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ON MULTIPLIERS WITH UNCONDITIONALLY
CONVERGING FOURIER SERIES

GREGORY F. BACHELIS AND LOUIS PIGNO

Let G be a compact abelian group with dual group I'. For 1 = p < o0,
1 =<¢q < o, let M,%(T') denote the Banach space of complex-valued functions
on T which are multipliers of type (p, ¢) and m,?(T) the subspace of compact
multipliers.

Grothendieck [10; 11] has proven that a function in L?(G), 1 < p < 2, has
an unconditionally converging Fourier series in L?(G) if and only if it is in
L2(G), and Helgason [12] has proven that the derived algebra of L?(G),
1 = p < 2,is L2(G). Using these results we show in § 2 that a multiplier of
type (p,q), 1=p =2, 1=g¢q =2, has an unconditionally converging
Fourier series in M,%(T") if and only if it is in m,?(I") (Theorem 2.1), and that,
for 1 < p < g = 2, the derived algebra of M,%(T') is M,*(T') (Theorem 2.2).
Statements equivalent to the above are also given. Thus, by a result of the
first author and John Gilbert {2] the derived algebra of M,%(T) is the double
dual of the (p, ¢) multipliers with unconditionally converging Fourier series.
This last result is valid for 1 < p = ¢ < o0 (Remark 2.5) and is in contrast
to the situation for L?(G), where the unconditionally converging Fourier series
coincide with the derived algebra [1] and form a reflexive Banach space [2].

Figa-Talamanca and Gaudry [7] have given an example of an element of
Co(Z) (i.e., a function on the integers vanishing at infinity) which is also in
M,%(Z) but not in m,?(Z), where 1 < p < 2. In § 3 we show that the absolute
value of this function gives that

my'(Z) G My (Z) Nmy*(Z), 1<p=g<2,
and that
m2(Z) D LS(T)" N M2Z), 1 <p<2,1=s5<2p/(3p —2)
The first inequality is due to Haskell Rosenthal.

1. Preliminaries. We use freely the notation and basic results in Rudin’s
book [17]. We use without reference fundamental facts about multipliers as
presented in Edward’s book [6]. The fact that results are stated there only for
G = T (the circle group) should cause the reader no difficulty.

Letl = p < 0,1 = ¢g< . A complex-valued function ¢ defined on T is
said to be a multiplier of type (p, q) if it determines an operator {from L?(G) to
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LY(G), T,, given by .
(T =of (f € L7(G)).

Let M,%(T') denote the set of multipliers of type (p, ¢). Then M,%(T) is a
Banach space where the norm |||/, of the multiplier ¢ is defined to be the
norm of the multiplier operator 7',. We denote by m,?(T') the set of compact
multipliers of type (p, q), that is, the set of ¢ € M,?(T") for which the corres-
ponding operator 7', is compact. The set m,%(I') is a closed subspace of
M,(T).

We have:

1.1 LEMMA. Let 1 S p < o0,1 =g < 0. Then

(1) m,*(T') is the closure of C,(T') in M,(T). If ¢ € m,?(T) then ¢ can be
approximated in M, (I") by functions in C,(T') with supports contained in that of .

(i) (cf. Hormander [14]). If p = g, then M, (T') is a commuiative semi-simple
Banach algebra whose maximal ideal space contains T. The set m,"(T') s a
closed ideal in M,*(T') whose maximal ideal space equals T.

Proof. (i) See [2, Theorem 3.1] or [8, Theorem 4.2.2]. We note that ¢ € C,(T")
if and only if T, is given by convolution with a trigonometric polynomial.

(i) If p = ¢, then LY(G) C L*(G) and |||, = ||*||,- From this it follows
that M,?(T') is a commutative Banach algebra under pointwise multiplication.
Its maximal ideal space contains T, since ¢ — ¢(y) is a multiplicative linear
functional. In particular, M,%(T') is semi-simple. Since C(G)" C m,*(I') C
Co(T), it follows that the maximal ideal space of m,?(T") is T. Since
M,(T) C M, (T), if follows from operator theory that m,?(T') is an ideal
in M,%(T).

We next discuss the notions of unconditional convergence and the derived
algebra.

1.2 Definition. Let {J} denote the collection of finite subsets of I', directed
by inclusion, and let x; € C,(I') denote the characteristic function of J. If
¢ € M,(T'), we say that ¢ has an unconditionally converging Fourier series if

lim H‘PXJ - ‘P[I(ﬂ.q) = 0.
{J}

The motivation for this terminology is as follows: If ¢ = f'for somef € L(G)
then 7T',(g) = f*g, and the operator corresponding to ¢x; is convolution by
the trigonometric polynomial, > ,¢; f(v)y. Thus ¢ has an unconditionally
converging Fourier series, in our terminology, if and only if the Fourier series
for f converges unconditionally to f in the (p,q)- multiplier norm; that s,

= 0.

q

lim sup
) lgllpst

;f(v)é(v)v —fxg

For basic facts on unconditional convergence, the reader is referred to Day’s
book [4]. It is straightforward to verify that the set of elements of M,%(T) or
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m,?(T') with an unconditionally converging Fourier series is a Banach space
with the norm given by
llells = sup [lexllo.0
and that, for such ¢,
lim [|¢ — @xs|ls = 0.
)
1.3 Definition (Helgason [12]). If A is a commutative semi-simple Banach

algebra with maximal ideal space #, define the derived algebra, A,, to be the
the set of x € A4 such that

where ¥ denotes the Gelfand transform of y, so that
19l = sup{|F(M)|: M € A}.

If ¢ <p, and 4 = M,2(T) or m,%(I'), one verifies that 4, is a Banach
algebra and that [[-|lo 2 ||"||w.0-

Let S?(G) denote the set of functions in L?(G) with unconditionally con-
verging Fourier series in L?(G). In § 2 we will make use of the following results.

1.4 THEOREM. Let 1 £ p < 2.
(1) (Helgason [12]) L?(G), = L*(G).
(ii) (Grothendieck [10; 11]) S?(G) = L2(G).
(iii) (Grothendieck [11]) If ¢ is a complex-valued function on T such that
eo € M(G) for all e with e(y) = = 1, then ¢ € 12(T).

Part (iii) is a generalization of a theorem of Littlewood. For related results,
see also [12, Theorem 10; 18, 177(8.13); 5].

2. Multipliers which have an unconditionally converging Fourier
series or are in the derived algebra. We first give several equivalent
conditions for a multiplier to have an unconditionally converging Fourier
series.

2.1 THEOREM. Let 1 = p =2, 1 £ q = 2, and let ¢ be a complex-valued
Sfunction on T. Then the following statements are equivalent.
(i) ¢ € M,%(T) and has an unconditionally converging Fourier series.
(ii) ¢ € m,*(T).
(ii1) ap € my?(T) for all a € I”(T).
(iv) ep € my'(T) for all e with e(y) = £ 1.

Proof. (i) implies (ii). Let .S denote the set of elements in M,%(T') with an
unconditionally converging Fourier series, and let R C M,?(T") denote the set
of compact multipliers from L?(G) to S*(G), with norm ||-||z. Since S?(G) =
L2(G), R = m,?(I'). We will show that R = S, and hence (ii) follows.
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If y € C.(T), then

[[¥lr = Sup_ Tof ||
= s sup 3y ()] W”q

Sl;p H"#XJH(p,q)

= H‘PHS

Since C,(T') is dense in each of the spaces R and S, R = S.
(ii) implies (iii). If ¢ € I°(T') = M52(T), then

ap € my*(T)M>*(T') C my*(T) C my(T).

(iii) implies (iv) is immediate.
(iv) implies (i). Choosing e(y) = 1 for all v, we have that ¢ € m,?(I").
Let T'; denote the support of ¢ and let

B ={y € m*(T):¢(v) =0,v ¢ T}

Then B is a Banach space. It follows {from Lemma 1.1 (i) that T'; is countable

and that B is separable.
Let I'y = (v,) and define (b,) C B, (8,) C B* by

ba(y) = {1’ Yo

0, otherwise,
and

Bn(‘p):‘lb('Yn)» ¢€B1n:1y2,--. .

Then (b, 8,) is a biorthogonal sequence in B, and (8,) is total. Condition (iv)
implies that, given a sequence (a,), with ¢, = 0 or 1, there exists ¢ € B such
that 8,¥) = @.B.(¢). Thus by [3, Theorem 1], Z,8,(¢)b, converges uncondi-
tionally to ¢ in B. But this is precisely the statement that

lim ||exs — ¢l|lw.o = 0.
{J}

We now give conditions equivalent to a multiplier being in the derived
algebra.

2.2 THEOREM. Let 1 = p = 2,1 = ¢ £ 2, and let ¢ be a complex-valued
function on T'. Then the following statements are equivalent.

(i) ¢ € Mp*(T).

(ii) ap € mp*(T') for all a € Co(T).

(iii) ap € My (T) for all a € Co(T).

(iv) ap € M, (T) for all a € I”(T).

(v) ep € M,2(T) for all e with e(y) = +1.
If p £ q, then the above are equivalent to

(vi) ¢ is in the derived algebra of M,*(T').
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Proof. (i) implies (ii)” and ‘(i) implies (iv)"’ both follow in a manner
similar to ‘' (ii) implies (iii)"’ of Theorem 2.1.
‘“(ii) implies (iii)” and ““(iv) implies (v)"’ are immediate.
(i) implies (i). If f € L?(G), then agf € L4(G)" for all ¢ € Cy(T). Thus,
by [12, Theorem 2], i
of € (LYG))" = 12(I),
so ¢ € M,2(T).
“(v) implies (i)" follows as above, using Theorem 1.4 (iii).
(i) implies (vi). Let ¢ € M,%(T') and let ¥ denote the Gelfand transform of
¢. Then [Y|l.. = [Pl
If f € L?(G), then i
HTso'ﬁqu = ”@lﬁf”z .
< ¥l et Il
= Wl Hlellw.o 11l
s0 |le¥llo.0 = llelle.o |[¥lle- Thus ¢ € M, (T)o
(vi) implies (iii). If @ € C.(T'), then ||@||., = ||a||. so

llaellw.o = llello llalle = llello [lalle.
Since C,(T') is dense in Co(T'), this implies that ¢ — a¢ is a bounded operator
from C¢(T) to M,%(T"). Thus (iii) holds.

From Theorems 2.1, 2.2, and [12, Theorem 2] the following corollary is
immediate:

2.3 COROLLARY. Let 1 £ p = 2,1 = g £ 2. Then:

(1) An element ¢ € my'(T') has an unconditionally converging Fourier series
if and only if ¢ € my?*(T).

(i) If p = q, then the derived algebra of mp*(T') is Mp2(T) M m,*(T).

2.4 Remark. For 1 £ p < 0, ¢ > 2, let M (p,S?) denote the set of (p, q)
multipliers ¢ for which T, (L?) C S% and let m (p, S?) denote the subspace for
which 7', is compact as an operator into .S% Then the results of this section all
hold, with M,2(T') replaced by M (p, S?) and m,*(I") replaced by m(p, S9).
The proofs are identical, since all properties of L?(G) used above are valid for
S¢(G) as well. (See [1] and [2] for details about S%.)

2.5 Remark. Let 1 £ p < g < . Since L*(G), L?(G), and S%(G) are
reflexive homogeneous Banach spaces, by [2, Theorem 3.8] m,? (T')** = M,2(T)
and m(p, SO** = M(p,S?). In view of Theorems 2.1, 2.2, and the above
Remark, this means that, in every case, the derived algebra of M,?(T) is the
double dual of the (p, ¢) multipliers with unconditionally converging Fourier
series.

Let 1<p=qg<2 1/p+1/p' =1. Now Mz2(T) Z Co(T'), since the
characteristic function of a A, setisin M,2(T') [13, Theorem 37.9]. In addition,
mp?(T) C Co(T). Thus

my?(T) M M,*(T) # M3A(T) = my? (T')**,
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so Corollary 2.3 shows that the derived algebra of #,%(T") is not the double
dual of the compact (p, ¢) multipliers with unconditionally converging Fourier
series. The example of the next section shows that for G = T, the derived
algebra does not coincide with the unconditionally converging compact (p, q)
multipliers either, that is,

my’ (Z) S m'(Z) N M} (Z), 1<p=sg<2

3. An example. We now give an example of a multiplier on Z which helps
clarify the relationship between some of the spaces mentioned in the previous
section. Throughout we assume that1 < p < 2and thatr = 2p/(2 — p).

Forn = 0,1, ... definey, on Z by

. 2t — 1
@) = 427 2L
0, otherwise,
and let

V() = 2, k), kEZ.
The following proposition is due to Haskell Rosenthal.

3.1 PrROPOSITION. The function ¢ is in My2(Z) N\ my* (L), p < q < 2, but
not in my*(Z).

Proof. Let ¢ be the example constructed in [7, Theorem B]. Then
0 € Co(Z) N\ MP(Z) but ¢ ¢ m?(Z). Thus ¢ ¢ m,2(Z) The proof of Theorem
B shows that ¢ is actually in M,2(Z) and that ¢ = |¢|. Since ¥ = a¢ and
¢ = by, where ¢ and b are both sequences of absolute value one, it is clear that
¥ € M,2(Z) and thaty ¢ m,2(Z).

It remains to show that ¢ € m,%(Z), p = q < 2. By Interpolation Theory
(see e.g. [15, p. 36]) it is enough to show that ¢ € m,?(Z). Let u, denote the
characteristic function of {2*,...,2"1 — 1}, » =0, 1,... . Since p > 1, the
M. Riesz and Littlewood-Paley Theorems [17, p. 217; 18, p. 224] imply that
(1) 1s a uniformly bounded sequence in M,?(Z). Thus

[

1
Z ~2"W7 ”l‘nll(p.p) < .

n=0

Now

1
z//n = én——/?ﬂm

S0 o ¥ converges to ¢ in M,?(Z). Since each ¢, € C.(Z), ¢ € m,*(Z).

Let 1/s=1+1/¢q—1/p. Then Young’s Inequality states that
Lsx L» C L(T). Hence L*(T)* C M,%(Z), and since the trigonometric
polynomials are dense in L*(T), L*(T)" C m,%(Z). In particular, if s = ¢’ =
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2p/(3p — 2), then ¢ =2, so that L*(T)" C m,*(Z). Hence ¢ ¢ L*(T)".
However, we do have:

3.2 ProposITION. If 1 <5 < 2p/(3p — 2), then ¢ € L(T)", and hence
Mp2(Z) N L(T)YN ¢ mp*(Z).

Proof. Let

We will show that Z7_|| fulls < 0. Hence 27 f, converges in L*(T) to (say)
f, and f = ¢. Whence the conclusion follows.
Now

1 iong i2n+ly
fa@) = i (¢ Din(x) — €™}

where Dy(x) denotes the N-th Dirichlet kernel. Since $ < 2 we may assume
s > 1. Thus ||D,||s = O(V¥¢"), and hence

ny1/s’
Hjn“s = O<(22n)/r ) — O(2n(1/s'—1/,)).

Since s < 2p(3p — 2) =71, s > 7, s0

- 1/s'—1
z 2"( /S_/T)<OO.
n=0

Thus Zp_o|fal]s < ©.

3.3 Remark. Results analogous to those of this section hold when T is an
infinite discrete torsion group of bounded order (see [7, Theorem D ;9, p. 92;16]).
For T a discrete abelian group, I'y a subgroup of I'yand 1 £ p = g, let

. _ ﬂﬂ(')’)y yeIn q
(o) (v) = {0, e (e e M),
and let 7(¢) = ¢|T1, ¢ € M,%(T). Then ¢ maps M,?(T;) into M,%(T) and r
maps M,*(T') into M,%(T1) [9, Lemma 4.6]. Since ¢(C.(T1)) C C,(T),
r(C.(T))C C.(T1), and 7 and r are continuous, we see that s (m,?(T'1)) Cm,(T)
and 7(m,*(T)) C m,?(T,). Since i is the identity on M,¢(T;), this means
that ¢ € m,%(T;) if and only if 7¢ € m,?(T'). Thus if T' contains Z or an
infinite torsion group of bounded order, then results analogous to those of this
section also hold for T'.
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