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Can the similarity between rotation and stratification provide quantitative predictions for
complex turbulence? In this work, we focus on plane Couette turbulence as the background
flow, which allows us to eliminate the key differences between Rayleigh—Bénard and
Taylor—Couette turbulence, and facilitates a quantitative mapping across many complex
turbulent systems involving rotation, stratification and curvature effects. To characterize
the separated or coupled effects of rotation and stratification, we introduce an overall
Richardson number Ri, which is the sum of the Coriolis Richardson number Rip and
the buoyancy Richardson number Ri7. When the Prandtl number Pr = 1, the heat and
inertial-frame momentum transport almost coincide and mainly depend on Ri, and the
Reynolds number, regardless of the specific ratio between Riy and Rir. When Pr varies,
the weighted average Nu, of the transport coefficients can still remain approximately
invariant in most cases. Furthermore, the large-scale structures in purely rotating and
purely stratified cases exhibit strikingly similar features. These findings not only indicate a
more reasonable analogy for the ultimate Taylor—Couette turbulence but also pave the way
for developing new predictive models for natural and industrial processes.
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1. Introduction

Rotating and stratified flows are prevalent in various turbulent systems, ranging from the
Earth’s atmosphere (Wyngaard 1992; Hartmann, Moy & Fu 2001) and celestial bodies
(Young & Read 2017; Schumacher & Sreenivasan 2020) to turbomachinery (Han 2018;
You et al. 2018). In celestial bodies, for instance, the Coriolis force significantly influences
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buoyancy-driven flows (Wyngaard 1992; Young & Read 2017; Schumacher & Sreenivasan
2020), whereas in high-temperature turbines, the buoyancy force has a substantial impact
on rotating flows (Han 2018; You et al. 2018). The coupling effects of the Coriolis and
buoyancy forces are perfectly illustrated in the Earth’s global atmospheric circulation with
Hadley, Ferrel and polar cells (Lutgens, Tarbuck & Tasa 2007). Therefore, it is essential
to consider both the isolated and combined effects of rotation and stratification in these
systems.

A possible approach to better understand these complex effects is the analogy between
rotating wall turbulence and buoyancy-driven turbulence (Jeffreys 1928; Bradshaw 1969;
Veronis 1970; Lezius & Johnston 1976; Tanaka et al. 2000; Busse 2012; Ostilla-Monico
et al. 2014; Brauckmann, Eckhardt & Schumacher 2017; Zhang et al. 2019; Eckhardt,
Doering & Whitehead 2020; Brethouwer 2021; Zhang, Xia & Chen 2022). One of the
most well-known examples is the analogy between Taylor—Couette flow (Taylor 1923; van
Gils et al. 2011; Huisman et al. 2012; Grossmann, Lohse & Sun 2016; Zhu et al. 2018)
and Rayleigh-Bénard convection (Kraichnan 1962; Ahlers, Grossmann & Lohse 2009;
Lohse & Xia 2010; Grossmann & Lohse 2011; Zhu et al. 2019; Wang, Zhou & Sun 2020;
Jiang et al. 2022), which are referred to as ‘the twins of turbulence research’ by Busse
(2012). These two systems exhibit similar ultimate scaling of heat or angular momentum
transport and Reynolds number (van Gils et al. 2011; Huisman et al. 2012; Zhu et al.
2018, 2019; Jiang et al. 2022), and their turbulent statistics and flow structures are also
similar when their transport coefficients (angular momentum for Taylor—Couette and heat
for Rayleigh—Bénard) are chosen to be consistent (Brauckmann ez al. 2017). However, the
analogy is found to only hold in a qualitative way, particularly for the prediction of the
transition parameters of the different systems. This is mainly caused by two differences
between these two systems. First, it is easier for the Taylor—-Couette system to have a
turbulent boundary layer due to wall shear, while the Rayleigh—Bénard system can only
achieve boundary layer transition indirectly through the buoyancy effect (Grossmann
et al. 2016). Second, although both the ideal Taylor—Couette system (infinitely long
cylinders) and the ideal Rayleigh—Bénard system (infinitely large plates) are statistically
homogeneous in the directions perpendicular to the wall-normal direction, they are very
different in isotropy. Statistically, the Rayleigh—Bénard system exhibits horizontal isotropy,
while the Taylor—Couette system is not isotropic in the azimuthal-axial hyperplanes even
in the limit of vanishing curvature.

Fortunately, in many realistic stratified flows, stratification is coupled with wall
shear (Prandtl 1932; Obukhov 1946; Monin & Obukhov 1954; Kader & Yaglom 1990;
Deusebio, Caulfield & Taylor 2015; Pirozzoli et al. 2017; Zhou, Taylor & Caulfield
2017; Haghshenas & Mellado 2019; Blass et al. 2020, 2021), effectively eliminating the
two primary differences. To be specific, adding a mean shear to the Rayleigh—Bénard
system not only makes it easier to achieve boundary layer transition, but also breaks the
horizontal isotropy. Therefore, investigating the effects of rotation and stratification in
wall-sheared flows can help upgrade the qualitative analogy into a quantitative prediction
approach.

The analogy between two systems can be further extended to the analogy
between the rotation and stratification effect, and also the analogy between heat
and momentum transfer in rotating stratified wall turbulence. These analogies can
provide a more comprehensive understanding of the dynamics of complex wall
turbulence. Since the limiting case of Taylor—Couette flow with vanishing curvature
is the spanwise rotating plane Couette flow (Faisst & Eckhardt 2000; Dubrulle et al.
2005; Brauckmann, Salewski & Eckhardt 2016), and the Rayleigh—Bénard convection
with wall shear can be called stratified plane Couette flow, it is straightforward to
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Figure 1. Sketch of spanwise rotating stratified plane Couette flow.

choose plane Couette turbulence as the background flow to investigate both rotation
and stratification effects. In addition, essentially identical boundary conditions of
velocity and temperature can be applied to plane Couette turbulence, making it
convenient to examine the analogy between heat and momentum transfer in the same
case. The analogy between the rotation and stratification effect can be examined
through the comparison between two cases with different combinations of rotation and
stratification.

In this work, we investigate the turbulence statistics and large-scale flow structures in
plane Couette turbulence subject to rotation or stratification, or combinations of both
effects. The basic equations and mathematical basis of thermal analogy, followed by
redefined physical parameters and our theoretical conjectures, are introduced in § 2. The
conjectures are then examined and rectified with previous and newly obtained numerical
simulation results in § 3. Finally, the present work will be summarized in § 4.

2. Governing equations and theoretical conjectures
2.1. Original equations

As shown in figure 1, the x, y and z axes with corresponding unit vectors X, y and Z
represent the streamwise, wall-normal and spanwise directions, respectively. We denote
the streamwise velocity and temperature difference between two walls as [U] and [T],
the distance between the walls as H, the gravitational acceleration as —gyp, the angular
velocity as §2z, the thermal expansion coefficient as 8, the kinematic viscosity as v and
thermal diffusion coefficient as «. The centrifugal buoyancy is not shown explicitly mainly
because the effect of centrifugal force induced by the Earth’s rotation is embedded in the
shape of the Earth and locally measured values of gravitational acceleration. In addition,
centrifugal buoyancy in a rapidly rotating Taylor—Couette device with a large radius ratio
can serve as a wall-normal ‘gravity’ (Jiang et al. 2022). There are four independent control
parameters: the Reynolds number Re = [U]H /v, the rotation number R = 22H/[U],
the Rayleigh number Ra = gB[T|H?/va and the Prandtl number Pr = v/a. Under the
Boussinesq approximation (Boussinesq 1903), the non-dimensionalized basic equations
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are as follows:

V.-u=0, (2.1a)
ou 1, R
E+u-V :—Vp+RVu+Rguxz+ Ty, (2.1b)
oT +u-VT = V2T (2.1¢)
—4u- = , dc
at RePr

where the boundary conditions are u|y—+0.5 = 40.5x and T| y=+05 = F0.5.

2.2. Thermal analogy

For spanwise rotating shear flows, a variable transformation (Tanaka er al. 2000; Zhang
et al. 2019) indicates that the Coriolis force has a buoyancy-like effect on the wall-normal
velocity. We can extend this variable transformation to the present rotating stratified
system, which reveals a striking similarity between the effects of the Coriolis and buoyancy
forces characterized respectively by R and Ra. Specifically, by defining 6 = (Roy —
u)/(1 — Rg), the streamwise and wall-normal momentum equations can be expressed as
follows (detailed derivations are shown in Appendix A):

30 1o 1,

— - Vo = — 4+ —V-0, 2.2

ar M [—Roox | Re (2.20)
v op 1,
— Vv V Ro(1 — , 2.2b
a7 +u- ay + v+ Ro( p; (2.2b)

where p =p +R%2y2/2. Notably, the boundary condition of 6 coincides with that of
the temperature 7, and the streamwise component of the Coriolis force is absorbed
into the convection term of 0. We observe that the transformed equations establish a
close analogy between 6 and a temperature/concentration field with Prandtl/Schmidt
number being 1 and Rayleigh number being Re’Ro (1 — Rg). An apparent difference
between 6 and a temperature/concentration field is that 6 has a source term arising from
the incompressible constraint on velocity. This is because the incompressible condition
requires a full elimination of the divergence and wall-normal flux of du/d¢ by the pressure
gradient Vp, whose streamwise component appears as a source term in the 06 /9t equation.

2.3. Theoretical conjectures

Taking inspiration from the transformed variables and equations, we propose parameter
transformations for the rotation number and Rayleigh number. Based on previous research
on sheared Rayleigh—Bénard convection at different Prandtl numbers (Blass et al. 2021),
we define the buoyancy Richardson number Rir as Ra/Re® for Pr < 1 and RaPr/Re? for
Pr > 1 (explained later in this subsection). The Coriolis Richardson number is defined
as Rip = Ro (1 — Rg). In classical Taylor—Couette systems with fixed outer cylinder and
radius ratio larger than 1/2, the angular velocity of the characteristic rotating system does
not exceed a quarter of the spatially averaged rotating-frame vorticity, resulting in R <
0.5 (Dubrulle et al. 2005; Brauckmann et al. 2016). We are focusing on the same Rg
range, which ensures that there is a one-to-one mapping between (Re, Pr, Rir, Rig) and
(Re, Pr, Ra, Rg) in the present study. Correspondingly, we define the heat Nusselt number
as Nur = —d(T)/dy|+o.5 and the momentum Nusselt number as Nug = —d(0)/dy|+o5. It
should be noted that Nug characterizes the streamwise momentum transport in the inertial
frame.
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Furthermore, we define an overall Richardson number and the relative stratification-
rotation difference as
RiT — Riy
Rir + Rip’
which can replace Ri7 and Rig when Ri, #0. Our choice of defining Ri, is motivated
by our goal to unify the effects of the Coriolis and buoyancy forces, while y quantifies
the relative contributions of the two forces. More specifically, we expect that Ri,
consists of 50(1 + y) percent stratification effect and 50(1 — y) percent rotation effect.
Correspondingly, an overall Nusselt number is defined as the weighted average

14y 11—y

Nuy = > Nur + >

of heat and momentum Nusselt numbers, where the weights of heat and momentum
transport are proportional to the contributions of the stratification and rotation effect,

Riy = Rit +Rig, y = (2.3a,b)

Nuy, 24

respectively.
In the special case of Pr = 1, we can define a mixed scalar
I+y 1—y
= T 0, 2.5
) + ) (2.5)

which has the same boundary condition as those of T and 6. The evolution of 7" and
6 should be very similar because the diffusivity of 6 is the same as that of 7', and the
ensemble average of the source term of 6 is (1 — Ro)™! (dp/0x) = 0. Therefore, it is
reasonable to conjecture that & ~ T ~ x at Pr = 1, which we call as the inertial-frame
Reynolds analogy. Under such conjecture, the Coriolis and buoyancy term in (2.2b) can be
approximately unified into an overall buoyancy-like term:

Ro(1 —Rp)O + T~ [R_q(l —Ro) + } x = Ri X, (2.6)

a
Re%Pr Re%Pr
which perfectly demonstrates the adequacy of defining Ri, .

Motivated by the mathematical analogy between the Coriolis and buoyancy effects, we
propose another compelling conjecture that the heat and momentum Nusselt numbers,
Nur and Nuy, respectively, are primarily governed by the Reynolds number Re and
the overall Richardson number Ri,, with little sensitivity to y and Pr. In essence,
we anticipate that in the plane Couette system, the Coriolis and buoyancy forces exert
nearly identical influences, if not entirely indistinguishable, on both heat and momentum
transport. Following the reference of ‘the twins’ to Taylor—-Couette and Rayleigh-Bénard
systems (Busse 2012), we call the second conjecture the twin-force analogy.

The piecewise definition of Ri7 is motivated by the twin-force analogy. Such analogy
is likely to hold for Pr = 1, which means that Nug|,——1 = Nuy|,=—1 = Nuy|y—11 =
Nur|,—41 at Pr=1, and fixed Re and Ri,. Since Nuy in a rotating plane Couette
system (y = —1) does not depend on the Prandtl number Pr, it is necessary to make
Nur in a sheared Rayleigh—-Bénard system (y = +1) almost independent on Pr to extend
the conjecture to systems with Pr # 1. This requires a proper definition of Rir. The
results of Blass ef al. (2021) show that the influence of Pr on heat transport in sheared
Rayleigh—Bénard convection is relatively small when Pr < 1 and considerable when
Pr > 1. Furthermore, when Pr > 1, the thermal boundary layer should be embedded in
the momentum boundary layer in sheared Rayleigh—Bénard convection, which indicates
that the influence of viscosity is less important and that Ra can be replaced with RaPr in
which v is absent. The appropriateness of such a definition will be examined by simulation
results in the next section.
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Figure 2. Momentum Nusselt number Nuy ([0 with solid lines) and heat Nusselt number Nup ({ with
dashed lines) as functions of overall Richardson number Ri, in both rotating plane Couette flow (y = —1,
solid symbols) and sheared Rayleigh—-Bénard convection (y = +1, hollow symbols) at different Pr = 1, and
(a) Re < 10000 and (b) Re > 10000. Data are from Huang et al. (2020), Blass et al. (2020), Brethouwer
(2021, 2023).

3. Numerical results and discussions
3.1. Previous results

Previous studies on rotating plane Couette flow (Bech & Andersson 1996, 1997; Tillmark
& Alfredsson 1996; Alfredsson & Tillmark 2005; Tsukahara, Tillmark & Alfredsson
2010; Gai et al. 2016; Huang et al. 2019; Huang, Xia & Chen 2020; Brethouwer 2021)
and sheared Rayleigh—-Bénard convection (Blass et al. 2020, 2021) may provide some
evidence for the validity of our conjectures. Figure 2 shows Nug and Nur from direct
numerical simulations at different Re € [4000,40000], y = &1 and Ri,. The results
of rotating plane Couette flow (y = —1) at five different Re are from Huang er al.
(2020) (without heat transfer data) and Brethouwer (2021, 2023), while those of sheared
Rayleigh—-Bénard convection (y = +1) at six different Re are from Blass et al. (2020).
Different normalized efficiencies of momentum transport (friction Reynolds numbers
and rotating-frame momentum Nusselt numbers) are transformed into Nuy following the
relations derived in Appendix B.

The first apparent phenomenon is that Nuy is close to Nur in the same case, and the
relative difference between them is O(10 %) when Ri, < 0.25. This strongly supports
the validity of the inertial-frame Reynolds analogy (which reduces to the classical
Reynolds analogy when R, = 0), as can also be indicated by the analysis of rotating
wall turbulence performed by Zhang et al. (2019), Brethouwer (2021, 2023). With more
detailed observation, it can be seen that the turbulence enhanced by stratification (y = +1)
is usually more efficient in heat transport than (inertial-frame) momentum transport, and
the turbulence enhanced by rotation (y = —1) is usually more efficient in momentum
transport. Figure 2 also shows that a rotating system and a stratified system at similar Re
and Ri, would have almost equally similar Nuy and Nur, which indicates the validity of
the twin-force analogy.
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Re Pr Ra/10° Ro Riy % Nur Nug Nty

5000 1 0.00  0.000 0 - 5.02 5.05 5.04
5000 1 -0.50  0.064 004 -2 7.01 7.05 7.07
5000 1 0.00 0042 004 -1 7.11 7.13 7.13
5000 1 0.50  0.020  0.04 0 7.04 7.05 7.05
5000 1 1.0 0.000  0.04 1 6.80 6.77 6.80
5000 1 150  —0.020  0.04 2 6.55 6.47 6.59
5000 1 —-2.00 0400 0.6 -2 9.30 9.43 9.49
5000 1 0.00 0200 0.6 -1 1007  10.12  10.12
5000 1 2.00  0.088  0.16 0 9.78 9.80 9.79
5000 1 400  0.000 0.16 1 9.43 9.24 9.43
5000 1 6.00 —0.074  0.16 2 9.09 8.74 9.26
5000 0.25 0.00  0.000 0 - 2.67 5.05 3.86
5000 025  —2.00 0400 0.16 -2 1.49 3.93 5.15
5000 0.25 0.00 0200 0.16 -1 6.23 1012 10.12
5000 0.25 2.00  0.088  0.16 0 736 1171 9.53
5000 0.25 400  0.000 0.16 1 8.92  13.53 8.92
5000 0.25 6.00 —0.074  0.16 2 1028 14.75 8.04
5000 4 0.00 0000 0 - 9.15 5.05 7.10
5000 4 -0.50 0400  0.16 -2 18.11 1083 10.17
5000 4 0.00 0200 0.16 -1 1645  10.12  10.12
5000 4 0.50  0.088  0.16 0 13.78 8.58 9.62
5000 4 1.00  0.000  0.16 1 9.57 5.37 9.57
5000 4 150  —0.074  0.16 2 1.00 1.00 1.00
10000 1 0.00 0000 0 - 8.49 8.42 8.45
10000 1 —-8.00 0400  0.16 -2 1343 1432 1476
10000 1 0.00 0200 0.16 -1 13.63 1354 1354
10000 1 8.00 0088  0.16 0 1357 1347 1352
10000 1 16.00  0.000  0.16 1 1359 1338 13.59
10000 1 24.00 —0.074  0.16 2 1472 1405  15.05

Table 1. Parameters used in the present study, along with the computed heat, momentum and overall Nusselt
numbers.

However, figure 2 only supports our conjectures at Pr = 1 and y = %1, where only one
of the rotation and stratification effects appears in each case. Further examinations and
discussions for more arbitrary combinations of rotation and stratification in a wide range
of Pr should be carried out.

3.2. Present results

To quantitatively test our conjectures in more complex conditions, we performed
direct numerical simulations using the open-source spectral element code NEK5000
at Re € {5000, 10000}, Pr e {1,4*!}, Ri, €{0,0.04,0.16} and y € {0, £1, £2}. The
computational domain used in this study is Ly x Ly X L, =97 x 1 x 47, and it is
accompanied by an equivalent grid size n, x ny x n; of 568 x 71 x 505 for Re = 5000
and 1072 x 106 x 617 for Re = 10000. More computational set-ups and validation
procedures are detailed in Appendix C. Physical parameters, along with the computed
heat, momentum and overall Nusselt numbers, are shown in table 1.

Figure 3 shows the heat, momentum and overall Nusselt numbers of plane Couette
systems in statistically steady state at Pr = 1 and at different values of Re, Ri, and y.
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Figure 3. Heat Nusselt number Nur, momentum Nusselt number Nuy and overall Nusselt number Nu, as
functions of the overall Richardson number Ri, and the relative stratification-rotation difference y for plane
Couette flow at Pr = 1, and (a) Re = 5000 and (b) Re = 10000. The red and blue lines denote the heat and
momentum Nusselt numbers, respectively, at the condition of Riz = Rig = 0.

It is worth noting that the relative stratification-rotation difference, y, serves as a
useful classification parameter for the system, dividing it into five distinct types: stable
stratification and unstable rotation (y < —1), purely unstable rotation (y = —1), unstable
stratification and unstable rotation (—1 < y < +1), purely unstable stratification (y =
+1), and unstable stratification and stable rotation (y > +1). Although the large-scale
patterns in statistically steady states can be different under different initial conditions, it
can be indicated from Huang et al. (2019, 2020) that the resulting variations in heat and
momentum transfer are usually acceptable in the following discussions. In addition, all
cases at the same Re and Ri, # 0 are initiated with the same velocity and temperature
field, which can reduce the difference of flow state between two neighbouring cases with
similar y.

In figure 3, we observe that for Pr = 1, the values of Nur and Nuy are relatively close
to each other in the same system. This indicates the validity of our first conjecture in § 2.3,
namely the inertial-frame Reynolds analogy, when complex combinations of rotation and
stratification are present. The validity of the inertial-frame Reynolds analogy at R #0
straightforwardly implies the invalidity of the classical Reynolds analogy calculated from
rotating-frame momentum transfer (Brethouwer 2018), as indicated by Zhang et al. (2019)
and Brethouwer (2021, 2023). An explanation based on the Lagrangian view proposed
by Zhang et al. (2019) is helpful for understanding: under spanwise system rotation, the
evolution of the rotating-frame streamwise velocity carried by vertical motions can be
written as

W Rov+ =R
—s v — _—
i F i
where ¢ denotes the contributions from other terms in the momentum equation and could
be regarded as a stochastic forcing. In other words, when the Coriolis force is present, the
inertial-frame streamwise velocity u — Ry is much more similar to a temperature field
than the rotating-frame streamwise velocity u.

The deviation of Nuy and Nur from the inertial-frame Reynolds analogy is small,
but increases to O(10%) at Riy, = 0.16 and y = £2 for both Re = 5000 and Re =
10000. There is Nug > Nur when Rig > 0 > Rip, and Nuy > Nuy when Rir > 0 > Rig.
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This is consistent with the previous simulation results (figure 2). A possible reason is
that rotation-induced flow structures are more efficient for momentum transport, while
buoyancy-induced flow structures are more efficient for heat transport. The difference
in flow structures can be indicated in the difference between the Coriolis and buoyancy
effects on vorticity:

. ST .k ko
V x (R_Qu X z) <> RQZk X (u X z) = lRQ(l —R_Q) —kZG, y
1-Ro 1—Rg

(3.2a)

v Ra 73 x5 g R b0 k), (3.2b)
X <> IK X = .
re2pr Y Yre2pr! = 'Re2py

where k = (ky, ky, k;) denotes the spatial wavenumber and ¢(k) denotes the spatial
Fourier transform of ¢(x). The last equality of (3.2a) is obtained using the incompressible
condition ik -2 =0 and the fact that k,y = 0. Therefore, even if Pr=1and 6 =T
everywhere, only the streamwise curl of the summed force can be unified into —Ri, k; X .

More importantly, at the same Ri,, we find in figure 3 that y only has very small
influence on the three Nusselt numbers, thus verifying the twin-force analogy for Pr = 1
situations. This indicates that the Coriolis and buoyancy forces have almost the same
effect on turbulent transport, especially for purely stratified (y = +1) or purely rotating
(y = —1) cases. Furthermore, they can easily superpose when their Richardson numbers
have the same sign (|y| < 1), and partially counteract when their Richardson numbers
have opposite signs (|y| > 1).

In the case of Re = 5000 and Pr = 1, there is a small decrease of both heat and
momentum Nusselt numbers for y > —1. It can be attributed to the suppression effect of
wall shear on plumes. By using the variable transformation given in (2.2a), the momentum
Nusselt number can be related to the normalized average wall shear, which can be called
as the rotating-frame momentum Nusselt number and given by

A 1= 120 = )Ry
dy |40 2

(Nug — 1). (3.3)

Therefore, a nearly constant Nug leads to an increase of wall shear with y, resulting
in a stronger suppression effect on plumes and consequently a suppression of heat and
momentum transfer. When Re increases to 10000, the decrease of Nur and Nug is
almost negligible, indicating that the velocity fluctuations enhanced by wall shear begin to
compensate the suppression effect on plume activity. Similar effects of wall shear can be
inferred from Blass et al. (2020), which shows that Nup at fixed Ra first decreases and then
increases with increasing Re. At Re = 10000, the deviation from the twin-force analogy
becomes relatively larger, which can be observed in the larger Nug at y = —2 and the
larger Nur at y = 2. This can also be attributed to the differences between the Coriolis
and buoyancy effects (3.2) and the specialized transfer characteristics of flow structures.
To further examine or demonstrate the validity of our conjectures for Pr =1, the
mean velocity profiles (u) together with the normalized inertial-frame velocity profiles
(0) at Re =5000, Ri, =0.16 and Pr =1 are shown in figure 4. It can be seen in
figure 4(a) that (u) strongly depends on y. However, such dependence is mainly due to
the velocity transformation relation between the inertial frame and the rotating frame.
This is because (#) at different y almost coincide, as shown in figure 4(b), indicating the
validity of the twin-force analogy. Furthermore, within y € [—0.3, 0.3], there is (8) ~ 0,
which is equivalent to (#) ~ Rpy in the rotating frame. The local linear law of (u) is

979 A45-9


https://doi.org/10.1017/jfm.2023.1101

https://doi.org/10.1017/jfm.2023.1101 Published online by Cambridge University Press

S. Zhang and C. Sun

(b)

0.5
= "
Ho o o3f
£ ¢
05
%

AV g, 0.1
N
=
| -0.1
~
G
< 03

-0.5 -0.3 -0.1 0.1 0.3 0.5 -0.5 -0.3

Figure 4. Mean profiles at Re = 5000, Ri, = 0.16 and Pr = 1 of (a) streamwise velocity u and
(b) normalized inertial-frame streamwise velocity 8 = (Roy — u)/(1 — Rg).
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Figure 5. Mean profiles at Re = 5000, Ri, = 0.16 and Pr = 1 of (a) temperature 7 and (b) velocity u,
together with the estimations obtained from the (7') in sheared Rayleigh—-Bénard convection (y = +1).

referred to as the zero mean absolute vorticity state (Hamba 2006; Grundestam, Wallin
& Johansson 2008) in spanwise rotating plane Poiseuille turbulence. This behaviour can
also be explained using the Lagrangian view (Zhang et al. 2019) as briefed in (3.1).
A closer observation suggests the non-monotonicity of (9) at y = =£2. This is similar to the
non-monotonicity of mean temperature profiles in sheared Rayleigh—Bénard convection
(Blass et al. 2021).

Figure 5(a), demonstrating that the mean temperature profiles at Re = 5000, Ri, = 0.16
and Pr = 1 are almost invariant with y, also supports the twin-force analogy. To examine
the inertial-frame Reynolds analogy, we can examine the accuracy of estimating (u)
at different y only with the (T) at y = +1. Under the assumption that (9) ~ (T), the
estimation formula of (u) is Rey — (1 — Re)(T|,=1), where (T'|,—) denotes the (T)
in sheared Rayleigh-Bénard system (y = +1) at the same Re and Ri,. As shown in
figure 5(b), which depicts (1) and the corresponding estimations based on (7|, =), the
accuracy of the inertial-frame Reynolds analogy is satisfactory. In addition, figure 5(b)
also suggests that the inertial-frame Reynolds analogy and the twin-force analogy can
help to predict temperature or velocity profiles in complex rotating stratified systems with
experimental results in less complex systems.
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Figure 6. Instantaneous contours of x in the y = O plane at Pr = 1 and Ri,, = 0.16: (a) Re = 5000, y = —1;
(b) Re = 5000, y = +1; (c) Re = 10000, y = —1; (d) Re = 10000, y = +1.

Flow structures at Pr =1, Ri, =0.16 and y = %1 are visualized in figure 6 with
instantaneous contours of x in the y = 0 plane. Notably, the rotating plane Couette
flow (y = —1) and sheared Rayleigh-Bénard convection (y = 41) have not been
simultaneously visualized in prior studies. The observed large-scale streak-like structures,
known as plume currents (Zhang et al. 2022), consist of plumes driven by either
stratification or rotation, and drive the large-scale streamwise rolls. A striking similarity
emerges when comparing the pure rotating and pure stratified systems at Re = 5000.
Figure 6(a) shows that there can be five pairs (0 < x < 7) or six pairs (10 < x < 25) of
plume currents in the purely rotating case, and figure 6(b) shows that there can be five pairs
of plume currents in the purely stratified case, indicating a close resemblance between the
rotation and stratification effect on large-scale flow structures. It is worth noting that in
the current periodic spanwise domain, the number of plume currents may be influenced
by initial conditions (Huisman et al. 2014; Huang et al. 2019, 2020) or could change after
extremely long simulation time (Zhang et al. 2022). However, usually, the sensitivity to
initial condition only allows approximately a relative uncertainty of £1 pairs of plume
currents. Therefore, the large-scale patterns of the rotating plane Couette and sheared
Rayleigh—-Bénard systems at Re = 5000 and Pr = 1 would still be very similar even with
possible variations depending on initial conditions. Difference in small-scale fluctuations
can be inferred by more detailed observation on figure 6(a,b): plume currents induced by
rotation are relatively narrower and straighter, while those induced by stratification are
more chaotic. This can be attributed to the different expressions shown by (3.2) of the
Coriolis and buoyancy effects on vorticity. Only the spanwise component of k appears in
the Coriolis term, indicating that the self-sustaining process of rotation-induced structures
mainly involves spanwise variations. In contrast, both &, and k, appear in the buoyancy
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Figure 7. Heat Nusselt number Nu7, momentum Nusselt number Nug and overall Nusselt number Nu, as
functions of the relative stratification-rotation difference y for plane Couette flow at Re = 5000, Ri, = 0.16,
and (a) Pr = 0.25 and (b) Pr = 4. The red and blue lines denote the heat and momentum Nusselt numbers,
respectively, at the condition of Rir = Rig = 0.

term, indicating that the corresponding prevalent flow structures have larger degrees of
freedom.

The changes of rotating plane Couette and sheared Rayleigh—Bénard systems under the
increase of Re are very different. Figure 6(c) shows that there are five pairs of plume
currents in the purely rotating case at Re = 10000, which is similar to the result at
Re = 5000, except that plume currents become more chaotic and fragmented. In contrast,
as shown in figure 6(d), the purely stratified case at Re = 10 000 exhibits large streamwise
variations of the spanwise distribution of plume currents. The spanwise distance between
neighbouring plume currents varies between approximately 0.7 and 3. The primary reason
is that larger Re strongly activates the k, modes, and the distribution of flow structures
tends to be more horizontally isotropic, under much weaker constraint on spanwise
distance.

In contrast, the resemblance between Taylor—Couette turbulence and Rayleigh—Bénard
convection is significantly weaker in terms of flow structures, even when carefully
adjusting the parameters to yield similar Nusselt numbers (Brauckmann et al. 2017). To
elaborate, while the governing equations remain identical in the context of traditional
and sheared Rayleigh—Bénard convection, it is only the latter, characterized by wall shear,
that engenders the elongated large-scale structures reminiscent of those in Taylor—Couette
or rotating plane Couette turbulence. This delineates a pivotal insight: beyond the
mathematical affinities elucidated in § 2.2, the consistency of symmetry and wall shear
crucially contributes to the striking similarity observed among diverse rotating stratified
wall turbulence. These findings provide compelling evidence for a much stronger
connection between rotation-driven and stratification-driven dynamics when both are put
in the background of wall turbulence.

Figure 7 shows the Nusselt numbers at Re = 5000, Ri, = 0.16, and different values
of y and Pr # 1. It can be seen that the behaviour of the heat, momentum and overall
Nusselt numbers becomes more intricate as the Prandtl number Pr varies. As shown in
figure 7(a), for Pr = 0.25, the heat Nusselt number is always smaller than the momentum
Nusselt number, indicating that the thermal boundary layer is thicker than the momentum
boundary layer in the inertial frame. This suggests that stratification has a globally
larger influence than rotation in situations where Pr < 1. As the strength of unstable
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stratification increases with increasing y, the overall enhancement of turbulence by
rotation and stratification also increases, leading to an increase in both Nur and Nug. At
y = —2, despite unstable rotation having a characteristic strength three times that of stable
stratification, the unstable momentum boundary layer is embedded in the stable thermal
boundary layer. This leads to partial laminarization and a significant decrease in both heat
and momentum Nusselt numbers.

The results at Pr = 4 shown in figure 7(b) exhibit a trend that is exactly opposite to that
of the Pr = (.25 cases. In this scenario, the momentum boundary layer is thicker than the
thermal boundary layer, leading to the dominance of the rotation effect, and causing both
Nut and Nuy to increase as y decreases (increasing strength of unstable rotation). Notably,
at y = 2, there is even a complete laminarization observed.

The present results perfectly demonstrated the appropriateness of our definition of Rir
in § 2.3. It has already been found that the twin-force analogy is valid at Pr = 1, and it is
obvious that in purely rotating cases (y = —1), the Nu,, = Nuy is independent to Pr. As
shown in table 1, in purely stratified cases (y = +1), the Nu, = Nur is insensitive to Pr,
which aligns with the intended purpose of the piecewise definition of Ri, . Consequently,
there are six cases at Re = 5000, Ri, = 0.16 and y = %1 that have very similar Nu,,
which strongly supports the twin-force analogy.

While heat and momentum transport exhibit significant changes with y for Pr #1,
the overall Nusselt number Nu, at Re = 5000 and Ri, = 0.16 shows weak dependence
on Pr and y for the cases that are not laminarized (13 out of 15 cases at three Pr).
This observation provides compelling evidence for the partial validity of the twin-force
analogy across all values of Pr: Nu, is mainly determined by Re and Ri,, regardless
of specific (stable or unstable) contributions from the rotation and stratification effect.
In other words, rotation and stratification can serve as approximate substitutes for each
other. Although the inertial-frame Reynolds analogy is generally invalid when Pr # 1,
the transport behaviours of the systems can still be interpreted as those controlled by two
buoyant scalars with distinct Prandtl or Schmidt numbers (Turner 1979; Yang, Verzicco &
Lohse 2016; Garaud 2018).

The present results also indicate the similarity between Taylor—Couette flow and
sheared Rayleigh—Bénard convection. We already found that when Re is fixed, rotating
plane Couette flow at a rotation number 0 < R < 0.5 is very similar to sheared
Rayleigh—-Bénard convection at Pr = 1 and Rir taking the value of R (1 — Rg). For the
Taylor—Couette system, it is reasonable to choose a rotating frame with angular velocity
being the averaged value of the inner and outer cylinder, and define a R using this
angular velocity (Dubrulle et al. 2005; Brauckmann et al. 2016). Furthermore, Dubrulle
et al. (2005) demonstrated that Taylor—Couette and plane Couette systems, when at the
same Re and Ry, exhibit significant similarities, especially when n > 0.71. For classical
Taylor—Couette systems with fixed outer cylinder, the definition of rotation number
becomes Rp = 1 — n. Therefore, it is reasonable to anticipate that a Taylor—Couette
system with radius ratio n > 1/2 and fixed outer cylinder exhibits strong similarity to
sheared Rayleigh—Bénard convection at Rir being Ro(1 —Ro) = (1 —np)[1 — (1 —n)] =
n(l —mn).

4. Conclusion

Our study has investigated the effects of rotation (Coriolis force) and stratification
(buoyancy force) on plane Couette turbulence both separately and in combination.
Previous and present simulation results indicate the validity of the twin-force analogy
signifying that the Coriolis and buoyancy forces are ‘twin forces’ whose effects can
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be unified. Specifically, in turbulent cases at fixed Re and Pr, the overall Nusselt
number Nu, is primarily determined by the total strength of rotation and stratification
characterized by the overall Richardson number Ri,, which can be achieved by
considerably arbitrary combinations of stratification and rotation. In the special case of
Pr =1, large-scale flow structures driven by the buoyancy force are remarkably similar
to those driven by the Coriolis force. In addition, the inertial-frame Reynolds analogy,
standing for the approximate coincidence of heat and inertial-frame momentum transfer at
Pr =1, is also valid. Building on these discoveries, we further conjecture that the ultimate
Taylor—Couette turbulence with radius ratio n > 1/2 and a fixed outer cylinder is nearly
equivalent to high-Reynolds-number sheared Rayleigh—Bénard convection at Pr = 1 and
Ri7 being n(1 — n), rather than the classical Rayleigh—-Bénard convection.
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Appendix A. Derivations of (2.2)
The streamwise and wall-normal components of the momentum equation (2.1b) are

9 ap 1
M wvu p+ —Vu+ Rov, (Ala)
ot Cox

L 8p+ lvz Rau+ = _Ra_ (Al1D)

—_— u- v — u .

at dy  Re @ e2Pr

By introducing & = (Rpy — u)/(1 — Rg), the Coriolis term in (A1b) can be written as
—Rouy = —Re[Rey — (1 — R2)01y

= Ra (1 — Re)09 — Rp)yp

R_Qy

= Ro(1 —

(A2)

where the last gradient term can be absorbed into a redefined pressure p = p + R?Zy2 /2.
The evolution of 6 = (Roy — u)/(1 — Rg) can be derived from (Ala):

a0 0 Roy — Roy —
W ve dRey—u  CRay—u
ot ot 1 —Rgo 1 —Rp
1 ou
= ——+R —u-V
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Appendix B. Relations between normalized efficiencies of momentum transport

The rotating-frame momentum Nusselt number Nu,, (Brethouwer 2021, 2023), the present
(inertial-frame) momentum Nusselt number Nuy and the friction Reynolds number Re, are
normalized indicators of streamwise momentum transport efficiency. With dimensional
constants and variables, they can be written as

d d d(o)/d H
= (u)/dy  Nup = (0)/dy ke, =M (Blab)
(UI/H |1y 01/H |1p) v
where
292y —u d(u)
0 =———, [01=0lyup —0l-up, ur=_[v—— (B2a—c)
1 —Reo dy [1m)

It can be seen with simple derivations that Nug can be expressed with Nu,, or Re; when
Ro #1:
282 — Nun|Ul/H _ Num — Rg

202 — d{u)/dy 22 -2Q2/Re  1—-Rq
Nug = —— - = (B3)
22 —[UI/H 202 —Re?v/H>  Re™'Re? — R
22 -22/Re 1—Rg

Appendix C. Computational domain and grid quality

NEKS5000 has been thoroughly validated for simulating turbulent Rayleigh—Bénard
convection, as reported by Chandra & Verma (2013) and Kooij et al. (2018). The
computational domain Ly x Ly x L; =91 x 1 x 47 is large enough to capture the
spanwise distribution and streamwise meandering of the large-scale streamwise structures
observed in sheared Rayleigh—Bénard convection (Blass et al. 2020) and rotating plane
Couette flow (Huang er al. 2019). The spectral-element grid size Ny x Ny x N; is 81 x
10 x 72 for Re = 5000 and 153 x 15 x 88 for Re = 10000. With 7th-order Legendre
polynomials, the spectral-element grid sizes are equivalent to grid size ny X ny X n;
of 568 x 71 x 505 for Re = 5000 and 1072 x 106 x 617 for Re = 10000. Near-wall
refinements are also made to resolve the thermal and momentum boundary layers. The
global grid density for Re = 5000 is consistent with previous simulations of rotating
plane Couette flow at Re = 5200 using second-order finite difference (Bech & Andersson
1996, 1997) or pseudo-spectral method (Gai et al. 2016; Huang et al. 2019). In particular,
at a large Rip = 0.218 with the aforementioned grid density and a computational domain
of 4 x 1 x 2m, the computed value of Re; is 199.4, which is in excellent agreement with
the result of 199.2 obtained by the pseudo-spectral method (Gai et al. 2016). These results
validate both the NEK5000 code and the present grid density for the simulation of rotating
plane Couette flow.

A grid convergence study was performed on a smaller computational domain with
dimensions of Ly X Ly X L; = 7 x 1 x 0.57. The physical and numerical parameters
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Re Riy Pr y Ly/m Lj/m Ny Ny, N; Nur Nug err[Nur]  err[Nug]

/
5000 0.16 025 -1 1 0.5 6 7 6 6.14 10.09 —-0.16% —0.17%
5000 0.16 025 -1 1 0.5 9 10 9 6.15 10.09 —0.06% —0.16%
5000 0.16 025 -1 1 0.5 13 15 13  6.15 10.11 — —

5000 0.16  0.25 1 1 0.5 6 7 6 9.74 1221 2.64 % 2.84 %
5000 0.16  0.25 1 1 0.5 9 10 9 9.52 1193  033% 0.51 %
5000 0.16  0.25 1 1 0.5 13 15 13 949 1187 — —

5000 0.16 4 -1 1 0.5 6 7 6 16.58 10.09 0.11 % -0.17 %
5000 0.16 4 -1 1 0.5 9 10 9 1657 1012 0.06% 0.10 %
5000 0.16 4 -1 1 0.5 13 15 13 16,56  10.11 — —
5000 0.16 4 1 1 0.5 6 7 6 9.67 541 0.69 % 0.44 %
5000 0.16 4 1 1 0.5 9 10 9 9.61 5.38 0.06 % —0.05%
5000 0.16 4 1 1 0.5 13 15 13  9.60 5.38 — —
10000  0.16 1 -1 1 0.5 6 7 6 1434 1428 1.53% 1.87 %
10000 0.16 1 -1 1 0.5 9 10 9 1403 1394 —-063% —0.55%
10000  0.16 1 -1 1 0.5 13 15 13 1412 14.02 — —
10000 0.16 1 1 1 0.5 6 7 6 1394 1359 430% 4.77 %
10000 0.16 1 1 1 0.5 9 10 9 1342 13.03 0.38 % 0.48 %
10000 0.16 1 1 1 0.5 13 15 13 1337 1297 — —

Table 2. Parameters for the grid convergence study, along with the computed Nusselt numbers and their
corresponding relative errors.

used are presented in table 2, where the relative error with respect to the largest grid size
at the same physical parameters is denoted by err[-]. It seems that 9 x 10 x 9 spectral
elements are sufficient for the small domain size, with relative errors of the heat and
momentum Nusselt numbers below 0.65 %. However, flow visualizations at Re = 10 000
show that the corresponding grid density would cause non-physical ripples near the
interfaces between elements, even though the Nusselt numbers are well predicted. By
further testing on Re = 10000 cases, we found that 17 x 15 x 11 spectral elements can
visually eliminate the ripples in the small domain. Therefore, in accordance with the
satisfactory grid density in the small domain, the spectral-element grid size for the large
domain is 81 x 10 x 72 for Re = 5000 and increased to 153 x 15 x 88 for Re = 10 000.
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