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Characterization of Low-pass Filters on
Local Fields of Positive Characteristic

Qaiser Jahan

Abstract. In this article, we give necessary and suõcient conditions on a function to be a low-pass
ûlter on a local ûeld K of positive characteristic associated with the scaling function for multireso-
lution analysis of L2(K). We use probability and martingale methods to provide such a characteri-
zation.

1 Introduction

A function ψ ∈ L2(R) is said to be a wavelet if its integer translations and dyadic
dilations {ψ j,k ∶ j, k ∈ Z} form an orthonormal basis for L2(R), where ψ j,k(x) =
2 j/2ψ(2 jx−k), j, k ∈ Z. Oneway to construct a wavelet is through themultiresolution
analysis (MRA). An MRA is a sequence of closed subspaces {Vj ∶ j ∈ Z} of L2(R),
satisfying the following conditions:
(a) Vj ⊂ Vj+1 for all j ∈ Z;
(b) f ∈ Vj if and only if f (2( ⋅ )) ∈ Vj+1 for all j ∈ Z;
(c) ⋃ j∈Z Vj is dense in L2(R);
(d) ⋂ j∈Z Vj = {0};
(e) there exists a function φ ∈ V0, called a scaling function , such that

{φ( ⋅ − k) ∶ k ∈ Z}

forms an orthonormal basis for V0.
Using condition (e) of the MRA, we can write

(1.1)
1
2
φ( 1

2
x) = ∑

k∈Z
αkφ(x + k),

where αk =
1
2 ∫R φ( 1

2 x)φ(x + k)dx.
Taking the Fourier transform of equation (1.1), we get φ̂(2ξ) = φ̂(ξ)m0(ξ), where

m0(ξ) = ∑k∈Z αk e ik ξ , is a 2π periodic function in L2(T) called the low-pass ûlter
associated with the scaling function φ.
A. Cohen [10] andW. Lawton [25] independently gave the necessary and suõcient

conditions for a trigonometric polynomial to be a low-pass ûlter of anMRAon L2(R).
Later, Hernández and Weiss [19] gave a characterization of low-pass ûlters by using
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Cohen’s approach. _ey considered certain smooth classes of low-pass ûlters. _en
Papadakis, Ŝikić, and Weiss [26] gave a complete characterization by assuming only
theHölder condition at the origin instead of smoothness condition. Furthermore, San
Antolín [28] generalized it to a general dilation matrix. _e probabilistic approach of
this characterization was discussed by Dobrić, Gundy, and Hitczenko [12].

In 2000, R. F. Gundy [18] gave necessary and suõcient conditions for an arbitrary
periodic function to be a low-pass ûlter. His technique is also useful if we consider
that the translates of scaling function form a Riesz basis instead of an orthonormal
basis for V0. E. Curry [11] extended this result for multivariable wavelets.

_e characterization of wavelets andMRAwavelets on local ûelds of positive char-
acteristic has been discussed in [8]. We gave this characterization by using aõne and
quasi-aõne frames [6]. Characterization of scaling functions fromwhichwe can con-
struct wavelets on such a ûeld has been provided in the article [4]. In this article, we
give the characterization of low-pass ûlter for local ûelds of positive characteristic.
A ûeld K equipped with a topology is called a local ûeld if both the additive and

multiplicative groups of K are locally compact abelian groups. _e local ûelds are es-
sentially of two types (excluding the connected local ûeldsR andC): zero characteris-
tic and positive characteristic. _e local ûelds of characteristic zero include the p-adic
ûeld Qp . Khrennikov, Shelkovich, and Skopina [21] constructed a number of scaling
functions generating an MRA of L2(Qp). But later on in [2], Albeverio, Evdokimov,
and Skopina proved that all of these scaling functions lead to the same Haar MRA.
Some wavelet bases for L2(Qp) diòerent from the Haar system were constructed in
[14] and [1]. _ese wavelet bases were obtained by relaxing the basis condition in the
deûnition of an MRA. Recently, Evdokimov and Skopina [13] proved that no orthog-
onal wavelet basis for L2(Qp) exists that is not generated by Haar MRA.
Examples of local ûelds of positive characteristic are the Cantor dyadic group and

the Vilenkin p-groups. Even though the structures and metrics of local ûelds of zero
and positive characteristic are similar, their wavelet and MRA theory are quite dif-
ferent. Lang [22–24] constructed several examples of compactly supported wavelet
for the Cantor dyadic group. Farkov constructed many examples for Vilenkin groups
[15–17].

_e concept of wavelets on local ûelds was developed by J. J. Benedetto and R. L.
Benedetto [9]. Jiang, Li, and Jin [20] gave the deûnition of anMRA for local ûeldsK of
positive characteristic and have constructed the corresponding orthonormal wavelet.
_e work of Shukla and Vyas [29] is preceded by [20]. We refer the reader to [3, 5, 7]
for some other aspect of wavelet theory on such a ûeld.

_e algebraic structure of a local ûeld K of positive characteristic is similar to that
of the real number ûeld and the translation set {u(k) ∶ k ∈ N0} of K is a countable
discrete subgroup of K (see Proposition 2.5). _is is analogous to the fact that the
translation set Z of R is a countable discrete subgroup of R. But, unlike the real line,
it is not true in general that u(k) + u(l) = u(k + l) for nonnegative integers k and l
(see Section 2 for details). _is problem does not show up in the Euclidean case. We
have to deal with issues related to this problem separately.

_e article is organized as follows. Section 2 contains a brief introduction to local
ûelds and Fourier analysis on such a ûeld. In Section 3, we give some deûnitions and
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state the main theorem of this article, which gives necessary and suõcient conditions
for a function to be a low-pass ûlter on local ûelds of positive characteristic. In the last
section, we continue the proof of our main result by using probability and martingale
methods.

2 Preliminaries on Local Fields

Let K be a ûeld and a topological space. _en K is called a locally compact ûeld or a
local ûeld if both K+ and K∗ are locally compact abelian groups, where K+ and K∗

denote the additive and multiplicative groups of K, respectively.
If K is any ûeld and is endowed with the discrete topology, then K is a local ûeld.

Further, if K is connected, then K is either R or C. If K is not connected, then it is
totally disconnected. So by a local ûeld, we mean a ûeld K that is locally compact,
non-discrete, and totally disconnected.

We use the notation of the book by Taibleson [30]. Proofs of all the results stated
in this section can be found in [27, 30].

Let K be a local ûeld. Since K+ is a locally compact abelian group, we choose a
Haar measure dx for K+. If α /= 0, α ∈ K, then d(αx) is also a Haar measure. Let
d(αx) = ∣α∣dx. We call ∣α∣ the absolute value or valuation of α. We also let ∣0∣ = 0.

_e map x → ∣x∣ has the following properties:
(a) ∣x∣ = 0 if and only if x = 0;
(b) ∣xy∣ = ∣x∣∣y∣ for all x , y ∈ K;
(c) ∣x + y∣ ≤ max{∣x∣, ∣y∣} for all x , y ∈ K.
Property (c) is called the ultrametric inequality. It follows that

∣x + y∣ = max{ ∣x∣, ∣y∣} if ∣x∣ /= ∣y∣.

_e set D = {x ∈ K ∶ ∣x∣ ≤ 1} is called the ring of integers in K. It is the unique
maximal compact subring of K. DeûneP = {x ∈ K ∶ ∣x∣ < 1}. _e set P is called the
prime ideal in K. _e prime ideal in K is the uniquemaximal ideal inD. It is principal
and prime.

Since K is totally disconnected, the set of values ∣x∣ as x varies over K is a discrete
set of the form {sk ∶ k ∈ Z} ∪ {0} for some s > 0. Hence, there is an element ofP of
maximal absolute value. Let p be a ûxed element of maximum absolute value in P.
Such an element is called a prime element of K. Note that P = ⟨p⟩ = pD, as an ideal
in D.

It can be proved that D is compact and open. Hence, P is compact and open.
_erefore, the residue spaceD/P is isomorphic to a ûnite ûeld GF(q), where q = pc
for some prime p and c ∈ N. For a proof of this fact we refer the reader to [30].
For ameasurable subset E ofK, let ∣E∣ = ∫K χE(x)dx, where χE is the characteristic

function of E and dx is the Haar measure of K normalized so that ∣D∣ = 1. _en it is
easy to see that ∣P∣ = q−1 and ∣p∣ = q−1 (see [30]). It follows that if x /= 0 and x ∈ K,
then ∣x∣ = qk for some k ∈ Z.

Let D∗ = D ∖P = {x ∈ K ∶ ∣x∣ = 1}. D∗ is the group of units in K∗. If x /= 0, we
can write x = pkx′, with x′ ∈D∗.
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Recall that D/P ≅ GF(q). Let U = {a i ∶ i = 0, 1, . . . , q − 1} be any ûxed full set of
coset representatives of P in D. Let Pk = pkD = {x ∈ K ∶ ∣x∣ ≤ q−k}, k ∈ Z. _ese
are called fractional ideals. Each Pk is compact and open and is a subgroup of K+

(see [27]).
If K is a local ûeld, then there is a nontrivial, unitary, continuous character χ on

K+. It can be proved that K+ is self dual (see [30]).
Let χ be a ûxed character on K+ that is trivial onD but nontrivial onP−1. We can

ûnd such a character by starting with any nontrivial character and rescaling. We will
deûne such a character for a local ûeld of positive characteristic. For y ∈ K, we deûne
χy(x) = χ(yx), x ∈ K.

Deûnition 2.1 If f ∈ L1(K), then the Fourier transform of f is the function f̂
deûned by

f̂ (ξ) = ∫
K
f (x)χξ(x) dx .

Note that
f̂ (ξ) = ∫

K
f (x)χ(ξx) dx = ∫

K
f (x)χ(−ξx) dx .

Similar to the standard Fourier analysis on the real line, one can prove the following
results.
(a) _e map f → f̂ is a bounded linear transformation of L1(K) into L∞(K), and
∥ f̂ ∥∞ ≤ ∥ f ∥1.

(b) If f ∈ L1(K), then f̂ is uniformly continuous.
(c) If f ∈ L1(K) ∩ L2(K), then ∥ f̂ ∥2 = ∥ f ∥2.

To deûne the Fourier transform of function in L2(K), we introduce the functions
Φk . For k ∈ Z, let Φk be the characteristic function ofPk .

Deûnition 2.2 For f ∈ L2(K), let fk = fΦ−k and

f̂ (ξ) = lim
k→∞

f̂k(ξ) = lim
k→∞

∫
∣x ∣≤qk

f (x)χξ(x) dξ,

where the limit is taken in L2(K).

We have the following theorem (see [30, _eorem 2.3]).

_eorem 2.3 _e Fourier transform is unitary on L2(K).

A set of the form h +Pk will be called a sphere with centre h and radius q−k . It
follows from the ultrametric inequality that if S andT are two spheres inK, then either
S and T are disjoint or one sphere contains the other. Also, note that the characteristic
function of the sphere h +Pk is Φk( ⋅ − h) and that Φk( ⋅ − h) is constant on cosets
ofPk .

Let χu be any character on K+. SinceD is a subgroup of K+, the restriction χu ∣D
is a character onD. Also, as characters onD, χu = χv if and only if u − v ∈D. _at is,
χu = χv if u +D = v +D and χu /= χv if (u +D) ∩ (v +D) = ϕ. Hence, if {u(n)}∞n=0
is a complete list of distinct coset representative ofD in K+, then {χu(n)}∞n=0 is a list
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of distinct characters onD. It was proved in [30] that this list is complete. _at is, we
have the following proposition.

Proposition 2.4 Let {u(n)}∞n=0 be a complete list of (distinct) coset representatives of
D in K+. _en {χu(n)}∞n=0 is a complete list of (distinct) characters on D. Moreover, it
is a complete orthonormal system on D.

Given such a list of characters {χu(n)}∞n=0, we deûne the Fourier coeõcients of
f ∈ L1(D) as

f̂ (u(n)) = ∫
D
f (x)χu(n)(x)dx .

_e series ∑∞
n=0 f̂ (u(n))χu(n)(x) is called the Fourier series of f . From the stan-

dard L2-theory for compact abelian groups, we conclude that the Fourier series of f
converges to f in L2(D) and Parseval’s identity holds:

∫
D
∣ f (x)∣2dx =

∞

∑
n=0
∣ f̂ (u(n))∣ 2 .

Also, if f ∈ L1(D) and f̂ (u(n)) = 0 for all n = 0, 1, 2, . . . , then f = 0 almost every-
where.

_ese results hold irrespective of the ordering of the characters. We now pro-
ceed to impose a natural order on the sequence {u(n)}∞n=0. Note that Γ = D/P
is isomorphic to the ûnite ûeld GF(q) and GF(q) is a c-dimensional vector space
over the ûeld GF(p). We choose a set {1 = є0 , є1 , є2 , . . . , єc−1} ⊂ D∗ such that
span{є j}

c−1
j=0 ≅ GF(q). Let N0 = N ∪ {0}. For n ∈ N0 such that 0 ≤ n < q, we

have
n = a0 + a1p + ⋅ ⋅ ⋅ + ac−1pc−1 , 0 ≤ ak < p, k = 0, 1, . . . , c − 1.

Deûne

(2.1) u(n) = (a0 + a1є1 + ⋅ ⋅ ⋅ + ac−1єc−1)p
−1 .

Note that {u(n) ∶ n = 0, 1, . . . , q − 1} is a complete set of coset representatives ofD in
P−1. Now, for n ≥ 0, write

n = b0 + b1q + b2q2
+ ⋅ ⋅ ⋅ + bsqs , 0 ≤ bk < q, k = 0, 1, 2, . . . , s,

and deûne

(2.2) u(n) = u(b0) + u(b1)p−1
+ ⋅ ⋅ ⋅ + u(bs)p−s .

_is deûnes u(n) for all n ∈ N0. In general, it is not true that u(m + n) = u(m) +
u(n), but it follows that

u(rqk
+ s) = u(r)p−k

+ u(s) if r ≥ 0, k ≥ 0 and 0 ≤ s < qk .

In the following proposition we list some properties of {u(n)} that will be used
later. For a proof, we refer the reader to [4].

Proposition 2.5 For n ∈ N0, let u(n) be deûned as in (2.1) and (2.2). _en
(i) u(n) = 0 if and only if n = 0. If k ≥ 1, then ∣u(n)∣ = qk if and only if qk−1 ≤ n < qk ;
(ii) {u(k) ∶ k ∈ N0} = {−u(k) ∶ k ∈ N0};
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(iii) for a ûxed l ∈ N0, we have {u(l) + u(k) ∶ k ∈ N0} = {u(k) ∶ k ∈ N0}.

For brevity, wewill write χn = χu(n) for n ∈ N0. Asmentioned before, {χn ∶ n ∈ N0}

is a complete set of characters on D.
Let K be a local ûeld of characteristic p > 0 and let є0 , є1 , . . . , єc−1 be as above. We

deûne a character χ on K as follows (see [3]):

χ(єµp− j
) =

⎧⎪⎪
⎨
⎪⎪⎩

exp(2πi/p), µ = 0 and j = 1,
1, µ = 1, . . . , c − 1 or j /= 1.

Note that χ is trivial on D but nontrivial on P−1.
In order to be able to deûne the concepts ofmultiresolution analysis andwavelet on

local ûelds, we need analogous notions of translation and dilation. Since⋃ j∈Z p
− jD =

K, we can regard p−1 as the dilation (note that ∣p−1∣ = q), and since {u(n) ∶ n ∈ N0}

is a complete list of distinct coset representatives of D in K, the set {u(n) ∶ n ∈ N0}

can be treated as the translation set. Note that it follows from Proposition 2.5 that the
translation set form a subgroup of K+.
A function f on K will be called integral-periodic if

f (x + u(k)) = f (x) for all k ∈ N0 .

3 Low-pass Filters

Similar toRn , wavelets can be constructed from amultiresolution analysis. We deûne
an MRA on local ûelds as follows (see [20]).

Deûnition 3.1 Let K be a local ûeld of characteristic p > 0, let p be a prime element
ofK, and let u(n) ∈ K for n ∈ N0 be as deûned above. AnMRAof L2(K) is a sequence
{Vj ∶ j ∈ Z} of closed subspaces of L2(K) satisfying the following properties:
(i) Vj ⊂ Vj+1 for all j ∈ Z;
(ii) ⋃ j∈Z Vj is dense in L2(K);
(iii) ⋂ j∈Z Vj = {0};
(iv) f ∈ Vj if and only if f (p−1 ⋅ ) ∈ Vj+1 for all j ∈ Z;
(v) there is a function φ ∈ V0, called the scaling function, such that

{φ( ⋅ − u(k)) ∶ k ∈ N0}

forms an orthonormal basis for V0.

Let φ be a scaling function for an MRA {Vj ∶ j ∈ Z} of L2(K). For f ∈ L2(K), we
deûne f j,k(x) = q j/2 f (p− jx − u(k)), j ∈ Z, k ∈ N0.

Since φ ∈ V0 ⊂ V1, and {φ1,k ∶ k ∈ N0} is an orthonormal basis in V1, we have

(3.1) φ(x) = ∑
k∈N0

hkq1/2φ(p−1x − u(k)),

where hk = ⟨φ, φ1,k⟩ and {hk ∶ k ∈ N0} ∈ ℓ2(N0). Taking Fourier transforms, we get

(3.2) φ̂(ξ) = q−1/2
∑
k∈N0

hk χk(pξ)φ̂(pξ) = m(pξ)φ̂(pξ),
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where m(ξ) = q−1/2
∑k∈N0

hk χk(ξ) is an integral-periodic function, called the low-
pass ûlter associated with the scaling function φ.

We have the following relation for such a low-pass ûlter m (see [4]):
q−1

∑
l=0
∣m(ξ + pu(l))∣2 = 1 almost every ξ ∈ K .

We deûne two operators A and B on L∞(D) and L1 ∩ L∞(K), respectively, by

Af =
q−1

∑
l=0
∣m(p( ⋅ + u(l)))∣2 f (p( ⋅ + u(l))),

B f = ∣m(p ⋅ )∣2 f (p ⋅ ).

Since m is a low-pass ûlter corresponding to the scaling function φ, then by (3.2)
∣φ̂(ξ)∣2 is a ûxed point of the operator B. For a scaling function φ, let us denote
Sφ(ξ) = ∑k∈N0

∣φ̂(ξ + u(k))∣2. We have

Sφ(ξ) = ∑
k∈N0

∣ φ̂(ξ + u(k))∣ 2 =
q−1

∑
l=0
∑
k∈N0

∣ φ̂( ξ + u(l + qk)) ∣ 2

=

q−1

∑
l=0
∑
k∈N0

∣ φ̂( ξ + u(l) + p−1u(k)) ∣ 2

=

q−1

∑
l=0
∑
k∈N0

∣ φ̂(pξ + pu(l) + u(k)) ∣ 2∣m(pξ + pu(l) + u(k)) ∣ 2

=

q−1

∑
l=0
∣m(pξ + pu(l)) ∣ 2Sφ(p(ξ + u(l))) (since m is integral-periodic)

= ASφ(ξ).

(3.3)

_erefore, Sφ(ξ) is a ûxed point of the operator A.

Deûnition 3.2 Let g ∈ L1∩L∞(K). A function f is almost everywhere g-continuous
at the origin if

lim
j→∞

f (p jξ)
∣g(p jξ)∣2

exists and is constant almost everywhere. _is limit is denoted by f (0)
∣g(0)∣2 .

Deûnition 3.3 D∞(φ̂) is the space of functions h(ξ) satisfying
(i) both h(ξ) and h−1(ξ) belong to L∞(D).
(ii) h(ξ) is almost everywhere φ̂-continuous at the origin and h(0)

∣φ̂(0)∣2 = 1.

Note that if φ(x) is a scaling function then Sφ(ξ) is almost everywhere φ̂-con-
tinuous at the origin. In fact, Sφ(ξ) ∈ D∞(φ̂). Using this weak form of continu-
ity, Gundy [18] has given a characterization of low-pass ûlter for dyadic dilations.
E. Curry [11] has generalized this characterization for the multivariable case.
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Deûnition 3.4 We call a function φ a pre-scaling function associated with an MRA
{Vj ∶ j ∈ Z} of L2(K) if its translates {φ( ⋅ − u(k)) ∶ k ∈ N0} form a Riesz basis for
V0.

Let H be a closed subspace of L2(K). A system { fk ∶ k ∈ N0} of functions in L2(K)
is said to be a Riesz basis of H if for any f ∈ H, there exists a sequence {ak ∶ k ∈ N0} ∈

ℓ2(N0) such that f = ∑k∈N0
ak fk with convergence in L2(K) and

(3.4) C1 ∑
k∈N0

∣ak ∣
2
≤ ∥ ∑

k∈N0

ak fk∥
2

2
≤ C2 ∑

k∈N0

∣ak ∣
2 ,

where the constants C1 and C2 are independent of f .

Remark 3.5 (i) Note that if we take C1 = C2 = 1, then the Riesz basis is an
orthonormal basis for H.

(ii) A function φ ∈ L2(K) that satisûes the reûnement equation (3.1) for some
scalars {hk}k∈N0 but need not satisfy the Riesz basis property (3.4) is called a reûne-
ment function. So, every pre-scaling function is a reûnement function.

In [4], we proved that if the discrete translates of a scaling function form a Riesz
basis of the core subspaceV0 of L2(K), then there exists another function φ1 such that
{φ1( ⋅ − u(k)) ∶ k ∈ N0} forms an orthonormal basis of V0.

We have the following lemma for integral-periodic unimodular functions on K.
_is lemma will be helpful for proving our main result.

Lemma 3.6 Let µ be an integral-periodic unimodular function on K. _at is,
(i) µ(ξ) = µ(ξ + u(k)) almost everywhere for every k ∈ N0, and
(ii) ∣µ(ξ)∣ = 1 almost everywhere on K.
_en there is a unimodular function t on K such that

(3.5) µ(ξ) = t(p−1ξ)t(ξ) a.e . on K .

Proof Let Q j = {x ∈ K ∶ ∣x∣ = q j}. Observe that K ∖ {0} = ∪ j∈ZQ j . Let t be any
measurable unimodular function deûned on Q0. For example, we can take t(ξ) = 1
for all ξ ∈ Q0.
Consider ξ ∈ Q1; then ∣pξ∣ = q−1∣ξ∣ = 1. _is implies pξ ∈ Q0. Hence, t(pξ) is well

deûned for ξ ∈ Q1. Deûne

(3.6) t(ξ) = t(pξ)µ(pξ).

We now proceed inductively. Suppose that t is deûned for Q1 ,Q2 , . . . ,Qn−1 so that
equation (3.5) satisûes for ⋃n−1

j=0 Q j . Deûne t by (3.6) if ξ ∈ Qn . Hence, the induction
is complete.

Similarly, if ξ ∈ Q−1, then p−1ξ ∈ Q0. Hence, t(p−1ξ) is deûned. Using (3.6), we
deûne

(3.7) t(ξ) = t(p−1ξ)µ(ξ).

Again using induction we can deûne t by equation (3.7) for Q j , j ≤ −1.
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_erefore, we deûne t(ξ) for ξ ∈ Q j , j /= 0, by

(3.8) t(ξ) =
⎧⎪⎪
⎨
⎪⎪⎩

t(pξ)µ(pξ), for ξ ∈ Q j , j ≥ 1,
t(p−1ξ)µ(ξ), for ξ ∈ Q j j ≤ −1.

_us, (3.5) follows from (3.8) if we set t(0) = 1.

We are now ready to present our main theorem, which gives necessary and suf-
ûcient conditions of a function to be a low-pass ûlter for a local ûeld K of positive
characteristic.

_eorem 3.7 Let m be a low-pass ûlter associated with a pre-scaling function φ. _en
the following hold.
(i) m is integral-periodic, m ∈ L2(D), and ∣m(ξ)∣2 is almost everywhere φ̂-contin-

uous at the origin with

lim
j→∞
∣m(p jξ)∣ = 1 a.e.

(ii) _e operators A and B have nontrivial ûxed points, Sφ(ξ) ∈ L∞(D) and ∣φ̂∣2 ∈
L1 ∩ L∞(K), respectively.

(iii) _e ûxed point Sφ of operator A is the unique function in the class D∞(φ̂).
Conversely, if a function m satisûes (i), (ii), and (iii), then m is a low-pass ûlter

associated with a pre-scaling function φ for an MRA {Vj ∶ j ∈ Z} of L2(K).

Proof First we prove the converse part.
Suppose that the operator B has a ûxed point ∣φ̂(ξ)∣2. _e ûxed point Sφ(ξ) of the

operator A is the unique function in D∞(φ̂). _en by [4, Proposition 3.5], the ratio
∣φ̂∣/S1/2

φ is a scaling function for an MRA {Vj ∶ j ∈ Z} of L2(K). _e low-pass ûlter
corresponding to this scaling function is

m0(ξ) = ∣m(ξ)∣(
Sφ(ξ)

Sφ(p−1ξ)
)

1/2
.

_is leads us to deûne

m̃0(ξ) = m(ξ)(
Sφ(ξ)

Sφ(p−1ξ)
)

1/2
.

Note that m̃0(ξ) = sgnm(ξ)m0(ξ)
By Lemma 3.6, we can write sgnm(ξ) = t(p−1ξ)t(ξ), where t is a unimodular

function on K. Deûne

φ̂(ξ) ∶= t(ξ)∣φ̂(ξ)∣ = t(ξ)t(pξ)t(pξ)∣m(pξ)φ̂(pξ)∣
= sgnm(pξ)∣m(pξ)∣φ̂(pξ) = m(pξ)φ̂(pξ).

Since t(ξ) is a unimodular function, all the conditions of [4,_eorem5.1] are satisûed,
and hence, φ(ξ) is a required pre-scaling function for an MRA.

Now let m(ξ) be a low-pass ûlter associated with a pre-scaling function φ for an
MRA {Vj ∶ j ∈ Z} of L2(K). By deûnition, the operator B has a ûxed point ∣φ̂∣2. And
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also from (3.3), Sφ is a ûxed point of the operator A. Furthermore, S−1
φ ∈ L2(D) (see

[4, Lemma 3.4]). _is implies that the function γ(x), deûned by

∣γ̂(ξ)∣2 = ∣φ̂(ξ)∣
2

Sφ(ξ)
,

is a scaling function for the same MRA (see [4, Proposition 3.5]) and that

∑
k∈N0

∣ γ̂( ξ + u(k)) ∣ 2 = 1.

By the characterization of scaling function, we have

1 = lim
j→∞
∣γ̂(p jξ)∣2 = lim

j→∞

∣φ̂(p jξ)∣2

Sφ(p jξ)
a.e.

_is shows that Sφ(ξ) is almost everywhere φ̂-continuous at zero. It only remains to
prove that Sφ is the unique function in the class D∞(φ̂).

4 Proof of the Uniqueness

In this section, we want to prove that Sφ(ξ) is a unique function in D∞(φ̂). Sup-
pose h(ξ) is another such function. We claim that Sφ(ξ) = h(ξ) for almost every
ξ. Since γ(ξ) is a scaling function of an MRA, it is obvious that the Fourier trans-
form of γ at ξ = 0 is 1. Also, we have ∑k∈N0

∣γ̂(ξ + u(k))∣2 = 1 for almost every
ξ ∈ D and lim j→∞ ∣γ̂(p jξ)∣2 = 1 for almost every ξ on K. _erefore, we can interpret
∣γ̂(ξ + u(k))∣2, k ∈ N0, as a probability distribution on N0 for almost every ξ ∈D.

Let µ be the low-pass ûlter associated with the scaling function γ. _en

µ(ξ) = φ̂(p−1ξ)
Sφ(p−1ξ)

⋅
Sφ(ξ)
φ̂(ξ)

= m(ξ)
Sφ(ξ)

Sφ(p−1ξ)
.

Let M(ξ) = ∣µ(ξ)∣2. Notice that M(ξ) is an integral-periodic function and satisûes
M(0) = 1 and

(4.1)
q−1

∑
l=0

M( ξ + pu(l)) = 1, a.e. ξ ∈D.

Every non-negative integer k ∈ N0 can be expressed uniquely as

k =
∞

∑
j=1

ω j(k)q j−1 , 0 ≤ ω j(k) ≤ q − 1.

We identify k with the sequence (0,ω1(k),ω2(k), . . . ) and deûne ω0(k) = 0. _e
integer zero is identiûed with the sequence zero. Note that each such sequence has
ûnitely many non zero terms.

Let D = {1, 2, . . . , q − 1} and D0 = D ∪ {0}. Let Ω = DN
0 be the set of sequences.

We identify N0 with the subset of Ω consisting of ûnite sequences. Fix k ∈ N0. For
N ≥ 1, let kN = {ω ∶ ω i = ω i(k), 0 ≤ i ≤ N} be a ûnite cylinder in Ω.
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For each ξ ∈D, we deûne probabilityQN
ξ on the set of all such cylinders as follows.

For 0 ≤ k ≤ qN − 1, we set

(4.2) QN
ξ (k) =

N

∏
j=1

M(p j
(ξ + u(k))) .

Lemma 4.1

(4.3) ∑
0≤k≤qN−1

QN
ξ (k) = 1

Proof Wewill prove this lemma by using induction on N . Deûne conditional prob-
ability by

M(p j
(ξ + u(k))) = Qξ(ω j(k)∥ω j−1 , . . . ,ω1) .

Equation (4.3) can also be written as QN
ξ (kN) = 1.

For N = 1,

Q 1
ξ(k) = M(p(ξ + u(k))) = Qξ(ω1(k)).

Using equation (4.1), we can easily see that the result is true for N = 1.

Q 1
ξ(k1) = ∑

ω1∈D0

Qξ(ω1(k)) =
q−1

∑
k=0

M(p(ξ + u(k))) = 1 a.e. ξ.

Assume that it is true for N − 1, i.e., QN−1
ξ (kN−1) = 1. Now we want to prove it is

true for N . We write

QN
ξ (k) = (

N−1

∏
j=1

M(p j
(ξ + u(k)))) ×M(pN

(ξ + u(k)))

= QN−1
ξ (k) × Qξ(ωN(k)∥ωN−1 , . . . ,ω1) ,

QN
ξ (kN) = QN−1

ξ (kN−1) × Qξ(ωN(kN)∥ωN−1 , . . . ,ω1)

where,

Qξ(ωN(kN)∥ωN−1 , . . . ,ω1)

=

q−1

∑
ωN=0

M(pN( ξ + u(ω1) + p−1u(ω2) + ⋅ ⋅ ⋅ + p−N+1u(ωN)))

=

q−1

∑
ωN=0

M(pN ξ + pNu(ω1) + pN−1u(ω2) + ⋅ ⋅ ⋅ + pu(ωN)) .

Note that the summation is only on ωN as ω1 , . . . ,ωN−1 are given. Again using (4.1),
we get

Qξ(ωN(kN)∥ωN−1 , . . . ,ω1) = 1

Hence, the induction is complete.
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_erefore, QN
ξ , N ≥ 1, speciûes a probability. By the basic Kolmogorov theorem,

the family QN
ξ extends to a probability say Pξ on the Borel sets of Ω. If we assume that

inûnite product of (4.2) exists, then we have

1 = ∑
k∈N0

∣γ̂(ξ + u(k))∣2 = ∑
k∈N0

lim
N→∞

N

∏
j=1

M(p j
(ξ + u(k)))

= ∑
k∈N0

lim
N→∞

QN
ξ (k) for a.e. ξ.

Hence, QN
ξ is tight in the Prokorov sense on the set of ûnite sequence. _erefore,

Pξ is concentrated on ûnite sequences. We say Pξ(N0) = 1 for almost every ξ.
Consider X j(ω(k)) = ω j(k), where ω j(k) ∈ D0. Deûne ξ1(k) ∶= ξ and ξ j+1(k) ∶=

p(ξ j + u(ω j(k))).
For 0 ≤ k ≤ qN − 1, we write k = ∑N

j=1 ω j(k)q j−1, 0 ≤ ω j(k) ≤ q − 1. And

u(k) = u(ω1) + pu(ω2) + ⋅ ⋅ ⋅ + p−N+1u(ωN), using equation (2.2).

Also, we can write

pN( ξ + u(k)) = pN( ξ + u(ω1) + pu(ω2) + ⋅ ⋅ ⋅ + p−N+1u(ωN))

= p(pN−1ξ + pN−1u(ω1) + pN−2u(ω2) + ⋅ ⋅ ⋅ + pu(ωN−1) + u(ωN))

= p( ξN + u(ωN)) .

Now we can deûne the conditional probability of X j given X j−1 , . . . , X1 is

M(p( ξ j + u(ω j(k))))

for each j ≥ 1. Since Pξ is concentrated on ûnite sequences for almost every ξ, hence,
the sequence {X j} j≥1 converges to zero relative to Pξ .

Now
Pξ(ξ j+1∥ξ j , . . . , ξ1) = M(p( ξ j + u(ω j(k)))) .

By construction, Pξ(ξ j+1∥ξ j , . . . , ξ1) = Pξ(ξ j+1∥ξ j). _us, {ξ j} j≥1 is aMarkov pro-
cess.

Since Pξ is concentrated on a ûnite sequence, hence, sequence {ξ j} j≥1 converges
to zero.

Now we will come back to uniqueness question. Consider r(ξ) = h(ξ)
Sφ(ξ)

. We want
to show that r(ξ) = 1 for almost every ξ. We know that h(ξ) and Sφ(ξ) are ûxed
points of the operator A and Sφ(ξ) = 1 almost everywhere , hence, r(ξ) satisûes

r(ξ) =
q−1

∑
l=0
∣m(p(ξ + u(l)))∣2r(p(ξ + u(l))).

_erefore, the composition r(ξ j) is a martingale, i.e.,

E( r(ξ j+1)∥r(ξ j), . . . , r(ξ1)) = E( r(p(ξ j + u(ω j)))∥r(ξ j), . . . , r(ξ1))

= E( r(p( ξ j + u(ω j)))∥r(ξ j))

= ∑
ω j∈D0

M(p(ξ j + u(ω j))) r(p(ξ j + u(ω j))) = r(ξ j).
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_emartingale r(ξ j) is strictly positive, bounded, and converges Pξ-almost surely
to r(0) = 1 for almost every ξ, since ξ j → 0. By Lebesgue dominated converges
theorem and for all j ≥ 1, we get

r(0) = E( r(0)∥r(ξ j)) = E( lim
n→∞

r(ξn)∥r(ξ j)) = lim
n→∞

E( r(ξn)∥r(ξ j)) = r(ξ j).

_us,

r(0) = r(ξ) = h(ξ)
Sφ(ξ)

for almost every ξ. _is gives h(ξ) = Sφ(ξ) for almost every ξ, which proves the
uniqueness assertion of the theorem.
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