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Artinianness of Composed Graded Local
Cohomology Modules

Fatemeh Dehghani-Zadeh

Abstract. Let R = @, Rn be a graded Noetherian ring with local base ring (Rg, mg) and let
Ry = ®,50 Ry. Let M and N be finitely generated graded R-modules and let a = ag + R4 an ideal
of R. We show that Hjbo (H: (M,N)) and H:, (M, N)/boH' (M, N) are Artinian for some i s and
j s with a specified property, where b, is an ideal of Ro such that ag + bg is an mo-primary ideal.

1 Introduction

Throughout this paper, we assume that R = @, R, is a graded Noetherian ring with
local base ring (R, mp). In addition, we use a and by to denote two proper ideals
of Ry such that ag + by is an mg-primary ideal. We set R, = @®,,59 Ry, the irrelevant
ideal of R, a = ag + R,, and m = my + R,. Also, we use M, N to denote non-zero,
finitely generated, graded R-modules. It is well known that, for each i € Ny (where Ny
denotes the set of all non-negative integers), the i-th generalized local cohomology
module H: (M, N) of M and N with respect to a inherits natural grading. For each
n € 7 (where Z denotes the set of integers), we use the notation H: (M, N),, to denote
the n-th graded component of H, ;(M ,N). Then, according to [7], for each i > 0,
the Ryo-module H: (M, N),, is finitely generated in certain cases and vanishes for all
n > 0. Therefore, the asymptotic behavior of H: (M, N),, when n — —oo holds a lot
of interest.

The concept of tameness is the most fundamental concept related to the asymptotic
behavior of cohomology modules. A graded R-module T = @,z T), is said to be tame
or asymptotic gap-free ([2, Definition 4.1]) if either T,, = 0 forall n << O else T}, # 0
for all n <« 0. It is well known that any graded Artinian R-module is tame [I, Re-
mark 4.2]. In this paper, we study the Artinianness of modules H{)o (H:(M,N)) and
Hi(M,N)/boH.(M,N) for some is and js with a specified property. At first we
show that if ¢ is smallest positive integer such that H; (M, N) is not Artinian, then
Hi (M, N) is a-cofinite and Artinian for all i < t (see Theorem 2.2). We also prove
thatif H. (M, N) is a-cofinite for all i < r, then H{m (H. (M, N)) is Artinian a-cofinite
forall i < randall j > 0. Moreover, Iy, g (HL (M, N)) is Artinian and a-cofinite and
Hi(M,N)/mH: (M, N) is Artinian for all i < r (see Corollaries 2.4 and 2.6). The
generalized homological finite length dimension and cohomological dimension of
M and N with respect to a is denoted by g,(M, N) and cdq (M, N)), respectively.
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Also, qq(M, N) is the largest non-negative integer i such that H. (M, N) is not Ar-
tinian. We show that H: (M, N)/boH! (M, N) is Artinian for all i > q,(M, N) and
Tp, (HL (M, N)) is tame for all i < go(M, N) (see Theorems 2.8 and 2.9). Further-
more, we prove that if cdq (M, N) = 2, then Hy, (H;(M, N)) is Artinian if and only
if Hyt?(Hy (M, N)) is Artinian (see Theorem 2.13).

For notation and terminology not given in this paper, the reader is referred to [3,4],
if necessary.

2 Main Results

We keep the notation and hypotheses given in the introduction and continue with the
following definition.

Definition 2.1 (i) An R-module T is said to be a-cofinite if Supp T ¢ V(a) and
Exty(R/a, T) is finitely generated R-module for all i > 0.

(ii) Foragraded ideal a in R, the generalized homological finite length dimension
of N and M with respect to a is defined as

ga(M,N) = inf{i e Ny | bg,H,(M,N), = oo for finitely many n € Z},

where we denote by €z, T the length over Ry of T for an Ryo-module T. Also, the
notation q,(M, N) is the largest non-negative integer i such that H: (M, N) is not
Artinian R-module.

In addition, for an ideal a in R, the cohomological dimension of M and N with
respect to a is denoted by cdq (M, N). Thus, cdq(M, N) is the largest non-negative
integer i such that H: (M, N) is non-zero and finiteness dimension of M and N with
respect to a, denoted f, (M, N), is defined by

fa(M,N) = inf{ i e Ng | H. (M, N) is not finitely generated}.

Theorem 2.2  Let t be a non-negative integer such that H. (M, N) is Artinian for all
i < t. Then H.(M, N) is a-cofinite for all i < t.

Proof We prove this by induction on ¢ > 0. If ¢ = 0, then the result is clear. Assume
that t > 0, and the result holds for t—1. In view of [5, Corollary 2.3] and our hypotheses,
in conjunction with the fact that H;Mnn(M) (M,N) = H. (M, N), we see that T, (N)
is Artinian. Therefore,

Extp(M,To(N)) = Hi(M,N)

is Artinian for all i > 0. From the exact sequence 0 - I[;(N) — N — N/T,(N) — 0,
we get the long exact sequence

HE (M, To(N)) 25 Hi(M, N) 25 HE (M, N/T(N)) 25 HIPY(M, TL(N))
forall i > 0. We split the above exact sequence into the following two exact sequences:
0 —> im¢; — H.(M,N) — imy; —> 0,

0 — imy; — H(M,N/T4(N)) — imA; — 0.
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Note that im ¢; and im A; are Artinian and finitely generated R-module. It follows
that for all i > 0, H, (M, N) is Artinian and a-cofinite if and only if the same is true
for H: (M, N/T;(N)). Hence, we assume that I';(N) = 0. Then the ideal a contains
an element x that avoids all members of Ass N. Therefore, the exact sequence

0— N—->N— N/xN —0
induces a long exact sequence
H™Y(M,N/xN) — H!(M,N) - H!(M,N) — H.(M, N/xN).

By using the above exact sequence in conjunction with the inductive hypothesis we
see that the R-module (0: i (,n)x) is Artinian and a-cofinite. Therefore, in view of
(9, Theorem 4.1], H! (M, N is a-cofinite and Artinian. [

Theorem 2.3  Let r be a non-negative integer and let X be an arbitrary R-module such
that for all n € N, Exty(R/a", X) is finitely generated for any i < r. Let H, (M, X) be
a-cofinite for all i < r. Then H (M, X)/aH! (M, X) and Hom(R/a, H. (M, X)) are
[finitely generated for all i < r.

Proof If i < r, then the conclusion is clear by [10, Corollary 1.2]. Thus, we con-
sider the case where i = r. We argue by induction on r. If r = 0, then H)(M, X) =
Hom (M, T,(X)). Hence, the result is true by the assumption as well as [3, Theorem
1.2.11] and [9, Theorem 2.1]. Now, inductively assume that » > 0 and that the asser-
tion has been proved for r — 1. Since H: (M, T(X)) = Exth (M, [4(X)), by using the
exact sequence 0 — I4(X) > X —» X/T4(X) — 0 and our hypotheses, we have that
H (M, X) is a-cofinite for all i < r ifand only if H: (M, X/T4(X)) is a-cofinite for all
i < r. On the other hand, Hom(R/a, H: (M, X/T(X)) is finitely generated for all i <
r if and only if Hom(R/a, H: (M, X)) is finitely generated for all i < r. Thus, we may
assume that Iy (X) = 0. Let E be an injective hull of X and put L = E/X. Then T, (E) =
0. Consequently, Exti(R/a", L) =~ Ext;"(R/a",X) and H:(M,L) = H(M, X)
for all i > 0. Now the induction hypothesis yields that Hom(R/a, H;'(M, L)) and
H™Y(M, L)/aH. (M, L) are finitely generated, and hence

Hom(R/a,H,(M,X)) and HL(M,X)/aH,(M,X)

are finitely generated. u

Corollary 2.4 Let r be a non-negative integer. Let H.(M,N) be a-cofinite for all
i <r. Then H (M, N)/mH: (M, N) is Artinian for all i < r.

Proof Using Theorem 2.3, H: (M, N)/aH: (M, N) is finitely generated for all i < r.
So, Ry/bo® H: (M, N)/aHL(M, N) is finitely generated for all i < r. Therefore, since
the radical of annihilator of H: (M, N)/(bo + a)H: (M, N) equals m = mg + R, the
R-module H: (M, N)/mH: (M, N) is Artinian for all i < r. This proves the claim. M

Theorem 2.5 Let T be an a-torsion and a-cofinite module. Then Héo (T) is Artinian
and a-cofinite for all i > 0.
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Proof It is enough, in view of Hy (T) = Hy (Ta(T)) = H,(T), to show that
the R-module H! (T) is Artinian and a-cofinite. We use induction on i. Since
T is a-cofinite, I'n(T) is Artinian and a-cofinite by [10, Corollary 1.8]. Thus,
T/Tw(T) is a-cofinite. Now suppose, inductively, that i > 0 and we have shown that
HI'(T') is Artinian and a-cofinite for any a-cofinite R-module T’. Now H. (T)
H! (T/Tw(T)) for i > 0. We can assume that [,y (T) = 0. Then m ¢ Ass(T), and
since the set Ass(T) is finite (see [10, Corollary 1.4]), we can, by prime avoidance,
take an element x € m — Upeass 1 P- From the exact sequence

0— T T— T/xT — 0,
we get that T'/x T is a-cofinite. This yields the exact sequence
HEN(T/xT) — HL(T) = HL(T) — Hi (T/xT).

One can deduce from the above exact sequence, by using the inductive hypothesis,
that the R-module (0: 4 (1)X) is Artinian and a-cofinite. It follows H}, (T) is Ar-
tinian and a-cofinite by [9, Proposition 4.1]. ]

Corollary 2.6  Let r be a non-negative integer. Let H, (M, N) be a-cofinite for all
i <r. Then HéO(H;(M,N)) is Artinian and a-cofinite for all i < r and j > 0. In
addition, To g (H, (M, N)) is Artinian and a-cofinite.

Proof If i < r, then, in view of Theorem 2.5, H{;OR (H.L(M,N)) is Artinian and
a-cofinite for all j > 0. On the other hand, using Theorem 2.3, Hom(R/a, H,(M,N))
is finitely generated. This fact implies that

Tor (Hom(R/a, Ho (M, N))) = Tinor (0: 1 (m,5) @)
= (0:r,, oy, (N @) 2 (01, o (ar (M,N)) @)

has finite length, by [3, Theorem 7.1.3]. Now; it follows from [9, Proposition 4.1] that
To,r (HL(M, N)) is Artinian and a-cofinite. [ |

Proposition 2.7 Let i > 0. Then the R-modules H' (Ty,(N)) and H. (M, Ty, (N))
are Artinian and tame.

Proof Using [3, Theorem 7.1.3], Hy(Ty,(N)) 2 H,, (To,(N)) = H, (Tp,(N)) is
Artinian. In view of [6, Theorem 2.1], H. (M, T,(N)) is Artinian and tame. [ |

Theorem 2.8 Leti> qu(M,N) = q. Then H.(M,N)/boH: (M, N) is Artinian and
tame.

Proof When i > qq(M, N), the result is obvious by the definition of q,(M, N). So,
it only remains to show that HI (M, N)/boHZ (M, N) is an Artinian R-module. We
prove the result by induction on d = dim N. If d = 0, then H.(N) = H(I'n(N)) =
H: (N)is Artinian for all i > 0. As a result of [6, Theorem 2.1], H: (M, N) is Artinian
for all i > 0, and there is nothing to prove. So, suppose that d > 0 and that the result
has been proved for d — 1. In view of the long exact sequence of generalized local
cohomology modules that is induced by the exact sequence 0 — I',,(N) - N —
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N/Ts,(N) — 0 and Proposition 2.7, we have q,(M,N) = g,(M, N/Tp,(N)). Now,
consider the exact sequence
HA(M,Toy(N)) > HY (M, N) — H(M,N/To,(N)) > Hi (M, Ty, (),
which induces the following two exact sequences
0 —> imy — H.(M,N) — ker¢ — 0,
0 —> ker ¢ — H' (M, N/Ty,(N)) — im ¢ —> 0.
Therefore, we can obtain the following two exact sequences:
(2.1) — R /by ® imy —> Ry/bo ® H,(M,N) —> Ry/bo ® ker ¢ — 0,
(2.2) Ro/bg ® ker ¢ —> Ro/bg ® H (M, N/Tg,(N)) — Ro/b ® im ¢ —> 0.

In view of Proposition 2.7, im  and im ¢ are Artinian, and hence so are im y/bg im v
and im ¢/bgim ¢. According to the exact sequences (2.1) and (2.2), we can easily
conclude that Ry/bo® H: (M, N) is Artinian ifand only if Ry /by ® H. (M, N /Ty, (N))
is Artinian. We can assume that T}, (N) = 0. The last fact implies that there is an
element x € by that is an N-sequence, and hence there is the following exact sequence
of R-modules

(23)  H'Y(M,N/xN) — H!(M,N) = H.(M,N) — H!(M,N/xN).

Therefore, the exact sequence (2.3) yields g, (M, N/xN) < g4(M, N) and induces an
exact sequence of R-modules and R-homomorphisms

(24)  0—> Hi(M,N)/xHi(M,N) — HI(M,N/xN) 2> HI*'(M, N).

If we apply the functor Tory*(Re/bo, ) to the exact sequence (2.4), we have the fol-
lowing exact sequence

Torf* (Ro/bo,imA) —> Ro/bg ® HE(M, N)/xHZI(M,N)
— R()/b() ® HZ(M,N/XN)—>1II]A ® R()/b() — 0.
Since im A is Artinian, it is seen that Tork° (Ro/bg,im 1) is Artinian. If
qa(M,N/xN) = ga(M, N),

by using last exact sequence in conjunction with the inductive hypothesis and x € by,
we see that the R-module

H3(M,N)/boHi(M,N) = Ro/bg ® HL(M, N)/xHI (M, N)

is Artinian and tame. If o (M, N/xN) < qo(M, N), then HI (M, N/xN) is Artinian.
Again we can use the above exact sequence to obtain the result. ]

Theorem 2.9 Leti < go(M,N). Then Ty, (H5(M,N)) is tame. Furthermore, if
Hi (M, N), is a finitely generated Ry-module for all n € Z, then Ty, (H5 (M, N)) is an
Artinian R-module.
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Proof Ifi< g,(M,N), then in view of the definition of g, (M, N), £g,H. (M, N),
is finite for all n <« 0 and the result is clear. Consider the Grothendieck spectral
sequence [10, Theorem 11.38]

. . p i
(ED")n = HY (H,(M,N),) = HY"(M,N),.

It is easy to see that there exists no € Z such that, for all n < ny, (Ef’i)n = 0 for
all i < g4(M,N) and p € N. Now, the convergence of the above spectral sequence
implies that H) (H3(M, N),) = H3,(M, N), forall n < ng. Since all graded Artinian
R-modules are tame, it is seen that Hy_ (H5(M,N)) is tame. The last part of the
theorem follows from Kirby’s Artinian criterion [8, Theorem 1]. [ |

Theorem 2.10  Let t be a non-negative integer and let Hy, o (HL(M,N)) be Artinian
forall j # t and for all i. Then H p(H(M, N)) is Artinian for all i.

Proof Using [10, Theorem 11.38] there exists a Grothendieck spectral sequence
p
(B3 = Hy, (HA(M, N)w) == HE (M, N),.
Also, there is a bounded filtration
0=¢""H" c¢"H" c---c ¢'H" c ¢°H" = H, (M, N)

such that E2"~" = ¢'H" /¢**1H" for all 0 < i < n, and hence E£? is Artinian. Note
that E2? = E?? for large r and each p and gq. It follows that there is an integer € > 2
such that EP*? is Artinian for all 7 > £. We now argue by descending induction on €.
Assume that 2 < £ < r and that the claim holds for £. Since EZ*? is a subquotient of
E?? for all p, q € Ny, the hypotheses give that EZ*"*""*! is Artinian for all 7 > 2. In
addition,
,t . —C+1,t+€-2
E? = ker dgfl/ im dffl

p—E+1,t+€-2

dypy

and im are Artinian for all p > 0. It follows that ker dffl is Artinian for
all£>2and p > 0. Let r > 2 and p > 0. We consider the sequence

0 —> kerd?' — EPY — EPTOETHL
Since both ker df,’itl and ngf_l’t_“z are Artinian, it follows that ngl is Artinian for
p > 0. This completes the inductive step. ]

Proposition 2.11 Let f = fo(M,N) = cdq(M,N). Then H{;OR(H;(M,N)) is Ar-
tinian for all i and j.

Proof Ifi < f,then,inview of the definition of f,(M, N), H. (M, N) isan a-cofinite
R-module. It follows from Theorem 2.5 that H, {;0 (H: (M, N)) is Artinian and a-cofi-
nite. On the other hand H{;O (HL(M,N)) =0forall i > f. Therefore, in view of the
spectral sequence

, p
EDY = HD (HI(M, N)) == HEI(M, N),

the result follows by similar argument as used in Theorem 2.10. ]
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As an application of Proposition 2.11, we have the following corollary.

Corollary 2.12 Let cdq(M,N) = 1. Then H{)OR(H;(M, N)) is Artinian for all i
and j.

Theorem 2.13  Let i € Ny and cdo(M, N) = 2. Then Hy, (H;(M, N)) is an Artinian
R-module if and only H{**(H}, (M, N)) is an Artinian R-module.

Proof Using [10, Theorem 11.38] there exists a Grothendieck spectral sequence
> P
ED?=H} (Hi(M,N)) — HL(M,N).
Also, there is a bounded filtration
0=¢"""H" c¢"H" c---c ¢'"H" c ¢°H" = HL(M,N)
such that EX"~F ~ ¢'H" [¢"*' H" for all i, and hence E£? is Artinian for all p, q. Note
that EZ? = EP? for large r and each p and q. For all r > 2 and p, q > 0, we consider

the exact sequence

> ,q—r+1
q df+rq r+
—

dar _
(2.5) 0 —> kerd?? — EP'? — gL :
In view of the definition of cd, (M, N), (E¥?), = 0 for all n € Z and g > 2. On the
other hand, E:9 = ker d*9/im d?~"""" imply that E"", = ker d* and
EF?!imd)? = kerdyt™™! /imdy? = ESt>!.

Now, we use the exact sequence (2.5) to obtain exact sequences
(2.6) 0 — (EZ2)n — Hyr(Ha(M,N)) — im(d}?),—0,
(2.7) 0 — im(dy?), — Hyx(Hy(M,N)) — (EZ*"), — 0,
which in turn yield the exact sequences

0 — (0:(gizy, Ri) — (O:gy (a2 (), Re) — (O3 iy, R1),

0 — (0zimgiy, R1) — (0t piva (o, (v, Ra) — (03 gigany, Ra).
Note that for each 7, j € Ny, E%/ is an Artinian graded R-module. Therefore, using
Kirby’s Artinian criterion ([8, Theorem 1]), we deduce that

(0:(51:,2")an) =0= (Oz(Eif)an)
for n << 0. Now, we can use the last two displayed exact sequences to see that
(O:HL (2 (m,N)), R1) = 0 forall n <« 0 if and only if (O:H?z(Hl N, Ri) =0 for
0 a > n J a > n
all n «< 0. In addition, since
Hy,z(HA(M,N)) = Hy (Hi(M,N),)

forall i > 0 and all n € Z, then Hy p(H4(M,N)), =0 for all n > 0. Again, using
the fact that E¢/ is an Artinian graded R-module, together with exact sequences (2.6)
and (2.7), we see that Hi*x (Hy (M, N)),, is an Artinian Ro-module for all n € Z if

and only if HéOR(Hﬁ(M, N)), is an Artinian Ry-module for all n € Z. Therefore, in
view of [8, Theorem 1], the result follows. [ |
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