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Abstract We study systems of n points in the Euclidean space of dimension d > | interacting via a
Riesz kernel |x|™% and confined by an external potential, in the regime where d —2 < s < d. We also treat
the case of logarithmic interactions in dimensions 1 and 2. Our study includes and retrieves all cases
previously studied in Sandier and Serfaty [2D Coulomb gases and the renormalized energy, Ann. Probab.
(to appear); 1D log gases and the renormalized energy: crystallization at vanishing temperature (2013)]
and Rougerie and Serfaty [Higher dimensional Coulomb gases and renormalized energy functionals,
Comm. Pure Appl. Math. (to appear)]. Our approach is based on the Caffarelli-Silvestre extension
formula, which allows one to view the Riesz kernel as the kernel of an (inhomogeneous) local operator
in the extended space RIHL

As n — 0o, we exhibit a next to leading order term in nlts/d in the asymptotic expansion of the
total energy of the system, where the constant term in factor of plts/d depends on the microscopic
arrangement, of the points and is expressed in terms of a ‘renormalized energy’. This new object is
expected to penalize the disorder of an infinite set of points in whole space, and to be minimized by
Bravais lattice (or crystalline) configurations. We give applications to the statistical mechanics in the
case where temperature is added to the system, and identify an expected ‘crystallization regime’. We
also obtain a result of separation of the points for minimizers of the energy.
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1. Introduction

We study the equilibrium properties of a system of n points in the full space of
dimension d > 1, interacting via Riesz kernel interactions and confined by an ‘external
field’ or potential V. More precisely, we are considering energies (or Hamiltonians) of
the form

Hy(xr, .o x) = ) glxi —xj)+n Yy V(x), (L.1)

i#] i=1
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where x1, ..., x, are n points in R? and the interaction kernel is given by either
1
gx) = W max(0,d —2) <s <d, (1.2)
X
or
g(x) = —log|x| in dimension d =1, (1.3)
or
g(x) = —log|x| in dimension d = 2. (1.4)

We are interested in the asymptotics n — oo of the minimum of H,. Note here that the
factor n in front of the second term in (1.1) puts us in a mean-field scaling where the
potential term and the pair-interaction terms are of the same order of magnitude. This
choice is equivalent to demanding that the pair-interaction strength be of order n=!. One
can always reduce to this situation in the particular case where the confining potential
V has some homogeneity.

The case when s =d—2 for d >3 and case (1.4) correspond to the Coulomb
interaction cases in dimension d > 2. The cases when d —2 < s < d correspond to more
general Riesz interactions. Systems of points with Riesz interaction have particularly
attracted attention in approximation theory. We refer to the forthcoming monograph of
Borodachov, Hardin, and Saff [7] and the review papers [12, 45] and references therein.
Such systems are mostly studied on the d-dimensional sphere or torus, but studying them
in Euclidean space with an external confining potential V is also of interest, as it can
also correspond to physically meaningful particle systems, or can provide tools to study
such interactions on manifolds. The Coulomb case was already studied in [44, 48], while
case (1.3) was studied in [49]. We refer to these papers and the book of Forrester [29]
for references on these classical cases of Coulomb and log gases and their importance in
mathematical physics and random matrix theory. Here we generalize these approaches,
in particular that of [44], to the case of non-Coulomb interaction, and we retrieve by the
same token most of the results obtained in [44, 48, 49].

In approximation theory (see references above) the whole range s € R is of interest.
The case when s > d is called the hypersingular case and the case when s <d is
called the the potential case (cf. [33]). When s — oo the problem connects with best
packing problems, and when s — 0 it connects by means of (|-|7° —1)/s - —log]|-|
to the logarithmic interaction —Zi# ;jloglxi —xjl, whose minimization is equivalent
to the maximization of the product of distances ]_[l-#j |x; —xj|, i.e. to Fekete points.
These are related to orthogonal polynomials and are of major interest in interpolation
theory. Cases (1.3)—(1.4) which we study here correspond exactly to one-dimensional and
two-dimensional weighted Fekete points (cf. [46]) or physically to the ‘log gas’ systems
mentioned above (cf. [29]).

It is well known since [20] that to leading order

min H, = n’E(uy) + o(n?) (1.5)

in the limit n — oo, where

E(w) =// g(x—y)du(X)du(y)Jr/ V(x)du(x) (1.6)
R4 xRd R4
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is the mean-field energy functional defined for Radon measures u, and the equilibrium
measure y is the minimizer of € in the space of probability measures on R¢, denoted
P(R?). This is true only for s < d, which is the condition for (1.6) to make sense and to
have a minimizer. This is why this case is called the potential case.

In this paper we characterize the next to leading order term, by showing among other
things the following sample result (for more details, see Theorem 4).

Theorem 1. Assume (1.2) and that V is such that the equilibrium measure py exists and
satisfies some suitable regularity assumptions (in particular has a density; see below).
Then we have the expansion

min H, = n*E(uy) +n'1C4 v +o(n' 1), (1.7)

where
1+3
Cd,S,V = Sd,s //LV ()C) dx
]Rd

and the number &; s depends only on d and s and is characterized as the minimum of a
function W described below.

The fact that the next order term lies at order n'*/¢ is not difficult to guess by

scaling, but the existence of an asymptotic limit for it was the main open question. In
the context of the Riesz energy on the sphere, this is listed as a conjecture (with a precise
conjectured value for the constant if d = 2, 4, 8, 24) in [12, Conjecture 3]. In addition to
finding the existence of the asymptotic term, we exhibit a new object, called ‘renormalized
energy’ and denoted W, which governs this order in the energy for arbitrary (possibly
nonminimizing) configurations.

Our method relies on expressing the interaction as a quadratic integral of the potential
generated by the point configuration via

g*ZSxi
i

and expanding this integral interaction to next order in n to obtain a next order
asymptotic limit of the energy, by an exact splitting formula, as done in [44, 48, 49].
The main difference is that here the Riesz kernel g is not the convolution kernel of a
local operator, as in the Coulomb case s =d —2 or (1.4), where g is the kernel of the
(inverse) Laplacian operator. Instead it is the kernel of a nonlocal one, more precisely a
fractional Laplacian. It turns out however that, if d —2 < s < d, this fractional Laplacian
nonlocal operator can be transformed into a local but inhomogeneous operator of the
form div(]y|” V-) by adding one space variable y € R to the space R?. In the particular
case of s =d —1 then y =0, and this corresponds to using a harmonic extension, a
relatively common procedure which seems to have originated in the probability literature
in [38]. In the more general setting, the extension procedure is due to Caffarelli and
Silvestre [13], and has been much used to study nonlocal partial differential equations
involving fractional Laplacians. Using it in our context is in line with [49], where the
harmonic extension from dimension 1 to 2 was used to transform the one-dimensional
logarithmic interaction into the two-dimensional Coulomb interaction. We note that the
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boundaries of the constraint s € [d — 2, d) we inherit from this approach are quite natural:
d — 2 is the Coulomb case, and s < d is the regime for which a potential theory associated
to the Riesz kernel exists [33]. The constraint s € [d — 2, d) also appears in most of the
results on the sphere in [10, 11].

Transforming the nonlocal relation into a local one (in an extended space) allows us
to follow the strategy of [44, 48]; however, work is required to show that the strategy
still works in an extended space and with an inhomogeneous operator. Also, [44] relied
on Onsager’s lemma, which itself relies on Newton’s theorem (that any point charge
generates outside of a ball the same Coulomb potential as the same charge which has
been radially smeared out in the ball), only valid for Coulomb potentials. Here, we replace
that use with a simple truncation procedure (a simplification which works in the Coulomb
case £00).

The proof of our main result relies first on proving lower bounds for the next order
in H, of a generic configuration in terms of a limiting energy W that we introduce, and
second in constructing test configurations which allow us to achieve the value min w.
Just as in [44, 48], the upper bound construction relies on a ‘screening procedure’ of
a generic configuration. The proof of this screening takes up a large part of the paper,
since it needs to be completely redone in the extended space R4*! with the corresponding
inhomogeneous operator.

As a byproduct of these matching lower and upper bounds, we not only obtain the
asymptotic expansion (1.7) but we also obtain information on the minimizers themselves:
after a suitable rescaling, they have to minimize W. W is an appropriate average of a
quantity W, which itself is the energy of an infinite configuration of discrete points in
the whole space R?, with a suitable uniform ‘neutralizing background’ corresponding to
the average point density. It is the Riesz analog of the renormalized energy that was
introduced in the 2D Coulomb case first by Sandier and Serfaty [47, 48], and then in
higher dimension by Rougerie and Serfaty [44].

Our analysis thus leads to the question of minimizing W itself. While we know how
to prove the existence of minimizers of W and a few of their qualitative properties, the
identification of its minimum remains widely open. The few exceptions are the case of
the one-dimensional logarithmic interaction (this could very likely be extended to Riesz
interactions), for which the minimum is proven in [49] to be achieved at the perfect lattice
configuration Z (for a uniqueness result, see [34]), and the two-dimensional Coulomb
case in [47], where it is shown that, within the class of configurations of points that
are forming a perfect lattice, the minimizer is the ‘Abrikosov’ triangular lattice (with
/3 angles). This relies heavily on the corresponding result from number theory [16]
which asserts that in dimension 2 the minimum of the Epstein zeta function of a lattice
of fixed volume is uniquely achieved by the triangular lattice.! These results led to
conjecturing in [47] that the triangular lattice indeed achieves the minimum of W among
all possible configurations. By mapping the plane to the 2-sphere, Bétermin [5] showed

LSome analogous special lattices exist in dimensions 4, 8 and 24: the lattice D4 in dimension 4, Eg in
dimension 8, and the Leech lattice in dimension 24. They are proven in [50] to be local minimizers of
the Epstein zeta function among lattices of fixed volume.
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that conjecture is equivalent to the conjecture of [12], itself formulated on the sphere.
Here we prove the analogous result to that of [26, 47] in the more general Riesz case,
i.e. that the triangular lattice is the minimizer of W among lattices of volume 1. We
may then naturally extend the previous conjecture to one that says that in dimension 2
the minimum of W for all 0 < s < 2 is achieved by the triangular lattice. For general
dimension, we may also conjecture that the minimum of W for all max(0,d —2) <s < d
is always achieved by some lattice, which in dimensions 4, 8, 24 is the lattice D4, Eg,
and Leech respectively; this can be expected to also be equivalent to Conjecture 3
in [12] in the corresponding cases. Note that the fact that these special lattices should
be minimizing for a broad class of interaction kernels appears for example in the
Cohn-Kumar conjecture [22, 23]. Finally, let us mention that a few such crystallization
results are known mostly in one dimension, e.g. one-dimensional Coulomb gases (i.e. with
the one-dimensional Coulomb interaction kernel |x| which is not treated here) [9, 35, 36],
zeros of orthogonal polynomials [2], and in dimension 2 and 3 for some very particular
interaction kernels [26, 28, 41, 51].

As mentioned, the approach used here allows us to retrieve all previous results
[44, 48, 49] in one unified approach, but also brings a few simplifications.

e We use a simple definition of the renormalized energy by truncation. This allows us
to bypass the use of Onsager’s lemma and Newton’s theorem in [44]. As in [44], this
also avoids the use of mass displacement of [48, 49| since the energy thus defined is
immediately bounded below.

e By proving a monotonicity in the truncation parameter, we easily deduce that W is
bounded from below without having to first prove that minimizing configurations have
well-separated points (which we do prove later).

e Our proof of screening, which has many features in common with that of [49] and
with that of [44], is also more general than both of them in that we screen (almost)
arbitrary configurations and not only those that have well-separated points, a result
of independent interest.

e The assumptions on the equilibrium measure are weakened, and we distinguish more
precisely those that suffice for the lower bound and those that are needed for the upper
bound.

In addition to our main results about minimizers, we obtain two additional results,
which are stated at the end of the introduction. One is an independent result of good
separation of points for energy minimizers. The other is an application of our method
to the statistical mechanics model of particles interacting via H, with temperature, in
particular a next order expansion of the partition function.

Let us now get into the specifics.

1.1. The equilibrium measure and our assumptions

We first place assumptions on V that ensure the existence of the equilibrium py from
standard potential theory.
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V is Ls.c. (lower semicontinuous) and bounded below (1.8)
{x : V(x) < oo} has positive g-capacity (1.9)
‘ llim V(x) = 400 in cases (1.2), respectively
X|—> 00
Vv
lim Y —log |x| = 400 in cases (1.3)—(1.4). (1.10)
|x|]—>o00 2

The following theorem, due to Frostman (cf. also [46]), then gives the existence and
characterization of the equilibrium measure.

Theorem 2 [30]. Assume that V satisfies (1.8)-(1.10); then there exists a unique
minimizer wy € P(RY) of £, and E(wy) is finite. Moreover, the following properties hold.

e X := Supp(uy) is bounded and has positive g-capacity.
o Forc:=E&(uy)— [ %duv and h*V (x) == [ g(x — y)duv(y), it holds that

v 4+ 5 >c¢ q.e. (quasi everywhere),

\%4
htv +5 =c gq.e onX.

We will write
¢ = h“V+%—c20. (1.11)
We will assume that py is really a d-dimensional measure (i.e. X is a nice d-dimensional
set), with a density, and, just as in [44, 48], in order to make the explicit constructions
easier, we need to assume that this density (that we still denote wuy) is bounded and
sufficiently regular on its support. More precisely, we make the following assumptions
(which are technical and could certainly be somewhat relaxed):

dY is C!, (1.12)
wy has a density which is C%# in ¥, (1.13)
Jey, e, m > 0 s.b. cpdist(x, 8 X)* < py (x) < min(cpdist(x, dX)*, m) < oo in ¥, (1.14)

with the conditions

28d
0<p<l, 0<a< . 1.15
<F S 2d—s (1.15)
Of course if @ < 1 one should take 8 = «, and if & > 1 one should take 8 = 1 and o < %.

These assumptions are meant to include the case of the semi-circle law %\/ 4 — x2]l| x| <2
arising for the quadratic potential in the setting (1.3). We also know that, in the Coulomb
cases, a quadratic potential gives rise to an equilibrium measure which is a multiple of a
characteristic function of a ball, also covered by our assumptions with « = 0. Finally, in
the Riesz case, it was noticed in [19, Corollary 1.4] that any compactly supported radial
profile can be obtained as the equilibrium measure associated to some potential. Our
assumptions are thus never empty.

We also note that the problem of minimizing £ can be recast as a fractional obstacle
problem [14, 15, 52]; thus the regularity of A*V and the free-boundary 9% as a function
of V are known.
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1.2. The extension representation for the fractional Laplacian

In what follows, & will denote the dimension extension. We will take k = 0 in all the
Coulomb cases, i.e. s =d —2 and d > 3, or (1.4). In all other cases, we will need to take
k = 1. Points in the space RY will be denoted by x, and points in the extended space
Rt by X, with X = (x, y), x € R?, y € R¥. We will often identify R¢ x {0} and R¢. By
balls Bg or B(X, R) we will mean balls in the space R4tK_ unless otherwise specified.
The extension representation of [14] relies on the remark that, if d —2+k+y > 1, a
function of the form C/|x|¢~2tk+7 appears as the y = 0 restriction of the fundamental

solution
C)/ +d+k

Gy(x,y) = 21kt
(P41
of the operator div(|]y|” Vi) on R? x R¥. Here C, = nq/zl"(q/Z —1)/4. What we mean by
a fundamental solution is that it solves
div(|y|” Vu) =0 on R? x (RF\ {0}),

— lim " ayu(, y) =80 on RY x {0},
)

where 89 denotes the Dirac mass at the origin. It follows that, if y is chosen such that
d—2+k+y=s, (1.16)

then, given a measure u on RY, the potential A*(x) generated by u defined in R? by

M (x) = gxu(x) = / —/d,u(x’) (1.17)
R |x —x'|*

can be extended to a function h*(X) on R defined by

(X)) = / ;du(x’) (1.18)
R | X — (x",0)° ’ '
and this function satisfies
—div(|y|Y Vi*) = cq, s 48pa s (1.19)
where by dpas wWe mean the uniform measure on R? x {0}, i.e. UOpa acts on test functions
¢ by
f P(X)d(pudRa)(X) = / @(x,0)dp(x),
Rd+k R4
and

for s > max(0,d —2),

Cds = (1.20)
fors=d—-2>0,

27 in cases (1.3), (1.4).
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In particular, g(X) = | X|™* seen as a function of RY** satisfies
—div(|y["Vg) = cq,sd0. (1.21)

In order to recover the Coulomb cases, it suffices to take k =y = 0. If s > d — 2 we take
k=1 and y satisfying (1.16). In case (1.3), we note that g(x) = —log|x| appears as
the y = 0 restriction of —log|X|, which is (up to a factor 27) the fundamental to the
Laplacian operator in dimension d +k = 2. In this case, we may thus choose k = 1 and
y =0, cq45 = c1,0 = 2m, and the potential h* = g u still satisfies (1.19), while g still
satisfies (1.21). This is the procedure that was used in [49], and we see that this case
naturally embeds into the Riesz setting we are studying.
To summarize, we will take

in the case max(0,d —2) <s <d, thenk=1,y=s—d+2—k, (1.22)

in the case (1.3), thenk =1,y =0, (1.23)

in the case (1.4) ord > 3,s =d —2, thenk =0,y =0. (1.24)

We note that formula (1.16) always remains formally true when taking the convention

that s = 0 in the case when g(x) = —log|x|, and we also note that the assumptiond —2 <
s < d implies that in all cases y € (—1, 1).

Through this extension procedure, we will be led to studying equations of the form

(1.19). These are degenerate elliptic equations; however, they are associated to weights
which are in the Muckenhoupt class A, for which there is a good elliptic theory [27].

1.3. Definition of W

Before defining our renormalized energy W, we define the truncated Riesz (or logarithmic)
kernel as follows: for 1 > > 0 and X € Rt let

(X)) = (g(X) —g(m)+. (1.25)

We note that the function f, vanishes outside of B(0, ) and satisfies that

! div(ly|”V f,) + 8o (1.26)

(m)
N
0 Cd,s

is a positive measure supported on d B(0, n), and which is such that, for any test function

v,
NONRS Ol o
sy = e(X)Iy1" g ().

Cd,s J3B(0,n)

(Here and later, since g is radial, we abuse notation by writing g’ for the derivative of g
seen as a function on R.) One can thus check that 8(()’7) is a positive measure of mass 1,

and we may write
—div(|y|” V f) = casBo—8") in RIHE, (1.27)

We will also denote by 5;,") the measure Sé”)(X —p), for p € R? x {0}. Again, we note

that this includes cases (1.23)—(1.24). In the Coulomb cases, i.e. when k = 0, then 8(()")
is simply the normalized surface measure on dB(0, n); it is thus a particular case of the
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radially symmetric smearing out performed in [44], and thus the renormalized energy we
will define next is the same as in [44].

The renormalized energy of an infinite configuration of points is defined via the gradient
of the potential generated by the point configuration, embedded into the extended space
R4tk That gradient is a vector field that we denote E (like electric field, by analogy with
the Coulomb case). In view of the discussion of the previous subsection, it is no surprise
that E will solve a relation of the form

—div(|)y|"E) = cq.s Z Npsp —m(x)dga | in RITE (1.28)
peEA

where A is some discrete set in R? x {0} (identified with Rd), N, are positive integers,
and m(x) is to be specified. For any such E (defined over Rtk or over subsets of it), we
define

Ey:=E—=Y_ NpVfy(x—p). (1.29)
PEA

If E happens to be the gradient of a function 4, then we will also denote

hy=h—Y Nyfy(x—p). (1.30)

PEA

We will write &, for the map that sends E to E,, and note that it is a bijection from the
set of vector fields satisfying a relation of the form (1.28) to those satisfying a relation of
the form

—div(|y|Y Ep) = ca.s Z Nps» —m(x)dga | in R (1.31)
PEA

Remark 1.1. If & :g*(Z;’Zl 8y, —m(x)dga), then the transformation from s to h,

amounts to truncating the kernel g, but only for the Dirac part of the right-hand side.
Indeed, letting g,(x) = min(g(x), g(n)) be the truncated kernel, we have

n
hy = gy * (Z axi> — g % (mdga).
i=1

Definition 1.2 (Admissible vector fields). Given a number m > 0, we define the class A,
to be the class of gradient vector fields E = Vh that satisfy

—div([y["Vh) = cas | D Npdp—mbga | in R, (1.32)
PEA

where A is a discrete set of points in R x {0} and N p are integers in N*.

This class corresponds to vector fields that will be limits of blown-ups of those generated
by the original configuration (xi, ..., x,), after blow-up at the scale n!/¢ near the point
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x where m = puy(x) and can be understood as the local density of points. We note
that, since such vector fields blow up exactly in 1/|X[*T! near each p € A (with the
convention s = 0 for cases (1.3)—(1.4)), such vector fields naturally belong to the space

LY (RITK RITK) for p < M In fact, to ensure stability in that class, we will need to
2 d+k
take p < min(2, g AL)

We are now in a position to define the renormalized energy. In the definition, we let
K denote the hypercubes [—R/2, R/2]¢.

Definition 1.3 (Renormalized energy). For Vi € A, and 0 < < 1, we define

1
W,(Vh) = lim sup ( — / Y17 VA, —mcd,sg(n)) (1.33)
R—o0 K g xRk
and
W(Vh) = lim W, (Vh). (1.34)
n—

This is a generalization of the renormalized energy defined in [44]. As in [44], it differs
from the one defined in [47, 49] for the one-dimensional and two-dimensional logarithmic
interaction, essentially in the fact that the order of the limits R — oo and n — 0 is
reversed. We refer to [44] for a further discussion of the comparison between the two.

By scahng, we may always reduce to studying the class A;; indeed, if E € A,,, then

E= m*LE(m 1/dy ¢ A1? and

Wy(E) = m"™ /W, 1a(E)  W(E) = m" P 9W(E). (1.35)

in case (1.2), and respectively

A 2 A 2
W, (E) = m (Wm,](E) - 7” log m> W(E) = m (W(E) - 7” log m> (1.36)
in cases (1.3)—(1.4).
We denote
d,s = min W. (1.37)
Cd,s Ai

The name renormalized energy (originating in Bethuel, Brezis, and Hélein’s work [6] in the
context of two-dimensional Ginzburg-Landau vortices) reflects the fact that f Iyl |Vh|?,
which is infinite, is computed in a renormalized way by first changing & into £, and then
removing the appropriate divergent part cq g(n) per point.

We will prove the following facts about W.

Proposition 1.4 (Minimization of W).

1. The limit in (1.34) exists.

2. (Wyly<1 are uniformly bounded below on Ay by a finite constant depending only on
s and d.

2With the convention s = 0 in case (1.3).
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3. W and W, have a minimizer over the class Aj.
4. There exists o minimizing sequence for W (respectively Wy) formed of periodic
configurations (in RY) with period N — o0o.

We can also note that W does not feel compact perturbations of the points in A. As
already mentioned, the question of identifying min 4, W is open, and we expect some
(Bravais) lattice configuration to achieve the minimum. In view of Proposition 1.4, to
identify the value of the minimum it would suffice to compute min W over periodic
configurations with larger and larger period, for which we have an explicit formula.

Proposition 1.5 (Periodic case). Let ay,...,ay be N points, possibly with repetition, in
a torus T of volume N in R?, ford > 1. On R? consider the configuration corresponding
to the T-periodic repetition of the configuration ay, ..., an. Then the following hold.

1. If the points ay, ...,ayn are not distinct, then for all E such that
N

—div(]y|”E) = cq.s (Z 8a; — 3Rd) in T x R¥

i=1
(we call such E compatible with the points) it holds that W(E) = 4o0.
2. If all points are distinct, then let H be the function satisfying

N
—diV(IyIVVH)=cd,s(Zaai—aRd) in T x R, / H=0.
Tx {0}

i=1

Then for any vector field E = Vh compatible with ay, ..., ay it holds that
W(E) 2 W(VH),

with equality precisely when E = VH. Moreover, it holds that

C2
d, . g(x)
W(VH) = Ns ZG(ai —aj) +C‘2Ls )}E}% <G(x) oy ) , (1.38)
i#] ’
where G satisfies
1
(—A)*G =8 —— inT /G =0, (1.39)
T T

where a = %(2— y —k).
3. In the case when d = 1 we have

2=l (e’ cos (%”x) — 1) .

2—1 00
Gx)=2 f
Q2m)2TQ2a) Jo | —2ef cos (%x) + e

‘. (1.40)

In the periodic case, W can thus be seen as a function of the points rather than of the
vector fields E, via formula (1.38). We note that it would suffice to check that G given
by (1.40) is convex to apply the same proof as in [49] to obtain that the minimum of W
in dimension 1 is achieved over the class A; by the lattice Z. We did not pursue this.

Moreover, specializing (1.38) to the case of Bravais lattice configurations (i.e. N = 1),
we are able to prove the analog of the result of [47] in dimension 2.
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Theorem 3. Assume that d =2. For any 0 <s <2, the minimum of W (seen as a
function of the point configuration via (1.38)) over lattices A = aZ +bZ of volume 1
(i.e. such that det(a, b) = 1) is uniquely achieved (up to rotation) by the triangular lattice,

i.e. the one for which a = (*/75)_1/2(1, 0) and b = («/75)—1/2(%’ */75),

As in [47], the proof consists in connecting the minimization to that of finding the
minimizer over lattices of volume 1 of the Epstein zeta function of the lattice A, {a(s) =
ZpeA\{O} ﬁ, which was proved in [16, 24, 25, 39, 42] to be the triangular lattice.

1.4. Connection to the original problem and splitting formula

We reproduce here the framework of [44, 48, 49]. The renormalized energy will appear as
a next order limit of H,, after a blow-up is performed, at the inverse of the typical nearest
neighbor distance between the points, i.e. n'/4. It is expressed in terms of the potential
generated by the configuration xi, ..., x,, and defined by

n
ha(X) = g * (Z 8(x;.0) —nwsw) (1.41)
i=1

For the blown-up quantities we will use the following notation (with the convention s = 0
in cases (1.3) or (1.4)):

x'=nYlyx X' =nYiX x]=nly (1.42)
wy (x') = py (x) (1.43)
R(X') = n"dhy(X). (1.44)

We note that, in view of (1.41), (1.17), and (1.19), h, and h), satisfy

n
—div(|y|Y Vh,) = ca.s (Z 8y — nwaRd) in RIHK, (1.45)
i=1
n
—div(|y|” Vi) = cq. (Z 8y — M’VaRd) in Rk, (1.46)
i=1
while in view of (1.27), Ay, and h;, ., defined from h, and &, via (1.30), satisfy
n
—div(|y|” Vhn.y) = cas (Z 8 — nMV(st> in RY*K, (1.47)
i=1
n
—div(|y|" Vi), ) = ca.s (Z 8" — M/VaRd> in RAtk (1.48)
i=1

with the usual embedding of R into R+,
The next proposition connects H, with these quantities via an algebraic identity.
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Proposition 1.6 (Splitting formula). For any n, and any xi,...,x, distinct points in
RY x {0}, letting hy be as in (1.41) and hy,, deduced from it via (1.30), we have in case

(1.2)

Hy(x1, ... x0) = n?E(uv) +2n ) ¢(x)

i=1

1
(Z /RM |y|y|vh9,n|2—0d,sg(n)>, (1.49)

s .
—i—nH‘E lim
n—0 Cd,s

respectively in the cases (1.3)—(1.4)

1 n
Hy(x1, ..., %) = n?E(uy) +2n ) L(xi) — ~logn

i=1

. 1 1
n—0 cg (Z /1‘{11% |y|V|Vh’/1’”|2 - Cng(n)) ' (1.50)
\8

Recalling that ¢ defined in (1.11) is nonnegative and 0 in X' (it acts like an effective
potential whose only role is to confine the points to X), we see that this formula easily
allows us to get a next order lower bound for H,, and that it remains to take the n — oo
limit in the parentheses in the right-hand side of (1.49), which will lead to W.

In order to make this rigorous, we need to introduce a W at the level of the ‘electric
field process’, and a way of averaging WV with respect to blow-up centers in X.

More precisely, given any configuration x, = (xi, ..., x,), we denote v, = ZL] dy;- The
configuration generates (at the blown-up scale) an electric field E,, given by Vi, (X')
above. As already mentioned, such electric fields naturally live in the spaces of vector

fields L{ (R, RI*F) for p € [1, min(2, #, ‘;Lill‘)). Choosing once and for all such a p,

we define X := X x L{;C (R4HK R+K) t0 be the space of ‘marked’ electric fields, where the
mark x € ¥ corresponds to the point where we center the blow-up. We denote by P(X)
the space of probability measures on X endowed with the topology of weak convergence,
which can be seen as the space of random marked vector fields.

We may now naturally associate to each configuration x, = (xq,...,x,) a ‘marked
electric field process’ P, via the map

in (RH" — P(X) (1.51)

X, = Pvn = fz 8(X>Evn (n/dx+.)) dx, (152)

ie. P, 1is the push-forward of the normalized Lebesgue measure on X by x —
(x, E,, (n'/x 4 )). Another way of saying this is that each P, (x,-) is equal to a Dirac
at the electric field generated by x,, after centering at the point x.

The nice feature is that, under an energy bound on the sequence (x;),, the sequence
{Py,}n will be tight as n — oo, and will thus converge to an element P of P(X). In a
probabilistic point of view, P is a marked electric field process. In an analysis point of
view, P is similar to a Young measure on micropatterns formed by the configuration, as
for example in [1].

By construction, such a P =lim,« P, satisfies three properties, which are
summarized in the following definition.
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Definition 1.7 (Admissible probabilities). We say that P € P(X) is admissible if the
following hold.

e The first marginal of P is the normalized Lebesgue measure on X.
e It holds for P-a.e. (x, E) that E € Ay, (v

e P is T (y)-invariant.
Here T),(yy-invariant is a strengthening of translation invariance, related to the marking.

Definition 1.8 (7 (x)-invariance). We say that a probability measure P on X x
L (RIT% RITK) is Ty y-invariant if P is invariant by (x, E) > (x, E(A(x) +-)), for any
A(x) of class C! from X to RY.

Note that, from such an admissible electric field process, using that E solves (1.32) one
can immediately get a (marked) point process by taking the push-forward of P(x, E) by
E — ﬁdivqym) + 1y (X)8pa-

For each P € P(X), we may then define
| X1

Cd,s

W(P) =

/W(E)dP(x,E) (1.53)

if P is admissible, and +o0o otherwise.

With these definitions at hand, we may state our main result on minimizers of H, which
improves Theorem 1. It identifies the next order I'-limit (in the sense of I'-convergence)
of H, and allows a description of the minimizers at the microscopic level. Below, we abuse
notation by writing v, = Y ;_; 8y, when it should be v, = Y>"/_, 8y,

Theorem 4 (Microscopic behavior of Riesz energy minimizers). Let the potential V satisfy
assumptions (1.8)—(1.10) and (1.12)—(1.14). Let (x1, ..., x,) minimize H,, and let P,,
be associated via (1.52). Then any subsequence of {Py,}n has a convergent subsequence
converging as n — oo to an admissible probability measure P € P(X) and, in case (1.2),

lim n~ ' H, (xn, ) =02 E(uy)) = W(P) = min W =&, / e,

n— 00 P admissible v
(1.54)
respectively in cases (1.3)-(1.4)
lim n~! <Hn(x1, X)) —n2E () + z1ogn)
n—>oo d
~ ~ 1
— P) = i = - 1 : 1.55
W(P) = min W ==E, d/uv og Ly (1.55)

and P is a minimizer of W, and E minimizes W over Ay for P-a.e. (x, E).

Thus, our result reduces the original question to the minimization of W, and hence that
of W, which we have already discussed. If one believes in the conjecture that minimizers
of W are Bravais lattices, then from the formal statement ‘E minimizes W over A, (v’ it
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can be expected that, after zooming at the right scale around x, minimizing configurations
look like a crystal with the appropriate density wy (x).

We conclude our introduction with the two additional results. The first one states that
minimizers have points that are well separated at the expected scale of their typical
distance, i.e. n=1/4. We provide a short proof of this result based solely on the extension
representation and maximum principle arguments. This is to be compared with the
analogous statements in [11] for points on the sphere, which rely on fine potential theory
arguments.

Theorem 5 (Point separation). Assume that V satisfies (1.8)—(1.10) and that wy has
a density which satisfies ||y |lpo < m. Let (x1,...,x,) minimize H,. Then for each i €
[1,n], x; € X, and for each i # j, it holds that
,
lx; —xj| = i’

where r is some positive constant depending only on s and d.

The last result concerns the application to statistical mechanics. As in [44, 48, 49],
our method can be used to obtain as well next order information on such a system of
particles with temperature. More precisely, let us consider the Gibbs measure

dPy g(x1, ..., Xp) = e PH LX) g dxy,, (1.56)

Zu.p

where B > 0 is an inverse temperature and Z, g is the partition function of the system,
i.e. a number that normalizes P, g to a probability measure on (R)". Then, under the
additional assumption that there exists 81 > 0 such that

/e_ﬁlv(x)/z dx < 00 in the case (1.2)
(1.57)

8
/eiﬁ‘(vé “logl¥D gy < 0o in the cases (1.3)-(1.4),
we can obtain the following.

Theorem 6 (System with temperature). Assume all the previous assumptions on V,
i.e. (1.8)-(1.9), (1.12)~(1.14), and (1.57). Let B := limsup,_, , o, fn*/¢,® and assume that
0 < B < 400. There exists C;>0 depending only on V, d, and s, with limg_ Cz=0
and Coo = 0 such that the following hold.

1.

“i-s/a | _108Znp

limsupn
n— o0

respectively in the cases (1.3)—(1.4)

nE(uy) —n'ts/d minVTJ‘ < Cg, (1.58)

1 _log Znp

B

3 Always with the convention s = 0 in case (1.3).

limsupn™
n—o0

n25(uv)+glogn—nminﬂ/' < CE' (1.59)
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2. For fized B >0, letting Pnﬂ denote the push-forward of P, g by i, (defined
in (1.51)), {Pn gin is tight and converges as n — 0o, up to a subsequence, to
a probabzlzty measure on P(X) which is concentrated on admissible probabilities
satisfying W(P) < min W + Cg.

We could also express our results in terms of next order correction to mean-field theory
exactly as in [44]. This extension is left to the reader.

To our knowledge, there is no such result in the literature beyond the much-studied
case of systems with logarithmic interactions in one and two dimensions, also called
B-ensembles (see [49] and [48] for the references).

This theorem indicates that there is a transition temperature regime g > n=/¢ beyond
which the system tends to concentrate on minimizers of VT/, and hence should be expected
to crystallize. For lower B, in contrast, it is expected that temperature creates disorder.

The rest of the paper is organized as follows. We start by proving the splitting formula
and preliminaries on W. In particular we show that Wj is essentially monotone in 7. This
fact directly provides a uniform lower bound on W,. In § 3, we study the periodic case
and prove Proposition 1.5 and Theorem 3. In §4, we prove Theorem 5 and an analogous
separation result for minimizers of YW with periodic boundary condition. In § 5, we show
the general next order lower bound corresponding to the main result, using the approach
based on the ergodic theorem initiated in [47]. Section 6 is devoted to the proof of the
general screening result. In § 7, using the screening result we make the construction that
allows us to obtain the upper bound for the minimal energy.

2. Splitting formula and preliminaries on W

In the whole paper, whenever possible we treat all the cases (1.22)—(1.24) in one unified
way. We thus need to carry the extension dimension as k =0 or 1. We note that, in
§8 2-5, we only use weak assumptions on py: that py has an L density, and that it is
continuous at almost every point of X. In the statements of all these sections where the
parameter s appears, the convention is that s should be taken to be 0 in cases (1.3)—(1.4).

2.1. Proof of the splitting formula
Proof. We let v, = Y 7_, 8y,. Denoting by A the diagonal in R? x R?, we may write

Hy(xp, ... x) = Y g(xi— x,)+nZV(x,
i#]

// g(x—y)dvn(X)dvn(y)+nfVdvn
AL‘

= HQ//A"g(x—y)dMV(X)duv(y)+n2/Vduv

+2n//AC g(x_y)d,uV(x)d(Vn_}’l/,Lv)(y)_|_n/Vd(vn_nuv)

+ //c g(x —y)d(vy —npy)(x)d(vy —nuy)(y). (2.1)
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We now recall that ¢ was defined in (1.11) by
w Y v
E=h"+ S —c= [ gx—nduy()+5—c (2.2)

and that ¢ = 0 in ¥ (with the assumptions we made, one can check that ¢ is continuous,
so the q.e. relation can be upgraded to everywhere).
With the help of this we may rewrite the middle line in the right-hand side of (2.1) as

2n//Vg(x—y)duv(X)a'(vn—nuv)(y)JrnfVd(vn—n/w)
= Zn/ (h“v +%> d(v, —npy) = 2n/(§+c‘)d(vn —npy)

=2n/;dun—2n2/;dw+2nc/ d(vn—nw)zzn/;dun,

and this relation can be seen as a relation on integrals on R (with the restriction of ¢
to Rd). The last equality is due to the facts that ¢ = 0 on the support of uy and that
v, and nuy have the same mass n. We also have to notice that, since uy (when seen as
a measure on Rz) has an L® density with respect to the Lebesgue measure, it does not
charge the diagonal A of RY x RY (whose Lebesgue measure is zero), and we can include
it back in the domain of integration. By that same argument, one may recognize in the
first line of the right-hand side of (2.1) the quantity n2&(uy).
We may thus rewrite (2.1) as

Hy(x1, - xn) = n2E(uy) +2n ) ¢(x:)

i=1
+ //A 8 —=y)dp —npuy)(x) d(vy —npy)(y). (2.3)

Next, we show that

1
// gx—y)d(wy —npy)(x)d(y, —npy)(y) = lim ( - / IyIVIth,nlz—ng(n))-
c n—>0 \ Cq,s JRd+k

To this aim, we compute the right-hand side of this relation. Let us extend the space
dimension by k, and choose R such that all the points are in [-R+1, R —1]¢, and n
small enough that 2n < min;-; |x; —x;|. Since h, , = h, (defined in (1.41)) at distance
> 7 from the points, by Green’s formula and (1.47), we have

oh .
/ Y Vi * = / IV hp—— —/ Y1 B g div(Iy 1Y Vi)
[—R,R]d+k 6[—R,R]d+k ov [—R,R]d+k

dh,
= hn— +c h s _ usea ).
/3[R,R]”’+" "oy TN /[R,R]d+k " (Xz: w T

(2.4)

It is easy to check that, since the total mass on the right-hand side of (1.45) is 0, A,
decreases like g/(|X|) i.e. like |X|~*~! at infinity, and Vh, like g”(|X|) i.e. |X|~*~2 (with
the convention that s = 0 in the logarithmic cases), and thus in all cases the boundary
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integral, split into (3[—R, R]¢ x [-R, RI¥) U ([—R, R]¢ x 3[—R, R]¥), can be bounded by
CRYTk=14d=25=3 " and hence tends to 0 as R — oo in view of (1.16). We thus find

n
YIVhy o h 80— ys
Lo 19 = o [ (Z D iy

i=l1
Cd,s [RM (h DL —xi)> (Z 8 — MV(SRd> . (2.5)
i=l i=1

Since f(x —x;) =00on dB(x;, n) = Supp(S)(f?)) and outside of B(x;, n), and since the balls
B(x;, n) are disjoint, we may write

n n
2
/Rd+k lylVthn’ﬂ = s /Rd+k i (; 8567) B MVSRd) s /R‘”k z—Zl Tl =ty b

Let us now use (temporarily) the notation A’ (x) = h,(x) — g(x —x;) (for the potential
generated by the distribution bereft of the point x;). The function hf1 is regular near x;,

and hence fhﬁ,&(;’) — hi (x;) as n — 0. It follows that

n

n
Cd,s /Rd+k hy (Z 5y —Mv5Rd) —Cd,s /1‘@1% 2; Jn(x = xi) v dpa
i=

i=1

n

= nca.s8(M) +cas Yy (i) = cas /M hnfty Spa
; R
i=1

4 0(n||uv||Loo>/ 1854 + 0 (D). (2.6)
B(0,n)

In case (1.2) we have fB(O o 1 foldRrae < Cn?=, while in cases (1.3)-(1.4) we have
fB(O o 1 fal < fB(O n S n¢|log n|, and thus, letting n — 0, we find

n
li V\Vhy > — =Y Al (xi)— Py S 2.
Jim /R Y17 VA l* = ng (n) ; i) /R nity Oga (27)
Now, from the definitions it is easily seen that
hi(xi) = / $ (i = ¥) d(n — ) (), (2.8)
R\ {x;}

from which it follows that

// 8 =y)d(vn —npuy)(x) d(vy —npuy)(y)
= Z/ 8(xi —y)d(vp —npuy)(y) —n/ hn v dra
io1 IR\ i) RA-+

n
= Zh;(x,)—n/‘ hn/LV(SRd.
izl Rd+k

In view of (2.7), we conclude that the claim holds.
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The final step is to blow up and note that, using the relation y =s+2—d —k and a
change of variables, we have

f IV Vel = nf Y |Vh), *

Rd+k Rd+k

with the convention that s = 0 in cases (1.3)—(1.4), where £ = nn~'/¢. We may thus write
lim IV |V Ay g* = ncasg(n) lim IV IV Ry, persay | —nca sg(n=4y)
n—0 \ JRd+k " ” n—>0 \ JRd+k 7,1 n ”

= lim (nd/ Iyl”IVh;,nlz—nCd,sg(n_l/dn)>,
Rd+k

n—0

and, combining with the above and rearranging terms, this completes the proof. O

2.2. Coercivity of W

In this subsection, we show that ¥V controls the discrepancy between the number of points
in a ball and the (suitably rescaled) volume of the ball. We start with two lemmas.

Lemma 2.1 (Average density of points). If Vi € A, and W, (Vh) < 400 for somen < 1,

then
ZpeAﬂKR Np _

lim R

R—o0

Proof. We note that, in the case when k = 0, the result is proven in [44, Lemma 3.1].
We thus assume in the rest of the proof that k = 1. We denote Kg = [—R/2, R/2]d x {0}
and Krp =[—R/2, R/2]d+k. We also recall that E, = Vh, satisfies

—div([y[" Ey) = cas | D NpsP —méga | . (2.9)
PEA
and denote v = ZpeA Npép. Since Wy (E) < +o00, we have fKRx]Rk |y|7’|E,7|2 < CR? for
any R > 1 (where the constant C may depend on 7). Thus, by a mean-value argument,
we may find ¢ € [R — 1, R] such that

[ wrEr< [ e <crt (2.10)
K, xRk K xRk
and then L € [1, «/ﬁ] such that

[ Y17 1Eql* < R‘”Z/ IyIY 1E, > < CRY3. (2.11)

Kgrxd[—L,L] K g xRk
Let us next integrate (2.9) over K; x [—L, L] and use Green’s theorem to find
1 -
f > NP —m|K | = — / Iy E, -, (2.12)
Kyx[=L.LT 2% Cd,s Jo(K;x[-L,L))

where ¥ denotes the outer unit normal. Using the Cauchy—Schwarz inequality and
(2.10)—(2.11), we deduce that
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1/2 1/2
Ny —miK, || < € (f |y|y> <f P |E |2)
/K[X[—L,L]k Z Pep 8K,><[—L,L]k BKIX[—L,L]k "

peA

1/2 12
+C (/ |y|y) (/ |y|V|E,7|2>
K;xd[—L,LJ K,xd[—L,LJk

d_ 1

v+l d-1 d y d d_1 d
<CL7Z R7TRI4+CL?R2R?™7 = o(RY) (2.13)

as R — oo, in view of the bound on L and the fact that y < 1. Since n < 1, by
definition of v, and since the 8;,") are supported in B(p,n), we have v(Kgr_3) <

fK,x[fL,L]k Z[JEA NPSE,") < v(Kg41)- The result thus follows from (2.13), after dividing
by R? and letting R — oo. O

Lemma 2.2 (Controlling the discrepancy). Assume that E satisfies a relation of the form

—div([y[" E) = cqs | Y Npsp—m(x)dpa
PEA

in some subset U C RIT* for some m e L®U), and let E, be cissociated as in
(1.29). Then, for any 0 <n <1, L>2, and a € R? x {0}, denoting Br(a) = Bp(a) x
[—L/2,L/2], if Bor(a) C U we have*

f Iy |Ey* = C
By (a)

for some C depending only on d, s, and ||m||~, where D(a, L) denotes the discrepancy

Z Np—/ m(x)dx.
Bp(a)

peANBy(a)

2
—D(‘ZL’SL) min <1, b, L)> , (2.14)

L4

Proof. The proof follows [44, Lemma 3.8]. For simplicity of notation we denote
B;(a) = B;. We first consider the case that D := D(a, L) > 0. We first note that, if

a, D 7
L+n<t<T:=min 2L,<(L+r7) +i> (2.15)

with C well-chosen, we have
—f~ Y/ E,-v = —f div(y]” Ey) =Cd,sf~ D Nps —m(x)8pa
3B, B B\ pea

Cd,s

2

= Cds (D—/ m(x) dx) > cd,SD—C(td—Ld) > D,
B/\BL,

4With the convention that s = 0 in cases (1.3)—(1.4).
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if we choose the same C in (2.15). By the Cauchy—Schwarz inequality it holds (with the
convention that s = 0 in cases (1.3)—(1.4)) that

T —1 2
f I Ey P >f (/ |y|V> (/ IyIVE,,-v) d
By L+n 9K, 9B,
T
- CDZ/ (0D gy = €D (g(L + ) — (1))
L+n

using the previous estimate and (1.16). Inserting the definition of T and rearranging
terms, one easily checks that we obtain (2.14). There remains to treat the case where
D < 0. This time, we let

1

I <t<L—n T :=|((L—n)
ST ’ ' 2C ’
and if C is well chosen we have

—/~ IV E, -V = —[ div(|y|” Ep) =ch,3/~ D NS —m(x)dga
bl B, By

B,

pEA
&
< Cdys (D—/ m(x) dx) < ds D,
BL\B, 2
and the rest of the proof is analogous, integrating from T to L —n. O

2.3. Monotonicity of W,

Next, we prove that applying the n truncation to the energy is essentially monotone in
n (this is natural if we recall that it is almost truncating the kernel at level 7).

Lemma 2.3. For any xi,...,x, € R, and any 1 > n > a > 0, letting hl,, h;w be as in

(1.44), (1.46), and (1.48), we haved

d—s
2

—Cnlluyllen <(/ |y|y|Vh;,,o,|2—ncd,sg<a)>—(/ |y|V|Vh;,n|2—ncd,sg<n>)
Rd+k Rd+k

d—s . / I
< Cnllpylizen 2 +cas E min(g(a), g(lx; —x;| — @)
i), |5} 1< 2

—g(x; —x}1+n),
where C depends only on d and s.

Proof. As in the introduction, we use the notation g,(x) = min(g(x), g(n)), and we note
that since g, = g — f; (recall (1.25) and (1.27)) we have

—div(|y|” Vgy) = ca,s8.". (2.16)

5With the convention that s = 0 in cases (1.3)—(1.4).
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We then let f, , := fo — f;- We note that f , vanishes outside B(0, n), and

g —g(@) < gy — 8« = fan <0, (2.17)
and fy , solves (cf. (1.27))
—div(Y17V foy) = ca,s B — 85 (2.18)

In view of (1.30), we have Vh, , = Vh) ,+ > /_; V fu (- —x]) and

n
—div(|y|” VA, ) = cas (Z 8 — p,vaRd) . (2.19)

i=1

Thus,

Y|Vh! 2=f YIVh! P / YV foun (X —=x1) -V for (X — X,
/RMIyII wal” = | DV Vi +le o 97V e X =)V fay (X =)

n
+221:/Rd+k VYV fon(X = x]) - Vi), . (2.20)
1=
Using (2.18), we first write

in:/RdJrk |y|nya’,7(X _xi/) “V fan(X —X})
= — Zf fo(,n(X—xl{)div(lywv‘fa’n(x _x;))
ij Rd+k

- s _ sl
=cas ) /R o Jen X =xD@ =85, (2.21)
LJ

Next, using (2.19), we write

n n
22; fR o YUY e (X =) -V —221: fR oy Jen X =i (I3 Vi, o)
1= 1=

n

n
(o)
2¢d.s Z /Rd+k Jan(X = x) Z 3;; — 1y Spa
i=1

j=1
(2.22)
These last two equations add up to give a right-hand side equal to
n
> cas / o FanX = xDE 87 =245 ) / o (X = x))ptly 8pa

oy R ! ! i=1

+nca / Fan G5 +507). (2.23)
Rd+k
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We then note that ffo,,,,(S(()a) +8(()'7)) =— ff,,ng) = —(g(a) — g(n)) by definition of f; and
the fact that 5(()”) is a measure supported on dB(0, ) and of mass 1. Second, we bound
fRd+k fa,r[(X _xl{)//\/(SRd by

||uv||Loo/ /] < Clly Iz max (=, n]log n))
Rd+k

according to the cases, as seen in the proof of the splitting formula. Third, we observe
that, in view of (2.17), the first term in (2.23) is nonpositive, and that only the terms
for which |x] —x}| < 27 contribute. We now bound its absolute value using (2.17) and
(2.16):

> s / Feun(X = XD + 6
i;ﬁj Rd+k Jj j

- —wa(ga — @) (X — x))div(1yY (Vo (X — X)) + Vigy (X —x)))
oy
- ZfR Y17 (Vga — Vg (X = X)) (Vo + V) (X — )
i#j
= Z/RM IV V(X —x)) - Vg (X —x7) — |y|" Vgy (X — x;) - Vgn(X —x7),
i#]j

where we noted that the other terms cancel out in the sum when exchanging the roles of i
and j. Integrating by parts again using (2.16), and using the fact that 5" is a measure
of mass 1 supported on dB(x, 1), we are led to

Y cas / fanX =xD@ +8) = cas Y / 2 (X =28 — gy (X —x))87)
vy Rd+k J J vy Rd+k J J

Scas Y. gallx] —xjl—a) —gy(Ix] — x|+ 1)
i) |5 —x}1<2n
<eas Y, min(g(@), g(lx] — x| —a) — g(lx] — x|+ ),
i#].lx—x <2
where we used the fact that g and g, are radial decreasing.

We conclude that

—Cnllpy |l max(p®~*, n?| log nl)

< ([ o9 —neace@) = ([ ov198,2 - neacem)

< Cnllpy ||z max(n?=*, n¢|log n|)

teas Y min(g(a), g(1x] — x| — ) — g(lx] — x| +n),
i), —x1<2n
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d—s
and this finishes the proof, noting that in all cases we have max(n?=*, n¢|logn|) < n'z if
one takes the convention that s = 0 in the logarithmic cases. O

The next proposition expresses the same fact at the level of the limits.

Proposition 2.4. Let E € A,,. For any 1 > n > «a > 0 such that Wy (E) < 400, we have
Wh(E) < Wy (E)+Cm*n 2 )

where C depends only on s and d; and thus limy_oW,(E) = W(E) always exists.
Moreover, W, is bounded below on A, by a constant depending only on s, d, and m.

We note that this proves items 1 and 2 in Proposition 1.4.

Proof. Let us consider E satisfying a relation of the form

—div([y|"E) = cas | Y NpSp—m(x)dpa | in Kg xR
peA

for some m € L>(Kg). Let E, be associated via (1.29). Assume that 1> 75> a > 0.
Let Kp =[—R/2, R/Z]d x {0} and KR =[—R/2, R/2]d+k Let xg denote a smooth cutoff
function equal to 1 in KR 3 and vanishing outside KR 2, with |Vxgr| < 1. As in the
previous proof, we note that

E, =Ey+ Z NpV fay(x —p)
PEA

and insert this expression to expand

/w ><R|y|V|En|2—/><R|y|V|Ea|2

- Z NPN/ XR|y|nyotn(x_P) V fan(x —q)

P.geA

F2 Ny [ eV fots = ) Eu (224

pEA

Integrating by parts and using the properties of xg, we find that

/ xR|y|V|En|2—f Xr|y|”|Eq|* = Error + Main, (2.25)
Rd+k Rd+k
where
Main := — Y N,N, f o, X San 6= PV for(x = )
R
P-qEN

_ZZNP/ . XR fa,n(x — p)div(|y|” Eq).

PEA
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Brorl <€ Y NNy [ I =l e - )
p.qe(Kr_2\Kgr_3)NA R

X N[ WY = L

Pe(KR-2\Kg-3)NA

We will work on controlling Error just below, and for now, using the fact that f , is
supported in B(0, ), we may write, as we did in the proof of Lemma 2.3,

Main = — )" N,N, /XRfa n(x = PV V fon(x —q))

P.gEA
-2 Z Np / XR fan(x — p)div(ly|" Eq)
PEA
= Cd s Z N N /XRfan(x_p)(B(n)+8((¥))
Pgen
—2cqs Y Np / AR fa (X — p)m(x)Spa.
peA

Using (2.17), we have
2¢q,5(g(n) — g(@)) < f Jan(x =PV +51)

< min (0, /(gn — 8a)(x — p)af,“>) < (g —g(p—ql+)-.

Combining these two relations, we obtain

d—s
—Clml=n™ Y Np+2ca.(g0n) — g(@)) > NN,
PEANKR_2 P#EANKR—2,1p—qI<2n
< Main —cgq Z Np(g(n) —g(@))
PEANKR_»
d—s
<Clmlen™ Y Np+cas Y. NpNg@m) —gllp—ql+a)-. (2.26)
PEANKR_3 P#FEANKR—>

Next, to control Error, we partition Kg_1\Kg_4 into disjoint cubes C; of sidelength
centered at points y;, and we denote Nj = Zpezmcj N,. By Lemma 2.2, we have that

J\sz < C+Cej, where

¢ :f 917 | Eal.
By(yj)x(—R/2,R/2)

Using that the overlap of the B>(y;) is bounded, we may write

SN < ORI 1+Ze <crRla [ prep
J

KRr\KRg-s
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We then may deduce, by separating the contributions in each C;, and using the
Cauchy-Schwarz inequality and [ | fo,,,,l2 < Cn¢g?(a), that

Error < Cg(a) Z'/\/jz +C Z ﬂd/zg(a)jvje}/z < Cn'gle) ZA/J2 + Zej
j J / !

<Cn"g2<a><Rd—1+ / ) |y|y|Ea|2>. (2.27)
Kr\KRr—s

Returning to (2.25), we have found that
d—s

—Clmlz=n"T Y Np+cas D,  NpNgg(p—ql+e)—gm)y
PEANKR_4 P#GEANKR_3

—Cg() (R‘“ +f~ ) |y|y|Ea|2)
KR\KR-s

<| [ b iEP —coc Y Mg

pPeEANKR_4
o LT D SR

PEANKR_4

d—s
< 2¢q.5(8(@) — g(m)) > NpNg+Clmll=n= > N,
P#GEANKR—2,|1p—qI<2n pEANKR_4

+angz<a)<Rd‘+ / ) |y|V|Ea|2), (2.28)

Kr\KRr-s

and it easily follows that

cas Y. NpNg(g(p—ql+a)—gm)ys
P#GEANKR_3

<\ [ EP-caP@ YN,
KpxR pEANKR

- / IEP —casgO) D Np | +error
KrxR PEANKR

< 2¢q,5(8(@) — g() > NpN, (2.29)
PFGEANKR_2,Ip—qI<2n
with
d—s
lerror] < Cn'7 mllz Y Np+Cgl@) Y N,
PEANKER PEAN(KR\KR-5)

+C(1+g(@) IV 1Ey|* + 1917 | Eql?,
(KR\Kg—5)xRK

where C depends only on s and d.
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Let us now specialize to E € A,. In view of Lemma 2.1, we have that
limg 0o ™Y pnkp Np=m and limgo0 R ) nkp\kp_s) Np = 0. In addition,
since W, (E) < 00, and by definition of W, we must have limg_, oo R™¢ ‘/IER\IZR—S Iy|” |Eq|?
= 0. We deduce that

—Cm®n"? liminf - NpNg((1p =gl +a) -
T Hliminf—eqs Y0 NpNg(e(lp—gl+e) —g(m)y

PFqEANKR_3
< WalE) = Wy(E) < Cm?y‘T
. 1
+264,5(8(@) — () limsup 25 > NpNy. (2.30)

PFGEANKR-2,Ip—q|<2n

It then immediately follows that WV, has a limit (finite or infinite) as n — 0, and
that W, (E) is bounded below by, say, Wi,2(E) — Cm, which in view of its definition
is obviously bounded below by —cy4 sm — Cm. O

3. The periodic case

We consider now the case of periodic configurations of charges A and prove
Proposition 1.5 and Theorem 3.

3.1. Proof of Proposition 1.5

We start by proving the second point, by a modification of the calculations of the proof
of Proposition 1.6. By using the periodicity, we see that we just have to compute

lim [/ Iy |V Hyl? —cd,sNg(m] : (3.1)
n—>0 | JT xRk

We may take n < %mini# la; —aj|. We remark that

N
Hy(x) = Y (casGx —ai) — fy(x — ),

i=1

where G is the solution in T x R¥ of

. _ 1
—div(y|"VG) = 89 — ﬁsw, (3.2)

with foRk C_;S]Rd = 0. By the extension representation, one may check that the trace

G on R? of G solves (1.39). Inserting formula (3.2) into (3.1), we can compute via an
integration by parts:

f 17|V Hyl?
T xRk

—/ HndiV(|y|VVH,7)
TxRk

N N
= Cd,s/(Z(Cd,sH(x_ai)_fn(x_ai))) 28;’}) —8pa | dx.

i=1 j=1
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Now we may continue exactly like in the proof of Proposition 1.6, with >}, G(x —a;)
in place of h,(x) and with 1 in place of uy. As an analog of A, (x) we thus have

cas Yy Gx—ap)+N lim (ca G(x) - g(x)):;
— |x|—0
J#
therefore, since G has zero average, we obtain the following analog of (2.7), where we
write G instead of G since all the quantities can be computed on the trace:

1
lim —5— [/Tka 171V Hy —ch,sg(n)] =) Gl —ap+N lim <G(x) = g(x)) :

d,s i) Cs.d

This is equivalent to (1.38). Now assume that E = Vh is another periodic vector field
(in the first d coordinates) which is compatible with the points ay, ..., ay. We have that
Vu = Vh — VH solves div(|y|¥ Vu) = 0 and is periodic. We may then write

/ |y|y|(Vu+VH)n|2=/ |y|y|w|2+/ |V H, |2,
T xRk T xRk T xRk

where the cross-term has vanished by using the periodicity of H, and of Vu, and
div(]y|YVu) = 0. It is then straightforward to deduce that W(Vh) > W(VH), which
finishes the proof of item 2.

We now turn to the proof of item 1. Suppose that the points ay, ..., ay are not distinct.
Without loss of generality, we have k points ay, ..., a; with multiplicities Ny, ..., Ny with
Zle N; = N, max; N; > 2. The left-hand side of (2.6) in our periodic case then contains
a first term equal to cq,58(n) Zf:] Nl.z, which is not canceled by the negative cqs s Ng(n)
term any more. The remaining terms in (2.6) are respectively positive, zero, and 0, (1);
therefore we have

k
[ Y7 IV Hy|* = ca.sg(n) (Z N7 - N) +o,(1) > +00, (7 — 0),
TxR i=1
as desired.

For the third item, we generalize the proof of [8, Prop. 2.10]. We solve equation (1.39)
satisfied by G by Fourier transform. We choose the following normalization for Fourier
transforms and series:

7= [ e ax

2imkx

a(f) = fx)e N dx.

Twn
Then the Fourier inversion formula is f(x) = f f(é )e2imxE dg and

F0 = = Y

keZ

If G solves (1.39), then G has to satisfy

2m) * Gom) = sqg, — 80
2xm ) — _s0 L
N 0.0 = %m N
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with 8,% by definition equal to 1 if m =0 and 0 otherwise. Combining these facts, we

obtain
. 1-8%

ey

The undetermination of 5@ corresponds to the fact that G is only determined by (1.39)
up to a constant. By Fourier inversion with the above normalization, it follows that

for m # 0.

o0

N2l cos(2m %x)
(27‘[)2"‘ Z k2<x +c

G(x) =2 (3.3)

k=1

We see that the condition fTN G = 0 gives ¢ = 0. We next use the following formula found

in [40, p. 726]:
icosky 1 /OO 1% el cosy — 1) it
g T T(a) Jo 1—2elcosy+e?

Applying it to a =2« and y = %”)@ we obtain
N2o-1 0o 1201 (e’ cos (%”x) - 1)
d
Qm)*TQ2a) Jo  |_ 2e! cos (%x) + e

which is the desired formula (1.40).

Gx)=2

t,

3.2. The two-dimensional case

In the case when N = 1 of Proposition 1.5, the first term in the expression of W(V H)
does not appear, and the lattice A is such that T has volume 1. Then the minimum
W-energy corresponding to the configuration A can be expressed as follows, using the
Fourier series expression for the function G = G obtained like in the above proof:

eZin q-x

W(A) = cas lim(casGa(x) = g(x)) = cas lim | cas 2 27 g2

qeA*\{0}

—g(x) ’ (34)

where A* denotes the dual lattice to A. In dimension d =2 we may use, like in [47],
the number theory results from [16, 25, 39, 42] to characterize the lattice of smallest
We-energy, allowing us to prove Theorem 3. Recalling that g(x) is the solution to
(—A)¥g = cq.500 in R?, we have that Uy := G — c;’ig(x) is regular near 0, and we have
W(A) = ¢ Ua(0).

Instead of the function g(x) we will use a function g.(x) which has the following
properties (where F denotes the Fourier transform):

Fg«(&) = Fg(&) outside By, and Fgy is finite in B
g(x) — g« (x) is C*.

To construct g, it suffices to note that both g(x) and Fg(&) are in L (R2\{0}) for

loc
our range of exponents, since s, 2a € (0, 2). It follows that, for n smooth with support

(3.5)
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in By, equal to 1 in a neighborhood of the origin, n(§)Fg(&) is a compactly supported
distribution; therefore, its inverse Fourier transform is C* (see [32, 2.1.3]). We then
define g,(x) := g(x) — F~1(nFg)(x), and the above properties are easily verified.

By replacing g, for g in definition (3.4) of W, we define the functional
eZin q-x g« (x)
|27 q |2 Cd,s

. (x) .
Wa(A) = ¢, lim (Gm) - & ) =cgylim | > (3.6)
ds geA\(0)

Note that W, and W differ by a constant; thus have the same minimizers, since g(x) —
g«(x) is a regular function near zero. It thus suffices to prove the result for W.

3.3. Minimum of the Epstein zeta function in two dimensions
We now recall a result from [16] regarding the analytic continuation of the Epstein zeta
function. Without loss of generality, we may just consider lattices of the canonical form

Ar =y 2 ((x, Z4(1,00Z), with t =x +iy,y > 0,x € [0, ). (3.7)

Let us denote the corresponding Epstein zeta function with exponent 2« by

1 y¢
Ze@i= ), = ) 22 (38)
qeA-\{0} lal (m,n)eZ2\{0} ((mx +n)=+m=y%)
This series converges only for Re(a) > 1. We note that Z; is formally periodic in x
of period 1. The following formula is stated in [21], proved in [3], and obtained by
manipulating the Fourier series in x of Z:

r(Hre-1

_ o -« _
Zr(o) =2y"¢Q20) +2y Q2o —1) o)

+ Q0(x, vy, a), (3.9)

where ¢(u) :== Y 7o klu is the Riemann zeta function,

Snay—l/Z o .
w_l
T Z r201 20 (1K, 1 (27 ry) cos(2m rx),

r=1

Ox,y,a) =

and og(k) = Zd|k d? and K, (z) = fooo e~2°0h7 ¢osh(vt) dt is the so-called modified Bessel
function of the second kind, which for positive real v, z decays exponentially. However,
if we consider the expression for Z;, we see that the terms involving the Riemann zeta
function again converge only for Re(a) > 1, i.e. precisely outside our interest range. But
we may use the functional equation

(s) = 27 sin (?) Il —s5)c(l —s)

to extend the Riemann zeta function to Re(x) < 1. Formula (3.9) then gives the analytic

continuation of Z;(«) to a meromorphic function on all @« € C\{1}, which has a pole of

residue 7 at 1. Note that the value given by formula (3.8) coincides with the one given by

(3.9) as long as it is defined, by uniqueness of the analytic continuation, and since there

are no branch points. The useful point to note is that for (x’, y') # (x, y) the difference

Z. () — Zy (o) extends by continuity in « over 1, the two poles canceling each other.
We are then able to use the following result.

https://doi.org/10.1017/51474748015000201 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748015000201

Next order asymptotics and renormalized energy for Riesz interactions 531

Theorem 7 [16, 25]. Let « € C,Re(x) > 0. Under the same assumptions and using the
same notation for t, Ay as above, if Z; () is the analytic continuation in o as above,
then for all x € (0, 1) and y > 0 it holds that

Z (o) = Z,inp3(a) 2 0, (3.10)

with strict inequality for v # €™/3.
The lattice A, corresponding to 7 = €™/3 or (x, y) = (1/2,+/3/2) is the triangular
lattice.

3.4. Relation between W, and Z,; and proof of Theorem 3

Theorem 3 will follow from Theorem 7 once we prove the following proposition.

Proposition 3.1. Let d =2, a = 455 € (0, 1), and assume that Ay C R? is a unit volume
lattice. It holds that
2

Wi(Az) = Wa(Dri) = (Ze(@) = Zin3 (). (3.11)

(2 )Za

Proof. The left-hand side and right-hand side of (3.11) agree for & = d%s > 1, because
in view of (3.6) the following holds:

621'71 q-x eZirr q-x

W*(Ar) - W*(Alri) = CCZLS lim Z —201 — Z =
x—0 " 27 q| - [27q|
q€AT\{0} €A \{0}

tri

1 1
2
= Cds Z |27 q|2 o Z |27 q|2
qeA*\{0} qgeA;.\0}
2

= o )20{ (Zi () = Z,ixp3(@0)).

This is justified since the above sums giving the traditional definition of Z(«) converge
absolutely. For the same reason, the above formula for Wy (A) — W, (A,;) can be extended
to the complex half-plane Re(a) > 1. We also have that the right-hand side of (3.11) is
analytic in @ for @ # 1; thus we only need to show that the left-hand side is analytic in «
too. To prove this we use a smoothed sum method, via a very basic Euler—Maclaurin-type
error estimate valid in two dimensions.

To that aim, let us consider a positive Schwartz function 7 : R? — [0, 1] such that = 1
on By, and n = 0 outside By. Then the inverse Fourier transform ¢ of 5 is a Schwartz
function with integral equal to 1, and the functions gy (x) := N2¢(Nx) = (F~'n)(£/N)
approximate a Dirac mass at the origin. The following holds:

lim (Ga (x) — ¢t gs(x)) = lim / N () (GA(x) — ¢ b gu(x)) dx
x—0 ’ N—oo JR2 ’

lim / NEIN)FGAE) —c7) Fau(e) de.
N—oo R2 >
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We may write the integral of the last line as a sum over the Voronoi cells K, := {x € R? :
|x — pl =minycpx [x — p'l} for p € A*, and use (3.5), to get

fR IE/NIFGA®) — 7\ Fgu©)) d

N
_ oy ey /K N(E/N)Fgu(§) dé

2
pe(A*\{0)NB; 127 p|= pEA*NB
+ Z TY(P/N)_/ H(S/N)d%_
S \ 2P i, 12mE
=LA a)+ h(A, ).

We note that the term Ij(A, ) is just the sum of a finite (depending on A = A¥ but
locally bounded with respect to 7) number of terms; in particular it is analytic in « and
converges uniformly in N for t in a fixed compact set and « in a fixed compact subset
within Re(a) > 0. Therefore it suffices to focus on the term I5(A, o). The terms in the
sum defining it are of the form

/ (n(p/N)_n(E/N)
k, \[2mpl  [2mg [

MY =

v )ds,peA*\Bl.

For real a > 0, define fy(£) := [27&|72*n(€/N), on = fn — fn/2, which by choice of 5 is
supported in By\By/4. Its Taylor expansion is

on(p) —on(E)+Don(p)-(E—p) = En()
with

IENIIL>(k,) < CID*on Lok ) fmax & — pI* = CAllD*on L=k ), (3.12)
P

and by a direct computation we have

1 1 1
2
1D7enliiiy) < Coan (N2|p|2a NPT T |p|2“+2> ' (313)

Choosing now N =2" we may write fy = fo, +ZZ:kA+1 Fok = fokt = fyn +
ZZ:kM—l @y, and thus

h
|M;,V|<fK Fin® = foa DI +Ca Y /K|Ezk<s>|ds, (3.14)

k=k+1

where we used the fact that, since the domain K, is symmetric with respect to p, the
integral of the first order term in the Taylor expansion is zero. We now sum the bounds
(3.12)—(3.13) for the contributions (3.14) over p € A* such that K, intersects By \Bopk-2.
In this case 2872 — C < |p| < 254 Cy, and, since each K, has volume 1, the number of

such p is < (24 Cy)2. Choosing kx minimal such that 2% > 8C,, we have

h
2h 2
E M, | < Capa+Ca E E | D @akll Lo (k )
peA*\B) k=kp 2k=2_C <|p|<2k+Chp
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h

Cama+Cnr Y 25 +Cp)
k=kn

o)
Coz,r],A +CA Z 22(k+1)_(2+20{)k
k=kn

~2k
= Capa +27729C) -

N

1
(2k)2+2a

N

In the last estimate we used the fact that & > 0; thus the series Y to | 272%% converges.
The same reasoning easily extends to the case when Re(a) > 0.

We thus see that the series in M ;7\’ converges absolutely and uniformly in N for 7, «
inside a fixed compact set respecting the given constraints. Since n had bounded support,
just finitely many terms contribute to each sum, and by Morera’s theorem the series gives
a function which is analytic in «. By local uniformity of the convergence, the limit in N
remains analytic in « for Re(a) > 0.

As discussed at the beginning of the proof, the left-hand side and the right-hand side
of (3.10) agree for Re(a) > 1, while they are both analytic on Re(a) > 0, so by analytic
continuation they must also agree on Re(a) > 0. This completes the proof. O

4. Separation of points

The proofs in this section follow [43, 44], which themselves are inspired by [37].
The first lemma expresses that, if a configuration minimizes H,, each point must be a
minimum for the potential generated by the rest.

Lemma 4.1. Let x, ..., x, € R minimize H,. Let xlf be the blown-up points and h), be
associated as in (1.44), and let U(X) = h,(X) — g(X —x}). Then, for any X € R? and
¥ =n"%, we have

n*4U (x}) 4 2n¢ (x1) < n¥U ) + 208 (3). (4.1)

Proof. Let us denote h, = g (2?22 8xi/ + 85 —;L’V(SRd). We note that h, and h,
correspond to the potential generated by a zero total charge, so they both decay like
Ix|75=1 as x — oo, while their gradients decay like |x|™52.

We also let 21(X) = hp(X) —hp(X) = g(X — %) — g(X —x), and note that it decreases
in the same way at infinity.

Expanding the square, we write

/ |y|y|wln,n|2=f |y|V|th,n|2+f |y|V|v1€n|2+2/ IV Vi - Vhy. (4.2)
Rd+k R«Hk Rd+k Rd+k

Using Green’s theorem and the decay of & and Vi at infinity, we have, if ¥’ # Xy,

f Iy |V, *
Rd+k

cas / 6% — 6D (g (X — F) — g(X — x}))
Rd+k 1

2¢a,58(n) —2¢a,sg (X' —x) +o(1)
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as 7 — 0. On the other hand, still if X" # x|,
n
fﬂw 1 Vhay - Vhy = cas / (g(X = %) —g(X = x))) (Z 5y - u’vaRd>
i=1

= cd.s (Z g(x] — &) — g(x] —x}) — g() + g (] —i’))

i=2

—cas / (@(X =) — (X — X))ty s +0(1)

as 17 — 0. We deduce that, if X" # x|,

tim [ 5P [ IV = UG - UG,
n—0 JRd+k Rd+k

and of course there is equality as well if X’ = x{. Combining with the splitting formula,

Proposition 1.6, it follows that (4.1) holds for minimizers. O

We now state a maximum principle proven in [27, Theorem 2.2.2] for operators with
weights in the Muckenhoupt Aj class, which contain the operator —div(|y|¥V-) that we
are using.

Lemma 4.2. Assume that h satisfies
—div(|y|"Vh) > 0

in some open subset U of RK and fU [y|¥|Vh|? < 400. Then h does not have any local
manimum n U.

We are now in a position to deduce the following.

Proof of Theorem 5. First we prove that all the points are in X' x {0}. Take a minimizing
configuration, blow it up, and let U be as in Lemma 4.1. Let also ¥’ be n'/? X%, the
blown-up of the equilibrium measure support. Since &), satisfies (1.46), we see that U
satisfies —div(|y|* VU) = g x u, where u is a measure of total mass —c4 s and is compactly
supported in R? x {0}. Thus U must be asymptotic to —g at infinity. In cases (1.3)—(1.4),
this implies that U — +o00 as |X| — 400, and in case (1.2), this implies that U(X) < 0
for | X| large enough, while U(X) — 0 as |X| — 4o00. In addition, U(X) — +ooas X — x|
for some i # 1. In both cases, it follows that U must achieve a minimum somewhere in
RIFA\ |, {x]}. But, from (1.46), we have that —div(|]y|” VU) > 0 in R\ (X’ x {0} U
Uf’zz{xlf})7 which is an open set. Also |y|” |[VU|? is locally integrable away from the points
x/. The maximum principle, Lemma 4.2, thus applies to U away from the points x/, and
implies that the minimum must be in X’ x {0} (because it cannot be at any x; for i > 2).
Call ¥’ this point, and let ¥ = n~1/4%’. In view of Lemma 4.1, since ¢(¥) = 0, we have

UGN <U®ED SUE)—2n"g(xy),

which implies (since ¢ > 0) that U(x]) = U(x"), and thus x| is also a point of minimum
of U. Thus x| € ¥’ by the maximum principle. Since the system is invariant under
relabeling, this shows that all the points x; are in X', as claimed.
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We next prove the separation result. Now that we know that all the points are in X,
(4.1) gives that, for any ¥’ € R?,

Uxp) S UR)+2n' 54 (%), (4.3)

1

Let p = (a)dLﬁ)d’ where wy is the volume of the unit ball in dimension d, and m is
the constant in (1.14). Let x) be some point in the collection, and let us assume that
x} € B(x}, p) (up to relabeling). Note that the choice of p ensures that mH? (B(x}, p) N

R? x {0})) < 1. We next split U into
U — Unear + Urem’ (44)
where

Unear =g * ((Sxé —m]lB(xé’p)aRd)

n
U™ = g« (Z 3xl( — Yy Spa +n_113(xé’p)3Rd) .
i=3

One may observe that

—div(|y[" VU™™) > cq @il gy py — 1y)dpa >0 in ()° U B(x}, p)

because we always have m > u},. Moreover, since — [ div(lylY VU™ = ¢4 (=3 + mwqp?)
is a negative number C < —2c¢4 s by choice of p, U™" is asymptotic to % g at infinity.
By the same reasoning as above it follows that U™ achieves a minimum somewhere. By
Lemma 4.2 this minimum is at some point X’ which cannot be in (£")°U B(x}, p), and
hence is in the closure of (Z"\B(xé, p)) x {0}. Thus

Uy < U™ (x}) £(x) =0. (4.5)

We next turn to U™ and show that, if |x|m'/? is smaller than some constant r > 0
depending only on d and s, then

U™ (x) > max U™, (4.6)
B(x},p)¢

By change of origin, we may assume that x} = 0. By scaling, it also suffices to prove this
form=1and p = w;”d. We note that then U™ < g+ C, where the constant depends
only on s and d, and can be taken to be 0 in the Riesz cases (it is there to account
for the possible negativity of —log |x| in the logarithmic case), so that max g, p)c U™ <

g(p)+C = g(a);l/d) + C. On the other hand, in the Riesz case,

U™ (x) = g(x)—/ gy —x)dy

yeB(0,p)
>am—f g dy = g(x) = Clp+1xD?™,
y€B(0,|x|+p)
and the conclusion follows immediately. One easily checks that the conclusion holds as

well in the logarithmic cases, and one can also note that an explicit estimate of the best
r is possible.
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If r is taken as above, then, if x| € B(x}, rm~"4), this implies from (4.6) that U™ (x') <
U (x}). Combining this with (4.5) and (4.4), it follows that U (¥") < U(x}) and ¢(¥) = 0,
a contradiction with (4.3). Thus, for any pair of points x|, x) (up to relabeling), we must
have |x] —x}| > rim— /4 Scaling down concludes the proof. O

Proposition 4.3. Assume that E is a minimizer of YW over the class of vector fields in
A1 which are R-periodic, for some given R such that |Kg| € N. Then, letting A be the
associated set of points, we have

min _|[p—q|=r
P.4EN, pFq ’

where r is a positive constant depending only on s and d (the same as in Theorem 5).

Note that such a minimizer exists by the explicit formula in Proposition 1.5.

Proof. The argument is the same as above. First, we note that the points of E
must have single multiplicities, otherwise W(E) would be infinite by Proposition 1.5.
Second, we let h be the periodic potential generated by the N = |Kg| minimizing
points xi,...,xy, and G be the periodic Green function of the operator —div(|y|¥V-),
as in (3.2). Let U(X) =h(X)—G(X —x;), and let h=Gx (Z,N:2 8x; + 05 —Ora) and
h(X)=h(X)—h(X)=G(X —%)—G(X —x1). Computing exactly as in Lemma 4.1, we
find that W(Vh) — W(Vh) = U (%) — U(xi); hence, since (xi,...,xy) minimize W, we
must have that xi is a minimum of U.

Next, we assume by contradiction that there is a point in the collection, say x», such
that x; € B(xp,r), where r is as in Theorem 5, and write

U= Unear+ Urem’ (47)
where

Unear =Gx* (5x2 — ]lB(xz,p)‘isd)

U™ — G % Z 8x; + (1 By, p) — Dpa
i#1,2

By the definition of G, we have

—div(|y VU™ = cqs | D 6+ <113<xz,p> —1- N

i£1,2
2 Cd,s(LB(xy,p) — DRa),

where we used that |B(x2, p)| < 1, i.e. —div(|y|¥ VU™™) > 0 in B(x2, p) U (R9)¢. Moreover,
since G has average 0 in each periodicity cell of RY, U™" too, so U™ takes negative
values unless it is constant. But U’ is periodic in the x € R? direction and tends to 0
as |y] = oo (like G), so U™" must achieve a minimum at some point. By Lemma 4.2,
this minimum x can only be in (Rd\B(xz, 0)) x {0}. On the other hand, we saw in the
proof of Theorem 5 that U"*¥ (x1) > maxpg(x,,p)c U"". It follows that if, [x; — x2| < 7, we
have U (x) < U(x1), a contradiction. O]

—2+|B(x2,p)|>8
2 ) S

https://doi.org/10.1017/51474748015000201 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748015000201

Next order asymptotics and renormalized energy for Riesz interactions 537

5. Lower bound with the ergodic theorem approach

In this section, we turn to obtaining a lower bound for the energy of arbitrary
(nonnecessarily minimizing) configurations. From Proposition 1.6 and Lemma 2.3 we
already have the following: for all n < 1,

Hy(x1, ..., xp) —n*E(uy)

n
s (1 d—s
>2n) ¢(xi)+n'ta (;/ﬂw Iy VR, )1 = casg(n) — Cn'2 ) (5.1)
i=1

respectively in the cases (1.3)—(1.4),

n
H,,(xl,...,xn>—n25(uv>+glogn
- 1
>2n ) ¢(x)+n (—f YV IVhy, 1> = casg(n) — Cnd/z) : (5.2)
im n JRd+k

where C depends only on d, s, and V. We recall that from Lemma 2.3 there is equality
if mini#j |xi —Xj| > 27].

In this section we will take the limits n — oo and n — 0 in the above relations to
provide the lower bound for the energy. This is done as in [44] according to the method
for ‘lower bounds for 2-scale energies’ initiated in [47, 48] and inspired by Varadhan.
The idea is to rewrite the energy as an average of energies computed on finite size balls
after blow-up. More precisely, consider a radial smooth probability density x : RY — Rt
supported in the unit ball of R¢. We may rewrite the energy of h,’w (which is the function
defined using (1.30) and (1.44)) as

[, e = | (/ (x—x)dx)|y|y|Vh:,,,,(X>|2dX
RA+k Rd+k
/M/ X @Iy VK, (X + (7. 0)) di dX
R+
>f /fx(f)|y|V|Vh;,n<X+<f,0)>|2dfdydx,
Wiy Jre Jrd

where we discarded the integral over the complement of n!/? % which we guessed to be
unimportant. Changing variables, we obtain

/Rd "IV, n|2|][/ X®y[Y|Vhy,  (en'? + %, y)PdF dy dx. (5.3)

The method then consists in examining the local energies thus defined, i.e.
/ X@ Y |Vhy, ' + %, y) > dx dy,
Rd+k ’

which have natural limits, and in rewriting (5.3) as an average over x € X of these
energies.
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More precisely, given some configuration of points and h, n,y its associated truncated
blown-up potential, the local energy is defined as follows based on (5.3), for (x,)) € X
(X is the space X x LI (RI+k RITk) as specified in the introduction):

f,,(x,Y) = /RdJrk XYV i Y(X) = Vh;,,n(X-i-(xn]/d, 0)),
n,n X, =

+00 else,
where 6;, 2 € R? is the group of translations of R?, which acts on X’ by
OV (X) =YX + (2, 0).

To separate scales we also consider scale-n'/¢ coupled actions of the R¢-translations on
R? x X defined as follows:

T (x,Y) = (x +n9%, 0,)).

The global energy is defined as an average of the local ones by

Fn,n(y) :zf nn(x7 xnl/dy)dxa
)

and (5.3) translates into the upper bound

1
F < YIVR, 2, 5.4
n,n(y) |Zn /I‘Rd‘*k [y1¥] n,y;l ( )

if Fp n()) # +o0. In view of (5.4) and (5.1), to bound the energy from below, it suffices
to bound from below F,, ;. Theorem 7 in [48] is precisely designed to obtain lower bounds
on such energies from input at the microscopic scale (i.e. on f,). The idea is that F,
is roughly [ f,,(x,Y)dP, ,(x,)), where P, , is the push-forward of P,,, as defined in
(1.52) by the map &, (defined just after (1.30) as the one that maps E to E,), or in
other words the push-forward of the normalized Lebesgue measure on X by

x = (x, VA, , (04 (x, 0) +)).
Then it suffices to obtain some tightness for {P, ,} and pass to the limit in this average

[ £, d P, to obtain a lower bound by [ f, dP,, where f, is identified as the liminf of f, ,.
More precisely, if (X,, V,) — (x,)) in X', we have

hmlnffn 7, Vo) 2 £,(%,)),

where
/ )(|y|”|y|2 if X € X is a point of continuity of wy
R4

f,(%,)) = and ) = @, (E) for some E € A, )
if X is a point of discontinuity of wy,
400 otherwise.

Showing that the limit P = @n_l(P,,) is admissible will ensure in particular that it is
translation invariant, and that we may apply the multiparameter ergodic theorem to
conclude with the desired lower bound.

The first step is to obtain the tightness of {P, ;},. This will be obtained from the
following compactness result for the local energies, analogous to [44, Lemma 4.2].
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Lemma 5.1. Assume that py has compact support X and a density which is bounded
continuous on X . Let h;w be the truncated blown-up potential generated by a configuration
of points, and let v, =1, 8. Assume that, for every R > 1 and for some n € (0, 1),
we have

sup/ YIY IVh), ("5, 0)+ 1> < Cy &, (5.5)
BRXRk

n

and that the centering point %, — ¥ € R? asn — oo. Then {v;l((nl/din, 0) 4+ )}, is locally
bounded, and up to extraction converges weakly as n — 00, in the sense of measures, to

V= Z Nyép,

PEA

where A is a discrete set and N, € N*. In addition, there exist E, E;, € Llpoc(Rd"'k)

for 1 < p < min(2, %, ‘SiJri]]‘), with E, = ®,(E) such that, up to further extraction of
a subsequence,

Vi (n"9x,,0)+) ~ E weakly in Ll asn— oo, (5.6)
and
Vh;l’n((nl/dxn, 0)+ ) — E, weakly in L] . and L|2y|V,loc as n — oo. (5.7)
Moreover, E is a gradient, and, if x € X is a point of continuity of wy, we have
—div(ly[" E) = cas(v —uy (%) in RT (5.8)

hence E € Ay, x)-

Proof. By a mean-value argument, we deduce from the bound (5.5) that there exists
t € [R—1, R] such that

f yIY VR, (0%, 0) + X)|* < Cy -
d(B; x[—t,t1%) '

This is true for k = 1, and for k = 0 the integral should be understood as on dB;. On the
other hand, integrating (1.48) over B(n'/?%,,t) and changing variables, we have

n

Cd.s /B o (Z 8((;71_?)0)((711/01;2”, 0)+X)dX — uy (n'/ %, + X)aRd>

i=1
=/3(B . Iy Vi, ("%, 0)+ X) - D.
r X |[—1,t

It follows from the above relations and the Cauchy—Schwarz inequality (together with
the integrability of |y|”) that

< Cr;,R,

/ kZ(SEZ?O)((nl/di,,,O)+X)dX—/ wy Gn +n4x) dx
B; xR i B,

for some constant that depends on 7, R, and the constant in (5.5). Since pny is bounded,
it follows that, letting v} := v}, (n'/%,,0)+-), we have

vy (Bro1 % RY) < Callwy L= R? + Cy. k.
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This establishes that {v)} is locally bounded independently of n. In view of the form of

v/, its limit after extraction of a subsequence can only be of the form v =73 Npép,

where N, are positive integers, and A is a discrete set contained in R? x {0}.
From the bound (5.5), up to a further extraction, we have that V—h;’l,)’] =

PeEA

Vh;,n((nl/din,0)+-) is locally weakly convergent in the weighted space L‘zyly, and
converges (locally) to some vector field E,. Using Hélder’s inequality, we note that
ley‘y(BR) (where Bg denotes the ball of radius R in R*K) embeds continuously
into L7(Bg) for 1 < ¢ < min(2, %). It thus follows that V_h:“7 is bounded in L;IOC
and converges to E, also in the sense of distributions. We next deduce that VA :=

V! ((n'/?%,,0)+-) is bounded in LP(Bg) for 1 < p < min(2, #, ‘S%). Indeed, VA, =

Vi =2 i V(X = (x},0)), Vfy is in LP(Bg) for any p < %, and the number
of x/ in (n'%,,0) 4+ Bg is bounded by v/ (Bg x RF). We thus deduce that, up to a
further extraction, Vh, converges weakly in L”(Bg), for such p, to some vector field E,
which must be a gradient. Moreover, E, = ®,(E) because ®, commutes with the weak

convergence in L{;C of Vh),. Indeed, by definition,
®,(Vhy) = Vh,+ Y NV fy(.—p),
PEA,

where A, is the set of points associated with v),. Since all these points have limits, one
may check that the sum in the right-hand side converges to »_ per NpV fo(.—p), at least
weakly in L]’z)c. Taking the limit, we deduce that

Ey=E+Y_ NpyVf,(.—p),
peA

ie. £, = @,(E) as desired.

It remains to show that (5.8) holds. For that we start from (1.48), and, translating
the equation by n!/4(%,,0) and integrating against a smooth compactly supported test
function ¢, we find

Vi Y — (m e 1)d .
/]RdJrk V(p V_hn,)7|y| =Cd,s A{ka(zaxl{_nl/d;n MV(n (x"’0)+ )SR‘J)‘

In view of the L|2y|y convergence of Vi, . the weak convergence in measures of v;, and

the continuity of ny at X = lim,— X, taking the n — oo limit in this relation yields
Vo-Elyl” = Np8™ — iy ()dga | »
fR ¢ Eylyl cd,s[l@kw ,,ZA P8y = 1y (2)dga

where A, N, are associated to v. It thus follows that

—div(|y" Ey) = cas »_ Np8P — v (¥)8ga  in RIHE
PeEA

in the sense of distributions. Since E = CD,I_I(E,]), relation (5.8) follows. O
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At this point, the rest of the proof is identical to that in [44]. We thus only state the
main steps. The assumptions of the abstract Theorem 7 of [48] are satisfied thanks to
Lemma 5.1. This theorem then ensures that P, , as defined above is tight and converges
up to extraction to a Borel probability measure P, on X, and P := <D;l (Py) is admissible
(for this we need that P-a.e. (x, E), E € A, (x). This is ensured by Lemma 5.1, assuming
that a.e. point in X is a point of continuity of py. Theorem 7 of [48] also yields that

liminfF, ,()) > /f,](x, M dPy(x,)) = / < lim ][ f,(x,6.)) d)») dPy(x,)). (5.9)
n—0 R—+oo Jkp

The second relation is an application of Wiener’s multiparameter ergodic theorem as

in [4, 18], in view of the translation invariance of P and thus of P,, and it is part of the

result that the limit exists. Finally, combining this with the definition of f, and (5.4), we
are led to

lim inf

n—oo |X|n

/ Iy |Vhy, > > lim 4 |®,(E)*dP(x, E).
RA+k ’ R—

OOKR

Inserting the above inequality into (5.1) and using the fact that [ uy =1 and the first
marginal of P is the normalized Lebesgue measure on X', we obtain
|2

Cd,s

d—s
2

liminfn == (Hy () = n2EGay) > fwn(E)dP(x, E)—Cy'T,
and the analogous statement in the cases (1.3)—(1.4). It then remains to let 7 — 0. Since
P-a.e. (x, E) isin Ay, ) and py is bounded, in view of (1.35)—(1.36) and Proposition 2.4,
we have that W, is bounded below independently of n for P-a.e. (x, E). We may thus
apply Fatou’s lemma to take the n — 0 limit. In view of the definition of VT/, (1.53), we
thus obtain the following general lower bound result.

Proposition 5.2. Assume that V satisfies (1.8)-(1.10), and that wy is a measure with
an L% density and a.e. continuous. Let x1,...,x, € Rd, and define P,, as in (1.52).
Then, up to extraction of a subsequence, P, converges weakly in the sense of probability
measures to a measure P € P(X) which is admissible, and

iminfr ™' " (H,(x1, ..., x,) —n*E(uy)) = W(P) in case (1.2), (5.10)
n—o0

respectively

1 ~
liminf—(Hn(xl, e Xn) =02 E(uy) + g logn> > W(P) in cases (1.3)-(1.4). (5.11)

n—o0o n

6. Screening

Starting with this section, we turn to the upper bound part of the proof. We now need
to use the further assumptions on py, (1.12)—(1.14).

In this section, we prove the screening result. More precisely, we consider an ‘electric’
vector field in a strip Kz x R¥ for R large. We would like to prove that, up to errors on
the energy which can be made negligible as R — 00, we may modify E in a neighborhood
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of the boundary of the strip in such a way as to obtain E - v = 0 on 8K x R¥. This allows
us to later patch together several copies of the so-constructed E without creating new
divergence. We also want to ensure that the construction preserves the ‘good separation’
of the points.

Constants C will mean positive constants which may only depend on d and s.

Proposition 6.1 (Screening). Let 0 < & < 1/2 be given. Assume that Kg C R? x {0} is a
hyperrectangle whose sidelengths are in [2R, 3R] and such that |Kg| is an integer, and
that E is a vector field defined in I?R x RF with I?R = {x € K, dist(x, 0Kg) > %SR} and
satisfying

—div([y["E) = cas | Y Npdp—0ga | in Kg xR*
PEA
for some discrete set A C RY and positive integers N,. There exists ng > 0 depending

only on d such that, for any 0 < n,n" < no, the following holds. Let E,, E,; be associated
to E as in (1.29), and let

1

Mg :=—/ VIE, %
,€,1) Rd K ex|—e2R 2R (Y171 Ey]

and in the case when k =1

1 / 2
€ R ‘= —— vV |E|”. (6.1)
’ e*RY Rrx(R\(-4e2R, 3e2R))

There exists Ro > 0 such that, if

RO ROMR,s,n’ )

R > max | —,
g2 g3

RoMy2 e~ 432 ifk=0, (6.2)

R >

_ —1-2d+y 2y _
max (ROM,]Q/S,’ Ve =Ty , Roe -7 e;/](el V)> ifk=1,

then there exists a vector field E € Lﬁ)c(RdJrk, RIHKY (with p as in the introduction) such
that the following hold.

e £.-7=0o0ndKgx R¥, where v is the outer unit normal, and E =0 outside Kg x RF.

e There exists a subset A C Kg and positive integers N, such that E satisfies

—div(Iy|"E) = csa | Y Npbp—8ga | in Kg xRE.
peh
eE=E in a hyperrectangle K x[—&’R,e’R1¥,  where K}y  contains
{x € Kg,dist(x, dKg) > 2eR}. In particular, AN Ky = AN K.

e The minimal distance between the points in zA\ﬂ(KR\KR/) and between them and
0K g is bounded below by ng. The minimal distance between points in A counted with
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multiplicity, and between points in A and 3K g is bounded below by the minimum of ng
and of the minimal distance between the original points of A counted with multiplicity.
In other words, if the points of A are simple and well separated, so are those of A.

e Letting E,, be <I>,7(E), we have

/ |y|y|En|2<(/v |y|V|E,7|2)(1+Cs>+Cg<n)(1+MR,g,n/)st+Ce8,Rst,
KRXRk KRXRk

(6.3)
where C depends only on s and d.

Remark 6.2. In this result, one should think of Mg, , as being bounded above by a
constant times g(n), and e, g as bounded by a constant. Then the conditions of R are
that it has to be large enough, so much so as ¢ and n are small. In a first reading, one
may also take n’ = n in the statement, and obtain

/ |y|V|12“n|2<(/v |y|Y|En|2)(1+Cg<n)s)+c81ed.
KRXRk KRXRk

Since [ |y|3’|E,,|2 blows up like g(n) as n — 0, this gives an additive error in g(n)%. But
one may also prefer to choose say ' = 1/8 and n small and meant to tend to 0. For a
vector field E € A of finite energy, Mg . ,» will be bounded by a constant depending on
the choice 1/8 and W(E). The formulation then gives in that case a bound

/ |y|y|gn|2<(/ |y|V|En|2>(1+Ce)+Cg<n>eRd.
K g xRk K g xRk

The additive error term then blows up like g(17) as n — 0 instead of g(n)?.

6.1. Preliminary lemmas

We start with a series of preliminary results which will be the building blocks for the
construction of E.

Lemma 6.3 (Subdivision of a hyperrectangle). Let H =[0,£;]x---x[0,€4] be a
d-dimensional hyperrectangle of sidelengths €;. Fixz a face F of H. Let m > 0 be such
that m|H| € N, and, for all i, £; > 2m~4. Then there is a partition of H into m|H|
subrectangles R ;, such that the following hold.

o All hyper-rectangles have volume 1/m.

o The sidelengths of each R ; lie in the interval [2=dm=1/d 2dy~1/d],

o All the R; which have a face in common with F have the same sidelength in the

direction perpendicular to F.

Note that, in general, even if the area of H; is assumed to be an integer, it is not
possible to divide it into congruent hyper-rectangles of sidelengths in [C~!, C] with a
constant C independent of H; (see the lower bound in Theorem 8 of [17] in the case
when d = 2), but we may however divide it into hyper-rectangles of comparable sizes.
A question which we do not answer is whether one can achieve a bound on their sizes
independent of the dimension.
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Proof. The statement is obvious in dimension 1. We prove the statement for d > 2 by
induction on the dimension. Up to relabeling the directions, we may suppose that F is
one of the faces where all the first d — 1 coordinates are constant.

We use the induction hypothesis for the hyperrectangle H' := [0, £1] x - -+ x [0, £4—1]
with the choice

=Ll .y
,_ T
|H'|
which does satisfy m’|H’| € N. We note that, from the assumption that ¢ > 2m~1/4,

d—1 d—1
we have m’ € [%m @ ,m @ ]. We thus obtain a subdivision into hyper-rectangles R’J of

volumes all equal to 1/m’ and sidelengths belonging to [2*(d’1)(m/)7ﬁ, 24-1 (m’)fﬁ].
We then split the interval [0, £4] into [€4m/m’] — 1 adjacent equal intervals of length
m'/m, plus a remaining interval of length ¢’ € [m’/m,2m'/m]. By taking the Cartesian
product of the first group of intervals with the R’j, we obtain hyperrectangles of volume
1/m, and of sidelengths in [2=4m~Y4 24p,=1/d],

The remaining strip is of the form H’ x [0, £'] and has again volume in n%N. We may
apply the induction hypothesis to H’, this time with m” = m#’, since m"|H'| = m{'|H’| €
N. We thus obtain a subdivision of H’ into hyperrectangles R’J’ of volume 1/m” and

sidelengths in [2’(d’1)(m”)_ﬁ, 2d-1 (m”)_dlj]. Taking the Cartesian products of these
hyper-rectangles with [0, £'] concludes the proof. The last point of the thesis is also true,
because the hyper-rectangles R; with a face in common with F are all making up the
same strip. O

Lemma 6.4 (Correcting fluxes on hyper-rectangles). Let H be a hyperrectangle of R? with
sidelengths in [£/2,3€]. Let H :== H x [—¢, £]*. Let g € L‘zyly(aH), and let m be a function
on H of average mq such that

—cq,smolH| =/~ Iyl”g. (6.4)
oH

Then the mean-zero solution to

—div(|y|” Vh) = cg smdga in H (6.5)
h=g on dH ’
satisfies
2 2 d+1— 2
/ﬁ Y7 IVAP < Ce /dH 17 Lg%+ CHY flm = mo |1 s g1 (6.6)

where C depends only on d and s.

Proof. First, we note that, in the case when k = 0 (which goes along with y = 0), this
was proven in [44, Lemma 5.8]. We may thus focus on the case when k = 1.
We may split & as h| 4+ hy + h3, where h; solves
—div(|y|Y Vhy) = cg.smodga  in H,
_ CGd,sMo

dvh) =c:= T on H x d[—¢, Z],~ (6.7)
dyh; =0 on the rest of 0H,
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hy solves
—div(|y|”Vhy) =0 in H,
ohy=g—c on H x d[—¢, {],
ohy =g on the rest of 9H,

and hj3 solves
—div(|y|” Vh3) = cq.s(m —mo)Sga in H,
dhy =0 on H x d[—¢, €], (6.8)

oyh3 =0 on the rest of 9H,
We note that the first equation has a unique solution up to constants, and an explicit
solution is k1 = Amg|y|' ™7, with
_ ¢ 0 = “Csd
mo(l —y) 2(0—y)

Then |Vhi| = (1 —y)Amgo|y|~Y, and with straightforward computations

/~ Iy VA1 [* < CmGedt =7, (6.9)
H

with C depending only on d and s. Next, we note that 4, can be obtained as the minimizer
with average 0 of the functional %fﬁ ly|”|Vh|? _faﬁ |y|Yhg, where g is the boundary

condition. Comparing hy, with the choice & = 0, we obtain, using the Cauchy—Schwarz
inequality,

1 _
5[ D [Vl < / 17 sl
H oH

< (/aﬂwvmzﬁ)é (/BH |y|y|g|2);, (6.10)

and we estimate this in weighted spaces via

/~ yI”|ha|* < CE / yI”[Vha . (6.11)
oH H

We postpone the proof of this inequality to the end. Inserting (6.11) into (6.10), we obtain

f~ Y IVha? < czz/~ Nar
H oH

and inserting the definition of g and ¢, we are led to
/N IV IVha|? < ce/ Iy 1gl? + Cmedtiy . (6.12)
H aH

Next, we apply the Cauchy—Schwarz inequality again to obtain from (6.4) that

1 / 2
2 _ —d+y Viel2
mi= |y|Vg) <ce / 17 1812,
0 cg,s|H|2<ag = ol
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and combining this with (6.12), we deduce

f~ Iy |Vha|* < ce/~ 7 1gl>. (6.13)
H oH

For h3, we first assume the following trace inequality, whose proof is postponed to the
end:

/ lh(x,0)]> < Ce'7Y / Iy |Vh|?. (6.14)
H H

Assuming this, let us multiply (6.8) by k3 and integrate by parts to obtain

/~ I |VRsP = cd,s/ (m — mo)hs.
A Hx{0)

Combining this with the Cauchy—Schwarz inequality and (6.14), we easily deduce that
/ﬁ Y7 V3> < CO 7Y Im = mollFoo gy H = CLTY [l — mo | oo g1

which, combined with (6.9) and (6.13), gives the result.

Let us now prove (6.11) and (6.14). First, we may again reduce to the case when k =1
(otherwise the inequality is standard). For any function & let us apply for each y > 0 the
standard trace inequality to & on H x {y} to obtain

/ lh—hy|* < ce/ |V h|%,
9H x{y} Hx{y}

where h, is the average of h on H x {y}. Integrating against |y|” and using the triangle
inequality in L?, we deduce that

/ Iy|”h? < 2CEf |y|y|w,|2+2/ Iy1” |hy|?
JdH x[—¢,¢] 0H x[—¢,¢]

4
CE/ Iy |VA? +c '/ Iyl” n?,

where we used that, by Jensen’s inequality, |4y |2 | HI f Hx{y) h?. Next, we note that the
Sobolev inequality in weighted spaces for functions of zero average
/~ Iyl 1h? < ce / Iyl [VA? (6.15)
H H

holds by [27], since |y|” is an A, weight. This yields

/ ly["h* < CE/ |yI” V], (6.16)
dH x[—£,£] H

Next, we need to prove the same relation in H x {—¢, ¢}. For any x € H, let us denote
hy = J[[—e 0 h(x,-). By the Cauchy—Schwarz inequality, we have

1 12
Il < o |y|y|< )|f o SCCT sz|y|y|h(x,->|2. (6.17)
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In addition, for each x € H, we may write

¥4
(e, ©) = hal? < (/ |ayh<x,-)|>
—¢

¢ 2 ¢ dy 1 ¢ 2
</ 15k (x, )| / D _ ‘Vf Y IVAG P (6.18)
¢ —L |y|” —L

2

Integrating this over x € H, we obtain

/ £V|h—hx|2<CE/ Iy VA
Hx{t} H

On the other hand, integrating (6.17) over x € H yields

/N|hx|2<e—1/ |y|y|h|2<ce/ 17 1VAP,
H H H

where we used (6.15). With the triangle inequality, we deduce that

/ |y|y|h|2<ce/ Iy|” VA%
Hx{€} H

Combining this with (6.16) and using the symmetry, we conclude that (6.11) holds. We
then note that we may slightly modify the last proof to obtain (6.14): instead of (6.18),
we can write

2

4 L
Ih(x,0) — hy|* < (fe |ayh<x,->|) < cel—yfe IV IVA(x, )%

On the other hand, as seen above, fH |2 < Ccel—r fﬁ Iy|”|Vh|?, so integrating over H
and using the triangle inequality yields (6.14). O

The following lemma is straightforward; therefore we omit the proof.

Lemma 6.5 (Adding a point without flux creation). Let R be a hyperrectangle in R? of
barycenter 0 and sidelengths in [a, b] with a,b > 0, let R =R x [—1,1], m = 1/|R|, and
let X € B(0, %min(a, b)). The mean-zero solution to

—div(|y|” Vh) = cq.5(8x —mbga) in R
h =0 on IR

satisfies
lim ‘/ Y7 VA > = casgm| < C.
n—0|JR
where C depends only on d, a, and b.
Lemma 6.6 (Completing charges near the boundary). Let R be a hyperrectangle in RY of

center 0 an~d sidelengths in [a, b] with a,b > 0, and let R = R x [—1, 11¥. Let F be a face
of R and F := F x [—1,1]%. Let Ar C R? x {0} be a discrete set of points contained in
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an n-neighborhood of F, withn <1, and N, e N* for p e Ar. Let c be a constant such

that
_ E m
C/ﬁ |y|y = Cd,s/7~2 Np(Spn . (619)

PEAR
The mean-zero solution to

—div(|y[" V) = cas X penr NpSy” in R,

dh =0 on R\ F,
oh =c on F
satisfies
2
f~ VAP < Cem+D | Y N, | (6.20)
R
PEAR

where C depends only ond, s, a, and b.

Proof. We may write h = h{ + hy, where

—div([y[” VA1) = cas X penr Npdp’ —Cs.amépa in R
dyhy =0 on IR

and
—div(|y|* Vhs) = ¢5 qmépe in R

dhy =0 on OR\ F (6.21)
ohy =c¢ on F,
where m is chosen so that
cramlRl =ca [ 30 N =e [ o
R penn P
In view of Lemma 6.4 (or its proof) we have that
2

f VP <c<c| Y N, |
R PEAR

where C may depend on d, a, and b, and we used (6.19) to bound c. It remains to control
h1. First, we note that h;(X) = Z[,E[\R N,G,(X, p), where, for p € R? x {0}, Gy(X, p)
denotes the solution with zero average on R x {0} of

—div(Iy|" VGy) = ¢;.a(8)” — (f5 85" )0pa) in R (6.22)
8,G, =0 on 9R.

The desired estimate will thus follow provided we show that

[ 1196,P < e+, (6.23)
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We recall that the truncated function g,(X) = min(g(X), g(n)) = g(X) — f,(X) is a
solution to —div(|y|’Vg,) = 6(()”). We may thus compare G, with g,(x —p). If p is at
distance > 7 from the boundary of R, then g,(x — p) has Neumann derivative ¢ which
is bounded on dR, and G, — g,(x — p) is a solution to the equation

—div(|y|” Vi) = —cy.q <][ 5},’”) Spd in R
R

hu =g on R

with ¢ bounded. In view of Lemma 6.4 we thus have

/7é Y IV(Gy — gl < C

where C depends only on d, a, and b. In that case, the result follows easily, since one
may compute that fﬁ |y|”|Vg,,|2 =cqs8(n)+C.

We now turn to the case where p is close to the boundary of R.

Without loss of generality we may assume that one vertex of R is at the origin in RY
and that it is the one that p is closest to. We then consider the 2¢ — 1 points py, ..., Pod
obtained by symmetry of pj := p with respect to the coordinate axes in R?. In other
words, if (p!,..., p%) are the coordinates of p, we let the p; be all the points with
each jth coordinate equal £p/. We define R’ to be the hyper-rectangle obtained by
taking all the same reflections of R (its sidelengths are thus double those of R, and
R =R x[—1, 1]¥. We may write R’ = Uizi] Ri, where R; is the image of R by the
same symmetry that mapped p to p'. We also let R; = R; x [—1, 1]¥.

We can extend G, by multireflection to a function on R/, and write it as Uy + vy, where

8(’7)) Spd in R/,
/7% r)E (6.24)

uy =0 on 37@’,

2d
. 1
—div(|y|" Vauy) = ca | D 5;’?]% —25’]1,ga|k | (
i=1 a

where K, is a cube centered at the origin of sidelengths min(a /2, %) (recall that we assume
that the point p is included in K,),

=y Vo) = e (295, 7 = 2T ) (Fe27) ) ome in R

~ (6.25)
v, =0 on oR'.

By the estimate in Lemma 6.4, we have fﬁ, |y|V|Vv,,|2 < C, with C depending only on d
and s. Thus it remains to estimate the same for u,. For this we build subsolutions and
supersolutions to equation (6.24).

Z d
For a supersolution, we take G, := 21-2:1 &n(x — p;), which satisfies

2d
—div(]y["VG,) = cas Yy 8 > —div(]y|’ Vu,) in R

i=1
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For a subsolution, we use the explicit solution Ay = 2( M ly|'=7 as in the proof of
Lemma 6.4, but with M = —cd,SZ /IKa| > T;’i‘ which is bounded since y < 1 and satisfies

—div(|y["V(uy —hu)) <0

By the maximum principle lemma, Lemma 4.2, we deduce that G_,] —uy and uy, —hy
achieve their minimum on the boundary of R’. Up to adding a constant to u,, we also
assume that its minimum in R’ is 0. We may thus write

hy +min(u, —hy) < uy < Gy —min(G,) — uy),
IR/ IR’

which yields, in view of the properties of G,, and hyy,

0 < uy < C+2%(n) + maxu, — minu,. (6.26)
IR’ IR/

But u, being the solution of (6.24) whose right-hand side is 0 in R/\K, satisfies a Harnack
principle (see [27, Theorem 2.3.8]), which asserts that maxg u, < Aming u, for each
compact set K, and for some constant A > 0 independent of u,. Since we have zero
Neumann boundary condition, we can in principle extend the solution by reflection across
the boundary, so this relation holds in fact up to the boundary of R/ , and hence for some
K containing IR/ , and we now consider such a K. Standard arguments then imply that

maxu, —minu, < (1—6) (mglxu,, —m_inu,,) = (1 —0)maxu, (6.27)
IR/ IR/ R R R

for 6 = H—LA < 1, where A is the constant in the Harnack inequality. Indeed, either
n =0 maxg Uy in K, in which case we deduce that maxx u, —ming u, < (1 —0) maxg Uy
and this implies (6.27), or else ming u; < 6 max u,, in which case the above Harnack
inequality yields maxg u; < A0 maxp uy = (1 —60) maxp u, by choice of 6, which again
implies (6.27).
Inserting then (6.27) into (6.26), we deduce that 6 max;, u, < C+2%(®n), ie.

0<uy <CU+g@) inR

for some positive constant C depending only on d and s. Multiplying (6.24) by u,,
integrating by parts, and inserting this bound, we find

2d

_ () d 1 ()
Iy]” [Vu |2_cd,‘f u §\ 271 ¢ —(f 8 ) bga | < C(1+g(m)),
f@ YT ot | 2% “ 1Ryl ¥ ¢

i=1

where again C depends only on d and s. Combining this with the estimate on v,, we
deduce that f7~2 |y|V|VG,7|2 < C(1+4g(n)) with C depending only on s and d, which is
the desired estimate (6.23). O

https://doi.org/10.1017/51474748015000201 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748015000201

Next order asymptotics and renormalized energy for Riesz interactions 551

6.2. Proof of Proposition 6.1

Step 1. Finding a good boundary.

We note that there exist a constant C > 0 depending only on d and a hyperrectangle
Ky C Kr C Kg whose faces are at distance 7 € [%8R, ¢R] from those of Kg and parallel
to them, such that, denoting by (dK%)r the L-tubular neighborhood of its boundary and
assuming that %SR > 29+2 (which may be included in the condition (6.2)), we have

/ I |Eg* < CMg e e R (6.28)
OKj x[—&2 R 62 Rk o

|y|V|En/|2 < CMRsr]’s_le_l' (629)
(0K R)yd+2 x[—€2R,e2RIk v
Indeed, we obtain that
/ |Y|V|E17’|2 < CluR,e;“,n““:_lRd_l
(BK;Q)szrzx[fszR,ezR]k

hold simultaneously for n and 5’ by a pigeonhole principle on a subdivision of
[%sR,sR] into 27@*tY¢R pieces of size 2972, We then use the mean-value principle
to get (6.28) (translating the faces of 3K} if necessary). We note that K} contains
{x € Kp,dist(x, 9Kg) > 2¢eR} as desired.

In the case when k = 1, by a mean-value argument on (6.1), we find that there exists
le [%szR, ¢2R] such that

/ Iy |E* < 2e, ge” R (6.30)
Klpx{—6,6)

In what follows, we choose this £, or in the case when k = 0 we choose £ = ¢2R. In all
cases we have £ < ¢2R. We also note that, by assumption (6.2), we have R > eR > £ > 1.

Step 2. Subdividing the domain.
We consider the following regions, on each of which we will perform different
constructions to build E:

Dy = Ky x[—¢, €1,
Dy = (Kg x [—£, £T)\ Dy,
Dy = (Kg X [—R, RD\(Do U Dy).

Of course the set D does not exist in the case when k = 0. We let Ag C A be given by
those points whose smeared charges touch 3K, i.e.

Ao ={peA:B(p.n)N@OKy) #0). (6.31)

We may also denote Aj,; = (AN Kg)\Ag. The goal of the construction is to ‘complete’
outside Dg the smeared-out charges whose centers belong to Ag, and place an additional

ly|” E -T)—/ N8 (6.32)
[, e[ N

0 peg

Ny := |Kg| — KRl +

Cd,s
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points in the set Kg\K}%. Integrating the relation satisfied by E, over Dy yields that

_/ |)’|yE77‘1_5 = Ca',s/ Z Np(sén) _Ca',le}ﬂ
dDg Dy

PEA
[ ’
= Cd,s Z Np_cd,s/ Z Np5;7)_cd,s|KR|’
.
PEAinUAg Dy PEA

with ¥ the outer normal, and hence

Ny=I|Kgl— Y Ny
PEAinUAg

which proves, since |Kg| € N, that Ny is indeed an integer.
In the case when k = 1 we also define the constant Cy to be

Y

Co=
2(|Krl = KR Jpyxor—e.e

V" Ey - v

e - 1
=— | Na—/ Iy|”E, -V +cq, / NsM | — —¢77,
20Kel =KD\ Jakguioea ™ ' Dgp;) R A

(6.33)

where for the second equality we have used (6.32). Whenever Cy appears below, we will
mean Co = 0 in the case when k = 0.

Next, we split Kg\K} into hyperrectangles H; with sidelengths € [£/2, 2¢] (this can be
done by constructing successive strips, in the style of the proof of Lemma 6.3). We then
let I:I,- = H; x [—£, £]*. We also let

n; = Cd,s /: Z N,,(S("),

Hi peno

and let m; be such that

ca,s(m; — 1)|H;| =f _yl"Ey-v—=2Cot” |H;| —n;. (6.34)
dDoNd H;

We note that n; =0 unless H; has a face in common with dDy. We will check below
that |m; — 1| < % Since the sidelengths of H; are of order £, as soon as £ is large enough,
modifying the boundaries of the H; a little bit, we can ensure that in addition each
m;|H;| € N. Indeed, combining (6.34) and (6.32), we may check that ), m;|H;| = Nj,
and hence is an integer. Once we prove later that |m; — 1| < %, this will imply that
Ny > 0.

Since m; € [%, %] and m;|H;| e N, if £ > £y = 2(%)_1/”1, we may apply Lemma 6.3. This
places a condition on £?R being large enough, which is fulfilled by taking Ry large enough
in (6.2). For the H; which have some codimension-1 face F; in common with 9Dy, we
choose such an F; to play the role of F in the notation of Lemma 6.3. Each H; is
then divided into hyper-rectangles Ry, @ € I; of sidelengths bounded above and below by
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positive constants which depend only on d, and volumes 1/m;. We let Re = Ra x [—1, 115
For each R, we denote

flg = Cas / ) Ny (6.35)
Ra PEA
so that n; = Zae[i 7

Step 3. Defining En'

Over each H; we define En asasum E; |+ E; 2+ E; 3+ E; 4, some of these terms being
zero, except for H; that has some boundary in common with 9 Dy.

The first vector field contains the contribution of the completion of the smeared charges
belonging to Ag. We let

Ei,l = Z ]lﬁthl,a,

ael;y
where h1 4 is the solution of
—div(|y]" Vhie) =cas Y Nps in Ry,
PEAa .
avhl,(x =0 on 8Ra \ 3D09 (636)
iy

dhi g = on 9Ry N Dy.

fa?ianaDo Iyl
We note that the definition of n, makes this equation solvable, and that by construction
of the Ry, the constant faﬁ N9 Dy |y|” is bounded above and below by positive constants
depending only on d and s.
The second vector field is defined to be E; » = Vhy with
—div(|y|Y Vha) = =207 Codga in H;,
dvhy = Cy on H; x d[—¢, €],
oyhy =0 on the rest of BI:I,-.
Of course, E;» = 0 in the case when k = 0.
The third vector field is defined to be E; 3 = Vh3, with
—div(|y|* Vh3) = (cq.s(m; — 1) +2£Y Co)dga  in H;,
dh3 =0 on H; x d[—¢, €]F,
dvh3 = gi on 3H; x [—¢, L],

where we let g; = 0 if I:Ii has no face in common with dDg, and otherwise

gi=—E, 5+ 1 Mo (6.37)

R ~ ’
ol Jsrorapy 1917

with E, -V taken with respect to the outer normal to dDg. We note that this is solvable
in view of (6.34) and the definition of 71, and n;.
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Finally, the fourth vector field consists of contributions from almost equally spaced and
screened charges over the Ry. To define it, let p, be the barycenter of each hyperrectangle
Ra,a € I;, and define a function h4 , as solving

—div(|y|" Vhae) = 5,06y —midpa) in Re

‘ (6.38)
avh%a =0 0n.37€a.

We note that this equation is solvable because we have chosen |Ry| = 1/m;. We then
define in H;

Eig=) lp Vhig.

ael;

This finishes defining £, over Dj. To define E, over D; (in the case when k = 1) we let

E, = Vh, with
—div(|y|"Vh) =0 in Dy,
Y (6.39)
oyh = —¢ on 0D,
where
¢ :=1yp,napy En -V + Lap,nap, Co, (6.40)

with the outer normal taken to be outer to Dy. Again this equation is solvable in view
of (6.33). This completes the construction of E,,.

We note that the normal components are always constructed to be continuous across
interfaces, so that no divergence is created there, and so En thus defined (and extended
by 0 outside of Dy U Dy U Dy) satisfies

—div([y[" Ey) = csa | Y NpslP —8pa | in Kg x R¥,
peh
E,]-v:O 0118KRka,

(6.41)

where
A=nnKp\A)UAU [ 1pe)
i acel;

We note that by construction the distance between the new points of A and between them
and dKg and them and the original points is bounded below by a constant depending
only on the sidelengths of R;, and hence on d; call it 2ng. So if the original points of A
are simple and well separated, so are those of A. We then define

E=a,(E)=Ey+ Y NyVfx—p)
pEARm

where f;, is as in (1.25). Since A is at distance > no from 0Kg, and since f; is supported
in B(0, n) with n < no, we have that E = E, at distance > n from A, and in particular
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on d(DgU Dy). In particular, E solves

—div([y|"E) = csa | D NpSp—0ga | in Kg xRE,

o (6.42)

A

E-v=0 on K g x Rk,

as desired. We note that we may as well choose for pg, instead of the barycenter of
the Ry, any point at distance < ng/2 from it, and have the same conclusions verified if

n <no.
Step 4. Controlling the constants.
To control Cp, we use (6.30) to obtain with the Cauchy—Schwarz inequality, from (6.33),
— 1
Col < CLVR™e™ e ReRT 072RY? = Cellie P RTT (6.43)
To control ny, we note that |ny| < Cng, where ngy := Zper,dist(p,Ra)gn N,. Since the

sidelengths of R are bounded by 2¢|m;|~'/¢ and m; > %, we may choose L > 1 such that
the L-fattened hyper-rectangles (Rq) . are contained in (3 K )a+2. Combining Lemma 2.2
with (6.29), and recalling that p, is the barycenter of Ry, we obtain

DD @< Cy yom CZEJnJ%%CZDwLV

i aeliy i aeliy i aeliy
2 2
<c2/ pinEP<c | 517 1Ey]
(Ro)L (BKR)2_3d X[_es[]k
< CMge e 'R (6.44)

Finally, to control m;, we write that, in view of (6.34)

Im; —1] < ce™ ([aD . Iy E, |> +207|Col +£7 ) it (6.45)
0

ael;

We note that the last term can be controlled by (6.44) using that n, < n2 since ny is
an integer, by CMg . 77/22_31{’_1. This can be made small if (6.2) holds, choosing Ry large

enough there. The second term (when it exists) can be bounded by e, 172 R T SV which is
small as soon as Ry is chosen large enough in (6.2). The first term can be bounded by
the Cauchy—Schwarz inequality and (6.28), first in the case when k = 0 by

oMyt e VPRT T <omy? e R
and in the case when k = 1 by
M2 e PRI T T < M2 RT e

These terms are all small as soon as (6.2) holds with Ry chosen large enough.

Step 5. Estimating the energy of En.
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For I =1,...,4, using the previous notation, we define E;:=)"; E;;. We control
successively the energy of each E;. For @ € I; jp, we use Lemma 6.6, and from the estimate
(6.20) therein we obtain

/1% VY [Vh1al* < C(g(m) + Dny,. (6.46)

From (6.44) we thus obtain (absorbing the 1 into the g(i)) that the total contribution is

/ I IE? = Zf Y17 [Vhia|?
KR\Kpx[—¢, 01k — JH;

< CMpeygme 'R < CMg ., rg(meR?,  (6.47)

where for the last inequality we used (6.2).
For E», we use Lemma 6.4, and control the number of H; by CeR%£~? to obtain, with
(6.43),

/ Y71 Eal* < CeRI™CGer H1H < Ce, g’ RY. (6.48)
(KR\K ) x[—¢,£]¥

For E3, we use (6.37) and Lemma 6.4 to get

IyI”|E31> < C¢ / Iyl g?
/ = lz OH; x[—¢, 0]k !

gce/ WPIEP+CE Y (7a)?
0K, x[ .01k ! 2

Laeh

< CUMR e+ Mg e)e 'RITV < C(Mp ey +Mge)eRY,  (6.49)

where we have used (6.28), (6.44), and the geometric properties of Ry.
For E4, we use Lemma 6.5, and multiply by the number of R,, which is proportional
to the volume of the region, and hence bounded by CeR?, to obtain

[ oPIEE = 3 [ 0 Vsl < Coter?. (6.50)
Kr Ry

i,ael;

Finally, in D, we use the obvious analog of Lemma 6.4 to obtain

/ D IE < CR/ VI 16P < CR (/ |y|y|En-v|2+C§eV(|KR|—|K}e|>>
D aD dDyNo Dy
< Cee g€’ R+ Ce geRY < Cee geRY, (6.51)

where we used (6.30) and (6.43).
Combining (6.47)—(6.51), we conclude that

f I |Eyl* < / IV 1Eg 1+ C((Mg ey + 1)g(meR? + (Mg ¢, +ec r)eR?),
K g xRk K} xRK

and since it is clear by construction that En = <I>,7(l:?), the desired result holds. This
concludes the proof of Proposition 6.1.
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Remark 6.7. It follows from the discussion in the proof that, if the points in A N (K rR\KR)
are each displaced by a distance < no/4 (with 79 as in the statement of the proposition),
there exists a vector field E compatible with the modified configuration and satisfying
the exact same conclusions. Indeed one may displace the barycenters py of the Rq in the
proof by a quarter of their minimal distance without changing the conclusions.

7. The upper bound on the energy

We are now in a position to use Proposition 6.1 to construct a test configuration
approximating min H,,.
We will need the following result along the lines of [49, Lemma 5.4].

Lemma 7.1. Assume that we are in one of the cases for which k = 1. There ezists E, a
minimizer of Wy over Ap, which satisfies

1 y 2 _
lim lim — IYI"IE]
7—00 R—>o00 R4 Krx(R\(-z,2))

Proof. We claim that there exists an R?-translation-invariant probability measure on
vector fields P which is concentrated on minimizers of A;. Assuming this, the result
follows by applying the multiparameter ergodic theorem as in [4] on the cubes Kg =
[—R/2, R/2]? to the function f.(E) = S x> Iy|”|E|?> with z > 1. Indeed, the
multiparameter ergodic theorem yields that [ f.(E)dP(E) = [ f}(E)dP(E) with

f2E) = Jim 1 | s
oo |KR|

and we may check that

1 -
fI(E)>=C hm — IYI"1E|"
oo RY Kgx{ly|>z}

But, for any E € Aj, the family of function { f;(E)},;~1 decreases to 0 as z increases to +00
and is dominated by fi; thus, by dominated convergence, we have lim,_, [ f;(E) d P(E) =
0. Combining this with the above, it follows that

1
lim < lim —/ |y|V|E|2) dP(E) =0,
o0 R—o0 RY Jgpx(ly|>z)

and by Fatou’s lemma, for P-a.e. E we must have

i i ! YIEI? =
lim lim — |V |E|
i R—o0 Krx{lyl>z)

The result follows, since P is concentrated on minimizers of W, on A;.
For the existence of P, we start from some E minimizing W, over A;. The existence of
such an E can be proven exactly as in [44, Appendix]. We let K, be the cubes [—n/2, n/214
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in R? x {0}, and P, be the push-forward of the normalized Lebesgue measure on K, by
the map x — E((x,0)+-). We also let, as in § 5,

&Am=f Xy 1V?
Rd+l

if Y(X) = E;(X+(x,0)) for some x € K,, and +oo otherwise. Then the exact same
arguments as in §5 apply to this setting (the only difference is that we have from the
beginning an infinite number of points); in particular, we have the obvious compactness
result analogous to Lemma 5.1. This ensures that the abstract result [47, Theorem 3] can
be applied, and it yields at the end

lim inf
n—oo |Ky| Jk,x

waﬁ>/mwwmn

with P an R?-translation-invariant probability measure. The left-hand side in this relation
is Wy(E) = min W, by definition. It follows that P is concentrated on minimizers of
W. O

Remark 7.2. With the same reasoning and Fatou’s lemma, we could prove the same for
a minimizer of W itself.

This proposition implies that we can find a minimizer E of W, over A; for which, given
e, we have e; g < 1 as soon as R is large enough (in terms of ¢). We may now conclude
the proof of Proposition 1.4. For the existence of minimizers of W and W, over A, as
mentioned, we may argue as in [44, Appendix]. The existence of sequences of periodic
minimizers then follows exactly as in [44, 48] (so we do not give all the details): we take
a minimizer of W, over A satisfying the results of Lemma 7.1, apply Proposition 6.1
to it with some R large enough, then multisymmetrize it by reflexion and periodize the
result to obtain some periodic Eg, , with almost the same energy, i.e. given & > 0, if R is
large enough depending on n and ¢, we have W, (Eg ;) < min4, W, + ¢. This implies that
there is a periodic minimizing sequence for min W, over A;. Taking a diagonal sequence
n — 0, R — oo, we may also conclude that there exists a periodic minimizing sequence
for W, and this finishes the proof of Proposition 1.4.

We are now going to prove the matching upper bound corresponding to the lower bound
given in Proposition 5.2.

Proposition 7.3. Assume that (1.8)—(1.10) and (1.12)—(1.14) hold. For any ¢ > 0, there
n

exists r > 0 such that for n € N* there exists A, C (RY)" with |A,| > n! (”%d) such that

for all (x1,...,x,) € A, it holds that

limsupn_1_§ (Hn(xl, e Xn) —nzg(uv)) < min W + ¢, (7.1)
n—>oo
in case (1.2), respectively
lim supff1 (Hn(xl, e Xn) =2 E(uy) + ?—i logn> <minW+e, (7.2)
n—oo

in cases (1.3)-(1.4).
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The proof follows precisely the strategy of [44, § 6], with some care to be taken about
the extra dimension introduced in our case. The main difficulty comes from the possible
degeneracy of uy near 3% that we allow, as in [49]. Indeed, we need to partition X’ =
n'/4 3 into nondegenerate regions in which f wy, €N, in which we can paste a screened
minimizer of W provided by Proposition 6.1. When u{, becomes very small these regions
may have to become very large, or, worse, very elongated in some direction, and this would
prevent the application of Proposition 6.1. As in [49], this is overcome by allowing an
exceptional narrow boundary layer in which the construction is less optimal but induces
only negligible errors.

Proof. Step 1. Subdividing the domain.
For t > 0, we define the tubular neighborhood of 8 X’ and its boundary to be

={x e X dist(x,d%") <t} T, ={xe X dist(x,d>) = t}.

Since (1.12) holds, I, is C! for ¢ < t, small enough.

Pick 1 > m > 0 a small number. By assumption (1.14), if « > 0 in that assumption,

rescaling by n!/4, if dist(x,dX’) > ”1;3 /e where ¢ is the constant in (1.14), then

,u/v(x) m, while if dist(x,dX’) < 1/ ml/“ we have u}, (x) < C—2m. We may even find
[”://: 1/e 26"1/ m'/?] such that MV(E ) €N, and u}, > m in 7. We note that we

may have taken lm small enough so that T < . and
Hd oz <HIT'0x) <2HI1BZ') forall 1 < (7.3)

If « =0 in assumption (1.14), then u}, is bounded below by a positive constant on its
support, and we simply take T = 0. For brevity, in what follows we denote H¢~1(3X")
by |9X].

Step 2. Defining a vector field in X7.

In the region X7, we have the lower bound puy > m, and there is no degeneracy. We
may then proceed as in [44, 48]. We start by subdividing X7 into hyper-rectangles of size
comparable to R for R large enough, then producing a rescaled version of the construction
of Proposition 6.1 on each such hyper-rectangle. We make sure the points all remain
well separated so as to ensure that we stay in the equality case in Lemma 2.3 and in
formula (5.1).

The next lemma is a straightforward modification of [48, Lemma 6.5].

Lemma 7.4 (Tiling the interior of the domain). There exists a constant Coy > 0 depending
on m and m such that, given any R > 1, there exists for any n € N* a collection K, of
closed hyperrectangles in X7 with disjoint interiors, whose sidelengths are between 2R
and 2(R + Co/R), and which are such that

xeXp:dx,057) > CR C | K =3, (7.4)
KelkC,
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1
U K C {x ey :dx, 3% > 5COR}, (7.5)
Kek,

and
VK € K,, / wy € N. (7.6)
K

For each K € K, as above, we denote

my :=][ Wy (7.7)
K

and note that mg|K| € N. By Proposition 1.4, given ¢ > 0 as in the statement of
Proposition 7.3, we may find a periodic E in A; such that W(E) < ming, W+ #.
If k = 1, we note that, by the periodicity of E, we must have

1
lim lim — Iy|”|E|* =0, (7.8)
100 R—>00 RY Jgpx(R\(~2.2))

and hence the assumptions of Proposition 6.1 are satisfied for E if R is large enough. Also,
by Proposition 4.3, the points in E are well separated, and the screening construction
preserves that property, and makes the points well separated from the boundary. By
Proposition 2.4 we have
d—s
Wh(E) S W(E)+Cnp 2. (7.9)
For each K € K, we thus apply Proposition 6.1 to E with Rm%d and over the

hyperrectangle m}(/dK. We may do this since mg|K| = [ n}, is an integer by (7.6),

and its sidelengths are indeed in [2Rm}</d, 3Rm}(/d] if R is chosen large enough depending

on Co. We call the result of this screening E , and we define Ex to be
Ex = Vhg +0oncE on K x R¥, (7.10)
where o, denotes the rescaling of a vector field to scale m as follows:
omE = m%E(ml/d-),
and hg is introduced to correct for the difference between mg and ,u/v as the solution to
—div(ylY Vhg) = cas(mg —pwydpa) in K x [—1, 1],
{am:o on (K x [—1,17%).
By Lemma 6.4, we have
IVAK L2k xR jyr) < CRIME — Wy ll ook xRE) < Crn P/, (7.11)
using assumption (1.13).

The fact that E has been chosen to be an almost minimizer of W over A;, (7.8), and
the conclusions of Proposition 6.1 and (7.9) yield
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- 2 1/d
IVIVIE va | _mK|K|Cd,sg(mK n)
-/1;1}</de]1§" 4 S

1/d

<mK|K|<rr}linW+C(mK T+ +c,,oR(1)>, (7.12)
1

e
At ts/d
where og(1) tends to 0 as R — oo. By change of scales, we have

Y [(Omy E 2=m3/ YIE va |2, 7.13
[ ¥l Bl = e PV (7.13)

with the convention that s = 0 in cases (1.3)—(1.4).
The scaling of W (1.35)—(1.36), together with (7.11) and (7.12), thus yields

/ IV (Ek)y)? < mi|Kcasg(n)
K xR

. ) e 54l 4
+ K| (mln W 4 m —+ Cmyg 4727 %5 4 CnoR(l)) .
mg 4m
(7.14)
The interior electric field is then set to be Ejy = ZKGIC,, Ex1k«r, and it satisfies
—div(y)" Ein) = cas | Y 8p—pyly Spa | in R (7.15)

pEAint

for some discrete set Ajn, made of well-separated points (i.e. points whose distance to
each other is bounded below by a constant independent of R and ). Indeed, no divergence
is created at the interfaces between the hyperrectangles since the normal components of
Vhg and E are zero.

Step 2. Placing the points in X'\ X!

nt’
Since 3 X7 € C! as seen in the first step, the set

Z“t/>ound = Z/T\E'/

nt

is a strip near 8 £7. of volume < Cn'T and width > %COR by Lemma 7.4. Since fE/T Wy €
N and (7.6) holds, |’ S 1y, is also an integer. We now need to place | o Wy, points in
Xy una» 2l separated by distances bounded below by some constant o > 0 independent
of n, n, and R (up to changing ry if necessary). Proceeding as in [48, §6.3, Step 4], using
the fact that 8 X/ is C!, and making several layers, we may split X}, into regions C;
such that fCi wy =1 and C; is a set with piecewise C ! boundary, containing a ball of
radius Cq and contained in a ball B; of radius C, where Cq, C2 > 0 depend only on the
dimension.

We continue with examining X"\ X7, in the case when T # 0 (i.e. if « > 0 in (1.14)).
For ¥/ as defined in Step 1, let us set

f@) = / W) d. (7.16)

t
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In view of assumption (1.14) we have

t
d—1 S\
f(t)>c1/0 HI=(Ty) (W) ds.

In view of (7.3) and the scaling, we deduce that

C1|32| a+1 d—l—«a
1) > ——(t . 717
f@) 2@ +1)( n (7.17)
We now define inductively a sequence of ¢ terminating at T: let tp = 0, and let #; be the
smallest such that f(z;) € N and

. A ,  ed=d) 1oy
1 = ndetd f(tl) > 10X |ndetd = |9 X |n 4 atd’,
In view of (7.17), we may satisfy this condition with t; < Cn Twrd , where C depends only
on c; and o. We let N; = f(t1), and note that from the above discussion we have
, al=d) , al=d)
[0 X |nderd < Ny < CloX |nde+d), (7.18)
We write . .
nderd <ty — 19 < Cndetd (7.19)

Let j > 2. Given t;_1, we then let ¢#; be the smallest such that

tp >t +nd7lj_j] f@) — f@tj-) €N,

and we define N; = f(¢;) — f(¢j—1). Since ,u/v is bounded below in (Et,j,])c by clt;?‘_ln_%
in view of (1.14), we deduce that

R

1 _ 1 d-1 _ae o
Nj = Sald Xl =t ey > SOOI T 1 = dna s

—_

j—

c dzfdfothrot a(d-1) I d—1 2
= 3‘|az|n 2 > E‘|az|n7<a d-atd) (7.20)
where we have inserted that t;_| > # > nd<£+d>. The exponent in the right-hand side is
positive, and so we conclude that, as soon as n is large enough, we may make N; > 1
while keeping

ti—tj—1 < 2nd7tj_f].
We thus write, for all j > 2,

Q0 o

a
nd? tjj’] <tj—tj—1 <2ndt

? (7.21)
and we note that, since ¢t;_1 > #; > n?@+d  we have % < a2 p " Ve = 2, and
hence
tj1 <tj <3tj-1. (7.22)
To bound #; —t;_; from below, we write t; —t;_1 > na2 T—o/d — Z’Q/dc}/dmfd, and we
may write
o
27 Ly — 1y < 2nT@ED (7.23)
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(7.22) implies, in view of (1.14), that

AU <y <3S in Z\E (7.24)

cn Jj-1 Jj—1 -1’

or, in other words, using (7.21), that

Ctj—tj-n~ ! <ufy <C'@j =120~ I Z\Z) (7.25)

1

for some positive C, C’ depending only on the previous constants.
We may also bound N; from above, using the upper bound in (1.14) and (7.3):

Nj = f(tj) = f(tj-1) < 2ea(tj —t;- )| Z |n~ 1%,
and combining this with (7.20) and (7.22) we deduce that
Seld X |ty — -t n = < Nj < 60 B (tj — tj )i (7.26)

This construction terminates at t; = T, and if (7.21) is not satisfied at j = J we may
always merge the last two steps to have it satisfied up to a factor 2 in the right-hand
side.

The next step consists, for each 1 < j < J, in partitioning Et/j\Et},l into N; regions
of sidelength comparable to t; —¢;_1, in such a way that fC,- uy =1 in each region. To
do that, we partition I';; , into N; regions, and we deduce a partitioning of E;},\Et;_l
by going along the normals to I';, | on the boundaries of the partition of I';, . Given

a cell C on ', we denote by C the corresponding cell in El’j\E,/_ 1 obtained this way.
J—

We claim that we can construct N; such cells éi such that -/Ci wy =1 for each i and
the sidelengths of the cells are comparable to ¢; —¢;_;. First, we note that, if j > 2,
from (7.3), (7.26), and (7.21) we have that |I';,_,|/N; is bounded above and below by
constants times (t; —t;_1)?~1. If j = 1, the same holds using instead (7.19) and (7.18).
We may thus subdivide I';, , iteratively, the same way we did for Lemma 7.4, or above
as in [48, § 7.3, Step 4], except we are on a curved hypersurface instead of a flat one. In
order to ensure that the result can be achieved, we need a lower and upper bound on
the density of u}, by a constant times (t; —t;_1)™¢, provided precisely by (7.25) in the
case when j > 2. In the case when j = 1, then we replace the lower bound by a bound
on the integrated density of u}, along the normal to 8o = dX": for x € 32’ and v the
inner normal at x, we have

[*3
f nda+d) _
. S o C _ a(a+1) a(l1—d)
Wy (x+sv)ds > c — ) ds = —L pldpdern = paawn
v Z €l 1/d ’
0 0 n 14+a

which is comparable to til*l, as desired.

Thus we may indeed partition 2,’1,\2,}_1 into N; cells C;, which are contained in a
ball B; of radius C»(¢; —t;—1) and contain a ball of radius C(¢; —t;_1), for some Cy, C>
depending only on the above constants cy, c2, o, d, and in which fC; wy, = 1. We may
add the cells obtained this way, for j ranging from 0 to J, to the ones obtained at the

beginning of the step in X} .. We call r; their diameter scale, i.e. r; = 1 in the case of
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the cells obtained in X/

bound’

and r; = t; —t;_1 for the cells in 2’ \Z" . From (7.23) w

have 0 <c <r; < 2n T@rd . We let pi be the center of each inner ball 1ncluded in C;. This
way p; is at dlbtance > cri from 9C;, and thus all the points are separated by distances
independent of R, n, and n.

Step 3. Completing the construction.
We then let v; solve

—div(|y|" Vvi) = ca,s(Sp; — Wy 1e,8pa)  in By x [—ri, 1]k,

- ‘ (7.27)
Vv, -v=0 on 0B; x [—r;, ri]%,
and we set
Ebound = Zﬂcivw.
i
This way, we globally have
~div(|y|” Ebound) = Cd.s (Z 8p; — //Vﬂc,) in RO, (7.28)
i

We now evaluate the energy generated by these vector fields. For each cell i, we write
v; = hj +u;, where

—div(|y|* Vhi) = ca s (81,,. — (][ /L/V(SR<1> ]lcl.SRd> in B; x [—r;, ri]k
Ci

and
—div(|y|” Vui) = ca s ((][ u/véw) —;/V) ledga  in Bi x [—ri, it
Ci
with the same zero Neumann boundary data. The energy of u; is estimated using
assumption (1.13) and r; < 2nd@+d

s 28 _ _ﬁ «(2d—s+2p) —2Bd+2ad—sa
/ V7 |V P < Crad=sp 2P =26/d g~ TH I = T dwrn - < 1,
B; x[—r; rl]k

where, for the last inequality, we used (1.15). The energy of &; is estimated by scaling as
n (7.13) to be

Cms-/d

YI(Vh ; in case (1.2)
F— 7 1(Vhi)y 1> < casgm) + Cds

logm; +C in cases (1.3)—(1.4).

Combining these estimates and using (1.35)—(1.36), we find that in all cases

»Am W .
/ |y|y|(Vv,)| —_— —C,7+|C,-|I;lnn,

i m;

since fo. wy =1 and m; = fp py, = ﬁ
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The total contribution of the cells in XY . is bounded by the number of those cells
(since there m; is bounded below), itself proportional to the volume of that strip i.e. n‘T.

The number of cells in £\ X7 is on the other hand bounded by

J J T
Y N; < ClZ |n~ N 1ty —t;o)tY < C|a>:’|n—“/d/ t* dt
; . 0

—l—a

— C|8E|nd d Tl-‘rot < le-Fl/Oln’

where we have used the properties (7.22) and inserted the upper bound 7 < Cm!/*n!/4.
As soon as n is large enough, we may thus bound the total contribution of all the cells
C; as follows:

[ 151710, Brana P < Copm 14 3 €1 min . (7.29)
(Gl

-

Finally, setting
E = Epound + Eint  in RIT

and letting
A = AU J(pi).

1

then A is made of | s/ Wy = n points, which are all well separated, and E satisfies

—div(]yI"E) =cas | D 8p—uwydpa | in R (7.30)
peA

Combining the estimates (7.14) and (7.29), we have

fR DIVIES < ) mkIK|(ca.s8(n)

Kek,

: 14s/d € I+5+3—5% dos
-l-C;701e(1))+KZIC K| (gl;ﬁW—l—mK =z +Cmy nz )
ek

+Cpum TV N |C,-|r£inW+C,7nml+l/°‘. (7.31)
i i

First, we note that
> milK| =f/ @y < n. (7.32)
Kelk, int

Second, in view of the continuity of puy and that of m > ming, W (see (1.35)—(1.36)),
we may recognize a Riemann sum and write (using the fact that mx < m by (1.14))

. ne
[ VB < neugn+ [ min wax+ 5
R+ A @

d—s
2

+ Cynm ™V 1 Coop(n) + Ciiz a1y
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< negsg(m) +n min VVd)c—i—E +C,7nml+l/°‘+C,,oR(n)
X 'AMv(X) 4
+CmitagT (7.33)

Step 4. Conclusion.
We may now define our test configuration as

X={x;i = n_l/dxl-’};’zl where A = (x],...,x,),

and let h), be the associated potential as in (1.44). Note that the configuration depends
on R and n, and that the points x; are separated by distances independent of R, 1, and n.
For n small enough, we are thus in the equality case in Lemma 2.3, and using the splitting
formula (1.49), we deduce that

limsupn ™' =4 (H,(x1, ..., x) — n2E(uy))

n—o00

< lim sup <

n—oo

d—s
o [ iR e ) e’ (7.34)
K

in case (1.2), respectively

n
lim sup n! (Hn(xl, e Xn) =2 E(uy) + 7 log n)

n—o0

< lim sup (

n—oo

d
2

/RM IyIVIVh;,nlz—g(n)> +Cn2, (7.35)

ncq.s

in the cases (1.3)—(1.4), where we used that all the points are in ¥ where the function ¢
vanishes. We now note that projecting E onto gradients decreases the energy:

VIE,* = Y|\Vh, ,* / Y|E,— Vh, |?
Lo = [ srive, e [ ie-vig,,
+ 2/RM 917V - (Ey = Vi),)
12 / . ’
2 /]Rd+k |Y|V|th,n| - 2\/]Rd+k hn’r] dlv(lyly(ET] - th’r]))
= / Iy 1Vh, 1%, (7.36)
Rd+k ’

where we have used that —div(|y|" (E, — Vh;,),’)) = 0 by the definition of h;’n and (7.30).
Combining (7.33)—(7.36), the proof is concluded by taking successively n — oo, then R

large enough, m small enough, and n small enough (and changing the configuration of
points accordingly) to conclude that we can get

1
limsupn ™' /4 (H, (x1, ..., x0) —n%E(uy)) < ( min Wdx + g) ;

n—00 Cds Jx -Auv(x)

and the analog in cases (1.3)-(1.4). Finally, inserting (1.35)-(1.36) and the definition
of W, we obtain the upper bound result, together with the fact that indeed
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min W = i / 5 min Ao W (by comparing the upper bound with the lower bound result,
Proposition 5.2). Since the points are well separated, we may also move each of them by
a distance r small enough and keep the same estimate up to an additional error /2, in
a neighborhood A, of the configuration. The details are identical to those in [44].

This concludes the proof of Proposition 7.3. O

Theorem 4 then follows by comparison with Proposition 5.2. Theorem 6 follows from
all the previous results exactly as in [44]. The details are left to the reader.

8. Additional remarks and acknowledgments

After this work was completed, we learned of a related forthcoming work by Hardin et
al. [31], who obtain the existence of the same order asymptotic expansion of the minimal
energy for the Riesz or logarithmic interaction on a flat torus for any s < d.

This paper benefited from comments and discussions with Thomas Leblé, whom we
would like to warmly thank here.
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