primes in sets that are equidistributed in
arithmetic progressions in certain precise senses. Bohr sets in general are not equidistributed
but in §7 we will show that it is enough to show variants of Theorems 2.5 and 2.6 that are
more apt for applications of Maynard’s and Chen’s theorems. Then in §§9 and 10 we shall prove
these variants using the Fourier expansion of the smooth Bohr cutoff discussed in §3 as well as
exponential sum estimates which we will state in § 8.

3. Smooth Bohr cutoff and its Fourier expansion
In this section we discuss a few basic properties of the Bohr cutoff x = xq, from Definition 2.1.
LEMMA 3.1. Given a cyclic group G = Z/NZ, a subset 2 C G and n € (0,1/2], the smooth Bohr
cutoff x = xq,, has the following properties:

(i) we have the lower bound
Ixlls > (n/2)!;
(ii) if n ¢ Bohr(€2,2n), then
x(n)] < (n°/8)9.
Proof. Part (i) follows from the observation that x(n) > 1 when n € Bohr(2,n), together with
the lower bound |Bohr(2,7)| > (n/2)¥ N from a standard pigeon-holing argument (see, e.g.,

[TV10, Lemma 4.20]). For part (ii) we can clearly assume that n < 1/4. Let us first give the
precise definition of S, ,(). For an integer K > 1, write Ak (x) for the Fejér kernel

k 1 (sinmKz\>
k<K

Then Vaaler’s polynomial Vp(x) is defined as the trigonometric polynomial of degree D with

D

1 k 1 k
1 1
+ 27(D + 1) sin2m(D + 1)z — %ADJA(I‘) sin 27z

Finally,

Spy(@) =21+ Vp(z —n) + Vp(-z —1n) (Apti(z —n) + App(=z—n). (3.1)

+2D+2
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Note that, writing s(x) for the sawtooth function (so that s(x) ={z}—1/2ifz ¢ Z and s(z) =0

if x € Z),
Ljgj<n (@) = 20+ s(z —n) + s(—z —n),
except when z = n or x = —n. By a result of Vaaler [Vaa85, Theorem 18|, we know that, for
any x,
1
V() = 5(2)| € 55— An4a (@)
Hence,
2
+
155,5(@) = Ljey<n (@)l < 575 (Bp+a(@ —1) + Apa(—z — 1))

1 1 1
B Y S S S,
(D+1)2((SIH7TH$—TI||)2 (sin||—z —nl)?
If ||z|| > 27, then we get
2 1 2 1 1
Sp < : < : < :
| D’”(m)‘ (D+1)2 (sinmm)? = (D+1)2 (2n)?2 = n?D?

Now, if n ¢ Bohr(£2,2n), then ||{on/N|| = 27 for some & € 2. Thus,

9l€2
x(m)] = IS}, Eon/N)| T 18D,(En/N)I < D2
£eN\ {0}
The conclusion then follows by our choice D = [4/n]21¢. O

The following lemma gives the Fourier expansion of a function of bounded Fourier complexity
in a convenient form. In particular, it allows us to separate the phases giving ‘major arc’
contribution from those giving ‘minor arc’ contribution.

LEMMA 3.2. Let A,M > 1, and let B = A(BM)M. Let x : Z — C be a function with Fourier
complexity at most M, and let W be a positive integer. Then for any large N, we may write

x(n) = ébe((WZ + @) n>

for some |b;| < M, 0 < a; < ¢i < N/(log N)'F, (a;,¢;) = 1, and |B;] < W(log N)'9F /(¢;N).
Moreover, there exists a positive integer Q@ < (log N)P such that, for each 1 < i < M, either
g | Q or qi/(qi, Q%) > (log N)™.

Proof. By the definition of Fourier complexity in Definition 2.4, we may write

M
x(n) = Z bie(ain),

for some |b;| < M and «; € R/Z. By the Dirichlet approximation theorem, for each 1 <1 < M,
there exist integers ¢; € [1, N/(log N)'%°B] and a; such that (a;,¢;) = 1 and
- <10g N)lOOB ‘

N

o a
W g
This gives the desired Fourier expansion of y, apart from the existence of () mentioned in the
last sentence of the statement.
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To define @, let @ = {q1,...,qn}. Take Qo = 1 and for i > 0 define

Qiv1 = 11 q-

qeQ
a/(¢,Q?)<(log N)4

There is some I < |Q| = M such that Q741 = Q7. We claim that QQ = Q7 satisfies the desired
properties. Indeed, for ¢ € Q, if ¢{ Q, then q{ Q41 so that ¢/(g, Q%) > (log N)* by the definition
of Q1. Furthermore, it is easy to see from the construction that

Qit1 < (QF (log )M
Thus, a simple induction reveals that @Q; < (log N)A'?’iMi, so that @ < (log N)5. O

This lemma can be thought of as a very special case of the general factorization theorem for
nilsequences [GT12, Theorem 1.19].

4. The transference-type result

In this section we prove Theorem 2.3. Let 1,& > 0 be small enough depending on K and J, and
take

Q={ccG:|fi(6)| =} U{1}.

By (2.4), we have || < e ®/2K +1. Let x = xq,, be the smooth Bohr cutoff from Definition 2.1.
For i € {2, 3}, define g;, h; : G — R by setting

1
gi=——fixx, hi=fi—g.
lIx1

Hence,
= fz . and I?Z = f, (1 — X). (4.1)
HXHl [l
In particular, using the trivial bound |X(§)| < ||x||1 we obtain
S IGEOPA<E and Y |hi(€)]P? < 277K (4.2)
§eG ceq
We write

fix fox f3(N) = fixgaxg3(IN) + f1 * g2 * ha(N) + f1 x ho x g3(IN) + f1 * ha * ha(N).

By the assumption (2.2) we have, for i € {1,2} the pointwise lower bound g;(t) > § for all
t € [N/4,N/2). Thus,

1 5 07 1
fi#g2xg3(N) > N?;fl(m) > 0° 2 100N > A= T00°

N/4<n2,n3<N/2 0.1IN<n1<04N
ni4+ng+nz=N

by the assumption (2.3).
To conclude the proof, it remains to show that

| f1 % ho % ha(N)| < 1d556°, (4.3)
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and the same bound with either hy replaced by gs or hs replaced by gs3. We have

|f1 % ho * hy(N Z|f1 ha(€)]. (4.4)

e

First we bound the contribution of summands with § ¢ Q. By the definition of © we have
|f1(§)] < e for £ ¢ Q. Thus,

> A ha(€)] < /23 LA ha(&)hs(©)]-

€EG\Q ¢eG

By Holder’s inequality, this is bounded by

(Y imer) (S merr) (Sore) < e

EeG EeG £eG

by (2.4) and (4.2). This is acceptable if € is small enough. To bound the contribution to the
right-hand side of (4.4) of summands with £ € €2, it suffices to show that ]1/1;(5)| < 30nK?/5 for
¢ € Q (the rest of the argument follows just as above). Since, by (2.4), ]fg(ﬁ)] < K25, by (4.1)
it suffices to show that O

[l

‘1— < 307

for £ € Q). We may write

X _ 1 e
! HXH1__JVHX”1;;;X( )(1 —e(én/N)).

If n € Bohr(€2,2n), then |1 — e(¢n/N)| < 207. If n ¢ Bohr(2,2n), then by Lemma 3.1 we have
Ix(n)| < n||x|li- Combining these together we obtain

X&) 1 ( >
< i (200 20 )+ 3 2l ) < 30,

Il neG neG

-

as desired. This completes the proof of (4.3) and the cases where either hy is replaced by go or
hs is replaced by g3 follow completely similarly. Hence, Theorem 2.3 follows.

Remark 4.1. Theorem 2.3 in particular says that if, for a positive density subset of the primes,
the ternary Goldbach does not hold for all large odd N, then there must be some sort of
Bohr set obstruction (including, as special cases, local obstructions modulo primes), since the
condition (2.4) holds in this case by the work of Green and Tao [GT06]. On the other hand, as
mentioned in § 2, such obstructions may indeed prevent the ternary Goldbach from holding.

Remark 4.2. The condition (2.2) should be compared with the usual hypotheses needed in
carrying out the circle method. In a traditional application of the circle method, one requires the
set to be equidistributed in Bohr sets so that the minor arc contributions are negligible, leading
to an asymptotic formula for the number of solutions. In Theorem 2.3, with a weaker assumption
(2.2) about distribution in Bohr sets, we deduce a lower bound for the number of solutions (of
the correct order of magnitude).
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5. Proof of Theorems 1.1 and 1.2 assuming Theorems 2.5 and 2.6

In this section we deduce Theorems 1.1 and 1.2 from the transference principle, Theorems 2.5
and 2.6 and the work of Green and Tao [GT06]. Let us first record the consequence of [GT06] we
shall need. Here and later, we call a set of linear forms £ = {L,..., Ly} admissible if they are
distinct and Hi-“:l L;(n) has no fixed prime divisors. In this case, we define the singular series

S0 - H(l Hnezpz:p| L1(n)‘--Lk(n)}|> (1 - 1)’“. (5.1

PP p p

PROPOSITION 5.1. Let p € (0,1/2) be real and let k > 1 be an integer. Let £ = {L1,..., L} be
an admissible set of k linear functions L;(n) = a;n + b; with |a;|, |b;| < N. Write

k
[[z:n) = p> Nf’},
=1

and let &(L) be defined as in (5.1). Let G = Z/NZ and let f : G — Rx( be such that

fn) < {(logN)k/G ifn e X,

X:{ngN:p

o0 otherwise.

Here we naturally identified G with {1,2,...,N}. Then

S < K,

£eG

for some positive constant K = K(k, p).

Proof. Let F = LiLy---Ly, R = NP2, and let Br(n) be the enveloping sieve given by
[GT06, Proposition 3.1], so that Br(n)>y, f(n). Applying [GT06, Proposition 4.2] with
an = f(n)/Br(n) if Br(n) # 0 and a, = 0 otherwise, we obtain that

R 2/5
(Z \f(f)’5/2) < (Bnena?Br(n)Y? <4y (Bnen Br(n) V2 <4 p 1,
e

where the last inequality follows from [GT06, Lemma 4.1]. O

Proof of Theorem 1.1. Let k = k(m), d9 = do(m) and p = p(m) be as in Theorem 2.5, and let
K = K(k,p/2), where K(k,p/2) is as in Proposition 5.1. Let € > 0 be small enough depending
on m, let w be large enough depending on £ and m, and let W = Hpgw D.

Let N’ be an odd positive integer, sufficiently large in terms of all the preceding quantities
m, k,dg, p, K, e, W. Our goal is to find a representation

N'=p1 +p2 + ps,

where, for j = 1,2, 3, p; are primes such that the interval [p;, p; + H| contains at least m primes.
For j =1,2,3, let b; be integers such that 1 < b; < W, (bj, W) =1, and N' = by +ba+b3 (mod W).
Let

N’ — by — by — b3

N:
14
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Let hgl), cees h,(glzl <m 1 be as in Theorem 2.5 with x = 1. We can assume that w is so large that
]hgl)] < w/2 for each i.
With these choices w, by, hg-l) we define

X1:{ngN:Wn—i—blE]P’,Wn—l—bl—l—Whgl)E]P’forizl,...,m—l,

k—1
[Twn+o+wh) = p> NP/Q}, (5.2)

i=m

and let f; : Z — Ry be defined by

and p

w k
(log N)Wiw) if n € X1 N[0.2N,0.4N),
0 otherwise.

fi(n) =

Theorem 2.5 implies
> A= oY
0.2N<n<0.4N

whereas Proposition 5.1 applied with the linear forms
L={Wn+b,Wn+b +Whi", ... . Wn+b +Whi}

implies
M IAEQP? <K
e

since [n\"| < w]/2, so that &(L) < (W/@(W))*.

Further, let x = xq,; be the Bohr cutoff associated to fi with § = 5o /40 from Theorem 2.3,
with [Q]<m1, 1 € Q, and 1<yn < 0.05. For j = 2,3, let b, ... h? <, 1 be as in
Theorem 2.5 with b = b; and this choice of x. We can assume that w is so large that ]hgj )| <w/2.
With these choices w,bj,h(]) we define, for j = 2,3, X; and f; analogously to (5.2) and (5.3),

i

but with f; now supported on [N/4, N/2). For t € [N/4, N/2), Theorem 2.5 implies

> fj(n)x(t—n)>fg< > x(t—n)+0<wzlv/3+5N>>

N/4<n<N/2 N/4<n<N/2
> 0 (S v+ 0 25 +en
Z 30\ & wis ) )

where the second inequality follows since x is symmetric around zero and is essentially supported
on |n| < 0.1N, in the sense that

S )<y Y x(n) (5.4)

0.IN<n<0.9N neG

by Lemma 3.1. When w is large enough and ¢ is small enough in terms of m,n and || (the size
of which depend only on m), this together with Lemma 3.1 implies that

9o
fi*x(t) > ZOHXHL
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Furthermore, Proposition 5.1 implies that, for j = 2, 3,

STIREP? < K.

e

Hence, all the assumptions of Theorem 2.3 are satisfied, and thus fi * fo * f3(N) > 3.
In particular, there exists ni,ng,n3 lying in the support of fi, fo, f3, respectively, such that

n1+ng+mn3 =0 (mod N). By the definitions of fi, fo, f3, we necessarily have ny +ng +ng = N,
(4)

and moreover for ¢ = 1,2,3, Wn; 4+ b; are primes and so are Wn; +b; + Whj for1<j<m—1.

This gives the desired representation
N = (WTl1 + bl) + (an + bg) + (an + bg),
once H is large enough in terms of m. O

Proof of Theorem 1.2. Let K = K(2,1/2000), where K (k, p) is as in Proposition 5.1. Let w be
a large parameter, and let W = Hpgw .
Let N’ =3 (mod 6) be a positive integer, sufficiently large in terms of K, W. Our goal is to
find a representation
N’ = p1 + p2 + ps,

where, for j = 1,2, 3, p; +2 has at most two prime factors. For j = 1,2, 3, let b; be integers such
that 1 <b; < W, (bj, W) = (bj +2,W) =1, and N' = by + by + b3 (mod W). Let
N —by — by — b3

W .

N =
For j =1,2,3, we define

X;j={n<N:Wn+b eP,Wn+bj+2=Py,p|Wn+bj+2 = p> N0}
and let f1 : Z — R>( be defined by

2
0 otherwise.

fi(n) = (ngﬁwng if n € X1 N[0.2N,0.4N),

Now Theorem 2.6 with xy = 1 implies that
0
> fWO)ﬁN
0.2N<n<0.4N

Further, let x = xq,, be the Bohr cutoff associated to fi with ¢ = §;/40 from Theorem 2.3, with
) <1,1€Qand 1< n<0.05. We define f; for j = 2,3 as f; but with support [N/4, N/2).
Now Theorem 2.6 implies that, for j = 2,3, and ¢t € [N/4, N/2),

o N 0 N
> ge-mz5( 5 xe-mo(g)) = g (S +o( L)
N/4<n<N/2 N/4<n<N/2 neG

since x(n) is essentially supported on |n| < 0.1N (see (5.4)) and is symmetric around zero. When
w is large enough in terms of 1 and € (sizes of which depend only on m), this and Lemma 3.1
imply that

5
E*Mﬂ>ZHMh
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Furthermore Proposition 5.1 implies that, for j = 1,2, 3,

SIHEP? < K.

£eG

Hence, all the assumptions of Theorem 2.3 are satisfied, and thus f; * fo * f3(IN) > 5.
In particular, there exists ni,n92,n3 lying in the support of fi, fo, f3, respectively, such that
n1+mnz+mn3 =0 (mod N). By the definitions of f1, fo, f3, we necessarily have ny +ng +ng = N,
and moreover for each i = 1,2,3, Wn; + b; is a prime and Wn; + b; + 2 has at most two prime
factors. This gives the desired representation

N' = (Wni+b1) + (Wng + b2) + (Wng + b3). ]

6. Weighted versions of Maynard’s theorem and Chen’s theorem

As discussed in the introduction, the celebrated result of Maynard [Mayl5] (obtained
independently by Tao in an unpublished work) states that, for each m > 1, there exists a
constant H = H(m) such that there exists infinitely many primes p for which the interval
[p,p + H] contains at least m primes. In a subsequent paper [May16], Maynard generalized the
result to show that any subset of the primes which is well-distributed in arithmetic progressions
(in a certain precise sense) contains many primes with bounded gaps, and also made an extension
to linear forms representing primes.

In this section we state a slight variant of the main result of [May16] in the case when the
underlying set is weighted with weights w,, > 0. We also carefully state the dependencies between
different parameters.

For a linear function L(n) = l1n+ Iz, we define ¢1.(¢) = ¢(|l1]q)/¢(|l1]). Let us first state the
required hypotheses which correspond to [May16, Hypothesis 1].

HyPOTHESIS 6.1. For a sequence (wy,), a set of k& admissible linear forms £ and real numbers
x>2, 0€(0,1) and Cy > 0, we formulate the following hypothesis.

(i) The sequence (wy,) is well-distributed in arithmetic progressions: we have

ngx Z wn—% Z Wn,

r<a? r<n<2x r<n<2zx
n=c (mod r)

Ew<n<2x Wn

<C .
" (log 2) 10172

(ii) Primes represented by linear forms in £ are well-distributed in arithmetic progressions:
for any L € L, we have

1 w
max Z Wy, — Z Wl < CHZw@idw:,
(Lie)r)=1 or(r) (log )10t
r<a® r<n<2x T<n<2z
nEz((II)lo](IiD T) L(n)eP
n)e

(iii) The sequence (wy,) is not too concentrated in any arithmetic progression: for any r < i

and any c, we have
1
E Wn < C’H; g Wn -

r<n<2z r<n<2x
n=c (mod r)
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The slight variant of Maynard’s main theorem [May16, Theorem 3.1] can now be stated as
follows.

THEOREM 6.2. Let a > 0,0 € (0,1) and Cy > 0. There exist a constant C = C(«, ) such that,
for any k > C' there exist positive constants xo = zo(a, 0, k,Cr), 60 = do(a, 0, k) and p = p(«, 0, k)
such that the following holds.

Let (wy,) be a sequence of non-negative real numbers, let L = {L1,...,L;} be an admissible
set of k linear functions and let x > xy be an integer. Assume that the coefficients of
Li(n) = ajn + b; satisfy 1 < a;,b; < 2 for all 1 < i < k, and assume that k < (logz)®.

If Hypothesis 6.1 holds and § > 1/(10g k) is such that

5
L Z pla Z wn 2 o > wn, (6.1)

Lel r<n<2x r<n<2x
L(n)eP

Z “n 2 0 (logx exp (Ck) Z W

r<n<2x x<n<2x
#{L1(n),....Li(n)}NB)>C~ 'S log k
p|L1(n)+Lk(n) = p>z

where &(L) is defined as in (5.1).

then

Proof. The proof is the same as Maynard’s [Mayl6, Proof of Theorem 3.1]. Introducing the
weights w, makes no difference once one replaces #A(x) in [Mayl6]| by the weighted version
ZI<n<2x wnp, etc. Furthermore, to see that the constants dy and p do not depend on C, note
that Hypothesis 6.1(1,2) imply [May16, Hypothesis 1(1,2)] with implied constant one once z is
large enough in terms of C'y. On the other hand, in [May16, Proof of Theorem 3.1], [May16,
Hypothesis 1(3)] is only used together with [May16, Hypothesis 1(1) or (2)] to dispose of some
divisor functions through the Cauchy—Schwarz inequality (see [May16, Formulas (9.2) and (9.3)]
for a typical example). In these situations one also wins a power of log z and thus can take the
implied constant in the resulting bounds to be one once z is large enough in terms of C'y. Hence,
none of the implied constants in the proof of Maynard’s theorem depend on C'y once x is large
enough in terms of Cy. O

Next we formulate a similar general version of Chen’s theorem. We will need the notion of
a well-factorable function of level R by which we mean a function A : NN [1, R] — [—1, 1] such
that, for any S,7T > 1 with ST = R, we can write A = v % § with 1-bounded functions v and §
supported on [1, S] and [1, T, respectively.

HypOTHESIS 6.3. For € € (0,0.1), a sequence (w,,) of non-negative real numbers, a set of two
admissible linear forms £ = {L;, Lo} with L;(n) = u;n+v;, and a real number = > 2, we formulate
the following hypotheses.

(i) Primes represented by L; are well-distributed in arithmetic progressions: we have

) Uy Wn Zx<n<21 Wn
)7\ Wn, — S o
Z u(r)*Ar (anm " olrun) MZQZ log Ll(n)> (log )10
(ruz(u2v —uive))=1 r|La(n) )

Li(n)eP

whenever X is a well-factorable function of level z'/27¢ or A = Loep,pry * N, where )\ is a
well-factorable function of level z'/27¢ /P and 2P > P’ > P € [¢'/10, z1/3-¢].
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(ii) Almost primes represented by Lo are well-distributed in arithmetic progressions: we have,

for j =1,2,
2 : < j : o — 2 : w > < Zx§n<2$w”
r r<n<2z PLo\T ( ) r<n<2z (log .TC)
(ru1(urv2—ugv1))=1 7Ly (n) La(n)EB;

L2(TL)EBj

1/2—5

whenever ) is a well-factorable function of level = where

1/10 <p1 < x1/3—a 1/3—¢ <p2 (L2(2$)/p1)1/2 D3 > xl/lO} (6.2&)

By ={n=pipops | x
and
By = {n=pipaps | &7 <p1 <po < (La(22) /p1)"?, p3 = /1), (6.2b)
(iii) The sequence (wy,) is not concentrated in Bj: we have, for j =1, 2,

Z wp, < (14 0(1)) |Bj N [La(2), L2(22))| 1 Z .

r<n<2x ('O(u2) X r<n<2x

Note that the factor uy/(¢(ruy)log L1(n)) in the first hypothesis is the probability that a
randomly chosen n € [z, 2z) satisfies r | Lo(n) and Li(n) € P. Note also that it is straightforward
to find the density of B;: if ug, vy < z°M) | then

1851 Lala) La(20)] = (3(B,) + ol1)) 122
where
/1/3 € /(1 at) das doy /1/3 /(1—041)/2 das dory
§(B1) = d(B2) = .
1/10 1/3—¢ ala?(l — a1 — 052 1/3—e Jan a1a2(1 — Q] — ag)

(6.3)

To see that the coprimality conditions (7, ug(usvy — uqv2)) =1 and (r,ui(ujve — ugvy)) =1

occur naturally, note that if » and wu; share a common prime divisor p, then p{ L;(n) for all n by

the admissibility of L;, and thus the sum over those n satisfying r|L;(n) is empty. Similarly, if

(r,u;) =1 but r and ugvy — upve share a common prime divisor p < 21/10 then p|L;(n) implies

p|Lj(n) (where j = 3 — i), and thus the sum over those n satisfying r|L;(n) and L;j(n) € B (or
Lj(n) € P) is empty.

THEOREM 6.4. There exist positive constants dy,e and xy such that the following holds. Let
(wn) be a sequence of non-negative real numbers, L = {L1, L2} be an admissible set of two linear
functions and let x > x¢. Assume that the coefficients of L;(n) = u;n—+wv; satisfy 1 < u;, v; < o)
and that Hypothesis 6.3 holds. Then

Z wp, = 0 6(/:)2 Z Wp, — O(xo'g mgan»

1
ié(n§2§ (ng) r<n<2zx
1(n)e
La(n)=Ps
plLz(n) = p=a!/10

where &(L) is as in (5.1).

Since the proof is essentially Chen’s sieving device written in general terms, we postpone its
proof to Appendix A.
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7. Technical reductions

The conclusion of Maynard’s theorem does not quite correspond to the conclusion we want in
Theorem 2.5. However, we can quickly deduce Theorem 2.5 from the following variant which is
more apt for an application of Maynard’s theorem.

PROPOSITION 7.1. For any positive integer m, there exist a positive integer k = k(m) and positive
constants d1 = 01(m) and p = p(m) such that the following holds. Let x : Z — R be a function
with Fourier complexity at most M for some M > 1, let W = Hpgwp and let (b,WW) = 1. There
exists a positive constant Ny = No(m, M, w) such that, for any distinct integers hi, ..., hy with
|hj] <w/2, any N > Ny and |t| < 5N,

3 X(t_”)>5l(log1N)kgo(VI[//Vk)k< > x(t—n)+0<m>).

N<n<2N N<n<2N
{W (n+h;)+b}NP|>m

pITTE (W (n+hi)+b) = p>N?

Proof that Proposition 7.1 implies Theorem 2.5. Let k = k(m), 61 = 01(m) and p = p(m) be as
in Proposition 7.1. Let a1, ...,aps be the phases appearing in the Fourier expansion of x. By
the simultaneous version of the Dirichlet approximation theorem, we can find k distinct positive
integers h; <re,m 1 such that

€ . )
Haithgm foreveryi=1,...,M and j =1,... k.
These choices ensure that, whenever n —n' € {h},..., h}}, we have

Ix(n) = x(n')| <e. (7.1)

We can assume that w is so large in terms of M, and m that ]h;] < w/2 for all j and w'/6 is
at least 2M? times the implied constant in the conclusion of Proposition 7.1. By Proposition 7.1
we see that, for any [t| < 5N,

1 wk N
g t—mn) =0 E t—mn)— ——|.
N<n<2N = (log N)¥ ()% <N<n<2N = 2w1/3>
[{W (n+h})+b}NP|>m =

PI[TE | (W (n+h])+b) = p>NP

We get that, for some J C {1,...,k} with #J = m,

o1 1 W N
> di=m > dh e B (8 xe-w-52),
N<nZaN (m) (og N W)P\y 2y 2url/3
W (n+h};)+beP for each j€T

PITTE, (W (n+h})+b) = p=N?

Let r € J be such that h is the minimal among h} with j € J. We take hi,...,h;_1 to be any
choice (unique up to permutation) such that

{hizi=1,....m—1}y={h, —hl.:ie T\{r}}

and

{hizi=m,....k—1}={h, —hl.:ie{l,...,k}\JT}.
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Substituting n’ = n + hj., we see that

5 1 Wk N
t—n'+h)>—. t— .
Z x( n' + h;.) (k) (logN)k SO(W)k < Z X( n) >
N+hl.<n/<2N+h!. m N<n<2N
Wn/+beP
Wn/+Wh;+beP for i=1,....,m—1
PITIEZ ) (Wn/+Whi+b) = p=NP

(7.2)
By (7.1) we may replace the summand x(t — n’ + h].) above by x(t —n’) using a standard sieve
bound for the number of elements counted on the left-hand side of (7.2), getting that

51 1 wk N
)3 =)z e Lo o (0 w0
N+h,.<n’'<2N+h;. (m) (log N)™ (W) N<n<2N 2wt/
Wn'+beP

Wn/+Wh;+beP for i=1,....,m—1
PITTES (W' +Whi+b) = p=N*

with the implied constant depending only on k£ and p and thus only on m. Theorem 2.5 follows
with dp = d1/(2 (7];)) through noting that the terms with n’ € [2N,2N + h]) on the left-hand side
contribute at most M?2h!. O

Since Bohr sets (and, in general, functions with bounded Fourier complexity) are not
equidistributed in arithmetic progressions, we cannot apply Maynard’s theorem to the situation
in Proposition 7.1 directly, but we need to be careful with our choice of the sequence w,, to which
we apply Maynard’s theorem. In particular, the moduli ¢; | @ in the Fourier expansion of y in
Lemma 3.2 are problematic, and for this reason we will split into residue classes (mod Q).

In §9 we shall use Maynard’s theorem (Theorem 6.2) and exponential sum estimates (which
we will state in §8) to prove the following proposition.

PROPOSITION 7.2. For any positive integer m, there exist a positive integer k = k(m) and positive
constants §1 = §1(m), p = p(m) and A = A(m) such that the following holds. Let x : Z — R>¢ be
a function with Fourier complexity at most M for some M > 1. Let W = Hpgw p, let (b,WV) =1
and let N > Ny(m, M,w) be large. Let @ be from Lemma 3.2 corresponding to A. Then, for any
distinct integers hy, ..., hy with |h;| < w/2, any |t| < 5N and ¢y € C,

1 wk o Q N
x(t=m) >0 < X({t—n +O< >>7
N<%<:2N e (log N)*¥ o(W)* |Cu] N<§<:2N e Q10
n=cp (mod Q) n=co (mod Q)

H{W (n+h;)+b}NP|>m
PITTE; (W (nthi)+b) = p=NP

where

Cy ={co (mod Q) : (Weog+Wh; +b,Q) =1 for everyi=1,...,k}.

Note that, since |h;| < w/2, by the Chinese reminder theorem

evl=e IT (1-3). (73)

p|Q,p>w p

Let us next state a similar proposition that we shall prove using Chen’s theorem
(Theorem 6.4).
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PROPOSITION 7.3. Let x : Z — Ryq be a function with Fourier complexity at most M for some

M>1 Let W = Hpgwp, let (b,W) = (b+2,W) =1 and let N > No(M,w) be large. Let Q be
from Lemma 3.2 corresponding to some large enough A. Then, for any |t| < 5N, and ¢y € Cc,

1 w2 Q N
2 X s R e < 2 X“‘””O(ang N>100>)’

N<n<2N N<n<2N
n=cp (mod Q) n=cp (mod Q)
Wn+beP
Wn+b+2=P;

pIWn+b+2 = p>N1/100

for some absolute constant §; > 0, where
CC = {CU (HlOd Q)v (WCO + ba Q) = (WCU +b+ 27 Q) = 1}

To show that Propositions 7.2 and 7.3 imply Proposition 7.1 and Theorem 2.6, we use the
following lemma allowing us to sum over all the residue classes in Cy; and Ce.

LEMMA 7.4. Let x be a function of Fourier complexity at most M for some M > 1, and let N, Q
be positive integers with N > 2Q?. Let also Q be a collection of residue classes modulo Q such
that, for all 1 # q | Q and (a,q) = 1, one has

Zg(q()) _ola), (.4)
for some n > 0. Then
Z Y xt-n)= > x(t—n)+O0@nM’N +QM*N'/?). (7.5)

cp€EQ N<n<2N N<n<2N
n=cp (mod Q)

Q]

Proof. By Definition 2.4, we have the Fourier expansion

x(t —n) Zbeazt—n

for some |b;| < M and «; € R/Z. For each 1 < i < M, we may find integers 0 < a; < ¢; < N/2
with (a;, q;) = 1 such that |o; — a;/q;| < 1/(qu1/2).

Let us first consider the contribution of those ¢ with ¢; = 1 to the left-hand side of (7.5).
This contribution is, using Lemma B.1,

Z b Y elailt—n)

CQGQ 1<i<M N<n<2N
qi=1 n=cp (mod Q)

’Q‘ Z Z b( Z e(ai(t—n))—l—O(Nl/Q))

cp€EQ 1<i<M N<n<2N
gi=1

= Y b Y elai(t—n))+O(QM>N?),

1<i<M  N<n<2N
gi=1
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By Lemma B.2 we can extend the sum to go over all 1 < ¢ < M, at the cost of an error of size
M? max; ¢; < M2N'/2_ obtaining

Z Z bie(a;(t —n)) + O(QM2N1/2)

N<n<2N 1<i<M
= Z x(t —n) + O(QM2N?).
N<n<2N

Hence, we are finished if we can show that, for each ¢ such that with ¢; > 1, we have

S S elat—m) = OGN +QN'), (7.6)
coEQ N<n<2N
n=co (mod Q)

In case ¢; 1 @, we have ¢;/(q;, @) > 1 and, thus, by Lemma B.2, the left-hand side is O(Qq;) =

O(QNY?).
In case ¢; | Q, writing a;; = a;/q; + Bi, the sum over n on the left-hand side of (7.6) equals

e<3j(t - co)> Y. eBit—n)

N<n<2N
n=cp (mod Q)

a; 1
= e(,(t - Co)> : Q( > elBilt - n))) +O(N'/?)
N<n<2N

by Lemma B.1. Hence, the left-hand side of (7.6) equals

ai 1 473
Z e<,6’i(t —n)+ > o] Z < ‘co> +O(QNY?),
N<n<2N c€Q %
and (7.6) follows from the assumption (7.4). O

To show that (7.4) holds for @ = Cj; and for Q = C¢, we shall use the following elementary
lemma related to a certain modification of Ramanujan sums.

LEMMA 7.5. Let q be a natural number, (a,q) = 1 and let P(n) be a polynomial with integer
coefficients. Write p(n) = #{k (mod n) : P(k) =0 (mod n)}. Then

> 6(?)‘ < p(q)-

n (mod q)
(P(n),q)=1

Proof. By Mobius inversion,

an an
S o)z 2 ()
n (mod q) dlq n (mod q)

(P(n),q)=1 P(n)=0 (mod d)

For a fixed d | g, write x1,...,2,(g) for the roots of P(n) (mod d). Then

s ) s )R s () e

n (mod q) =1 n (mod q) =1 (mod gq/d)
P(n)=0 (mod d) n=z; (mod d)
where we have written n = z; + kd. The last sum vanishes unless d = ¢ in which case (7.7) has
absolute value at most p(q), and the claim follows. O
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Proof that Proposition 7.2 implies Proposition 7.1. We may assume that w is large enough
in terms of m, since otherwise the error term dominates and the claim is trivial. By
Lemma 7.4 it remains to show (7.4) for @ = Cy and 1 # ¢ | Q with n = w™'/2. Writing
R(n) = Hle(Wn + Wh; +b), equation (7.4) reduces to

SR RN (8 S

co (mod Q)
(R(c0),Q)=1 p>w

We can uniquely decompose Q = ¢¢'Q’, where (Q',q) =1 and p | ¢ = p | ¢. Then, when ¢;
and ¢y run through residue classes (mod ¢’Q’) and (mod ¢), respectively, ¢1q+ 2@’ runs through
residue classes (mod Q). Writing ¢q in this form, the left-hand side of (7.8) becomes

/
Z Z G(GC?CQ>. (7.9)
c1 (mod ¢'Q’) ¢z (mod q) 1
(R(c19),Q")=1 (R(c2Q"),q)=1

Since R(n) is always co-prime to W, Lemma 7.5 implies that the inner sum in (7.9) vanishes
unless (¢, W) = 1. Furthermore, in this case it has absolute value at most

#{co (mod q) : R(c2Q") =0 (mod ¢q)} < E9) < q1/3,

since p | ¢ = p > w and w is large enough. Hence, we obtain that the absolute value of (7.9)

is at most
Z g3 = g/ Z 1

e (mod ¢'Q") ¢ (mod Q')
(R(c19),Q")=1 (R(c19),Q')=1

By the definition of R(n), R(n) is always co-prime to W = Hpgw p, and for every p > w,
R(n) =0 (mod p) has k incongruent solutions (mod p) (since |h;| < w/2 for every 7). Hence, the
absolute value of (7.9) is at most

k k
?¢Q ] (1—><82 [] <1—>,

/ p q P
p|Q’ ,p>w p|Q,p>w

and (7.8) follows since ¢ > 1 and (¢, W) = 1, so that ¢ > w. O

Proof that Proposition 7.3 implies Theorem 2.6. By Lemma 7.4 it remains to show (7.4) for
Q =Ccand 1 # ¢ | Q with n = w™'/2. This time we take R(n) = (Wn + b)(Wn + b + 2),
and the claim follows exactly as in the previous proof, with k = 2. O

8. Exponential sum estimates

In this section we state exponential sum estimates that we will use in the proofs of
Propositions 7.2 and 7.3. Since the proofs closely follow previous works, we postpone them
to Appendix B.

8.1 Major arc estimates
LEMMA 8.1. Let Cy,C > 1 and € > 0. There exists a constant xo = xo(C1, Ca,¢€) such that the
following holds. Let Q < (log z)¢" and let ¢ > 1 and a be integers such that q | Q and (a,q) = 1.

1238

https://doi.org/10.1112/50010437X17007072 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X17007072

VINOGRADOV’S THREE PRIMES THEOREM WITH ALMOST TWIN PRIMES

Assume that |o — a/q| < (log z)¢' /2. Then, for every x > x(,

. Q e(an)
Z (cglg)le Z e(ap) o(rQ) Z logn

r<gl/2—e r<p<2x r<n<2x
p=c (mod rQ) n=c (mod Q)

T

= Qlogz)®’

LEMMA 8.2. Let C1,Co > 1 and ¢ > 0. There exists a constant xo = xo(C1, Ca,¢€) such that the
following holds. Let Q < (log )" and let ¢ > 1 and a be integers such that q | Q and (a,q) = 1.
Assume that |o — a/q| < (logx)©" /x. Then, for every x > xq, any bounded sequences {a,} and
{bn}, and any z'/* < M < 2%/,

2 e

Z ambpe(amn) — ! Z ambpe(amn)

r
r<al/2-¢ r<mn<2x (‘0( Q) r<mn<2x
mn=c (mod rQ) (mn,rQ)=1
M<m<2M M<m<2M

<
= Q(logz)®>’

8.2 Minor arc estimates
Our minor arc estimates are close variants of those proved in earlier papers. In particular, we
follow [Mat09] which, in turn, is based on ideas developed in [BP85, Mik00].

LEMMA 8.3 (Type I estimate). There exists zg such that the following holds. Let Q,q > 1 and
a be integers such that (a,q) = 1. Let |a,| < 1. Write h = (q, Q). Assume that « is such that
loo — a/q| < 1/(Qq?) and that Q < x'/2. Then, for every x > z¢ and any M > 1,

max ame(amn)| < < | | — + | == 4 log 4
r<zl/? (er@)=1 Iér%;%: ( ) Q < < Q> z1/2 l‘/Q ( )
mn=c (mod rQ)
M<Lm<2M

LEMMA 8.4 (Type II estimate). Let C' > 1. There exists a constant xo = xo(C) such that the
following holds. Let Q,q > 1 and a be integers such that (a,q) = 1, write h = (¢, @?), and
assume that |a — a/q] < 1/(4¢?°Q*(logz)?®). Let M € [z'/2,2%/%],Q < x3/2/(2M?(logz)©),
D < z/(MQ(logz)®) and R < M/x/?, and let ¢ € Z.

Then, for every x > ¢ and any |ag|, |bx| < 7(k),

Z (crgllg)xﬂ Z Z ambpe(amn)

D<d<2D R<r<2R r<mn<2x
(r,c'dQ)=1 mn=c (mod r)
mn=c (mod dQ)
M<m<2M
L (log 1?)0/2 C/21/2 ql/g 10
< i .
SO ( (q/I)B + (logz)~"=Q /8 + (log )78 (log x)

Combining the type I and IT estimates through Vaughan’s identity we will obtain the following
minor arc estimates for exponential sums over primes.

LEMMA 8.5. Let C' > 1. There exists a constant xg = xo(C) such that the following holds.
Let Q,q > 1 and a be integers such that (a,q) = 1, write h = (q,@Q?), and assume that
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la —a/q| < 1/(44*°Q*(log z)>C). Then, for every x > x¢, and Q < z'/19,

o e(ap)‘ S5 ( + (log2)~/°@Q + (logz)'®.
regr/s T xé;lt Q \ (¢/)/8 z1/8  (logx)C/8
p=c (mod rQ)

LEMMA 8.6. Let C' > 1. There exists a constant xo = xo(C) such that the following holds.
Let Q,q > 1 and a be integers such that (a,q) = 1, write h = (q,Q?), and assume that
lo — a/q| < 1/(4¢*Q*(log £)*C). Let A, be as in Hypothesis 6.3(i).

Then, for every = >z, Q < 2°/2, (¢,Q) =1 and ¢ € Z,

log ZL')C/2 q1/8 1
)2\, e(a ‘éx-<(—|—lo x)¢2Q1 /2 + log z)'5.
T<le:/2_s l’L( ) x<;2w ( p) Q (q/h)l/g ( g ) Q I1/8 (10g $)C/8 ( g )
(;0'@):1 p=c’ (mod r)
p=c (mod Q)

9. Proof of Proposition 7.2

In this section we prove Proposition 7.2 using Maynard’s theorem (Theorem 6.2). Let us
start by choosing the sequence w, and other parameters to which we apply Theorem 6.2. Let
C = C(1/8,1/8) be as in Theorem 6.2, k = max{C, e*“™}, and let p = p(k,1/8,1/8) be as in
Theorem 6.2. We take x = N/Q,

(wp) = (x(t—Qn—cp)), and, fori=1,...,k, Lj(n)=W(Qn+co+ h;)+0.

We can assume that ), o, wn = 7/ w'? since otherwise Proposition 7.2 is trivial. With these
choices, we shall show that, for any i =1,...,k,

ST

r<zl/8 r<n<2x rz<n<2x

n=c (mod r)
>
r<at/8 (W(Qetco+h;)+b,r)=1

<M (9.1)

T
(log z) 10542

QW Wn,
)3 “n T QW) 2. log(W(Qn + co + hy) + b)

r<n<2z r<n<2x

n=c (mod r)
W (Qn+co+hi)+beP
SMw (log ) 105+ (9.2)
and that, for any r < /8 and any ¢, we have
Z wWn < Mw - . (93)
= rwl0

r<n<2x
n=c (mod r)

Now (9.1) implies Hypothesis 6.1(i) and (9.3) implies Hypothesis 6.1(iii). Furthermore,
looking only at the » = 1 summand, we see that (9.2) implies that

QW Wn T
3 wn — > KMw 7T——omzr (94)
R p(QW) 2=, log(W(@n +co + hi) +b) (log x)105k
W (Qn+co+h;)+beP
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which implies (6.1) with 6 = 1/2 (say). Furthermore, multiplying (9.4) by o(QW)/p(QWr) and
summing over r < zt/ 8, we see that

mcax
r<al/8 (W(Qetco+h;)+b,m)=1

SO(QW) QW Wn
X | Wy — ———
'so(QWw P QW) 2 g W@+ ot R 1)
W (Qn+co+h;)+beP

X
M (Lo ) 1038

which together with (9.2) implies Hypothesis 6.1(ii) through the triangle inequality.
Hence, assuming we can prove (9.1)—(9.3), recalling our choice of k, Maynard’s theorem with

d =1/2 gives
S(L
Z Wn, >>m1()k Z Wn -
r<n<2x (Og$) r<n<2x
#{L1(n),....Lr(n)}NP)=m
p|Li(n)-Li(n) = p>z”
Here

&(L) = H(1 _#Hlsn<pip] Hfl(W(Qn+cO+hi)+b)}>< 1)—k

1-— =
p p

1L Qw1 w Q@
> exp(O(k) (@(QW)> = oxp(O(R)) («P(W)> [Co]

by (7.3).
Recalling the definitions of w,, and L;(n), we obtain,

w A\ @ 1
Z Xt —n)>n < > . - Z x(t—n)
= o)) Tl T
LW (nthi) L} B)5m e

PITTE (W (n+h;)+b) = p>Nr/?

which was the claim.
Hence, it remains to show (9.1)—(9.3). By the Fourier expansion of x(n) in Lemma 3.2, it is

enough to show these with
Wy = e((WZ + 5) Qn), (9.5)

where 0 < a < ¢ < N/(log N)'B (a,q) = 1, |8| < W(log N)'%°B /(¢N), and, moreover, either

q]Q or ¢/(¢,Q%) > (log N)A. In particular, (9.3) follows immediately from a trivial estimate.
We also note that when considering (9.1)—(9.2) with w, as in (9.5), in case

18] < 1/(Qz(log z)**) we can assume that 8 = 0 since |e(y + h) — e(y)| = O(h). On the
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other hand, if | 8| > 1/(Qx(log z)'*¥*), then this combined with the upper bound for | 3| implies
that | 8] < 1/(4Q2¢?(log #)329%*). Hence, we can in any case assume that

1 (log .’L‘) 110B
4Q%¢2(log x)3200k2 ’ T '

18] < min{ (9.6)

9.1 Establishing (9.1)
For ¢ | @, the left-hand side of (9.1) with w,, as in (9.5) equals

S omax| Y e(sQn) 1 Y e(Qn)

Tgxl/S r<n<2zx r<<n<2x
n=c (mod r)

< ) (BlQz+1) < 2!

,rgxl/S

by Lemma B.1.
For ¢ 1 @, the left-hand side of (9.1) with w,, as in (9.5) is by triangle inequality at most

gz Y max| > e<<W3+B)Qn>‘. (9.7)

T<11/8 x§n<21
n=c (mod r)

Recall (9.6) and that q/(¢, WQ) > (log N)*/W, so that, by Lemma 8.3 with M = Q = h = 1
and ¢/(q, QW) in place of g, we obtain that (9.7) is at most

W L Ly N (logx)* < -
T ogx SR TT T
(log N)A/Q rl/4 xl/Z(log N)5OB & (log $)110k2

once A is large enough in terms of k.

9.2 Establishing (9.2)
By changes of variables p,n’ = W(Qn+ co+ h;) +b and ¢ = W(Qc+ ¢o + h;) + b, the left-hand
side of (9.2) with w, as in (9.5) is at most

2. (Grw))
QWz<p<2QWxz q
p=c (mod QWr)

A S (3 ) o

QQWazx<n/<2QWzx
n'=c (mod QW)

Z max
(¢,QWr)=1

T<11/8

In case ¢ | Q this is O(z/(log ac)ZOOkz) by Lemma 8.1 recalling (9.6).

In case ¢ { @, note that ¢/(q,(QW)?) > (log N)A/W? and recall (9.6). We use the
triangle inequality and estimate the two terms corresponding to the two sums inside the absolute
values separately. The contribution corresponding to the sum over n’ can be satisfactorily
estimated by Lemma 8.3 with »r = M = 1 after partial summation. Furthermore, Lemma 8.5
with C' = 1600k? implies

)
ell—+-—|p
QWr<§<:2QWm <<q w

p=c (mod QWr)

S
(¢,QWr)=1

T<$1/8

_r
(log x)150k2

(10g3?)800k2 800k2 ~1/2 q"/®
<= (e + Qos)™ QW f +

when A is large enough in terms of k.

1 15
(log x)200k2 > (logz)™ <
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10. Proof of Proposition 7.3

In this section we prove Proposition 7.3 using Chen’s theorem (Theorem 6.4). Let £ = {L;, Lo}
be the collection of two linear forms L;j(n) = W (Qn + ¢o) + b and La(n) = W(Qn + ¢o) + b+ 2,

and note that ) ,
1\~ QW w2 Q
6(L) < - = = = .
=11 (1-3) = (am) = e

plQW

Let x = N/Q. Define the sequence (wy,) for < n < 2z by
wn = X(t — @n — co).

Since y has Fourier complexity at most M, we have w, < M? for every n. Thus, the conclusion
follows from Chen’s theorem (Theorem 6.4), once we verify the hypotheses. We may assume that
Y w<n<az Wn = v/ (log 7)% since otherwise the conclusion is trivial. Under this assumption, it
suffices to show that, for A, as in Hypothesis 6.3(i),

2 QW Wn, x
2 wl) ”( 2 e g 2 log<W<Qn+cO>+b>><<<1ogs:>200

T r<n<2zx r<n<2x
(r@W)=1 | W (Qntco)+b+2 h
W (Qn+co)+beP

(10.1)
and that, for B; and A, as in Hypothesis 6.3(ii),

e(QW) x
Z M(T)Q)\r< Z wp, — QW) Z wn> < (log )70 (10.2)

L r<n<2z r<n<2z
(r@W)=1 W (Qn+co)+b W (Qnco)+b+2€B;
W(Qn+co)+b+2€B;

and that, for §(B;) as in (6.3),

> o — OBy Fo(l) (pg;/) 3w (10.3)

logx
r<n<2x &) r<n<2x
W(Qn+-co)+b+2€B;

By the Fourier expansion of x(n) in Lemma 3.2, it is enough to show these with

wp = e((WZ + ﬁ) Qn), (10.4)

where 0 < a < ¢ < N/(log N)1B  (a,q) = 1, |3] < W(log N)!%B /(¢N) and, moreover, either
q]Q or ¢/(¢,Q%) > (log N)A. Furthermore, arguing as before (cf. (9.6)), we can assume

1 (log :L,)HOB
4Q2q2 (10g x)40000 ’ T ’

18] < min{ (10.5)

10.1 Establishing (10.1)
After changes of variables p,n’ = W(Qn + cg) + b, we can rewrite the left-hand side of (10.1)
with wy, as in (10.4) essentially as
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> o ¥ ()
T QWz<p<2QWz
(r,QW)=1 p5—2p(m0d r)

p=Weo+b (mod QW)

e (O

QWz<n'<2QWzx
n'=Weo+b (mod QW)

In case ¢ | @, this is O(z/(log £)?°°) by Lemma 8.1 recalling (10.5). In case ¢ { @, note that
q/(q, (QW)?) > (log N)*/W? and recall (10.5). We estimate the two terms corresponding to the
sums over p and n’ separately. The contribution from the term corresponding to the sum over
n/ can be satisfactorily estimated by Lemma 8.3 with r = M = 1 after partial summation. For
the term corresponding the sum over p, Lemma 8.6 with C' = 20000 implies the desired bound
once A and B are large enough.

10.2 Establishing (10.2)
By the definition of Bj in (6.2) we can write

1w (Qnteo)+br2eB = E A,
mp=W (Qn+co)+b+2
p=1/10

where a,, = 1 if m = pipy for some /10 < p; < #1/37¢ and 237 < py < (L2(2x)/p1)1/2, and
apy, = 0 otherwise. Note that a,, is supported on m € [:L‘l/ 3 22/ 3]. After a dyadic division and
changes of variables mp = W (Qn + ¢p) + b+ 2, to prove (10.2) with w, as in (10.4) it suffices to
show that for M € [z1/3,22/3],

a
Z M(T)Q)\T( Z ame<(q + Vi)mp)
(rQW)=1 Oy e ®
mp=Wco+b+2 (mod QW)
M<m<2M

- (o)) < G
s el ) < g
mp=Wco+b+2 (mod QW)
M<m<2M
In case ¢q | Q, this follows from Lemma 8.2 applied twice (once with the » = 1 term only),
recalling (10.5) and noting that we may add the restriction (mp, @QWr) =1 in the second sum
above at a negligible cost, since for each r there are O(2"9) values of mp with (mp, QWr) > 1. In
case ¢ 1 Q, note that q/(q, (QW)?) > (log N)*/W? and recall (10.5). We estimate the two sums
separately. The easier second sum can be estimated by Lemma 8.3 with » = 1. The first sum can
be estimated by Lemma 8.4 (after factorizing A,) with C' = 20000 once A is large enough.

Hypothesis (10.2) for By follows similarly noting that

Lw(Qn+teo)+b+2eB, = E : m
mp=W (Qn+cp)+b+2
p>xt/10

where a,, = 1 if m = p1py for some /3¢ < p; < po < (L2(2x)/p1)'/? and a,, = 0 otherwise;
thus, a,, is supported on m € [£%/3-2¢, £2/3+2(1)] 5o that our type II results (Lemmas 8.2 and 8.4)
are still applicable.
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10.3 Establishing (10.3)

In case ¢ | Q, by partial summation it is enough to prove (10.3) in case § = 0 (strictly speaking
one should consider the interval n € [z, '] instead of n € [z,2x) but this makes no difference).
Since ¢ | @, we have w, = 1. By a change of variables n’ = W (Qn + ¢g) + b + 2, it suffices to
show that

n'eB; — ) )
QWz<n'<2QWzx SO(QW) log v

n'=Weco+b+2 (mod QW)

which follows easily from the prime number theorem in arithmetic progressions. In case ¢ 1 @,
both sides of (10.3) are easily shown to be small using the argument from the previous subsection:
the left-hand side can be estimated by Lemma 8.3 and the right-hand side can be estimated by

Lemma B.2.
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Appendix A. Proof of the generalized Chen’s theorem

In this section we prove Theorem 6.4.

A.1 The linear sieve
For a (finitely supported) sequence A = (a;,,) of non-negative numbers we write |A| =Y am
and Ay = (agm)m. We also define a sieving function

S(A,z) = Z Qs

(m,P(z))=1

P(z) = Hp.

<z

where

To bound S(A, z) we need some information about A. We will assume that, for all square-free
integers d, we have

d
4d = 2D x 4 a0,

where ¢(d) is multiplicative and X is independent of d. Further, let

viz)= ] (1_92’))

plP(2)

We will use the linear sieve with a well-factorable error term due to Iwaniec [Iwa80]. For the
following statement, see [F110, Theorems 12.19 and 12.20].

LEMMA A.l. Let 2 < z < DY2? and s = log D/logz. Let ¢ > 0 be small enough and let
L(e) = /", Assume that, for some absolute constant K > 1,

-1
11 ( _g(p)> < glog=
D log 21

z1<p<z2
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for all z9 > z1 > 2. Then
S(A,2) S XV(2)(F(s)+ Ok(e) + > Y A (d)r(A,d)
I<L(e) d|P(z)

and

S(A.2) = XV(2)(f(s) = Or(e) = Y > N (d)r(Ad).

I<L(e) d|P(z)
Here, for each I, Ali are well-factorable functions of level D, and F, f : [1,00) — R3¢ are the
continuous solutions to the system
sF(s) = 2e" if1<s<3,
sf(s)=0 if1 <s<2,
(sF(s)) = f(s—1) ifs>3,
(sf(s)) =F(s—1) ifs>2.

A.2 Introducing Chen’s weights
Write A = (ay,) for the sequence defined by

Wn -1z, (myep M = La(n) for some z < n < 2z,
m = .
0 otherwise.

Note that A is supported on Lo(z) < m < Lo(2z).
Using a slight modification of the weighted sieve method of Chen, we consider

S = > am<1—; > 1

(m.P(a1/19)=1 210 <ot/

pilm
1
-3 § ( 1- E L).
m=p1p2p3 M=p1p2p3
, 21/ 10py <x1/3—¢ z/3=e<p1<pa<(La(22) /p1)Y/?
21/ <pa<(La(22) /p1) /2 p3>al/10
pg>al/10

Observe that the quantity in the parenthesis above is positive only if m = P, or p? | m for some
2119 < p < 1/37¢_ Since the number of those m of the latter type is O(2%9), it suffices to show
that

S&(£)
S > (log )2 Z W

r<n<2x

Using the sieve notation, we can write

S = S(A 2'/10) — % S 54,20

2/ 10pcgl/3—e

1
D) § : Ap1paps — E Qp1paps

Pp1,p2,P3 P1,P2,P3
x1/10<p1<x1/3—s x1/3*5<p1<p2<(L2(2x)/p1)1/2
e /37 <pa<(La(22) /p1)'/? p3>at/10
p3>x1/10

1 1
=S — =Sy — =T, — T
1 2 2 21 2

say.
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A.3 Handling S; and Ss
Write

(75} Wn
X = e
u Z log L1 (n)

r<n<2x

and let g1 be the multiplicative function defined by

(d, ’UQ(UQUl — ulvg)) > 1,

(d, u2(U2U1 — U1U2)) =1.

Since | A4 = 0 whenever (d, ug(ugv1 — ujv2)) > 1, we have, by Hypothesis 6.3,
d
>3 )\d<|Ad\ - gld“x> <(ogr)™ 3w,
d|P(r1/10) r<n<2x

for any well-factorable function \ of level D = z1/2—¢,

Hence, by Lemma A.1 with z = /19,

S = XVi(aYOY(f(5 — 10e) — o(1)) — O((log 2)? > wn>,

r<n<2x

where

- 1) 0D T ()

p|P(2) p<z
plur,pluz puruz(u1ve—ugv1)

Similarly, for any 2P > P’ > P € [xl/m, xl/?’_g} and any well-factorable bounded function A
of level 331/2_5/P we have, by Hypothesis 6.3,

D )\d<|.Apd| 4) g1 >X)<<1ogx S

P<p<P’ d|P(21/10) r<n<2z

since | Apq| = 0 whenever (d, ua(ugvy — u1vg)) > 1 and also (p,d) = 1 whenever d|P(z/10).
By Lemma A.1 with s = log(z/?7¢/P) /log z*/10 = 5 — 10e — 10log P/log x, we obtain

Sy < Z gl(mXVl(xl/lo)(F(E)—wE—1010gp/10gx)—|—0(1))+0<(10gx)9 Z wn>.

21/10<p<gl/3—¢ p r<n<2x

Using the fact that

u1 1 —i— o(
X = w

r<n<2zx

since log L1(n) = (14 o(1))log L1(z) = (1 + o(1)) log x, we conclude that

1 V(xl/lo) 1 (3= dt
— — > - 7 — — — — — — —
S1 252 > (f(5 10¢) 2/ F(5—10e — 10t) 7 ) (1—of E Wn,

log z 1/10 r<n<2x
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where

(1 p 1
V(z) =V, = I — [ ] I=-=)
(2) =W(z) (u1) p—1 < p—l)
pl(u1,u2) , (p<z :
PTuiu2(u1v2—u2v1

A.4 Handling 77 and T3
Let j € {1,2}. For B; defined as in (6.2), we write

U
r<n<2x
LQ(R)EBJ'
and let go be the multiplicative function defined by

0 (d,u1 (’u,z’Ul — ’u,l’Ug)) > 1,

g2(d) = § dip(uz)

p(uad)

We consider the sequence BU) = (b,(%)) defined by

(d,u1 (U2U1 — ’LL1U2)) =1.

m

B — Wn - 1L2(n)€Bj m = Li(n) for some x < n < 2z,
0 otherwise.

Note that BY) is supported on Li(x) < m < Li(2x), and that, for j = 1,2,
T =Y o) < S(BY, 2/).

meP

BY 1= 3" wilpymes,.

r<n<2x
d|L1(n)

Note also that, for j =1, 2,

We may apply Hypothesis 6.3(ii) to obtain that

S (yB”\ 92(d)X><< logz)™® Y w,

d|P(x1/6) z<n<2x
for any well-factorable function Ay of level D = z'/2=¢. Hence, by Lemma A.1 with z = 2/6, we
have
Ty < X;Va(z'/%)(F (3 - 6¢) + 0(1)) + O <(log z)? > wn>,
r<n<2x
where

- () ()

Pz p<z

P|u2,PTu1 PTU1U2(U102*UQUI)

By Hypothesis 6.3(iii) and using (6.3), we have
(B
X; < L ( Z Wn.
p(u2) logfv s

Hence,

174 I1/6

1 < Y b 6epa(m)(1 4 0(1) Y wn

log
since V(z) = Va(2)(u2/p(u2)).
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A.5 Final numerical work
We may write

H 4 H p—1 1
V(Z):< -1 —2> 11 <1_ —1)’
b b p
pl(u1,uz2) p>2 2<p<z
plurug(uive—ugvy)

and note that the two products in the parenthesis contribute > & (L) by the definition of the
singular series. Thus,

s(0)

V(x1/6) _ <§ + o(1)> V(x1/10)7 V(ml/IO) > gz’

Since all the bounds we have obtained are continuous in £ and the double integral in ¢(Bz2)
from (6.3) tends to zero when ¢ — 0, it suffices to verify that

113 1 1/3 p(l—aq)/2
f(5)—/ F(5—1Ot)dt—.F3/ / dag doy =0
2 J1/10 1/10 aras(l —ag — ag)

just like in Chen’s work. This is shown, for instance, in [HR74, ch. 11].

Appendix B. Proof of the exponential sum estimates

In this appendix we prove a couple of very simple auxiliary lemmas as well as the exponential
sum estimates stated in § 8.

LEMMA B.1. Let N > @Q > 1 and ¢ be integers, and let 8 € R. Then

> e(Bn) = Q D" e(Bn) +O(BIN +1).
N<n<2N N<n<2N
n=co (mod Q)

Proof. We can clearly assume that 0 < ¢y < Q. Let us write n = ¢y + kQ), obtaining that

> e(Bn) = e(Beo) > e(BkQ)

nzjgf?nfgév@ (N—c0)/Q<k<(2N—c0)/Q
=(1+0(8Q)) > e(BkQ)+O0(1)
N/Q<k<2N/Q
= > e(BkQ)+O(IBIN +1).
N/Q<k<2N/Q

Since the last expression is independent of ¢y, summing over 0 < ¢y < ), we see that

Q >, eBRQ) = Y eBn)+O((BIN+1)Q),

N/Q<k<2N/Q N<n<2N

and the claim follows. O
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LEMMA B.2. Let Q,q > 1 and a be integers such that (a,q) = 1 and (Q,q) < q. Assume that
o —a/q| < 1/(2¢Q) and let ¢y € Z. Then

’ > elan)

N<n<2N
n=cp (mod Q)

q

SQ.a

Proof. Let us write n = ¢g + k@, obtaining that

’ > elan)

N<n<2N
n=cp (mod Q)

1 1
la@ll ~ 1/(2¢/(Q. )"

> e(akQ)' <

‘(N—Co)/QélK(?N—Co)/Q

B.1 Major arc estimates

Proof of Lemma 8.1. By partial summation, it is enough to prove the claim in case o = a/q
(strictly speaking one should consider intervals p,n € [z, 2'] instead of [z, 2] but this makes no
difference). Since ¢ | @, the left-hand side of the claim equals

Q 1
PO S D DI e RPNt

r<al/2—¢ T<p<2x r<n<2z

p=c (mod rQ) n=c (mod Q)
PN [, 22)| —0y-C
< Z max Z 1——————=1 4+ O(z(logx)”“*72)
r<al/2—¢ (er@)=1 r<p<2x SD(TQ)
p=c (mod rQ)
PNz, 2
< Y m| Y- '[d”\ 1 0((logz)"1=C2),
ey R | ¢(d)
p=c (mod d)
and the claim follows from the Bombieri—Vinogradov prime number theorem. O

Proof of Lemma 8.2. Arguing similarly, Lemma 8.2 reduces to showing

1 X
Z max Z by — —— Z ambn| < =
= +Ca+1
d<zl/2-¢/2 (e,d)=1 r<mn<2x gp(d) r<mn<2x (log x) 12
mn=c (mOd d) (mn,d):l

M<m<2M M<m<2M

which follows from type II information used in the proof of the Bombieri—Vinogradov prime
number theorem (see, e.g., [[K04, Theorem 17.4]). O

B.2 Minor arc estimates for type I sums

Note that all the minor arc estimates are trivial if ¢ > x, so that we can always assume that
q < x. Lemma 8.3 follows easily from the following slight variant of a lemma usually used in
type I estimates.

LEMMA B.3. Let ¢ > 1 and a be integers such that (a,q) = 1 and assume that |a —a/q| < 1/¢>.
For any x > M > 1 and any integer k > 2,

1
Z Tk(m) min{x, } <y, (‘17:/2 4 $1/2M1/2 + $1/2q1/2> (log 3.%')k2/2.
M<m<2M « q
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Proof. By the Cauchy—Schwarz inequality

(2, )

M<m<2M
T x 1
< 27 ). ind
(3 aorg) (S wind i )
M<m<2M M<m<2M

< z(log Sx)kz_l : <a: + M + q) (log 3z),
q
by a standard ingredient in type I estimates (see, e.g., [[K04, Formula before Lemma 13.7]). O

Proof of Lemma 8.3. We can clearly assume that M < xl/Q/Q. Write S for the left-hand side of
the claim, and write m for the inverse of m (mod Q). Then

S < (a,rﬁ%}il Z Z e(amn)|.

r<al/? M<m<2M' z/m<n<2z/m
(m,rQ)=1 n=cm (mod rQ)

Writing n = ¢m + krQ, with k running over an interval with elements of size z/(mr@Q) > 1, and
summing the geometric series, we see that

s« ¥ % il ) <3 mOmn{ % g |

r<zl/2 M<m<2M d<2Mz1/2

By our assumption on «, we have |aQ — (Qa/h)/(q/h)| < 1/¢* < 1/(q/h)%. Hence, after a
dyadic division on d, Lemma B.3 gives

S < (g : (q/hl)l/? + (g)l/Z(Mxl/2)l/2 + (g)l/g(q/hﬂﬂ) (log )?. O

B.3 Minor arc estimates for type II sums
In the proof of Lemma 8.4 we use the following auxiliary exponential sum estimate due to

Mikawa [Mik00], in the proof of which one Fourier expands the min-function on the left-hand
side and uses Weyl differencing.

LEMMA B.4. Let |a —a/q| < 1/¢* for some (a,q) = 1. For 0 < M, J < x, one has

N x 1 r oz 1/4
M Z Z Tg(])m1n{m2j,Hmn2jH}<<<M2J+x3/4<q+M+q> >(10gac)8.

M<m<2M J<j<2J

Proof of Lemma 8.4. Let us first note that in case D < (logz)®, we can combine
dr = d' € [D',4D'] with 2D’ = 2DR < 2(logz)“M/z'/? < x/(MQ(log )®) which is still at
most the upper bound for D in Lemma 8.4. This allows us to assume that R = 1 in case
D < (logz)®; combining dr = d’ introduces at worst a divisor function 7(d’), but the claim
follows in any case if we can show the claimed upper bound for

I= Z 7(d) Z 0(d,r) Z ambpe(amn),

D<d<2D R<r<2R r<mn<2x
(r,ddQ)=1 mn=c’ (mod r)
mn=cq (mod dQ)
M<m<2M
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for any choice of residue class ¢g (mod dQ) with (¢4, dQ) = 1 and any choice of §(d, r) € C with
|6(d, )| = 1. By the Cauchy-Schwarz inequality, we have

|I]> < DM (log z)° Z Z Z 6(d,r) Z bpe(amn)

D<d<2D M<m<2M'"' R<r<2R z/m<n<2z/m
(r,c'dQ)=1 mn=c’ (mod r)
mn=cq (mod dQ)

2

Expanding out the square, moving the sum over m inside, and noting that |b,, by,| <
7(n1)? + 7(n2)?, we obtain

|I|> < DM (log x)° Z Z Z 7(ny)?

D<d<2D R<r1,712<2R z/2M<n1,ne<2x /M
(r1,ddQ)=(r2,c'dQ)=1

Z e(am(ny — m))‘
M<m<2M
x/nj<m<2z/n;
mni=c’ (mod r1)
mna=c (mod r2)
mni=mna=cq (mod dQ)

The simultaneous congruences above are soluble if and only if (n1,71dQ) = (n2,r2dQ) = 1 and
ni = ng (mod dQ(r1,r2)), in which case they reduce to the single equation m = b (mod dQ[r1, 2])
for some b. Thus, substituting m = b + kdQ[r1, 2] (and noticing DQR? < M), we see that the
inner sum over m is

< mi < M L )
min , .
dQ[r1,r2]” [la(ni — n2)dQ[r1, ral||
Writing ny = ng + £ - dQ(r1,72), we have
a(ny —ng)dQ[r1,re] = af(dQ)Q(rl,rg)[rl,rg] = aZ(dQ)errg,
so that

|I|*> < DM (log z)° Z Z Z 7(ny)? Z

D<d<2D R<r1,r2<2R z/2M<n1<2zx/M [0|<22/MdQ(r1,r2)

xmin( M ! >
dQlr1, 1) al(dQ)%r rs|
. M 1
< Drfloge)® D, 2 mm(d@[rl,mruaad@vmzu)'

D<d<2D R<r1,r2<2R [4|<2x/MdQ(r1,m2)

The terms with £ = 0 contribute to the right-hand side

M o M
< D?z(log x)? = <« D%*2x(logx)V = <« log )~ ¢+10
(log z) R<§ DOl (logz)" DO QQ( gx)
\T17T2<2R

by the assumption on D, which is acceptable. To treat the terms with ¢ £ 0, write j = friry so

that )
2z S8Rz
. 4 2. <
O <l <R 5 DGl ) S MDQ
and that
M M (ry,m2) M R%x x

A0l dQrrs S DQRE MDQJj| < W@Ql
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It follows that

(log z)~¢*1° + Dz(log )° Z Z Tg(j)HliH( < — ! >

2 2
DEZaD o<licsias b (Pl TaldQ)J]

2

QQ

1I? <

By a dyadic division, it suffices to show that

r/Q? 1
D 2. 2 w0 m‘“( d2j’H(aQ)2d2j\>

D<d<2D J<j<2J

T log 2)¢ 1/4 1

for 1 < J < 4R%z/(DMQ). To prove this we divide into two cases depending on whether D is
large or small.

Case 1. First assume that D > (log ). Note that, by assumption,

a@Q?/h 1 1
a/h ' S 12(og )% S (g/h)2

It is also easy to see that D, J < 2/Q%. We may thus apply Lemma B.4 to bound the left-hand

side of (B.1) by
3/4 2 2 1/4
(e (3 (52

1 1 1 12( 4 1/ 1 8
< @((logmc Tt ogmern T (x) >< °87)

by the upper bound on J and the assumptions on D and R.

o<

Case 2. Now assume that D < (logz)®. Recall that in this case we can assume that R = 1. In
this case, for each fixed D < d < 2D we have, by assumption,

1
a2

< —.
q

s a(dQ)?
\a(d@) s

Moreover, the denominator of the fraction a(dQ)?/q is at least q/hD? > q/(h(logx)%C) after
reducing it to the reduced form. Applying Lemma B.3 to the inner sum over j in (B.1) (noting
that J < x/(D?Q?)), we may bound the left-hand side of (B.1) by

< <<q/<x</1g§jf>)22>>l/2 y <Q;DQ>1/2 | <Dmm2)1/2 y (Qfm)mqm) (log 2)*"

log = 1 1/2
c@ <ECI/gh)1)/2 - (log z:)¢/2 + Q(i) (10g$)c> (log x)°/?

by our assumptions on D and M. O
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B.4 Minor arc estimates for sums over primes

Proof of Lemma 8.6. By partial summation it is enough to consider the claim of Lemma 8.6

with
Z e(ap) replaced by Z A(n)e(an).
r<p<2x r<n<22x
p=c (mod r) n=c (mod r)
p=c (mod Q) n=c (mod Q)
Then, by a dyadic splitting on r, Vaughan’s identity (see [IKO04, Proposition 13.4]) with
y = z = 22/3, and further partial summation, it is then enough to show that, for any M < z!/3,

R < 2'/27¢/2 and any |a,,| < 1, one has the type I estimate

Z ()N, Z ame(amn)

R<r<2R r<mn<2x
(r,dQ)=1 mn=c (mod r)
mn=c (mod Q)
M<m<2M
£ (10g$)0/2 C/21/2 ql/S 1 12
< é . ((q/h)l/8 + (loga:) Q L1/8 + (logm)C/S (logx) . (B.Q)

and that, for any '/ < M < 2%/3, R < 2%/?7¢/2 and any |a|, |bx| < 7(k), one has the type II
estimate

Z u(r)Q)\T Z ambpe(amn)

R<r<2R z<mn<2z
(r,dQ)=1 mn=c’ (mod r)
mn=c (mod Q)
M<m<2M
T (log )¢/? B V8 1 .
< ==L
S Q < (qmuE T 1esn) QU Tr o+ e ) os ) (B.3)

The estimate (B.2) follows directly from Lemma 8.3. On the other hand, to estimate (B.3),
by symmetry we may assume that M > 2'/2, and we take D = min{R, z/(MQ(logz)®)} and
R = R/D. Note that D > min{R,z'/37°} and, thus, for either possibility of A, from
Hypothesis 6.3(i), by the well-factorability property we always get for the left-hand side of (B.3)
the upper bound

3 Z] S ambe(amn)

d<D r’'<R' r<mn<2z
(d,d'Q)=1 (r',c'dQ)=1 mn=c (mod dr’)
mn=c (mod Q)

M<m<2M
< max ambpe(amn)|,
>, | X obetann

< r"<R r<mn<2x

(d,@Q)=1 (r',dQ)=1 mn=c (mod ')

mn=cp (mod dQ)
M<m<2M

and the claim follows from Lemma 8.4 after dividing the variables d and 7’ dyadically. O

Let us note that, in the previous proof, in order to apply Lemma 8.4 when M is close to 2:%/3,

we needed to take D to be slightly smaller than z'/3. This is in contrast to what was claimed in
[Mat09, Remark 10], but the caused mistake in the proof of [Mat09, Theorem 2] could be easily
fixed by using a slight modification of Chen’s weights used here in Appendix A.
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Proof of Lemma 8.5. The proof is analogous to the proof of Lemma 8.6 but, since r < /8, after

a dyadic division to R < 7 < 2R, we can always take D = R when we apply Lemma 8.4. O
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