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1. Introduction

Our aim is to study low-regularity solutions to the Cauchy problem of the Ostrovsky
equation:

(us — BUaze + (u2)x)x =yu, (7,t) €ERxR, (1.1)
u(,0) = up(x) € F(R), (12)

where § and 7 are real constants and (3 # 0. The space H?* is defined by

H® = {f € H*R): F ! (ﬂf)) € HS(R)}

with the norm .
T Hf(ff))H .
HS

Integrating Equation (1.1) with respect to 2 over R for v # 0, we obtain that

/u(xﬂf) dz = 0.

That means that any local solution of (1.1) satisfies the above identity.
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The Ostrovsky equation [10] governs the propagation of weakly nonlinear long surface
and internal waves of small amplitude in a rotating fluid. The liquid is assumed to
be incompressible and inviscid. After suitable scaling, the equation can be written as
above [6]. Parameter 3 determines the type of dispersion:

(i) B = —1 (negative dispersion) in the cases of surface and internal waves in the ocean
and surface waves in a shallow channel with an uneven bottom; and

(ii) B =1 (positive dispersion) in the cases of capillary waves on the surface of a liquid
or oblique magneto-acoustic waves in plasma [1,5, 6].

Equation (1.1) models the situation when nonlinearity, dispersion and rotation are taken
into account but dissipation is ignored.

Denote the homogeneous derivative of order s with respect to variable x by DS . Rewrite
Equation (1.1) in the following way:

U — Bges + (u?)e = vD; . (1.3)
Setting v = 0 in (1.3) we can obtain the Korteweg—de Vries (KdV) equation
Uy — Bugee + (u?)y = 0. (1.4)

Regarding the low-regularity solution of the KdV equation, Kenig et al. [9] found that
the Cauchy problem of the KdV equation is locally well-posed for data in H® (s > —%)
by using the so-called Fourier restriction norm (Bourgain function spaces).

The Fourier restriction norm method was first introduced by Bourgain [3,4] to study
the KdV and nonlinear Schrodinger equations in the periodic case. It was simplified by
Kenig et al. [8,9].

Recently, Varlamov and Liu [13] found that the problem (1.1), (1.2) is locally well-
posed in the space H* (s > %) with the condition v > 0 by using the method of parabolic
regularization.

In this paper, we consider the well-posedness of problem (1.1), (1.2) in H*® (s > -3
without the restriction v > 0 (here the condition v > 0 is also redundant). We obtain
our results using the Fourier restriction norm method.

Therefore, we use the integral equivalent formulation of the problem

u(z,t) = S(t)up — /O S(t — )0, (u?) (') dt’, (1.5)

where
S(t) = f;le—it(ﬁég'-&-(’v/&))]:w

is the unitary operator associated with the linear equation. For simplicity, denote the

phase function by ¢(&) = B2 + (v/€).
One finds that the function ¢(§) has a singularity at £ = 0 and non-zero points where

¢'(§) = 0 and ¢”(¢) = 0, which is in contrast to the phase functions of the semigroup
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of the linear KdV equation and makes the problem much more difficult. Therefore, we
need to use Fourier restriction operators

PV f= [ fds Punf= [ dfQd Wees0 (10)
lEI=N e<l§ISN
to eliminate the singularity.
Moreover, the operators will be used to decompose nonlinear term 9, (u?). To deal
with the term, we first decompose it as the high-frequency part and the corresponding
low-frequency one as follows:

6x(u2) = PN{az(UQ)} + P(O,N){am(u2)}~ (1~7)

Next, we continue to decompose each term on the right-hand side of (1.7) as the sum-
mation of those products which consist of each factor acted on by the Fourier restriction
operators PN or Py. We will estimate each resulting term with different methods to
overcome the obstacles.

Definition 1.1. For s,b € R, the space X ; is the completion of the Schwartz function
space on R? with respect to the norm

lullx.., = IS(=t)ull gz mp = 14€)° (7 + 6(€))" Full 1212,

where (<) = (1+]|-|).

We define the modified Bourgain function space X&b in a similar way to the definition
of H*:

lullx,, = I4€)*(T + (&) Full 22 + 14€)°1€] ™7 + ¢(€)) Full 1212

= lullx., + 1Dz ullx. .-

In our arguments, we will use the trivial embedding relation

lls, , <lulx,,,

whenever s; < s9, by < bs.

Let ¢ € C§°(R) with ¢ = 1 on [—32, 2] and suppy C [—1,1]. Define ¢5(-) = ¢(671("))
for some 6 € R.

Define A ~ B using the statement A < C1B and B < C1 A for some constant C7 > 0,
and define A < B through the statement A < (1/C2)B for some large enough constant
Cy > 0.

Denote u(7,{) = Fu by the Fourier transform of u in both variables ¢ and x, and F(.yu
by the Fourier transform of u only in the (-) variable.

Let us introduce some variables:

A
&’

c=r4pE8+ L oy =m+ B8+ 51
2

3 oo = T2 + B3 +
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From the above variables, it is easy to obtain

§%+§§+§1§2)
36(6&)? )

Throughout this paper, we define f* dé, the convolution integral, to be

/ dT1 dTQ dfl d§2
E=81+&2; T=T1+T2

Next, we will give some useful notation for multilinear expressions [12]. Let Z be any
abelian additive group with an invariant measure d¢. For any integer k > 2, we define
I't(Z) to be the ‘hyperplane’

o—01—0y= 35651&(1 -

Li(Z)={(&,....&) € ZF 1 & + - + & = 0},

and define a [k; Z]-multiplier to be any function m : I'x(Z) — C.
If m is a [k; Z]-multiplier, then we define ||m/||j;;z) to be the best constant, such that
the inequality

k k
‘/ m(©) [T £&)| < Imllwz [T 1£illzac2)
rv(2) ot

Jj=1

holds for all test functions f; defined on Z.

It is clear that [m||;z) determines a norm on m for test functions at least; we are
interested in obtaining the good boundedness on the norm. In this paper, we let Z =
R x R.

We now give the statement of the main results.

Theorem 1.2. Let s > fé, b be close enough to % satisfying b > % Then there

exists some constant T > 0, and problem (1.1), (1.2) admits a unique local solution
u(z,t) € C([0,T]; H®) N X, with ug € H®. Moreover, given t € (0,T), the mapping
uo — w is Lipschitz continuous from H® to C([0,T]; H®).

Multiplying (1.3) by w and integrating it over R, we deduce that
1d 2 1 —1,\2 1 2 2(,3
s ([ 1o o) = [ ) = 480w, - 3 do =0,
Hence it follows the law of conservation momentum:
/ |u(t, z)|* dz = const.

We then have global well-posedness of problem (1.1), (1.2) for data in L2.

Theorem 1.3. For s = 0, the solution obtained in Theorem 1.2 can be extended to a
global one.
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2. Preliminary estimates

In this section, several estimates will be deduced. We will use the following notation:

0o 0o p/q 1/p
||f||Lng=< / ( / |f(m,t)|th> dx> ,

oo o q/p 1/q
||f||L‘gL?;< / ( / |f<x,t>|pdx) dt) ,

[ fllzee g = I fllm

a—max 1}

f&m)
e FHET) = 1+\T+6€3 GG

35

Lemma 2.1. The group {S(t)}*% satisfies
D2 P*S()uollpeerz < Clluol| 2, (2.1)
1D A PS (tuoll s = < Clluol| 2z, (2.2)
1D3/ PS8 (t)uoll g g < Clluollrz, (2.3)

where the constant C depends on v and f3.
Proof. First we prove (2.1). It follows that
9() = 5€° + g
¢"(€) —655+2€3 (€ #0).

If |£]| > a, then ¢ is invertible, and we have

P*S(tyug = / elrte 110 g0 (¢) dg
€1>a

RN |
= / M () 1)—/ do
6= 1>a ¢
izt . N
=F (e * X (o130t l0(¢ 1)¢,>'
Therefore, using the change of variable £ = ¢!, we have

2
P2 S (E)uo 22 = \

o 1
ft(elm X{|¢1|>a}ﬂo(¢1)¢,)
_ ~ —1y(2 1 d

[ e g o

_ i 2 1 /
/§>a| 0(6)P g (€) e

L2
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9 1
< d
</§>a| WP

< Clluoll -

This implies the estimate (2.1).
Let us turn to the proof of (2.2) next. The first inequality below holds with the help
of Theorem 2.5 in [7]. It can be shown that

1/2

dg

X ¢'(§)
PS(t)ugl24p < C ?
| ( )UOHLth >0 |40(£) 6

i 21¢11/2
c /§|>a| o(€) 2112 d

< Clluoll7p/4-

/N

Therefore, we can obtain the estimate (2.2). Finally, (2.3) follows by interpolation
between (2.1) and (2.2). We refer to [2] for more details of interpolation theorems. O

Lemma 2.2 (see [13]). The group {S(t)}T% satisfies
1S(t)uollrsry < Clluollr2, (2.4)
where the constant C' depends on v and (3.

Remark 2.3. We can use the Vau der Corupt lemma [11] to obtain the result.
Lemma 2.4. pr> 5, VN 2 e >0, then

1PenyFpllzzre < Cllflirzee, (2.5)
where the constant C' depends on N and €.

Proof. The proof is similar to that of Lemma 2.2 in [8]; the details are omitted
here. ]

Lemma 2.5. Ifp > § then
||Dglc/8Pan||L§L;1 SOl llzzee, (2.6)
where the constant C' depends on 3 and 7.

Proof. Using the change of variable 7 = A — ¢(&), we have

1(a:§+t‘r) f(fa ) T
wo=[ [ Axir+o@n ¢

= e[ e oonae)
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1

Therefore, by (2.3), Minkowski’s integral inequality and taking p > 5, one can show

2
that
IDY P E gy <O [ €A+ 6O < iz (27
o Pl <O f G it e S Wz

In fact, we have
[ Follz2rz < CHfHL’g‘Lz- (2.8)
Then (2.6) follows by interpolation between (2.7) and (2.8). O

Lemma 2.6. If p > 360 with 6 € [0, 1], then

||D§Pan||Lg/<1fe>L§ < Cllfllzzre, (2.9)

where the constant C' depends on 3 and ~.

Proof. From the argument (2.7) and the inequality (2.1), we have, for p > %,

D2 P Fpllzrz < Cllfllzpe- (2.10)
Then (2.9) follows by interpolation between (2.8) and (2.10). O
Lemma 2.7. If
13(q—2)
2 2
then, for 2 < q < 6, the following inequality holds:
[Follars < Cllfllezee, (2.11)

where the constant C depends on 3 and 7.
Proof. From the argument (2.7) and the inequality (2.4), we have, for p > 3,
[Follsre < Cllfllzzze- (2.12)
Then (2.11) follows by interpolation between (2.8) and (2.12). O

Lemma 2.8. Assume that f, f; and f» belong to Schwartz space on R?, then

/f(f,T)fl(ﬁlle)f2(§2vT2)d5:/f_flf2($,t)dffdt~ (2.13)

Proof. For simplicity, we only discuss the case of one variable:

/ (€)1 (€) falEs) do = / F—O (e falea) d5
£=61+E2 E=&1+&2

:/ / . f(—§§)f1(§1)f2(§é — &) d& dE)

h)

— [ fix f2(0) = Ff f1£2(0)
~ [ Frin@
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Lemma 2.9 (comparison principle [12]). If m and M are [k; Z] multipliers and
satisfy |m(€)] < |M(€)] for all € € I(Z), then |mjusz) < M ||z
3. Linear estimates
Lemma 3.1 (see [8,9]). If s € R and 3 < b < 1, then, for uy € H*, we have
[0()S()uollx, , < Clluoll - (3.1)

Lemma 3.2 (see [8,9]). If s€ R,  <b<1and0<d <1, then we have

t
‘m@) | su-osar| <et i, (3.2)
0 Xsb
t !
‘w) [ su-oswar) <o, (33)
0 L2
[Ws(t)Fllx, , < OO~ F5 (3.4

Lemma 3.3. IfseR,%<b<b’<1and0<(5<1, then we have

65D F |, , < C&" "I F|x, (3.5)

=1

Proof. For simplicity, let ¢ = 1 —b, d = 1 -0, then 0 < d < ¢ < % from the
assumption. It suffices to show that

HwéF”H;C < C5C7dHF||H;d-
By duality, it suffices to show that
1¢sgll e < 6 gl Vg € Hy.

First, we easily obtain
19z < CO%lgll -

Next, by interpolation and by using the Hélder and Sobolev inequalities, we prove that

1—(c—d)/c c—d)/c c— 1—(c—d)/c c—d)/c
lsllzg < Cllsgll iy, “Isglly V' < C8°sgly, ™ lglligy /°.

Moreover, for ||vsgl| g, we have
159l e < CUIYsllLe llgllme + (D Ps)gllLz)-

For [[(DYs)gll 2, by the Holder and Sobolev inequalities, we have

1(DPs)gllLz < [1DPsllsellgllere-

For || D¢s]|p1/c, by the Holder inequality (¢ =1 — (b—c)+b— 1, for some b > 1), we
have
1D Y5 p1e < C(5b_1/2||D61/J5HL1/(1/27(1;7C)) < C

This completes the proof. (I
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4. The bilinear estimate

One can obtain local well-posedness of problem (1.1), (1.2) by the Picard iteration method
provided that

10z (wiu2)lx,, , < Cllulx,,

[uallx.,,

holds for some b > % We only need to prove the bilinear estimate above and state the
theorem as follows.

Theorem 4.1. Let b be close enough to % satisfying b > % For % <V and s > —%,
we have

[0z (u1uz)|
where the constant C' depends on 3 and ~.

%0y < Cllull, , luzllx, - (4.1)

Remark 4.2. Here, the condition s > f% is required only because of the mathematical
technique.

Proof. By the definition of X’S,b, we have

[0z (uruz)|

Zons = 10a(urun)llx, oy + 1D 0u(urun) | x. s -

We only prove the bilinear estimate for the first term, ||0, (u1u2)|/x, ,_,, on the right-
hand side of the equality, as the proof for the second term is easier than that for the first
term:

102 (uru2)llx, ooy < Clluallx, lluzll

s,b!

By duality and the Plancherel identity, it suffices to show that

r= [t (;;fifm(mgl)fum,52> a5

(o
— (€)°I€l o E)Fy (o) (7. £) 6
/*<0->1_b]__[?—1<€j>3<0'j>b/f( ag).f( 75 )f( ’g)
(€7l o
<| I )7 sy 12 L0 + T )

Jj=1

for f € Ly, f > 0, where
fi= <€j>8<0j>b Uy, Jj=1,2

§=&+&, 7=71+T2.
One easily obtains that

1ille + e e = Tl
Theorem 4.1 holds only if the following holds:

‘ (el
(o)1= Ty () (03)

<C.
[3;RXR]
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Let
fi(€,7)

(1 +[r+ B + (v/&)P

In order to bound the integral 7", we split the domain of integration into several pieces.

FE(E 1) =

j=12.

We consider the most interesting case s < 0. Let »r = —s. By symmetry, it suffices to
estimate the integral in the domain |&;| < |&2].
Situation I. Assume that || < 4a

Case 1. If |&] < 2a, then we have |&| < | — &1] < 6a. Consequently, the integral 1
restricted to this domain is bounded by

€1 f(7,€) (&) fi(m, &) (€2)" f2(72,€2 f( Tf f1 T1,§1)f2(72,€2)
/*<E>T<U>H’ (o1)” (a2)¥ C/ (e))?  (oo)¥ a0

< C/Fl_bFI}/Fb%(x,t) dz dt

S ClFollpapz 1Fy s s | Foll pa s

< Clflzzalfullzza ol ez,

which follows by Lemmas 2.7 and 2.8.
Case 2. If 2a < |§1] < |&2/, then, for r <

1
5, We have

/ EF(m,€) (&) fi(m, &) (€ > 2(72,82) I
AT (o) a9)¥
f 5 ) (1) " Xer 1220 1(T1,€1) (§2) " X(ea 220 S2(T2, &2)
<¢ [ oF (o) (72"

<C / Fy_y- D8P L . DY¥ P2 F2 (¢, 1) da dt

dé

< CHFlfl?”LgL%||D91L=/8P2GFZ)1’||L§L§|‘Da1c/8p2anQ’HL;‘EL;‘
S COlfllzzezfillzzezl f2llzz e

which follows by Lemmas 2.5 and 2.8.

Situation II. Assume that |{| > 4a.
Case 1. If |£1| < 2a, then [£] = 2a and €] ~ [&2].
Subcase 1. If 1/10a < |&1] < 2a, then
/ E1f (7€) (&) fr(m, &) (&) f2(72,82) 4
< Qo) (o) (o2)”
C’/f 7,€) X1/10a<e1|<2a.f1(T1,61) 21X |es122a.f2(T2, §2)
(o1)" (o2)"

< C/Fl_b : P(l/lOa,Za)Fbl’ : D$P2GFZ)2/(.T,7§) dz dt

dé
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< ClFi-bll 22 21 Pt /100.20) Fy | 22 L= | Do P2 F || Lo 1.2
< Ol fllzeelfillzzee el zze,
which follows by Lemmas 2.4, 2.6 and 2.8.

Subcase 2. If [€1| < 1/10a, then we split the domain of integration into two pieces.

(i) If |&1 - €| < 4a?, then the integral 7 is bounded by

C’/f L bfl 7'1,51) 121X 651220 f2(T2, &2)

0_1 b’ <0—2>b'

dé

F(1,8) fi(m1, &) fo(m2, &)
O/ b ()P ] (o)t

< O/Fl_b-DglF,}, - Fi(x,t)dxdt
S Ol Fioallpz 2| Dy ol pa pall Da PP  Fb || pa 1
< Ol flza e Fallzaze I fellrs
which follows by Lemmas 2.7 and 2.8.

(i) If |& - &] = 4a?, then from the identities (1.8), it follows that

max(|o], o1/, [o2)] > C[€&1 &2
For simplicity, we assume that
lo| > Clé€i&al.
Then, for 2(1 —b) < %, the integral 7" is bounded by
/ EIF(,8) (&) film, &) (2)" fa(me, o) 45
©)rleasl™ () (02)”

f1 (11,&1) |§2|1/8X|52\>2af2(72,52)
C/f o1)¥ || (o2)¥’

< C/FO : D;lFb, -DYSP2F2 (g, t)dx dt

do

Cll OHLszHDx . b1/||L4L;%||Dglc/81 e 1;2'||L4L;1
T x @
CHf||L2L2 |||§| 1|f1HL2L2 ||f2HL2L27
§-T £ £

which follows by Lemmas 2.4, 2.6 and 2.8.

NN

Case 2. If 2a < |&]| < [€&2|, then from the identities (1.8), it follows that, if |£] > a
|€1] = a and |&2| > a, then

max(|ol, o1, |o2)] = Cl€61&]-

This implies that one of the following cases always occurs:
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(a) |o| = Clé&1&,
(b) lo1| > Cl€&1&2],

(c) loa| = Cle&i&al.
In this domain (Case 2), the integral 7" is bounded by

/|f|1 TX\5\>4af(T ) (€1)"Xer|>2af1 (71, 1) (€2)"X|es|22a.f2(T2,§2) P
(o1)? (02)" '
We consider the three cases (a) (b) and (c) separately.
If (a) holds, for r +b—1 < £ and r > b, we obtain
/ 1€ "X e13 40 F (T, €) (€)X g1 1320 /1(71, 1) (€2)" X 21320 f2(T2, E2) 45
o (&l &l Ent-? (01) (02)"
s — Gl X e 220 f1 (71, €0) 16T T X gy 20 f2 (T2, £2)
¢ [ I el (.0 o felz as
<C / Fy-DY®P2 L . DYSP2E2 (x,t) dae dt
< C||Follzz 2 |1 DY/ 3 P** Fy || g pa | D3/ ® P** Fi3|| 1 1
S COlflzzezllfallzzezllf2llzz ez
which follows by Lemmas 2.5 and 2 8.
This means that, if r +b—1 < , r > b, then we have
|€1¢61)" (€2)"
’ / < C
(o)1) (01)" (02)" || 3.y
However, if r < é, then by Lemma 2.9 we have
e | g
(o)1 =€) (01)" (02)" ll[33mxE]
In fact, if 71 < ro, by £ = &1 + & we obtain
|€1¢€1)"™ (€)™ <o lElE)= (&)
(G)1=0(E) 1 (1) (or3)” (a)1=b(§)r2 (1) (a2)¥
If (b) holds, for r+b' > 1, r — b < 16,thenweget
/|§1 "Xie1z4af (7€) 161]"X e1132aS1 (71, €1) (€2)" X |21 320 S2(T2, &2) &5
(o1)1—b (IEl1&] 1€)Y (o2)
1-b'— JF(T 2(r—b") oS (T2,
/ €] X\5\1>42 f( £)X|£1|22af1(7-17§1)|§2| X<|U£Z\>>b/2 fa(72,&2) 18

< C/Fl_b - F} .- DY®P2E2(2,t)da dt
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< CIFyopllparsl| Follpa 2 | DY P2 F | pa s
< Clfllezeellfallzzeel fallpz e

which follows by Lemmas 2.5, 2.7 and 2.8.
In a similar way to the treatment of (a) above, if r < %, by Lemma 2.9, we get

[€[{€1)7 (€2)"
(o) 1=b(E) (01 (or2)”

If (c) holds, the argument is similar to case (b). This completes the proof of Theo-
rem 4.1. |

N

<C.

[3;RXR]

5. The proof of Theorem 1.2

Now we turn to the proof of Theorem 1.2.

For ug € H? (s > —%), we define the operator

B(u) = (S (E)u + 1 (1 / S(t — )5 ()0, (u?)(t') A

and the set
B={uecX.:|ul

<., <2C0uollg.}-

In order to show that @ is a contraction mapping on B, we first prove
P(B) C B.

By Theorem 4.1 and Lemmas 3.1-3.3 for % < b <V < 1, we have the next chain of
inequalities:

12(w)ll%, , < Clluoll g +C8" llull%, | < Clluollg. + C8" ~"|luollz- lullx,,-
Therefore, if we fix § such that C8% ~?|jugl| 5. < 1, then we have
&(B) C B.

For u,v € B, reasoning in an analogous way to above, it follows that

12(w) = 2()llx, , < C8" *(lullg, , + lvllz, v —vlx,, <szlu-vl,,.

Therefore, @ is a contraction mapping on B. There exists a unique fixed point which
solves the Cauchy problem (1.1), (1.2) for T’ < 16.
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