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Abstract

We prove a stability result of isometric immersions of hypersurfaces in Riemannian manifolds, with respect to
LP -perturbations of their fundamental forms: For a manifold M endowed with a reference metric and a reference
shape operator, we show that a sequence of immersions f;, : M = N1 whose pullback metrics and shape
operators are arbitrary close in LP to the reference ones, converge to an isometric immersion having the reference
shape operator. This result is motivated by elasticity theory and generalizes a previous result [AKM22] to a general
target manifold \V, removing a constant curvature assumption. The method of proof differs from that in [AKM22]:
it extends a Young measure approach that was used in codimension-0 stability results, together with an appropriate
relaxation of the energy and a regularity result for immersions satisfying given fundamental forms. In addition,
we prove a related quantitative (rather than asymptotic) stability result in the case of Euclidean target, similar to
[CMM19] but with no a priori assumed bounds.
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1. Introduction
Background: rigidity in codimension 0

In 1850, Liouville proved that isometries in R are rigid [Lio50]: if Q ¢ R¢ is open and connected and
f € C'(Q;RY), and if for every x € Q, df (x) € SO(d), then, in fact, f is a rigid motion, f(x) = Qx +b
for some Q € SO(d) and b € R?. This theorem has been generalized over the years in a number of ways:
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o Regularity: Reshetnyak showed that the theorem holds for Lipschitz maps [Res67a]. This is essentially
a regularity result, as the proof proceeds by showing that such Lipschitz maps are harmonic, and
hence smooth. (Reshetnyak’s theorem can be reformulated as follows: if a Lipschitz map is a.e.
orientation-preserving and pulls back a smooth metric, then it is smooth.)

o Asymptotic stability: Reshetnyak also showed that this rigidity is stable: if dist(df;,, SO(d)) — 0 in
LP for some p € [1, ), then, modulo a subsequence and translations, f,, — Qx + b in wl.p (Q; Rd)
[Res67b].

o Quantitative stability: Friesecke, James and Miiller (FIM) ([FIMO02] — see also [CS06, Section 2.4])
— proved a quantitative version of this theorem: for p € (1, o), there exists C = C(Q, p) such that
there exists for every f € W7 (Q;R?) arigid map f(x) = Qx + b, such that

If = fllwre@ray < Clldist(df, SO(d))|lLr ()

There are many generalizations in other directions (e.g., for conformal maps, multiple energy wells,
incompatible fields), which are beyond the scope of this short discussion. In the context of Riemannian
geometry, Liouville’s and Reshetnyak’s theorems generalize to maps between two compact oriented Rie-
mannian manifolds (M, g) and (N, h) of the same dimension. In this context, we denote by SO(gg, b4/)
the space of orientation-preserving isometries 7, M — TN (or simply by SO(g, h), when no confu-
sion may arise).

o Rigidity: The following well-known fact can be thought of as a generalization of Liouville’s theorem:
if f € C2(M;N) satisfies df, € SO(g4, by (4)) for every g € M, then f is rigid, in the sense that it
is determined by its value and the value of its differential at a single point. Every ¢ € M has an open
neighborhood U > ¢, such that

Fflu = exph ) odfy o (expl) ™,

where exp® and exp? are the exponential maps in M and \V.

o Regularity: If f : M — N is Lipschitz and satisfies df € SO(g, ) almost everywhere, then f is a
smooth isometric immersion, and the previous statement applies. This result (or variants of it) has
been proved several times, using various techniques [Res78, Res94, LP11, LS14, KMS19].

o Asymptotic stability: It was shown in [KMSI19] that if f, € WUP(M;N) satisfy
dist(df,,SO(g,h)) — 0 in LP (M), then (modulo a subsequence) f,, converges strongly in W'-P
to a smooth isometric immersion f : M — A (in particular, such an isometric immersion exists).

A generalization of the FIM quantitative stability result to a Riemannian setting is yet missing, and even
its formulation as a conjecture is not obvious. A particular case concerning mappings between round
spheres appears in [CL.S22, Theorem 3.2]; a stronger version of that result can, in fact, be deduced from
the Euclidean result and will be proved in a forthcoming paper [KM24].

The above results have direct relevance to elasticity theory: In the Euclidean settings,
|| dist(df, SO(d))|| Z,, is a prototypical model for the elastic energy of a strained elastic solid; hence,
these theorems relate the smallness of the elastic energy to being close to a zero energy state. Essen-
tially, any rigorous derivation of a low-energy limit in elasticity uses these results. The Riemannian case
arises in non-Euclidean elasticity, which is an elastic theory for pre-stressed bodies (see, for example,
[KESO7, ESK09, ESK13, LM22]). The asymptotic stability result in [KMS19], for example, implies
that (as expected by physicists) if M cannot be immersed isometrically in A/, then the infimal elastic
energy is positive, and the elastic body cannot release all of it stresses by, say, forming microstructures.

Main result: asymptotic stability of isometric immersions in codimension-1

In this paper, we are concerned with codimension-1 versions of the above results. The classical theorem
in this context (for a Euclidean target) is the fundamental theorem of surface theory (see, for example,
[Ten71]):
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Let (M, g) be an oriented, connected, simply connected, compact d-dimensional Riemannian man-
ifold with Lipschitz boundary. Let S by a smooth symmetric (1, 1) tensor field on M. If g and S
satisfy the Gauss-Codazzi compatibility conditions, then there exists a smooth isometric immersion
f : M — R having shape operator S. This immersion is unique modulo a composition with a
Euclidean rigid map.

We recall that for an immersion f : M — R4+ we can define the Gauss map n FiM— TR ~
R, where 1 ¢ (g) is the unique unit vector such that (df;, (u1), . . ., dfy(ua), nr (g)) is an oriented basis
of R4*! for any oriented basis (u1, . . ., ug) of T, (M). The second fundamental form of an immersion is
a (2,0) tensor which is given by I s = —dfT Vny : TM x TM — R; it contains the same information
as the shape operator Sy : TM — TM, a (1,1) tensor implicitly defined via Viiy = —df o Sy (which
is well defined since the image of Vi is normal to ny, and thus in the image of df). Thus, given a
metric g and a (1,1) tensor S, f : M — R%*! is an isometric immersion having a shape operator S if

df €0(g,¢) and Vns =—dfoS, (1.1)

where e is the Euclidean metric, and O(gy, ¢) is the set of isometric linear maps T, M — R+,

The last clause of the fundamental theorem of surface theory is, again, a rigidity statement: An
immersion f : M — R9*! satisfying (1.1) is determined by the values of f(q) and d Ifq atany g € M.
This rigidity statement generalizes to any target (d + 1)-dimensional manifold (A, §), by replacing in
(1.1) e with § and V with V/ TN the pullback connection of the Levi-Civita connection of (N, b),
which is the natural derivative of vector fields in A/ along f — that is, maps that take p € M to a vector
inTy p)N A

The main focus of this article is the asymptotic stability of isometric immersions. The codimension-0
property of being L”-close to an orientation-preserving isometry is replaced by being L”-close to first
and second fundamental forms. For f : M — N, we define

E,(f) = I1dist? (df. O D), gy + IV TNy +df o SI7, - (1.2)

The first term, denoted £ ,S, (f), is called a stretching energy, and the second term, denoted £ ﬁ (f),is
called a bending energy. As these names suggest, this energy is motivated by the elastic theory of thin
bodies. There, one often compares the second fundamental forms ((2, 0) tensors) rather than the shape
operators ((1, 1) tensors); from a physical point of view, these energies are equivalent, and using the
shape operator is more convenient from a calculus of variations point of view. See [AKM?22] for further
details and implications to elasticity theory.

The natural space on which the energy (1.2) is defined and finite is the space of p-Sobolev immersions,

Imm, (M;N) = {f e WP (M;N) : rankdf = d ae. andny € WP (M;TN)}, (1.3)

where 1y is the unit normal vector field in N along f, which is defined a.e. Note that for such non-
smooth maps, the pullback bundle f*T A is a non-smooth bundle; we therefore define V/ TNy F using
a connector operator, as explained in the next section.

Our main result is the following:

Theorem 1.1. Suppose that there exists a sequence of p-immersions f, € Imm,(M;N), p > 1,
satisfying

lim £,(f,) — 0.

IThe uniqueness of an isometric immersion f : M — A having a given shape operator S and given initial data f (¢) and d f;,
follows from integrating along geodesics of M: Given g’ € M, let y be a geodesic from ¢ to g’. Choose a parallel orthonormal
frame (uy, ..., uyq) along y, with u; = y. Then the image of y and the frame under f is obtained uniquely by solving the system

B h

%ei = Siln, Tn= —Siei, where e; is the image of u;, n is their normal, and % is the covariant derivative in (N, B).

https://doi.org/10.1017/fms.2024.30 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2024.30

4 L. Alpern, R. Kupferman and C. Maor et al.

Then there exists a subsequence of f, converging in WP (M;N) to a smooth isometric immersion
f:(M,8) > (N, b). Furthermore, ng, — ny in WP (M;TN), and the shape operator of the limit
equals the reference shape operator, V" TN n f=-df oS.

This result was obtained in [AKM?22] for the case where (N, §) has constant sectional curvature.
The proof there was essentially based on reducing the problem to the codimension-0 problem, by
‘thickening’ (M, g) into a (d + 1)-dimensional manifold, (M X [—h, k], G) for some & > 0, extending
finto a map F : M X [—h, h] — N, and using the non-Euclidean version [KMS19] of Reshetnyak’s
stability theorem in codimension-0. This approach has difficulties generalizing beyond constant sectional
curvature, since we exploited in constant curvature the fact that the metric G is uniquely determined by
g and S, independently of the maps f;,.

We overcome this by using a different approach. As a first step, we need the following regularity
theorem:

Theorem 1.2. Let f € Imme, (M;N) such that the first fundamental form f*V) and the shape operator
Sy, implicitly defined by~

VTN Y = —df o S, (1.4)

are smooth. Then, fis smooth.

Note that if f was in WP, this result would follow by bootstrapping the expressions for the second
derivatives in terms of the frame induced by df and n . However, we only know that f € W and that
ny € W' The improved regularity is then deduced from compactness of low energy configurations
of thin bodies of arbitrary dimension and codimension [KS 14], which, in turn, uses the FJM Euclidean
rigidity estimate. It is interesting whether one can deduce Theorem 1.2 directly from elliptic regularity,
as done in codimension-0, using an adaptation of the Piola identity to codimension-1 (see [KMS19]).

Given this regularity result, it is sufficient, in order to prove Theorem 1.1, to prove thatif £, (f,,) — 0,
then f, converges in W!” to a zero energy map. To this end, we deploy an approach using Young
measures, first suggested for the proof of Reshetnyak’s asymptotic stability theorem in [JK89], and
then developed in [KMS19] for proving the non-Euclidean equivalent result. Since in our case, as in
[KMS19], the target space of f, is not a vector space, one needs to work in local coordinates in order
to use the Young measure limit.

As such, this approach works for p > d, since only then, maps in W!-? (M; \) are guaranteed to be
localizable. In [KMS 19], the lower integrability regime p < d (which includes the most important case
from the elasticity point of view, p = 2), is obtained by first approximating f;, by uniformly Lipschitz
maps f,,. A similar use of Lipschitz truncation for overcoming the localization problem of Sobolev maps
between manifolds was done also in [KM21].

This approach, however, does not work directly on the energy &,, since it is not clear how to
approximate immersions in Imm, (M;A) by Lipschitz immersions (the immersion property is lost
in the truncation process). To overcome this difficulty, we first relax the energy &£, into an energy
é p Whe (M, TN) — [0, o) (see Definition 3.1), which is defined and finite over all vector fields
in WP (M;TN), and not only for vector fields that are perpendicular to their projection on A/, as
in Imm,, (M;N). From an elasticity point of view, the energy £ p is essentially an energy for director
fields, rather than configurations of the elastic body. Thus, we prove a stronger version of Theorem 1.1
for the energy & p (Theorem 3.4) by applying Young measures for the case p > d, and precede this
analysis with a Lipschitz truncation for p < d, to get to the localizable regime.

2As in the Euclidean target case, the shape operator Sy : T M — T M, is well defined by the definition of n s as a unit vector
normal to the image of d f . Note that linear maps in 7 M are canonically identified with (1, 1) tensors — that is, as sections of
T*"MQTM.
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Codimension-0 Codimension-1
Euclidean Riemannian Euclidean Riemannian
Rigidity [Lio50] ‘Folklore’ Fundamental ‘Folklore’
theorem of
surfaces [Ten71]
Regularity [Res67a] [Res78, Res94, [AKM22] Theorem 1.2
LS14, KMS19]
LP Asymptotic [Res67b] [KMS19] [AKM22] Theorem 1.1
Stability
LP Quantitative [FIMO2] Constant [CMM19],
Stability curvature Theorem A. 1
k > 0 [CLS22,
KM24]

Figure 1. A summary of the results presented in the introduction. This list is not comprehensive: there
are many other results on regularity of isometries (e.g., [Har58, CH70, Tay06]), of isometric immersions
without assumptions on the second fundamental form (e.g., [Pak04, MPO5, Horl 1, LP13, JP17, HVI1S8]),
and of stability of immersions in Euclidean setting in various topologies, stronger than the L? stability
discussed here [Cia03, CM16, CM19, CMM20].

Additional quantitative stability result

In the appendix, we include a short quantitative stability result, in the spirit of the FJM estimate.

We show in Theorem A.1 that if N = R+, p € (1, 00), and if the metric g of M and shape operator
S are compatible (i.e., if there exists an isometric immersion M — R9*! with shape operator ), then
for any f € Imm,, (M; R?*!), there exists an isometric immersion fy : M — R9*! with shape operator
S such that

I = follyy i + g =nglly,,, < CEL(S),

where C > 0 is a constant independent of f. In particular, this implies Theorem 1.1 for a Euclidean
target space, under the assumption of compatibility. Similar results, comparing the left-hand side of two
immersions with an energy that measures stretching (discrepancy of the first fundamental forms) and
bending (discrepancy of the second fundamental form), appear in [CMM 19] (in particular, Theorem 4.3).
These results, however, require f to be in Imm, (M;R4*!) for ¢ > min{p, 2}, and, more importantly,
require a priori uniform bounds on the first and second fundamental forms; Theorem A.1 does not require
such a priori bounds, and also admits a simpler proof. Additionally, Theorem A.l can be generalized
to director fields, using the relaxed energy £ » (Definition 3.1), whereas the result of [CMM19] cannot.
The difference is mainly because of the different structures of the stretching and bending energy (in
[CMM19], the bending energy measures a discrepancy in the second fundamental forms rather than in
the shape operators). This can be seen as additional evidence that the energy &£, is the natural ‘stretching
plus bending’ energy from a calculus of variations point of view.

Structure of the paper

In Section 2, we review the definitions of Sobolev spaces between manifolds and prove some basic
properties — in particular, for Sobolev vector fields. We also introduce coordinate representations of the
energy and the main fields in Section 2.1. In Section 3, we define the relaxed energy (Section 3.1) and
prove Theorem 1.1, modulo the smoothness result (Theorem 1.2), which we proof in Section 4. Finally,
we prove in Appendix A the codimension-1 Euclidean stability result. Figure 1 displays a table in which
our results are put in context with the existing literature.
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Notations

Let (V,g) and (W, D) be oriented inner-product spaces. We denote the inner-products by (-, -)q and
(-, -)p- We denote the corresponding norms by | - |, unless the notations | - | and | - | help readability. We
denote by Hom(V, W) the space of linear maps from V to W; we denote by O(g,§) € Hom(V, W) the
subset of orthogonal maps. If V and W have equal dimensions, we denote by SO(g, §) € O(g, b) the set
of orientation-preserving orthogonal maps. We denote the norm on Hom(V, W) induced by g and } by
| -], rather than by the more cumbersome notation |- |4 y. For aset K ¢ Hom(V, W) and A € Hom(V, W),
we denote by dist(A, K) the distance (with respect to the norm | - |) between the element A and the set
K. These notations carry on naturally if V and W are replaced by vector bundles over a manifold (in
particular, to the tangent bundle endowed with a Riemannian metric).

For a manifold M, we denote by Q¥ (M) the space of k-forms on M. For a vector bundle E — M,
we denote by I'(E) the space of sections of E, and by QK (M; E) the space of E-valued k-forms on
M. Likewise, we denote by LPT'(E), LPQK(M; E), W'-PT(E) and WP QK (M E) the corresponding
spaces having LP- and W'-P-regularity; the corresponding norms are induced by norms on 7M and E.
Finally, for a Riemannian manifold (M, g), dVol, denotes the Riemannian volume form. More notations
are introduced in the next section in the context of mappings between manifolds.

2. Sobolev maps between manifolds

This work is concerned with Sobolev maps between Riemannian manifolds. Let (M, g) and (¥, x)
be Riemannian manifolds of arbitrary dimensions, with M compact, possibly with boundary, and X
without boundary (in the sequel, (X, x) is either a compact Riemannian manifold (A, ), or its non-
compact tangent space (TN, Sb), where the metric SY is described below). For smooth f:M->X,
we denote by D f : TM — TX the tangent map, acting as

Df:(q.8) = (f(q@).dfg(§)  geM, £§€TyM,

which is a linear bundle morphism covering f (e.g., [Sau89, Chap. 2]). The map D f should be distin-
guished from the differential df € I'(T*M ® f*TX), acting as

dfq & dfq(f)v

which is a linear bundle map; df is the pullback of D f, where as common, f*7TX denotes a vector
bundle over M, with the canonical identification (f*TX), = Tr 4)¥.

For p > 1, the space of Sobolev maps W':? (M; X) can be defined intrinsically, along with a notion
of a weak derivative (see Convent and van Schaftingen [CS16] for a recent account). An equivalent
extrinsic (and more common) definition is given by using Nash’s embedding theorem, introducing an
isometric embedding ¢ : (X,x) — (R, e), for some D large enough. Then,

WhP(M; %) ={f: M > X% : 1o feW"P(M;RP)}.

This space inherits the strong and weak topologies of W!”(M;RP), and it is independent of the
embedding ¢. Moreover, ¢ o WP (M; X) is a weakly closed subset of W!-” (M;RP), and in particular,
bounded sequences have weakly convergent subsequences for p € (1, c0). That is, if f,, € WP (M; ¥)
satisfies that ¢o f,, is bounded in W!-” (M; RP), then there exists a subsequence and an f € W7 (M; X)
such that f, — f in W7 (M; X), which by definition means that co f,, — co f in WP (M;RP). Even
though df has to be interpreted as a weak derivative, it still holds that df,, is a linear map from T, M to
Ty (q)X for almost every g € M. Furthermore, the chain rule holds a.e., D(to f) = Dio Df [CS16,
Prop. 1.8].

Our choice of working with the tangent map D f rather than the differential df is due to the following.
When f is a Sobolev map, the pullback bundle f*7X is a not a smooth vector bundle, and consequently,
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df is a bundle map into a non-smooth vector bundle; this is in contrast with the tangent map D f, which
is a map between two smooth vector bundles, 7M and TX. The price to pay is that D f is not a linear
vector bundle map, but rather a linear bundle morphism.

Note thatif ¢ : (X,%) — (RP, e) is an isometric embedding, then by our convention,

Di:TX - RP xRP,  Di:(q,€) = ((q),diy(£)),
which is an embedding of TX into Euclidean space (though not necessarily isometric), whereas
di:TX - RP, du: (q,€) = dig(é)
is not an embedding. For f € WP (M, X),
D(to f)=DioDf :TM — RP xRP
is an immersion if f is an immersion, whereas
d(tof)=dioDf :TM — RP

is not. In this context, 7*M ® TX is a vector bundle over M x X, and the latter can be viewed as a fiber
bundle over M. A section of T"M @ TX — M isamap ¢ : M — T*M ® TX, such that for g € M,
{(q) is alinear map from 7, M to T (4))*. Moreover, we interpret Dio{ : M — RP x (T* M ®RP)
—that is, D¢ only acts here on the 7X component. We define

LP(M;T*MQTX)={{: M > T*M®TX : Dol € LP(M;RP xT*M @RP)}.
Finally, for £ : M — TX, we denote

|€x = |deo&le

(that is, for ¢ € M, the norm only captures the linear part of the mapping £(q) € Ty (£ (4))%)-

When p > dim M, one can equivalently define W'-”(M;X) as the set of continuous functions,
which upon composition with charts in M and ¥ are in WP (R4mM; R4mX). strong convergence in
WP (M; %) is equivalent to strong convergence in every coordinate chart [Weh04, Lemmata B.5, B.7].

Sobolev vector fields

Given two compact Riemannian manifolds (M, g) and (N, }), we apply the above construction to
Sobolev maps from M into vector fields in A/ (i.e., to maps & : M — TN). To this end, we need to
introduce a Riemannian metric on TN,

The Riemannian metric §) on T\ induces in a canonical way a Riemannian metric on T Specifically,
there exists a one-to-one correspondence between an affine connection V on TA” and a connector
operator, K : TTN — TN, such that for g € N and s € T, N,

K, : T,TN — qu\f.
The connector induces the covariant derivative via
Vin = K% o Dn(s) foreveryn €e T(TN) and s € TN.

Denote by x € RU™V coordinates on A; by choosing a local frame field in this coordinate patch, we
obtain local coordinates (x,v) € R24MN of TA/. We denote the associated coordinates on TTN by
(x,v,w,s) € R*MN Ty these coordinates, the projection 7 : TA" — A is given by 7(x,v) = x, its

https://doi.org/10.1017/fms.2024.30 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2024.30

8 L. Alpern, R. Kupferman and C. Maor et al.

derivative Drr : TTN — TN by Dn(x,v,w,s) = (x,w), and the connector K is given by
K(x,v,w,s) = (x,s +I'(x)[v,w]),

where I : RI™N _ Bil(RY™N) js a smooth map into the space of bilinear maps on R4™V (representing
the Christoffel symbols). In the following, we will always take the Levi-Civita connection V9, and its
corresponding connector KV.

The map Dr x KV : TTN' — TN x, TN is a linear bundle isomorphism (covering the projection
n: TN — N), turned into an isometry by introducing the Sasaki metric SP on TTN [Sas58],

(V,W)gy = (Dr(V), Dr(W))y + (KO (V), KO (W))yp. @2.1)

By choosing an isometric embedding ¢ : (TN, Sb) — (RP, ¢), where e is the Euclidean metric, that
is,

(du(V), de(W))e =V, W)gp V.,WeTTN,

we can define the Sobolev space W7 (M; TN) as above.
The zero section £ € I'(TN) is an isometric embedding of (N, h) into (TN, SY): indeed, for g € N/
andv,w € T, N,

v, W) rgn = (DL(v), DL(W))gp
=(DroD{(v),DroD{(v))y + (K" 0o DL(v),KY o DL(v))y
= <V7 W)f)’

where the first equality is the definition of the pullback metric £#SY, and in the last passage we used the
fact that D o D¢ = Idrnr and K% o D¢ = 0. Thus, j : N' — RP given by j = ¢ o  is an isometric
embedding of (A, B) into (R, e) (although for our uses, one can choose any other isometric embedding
of AV into Euclidean space).

Foramap ¢ : M — TN, we denote fg = mo¢ : M — N. Note that by the definition of the Sasaki
metric,

IDE* = D fel* + |K® o DEP, 2.2)
or equivalently,
|dio DE)* = |dj o D fel* +|dj o KY o DEJ. (2.3)

(Note that dj : TN — RP rather than ¢ : TA/ — RP is the linear isometry.) The following lemma
asserts that strong and weak convergence of a sequence &, implies the corresponding convergence of

f‘fn‘

Lemma 2.1. Let p € [1,00). If ¢ € WP (M, TN), then fe € WP (M;N). Furthermore, if &, — &
in WhP (MG TN), then fg, — fe in WhP (M, N), and similarly for strong convergence.

Proof. Let « : (TN,S%) — (RP,e¢) and ; : (N,h) — (RP,e) be defined as above. Let & €
WP (M;TN). Since NV is compact, the fact that fg € WP (M;N) follows from (2.2) (or equiva-
lently, (2.3)).

Let&, — &in WhP(M;TN) (ie., to &, — 1o & in WP (M;RP)). By (2.3) and the compactness
of N, j o fg, is bounded in WP (M;RP) (and equi-integrable if p = 1), and thus ; o fe, weakly
converges to some F € W? (M;RP) (modulo a subsequence). We need to show that F = jo fe¢- Since
weak W!-P-convergence implies strong LP-convergence, we can move to a subsequence and obtain
that ¢ o &, — 1 o £ almost everywhere, and thus, for that same subsequence, j o fg, — j o fg almost
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everywhere, which by the uniqueness of the limit implies that /' = j o f¢. As we could have started
with any subsequence of &, and obtain the result for a sub-subsequence, the claim holds for the whole
sequence.

Next, assume that &, — & strongly in W7 (M; TN). Since, a fortiori, &, — & in WP (M;TN), it
follows from the previous clause that fg, — f¢ in WP (M;N), or equivalently, that o fe, — jofein
WP (M;RP). We need to show that d(j o fg,) — d(j o f¢) in LP (M;T* M ® RP). It is sufficient to
prove this for a subsequence, and thus we can assume, without loss of generality, that Dio D&, — DioDé¢
almost everywhere. Since D¢ is an embedding, it follows that D&, — D¢ almost everywhere (as
maps from M — T*M ® TTN). In particular, Dxr o D, — Dnx o D¢ almost everywhere (as maps
M > T*MQTN),ie., Dfe, — D fg, almost everywhere, and thus also d(j o fg,) — d(j o fz). To
complete the proof, it remains to show that

lim / D fe, |7 dVolg = / D f¢|P dVol,. (2.4)
n—0oo M M

Since D fg, — D f¢, almost everywhere, we also have that |D fg, [P — |D fz|P almost everywhere,
and since

IDfe,|” < |DEIP and IDfel” < IDE|P,

and since it follows from the strong W!-P-convergence of &, that

lim [ |Dé&,|P dVol, = / |D&|P dVol,,
M M

n—oo

the limit (2.4) follows from a refinement of the dominated convergence theorem (e.g., [EG15, Theorem
1.20)). )

The following lemma, which will be needed in the sequel, addresses a situation where &, — £ in W!-?
along with K o D&, converging strongly in L”. The fact that the limit is, as one would expect, K¥ o D&
is somewhat nontrivial, since the two converging sequences have to be interpreted with respect to two
different maps into R”. Since this suffices in the application below, we assume that p is large enough.

Lemma2.2. Let p > dim M, and let 1 and j be defined as above. Assume that £, — & in WP (M;TN).
Assume further that dj o K% o D&, — dj o T in LP(M;T*M & RP) for some map T : M —
Hom(TM,TN). Then T = KY o D¢ a.e.

Proof. Since p > dim M, &, — & uniformly; hence, we can work with local coordinates. Let X : Q C
RIMM 5 AfandY : Q c RE™N 5 A/ be local coordinate systems, and denote (x,,v,) = (DY) o
&, o X, and similarly (x,v) = (DY)™! o & o X, both maps Q — Q x RU™N  The uniform convergence
&, — & implies that (x,,, v,) — (x,v) uniformly. The boundedness of &, in W17 (M; TN) implies the
boundedness of the coordinate expressions (x,,, v,) in WhP (Q, R24mN): hence, (x,, v,) — (x,v) in
WP (Q,R24mN) o (x, v). In these coordinates,
Déy = (Xps Vs DXy [, Dvy[]) 1 Q — (Q x REMM) 5 Hom(RIMN R2AImAy
Hence,
K" 0 D&, = (x, Dvu[-] + T (xn) [Virs Dxa 1),

Since Dv,, — Dv and Dx, — Dx in L, T is smooth and (x,,v,) — (x,v) uniformly, we obtain that

(tn, Dvi[-] + T () [vi, Dxn[-1]) = (x, Dv[-] + T'(x) [v, Dx[-]])
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in LP (Q; Q x Hom(RYImM RAMNY) We have thus proved that K9 o D&, — KY o D& weakly in L? in
every coordinate patch.

Add now the fact that dj o K% o D&, — dj o T strongly in L”. By moving to subsequences, we
can assume that dj o K% o D&, — dj o T a.e. Since Dj : N' — R?X is an embedding, it follows that
K o D¢, — T a.e. Therefore, in coordinates, for almost every p € Q,

(X (P): Dpval-]1+ T (xn(p))[va(p). Dpxal-]]) = T(p)[].

Thus, T = K o D¢ a.e. in every coordinate patch; hence, a.e. O

The following is an immediate application of [AKM?22, Prop. D.1]:

Proposition 2.3. Let p > dim M. Then, &, — & in WHP (M TN) if and only if fe, = fein
WP (M; N), and for some isometric embedding j : N' — RP,

djoé&, > djoé in LP (M;RP),
and
djoKYoDé, > djoKdoDE  in LP(T*M;RP).

Sobolev immersions

Let dim M = d and dimN =d + 1, and let f € WP (M; N) satisfy rank df = d a.e. We may define
a.e.amap ny € L®(M;TN) covering f, such that ns(q) € Tf (4 is a unit vector, normal to the
image of D f,, and for every oriented basis (u1,...,uq) C TyM,

(dfy 1), ..., dfy(ua)sng(q)) € Ty (N

is an oriented basis. If ny € WLP(M;TN), we say that f belongs to the set of p-Sobolev im-
mersions (this is the definition in (1.3)). Since there is a one-to-one correspondence between f and
iy, Imm, (M;N) can be identified with a subset of WP (M;TN), and specifically a subset of
WP (M; SN), where SN c TN is the sphere bundle of A. It is, however, not a closed subset, as the
rank condition is not closed under W!-”-convergence.

For f € Imm, (M;N), the total energy (1.2) is more rigorously written as

Ep(f) = / (dist” (D7, 0(a,5)) + DS 0 S + K® 0 Dy |) dVoll, 2.5)
M
as this notation does not rely on non-smooth pullback bundles and their corresponding pullback con-
nections.
Trivializations

Leté, € Wh? (M;TN) be asequence converging to& € W7 (M; TN) uniformly (hence, in particular,
f&, — fe uniformly). The compactness of M and A implies the existence of finite open covers
U ={U;} and V = {V;} of M and N such that TA]y, is a trivial bundle for every 7, and such that
fe.(U;) C 'V, for n large enough. For every such U and V (to simplify notations, we omit the index i),
let R : V — SO(h, R4™NY) be a smooth orthonormal frame (which may or may not be a coordinate
frame); namely, for every ¢ € V and n, ¢ € T, N,

(M, &) = (Ron,Ro&)e.
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Such a frame exists by the triviality of 7Ny . Then, restricting to U,
RoDfe,,RoDfs € LPQ(U; N x RIMN),

where R acts on the vector part dfz, of D fg,. Note that RoD fg, —RoD fg # Ro (D fg, — D f¢); in fact,
the right-hand side is not well defined, as the images of &, and & do not belong to the same fiber of TN

Proposition 2.4. Assume that p > dim M. Then,
fe. = fe inWIP(MIN)
if and only if
RoDfs — RoDfs  inLPQ(U; N xRI™V)
for every U € U. Likewise, if
fe, = fe  inWHP(MN),
then
RoDfg, — RoDfs  inLPQY(U;N x REMN)

for every U € U.

Proof. Since R o D fg, (x) = (fg,(x), Ry, (x) © (dfg,)x), and Ry is a linear map depending smoothly
on the footpoint, and the footpoints f, converge uniformly to f¢ by assumption, the proof follows from
the same arguments as the one of Proposition 2.2. O

2.1. Coordinate representation of the energy

In this section, we present some of the geometric constructs and the energy (1.2) in coordinates for the
benefit of readers who are more used to this notation. For simplicity, assume that both M and N are
covered by single coordinate charts,

xam M —> R and Xy N — RO
A map f : M — N is represented by a map R¢ > x (M) — R,
X xp o foxy,

with components f“, where for the sake of clarity, we use Latin indexes for the body manifold M and
Greek indexes for the space manifold \V.

Throughout this section, we will denote the projection of a vector bundle onto its base by n, where
the type (e.g., TM — M or TTN — TN) should be clear from the context. The tangent bundle 7.M
has coordinates (x %) : TM — R? x R?, where, with a slight abuse of notations which will be
used repeatedly, x o = xaq o m and X o = dxaq; the metric g is represented by a matrix-valued function
(M) = R @ R?, with entries gij, such that for V e TM,

VI = g1 (e (V) X (V) (V),

with the Einstein summation convention over repeated indexes. Similarly, the tangent bundle TN\ has
coordinates (xpr,%n7) : TN — R4 x R%*1; the metric B is represented by a matrix-valued function
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xn (N) —» R¥! @ R4 with entries Dap. so that for a vector W € TN,

W = Bag (xar (W) 8- (W)I5(W).

For f : M — N/, the fiber of the pullback bundle f*TN at a point p € M is canonically identified
with the fiber Ty (,)N; its coordinates are (xaq,%x) : f* TN — R x R4, where xp = xpq 07
and x, is identified with xxr : TN\ — R?*!, via the canonical identification of fibers of f*T N with
fibers of TV The coordinate representation of df € I'(f*TN) is the map x (M) — Hom (R4, R4+!)
given by 8; %, whereas the coordinate representation of Df : TM — TN is the map x (M) —
R4 x Hom(R?, R%*1), given by (2, d; f?).

We denote by g'/? : xy(M) — Hom(R?,RY) and §'/2 : xpr(N) — Hom(R4+' R4+ the
symmetric positive-definite square roots of the matrices g and b; that is,

gij =@M (6] and  Bag =6,,(5)2(107)].
The stretching energy of f : M — N takes the form
(= [ a0, o) detlg! ) dx.
X (M)
where
0F (x) = (' (F(0)))F 8,17 (x) (a7 ()],
or, in matrix form,
Q(x) = h'2(f(x)) o df (x) 0 g7 (x),

and the distance here is with respect to the Euclidean Frobenius norm.
We proceed with the double tangent TT N, which has coordinates

(NSNS VAL V) - TTN — R R R 5 RIF
where xr = xpr 0, knr = ka0 T, vy = ka0 D and v = di . That is, a vector in Ty, )TN
represents a direction of change, in TA/, from the point (xr, Xx7); the coordinate v represents the
direction of change in the coordinate xr, and v s the direction of change in the coordinate xs.

We further denote by I' : x/(N) — Hom(R%+! @ R%*!, R9*+!) the Christoffel symbols of the Levi-
Civita connection, with coordinates ng; the connection map K9 : TTA — TN is defined by

xn 0 KY = xp and inv 0 KV =var + D(n) [ias varl.
Let £,Y € X(N\) be vector fields having coordinate representation x - (N) — R4!,
f”:xj‘\’[050xj_\} and Y“:fc/‘\’/OYoxj_\}.

The coordinate representation of D&(Y) : N' — TTN is the map xpr(N) — R x R4 x R4+ given
by

(Y, &%, ¥F 9p).
Thus, the coordinate representation of K% o D&(Y) : N'— TN is the map x-(N) — R¥*!, given by
YP dpe® + TG (0)YPE,
thus showing that indeed K? o D&(Y) = Vy&.
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We proceed to write the bending energy in explicit form. The reference shape operator S is represented
by a map x (M) — Hom(R9, R¢) with indexes S{ . The unit normal ny is represented by a function
X (M) — R4 such that

(D@ B f ()G (1))

is an oriented basis for R4*!, and 1y (x) is a unit vector normal to range of V f(x) with respect to the
inner-product b,z ( f(x)). With this, we have

. p/2
= [ (7 @aa(r0)A7 AT )" der(a () d.
xXp (M)
where
AZ(x) = 9 () + T, ()3 P () (x) + 8 f7 (082 (x)
represents the discrepancy between the target shape operator S and the shape operator of f as defined in

(1.4).

3. Proof of Theorem 1.1
3.1. The relaxed functional

Denote as above d = dim M. Consider the vector bundle of rank d + 1, TM & R — M endowed with
the product metric

((v,8), (W, )G = (v, w)g + st, forg e M,v,w e T,Mands,t €R.
The orientation of TM @ R is induced by the orientation of TM: if (uy,...,uy) is an oriented basis
for T, M, then, (u1, ..., ugq, 1) is an oriented basis for 7, M ® R.
For & € WP (M;TN), we introduce the map
Dfe@¢é e LP(M;(TM®R)" ®@TN),
which is a linear bundle morphism covering f¢ defined a.e. by
(Dfe ®@&)q(v,t) =dyfe(v) +1E(q) € Tr (N,

where ¢ € M, v € TyM and ¢ € R. That is, on the left-hand side we identify £(q) € Ty, ()N with
&¢(q) € Hom(R, Tf(f (q)/\/).

Definition 3.1. The relaxed energy functional £ P WP (M;TN) — [0, ) is defined by
Ep(é) = / dist” (D f¢ & £,SO(G, b)) dVol, +/ IDfe oS +K" o DEIP dVol,
M M
_ &S 5B
=E,(8) +E,(8).
Proposition 3.2. The functional & p is a relaxation of £, in the sense that
Ep(f)=Ey(ny)  forall f € Imm,(M,N).

Furthermore, gg(f) =0 ifand only if f¢ € Imm,(M;N), é =ny, and Df € O(g,h) a.e.
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Proof. We first prove the second claim. Let 5‘;? (&) =0; thatis, Dfs ® ¢ € SO(G, D) a.e. Let v € TM.
Then,

IDfe()ly = (D fe ®E)(v.0)lp = [(v,0)lg = [vlg

thus proving that D fs € O(g,b). In particular, D f¢ has full rank a.e. Moreover, a.e., and for every
veTM,

(Dfe(v), &y = ((Dfe ®£)(v,0), (D fe ®£)(0,1))y = ((v,0),(0,1))c =0,

whereas
(&6 =((Dfe@&)(0,1), (Dfe ®£)(0,1))p =((0,1),(0, 1)) =1,

(i.e., & =ny,) and since & € WP (M;TN), it follows that f¢ € Imm,, (M;N). The other direction is
immediate.
The first claim follows from the next lemma. |

Lemma 3.3. For f € Imm, (M, N), the following identity holds:
dist(Df @ ns,SO(G, b)) =dist(D f,0(g,b)).

Proof. This is a linear-algebraic statement. Let (V,q1), (V2,42) and (W, }) be oriented d-, k- and
(d + k)-dimensional inner-product spaces. Let A € Hom(V;, W) and B € Hom(V;, W) satisfy

(a) A® B € Hom(V, @ V,, W) is orientation-preserving (with respect with the natural orientation of
VieW,).

(b) Image(A) = (Image(B))*.

(¢) B €0O(g2,h).

Then,
dist(A © B,SO(g; © g2, b)) = dist(A, O(g1, b)).

In the present case, k = 1, A = D f and B = ny. Indeed, by definition, D f @1 is orientation-preserving,
1y is a unit vector, and G is a product metric. m]

The fact that £, (f) = F3 p(ny) implies that Theorem 1.1 is proved if we prove the following relaxed
version:

Theorem 3.4. Suppose that there exists a sequence &, € WP (M; TN) satisfying
lim £,(&,) — 0.
n—oo

Then there exists a subsequence of &, converging strongly in WP (M;TN) to a smooth limit £.
Furthermore, ,(£¢) = 0, implying that f¢ € Imm,,(M;N) is a smooth isometric immersion, satisfying
KYo Dny. =-=Dfe oS (ie., S is the shape operator of the limit).

3.2. Basic compactness considerations

Lemma 3.5. Let p > 1, and assume 5,, (&n) — 0. Then &, has a weakly converging subsequence
&n — Ein WHP(MTN). In particular, if p > d, then &, — & uniformly. The same (weak/uniform
convergence) holds for fg, — fe.
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Proof. Let& »(€n) — 0. The uniform boundedness of the stretching energy £ ;f (¢n) and the compactness
of AV imply that &, is a bounded sequence in L” (M, TN) and that D f¢, is a bounded sequence in
LP(M;T* M ® TN). Indeed,

IDfe ® &| =z max{|D fel. [£]},

and
dist(D fe ® ¢,S0(G, b)) > |[Dfg @ €| - Vd + 1,

since every element of SO(G, ) is of norm Vd + 1. The boundedness of the bending energy & g (&n)
implies in turn that KY o D¢, is a bounded sequence in L? (M;T*M ® TN). By the definition (2.1)
of the Sasaki metric, this implies that D&, is a bounded sequence in L? (M;T* M ® TTN) (i.e., &, is
bounded in W7 (M;TN)). The claim on &, follows immediately, and the claim on f¢, follows from
Lemma 2.1. O

3.3. Thecase p > d

We first prove Theorem 3.4 for p > d; this restriction is relaxed further below. The analysis for p > d
can also be applied directly to the functional &, : Imm,, (M;N) — [0, o); the extension to p < d in
the next part, however, cannot.

Analysis of the limiting map
Let U, V and R define trivializations of TN/ as in Section 2, and let U € U/; note that TU = TM|y is a
vector bundle over U. Then,

an=Ro (Dfg, ®&,) € LPT((TU ®R)" @ R,
which is a section of a vector bundle over U, is a trivialization of D fg, @ &, satisfying
dist(D fz, ® é,,SO(G, 1)) = dist(a,, SO(G, ¢)).

The fact that £ p(€x) — 0 implies in particular that

lim [ dist”(a,, SO(G,¢))dVol, = 0. (3.1)
U

n—oo

It follows from (3.1) that «,, is an L”-bounded sequence of sections of (7U & R)* ® R%*!. By the
fundamental theorem of Young measures (see [KMS 19, Section 3.1] for a version for vector bundles),
there exists an L”-Young measure v € Y (U, (TU & R)* ® R%*!) such that

Y
a, — V.

That is, for every vector bundle £ — U and every (generally nonlinear) bundle map W : (TU @ R)* ®
R4 — E for which W(a,,) : U — E is L'-weakly precompact,

W(a,) — {q —>/ W(A)dvq(A)} in L'T'(E).
(TU ®R)* @R4+!

Take W(A) = dist(A, SO(G,e)). Since W(a,) is bounded in L (U) for p > 1, it is L'-weakly
precompact, from which follows that
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0=1lim [ dist(a,, SO(G,e))dVol,

n—oo U

= / / dist(A, SO(G, ¢)) dv(A) dVol,
U J(TU@aR)*@R4+!

(i.e., v4 is supported on SO(G, ¢) for a.e. g € U).

For general oriented inner-product spaces (V,g) and (W,}) of equal dimension s, and a linear
map A € Hom(V, W), the determinant and the cofactor of A, det A € Hom(R;R) ~ R and cof A €
Hom(V, W) can be defined in a basis-independent manner by

det A = %p 0 (ASA) 0 %, and cof A = (=1)*! %p o(ATTA) 0 *g,

where %4 : AKV — A*7%V and *y A*W — AS7KW are the hodge-dual isomorphisms of the respective
spaces, and Ak A is the k-minor of A, defined by

AAWL i) = A) A - A A(vR).

These definitions can be equivalently obtained by choosing positive orthonormal bases for V and W and
evaluating the determinant and cofactor of their matrix representations in these bases. It is well known
that

A € S0(g,b) if and only if cof A=A and detA=1.

With that, consider next the test functions W(A) = A, W(A) = cof A and W(A) = detA. By
definition, they are compositions of minors of A of ranks 1, d and (d + 1), respectively, and hodge-dual
isometries. Since f and h~! are bounded uniformly (in coordinates) and D f¢, isbounded in L?, both the
cofactor and the determinant of «,, are uniformly bounded in L? /4 and therefore, W(ay) are Ll-wea.kly
precompact for all above choices of W. It follows from the definition of the Young measure limit that

@y — {q —>/ Advq(A)} in L'T((TU @ R)* @ R™*)
(TU ®R)* @R4+!
cof (ap) — {q —>/ cof A dvq(A)} in L'T((TU @ R)* @ R4
(TU &R)* @R4~!
det(a,) — {q - / det A dvq(A)} in L' (V).
(TU @R)* @R+
Since v, is supported on SO(G, e) for a.e. ¢ € U, and on that set cof A = A and det A = 1, it follows
that
@ = {q —>/ Advq(A)} in L'T((TU @ R)" @ R™)
SO(G,e)
cof (ay) — {q —>/ Advq(A)} in L'T((TU @ R)* @ R (3.2)
SO(G,e)
det(a,) — 1 in L' (V).

Recall that &, — & (hence also fg, — f¢) in WP 1t follows from the second clause of Proposition
2.4 that

an = a=Ro(Dfg®¢)  inLPT((TU®R)* @ R, (3.3)
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Lemma 3.6. The weak LP-convergence «,, — « implies that

cof () — cof(a) in LP/4T((TU @ R)* @ R%*1)

det(a,) — det(a)  in LP/4(U). (3.4)
Proof. Since the hodge-dual operator is a linear isometry and &, — & uniformly, it suffices to show that

Aea, = A¥@  in LPIT(AM(TU ® R)* ® AFR?*)
for k = d,d + 1. We show more generally that forevery k = 1,...,d + 1,

Aea, = Ak@  in LPmnA AR (TU @ R)" @ AFRYH).
We start by noting that for vy,..., vy € T,U and 11, ...,t; €R,
A an (1,10, k1)) = N (R, (q) © Dy fe, (V) + 1R, 0) © €n(a))
= NioiR e (@) © Dafe, (v))

k
+ ) (=D te Ajee (ngn @ °Dqfe, (v,)) A (R, (g) ©€n(q))-
=1

That is,
Aa, = NS (RoDfe, ®0)+ A" (RoDfs, ®0) A (0B R0 &),

Since &, — ¢ uniformly, and since the product of a weakly L?-convergent sequence and a uniformly
convergence sequence is weakly L?-convergent, it suffices to show that

A(RoDf,) = AK(RoDf)  inLP/Mnkd k(. AKRIHTY,

Since M and A are compact, the orthonormal frame R can be replaced by any other smooth frame
— for example, R = dh, where h : V — R4*1 js a local coordinate system. The claim reduces then
to the standard weak-continuity of minors, proved inductively on k (see, for example, [Rinl8, Lemma
5.10]). O

Since cof(AB) = cof(A) cof(B) and det(AB) = det(A) det(B), and since R is an orientation-
preserving isometry,

cof(Ro A) = Rocof(A)
det(Ro A) = det(A),

we obtain by combining (3.4) with (3.2) that
cof (Dfe ©¢) =Dfs @& and det(Dfs ®¢) =1 a.e.,
which implies that
Dfs ® ¢ € SO(G,b) a.e.

Thus, z‘:’g(f) = 0. By Proposition 3.2, f¢ € Imm,,(M;N) with D f¢ € O(g,b), and € = ny,.

Thus, we have obtained at this stage that &, — & in W-? where, & = n f-- In order to complete the
proof for the case p > d, we need to show that the convergence is in fact strong and that the shape
operator of 1t f is S, and deduce from Theorem 1.2 that the limit is smooth.
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Strong convergence and second fundamental form of the limit
From the uniqueness of the limit, combining (3.2) and (3.3),

/ Advy(A) = ay forae.x e U.
SO(Gy,e)

The left-hand side is a convex combination of elements in SO(Gy,e), and the right-hand side is
in SO(Gy,e) (a is the composition of an element of SO(G,§) and an element of SO(b,e)). Since
SO(Gy, e) is strictly convex, this convex combination must be trivial; namely,

Vy =0q, forae.x e U.

As a consequence, for every W : (TU ® R)* ® R — R for which W(a,,) is L'-weakly precompact,

lim/W(an)dVolg:/W(a/)dVolg. (3.5
U U

n—oo

We now show that fz, — f¢ strongly in WP (M;N) (for the moment, we have only established
weak convergence, and hence in particular strong L? convergence). By the first clause of Proposition 2.4,
it suffices to prove that @, — @ in LPT'((TU @ R)* @ R4*!). We would be done if we could use (3.5) for

W(A) =|A-qa|P.

However, W(a,,) is only bounded in L' (U), which does not guarantee sequential weak precompactness.
Instead, let

| Al
‘/‘/ A = A— P —_—
Wl ¢(3«/m)’

where ¢ : [0, 00) — R is continuous, nonnegative, compactly supported, and satisfies ¢(¢) = 1 fort < 1
and ¢(1) < 1fort > 1. Clearly, W(a,,) is uniformly bounded, and hence L'-weakly precompact, which
since W(a) = 0 implies that

lim / W(an) dVolg = 0.
U

On the set
By={xeU : |ay| <3Vd+1},
we have W(a,) = |a, — a|P, whereas on its complement U \ B,
lan, — a| < 2(|a,| - |a|) < 2 dist(a,, SO(G,e)),

where the first inequalities follow from the fact that |@| = Vd + 1 and |, | > 3Vd + 1, and the second
inequality follows from the reverse triangle inequality. Thus, in U \ B,,

la, — a|P < 2P dist? (a,, SO(G,¢)).
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Combining the two sets,

/ |y — a|P dVoly = |n — |P dVol, +/ |y — |P dVol,
U B, U\B,
< / W (ay) dVolg + 27 / dist” (@, SO(G, ¢)) dVolg,
U U

and both terms tend to zero as n — oco. We conclude that D fg, — D f¢ in LP and therefore obtain
that fz, — fe in WP (M;N). Tt remains to show that S is the shape operator of fe (ie., that
K" o D& = =D f; o S) and that &, — & strongly in WP (M; TN). We observe that

djoK®oDé, =djo (Ko Déy+Dfe, 0S)
+(djoDfg—djoDfg)oS
—djoDfgoS

(the composition with d; is necessary in order to be able to add and subtract the various terms). The
first term on the right-hand side tends to zero in L” since the bending energy & ﬁ (&n) tends to zero; the
second term tends to zero in LP since fg, — f¢ strongly in WP Thus, the left-hand side converges
strongly to —djo D f o S.

It follows from Lemma 2.2 that K% o D&,, — KYo D¢ in LP and that K" o D& = —D f o S, thus proving
that S is the shape operator of fe. Since &, — £ in WP, fz — fe in WP and K9 o D¢, — KD o D¢
in LP, we obtain from Proposition 2.3 that &,, — & strongly, as needed.

Lastly, f¢ satisfies the assumptions of Theorem 1.2 (which is proved in Section 4 below), and thus
Je is smooth, and by extension so is § =1y, .

3.4. The case p < d via Sobolev truncation

If p < d, we first need to regularize &, € W'-” (M;TN) by replacing them with &, € W' (M;TN),
which are close to &, in W!” and also uniformly Lipschitz. This is where the relaxation of the energy
comes into play, since even if &, = ny, project onto immersions fg, € Imm,, (M;N), we do not
know how to approximate them with more regular functions within the space Imm,(M;N). This
construction follows a similar path as in other manifold-valued elasticity results — namely, [KMS19,
KM21] — with some technical complications due to the structure of the energy in codimension-1 and
the non-compactness of TN
First, we need the following pointwise estimate:

Lemma 3.7. Let ¢ € WP (M;TN). Denote M = ||S||, where S is the shape operator in E,. If at a
point in M, |DE| > (3+2M)Vd + 1, then at that point,

IDE| < (3 +2M) (dist(Df§ ®£,50(G, b)) +|DfeoS+K"o D§|). (3.6)
Proof. By the definition of the Sasaki metric,
IDE| < D fe| + K" o DE|.

Consider first the case where |D f#| > 2Vd + 1. Then, by the triangle inequality and the fact that all the
elements in SO(G, §) are of norm Vd + 1,

dist(D f ® £,S0(G, b)) = |Dfe| - Vd+1 > Vd+1. 3.7
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Thus,

IDE| < D fe| + K" o DE|
< IDfel+|Dfg o S|+|DfeoS+K"o DE|
< (1+M)|Dfs|+|DfeoS+K®o DE| (3.8)
< (1+ M) dist(D fr ® £,S0(G, ) + (1 + M)Vd + 1 +|Dfs o S+ K® o D&|
< 2(1+ M) dist(D fz ® £,SO(G, b)) +|D fs o S+ K" o DE|,
which implies (3.6).
Otherwise, if |D f¢| < 2Vd + 1 and |[DE| > (3+2M)Vd + 1, then
IDE| < D fel +|K® o DE|
< IDfel+|Dfg o S|+ |DfeoS+K®oDE|
< (1+M)|Dfe|+|DfeoS+KYo DE|
<2(1+M)Vd +1+|Dfs o S+K" o D¢|

< 2(1+ M)

< S |DE| + D fg 0 S+ K" o DE|,

from which follows that
IDE| < (3+2M)|Dfe o S+K® o DE|,
which implies (3.6). O
For a given p > 2Vd + 1, denote T°N := {v € TN : |v| < p}, which is a compact submanifold of
TN . Denote by ¢ : [0,00) — [0, 1] a continuous, nonnegative, compactly supported function satisfying
@(t) = 1forr <2Vd +1and ¢(r) =0 fort > p, and let £, = ¢(|&,])&,. Note that £, : M — TPN is

uniformly bounded, and |D&,| < C|Dé&,| for some C depending only on . Furthermore,

{xeM : &(x) &)} C {é] >2Vd +1}
C {dist(D f¢, ® £,,SO(G, b)) > Vd + 1},

where the last inclusion follows from the same argument as in (3.7). Since & p(&n) — 0, it follows that
dist(D fg, ® é,,50(G,H)) = 0 in measure.

Hence, the volumes of all the sets above tend to zero. On the one hand,

/ €0 — Enl? dVolg=/ | — €17 dVol
M {&n#én)

S/ . Ifnl”dVolg+/ ~|€al7 dVolg.
{€ntén} {€ntén}

The first term tends to zero as n — oo because |&,|P is equi-integrable (it is bounded in W'-P); the
second term tends to zero because |£| is uniformly bounded. Moreover,

/ |di o Dé?n —dio D&,|P dVolg < / |DE, P dVolg < gp(fn) — 0,
M (dist(D fi, ®£,.50(G.b))>Vd+1}
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where the last inequality follows from (3.8). Thus,
leoéy = o éallyinr — 0.

Denote u, =t o &, € WP (M;RP). By [FIMO02, Proposition A.1], there exists a constant C > 0,
depending on M, g, p and ||S||., and there exists a sequence of Lipschitz maps it,, € WH*(M;RP)
having uniform Lipschitz constant C such that

Voly((x € M 5 i) # u()h < € [ Dty dVol,,
) (IDun |> (3+2M)Vd+1} ;

and

14 1 < C/
wep (1Dt |> (3+2M )1}

“ﬁn - Mn”

|Du,,|PdVol,.

Using Lemma 3.7, and the fact that |Du,,| = |DE,| (since ¢ is an isometric immersion), we obtain that

Volg({x € M : ii(x) # u(x)}) < C'E,(én), (3.9)
and
i = unllly,, < C'Ep(En), (3.10)

for some C’ > 0. Note that the image of i, is not in ¢«(TN), which means that we cannot identify
ity : M — RP with a function &, : M — TN to rectify this problem, we resort to a projection. Since
gp (£,) — 0, it follows from (3.9) that for every & > 0, and n € N large enough (depending on &), every
ball of radius £ in M contains a point x for which i,,(x) = u,(x) € «(T?N). Since ii,, are uniformly
Lipschitz, we obtain that

max dist(ii,, (x), (TP N)) — 0.

Thus, for n large enough, ii,(x) lies in a tubular neighborhood of «(T/N') on which the orthogonal
projection operator P is well defined and smooth (this is where we use the compactness of TP A/ and
the reason we had to truncate &, to &, — we had to ensure that the image of i, is uniformly close to a
compact subset of ((TN)). Define i, = P o ii,, and &y = ! odi,. A direct calculation, as in [KMS19,
pp. 391-2], shows that 7, and £, are uniformly Lipschitz and satisfy (3.9) and (3.10), and furthermore,
that £, (£,) — 0 forany g € (1, ).

We can now apply the previous step for £,, for some ¢ > d > p, and obtain that £, — & = n rin
W4 (M;TN) for some isometric immersion f € Imm,, (M; ) whose shape operator is S. Since ||ii,, —
unllwi.o — 0, it follows by definition that disty 1., (£,,£,) — 0, and thus also distyy 1., (£,,&,) — 0.
It therefore follows that &, — 1y in WP (M; TN).

4. Proof of Theorem 1.2

In this section, we prove Theorem 1.2. First, we prove that f € W22, in the sense that any coordinate
representation of f is in W22, Then, in order to prove that f is smooth, we prove an analog version of
[MS19, Lemma 3.1], where the range is a Riemannian manifold instead of R" (for our purpose, we are
only interested in codimension-1). This is achieved by the following two propositions.

Proposition 4.1. Let f € Imm,(M;N), p > d. Suppose that f*Y (which is a priori only defined
almost-everywhere) is a smooth metric on M. Then f € W2’2(./\/l;./\/) (in coordinates).
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In fact, the smoothness of f* is not needed here; C! would suffice, and possibly even Sobolev
regularity.

Proof. Assume d > 2; hence, p > 2. Let ¢ : (N, h) — RP be an isometric embedding (i.e., t(\) is
a smooth submanifold of R? of codimension D — d — 1). We thicken M into M = M x (=h, h)P~4,
with 4 small enough, and endow it with the product metric

_(fH 0
o=(,0)

Let {v,-}l.D: gd be a smooth orthonormal frame along the submanifold «(A) ¢ R?, orthogonally comple-
menting the image of d¢ on ¢(N). We extend f into a function F : M > R? by

D-d
F(g,11, .. tp-a) = Lo f(q) +t1deg gy (s () + Y. tivi(to f(q)),
i=2
which we may also write in the form
D-d
F=tvofom+nm-(dionyom+ Zm~(viotofo7r),
i=2

where 7 : M — M and o M — R are the natural projections, 7(q,t1,....,tp—q) = ¢q and
7i(q,t1,...,tp—q) = t;, and in the second term, we view 1y as a map M — TN.
Differentiating, dF : TM — RP is given by

dF =dioDfoDn+dm ® (diony O7T)+7T1'(d2LODT[f o D)

D-d D-d
+Zdﬂ'i®(ViOLOf07T)+Zﬂ'i~(dViODLODfODﬂ').

i=2 i=2
Consider
D-d
A =dioDfoDn+dn ®(dionson)+ Z dn; @ (vioto fom).
i=2
Since f is an isometric immersion by the definition of f*, ¢ is an isometric embedding and {v; iDZEd is

an orthonormal frame along the submanifold «(N) ¢ RP, and Dx, dn; are pairwise orthogonal by the
choice of G, we obtain that Ay € SO(G, ¢). Therefore,

f dist>(dF, SO(G,e))Volg < f f |dF — A |* dt dVol g+
M M (_hn’hn)Kid
D-d
< Cj[ j[ t11%|d%c o Dny o Dr|* + Z |ti|*|dv; o Dio D f o Dx|? dt dVol s+
M (=hp,hy) P4

=2
D-d
<C |t;|>dt
O{_hn,hn)Dd ; l

< Ch?,

where in the passage to the fourth line, we used the facts that dny and df are bounded in L*(M), and
that dt, d*¢ and dv; are bounded in L™ as smooth functions on compact domains.
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We have thus proved that F satisfies the finite bending property defined in [KS14, Eq. (2.3)], where
F in the present work corresponds to f; in [KS14]. It follows from [KS14, Thm. 5.1] that f (which
unfortunately corresponds to F in [KS14]) is in W2, O

Proposition 4.2. Let f € Imm, (M;N), p > d. Suppose that g = f*Y is a smooth metric on M and
that the shape operator S of f(M) in N is smooth. Then, f is smooth.

The proof below works, with minor adjustments, also for a smooth second fundamental form instead
of a smooth shape operator.

Proof. Since f is continuous and since smoothness is a local property, we can consider the claim in
coordinates; henceforth, f : Q C R4 — R9*! and ny Q- R4+ satisfying the following set of

equations,
8:; (%) = Dap(f(x)) i f*(x) 0; £ (x), 4.1)
oM (x) = 8P (x) T, (F ()N (x) = =6, (x) 8] (v), “2)
and
Baps (f(x)) 0 £ (x) W (x) = 0. 4.3)

Here and below, we use Latin indexes for coordinates in M and Greek indexes for coordinates in N .
The Einstein summation rule is assumed; ng are the Christoffel symbols of the Levi-Civita connection

in AV. It is given that g;; and S{ are smooth.
It follows from the previous proposition that f@ € W>2(Q), which together with (4.1) implies that

B f e WH(Q) N L¥(Q).
It then follows from (4.2) that
ng e W(Q) nwh(Q).

The rest of the proof follows a standard bootstrapping procedure, differentiating (4.1) and (4.3)
and substituting (4.2), using the fact that {0; f(x)} U {ny (x)} forms an f*bh-orthonormal basis for
R*!. The bootstrapping uses the following product rule for Sobolev spaces [Brell, Prop. 9.4]: let
u,v € WhHP(Q) N L*(Q) with 1 < p < co. Then uv € WP (Q) N L®(Q) and

0i(uv) = Ojuv +uoiv.

The fact that the application of the Leibniz rule requires to the very least functions in W7 (Q) N L= (Q)
is the reason we had to first establish that d; f¢ and n}” are in this space. O

A. Quantitative stability in codimension-1

In this appendix, we prove a quantitative version of Theorem 1.1 for the case A" = R9*!, under the

assumption that the metric g and the shape operator S are compatible with the geometry of R*!.

Theorem A.1. Let (M, g) be an oriented, connected, simply connected, compact d-dimensional Rie-
mannian manifold with Lipschitz boundary, and let p € (1,0). Let S be a smooth symmetric (1,1)
tensor field on M. If g and S satisfy the Gauss-Codazzi compatibility conditions, then there exists a con-
stant C depending on (M, @), S and p, such that there exists for every f € Imm,(M; R a smooth

https://doi.org/10.1017/fms.2024.30 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2024.30

24 L. Alpern, R. Kupferman and C. Maor et al.

isometric immersion fy : M — R having shape operator S, satisfying

Lf = follwrr arasy + g =g llwie (arasy <
C(ll dist(df,0(g, e)llLr (m) + 1Yy +df o SllLe (),

where 1y and n g, are the unit normals to f (M) and fo(M).

Note that the right-hand side in the equality is essentially £ ]1,/ P(f). If M is not simply connected,

one can rather assume that g and S are compatible in the sense that there exists an isometric immersion
M — R¥! whose shape operator is S.

Proof. Since g and S are compatible, there exists, modulo a rigid transformation, a unique smooth
immersion ¢ : M — R%*!, such that g = (*¢ and dn, = —di o S, where 1, is the unit-normal to ((M).
Consider the following diagram:

(Rd+1 , e)

(M.g) (M, G)

¢
where M, = M X (=h, h), with h to be specified below, £(g) = (¢,0), and
O(q.1) = u(g) +11,(q).
The metric G on My, is defined by
((v,5), (w, r))G(q,, =(v-tS,(v),w—t Sq(w))gq + 7,

where v,w € T, M and s, r € R. For G to be a metric, / has to be restricted; the choice of & = 2/|5 ||«
guarantees that 4 is metric. Furthermore, G is equivalent to the product metric G = g + df ® dt; namely,

c(|v|§ +sz) < |(v,s)|2G < C(|v|g2 +sz)

for some constants ¢ and C, depending only on g and S. Finally, it follows that ¢, { and ® are all isometric
immersions.
Let f € Imm,, (M;R9*!), which we extend into a map F : M, — R9*!, given by

F(q,t) = f(q) +tny(q),

where 1y : M — R?*! is the unit-normal to f(M). Denote by S the shape operator of f(M).
Consider the map

Fod™!: d(M,) c R 5 R,
By the FIM inequality, there exists an isometry Q € SO(d + 1) such that
ld(F 0 ®7") = QllLr (oA mast) < C || dist(d(F o @71),SO(d + 1) llrp (@ (ay)res)»
where C only depends on M, h and p. Since @ is an isometric immersion, changing variables,

”dF - Q (o] dq)“L]’(Mh;Rd”) <C ” dlSt(dF, SO(G, e))“Lp(Mh;RdH). (Al)
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The goal is to obtain an inequality involving only f. We start with the right-hand side of (A.1). First,
dF =df eny —t(df oSy ©0).
Denote
A= (0(df) ®ny) —1(0(df) 0 S &0),

where O(df) is the projection of df on O(g, ¢) (for immersions, the projection is unique). We show that
A € SO(G, e). Indeed, For (g,t) € My, and (v, s) € T(4,-) M,

A(v,s) =0(df)(v) +sny —tO(df) o S(v).
Since O(df)(v) L ny and since O(df) € O(g,¢),
A, 9)|> = 10(df)(v) =1 O(df) o SM* +5> = [v =1 S(W)|> + 57 = |(v, 5)*.

The condition on the orientation holds by the very definition of ns.
Thus,

dist(dF, SO(G, ¢)) < |dF — A|
< |(df - O(df)) ®ny —t ((df o Sy — O(df) o S) & 0)|
< |(df —0O(df)) @ng|+t|(df oSy —O(df) o S) &0,

where all the norms are with respect to G and e. By the equivalence between G and the product metric
G = g + dt ® dt, the right-hand side can be bounded by

C(ldf - O(df)| +|df o Sy - O(df) o Sl),
where C depends only on g, S and 4. Using once again the equivalence of the metrics on M,

| dist(dF, SO(G,e)llr (m,) < C(Ildist(df,O0(a.e)llLrm) + ldf o Sy —O(df) o SllLr(a)
(A2)

for some constant C depending only on (M, g) and p.
We proceed with the left-hand side of (A.1). We have

Qodd=Qo(didn,)—tQo(dioSa0)
=d(Qot)®ngo, —t(d(Qot)oS®0).

Hence,

dF —Qod®=df ®ny —df()@nﬁ)—t((dfOSf—dfoOSﬁ))GBO)
=dfeny —dfpeng—1((dny —dng) @0),

where fy = Q o ¢, which is an isometric immersion of (M, g) having shape operator S = S.
Therefore,

|dF — Q o d®|* 2 |df — dfo]* + [ny —ng|* + 2 |dny —dng)?
+2t(df = dfo,dng —dng),.
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Define the set

Ay ={q e M : ((df)g = (dfo)g (dny)g = (dnify)g)g = 0} C M,

and let
D={(q.t) e My : ge Ay t 20}U{(qg. 1) e My : g ¢ A, 1t <0} C M.
On the set D,
|dF = Q o d®|* 2 |df — dfo|* + Iny —ng|* +12|dny — dng|?,
and thus,

/ |dF—Qodd>|pdV01G2/ |dF — Q o d®|P dVolg
My, D
2 / (|df—df0|1’+|nf —nﬁ)|P+|t|”|dnf —dnﬁ)|”) dVolg
D

2/(|df—dfol”+|nf —nﬁ)l”+|t|”|dnf —dnﬁJI”) dVOlG
D

p+1

h
:.//\4(h|df_df0|p+h|nf —nﬁ)|”+

2
Py 1 |d1‘1f - dTIf0| ) dVOlg,
where in the passage to the third line, we used the equivalence of G and the product metric G, and in
the passage to the last line, we used Fubini’s theorem. From this and the Poincaré inequality (possibly
by translating fj), we obtain

||dF - Q o dq)llLP(Mh;Rd”) > C(”f - f0||Wl,p(M;Rd+l) + ||Tlf - nﬁ)”Wl,p(M;RdH)), (A3)

where ¢ > 0 depends only on (M, g), p and h. Combining (A.1), (A.2) and (A.3), we obtain the desired
result. O
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