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ABSTRACT

Let T" be a finite subgroup of Sp(V'). In this article we count the number of symplectic
resolutions admitted by the quotient singularity V/I'. Our approach is to compare
the universal Poisson deformation of the symplectic quotient singularity with the
deformation given by the Calogero—Moser space. In this way, we give a simple formula
for the number of Q-factorial terminalizations admitted by the symplectic quotient
singularity in terms of the dimension of a certain Orlik—Solomon algebra naturally
associated to the Calogero—Moser deformation. This dimension is explicitly calculated
for all groups I' for which it is known that V/I" admits a symplectic resolution. As a
consequence of our results, we confirm a conjecture of Ginzburg and Kaledin.

1. Introduction

The goal of this article is to count the number of non-isomorphic symplectic resolutions of a
symplectic quotient singularity V/T", where V is a finite-dimensional complex vector space and
I’ C Sp(V) a finite group. A Q-factorial terminalization of V/T" is a projective, crepant, birational
morphism

p:Y > V)T

such that Y has only Q-factorial, terminal singularities. We say that Y is a symplectic resolution
of V/T if Y is smooth. It is not always the case that the quotient admits a symplectic resolution,
in fact such examples are relatively rare. However, it is a consequence of the minimal model
programme that V/T" always admits a Q-factorial terminalization. Moreover, work by Namikawa
shows that V/T" admits only finitely many Q-factorial terminalizations up to isomorphism, and if
one of these Q-factorial terminalizations is actually smooth, i.e. is a symplectic resolution, then
all Q-factorial terminalizations are smooth.

The main result of this paper is an explicit formula for the number of Q-factorial
terminalizations admitted by V/I'. Our approach is to translate the problem into a problem
about the singularities of the Calogero-Moser deformation of V/I'. Then results about the
representation theory of symplectic reflection algebras can be applied to solve the problem.
Namely, the centre of the symplectic reflection algebra associated to I'" defines a flat Poisson
deformation CM(I') — ¢ of V/T". Here the base ¢ of the Calogero-Moser deformation is the
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G. BELLAMY

vector space of class functions supported on the symplectic reflections in I'. Let ) be a Q-factorial
terminalization of CM(I") over c:

y P CM(T)
L

The set of points ¢ for which the map p. : Yo = CM(I') is an isomorphism is denoted ¢ycg,
and D C ¢ the complement. In [Nam10], Namikawa shows that there is a finite “Weyl group’
associated to any affine symplectic variety equipped with a good C*-action. In particular, we
may associate to V/T" its Namikawa Weyl group W. Our main result is the following theorem.

THEOREM 1.1. The number of pairwise non-isomorphic Q-factorial terminalizations admitted
by V/T equals ,
W]

A consequence of our results is that D is a union of hyperplanes in ¢. This implies that
H*(¢ ~ D;C) is the Orlik—-Solomon algebra associated to this hyperplane arrangement. Thus,
powerful results in algebraic combinatorics can be applied to explicitly calculate the number
(1.A) in examples of interest. When V/I" admits a symplectic resolution, p. is an isomorphism
if and only if CM¢(I") is smooth, i.e. D is precisely the locus of singular fibres.

There is one infinite series of groups for which it is known that the quotient V/T" admits a
symplectic resolution. These are the wreath product symplectic reflection groups. Let I' = 6,1 G
acting on V = C?", where G is a finite subgroup of SL(2,C). The Weyl group associated to G
via the McKay correspondence is denoted Wg. The exponents of W are denoted e, ..., ey, and
h denotes the Coxeter number of W.

dimc H*(¢ N\ D; C). (L.A)

PROPOSITION 1.2. The number of non-isomorphic symplectic resolutions of V/T' equals

e .
H(n—l)h+€z+1' (1.B)

ey e;+1

Formula (1.B) plays an important role in the theory of generalized Catalan combinatorics
associated to Weyl groups.

In addition to the above infinite series, it is known that there are two exceptional groups that
admit symplectic resolutions. These are Qg X7z, Dg and G4, both acting on a four-dimensional
symplectic vector space; it seems likely that these make up all groups admitting symplectic
resolutions [BS13b]. In the case of G4, Lehn and Sorger explicitly constructed a pair of non-
isomorphic symplectic resolutions of V/I'. Our results show that these are the only symplectic
resolutions of this quotient. In the case of QY3 Xz, Dg, a computer calculation shows that
dime H*(¢ \ D; C) = 2592, implying that the quotient singularity admits 81 distinct symplectic
resolutions. Recently, these 81 symplectic resolutions have been explicitly constructed by Donten-
Bury and Wisniewski [DW14]. They also show that these 81 resolutions are all possible resolutions
up to isomorphism.

1.1 Universal versus Calogero—Moser deformations

The key to proving Theorem 1.1 is to make a precise comparison between the formally universal
Poisson deformation X of V/I' and the Calogero-Moser deformation CM(T"). As noted above,
the base of the Calogero-Moser space is the space ¢ of class functions on I' supported on the
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subset of symplectic reflections. On the other hand, Namikawa has shown that the base of the
universal deformation X is H2(Y;C)/W. Thus, there exists a morphism ¢ — H?(Y;C)/W such
that

CM(F) ~ X XH2(Y;(C)/W C.

Our main result, Theorem 1.4, is an explicit description of the morphism ¢ — H?(Y;C)/W. In
order to precisely state our results, we introduce some additional notation.

A subgroup I of T' is parabolic if it is the stabilizer of some vector v € V. The rank of I"
is defined to be %(dimV — dim VT /), and we say that I is minimal if it has rank one. In this
case I is isomorphic to a finite subgroup of SL(2,C). The set of I'-conjugacy classes of minimal
parabolic subgroups is denoted B. The variety V/T" is stratified by finitely many symplectic
leaves, and those leaves £ whose dimension is dim V' — 2 are naturally labeled by the elements
of B. For each B € B, we fix a representative I in B and write E(B) for the normalizer of I
in I'. The quotient Z(B)/I" is denoted Z(B). Via the McKay correspondence, there is associated
to I € SL(2,C) a Weyl group (W (B),hp) of simply laced type. As explained in §2.1, there is
a natural linear action of Z(B) on hp. We fix ag := (h%)=F). The centralizer Wz of Z(B) in
W (B) acts on ap. We fix a Q-factorial terminalization p: Y — V/T" of V/I.

THEOREM 1.3. The Namikawa Weyl group associated to V/T" is W := [[ 5.5 Wp acting on

H*(Y;C) = [] a5

BeB

As noted above, the Calogero—Moser deformation plays a key role in our results. Associated
to the pair (V,TI') is the symplectic reflection algebra H(I') at t = 0, as introduced by Etingof
and Ginzburg [EGO02]. This is a non-commutative C[c]-algebra, free over Cl¢|, such that the
quotient H(T") /(Clc];+) is isomorphic to the skew-group algebra C[V] xT'. Let e denote the trivial
idempotent in CI', so that e(C[V] x I')e ~ C[V]". The algebra eH(I')e is a commutative Poisson
algebra, again free over C|c|, such that

eH()e/(C[d]+) ~ C[V]",

as Poisson algebras. Thus, ¢ : CM(T") := SpeceHe — ¢ is a flat Poisson deformation of V/I". We
call CM(T") the Calogero—Moser deformation of V/I'. The key result at the heart of this paper is
the following theorem, which makes explicit the relation between the deformations X and CM(T")
of V/T.

THEOREM 1.4. The McKay correspondence defines a W -equivariant isomorphism ¢ ~ H?(Y; C)
such that the Calogero—-Moser deformation CM(I') — ¢ is isomorphic to the pull-back along the
quotient map H?(Y;C) — H?(Y;C)/W of the formally universal Poisson deformation X —
H2(Y;C)/W.

In particular, Theorem 1.4 implies that [GKO04, Conjecture 1.9] is true. Results of
Namikawa [Naml5] on the birational geometry of Y show that the number of Q-factorial
terminalizations of V/T" can be computed by counting the number of connected components in
the complement to a (finite) real hyperplane arrangement in H?(Y;R). Theorem 1.4 allows
us to identify the complexification of this hyperplane arrangement with the set D. Then
Theorem 1.1 can be deduced from Theorem 1.4 using standard results from the theory of
hyperplane arrangements. We note an immediate corollary of Theorem 1.4.
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COROLLARY 1.5. Let I'g be the normal subgroup of I' generated by all symplectic reflections.
Then the number of Q-factorial terminalizations of V/I' equals the number of Q-factorial
terminalizations admitted by V/T'g.

Thus, if I'g = {1}, then V/I" is the unique Q-factorial terminalization of V/I'. Let ) be the
formally universal Poisson deformation of the terminalization Y. Then ) is projective over its

affinization Y := SpecT'(), 0).
COROLLARY 1.6. Then there exists an isomorphism of Poisson H?(Y'; C)-schemes Y ~ CM(T").

The birational geometry of Q-factorial terminalizations of V/T" can also be used to deduce
results about the Calogero-Moser deformation. Namely, the following is a partial answer to
Question 9.8.4 by Bonnafé and Rouquier [BR13].

COROLLARY 1.7. Let D’ C ¢ be the locus over which the fibres of the Calogero—Moser deformation
CM(T") are singular. Then D’ is either a finite union of hyperplanes, or the whole of ¢.

1.2 Outline of paper

In §2 we give a proof of Theorem 1.3. Section 3 is devoted to the proof of Theorem 1.4. The
proof of Corollary 1.7 is given in §3.8. Then our main result, Theorem 1.1, is proven in §4.1.
Finally, we consider specific examples in §§4.2 and 4.3, where formula (1.B) of Proposition 1.2
is derived.

Remark 1.8. Throughout, the cohomology group H'(Y;C) stands for the singular cohomology
of underlying reduced variety, equipped with the analytic topology.

2. Namikawa’s Weyl group

In this section we describe Namikawa’s Weyl group associated to V/I', thus confirming
Theorem 1.3.

2.1 The symplectic leaves in V/T' are labelled by I'-conjugacy classes of parabolic subgroups
of T'. Let " be a parabolic subgroup. Then the leaf £ labelled by I is the image under 7 : V' — V/T’
of the set {v € V| T, =T'}. If (V/I')<; is the open subset consisting of the open symplectic leaf
and all leaves £ of dimension dim V — 2, then we write Y<1 := p~!((V/T)<1). The open subset
Y<; is contained in the smooth locus of Y.

As in §1.1, we fix B € B, I the corresponding minimal parabolic in T' etc. Let V denote
the complementary I'-module to VI in V; Vj is a two-dimensional symplectic subspace. The
open subset of VI consisting of all points whose stabilizer under T' equals I” is denoted U.
The group =(B) acts freely on U x Vy/I”, and the quotient map 7 induces a Galois covering
o:U x Vp/T" — V/T onto its image, with Galois group =(B).

We choose b € U and set p = 7(b). Then 7({b} x V) =~ Vy/T" is a closed subvariety of V/T.
Let Yp = p~*(Vo/T’) in Y, so that Yp C Y<; and p : Yp — Vp/I” is a minimal resolution of
singularities. Let F' be the exceptional locus of this minimal resolution and Irr(F) the set of
exceptional divisors. Recall that W (B) is the Weyl group associated to I'". Let Ag C b’ be a set
of simple roots. The set of isomorphism classes of non-trivial irreducible I''-modules is denoted
Irr(I"). By [GV83, Theorem 2.2(i)], the McKay correspondence is the pair of bijections

Ap S Trr(TY) S Ire(F), o~ p(a) — D (2.A)

par)s
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uniquely defined by the condition

(Dp(oz)?Dp(ﬁ)) = dimHomF’(% X p(a),p(ﬁ)) = —<OL, 6>1 (2B)

where (—,—) is the intersection pairing and (—,—) the Killing form. There is a natural
representation-theoretic action of Z(B) on the set Irr(I"). For A € Irr(I') and = € Z(B), we
have x - A\ = ), where *) is the I''-module, which as a vector space equals \, with action
g-v=xzgz'v for all v € \. The identity (2.B) implies that the induced action of Z(B) on Ap
is via Dynkin diagram automorphism.

2.2 The group Z(B) also acts naturally on H?(Yp;C) as follows. Since the decomposition V =
VI &V is as 2(B)-modules, Z(B) acts on Vy/I” C V/I". There is a unique lift of this action
to the resolution Yj, as can be seen from the explicit construction of Yz as Hilb! (C2), the
dominant component of I'-Hilb(C?); see [Cra00]. Thus, there is an induced action of Z(B) on
HQ(YB; C)

Recall that each divisor D € Irr(F') is a rational curve with self-intersection —2. For D €
Irr(F), let Lp denote the corresponding line bundle on Yp such that Lp|p ~ Op(—1) and
Lp|p = Opr for D' # D. The following is a well-known part of the McKay correspondence, but
we sketch a proof since we were unable to find a suitable reference.

LEMMA 2.1. For £ € Pic(Yp), let ¢1(L) denote its Chern character in H?(Yp;C).
(i) The Chern characters ¢, (Lp), for D € Irr(F), are a basis of H*>(Yp;C).

(ii) The induced isomorphism
by = H*(YB;C), a~ a(lp,,,)
is Z(B)-equivariant.

Proof. Both statements will be proven simultaneously. We have defined the action of =Z(B) on
Ap such that the bijection Ap = Irr(I”) is equivariant. Since the action of Z(B) on Vo/T"
fixes the singular point, Z(B) acts on F, permuting its irreducible components. Thus, there is a
geometric action of Z(B) on Irr(F'). It follows from the beautiful interpretation of the bijection
Irr(I'") = Trr(F) given in [Cra00] that this bijection is Z(B)-equivariant; see also [BS13b, §6.2].
Thus, it suffices to check that the Chern characters ¢i(Lp), for D € Irr(F), are a basis of
H?(Yp;C) such that - ¢;(Lp) = ¢1(Ly.p) for all z € Z(B).

The action of Z(B) on Yp commutes with the natural conic C*-action. Therefore, [Slo80,
Proposition 4.3.1] shows that the embedding F' — Y5 induces, by restriction, a Z(B)-equivariant
isomorphism H?(Yg, C) 5 H 2(F,C). Now, by the Mayer—Vietoris long exact sequence, the
embeddings D — F identify H?(F;C) with D oenrr) H?(D;C). Under the identification

H*(Ys,C) > €p H*(D;C)
Delrr(F)

the group Z(B) acts by permuting the (one-dimensional) summands of the right-hand side. On
the other hand, the image of c1(Lp) in H?(D';C) is either a basis element if D = D', or zero if
D # D', since ¢1(Op1) = 0 in H?(P!; C). The claims of the lemma follow. O
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Define Z to be the fibre product

A ud Y

.

U x Vp/T' —Z= VT

Since o is étale, o’ is also étale by base change. The following is based on [Kal99, Proposition
5.2].

PROPOSITION 2.2. There is a Z(B)-equivariant isomorphism U x Y = Z.

Proof. Set Uy = U x Vp/I". Since o is étale, and Uy xyr Y = Uy xy/r Y<1, the fibre product
Z is a smooth variety. Projective base change implies that it is projective over Uy. If (Vo /I")reg
is the smooth locus of Vo/I” then U x (Vo/I")reg is an open subset of VI x (Vp/I");ee with
compliment of codimension at least two. Hence Pic(U X (Vo/T")reg) = Pic((Vo/I")reg) is torsion.
Therefore, the proof of [Kal99, Lemma 5.1] implies that there is a sheaf of ideals £ C Oy, and
an isomorphism

Z = Bl(Uy, £)

of varieties projective over Uy, where Bl(Up, £) is the blow-up of Uy along £. Since the line bundle
on Z, ample relative to Uy, used to embed Z in IP’JJO is the pull-back of a line bundle on Y, ample
relative to V/T', the identification Z ~ Bl(Up, £) is =(B)-equivariant, i.e. £ is =(B)-stable. To
show that Bl(Up, &) ~ U x Yp, we follow the proof of [Kal99, Proposition 5.2]. Based on the
argument given there, it is clear that it suffices to show that all the vector fields t, on Uy coming
from the constant coefficient vector fields v € V! admit lifts to Z.

The projective morphism p : Y<; — p(Y<1) is semi-small since Y<; is a symplectic
manifold [Fu06, Theorem 3.2]. Therefore, since the map o : Uy — V/I is finite onto its image,
the map Z — Uj is also semi-small. Moreover, by étale base change, the fact that the canonical
bundle on Y¢; is trivial implies that the canonical bundle on Z is trivial too. Therefore, the
required lifting follows from [GK04, Lemma 5.3]. O

LEMMA 2.3. The fundamental group m1(L) of L equals E.

Proof. The leaf £ is the image under o of U x {0} C U xVp/I". Thus, £ ~ U/Z. Since E acts freely
on U, this implies that we have a short exact sequence 1 — m1(U) — m (L) - Z — 1. Hence,
it suffices to show that 1 (U) is trivial. The complement of U in V1" is the union of subspaces
VI N VA, where A is a parabolic subgroup of I' such that VI N VA is a proper subspace of
V. We may assume that I" C A so that VA C VI But VA is a symplectic subspace of V.
Thus, dim VA < dim VI — 1. Hence, the compliment of U in V! has codimension at least two,
implying that 71 (U) is trivial. O

If (V/T')g is the open leaf in V/I", then we denote by Y the preimage of (V/I")g under p. The
map p is an isomorphism over Yj.

LEMMA 2.4. For 0 < i < 4, the cohomology groups H'(U;C) and H'(Yy; C) are zero.

Proof. As shown in the proof of Lemma 2.3, the compliment C' to U in VI has complex
codimension at least two. Therefore,

HPM(C;C) = H2Ame VY =iyl vl 030) =0, V) > 2dime €,
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where BM indicates Borel-Moore homology. This implies that H*(Vg " VR/ NC;C)=0fori < 4.
Since H i(VIg g C) = 0 for i > 0, the first claim follows from the long exact sequence in relative
cohomology. For the second claim, we note first that if V;¢, is the open subset of V' on which I
acts freely, then p restricts to an isomorphism Yy 5 T(Vieg). On Vieg, the map 7 is a covering with
Galois group I'. Therefore, by [Hat02, Proposition 3.G.1], it suffices to show that H*(V;eg; C) =0
for 0 < 7 < 4. Again, this follows from the fact that the compliment to V;¢s in V' has complex
codimension at least two. O

LEMMA 2.5. Fix a Q-factorial terminalization p : Y — V/T'. Then H?(Y<1;R) = H?(Y;R).

Proof. Let Y° denote the smooth locus of ¥ and X¢ its image under p. Since Y has terminal
singularities, the compliment of Y° in Y has codimension at least four [NamO1]. Then [Fu06,
Theorem 3.2] says that p restricted to Y is a semi-small map. Therefore Y\ Y<; has codimension
at least four in Y. The lemma follows from the argument given in the proof of Lemma 2.4
above. O

PROPOSITION 2.6. The restriction maps H?(Y;C) — H?(Yp;C) induce an isomorphism

) > @ H? (v C)FP).

BeB

Proof. By Lemma 2.5, it suffices to show that the restriction maps H?(Y<1;C) — H?(Yp;C)
induce an isomorphism

*(Yai;€) & @D H?(Vp; ©)F P,
BeB
Let Y(B) C Y be the open set p~!(o(U x Vy/T")). Then for B # B’ in B, we have Y (B)NY (B') =
Yy and Y<1 = Jp Y(B). We claim that restriction defines an isomorphism

Y<17 @H2

BeB

This follows from the Mayer—Vietoris sequence by induction on |BJ|, using the fact that
Hi(Yp;C) = 0 for 0 < i < 4 by Lemma 2.4. Therefore, we are reduced to showing that restriction
H?(Y(B);C) — H?*(Yp;C) is injective with image H?(Yp;C)=(5),

Recall that we identified Yp with a closed subset of Y by first fixing b € U and identifying
Vo/T” with o ({b} x Vo /T") in V/T. Therefore, the closed embedding Yz < Y factors as Yz > Z >
Y, where j is the closed embedding u +— (b, u) in Z ~ U x Yp of Proposition 2.2. Then Lemma 2.4
and the Kiinneth formula imply that j induces an identification H?(Z;C) = H?(Yp;C).

The image of Z in Y under the natural map ¢’ : Z — Y equals Y (B). Recall that this map is
just the quotient map for the free action of Z(B) on Z. Therefore, by [Hat02, Proposition 3.G.1],

pull-back along ¢’ is injective with image H?(Z;C)=(8) = H?(Yp; C)=(B), O

Theorem 1.3 is now a direct consequence of Proposition 2.6 and Namikawa’s proof of [Nam10,
Theorem 1.1]. In particular, the identification W ~ [] 5.3 W follows from [Nam10, Lemma 1.2].

Remark 2.7. Let L be the leaf in V/T" labelled by B € B. The restriction of p to p~1(£) is (in
the analytic topology) a fibre bundle with fibre F'. Therefore, by Lemma 2.3, the action of Z(B)
on H?(Yp;C) ~ H?(F;C) is the monodromy action of 71 (L) = Z(B).
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3. Calogero—Moser deformations

Our approach to the proof of Theorem 1.4 will be by analogy with the proof of [Nam10, Theorem
1.1]. As above, we fix a Q-factorial terminalization p: Y — V/I.

3.1 Formally universal Poisson deformations

Recall from Lemma 2.5 that the cohomology group H?(Y<i;C) equals H?(Y;C). By [Namll1,
Theorem 5.5] and [Namll, Theorem 1.1], there are flat Poisson deformations v : X —
H?(Y;C)/W and v : Y — H?(Y;C), of V/T and Y respectively, such that the diagram

Y X
| | o)
H?(Y;C) —— H%(Y;C)/W

is commutative. Moreover, the natural conic action of the torus C* on V/T lifts to the flat families
X — H?(Y;C)/W and Y — H?(Y;C) in such a way that A -h = A2h for all h € H?(Y;C)* C
C[H?*(Y;C)] and A € C*. The maps in (3.A) are equivariant for this action.

The flat Poisson deformation X — H?(Y;C)/W is universal in the following sense. If X' — T
is a flat Poisson deformation of V/T" over a local Artinian C-scheme, then there exists a unique
morphism 7' — H*(Y;C)/W such that X’ ~ X X yy2(y.c)w T as Poisson schemes over T'. Notice
that the map T — H?(Y;C)/W necessarily factors through the completion of H2(Y;C)/W at
zero. Thus, X — H?(Y;C)/W is said to be the formally universal Poisson deformation of V/I.
Similarly, the deformation ) — H?(Y;C) of Y is formally universal.

As written, formally universal Poisson deformations of V/I' are clearly not unique, since
the definition only involves the completion of the base of the deformation at the special fibre.
However, the torus C* acts naturally on the ring of functions on this formal neighbourhood
of the special fibre (see [Nam11, §5.4]), and H?(Y;C)/W is unique in the sense that it is the
globalization, as explained in § 3.3 below, of the formal neighbourhood.

3.2 Symplectic reflection algebras

The set of symplectic reflections S in I is the set of all elements s such that rky (1 —s) = 2. Let
S1,...,5- be the I'-conjugacy classes in S and cy,...,c, the characteristic functions on S such
that c;(s) =1 if s € S;, and zero otherwise. The linear span of cy,...,c, is denoted ¢. Since we
do not require the explicit definition of the symplectic reflection algebras H(T'), and will only
use results from [Los12a] about them, we refer the reader to [Los12a] for their definition. Recall
that I'; is a representative in the conjugacy class B of minimal parabolic subgroups of T'.

LEMMA 3.1. The natural map ¢ : | |pep(D's ~ {1})/2(B) — S/T is a bijection.

Let ¢p be the subspace of ¢ spanned by all ¢; such that S; NT; # ¢. Lemma 3.1 implies
that ¢ = Pgcpcp. Choose B € B. Via the McKay correspondence (2.A), an element h € bj
can be considered as a linear combination of the non-trivial characters of I';. In other words,
it is a class function on I'5. Hence an element of ap = (h%)=P) is a 2(B)-equivariant function
Iy — C, where é(B) acts trivially on C. Thus, we may define an isomorphism

w:c:@cB% @ag, cgdc— (g ¢c(C(g9)))- (3.B)
BeB BeB

As explained in §1.1, the spherical subalgebra eH(I')e is a commutative Cl¢]-subalgebra,
equipped with a natural Poisson structure, such that the flat family ¢ : CM(I") — ¢ is a Poisson
deformation of V/I.
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3.3 Globalization

Suppose we have two conic affine varieties X and Y, i.e. C[X] and C[Y] are positively graded
algebras with degree-zero part equal to C, and an equivariant morphism v : X — Y. Let X" and
Y/ denote the completions of X and Y respectively at the C*-fixed point. As shown in [Nam08,
Lemma (A.2)], C[X] is the ring of C*-locally finite (= rational) vectors in C[X"]. We say that
~ is the globalization of 4 : X — Y/ if, under the identification of C[X] with rational vectors
in C[X"| and similarly for C[Y] C C[Y"], 7 is just the restriction of 4; see [Nam08, Appendix].

If X is the completion of X along the closed subvariety V/I' and (H?(Y;C)/W)" the
completion of H?(Y;C)/W at o, then v is the globalization of the induced map of formal schemes
XN — (H?(Y;C)/W)". The latter is the universal Poisson deformation of V/T" in the category
of pro-Artinian local C-algebras. The analogous statement holds for ) — H?(Y;C); see [Nam11,
§5].

The Calogero-Moser deformation ¥ : CM(I') — ¢ of V/T" is also C*-equivariant, where C*
acts on ¢* C C[c] by A -c = A\2c. This is a consequence of the fact that the symplectic reflection
algebra H(T") is naturally N-graded, such that ¢* C H(I') has degree two, V* has degree one
and T sits in degree zero. Moreover, if H(T')" is the completion of H(T') along the two-sided
ideal generated by c¢*, then one can identify H(T') with the subalgebra of H(T')" of rational
vectors. This implies that CM(T') — ¢ is the globalization of CM(I')" — ¢, where CM(T')" is the
completion of CM(T") along V/T" and ¢ the completion of ¢ at zero. Hence, there exists a unique
C*-equivariant morphism & : ¢ — (H?*(Y;C)/W)" such that CM(D)" ~ ¢ X (g2(y.c) /s X7
This implies the following lemma.

LEMMA 3.2. There exists a unique C*-equivariant map « : ¢ — H?(Y;C)/W such that
CM(F) ~C XHQ(Y;C)/W X.

On the other hand, the linear isomorphism (3.B) together with the quotient map H?(Y;C) —
lfIQ(Y;(C)/W defines a map 8 : ¢ — H?(Y;C)/W which is clearly also the globalization of
B:¢— (H*(Y;C)/W)". Theorem 1.4 is claiming that o = 3. It suffices instead to show that

G=p:T— (HX(Y;C)/W)\.
This will be our goal for the remainder of the section.

3.4 Kleinian singularities
In this section we consider the case dim V' = 2, and hence I is a Kleinian group. As noted in § 1.1,
associated to T' via the McKay correspondence is a Weyl group (W,h). Let Y be the minimal
resolution of V/I'. As in Lemma 2.1, we have a natural identification h* — H?(Y’;C). Therefore,
the formally universal Poisson deformation is a flat family X — b*/W. B

Fix a finite group I' C Z C Ngp,(2,c)(I'). Lemma 2.1 implies that the quotient = := =/I" acts on
h* via Dynkin diagram automorphisms. In this case, ¢ is the space of all I'-equivariant functions
'\ {1} — C, the action of I on C being trivial. The group = acts on ¢ by (x-x)(s) = x(Zs31),
where 7 is some lift of z to =. This action extends uniquely to an action of = on H(T") by
algebra automorphisms such that the restriction of this action to I' is just conjugation. The
action preserves the spherical subalgebra eH(T')e, the action of = on this subalgebra factoring
through E. Thus, = acts on CM(I") such that the map CM(I") — c¢ is equivariant. Since the action
of Z on eH(I")e can be extended to the case where t = 1 (or more generally a formal variable t), =
acts on CM(I") via Poisson automorphisms. Recall that we have defined in (3.B) an isomorphism
w : ¢ = h*; this is an E-equivariant isomorphism, where Z acts on h* as defined in §2.1.
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LEMMA 3.3. The map @ extends to a C*-equivariant isomorphism CM(T') =~ ¢ x g« ppr X'

Proof. Let g be the simple Lie algebra associated to I' under the McKay correspondence. It is
well known (e.g. [Nam11, Proposition 3.1(1)]) that a Slodowy slice S — h*/W to the subregular
nilpotent orbit in g is the formally universal Poisson deformation of the Kleinian singularity V/T'.
Let S — b* be the resolution of the formally universal deformation S — b*/W of V/T' coming
from taking the preimage of S in Grothendieck’s simultaneous resolution of g*. By [LNS12,
Proposition 6.2], S — h* is the formally universal Poisson deformation of the minimal resolution
of V/I.

It is implied by [Los12b, Theorems 6.2.2 and 5.3.1] that there is an isomorphism CM(T") =
Saff guch that the diagram

CM(T) — Gaff

| .

c——b*
commutes. This implies the statement of the lemma. O

3.5 Factorization of the Calogero—Moser space

Fix B € B, I the corresponding minimal parabolic subgroup and £ the symplectic leaf in V/T
labelled by B. Let 2 =~ b7, be the base of the Calogero-Moser deformation of IV so that H(I") is
a C[d]-algebra. For clarity, we write Hy(I'") := H(I") to show the dependence on d. As explained
in §3.2, the space cg = 0=(P) is a subspace, and projection followed by inclusion defines a linear
map ¢ — 0. Let H((T") := C[¢] ®cp) Ho(I") denote the symplectic reflection algebra obtained
from H(I') by base change from 0 to ¢. Choose p € £ C V/T'. We may think of p as a I'-orbit in
V. If I, is the ideal of functions in C[V] vanishing on this orbit, then I, xT" is a two-sided ideal in
C[V] = T. Recall that C[V] xT" is the quotient of H(I") by the ideal generated by C|[c]. Following
Losev, we denote by H(I')"? the completion of H(I") by the preimage of the I, x I under the
quotient map. Since the preimage of I, x " in H(T") contains C[c]4, the completion H(I')"? is a
topological C[[¢]]-algebra. Similarly, H.(I'")"? is the completion of H.(I') corresponding to the
ideal C[Vp]+ x IV of C[Vp] x I'". The key result [Los12a, Theorem 2.5.3] is as follows.

THEOREM 3.4. There is an isomorphism
0" : H(I‘)/\p — Mat‘p/m(Hc(F’)/\o @C[VF,D
of topological C|[[c]]-algebras.

Let e and €’ denote the trivial idempotents in the group algebras of I' and IV respectively,
so that CM(I") = Spece'H (I")e’ is a Poisson variety over c¢. Applying the idempotent e
to both sides of the isomorphism 6* of Theorem 3.4 gives an isomorphism e(H(T')"?)e —
¢ (H(I")\0)e' @ C[V!]; see [Los12a, §2.3]. The isomorphism 6* of Theorem 3.4 is actually
valid for any ¢. This implies that the isomorphism e(H(I)"?)e — ¢/ (H (I")"\%)e’ @ C[V!"] is
an isomorphism of Poisson algebras.

COROLLARY 3.5. There is an isomorphism of formal Poisson schemes
0 : CM(I)"? — CM (T x VI

over C.
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3.6 Recall that Lemma 3.2 says that there is a C*-equivariant morphism « : ¢ — H?(Y;C)/W
such that CM(I") ~ ¢ X g2(y,c)/w X. Completing at 0 € ¢ and o € H?(Y,C)/W, we have a
Cartesian square

X/\

|

& (H2(Y;C)/W)"

such that « is the algebraization of &. Here CM(T")" and X" are the completions of CM(T') and X
respectively along the special fibre V/T'. Choose some B € B and consider IV := ', Lp etc. Fix
p € Lp. Completing CM(T")" at p, the above diagram becomes the following Cartesian square.

CM(D)"
l
v

xhe

l (3.C)

CM(I)"?
T (H2(Y;C) /W)

Recall that Theorem 1.3 says that H?(Y;C)/W is isomorphic to [[z.zcs/Wp. The
projection map H2?(Y;C)/W — c¢g/Wpg followed by the canonical morphism c¢g/Wp —
b3 /W (B) is denoted rp, and its completion at 0 is 75. Let Xy(I") denote the formally universal
Poisson deformation of V;/I'. The completion of Xp(I”) at o € Vp/T" C AXp(I”) is denoted
XO(F,)/\().

LEMMA 3.6. Let p € Lg and X”\P be the completion of X at p. Then the commutative diagram

XN

XO(F/)/\O « (VF’)/\O
l (3.D)
(H*(Y;C)/W)" —— (/W (B))"
is Cartesian.

Proof. The analytic germ of 0 in H?(Y,C)/W (respectively, in b /W (B)) is denoted PDef(V/T)
(respectively, PDef(V/T")). They are the Poisson Kuranishi spaces of the corresponding analytic
symplectic varieties. Passing to the analytic topology, the formally universal deformation X —
H?(Y;C)/W induces a flat Poisson deformation X® — (H?(Y;C)/W)?". Restricting to the
germ of 0 in H?(Y;C)/W, we have a flat Poisson deformation X®" — PDef(V/T).

Passing to the germ of p € (V/I')*" C X?" gives a flat family (X", p) — PDef(V/T"). This
is a deformation of ((V/T")*",p). By the generalized Darboux theorem [Namll, Lemma 1.3], we
have an isomorphism of symplectic varieties

((V/T)™, p) = ((Vo/T" x V)™, 0).

Moreover, by [Namll, Proposition 3.1], the universal Poisson deformation of ((V/I')*",0) x
(VT2 0) is ((Xp(I") x V)& 0) — PDef(Vy/I”). Hence there exists a holomorphic map ¢p
PDef(V/T') — PDef(V,/I") such that the following diagram is Cartesian.

(A, p) ——= (K (I") x V)™, 0)

l l

PDef(V/T) — 2~ PDef(Vy/I")
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The map ¢p is precisely the map constructed in the proof of [Nam10, Theorem 1.1, §4(i)]. As
explained in the proof of [Nam10, Theorem 1.1, §4], the completion of ¢p equals 75. Passing to
the formal neighbourhood of p in (X# p) and 0 in ((Ap(I’) x V)2 0), we get the Cartesian
square stated in the lemma. O

3.7 The proof of Theorem 1.4

By Corollary 3.5, we have an isomorphism of Poisson varieties CM(I')"? ~ CM(I")"0 x VI
over ¢. Under the identification (3.B), we have a natural decomposition ¢ = @ g ¢p. Therefore,
if we write gp for projection from ¢ onto cp, the square

l A l (3.E)
G

is also (trivially) Cartesian. Recall from §3.5 that 0 is the natural parameter space associated
to the symplectic reflection algebra Hy(I') and ¢ = =(B) . Let ap be the composite cg — 0 =
by — by /W(B) and Gap will be its completion at zero. Lemma 3.3 implies that the following
diagram is Cartesian.

Xo(I)N0 x VI ——— CM (TN x VT

T

(bs/W(B))" B

The composite of the two bottom horizontal arrows is denoted &p. By Lemma 3.3, g = BB-
Combining diagrams (3.C), (3.D), (3.E) and (3.F), we get the following diagram, where each
square is Cartesian.

Xo(I) x VI —— CM (TN x VT <—— CM(D)? xNP Xp(I)N0 x v
(bp/W(B))" =8 B 2 T (H2(Y,C) /W) " (/W (B))

The universality of the formal Poisson deformation Xy(I")" x VI — (h%/W(B))" of V/T' =
Vo/T" x VI implies that d o g = pp o &; cf. [GKO04, §1.3]. Hence,

Dasois = Drsoa=a

BeB BeB

since @pcp7p = id. On the other hand, it is clear from the explicit definition of 3 that B =
@B pes @ o Gp. This completes the proof of Theorem 1.4.

3.8 We turn to the proof of Corollary 1.7. If the quotient V/I' admits a smooth projective,
symplectic resolution then, by Theorem 1.4 and the main theorem of [Nam15], the set of points
in ¢ for which CM¢(T") is singular is a union of hyperplanes. If V/I" does not admit a symplectic
resolution then, by [GK04, Corollary 1.21], the space CM¢(I") is always singular.
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4. Counting resolutions

In this section we deduce Theorem 1.1 from Theorem 1.4, using the main theorem from [Nam15].

4.1 We recall the main result from [Nam15]. As explained there, the birational geometry of Y
is controlled by the real space H2(Y;R). In particular, a key role is played by the movable cone
Mov(p) C H3(Y;R) of p: Y — V/T; see [Nam15] for the definition. The ample cone of p in
H?(Y;C) is denoted Amp(p). By Theorem 1.4, we have a projective morphism )) — CM(T") over
¢ ~ H%(Y;C). As explained in [Nam15], the set D C ¢ defined in the introduction corresponds
to the closed subset D’ C H?(Y;C) consisting of all points ¢ such that the fibre J; := v=1(t) is
not affine.

THEOREM 4.1 (Main theorem, [Naml15]). (i) There are finitely many hyperplanes {H,}icr in
H?(Y;Q) such that D' = J;c;(Hi)c.

(ii) There are only finitely many Q-factorial terminalizations {py : Y — V/T }rex of V/T.

(iii) The set of open chambers determined by the real hyperplanes {(H;)r }ics coincides with
the set {w(Amp(px))}, where w € W and k € K.

For a topological space X, we abuse notation and let mo(X) denote the number of connected
components of X. Let Mov(p)® = Mov(p) \ U,c;(Hi)r. By Theorem 4.1(3) and [Naml5,
Lemma 6], Mov(p)°® equals | |;c ;- Amp(py). Hence, the number |K| of pairwise non-isomorphic
Q-factorial terminalizations of V/T" equals mo(Mov(p)®). [BPW12, Proposition 2.19] implies that

H(Y;R) N JH)r = | | w(Mov(p)°).

el weWw
Thus,

7TO<H2YR UH) W |K]. (4.A)

Zaslavsky’s theorem [OT92, Theorem 2.68] says that the number of connected components of
the complement H%(Y;R) \ |J;(H;)r to the real hyperplane arrangement |J;,(H;)r equals the
dimension of the cohomology ring of the complement H?(Y;C) \. D’ to the complexification D’
of the real hyperplane arrangement. As explained above, Theorems 1.4 and 4.1(1) imply that
H2(Y;C)\ D' ~ ¢~ D. Hence,

o (HZ(Y; R) ~ UH> = dim¢ H*(¢ ~ D; C). (4.B)

Thus, the claim of Theorem 1.1 follows from equations (4.A) and (4.B).

4.2 The wreath product &, 1 G

In this section we deduce Proposition 1.2 from Theorem 1.1. The proposition is trivially true
for n = 1 due the uniqueness of minimal resolutions. Therefore we assume that n > 1. In this
case, the Namikawa Weyl group W of V/I' equals Zs x Wg. Let h be the Cartan algebra on
which Wg acts. By [Mar08, Theorem 1.4], there is an isomorphism of vector spaces ¢ ~ C x b,
lifting to an identification of CM(I") with a certain moduli space of representations of a deformed
preprojective algebra; see [Mar08] for details. The proof of [Gor08, Lemmas 4.3 and 4.4] shows
that the set D over which the fibres CM(I") are singular is the union of hyperplanes in C x b
given by

Hypmi={(a,2) e Cxh|A(z) +ma=0} and «a=0,
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where A € R, the root system of the Weyl group Wg, and 1 —n < m < n — 1. In the language
of [OT92, ch. 1], this hyperplane arrangement is the cone over the affine hyperplane arrangement

A={Hy\m={zeh|ANz)+m=0} | Ne R,1—n<m<n—1}
Therefore [OT92, Proposition 2.51] implies that

dimg H*(¢ . D; C) = 2dim¢ H* (h ~ U H cc).
HeA
Since |W| = 2|W¢/|, the result follows from the above equality, together with equation (1) [Ath04,
Theorem 1.2] and the fact that [We| = [T, (e; + 1).

4.3 Exceptional groups

Other than the infinite series &,, ! G, there are only two exceptional groups that are known to
admit symplectic resolutions. These are (g xz, Dg and G4, and their explicit descriptions as
subgroups of Sp(C*) can be found in [BS13a] and [Bel09], respectively.

First we consider the group Qs Xz, Dg. As shown in [BS13a], we have ¢ = C{cy,...,c5}
and B consists of five elements Bj, ..., Bs. Each minimal parabolic I'p is isomorphic to Zj
and the corresponding quotients Z(B) are always trivial. Thus, Wp, = &, for all ¢, and if a; is
the generator of Wp, then a; - ¢c; = (—1)5ijcj. There are 21 hyperplanes in ¢ given by the 16
of the form c¢; + ¢y + ¢3 £ ¢4 £+ ¢5 = 0 and the five of the form ¢; = 0. Using! the computer
algebra program MAGMA [BCP97], it is possible to calculate that the Poincaré polynomial of
the Orlik-Solomon algebra equals 1 + 21t + 170t2 + 650t> 4+ 1125t* 4+ 625¢°. This implies that the
quotient V/I' admits 81 distinct symplectic resolutions.

For the group Gy, the proof of [BM13, Theorem 1.4] shows that D = H; U Hy U H3, where

Hy={c1+c2=0}, Hy;={wc; + wley = 0}, Hs= {w2c1 + weg = 0},
with w a primitive third root of unity. Since dim H; N H; = 0 for ¢ # j, the only dependent
subset of {Hi, Ha, H3} is {H1, Ho, H3} itself. Therefore, [0OT92, Definition 3.5] says that the
Orlik—Solomon algebra associated to the arrangement D is the quotient of the exterior algebra
NA*(z1, 2, x3) by the two-sided ideal generated by
(9(.%'1 /\1'2/\1'3) =xo Nx3 —x1 Nx3+ 21 N\ T2,
Hence, the Orlik—Solomon theorem [OT92, Theorem 5.90] says that

H'(c~D,C) =~ N (@1, 22, 73)

<I‘2/\£L’3—$1/\$3+$1/\l’2>‘

The Orlik—Solomon algebra has basis {1, z1, z2, z3, 21 A 3,21 A x2}; this can be seen directly,
or by applying [OT92, Theorem 3.43]. The Weyl group for G4 is Zs. Hence Theorem 1.1 implies
that there are two non-isomorphic symplectic resolutions of C*/Gy4. This implies that the two
symplectic resolutions constructed in [LL.S10] exhaust all symplectic resolutions.

ACKNOWLEDGEMENTS

The author would like to thank Y. Namikawa for bringing the problem of comparing the universal
and Calogero—Moser deformations to his attention, and for several simulating discussions. The
author would like to thank T. Schedler and M. Lehn for helpful comments on earlier drafts of
the work. He would also like to thank the referee for several insightful comments. The author is
supported by the EPSRC grant EP-H028153.

L A copy of the code used to make this calculation is available from the author.

112

https://doi.org/10.1112/50010437X15007630 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X15007630

COUNTING RESOLUTIONS OF SYMPLECTIC QUOTIENT SINGULARITIES

REFERENCES

Ath04 C. A. Athanasiadis, Generalized Catalan numbers, Weyl groups and arrangements of hyperplanes,
Bull. Lond. Math. Soc. 36 (2004), 294-302.

Bel09  G. Bellamy, On singular Calogero-Moser spaces, Bull. Lond. Math. Soc. 41 (2009), 315-326.

BM13 G. Bellamy and M. Martino, On the smoothness of centres of rational Cherednik algebras in
positive characteristic, Glasg. Math. J. 55 (2013), 27-54.

BS13a G. Bellamy and T. Schedler, A new linear quotient of C* admitting a symplectic resolution,
Math. Z. 273 (2013), 753-769.

BS13b G. Bellamy and T. Schedler, On the (non)existence of symplectic resolutions for imprimitive
symplectic reflection groups, Math. Res. Lett., to appear, arXiv:1309.3558.

BR13 C. Bonnafé and R. Rouquier, Cellules de Calogero—Moser, Preprint (2013), arXiv:1302.2720.

BCP97 W. Bosma, J. Cannon and C. Playoust, The Magma algebra system. I: The user language,
J. Symbolic Comput. 24 (1997), 235-265.

BPW12 T. Braden, N. Proudfoot and B. Webster, Quantizations of conical symplectic resolutions I: Local
and global structure, Preprint (2012), arXiv:1208.3863v3.

Cra00 W. Crawley-Boevey, On the exceptional fibres of Kleinian singularities, Amer. J. Math. 122
(2000), 1027-1037

DW14 M. Donten-Bury and J. A. Wisniewski, On 81 symplectic resolutions of a 4-dimensional quotient
by a group of order 82, Preprint (2014), arXiv:1409.4204v3.

EGO02 P. Etingof and V. Ginzburg, Symplectic reflection algebras, Calogero—Moser space, and deformed
Harish—Chandra homomorphism, Invent. Math. 147 (2002), 243-348.

Fu06 B. Fu, A survey on symplectic singularities and symplectic resolutions, Ann. Math. Blaise Pascal
13 (2006), 209-236.

GK04 V. Ginzburg and D. Kaledin, Poisson deformations of symplectic quotient singularities, Adv.
Math. 186 (2004), 1-57.

GV83 G. Gonzalez—Sprinl?erg and J.-L. Verdier, Construction géométrique de la correspondance de
McKay, Ann. Sci. Ec. Norm. Supér. (4) 16 (1984), 409-449; 1983.

Gor08 I. G. Gordon, Quiver varieties, category O for rational Cherednik algebras, and Hecke algebras,
Int. Math. Res. Pap. IMRP (2008), Art. ID rpn006 69.

Hat02 A. Hatcher, Algebraic topology (Cambridge University Press, Cambridge, 2002).

Kal99 D. Kaledin, Dynkin diagrams and crepant resolutions of quotient singularities, Preprint (1999),
arXiv:9903157.

LNS12 M. Lehn, Y. Namikawa and Ch. Sorger, Slodowy slices and universal Poisson deformations,
Compositio Math. 148 (2012), 121-144.

LS10 M. Lehn and C. Sorger, A symplectic resolution for the binary tetrahedral group, Sémin. Congr.
25 (2010), 427-433.

Los12a 1. Losev, Completions of symplectic reflection algebras, Selecta Math. (N.S.) 18 (2012), 179-251.

Los12b 1. Losev, Isomorphisms of quantizations via quantization of resolutions, Adv. Math. 231 (2012),
1216-1270.

Mar08 M. Martino, Stratifications of Marsden-Weinstein reductions for representations of quivers and
deformations of symplectic quotient singularities, Math. Z. 258 (2008), 1-28.

NamO01 Y. Namikawa, A note on symplectic singularities, Preprint (2001), arXiv:0101028.

Nam08 Y. Namikawa, Flops and Poisson deformations of symplectic varieties, Publ. Res. Inst. Math.
Sci. 44 (2008), 259-314.

Naml0 Y. Namikawa, Poisson deformations of affine symplectic varieties, II, Kyoto J. Math. 50 (2010),

727-752.

113

https://doi.org/10.1112/50010437X15007630 Published online by Cambridge University Press


http://www.arxiv.org/abs/1309.3558
http://www.arxiv.org/abs/1309.3558
http://www.arxiv.org/abs/1309.3558
http://www.arxiv.org/abs/1309.3558
http://www.arxiv.org/abs/1309.3558
http://www.arxiv.org/abs/1309.3558
http://www.arxiv.org/abs/1309.3558
http://www.arxiv.org/abs/1309.3558
http://www.arxiv.org/abs/1309.3558
http://www.arxiv.org/abs/1309.3558
http://www.arxiv.org/abs/1309.3558
http://www.arxiv.org/abs/1309.3558
http://www.arxiv.org/abs/1309.3558
http://www.arxiv.org/abs/1309.3558
http://www.arxiv.org/abs/1309.3558
http://www.arxiv.org/abs/1302.2720
http://www.arxiv.org/abs/1302.2720
http://www.arxiv.org/abs/1302.2720
http://www.arxiv.org/abs/1302.2720
http://www.arxiv.org/abs/1302.2720
http://www.arxiv.org/abs/1302.2720
http://www.arxiv.org/abs/1302.2720
http://www.arxiv.org/abs/1302.2720
http://www.arxiv.org/abs/1302.2720
http://www.arxiv.org/abs/1302.2720
http://www.arxiv.org/abs/1302.2720
http://www.arxiv.org/abs/1302.2720
http://www.arxiv.org/abs/1302.2720
http://www.arxiv.org/abs/1302.2720
http://www.arxiv.org/abs/1302.2720
http://www.arxiv.org/abs/1208.3863v3
http://www.arxiv.org/abs/1208.3863v3
http://www.arxiv.org/abs/1208.3863v3
http://www.arxiv.org/abs/1208.3863v3
http://www.arxiv.org/abs/1208.3863v3
http://www.arxiv.org/abs/1208.3863v3
http://www.arxiv.org/abs/1208.3863v3
http://www.arxiv.org/abs/1208.3863v3
http://www.arxiv.org/abs/1208.3863v3
http://www.arxiv.org/abs/1208.3863v3
http://www.arxiv.org/abs/1208.3863v3
http://www.arxiv.org/abs/1208.3863v3
http://www.arxiv.org/abs/1208.3863v3
http://www.arxiv.org/abs/1208.3863v3
http://www.arxiv.org/abs/1208.3863v3
http://www.arxiv.org/abs/1208.3863v3
http://www.arxiv.org/abs/1208.3863v3
http://www.arxiv.org/abs/1409.4204v3
http://www.arxiv.org/abs/1409.4204v3
http://www.arxiv.org/abs/1409.4204v3
http://www.arxiv.org/abs/1409.4204v3
http://www.arxiv.org/abs/1409.4204v3
http://www.arxiv.org/abs/1409.4204v3
http://www.arxiv.org/abs/1409.4204v3
http://www.arxiv.org/abs/1409.4204v3
http://www.arxiv.org/abs/1409.4204v3
http://www.arxiv.org/abs/1409.4204v3
http://www.arxiv.org/abs/1409.4204v3
http://www.arxiv.org/abs/1409.4204v3
http://www.arxiv.org/abs/1409.4204v3
http://www.arxiv.org/abs/1409.4204v3
http://www.arxiv.org/abs/1409.4204v3
http://www.arxiv.org/abs/1409.4204v3
http://www.arxiv.org/abs/1409.4204v3
http://www.arxiv.org/abs/9903157
http://www.arxiv.org/abs/9903157
http://www.arxiv.org/abs/9903157
http://www.arxiv.org/abs/9903157
http://www.arxiv.org/abs/9903157
http://www.arxiv.org/abs/9903157
http://www.arxiv.org/abs/9903157
http://www.arxiv.org/abs/9903157
http://www.arxiv.org/abs/9903157
http://www.arxiv.org/abs/9903157
http://www.arxiv.org/abs/9903157
http://www.arxiv.org/abs/9903157
http://www.arxiv.org/abs/9903157
http://www.arxiv.org/abs/0101028
http://www.arxiv.org/abs/0101028
http://www.arxiv.org/abs/0101028
http://www.arxiv.org/abs/0101028
http://www.arxiv.org/abs/0101028
http://www.arxiv.org/abs/0101028
http://www.arxiv.org/abs/0101028
http://www.arxiv.org/abs/0101028
http://www.arxiv.org/abs/0101028
http://www.arxiv.org/abs/0101028
http://www.arxiv.org/abs/0101028
http://www.arxiv.org/abs/0101028
http://www.arxiv.org/abs/0101028
https://doi.org/10.1112/S0010437X15007630

COUNTING RESOLUTIONS OF SYMPLECTIC QUOTIENT SINGULARITIES

Namll Y. Namikawa, Poisson deformations of affine symplectic varieties, Duke Math. J. 156 (2011),
51-85.

Naml5 Y. Namikawa, Poisson deformations and birational geometry, J. Math. Sci. Univ. Tokyo. 22
(2015), 339-359.

0T92 P. Orlik and H. Terao, Arrangements of hyperplanes, Grundlehren der Mathematischen
Wissenschaften, vol. 300 (Springer, Berlin, 1992).

Slo80  P. Slodowy, Four lectures on simple groups and singularities, Communications of
the Mathematical Institute, Rijksuniversiteit Utrecht, vol. 11 (Rijksuniversiteit Utrecht,
Mathematical Institute, Utrecht, 1980).

Gwyn Bellamy gwyn.bellamy@glasgow.ac.uk

School of Mathematics and Statistics, University Gardens, University of Glasgow,
Glasgow G12 8QW, UK

114

https://doi.org/10.1112/50010437X15007630 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X15007630

	1 Introduction
	1.1 Universal versus Calogero–Moser deformations
	1.2 Outline of paper

	2 Namikawa's Weyl group
	2.1 
	2.2 
	3 Calogero–Moser deformations
	3.1 Formally universal Poisson deformations
	3.2 Symplectic reflection algebras
	3.3 Globalization
	3.4 Kleinian singularities
	3.5 Factorization of the Calogero–Moser space

	3.6 
	3.7 The proof of Theorem 1.4
	3.8 
	4 Counting resolutions
	4.1 
	4.2 The wreath product Sn G
	4.3 Exceptional groups

	Acknowledgements
	References



