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During the last decades, the structure of mod-2 cohomology of the Steenrod ring &7
became a major subject in Algebraic topology. One of the most direct attempt in
studying this cohomology by means of modular representations of the general linear
groups was the surprising work [Math. Z. 202 (1989), 493-523] by William Singer,
which introduced a homomorphism, the so-called algebraic transfer, mapping from
the coinvariants of certain representation of the general linear group to mod-2
cohomology group of the ring </. He conjectured that this transfer is a
monomorphism. In this work, we prove Singer’s conjecture for homological degree 4.
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1. Introduction

Everywhere in the text of this article, we will be working over the field Fy = Z /27
of characteristic 2 and taking (co)homology with coefficients in Fy. It is well-known
that the calculation of the stable homotopy groups of spheres 72(S°) is one of
the most central and intractable problems in Algebraic topology. Historically, in
the 1950s, Serre [24] used his spectral sequence to study this problem. In the late
1950s, Adams [1] constructed his celebrated spectral sequence that converges to
79 (S?), completed at prime 2. He claimed that F,-page of that spectral sequence
could be identified with

Ext?, (Fs,Fy) = {Ext?%/(F2,Fo) = HY ()} (g.4)e22,40, 1505

the bigraded cohomology algebra of the classical, singly-graded Steenrod alge-
bra o/ over Fy. This cohomology has been explicitly computed by Adem [3] for
g =1, by Adams [2] and Wall [31] for ¢ =2, by Adams [2] and Wang [32] for
g =3, by Lin [12] for ¢ =4, by Lin [12] and Chen [6] for ¢ = 5. However, it is
still largely mysterious for all ¢ > 5. With an idea that we can study the struc-
ture of Ext?,(Fy, F2) through the modular invariant theory, in 1989, W. Singer
(© The Author(s), 2022. Published by Cambridge University Press on behalf
of The Royal Society of Edinburgh
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[25] introduced a ‘transfer’ homomorphism of rank ¢, which passes from coin-
variants of a certain representation of the general linear group GL(q) over Fy
to mod-2 cohomology of . It has been shown that this transfer is highly non-
trivial (see the works by Boardman [4], Minami [13], Bruner, Ha and Hu'ng [5],
Hu'ng [9], Ha [8], Nam [15], Hu'ng and Quynh [10], Cho’n and Ha [7], Sum
[29], the author [17-23], and others). In order to better understand it, we offer
some related issues. Let us denote by V=[], (Z/27) a rank g elementary
abelian 2-group, Wthh is considered as q—dlmensmnal vector Fa-space. It is known,
H*(V®) = §(V,29), the symmetric algebra over the dual space V.77 = Hl(V@q)
of V4. Pick uy, ..., uy to be a basis of H'(V®7). Then, it has been shown that
Py = H* (V) = Fyluq, ..., ug], the connected Z-graded polynomial algebra on
generators of degree 1, equipped with the canonical unstable algebra structure
over «/. By dualizing, H,(V®?) 2 T(ay, ..., a,), the divided power algebra gener-

ated by a1, ..., aq, each of degree one, where a; = a( ) is dual to u;. It is to be
noted that thls algebra and the polynomial algebra 73 are not in general isomor-
phic as FoGL(g)-modules. Now, let us recall that the algebra o7 consists of the
Steenrod squaring operations Sq¢’ for i > 0. The operations S¢° and S¢2', i > 0,
constitute a system of multiplicative generators for o/ (see also Walker and Wood
[30]). Emphasizing that these Sq¢* are the cohomology operations satisfying the nat-
urality property. Moreover, they commute with the suspension maps, and therefore,
they are stable. Let Py H,(V®7) = Ext%, (P,, F2) be the subspace of H,(V®?) con-
sisting of all elements that are annihilated by all Sq¢’ for i > 0. The group GL(q)
acts regularly on V®7 and therefore on P, and H,(V®?). This action commutes
with that of the algebra &7 and so acts Fy ® o P, and Py H, (V%) Singer [25] con-
structed a homomorphism from Py, H,,(V®9) to Ext®f*" (Fy, Fy), which commutes
with two Sq°’s on Py H,(V®9) and Ext%? ™ (Fy, F2) (see also [4, 14]). He shows
that this map factors through the quotient of its domain’s GL(g)-coinvariants to
give rise to the so-called algebraic transfer of rank q

Try(F2) : F2 ®qr(g) P Ha(VEY) — Exti*™(Fy, Fa).

In fact, this transfer is induced over the Es-term of the Adams spectral sequence by
the geometrical transfer map $°°(B(V®%),) — %°°(S°) between the suspension
spectrum in stable homotopy category. Singer [25] demonstrated that the ‘total’
transfer {Tr,(F2)}>0 is an algebra homomorphism and that Tr,(Fs) is an iso-
morphism for ¢ = 1, 2. Afterwards, Boardman [4] stated that Trs(F3) is also an
isomorphism. Remarkably, in mostly all the decade 1980s, Singer believed that
Trq(F3) is an isomorphism for all ¢. However, in the rank 5 case, he himself claimed
in [25] that it is not an isomorphism by showing that the indecomposable element
Phy € Ext® 14(F2, F5) does not belong to the image of the transfer homomorphism,
where P denotes the Adams periodicity operator. Thence, he proposed the following
yet-left open.

CONJECTURE 1.1 [25, Conj. 1.1]. Try(F2) is a monomorphism for any q.

As shown above, Singer’s transfer is an isomorphism in ranks < 3, and so, con-
jecture 1.1 is true in these ranks. The rank 4 case is the subject of this paper.
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Remarkably, the investigation of the image of the algebraic transfer of rank 4 was
completed by the authors in [5, 8, 9, 15] and [10]. More precisely, in [5], Bruner,
Ha and Hu'ng proved that

THEOREM 1.2 [5, Thm. 1.1]. For each s> 1, the non-zero element g5 €
4,12.2°

Ext, =7 (Fq, Fa) is not in the image of Trs(F2).
This result refuted a prediction by Minami in [14] that the localization of the
algebraic transfer

(Sq°) M Try(F2) : (Sq°) 'Fa ®cr(g) P Ha(VFY) — (Sq°) ' ExtL? ™" (Fa, Fa)

given by inverting Sq¢" is an isomorphism. More explicitly, when ¢ =4 and n =
1225 — 4, following [5, Cor. 1.2], the localization of the fourth transfer given by
inverting Sq° is not an epimorphism. As a continuation of the work [5], Hu'ng
proved in [9] that

THEOREM 1.3 [9, Thm. 1.9]. Any element in the Sq°-families {D3(s)| s = 0} and
{p| s = 0} does not belong to the image of Try(Fz).

Theorems 1.2 and 1.3 imply that there are infinitely many degrees in which the
fourth algebraic transfer is not an isomorphism. Further, those theorems together
with the following establish a prediction in Hu'ng [9, Conj. 1.10].

THEOREM 1.4 [8, 10, 15]. Every element in the following families belongs to the
image of the fourth algebraic transfer Try(Fs):

(i) {ds|s = 0}, {es] s = 0} (see Ha [8, Thm. 1.1]);
(ii) {fs| s = 0} (see Nam [15, Thm. 1.4]);
(i) {ps| s = 0} (see Hu'ng and Quynh [10, Thm. 1.1]).

Alternatively, since the total transfer {Try(F2)}4>0 is @ homomorphism of alge-
bras and T'ry(F2) is an isomorphism for ¢ =1, 2, 3, all decomposable elements in
Ext? (s, Fy) belong to the image of Try(F).

Now, based on the results of [5, 810, 15] on the image of Tr4(F3), Singer’s
conjecture 1.1 for Tr4(Fs) turns out to be equivalent to the following.

CONJECTURE 1.5 Stated by the referee.

dim Ext > " (Fy, Fy) — 1 if n is bad,

dimF Py H, (V) =
imFy ®cr (1) Por Ha (V) {dimExt24+n(F2,F2) if n is not bad.

Here n is called bad if it equals to the stem of one element in the three families
{9s|s = 1}, {Ds(s)| s = 0} and {p}| s = 0}, whose every element is not in the image
of the algebraic transfer of rank four. Otherwise, n is said to be not bad.

Thus, by verifying this conjecture, we will get the answer for conjecture 1.1 on
the fourth transfer. This will be presented in the sequel.

https://doi.org/10.1017/prm.2022.57 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2022.57

1532 D. V. Phic

The algebraic transfer we are describing is closely related to the hit problem in
literature [16] of determination of a minimal generating set for the Fo-algebra Py,
considered as an unstable .«7-module. The reader is familiar with an event that if Fo
is an @/-module concentrated in degree 0, then solving the hit problem is equivalent
to finding a basis consisting of all equivalence classes of homogeneous polynomials
for the Z-graded vector space over the field Fs :

QP = TF3 @y Py = {(F2 ®or Po)n}nez.nz0 = Pyl Y Im(S¢*) = Tor’ (Fa, P,),

i>0

where the homogeneous components (QP,)n := (F2 @z Py)n of degrees n are
FyGL(g)-submodules of QP,. Usually, one would investigate this tensor product.
Its structure was systematically depicted by Peterson [16] for ¢ = 1, 2, by Kameko’s
thesis [11] for ¢ = 3, and by Sum [27, 28] for ¢ = 4. So far it has been thoroughly
studied for more than three decades by many topologist (see also [4, 5, 11, 17-19,
21, 23, 26-28, 30, 33]), but it remains unanswered for ¢ > 5. We also emphasize
that in general, it is not easy to compute or even estimate the dimension of QP, in
each positive degree. Most notably, in his thesis [11], Kameko conjectured that an
upper bound on the dimension of (QP,), is the order of the factor group of GL(q)
by the Borel subgroup By, i.e.,

20(a=D/2TT, _._ (27 — 1) '
dim(QP,), < ord(GL(q)/B,) = 2q(q1j])§g =[] @-v,
1<i<q

for any n > 0. However, in 2010, the famous work [26] of Sum refuted the above
prediction. In order to reduce the process of the calculation of QP, in each certain
degree, one considers the arithmetic function p : N — N, which is defined by

p(n) =min{k e Nln = " (2% —1),d; > 0,¥i, 1 <i <k}, forall n € N.

1<i<k
THEOREM 1.6. For each non-negative integer n, the following assertions are true:

(1) (QPy)n =0 if and only if u(n) > g (see Peterson’s conjecture [16], Wood
33]);

(ii) (QPg)n = (QPq)(n—q)/2 if and only if u(n) = q (see Kameko’s thesis [11]).

The statement (i) is given by Peterson’s conjecture. Peterson himself confirmed
it for ¢ < 2. Afterwards, Wood proved the general case under a stronger form.

To close this section, we recall the already known results on Ext‘;’; (Fq, Fy) for
q< 4

THEOREM 1.7 [2, 3, 12, 31, 32]. The following hold:
(i) Extl*(Fy, Fy) is generated by h; fori >0 (see Adem [3]);

(ii) Exti;{* (Fy, Fa) is generated by h;hj for j >4 >0 and j # i+ 1 (see Adams
[2] and Wall [31]);
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(iii) Exti’;,*(Fz, Fy) is generated by hihjhe, ¢, fort > 0; 0> j > i >0, and subject
only to the relations hihir1 =0, hih? 5 =0 and h? = h? ,hit1 (see Adams
+ i+2 i i—1"vi+
[2] and Wang [32]);

(iv) EXti’; (Fy, Fy) is generated by hihjhehp,, hycy, di, e, fi, git1, P, D3(t), pj
for m>=0>35>2i>20, u, v, t>0, and subject to the relations in (iii)
together with hfhf_% =0, hy—1¢y, =0, hycy =0, hytoc, =0 and hygsc, =0

(see Lin [12]).

2. A solution to Singer’s conjecture on the rank 4 transfer

As mentioned above, the goal of this section is to verify Singer’s conjecture for
the algebraic transfer of rank four. To make this, we prove conjecture 1.5. Firstly,
let us recall that the domain of Try(F3) is isomorphic to the GL(4)-invariants
space (QP4)§L(4) as vector spaces for all n. By this and theorem 1.6, we shall
compute the dimension of the domain of T'r4(F2) in the internal degrees n satisfying
wu(n) < g = 4. In these cases, due to Sum [27], n is of the following ‘generic’ forms:

(i) n =25T1—¢ te{1,2,3};

(1) n = + — 3

.. 2s+t+1 25+1 3 (2 1)
(iit) n =25t 4252 '
w) n o= + +2° =3,

. 2s+t+u 2s+t 23 3

whenever s, t, u are the positive integers. We are now in a position to present our
main result.

MAIN THEOREM. Let us consider generic degrees in (2.1). Then, conjecture 1.5 is
true in these degrees. Further, Try(F2) is an isomorphism in these internal degrees,
except item (i) with (s, t) € {(6, 2), (5, 3)}, item (i) with (s, t) = (2, 3) and item
(111) with (s, t) € {(4, 3), (1, 7)}. In these items, Try(Fs) is a monomorphism, but
it is not an epimorphism.

The theorem has been proved by Bruner, Ha and Hu'ng [5, Prop. 4.4] for
item (iii) with (s, t) = (1, 2), by Hu'ng [9, Thm. 7.3] for item (iii) with (s, t) €
{(1,7), (4, 3)}, by Sum [29, Thm. 4.1] for item (i) and by the present author for
items (ii), (iii) where ¢ # 3 (see [20, 21]) and item (iv) (see [22]). It is remarkable
that in [20, 21], we have proved the theorem for the cases (s, t) € {(1, 2), (1, 7)}
by another method. Thus, we need only to prove the theorem for items (ii) and
(iii) with ¢ = 3. Note again that the case (s, t) = (4, 3) has been proved by Hu'ng
[9]. However, it will be proved in this paper using other techniques. Before going
into detail, the known results will be briefly presented as well for the reader’s
convenience.

We first discuss the theorem for item (i), which has been proved by Sum [29].

Case n:=ng =21 —¢ 1<t <3, s> 1. According to Sum [29], the dimen-
sion of the domain of Try(F2) in degree ny, is determined by

https://doi.org/10.1017/prm.2022.57 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2022.57

1534 D. V. Phic

0 ift=1, and s=1,
ift=1, and s > 2,
ift=2, and 1 < s <2, (2.2)
ift=2, and s > 3,
ift=3, and s > 1.

dimFy ®cr (1) P Hn, (VE*) =

S = O =

On the other side, by theorem 1.7, one gets

0 ift=1, and s =1,
(h3hsy1) ift=1, and s > 2,
0 ift=2, and 1 <s<2,

444n. do ift=2, and s =3,

Exty " (F,Fa) = 2h2>}12> ift=2 and s> 4,5 #6, (23)

(h3h%, D3(1)) ift=2, and s = 6,
(D5(0)) ift=3, and s =5,
0 ift=3, and s > 6.

We see that ng ¢ is bad for (s, t) = (6, 2), (5, 3) and that by the equalities (2.2),
(2.3), conjecture 1.5 holds for the degrees ng ; for 1 < ¢ < 3 and arbitrary positive
integer s.

Notice that the non-zero elements hjhsi1, hgh?, and h3h? are decomposable in
the fourth cohomology groups Ext4 At s, ¢ (Fq, Fs), and so they are in the image of
Try(Fy). Tt is well-known that by Hu’ng [9], the indecomposable elements D3(0)
and D3(1) are not in the image of Tr4(F3) (see also theorem 1.3) and that by Ha
[8], the indecomposable element dy is in the image of Try(F3) (see also theorem
1.4(1)). These results together with the equalities (2.2) and (2.3) show that T4 (F2)
is an isomorphism in degrees n,, ¢, except the degrees ng 2 and ns 3. In the degrees
ng,2 and ns 3, the fourth transfer is a monomorphism, but it is not an epimorphism,
since

dimFa @1 (a) Por Hpg ,(VE4) =1 < 2 = dim Ext "2 (Fy, Fy),
dimFy ®g (4 P Hns 3(VEY) =0 < 1= dim Ext4 A3 Ry ).

Next, we discuss the theorem for items (ii), (iii) where ¢ # 3 and item (iv). In
item (iii), the cases (s, t) = (1, 2) and (1, 7) have been proved by Bruner, Ha and
Hu'ng [5] and Hu'ng [9], respectively. The remaining cases have been proved by
the present author in [20-22]. More precisely, with item (ii), we have the following
case.

Case ni=mng =251 42571 3 ¢+ >1¢+£3 s>1. Our previous works
[20, 21] have shown that

ift=1,ands =1,
ift=1,ands > 2
ift=2,ands =1,
ift=2,ands > 2
ift>4,and1 < s <2,
ift >4, ands > 3.

dimFy ®cr (1) P Hn, (VE) = (2.4)

DO = O = =
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On the other hand, from theorem 1.7, we get

(hico) ift=1,ands =1,
(hoh3 1) ift=1, ands > 2,
4,4+ <€> ift=2,ands:1,
Extyy ", o) = 0 ift=2, ands > 2,
(hohst1h?,,) ift >4, and1 < s <2,
< h h§+t+17h0hg+1hs+t> if t 2 , and s 2 3.
(2.5)

Then, the equalities (2.4) and (2.5) show that n,  is not bad and conjecture 1.5
also holds for the degree ns , whenever ¢t > 1, ¢ # 3, and s > 1.

As is well known, {h;|j >0} C Im(Tr(F2)) (see Singer [25]), {c;|j >0} C
Im(Trs(F2)) (see Boardman [4]), {e;|j >0} C Im(Try(F2)) (see Ha [8] and
theorem 1.4(i)), and the ‘total” transfer {Tr,(F2)}4>0 is an algebra homomorphism
(see Singer [25]). So, together with the equalities (2.4) and (2.5), we assert that
Try(F2) is an isomorphism in degrees ng, for each ¢t > 1, ¢t # 3 and all s > 1.

Next, for item (iii) with ¢ # 3, we have the following case.

Case n:=ng=2°T1+25 -2 t>1t+#3, s> 1. By theorem 1.7, we obtain

0 ift=1,and1 < s <4, s#3,

(hac1) ift=1, ands = 3,

<h1h§’> ift=1, ands > 5,
ift=2,ands =1,

< 2hoha, fo) ift=2, ands =2,

(h3hzhs,e1) ift=2, ands =3,

(h3hshsyio) ift=2, ands > 4,

(dy) ift=4, ands =1,

(h3he) ift =4, ands = 2,

Ext o (Fy, Fy) = { (h2hshy, hihsh2) ift=4, ands = 3,
(hyihyh3) ift =4, ands =4,
(hah2_ heis,hahoh2,,) if t =4, ands > 5,
(h2h?) ift>5t#7 ands =1,
(h2h%, D3(2)) ift="7,ands =1,

(h3 ht+2> ift >5, ands =2,
(hihsh? t+27 h3hshii3) ift > 5, ands = 3,
(hihshi g, hihahyis) ift > 5, ands = 4,
(hihsh? .y 1 hghshsye,

hih?_  heis) ift>5,ands > 5.

(2.6)
Based upon the results in Bruner, Ha and Hu'ng [5, Prop. 4.4], Hu'ng [9, Thm.
7.3] and our previous papers (20, 21], the dimension of the domain of 7r4(Fs) in
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degree ng ; is determined by

ift=1,and1 < s <4, s#3,
ift=1,ands >3, s # 4,

ift =2, ands =1 (see [5, Prop. 4.4]),
ift=2, and2 < s < 3,

ift=2, ands > 4,
ift=4,and1 < s <4, s#3,

ift = ,ands}?),s;«éél,
ift="7,ands =1 (see [9, Thm. 7.3]),
ift>5,t#7 ands =1,

if t > 5, ands = 2,

ift >5,and3 < s < 4,

ift >5,ands > 5.

dimFy ®cr (1) P Hn, (VE) =

WN R HEF R NRFRRFRFNDORFRO

(2.7)

From the equalities (2.6) and (2.7), the only degree n 7 is bad and conjecture 1.5
is true for the degree ns ; whenever ¢t > 1, ¢t # 3 and s > 1.

Based on theorems 1.3, 1.4, the equalities (2.6), (2.7) and the facts that {hs|s>0}
C Im(T'r1(F2)) and the total algebraic transfer {Tr,(F2)}4>0 is a homomorphism
of algebras (see Singer [25]), we may claim that Try(F2) is an isomorphism in
degrees ng ¢ for all t > 1, t ¢ {3, 7}, and any s > 1. When s =1 and ¢t = 7, it has
been shown in the proof of theorem 7.3 in Hu'ng [9] that the fourth transfer is a
monomorphism, but it is not an epimorphism in the internal degree n; 7.

Case n :=ng o ¢ =270 42570 425 3 s>1,u>1,¢t>1 From theorem
1.7 and our previous work in [22], we have the following results:

1 ifs=1,u=2,and t > 2,
. 1 ifs=2u>1landt=1,
dim Iy RaL(a) PﬂHns,u,t(VéB‘l) = 1 ifs>2u>2andt>?2 (2'8)
0 otherw1se.
(hoct) ifs=1,u=2and t > 2,
4441, ot ) (hyutsco) ifs=2u>1andt=1,
EXt'Q{ (FQ,F2) o <h0ht S+th5+t+u> lf S 2 u > 2 and t 2, (29)
otherwme.

We should note that the remaining cases of s, u,? where dimFs ®gr)
PyH,, , (V%) =0=dim Ext4 A, w, "*(Fy, Fy) are described as follows: s =1,
u=1andt>1; s=2, uflandt22;523,u:1andt21;s:l,u:2and
t=1s=1,u=>3 and t>1;s>3, u>2andt=1. It is straightforward to see
that ng, 4, ¢ is not bad for all s, ¢, u and that by the equalities (2.8), (2.9), conjecture
1.5 holds in the degree ng , ¢+ for every s > 1, u# 1 and t > 1.

Because {hs|s >0} C Im(Tr1(F2)) (see Singer [25]) and {cs|s >0} C
Im(7T'r3(F2)) (see Boardman [4]) and the total transfer {Try(F2)},>0 is a homo-
morphism of algebras, by equalities (2.8) and (2.9), we may assert that Try(F3) is
an isomorphism in the degrees ng ., whenever s > 1, u > 1, ¢t > 1.
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We now prove the main theorem for items (ii) and (iii) with ¢ = 3. Note that the
method of calculation used is similar to our previous works in [20-22].

Proof of main theorem. We first consider item (ii) with ¢ =3, ie., degree
ni=ng g =251+ 2571 — 3 for all s > 1. Let us recall that due to Sum [27], the
dimension of (QP4)n, , is given by the following table:

Ng, 3 ‘s:l s=2 s=>3
dim(QPy)n, , ‘ 136 180 195

A monomial basis of (QP4)n, , is also given in the same paper [27]. Taking this

basis, together with a computational technique similar to that of our works in [21,
22|, we obtain that the GL(4)-invariant space (QP4)S£§4) is trivial if s =2 and
is 1-dimensional if s # 2. As it is known, Fy ®qp (1) PoHa, , (V) 2 (QPs)5 Y,

the dimensions of the domain of Tr4(F2) in degrees n, 3 are determined by

0 ifs=2,

dimF> ®cr ) PyH,, (V) = {1 otherwise. (2.10)
On the other hand, from the result by Lin [12], it follows that
<p0> if s = 1a
Ext o 3 (Fy, Fy) = { (p)) if s =2, (2.11)

<h0h5+1h§+3,h0hzhs+4> = <h0h§hs+4> if s 2 3.

So, by the equalities (2.10) and (2.11), we deduce that n, g is bad for s =2 and
that conjecture 1.5 holds for the degrees ng 3 = 2574 42571 — 3 for s > 1.

Since hoh2hsy4 € Im(Tr4(F3)), by theorems 1.3, 1.4 and the equalities (2.10),
(2.11), the fourth transfer

Tra(F2) : Fo @gra) Por Hn, ,(VE') — EXti}4+nS'3(F2, IFa)

is an isomorphism for s # 2, and that Tr4(F2) is a monomorphism, but not an
epimorphism for s = 2.

Finally, we consider item (iii) with ¢ = 3, i.e., degree n :=ngy 3 =273 4+ 25 — 2
for all s > 1. Notice that n, 3 is an even degree, and so, the Kameko map

—0 —0
(Sq )n. s =S¢ : (QPa)n, s — (QPa)(n, s—1)/2 = (QPa)2s+242:-1_3

is an epimorphism of FoGL(4)-modules. This leads to an estimate

) , —0 .
dimF2 ®gr(1) P Hp, (VS < dim[(Ker((Sq )n, )7 )]
+ dim Fy ®GL(4) PMH25+2+2571,3(V®4).

(2.12)

Here [(Ker((Siqo)ns):,))GL(‘l)}* denotes the dual of (Ker((Siqo)nm))GL(‘l). Following
Sum [29] and the equality (2.10), the coinvariant Fo ®¢p () Py Hyorogo—1_3(VEY)
is trivial if s = 1, 4 and is 1-dimensional otherwise. We need to compute the dimen-
sion of the GL(4)-invariant (Ker((Siqo)nsws))GL(‘l). By Sum [27, 28], the dimension

of the kenel of (?qo)ns’ 4 1s determined as follows:

https://doi.org/10.1017/prm.2022.57 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2022.57

1538 D. V. Phic
N, 3 ‘ s=1 s=2 s2>23
dimKer((Sq )n,,) | 49 90 105

Using this result and a similar computation as in [20, 22], we claim that

(Ker((Squ)ns73))GL(4) is trivial if s = 1, 2 and has dimension 1 if s > 3. From these
data, the inequality (2.12) implies that

0 ifs=1,
0 < dimFs ®gruay PoHn, ,(VE) <1 if s =24, (2.13)
2 otherwise.

On the other side, due to Lin [12], we find that

(hih3) =0 ifs=1,

(hihahs, hihah}) = (hihs) if s =2,
Extyy "% (Fy, Fa) = { (h3hshe, p1) if s = 3, (2.14)

(h§hahz,ph) if s =4,

(R2hghsys, hih?_ hsys)  if s> 5.

It is known, the non-zero elements hifh5, h%h5h5+3, for s > 3, and h1h§_1h5+3 for
s = b are detected by the fourth transfer. In fact, this could also be directly proved
as our previous works [20-22] by using Fi-level of Try(FF3). For instance, a direct
computation shows that

1) (257t—1) (2571—1) (28t3-1 1) (2571—1) (257 1—-1) (25731
Tra(F) (ol Yl Vel = [pa(aVaf Vel Vel )

= [MAZo1 Aoers_q] = hih?_ hgys,

where the elements agl)a(;kl_1)aé2371_1)afé+3_1) belong to Py H,,, ,(V®), while
the linear transformation v, viewed as a representation in the lambda algebra of
Tr4(Fs) and determined as in [7]. The above equality implies that hih%_hsi3 €
Im(Try(Fy)) for every s > 5. Hence, combining with (2.14) and theorems 1.3, 1.4
gives

0 ifs=1,
dimFy ®qra) PoHn, (V) 2 {1 if s =2, 4, (2.15)
2 otherwise.

Noting that by (2.13) and (2.15), the coinvariant space Fy ®¢r4) PMHMYS(VGM) is
1-dimensional and has been computed by Hu'ng [9, Thm. 7.3] using other tech-
niques. So, his result showed that conjecture 1.5 holds for the degrees n4 5 =
2413 + 24 — 2. Tt is easy to see that the only degree ny_ 3 is bad. These data together
with the inequalities (2.13), (2.14) and (2.15) imply that conjecture 1.5 is true for
the degrees ns 3 = 273 + 25 — 2 for every positive integer s.

It is well-known that by Hu'ng [9], the indecomposable element p} is not in the
image of Try(F2) (see also theorem 1.3) and that by Hu'ng and Quynh [10], the
indecomposable element p; is in the image of Tr4(Fs) (see also theorem 1.4(iii)).
At the same time, as shown above, the decomposable elements h3hs, h3hshsys, for
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>3, and h1h%_ hgy3 for s > 5 are in the image of Try(Fz). So, combining with
the inequalities (2.13), (2.14) and (2.15), we conclude that the fourth transfer
Try(Fs) : Fo ®gray Por Hu, ,(VEY) — Ext 73 (Fy, Fy)

is an isomorphism for s # 4, and that Trs(F2) is a monomorphism, but not an
epimorphism for s = 4. The proof of the theorem is complete. O

Based on the main theorem and the results in Bruner, Ha and Hu'ng [5], Hu'ng
[9], Ha [8], Nam [15], Hu'ng and Quynh [10], we obtain the following corollaries.

COROLLARY 2.1. Let us consider the following generic degrees:

_ ’I’L(l) 25+4 + 25+1 4’

(2) 25—1—4 + 2.s+2 + 925 _ 4
= ng ) — 23+4 + 25+2 + 23+1 _ 4,
— ’I’Lg4> _ 25+5 + 2s+2 4925 _ 4,

3333

where s is an arbitrary positive integer. Then, conjecture 1.5 holds true in these
degrees and Singer’s transfer is an isomorphism in the bidegree (4, 4—|—ngj)) for
1<7<4 andall s> 0.

It is to be noted that in each degree ngj), we do not consider the case s =0
since it has been discussed in the proof of the main theorem. Remark that by the

previous works in Ha [8], Nam [15], Hu’ ng and Quynh [10], Singer’s transfer is
)

an epimorphism in the bidegree (4, 4 +ng"’) for 1 < j <4 and all s > 0. Indeed,
following theorem 1.7, for each positive integer s, we have
(ds) if j=1,
R h2 L hsiohgya, €s if j =2,
Ex tjz{4+ (FQaFQ) = < 2 Leae >3 . J (216)
<h9 1h9+1h9+3 = h hs—O—Ba f9> lf] =3,
<h§ 1h.s+2ha+5> pé> lf] =4.

By Singer [25], the decomposable elements h?  hsiohsia, h% (hsi1hsy3 and
h?_|hgsiohsys are detected by the fourth transfer, Try(Fy) for any s> 0. On
the other hand, by theorem 1.4, {ds|s > 0} C Im(Tr4(F2)) (see Ha [8]), {es|s >
0} C Im(Tr4(IF2)) (see Ha [8]), {fs|s =0} C Im(Try(F3)) (see Nam [15]) and
{ps|s = 0} CIm(Tr4(F2)) (see Hu'ng and Quynh [10]). So, the degrees n{) are
not bad and Try(Fs) is an epimorphism in those degrees for 1 < j < 4 and any
s > 0. Thus, to prove that Tr4(F3) is an isomorphism in degrees ngj ), we need only
to show that conjecture 1.5 holds true in these degrees n(] ) The proof is presented
as follows.

Proof. Tt is straightforward to check that p(ns @ )) = 4 for every s > 0 and p(n (j)) 4
for every s > 1 and j # 3. Then, one has the following isomorphisms, which are

https://doi.org/10.1017/prm.2022.57 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2022.57

1540 D. V. Phic

special cases of a result in Hu'ng [9, Cor. 6.2]:

Fa ®ara) PdHngs)(V@4) = Fo ®ara) P%Hnés)(v@4), for all s > 1,
Fy ®aGL) PﬂHnéj) (V@4) =, ®aGL) PﬂHngj) (V®4), for all s > 2 and j # 3.
(2.17)
Due to the equality (2.7) and the inequalities (2.13), (2.15) in the proof of the main
theorem, we get the equalities of dimensions in (2.18) below (except the concrete
values 1 or 2), which is also a special case of Hu'ng [9, Cor. 6.2]:

7

dimFa @4 P,aané?a)(V@ ) = dimFy @cra) PoHp, (VS

dim Fa @4y Por Hn,, 4(V69 )=1 ifj=1,
dim Fq ®GL(4) PJZ{H”(]‘)(VEBLL) = < dimFy ®GL( 4) PLQ{Hn 3 ( ) =2 ifj=2,
! dimFy ®@qr(4) P Hny (V') =2 if j = 4.
(2.18)
Thus, the equalities (2.16), (2.17) and (2.18) indicated that conjecture 1.5 is true
in degrees n{ for 1 < j <4 and all s> 0. The corollary follows. O

COROLLARY 2.2. Let us consider the following generic degrees:

— ng5) — 2s+3 + 25+2 —4

n: ,
ni=nl® = 25%6 £ 2513 4 98y,
ni=n{l =25%6 4 95 4,

where s is an arbitrary positive integer. Then, conjecture 1.5 also holds true in these
degrees and Singer’s transfer is a monomorphism but it is not an epimorphism in
the bidegree (4, 4 + n(])) for5 < j <7 and arbitrary s > 1.

We remark that by the previous works in [5] and [9], Singer’s transfer is not an

epimorphism in the bidegree (4, 4 + n{ )) for 5 < j < 7 and all s > 0. Indeed, due
to theorem 1.7, for each positive integer s, one gets

o <gs> lfj = 5,
Extb' " (Fy, Fy) = { (h2_ haishere, D) if j =6, (2.19)
<h§_1h§+5, Ds(s)) ifj=T.

We see that for each integer s > 0, the decomposable elements h?_;hgy3hsie and
h%_ k%, ; are detected by the fourth transfer, T7"4(IE‘2) However, by theorem 1.2,
9s € Im(Tr4(F3)) (see [5]), and by theorem 1.3, p. & Im(Tr4(F2)) (see [9]) and
Ds(s) & Im(Try(F3)) (see [9]). So, the degrees ngj) are bad and Try(F3) is not an
epimorphism in those degrees for 5 < j < 7 and any s > 0. Thus, to prove that
Try(F2) is a monomorphism in degrees ngj ), we shall show that conjecture 1.5
holds true in these degrees n(J ). Note that the case 7 = 5 was proved by Bruner, Ha
and Hu'ng [5]. More explicitly, in [5], the authors show that the coinvariant space
F2 ®cr) PorH, ) (V®4) is trivial for any s> 0. This together with (2.19) imply

that conjecture 1.5 is true in the degree ng ®) for every positive integer s.
We now prove the corollary for the cases j = 6 and 7.
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Proof. 1t is easy to check that u(néG)) =4, for every s > 1, and u(n@) = 4, for every

s > 2. So, we get the following isomorphisms, which are special cases of corollary
6.2 in Hu'ng [9]:

F2 ®cr(a) ngHngm(V@‘L) =y ®¢La) P'Q{Hn(;}) (V) for any s > 2,
F2 ®cr(a) PdHn@(V@‘*) = Fa @cra) PerH,(n (V) for any s > 3. (2.20)
On the other hand, from the proof of theorem 7.3 in Hu'ng [9], we have
dimF2 ®c 1,4 P%Hngs) (VE) =1=dimF; ®gr) P%Hng) (V). (2.21)

Then, by the equalities (2.19), (2.20) and (2.21), it may be concluded that conjecture

1.5 is also true in the degree ng}) and ng) for any s > 0. The corollary is proved. [

By the main theorem and corollaries 2.1, 2.2, we see that

COROLLARY 2.3. Conjecture 1.5 is true for all n and so is, conjecture 1.1 for
T7‘4(]F2).

Acknowledgments

The results of this work were reported at the Mathematical Conference on Algebra
— Number theory — Geometry and Topology (DAHITO), Thai Nguyen Pedagogical
University, in October 2021, Vietnam, and at the 27th International Conference
of International Academy of Physical Sciences (CONIAPS XXVII) on Recent
Advances in Pure and Applied Algebra (RAPAA), Department of Mathematics,
National Institute of Technology Jamshedpur, India & International Academy of
Physical Sciences (IAPS), Prayagraj, in October 2021, India. The author is grateful
to the organizers and participants of these conferences for fruitful discussions. The
author would also like to express his deep gratitude to Professor Nguyen Sum, his
thesis advisor, for having proposed this research topic, and having devoted a great
deal of time to discuss details of the research with the author. The author appre-
ciates the anonymous referee for his careful corrections to and valuable comments
on the original version of this work. Especially, he proposed conjecture 1.5 that led
to the improvement of the exposition quality of the paper. I would like to express
my sincere gratitude to him for this fun suggestion. (This paper is dedicated to the
people of Ukraine and the memory of Professor Reginald Wood.)

References

1 J. F. Adams. On the structure and applications of the Steenrod algebra. Comment. Math.
Helv. 32 (1958), 180-214.

2 J. F. Adams. On the non-existence of elements of Hopf invariant one. Ann. Math. (2) 72
(1960), 20-104.

3 J. Adem. The iteration of the Steenrod squares in algebraic topology. Proc. Natl. Acad. Sci.
USA 38 (1952), 720-726.

4 J. M. Boardman. Modular representations on the homology of power of real projective space.
In Contemporary Mathematics. Algebraic Topology: Oaxtepec 1991, Vol. 146, pp. 49-70
(Amer. Math. Soc., Providence, RI, 1993).

5 R. R. Bruner, L. M. Ha and N. H. V. Hu'ng. On behavior of the algebraic transfer. Trans.
Amer. Math. Soc. 357 (2005), 437-487.

https://doi.org/10.1017/prm.2022.57 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2022.57

1542

10
11

12
13

14
15
16
17
18
19

20

21

22

23

24

25
26

27

28
29

30

31
32

33

D. V. Phic

T. W. Chen. Determination of Ext®, %o (Z/2, Z/2). Topology Appl. 158 (2011), 660-689.
P. H. Cho'n and L. M. Ha. Lambda algebra and the Singer transfer. C. R. Math. Acad.
Sci. Paris 349 (2011), 21-23.

L. M. Ha. Sub-Hopf algebras of the Steenrod algebra and the Singer transfer. Geometry
Topol. Monogr. 11 (2007), 101-124.

N. H. V. Hu’'ng. The cohomology of the Steenrod algebra and representations of the general
linear groups. Trans. Amer. Math. Soc. 357 (2005), 4065—-4089.

N. H. V. Hu'ng and V. T. N. Quynh. The image of Singer’s fourth transfer. C. R. Math.
Acad. Sci. Paris 347 (2009), 1415-1418.

M. Kameko. Products of projective spaces as Steenrod modules, PhD. thesis, The Johns
Hopkins University (ProQuest LLC, Ann Arbor, MI, 1990).

W. H. Lin. ExtY, «(Z/2, Z/2) and Ext5, x(Z/2, Z/2). Topology Appl. 155 (2008), 459-496.
N. Minami. The Adams spectral sequence and the triple transfer. Amer. J. Math. 117
(1995), 965-985.

N. Minami. The iterated transfer analogue of the new doomsday conjecture. Trans. Amer.
Math. Soc. 351 (1999), 2325-2351.

T. N. Nam. Transfert algébrique et action du groupe linéaire sur les puissances divisées
modulo 2. Ann. Inst. Fourier (Grenoble) 58 (2008), 1785-1837.

F. P. Peterson. Generators of H*(RP> x RP°) as a module over the Steenrod algebra.
Abstracts Papers Presented Am. Math. Soc. 833 (1987), 55-89.

D.V. Phuc. The ‘hit’ problem of five variables in the generic degree and its application.
Topology Appl. 282 (2020), 107321: 34 pages.

D. V. Phuc. On Peterson’s open problem and representations of the general linear groups.
J. Korean Math. Soc. 58 (2021), 643-702.

D. V. Phiic. On the dimension of H*((Z2)*", Z2) as a module over Steenrod ring. Topology
Appl. 303 (2021), 107856: 43 pages.

D. V. Phic. A note on the modular representation on the Z/2-homology groups of the fourth
power of real projective space and its application. Preprint (2021), 52 pages, available online
at https://www.researchgate.net/publication/353065445.

D.V. Phtc. On the lambda algebra and Singer’s cohomological transfer. Preprint (2021), 5
pages, available online at https://www.researchgate.net/publication/352017781.

D. V. Phic. Structure of the space of G La(Zs2)-coinvariants Zo ®Gr,(z,) PHx (Z3, Z2) in
some generic degrees and its application. Preprint (2021), 35 pages, available online at
https://www.researchgate.net/publication/350592289.

D. V. Phic. On mod-2 cohomology of the Steenrod ring and Singer’s conjecture for the
algebraic transfer. Preprint (2022), 40 pages, available online at https://www.researchgate.
net/publication/360423528.

J. P. Serre. Groupes d’homotopie et classes de groupes Abéliens. Ann. Math. (2) 58 (1953),
258-294.

W. M. Singer. The transfer in homological algebra. Math. Z 202 (1989), 493-523.

N. Sum. The negative answer to Kameko’s conjecture on the hit problem. Adv. Math. 225
(2010), 2365-2390.

N. Sum. The hit problem for the polynomial algebra of four variables. Preprint (2014),
arXiv:1412.1709.

N. Sum. On the Peterson hit problem. Adv. Math 274 (2015), 432-489.

N. Sum. On the determination of the Singer transfer. Vietnam J. Sci., Technol. Eng. 60
(2018), 3-16.

G. Walker and R. M. W. Wood. Polynomials and the mod 2 Steenrod Algebra: Volume
1, The Peterson hit problem. London Mathematical Society Lecture Note Series, Vol. 441
(Cambridge University Press, 2018).

C. T. C. Wall. Generators and relations for the Steenrod algebra. Ann. Math. (2) 72 (1960),
429-444.

J. S. P. Wang. On the cohomology of the mod-2 Steenrod algebra and the non-existence of
elements of Hopf invariant one. Illinois J. Math. 11 (1967), 480-490.

R. M. W. Wood. Steenrod squares of polynomials and the Peterson conjecture. Math. Proc.
Cambridge Philos. Soc 105 (1989), 307-309.

https://doi.org/10.1017/prm.2022.57 Published online by Cambridge University Press


https://www.researchgate.net/publication/353065445
https://www.researchgate.net/publication/352017781
https://www.researchgate.net/publication/350592289
https://www.researchgate.net/publication/360423528
https://www.researchgate.net/publication/360423528
arXiv:1412.1709
https://doi.org/10.1017/prm.2022.57

	1 Introduction
	2 A solution to Singer's conjecture on the rank 4 transfer
	References

