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Abstract. Baker and Rumely, Favre, Rivera, and Letelier, and Chambert-Loir proved
an important arithmetic equidistribution theorem for points of small height associated
to an adelic measure. To broaden the scope in which arithmetic equidistribution may
be employed, we generalize the notion of an adelic measure to that of a quasi-adelic
measure and show that arithmetic equidistribution holds for quasi-adelic measures as well.
We exhibit examples of non-adelic, quasi-adelic measures arising from the dynamics of
quadratic rational maps. In fact, we show that the measures that arise in applications of
arithmetic equidistribution theorems are typically not adelic. Finally, we motivate our
definition of a quasi-adelic measure by relating it to a seemingly different problem in
arithmetic dynamics arising from results of Call, Tate, and Silverman in the study of
abelian varieties.
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1. Introduction

Baker and Rumely [6, 7] and Favre, Rivera and Letelier [29], employing a potential-
theoretic approach, proved an important arithmetic equidistribution theorem for points of
small height associated to adelic measures defined on the Berkovich compactifications of
the projective line. Around the same time, Chambert-Loir, Thuillier, and Yuan [12, 54, 56],
using an approach based on Arakelov theory, established generalizations of this arithmetic
equidistribution theorem to projective varieties other than P!. The ‘adelic’ hypothesis
appears in all the aforementioned results. It appeared first in Zhang’s notion of an adelic
metrized line bundle [58, 59].

We briefly describe the arithmetic equidistribution theorem of [6, 7, 12, 29] next. Let k
be a product formula field, for example, a number field or the function field of a smooth
and projective curve. Denote by M;, its set of places. Let u = {ity}ye p, be a collection of
probability measures ., on the Berkovich projective line IP’};”" for v € My. The measure
w is adelic if all measures 1, have continuous potentials g, and the potentials g, are trivial
at all but finitely many places v of k, meaning g,(-) = logJr | - |y. To each adelic measure,
we associate a height function h e P! (k%P) — R given by the sum of potential functions
of the measures 1t,,. The main theorems of [7, 29] then assert that Galois orbits of points
t, € PL(k*¢P) with h w(tn) — 0 must equidistribute with respect to ji, at all places v of k.

In this article, we extend the notion of an adelic measure in [6, 7, 12, 29] to that of
a quasi-adelic measure. Details appear in §2. Our results may be briefly summarized as
follows.
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e  We prove an equidistribution theorem for heights associated to quasi-adelic measures
(Theorem 1.1).
e We show that non-adelic measures arise naturally in studying families of dynamical
systems f; : P! — P! (Theorem 1.3).
We provide examples for which non-adelic measures are quasi-adelic (Theorem 1.4).
e We relate the notion of a quasi-adelic measure to the variation of canonical height as
studied by Silverman, Tate, and Call and Silverman originally in the setting of abelian
varieties (Theorem 1.6).
An early version of this article appeared in the preprint [55], containing a proof of
Theorem 1.1. The theorem was used in [22] to obtain an ‘unlikely-intersections’ statement
of dynamics on P! in the setting where the measures were quasi-adelic but not adelic.

1.1. Quasi-adelic arithmetic equidistribution theorem. Our first result generalizes the
arithmetic equidistribution theorem in [6, 7, 12, 29]. We extend the notion of an adelic
measure to that of a quasi-adelic measure = {{ty}yec A, allowing more flexibility for
the potentials of u,. Instead of requiring them to be trivial at all but finitely many places,
we impose a certain summability condition. Any adelic measure is quasi-adelic. There
is a natural height function h e P! (k%P) — R associated to each quasi-adelic measure;
see §2.2. In contrast to the adelic case, this height can have non-trivial contributions
from infinitely many local heights. We establish that arithmetic equidistribution holds for
quasi-adelic measures as well. Our approach is potential-theoretic and follows the proof
strategy of [6, 7, 29].

THEOREM 1.1. Let k be a product formula field and let p = {{1y}ye M, be a quasi-adelic
measure. Suppose that S, is a sequence of Gal(k*? / k)-invariant subsets of P' (k*P) such
that |S,| — oo and sz(Sn) — 0 as n — oo. Then for each v € My, the sequence of
probability measures [S,],, weighted equally on the points in S,, converges weakly to
oy on PL" as n — cc.

Theorem 1.1 can be motivated by conjectures in arithmetic geometry fitting in the theme
of ‘unlikely intersections’; see [57] for a great overview of related problems. We discuss
applications of Theorem 1.1 later. Broadly speaking, people are interested in the study of
families of rational maps f; : P! — P! parametrized by 7 in a quasi-projective algebraic
curve X. When X is the punctured Riemann sphere and f; is defined over a product formula
field k, Theorem 1.1 allows us to understand the distribution of parameters X in X for which
the value c(}) of a rational map ¢ € k(¢) is preperiodic for f;.

A family f; : P! — P! of rational maps parametrized by 7 in P! and defined over a
field k yields a rational function f € k(¢)(z). We call a pair (f, ¢) € k(t)(z) x k(t) where
deg, f > 2, adynamical pair.

1.2. Dynamical pairs are typically not adelic. A dynamical pair induces a canonical
measure [Lf e = {lLfcvtvem,; see §4.3 for the precise definition. If wy . is adelic
(respectively quasi-adelic), then we call the dynamical pair (f, c) adelic (respectively
quasi-adelic). Many instances of these measures have been previously studied and are
well known to be adelic. For example, when f € k(z) and ¢(t) = ¢, the measure 1y . was
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introduced in [5, 6, 29] and is adelic. When f is a Lattes map induced by a multiplication
by m on an elliptic surface, the measure u f . is studied in [20, 23] and is adelic as well.
It came as a surprise when the first non-adelic dynamical pair appeared in [22]. Our next
main theorem demonstrates that, in fact, the measures u s . are typically not adelic. To
state our theorem, we introduce some terminology.

For f € k(1)(2), we write f;(z) = P;(z)/Q;(z) with coprime P;, Q; € k(t)[z]. We say
that o € P'(k*P) is a degenerating parameter if deg,(fo) < deg,(f). The degenerating
parameters of f form a finite set denoted by Sing(f). For each o € Sing(f), we denote
by H .« the common zero locus of P, and Q, viewed as homogeneous polynomials of
degree deg, (f). Equivalently, H 7 o is the complement of the maximal affine open subset
of P! on which f, is a morphism. We say that the elements of f. are the a-holes of
f; see §4. The notion of holes has appeared in [15, 16] where it played a crucial role in
studying compactifications of moduli spaces of rational maps.

Example 1.2. If £;(z) = (3 + z+1)/2) € Q(1)(z), then Sing(f) = {0, 0o}, as we have
fo@=z2>+1 and fa(z) = .
Moreover,
Hio=1{0} and H e = {o0}.

We say that i € k is an exceptional point of ¢ € k(z) if it is a totally ramified fixed point
of ¢?, or equivalently if (¢?)~'({h}) = {h} = ¢*({h}). Recall that over a number field,
¢ has an exceptional point if and only if ¢ can be conjugated to a polynomial in k[z].
Also, any ¢ can have at most 2 exceptional points, with equality only if it is conjugate to

+d
=4 [50].
We can now state our second main result.

THEOREM 1.3. Let k be a number field or the function field of a smooth projective curve
defined over a field of any characteristic, and let f € k(t)(z) be non-isotrivial of degree
deg, f > 2. Assume that there isan N € Nand an a € P! (k) such that, for g := fV,
(G1) «a € Sing(g) and deg,(g) > 2 and

(G2) there exists an element of H¢ o that is not an exceptional point of g, and

(G3) ifkis afunction field, assume further that g, is not isotrivial.

Then, for any ¢ € k(t) such that

(Cl) gulc(@) ¢ Heoforalln € Nand

(C2) c(w) is not preperiodic under the action of gy,

the dynamical pair (f, c) is not adelic.

A few remarks regarding Theorem 1.3 are in order.

(1) The conditions that guarantee the failure of the adelic hypothesis are geometric
in essence. They are related to degenerations of a dynamical pair. Remarkably though,
the reason for the said failure is arithmetic. Our proof of Theorem 1.3 relies on results
concerning integral points in orbits, established by Silverman [50, Theorem B] over
number fields and in [11, 38] for function fields of characteristic zero and p respectively.
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These allow us to generate infinitely many primitive divisors of certain dynamical
sequences, which in turn yield measures corresponding to non-archimedean places with
non-trivial potentials.

(2) In fact, when deg,(f) > 3, the conditions in our theorem are typically satisfied,
even if we only allow N = 1 in Theorem 1.3. Indeed, let f;(z) = (P;(2)/0:(2)) € k(¢)(2)
but not belonging to k(z). Such f will degenerate at some « and we assume that « = 0
for simplicity. Then condition (G1) fails only if the specializations Py(z) and Q¢(z) have
more than d — 1 > 2 common factors. This in turn imposes strong algebraic relations
between the coefficients of P, and Q; as functions of ¢. Thus in general, condition
(G1) holds. Condition (G2) is automatically satisfied when f has no exceptional point,
which is the case for ‘most’ maps. It is possible that fp has an exceptional point
and condition (G2) still holds. For instance, note that oo is an exceptional point of
fo, as in Example 1.2. However, condition (G2) holds since oo is not a 0-hole. The
only ‘easy’ way for condition (G2) to fail is if f € k(#)[z] is a polynomial. Then
the only holes are at oo and all specializations are polynomials, so have co as an
exceptional point. Other examples in which (G2) fails come from Lattés maps, which are
adelic.

(3) Finally, as long as conditions (G1) and (G2) are satisfied, one can easily construct
c(t) € k@) satisfying (C1) and (C2) at will. In fact, our conditions for ¢ are satisfied as
soon as the logarithmic Weil height of ¢(0) is large enough.

1.3. Quasi-adelic dynamical pairs. The first example of a non-adelic, quasi-adelic
dynamical pair was studied by DeMarco, Wang, and Ye [22], who considered the family of
rational maps g, ;(z) = rz/(Z> +tz + 1) for t € P(Q) where » € Q\{0} is not a root of
unity, or A equals 1. They showed that the non-adelic dynamical pairs (g;, 1) and (g, —1)
are quasi-adelic. It is more delicate to show the quasi-adelicity when A is a root of unity
and the starting point c(¢) is generic, so new techniques are required. As our third main
theorem, we provide more examples of quasi-adelic measures arising from dynamical pairs
(g1, ¢) where A is a root of unity.

THEOREM 1.4. Let A # 1 be a primitive root of unity and k be a number field with A € k.
Consider the rational function g, ;(z) = 22/ (22 +tz+ 1) € k(t)(z) and let ¢(t) € k(1) be
such that 0 and 0o are not in the orbit of c(c0) iterated under the map foo(z) = z/(z> + 1).
Then the measure [ig, ¢ = {lig, cv}veM, is quasi-adelic. Furthermore, if ¢(00) is not a
preperiodic point of feo, then the measure (g, . is not adelic.

Notice that g, degenerates only at t = oo. The stated degeneration is the constant
map equal to 0. However, the behavior of the degeneration differs depending on whether
A is a root of unity or not. If A is not a root of unity, the degeneration of g7 , at t = 00
is regular in that it is the nth iterate of gfﬁoo; the maps gf’t degenerate at t = co to the
same constant map. A major difficulty in [22] was proving that the potentials of g, +1,u
are continuous along this singularity. To this end, DeMarco, Wang, and Ye computed
certain homogeneous capacities explicitly. Their calculations were aided by the fact that
the degeneration of g;"t att = oo is regular.
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However, when A is a root of unity, the behavior of the degeneration at ¢ = oo is more
complicated. More precisely, if A is of order £ > 2, although the nth iterate g , degenerates
to a constant map when n < £, the £th iterate f; := gf’t degenerates to the degree 2 map
foo(z) = z/(z% + 1); see Proposition 5.1. Clearly, foo(z) is not the £th iterate of 800
This phenomenon, studied extensively in [16, 25, 40], adds an extra layer of difficulty to
controlling the potentials near co. We overcome the difficulties by working with the ¢th
iterate of g, , instead.

More importantly, in contrast to [22], we allow the starting point ¢ to be general—it
only has to satisfy condition (C1) for N = £. In the absence of an explicit formula for c,
we cannot compute the precise homogeneous capacities as in [22]. However, using our
assumption for ¢, we are able to control the behavior of the potentials near the degenerating
parameter.

As a special case, Theorem 1.4 holds when the starting point ¢ € {1, —1} is a critical
point of g, ; and the corresponding dynamical pairs (g, /, ==1) are not adelic. Combining
the techniques in [22] and the new ones developed in the proof of Theorem 1.4, one should
be able to prove that many other dynamical pairs are quasi-adelic as well. It is now natural
to ask the following.

Question 1.5. Are all dynamical pairs (f, ¢) € k(¢)(z) x k(¢) quasi-adelic?

1.4. Variation of canonical heights and applications of arithmetic equidistribution.
Recall that for each rational map ¢ € F(z) of degree at least 2, defined over a product
formula field F, we have the Call-Silverman canonical height [10] defined as

hy i PL(F*P) — Rsg

. h(g"(x))
X~ lim ————.
n—oo deg(p)"

Here & : P!(F*P) — R is the standard logarithmic Weil height. Thus, there are two nat-
ural heights associated with a dynamical pair (f, ¢) € k(¢)(z) x k(¢); the Call-Silverman
canonical height h r(c) of ¢ € k(t) associated with the map f defined over the func-
tion field k(z), and for each specialization of ¢ € P! (k*P) such that deg, (f1) = 2, the
Call-Silverman canonical height ﬁf, (c(1)).

By definition, the function ¢ h s (1) is equal to a multiple of 7 — h £ (c(?)) plus a
constant term. In Proposition 6.1, we see that the stated constant term equals zero. Thus,
assuming that ( f, ¢) is quasi-adelic, we infer that ¢ +— h 1, (c(1)) behaves like a Weil height
and further Theorem 1.1 yields that Galois orbits of points with small Call-Silverman
height equidistribution.

THEOREM 1.6. Let k be a number field. Let f € k(t)(z) and c € k(t) be such that

deg, f > 2 and the dynamical pair (f, c) is quasi-adelic. Then, the following hold.

(1) As t € P (k) varies, we have fzft(c(t)) = fzf(c)h(t) + O(1), where the implicit
constant only depends on f € k(t)(z) and c € k(t).

2) Let {ty}nen Ck be a non-repeating sequence of points with ﬁfm (c(ty)) — 0.
The sequence of probability measures, weighted equally on the points in the
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Gal(k/k)-orbit of t,, converges weakly to fep On IP’,‘;“” as n — oo for each

v e M.

The first part of Theorem 1.6 relates our definition of a quasi-adelic measure with
a theorem of Tate [53] from 1983 and its dynamical analogs. Let X be a smooth
projective curve defined over a number field k. Tate considered an elliptic surface
E — X and a section P : X — E, defined over k, and proved that the map t — sz, (Py),
associating to each ¢ € X (k) the Néron-Tate height of P, in the corresponding fiber
E; is actually a height function on the curve X corresponding to a divisor of degree
equaling the geometric canonical height hg(P) of P e E(k(X)). More precisely, Tate
showed that there exists a divisor D = D(E, P) € Pic(X) ® Q of degree h g(P) such
that / g, (P) =hpt)+ O0(),ast € X (k) varies. Tate thus strengthened an earlier result
of Silverman [48] positing that sz,(P,) = ﬁE(P)h(t) + o(h(t)). Silverman [49, 51, 52]
strengthened Tate’s result to show that not only is the error term O(1), but the difference
behaves quite regularly. Replacing the Neron—Tate height by the Call-Silverman canonical
height, it is natural to ask whether the analog of Tate’s result in the dynamical setting
holds.

Question 1.7. (Variation of Call-Silverman heights) Let k be a number field and (f, ¢) €
k(t)(z) x k(t). Do we have

hy,(c(t)) = hp()h(t) + O(1)? (L1)

Theorem 1.6 establishes that Question 1.7 is closely related to Question 1.5. To prove
that a dynamical pair is quasi-adelic, one has to understand whether it satisfies the variation
of heights. Our summability condition in the definition of a quasi-adelic measure is
manufactured so that (1.1) is satisfied. That said, it is not clear whether a pair satisfying the
variation of heights is quasi-adelic. Given that the definition of a quasi-adelic pair is given
by local conditions, more comparable to a local version of (1.1), it is a priori possible that
a pair fails to be quasi-adelic while still satisfying (1.1). We know do not know of any such
examples and expect that all pairs (f, ¢), as in Question 1.7, are quasi-adelic.

It seems that establishing the variation of Call-Silverman heights is a hard problem
in general, especially as there are only a few known partial results. Tate’s theorem [53]
implies that the answer to Question 1.7 is affirmative if f is a Lattés map associated to
an elliptic surface. Call and Silverman [10, Theorem 4.1] show that a weaker form of the
variation of Call-Silverman heights holds in general: h fc@®) = h F©h@) +o(h(t)) as
h(t) — oo.Ingram [39] gave an affirmative answer to Question 1.7 when f is a polynomial
in z. Ghioca, Hsia, and Tucker [33, Theorem 5.4] proved that the answer to Question 1.7 is
still positive for dynamical pairs ( f, ¢) upon imposing technical conditions on f, including
that oo is a superattracting fixed point of f and that f does not degenerate at ¢ 7# oo.
Finally, Ghioca and the first author [36] showed that the variation of heights still holds
for (f,c) if f(z) = (z? +1)/z for d > 2. A common feature in all the aforementioned
examples is that the corresponding dynamical pairs (f, c¢) are adelic, something that is not
often the case by Theorem 4.5. (While this paper was under review, DeMarco and the first
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author [21] established that the variation of heights holds for ‘globally Fatou’ dynamical
pairs.)

The second part of Theorem 1.6 has applications toward establishing a conjecture
motivated by far-reaching conjectures in arithmetic geometry from the theme of ‘unlikely
intersections’; see [4, Conjecture 1.10], [17, Conjecture 6.1], [32, Question 1.3], and [33,
Conjecture 2.3].

Conjecture 1.8. (Baker and DeMarco; Ghioca, Hsia and Tucker) Let k be a number
field and (f, ¢;) € k(t)(z) x k(t) be non-preperiodic dynamical pairs for i = 1, 2, where
deg,(f) = 2. Assume that there are infinitely many #, € PL(k) such that h £ (€1(t0)) +
ﬁf,n (c2(ty)) = 0asn — oo. Then ¢y, ¢; are coincident, that is, there exists j € {1, 2} and
a finite set E C P! such that for U = P! \ E, we have

{teU (k) : ¢1(¢) and ¢, (¢) are preperiodic for f;}
={teUk): ¢ (t) is preperiodic for f;}.

Recall that over a number field k, preperiodic points are points with canonical height
equal to zero. Hence, a special case of Conjecture 1.8 asserts that if there are infinitely
many parameters t € P! (k) such that both ¢;(z) and c»(¢) are preperiodic under iteration
by f;, then either one of the ¢; is identically preperiodic for f or for each t € U (k), ci(t)
is preperiodic under iteration by f; if and only if ¢, (¢) is preperiodic under iteration by f;.

A special case of this conjecture, namely when f =z 41 and ¢; are constant, is
due to Zannier who proposed a dynamical analog of his theorem with Masser [42—44]
in the setting of elliptic surfaces. Baker and DeMarco [3] answered Zannier’s question,
establishing the first groundbreaking result leading to Conjecture 1.8. In fact, they also
proved that c; and c; are coincident if and only if c‘ll = c‘zl . Their theorem was generalized
in [20, 23, 31-33] to allow for more dynamical pairs and for replacing preperiodic points
with points of small canonical height in the spirit of Zhang’s dynamical Bogomolov
conjecture. Notably, Favre and Gauthier [28] settled the Baker—DeMarco conjecture in the
case of a polynomial map f. The common key ingredient in the aforementioned results is
the adelic equidistribution theorem in [7, 12, 29, 54, 56]. The second part of Theorem 1.6
implies that Conjecture 1.8 holds under the weaker assumption that the dynamical pairs
are quasi-adelic.

Other applications of adelic equidistribution theorems include the study of the distri-
bution of postcritically finite maps in the moduli space of rational functions, see [4, 22,
26, 27, 34, 35, 37]. Part 2 of Theorem 1.6 has various implications in this setting as well.
Moreover, a general strategy was introduced recently [18], using a quantitative (adelic)
equidistribution theorem on P! [29], to obtain a uniform Manin—Mumford result for a
family of genus 2 curves defined over C. See also [19] for a result concerning the uniform
finiteness for the distribution of the ‘special’ points on P'. From Theorem 1.3, generic
dynamical pairs are non-adelic, so we expect a quantitative (quasi-adelic) equidistribution
theorem to be useful.

Finally, we point out that more general versions of Question 1.7 and Conjecture 1.8 have
been proposed in which dynamical pairs are allowed to be parametrized by curves other
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than P! or by higher dimensional varieties. It would be interesting to have a quasi-adelic
equidistribution theorem in that setting as well.

Outline of the article. In §2, we introduce the notion of a quasi-adelic measure on P! and
study some properties of this measure. In §3, we prove the quasi-adelic equidistribution
Theorem 1.1 and establish an important finiteness property for the height associated with a
quasi-adelic measure (see Proposition 3.2). In §4, we prove Theorems 1.3 and 4.5. In §5, we
prove Theorem 1.4, thus giving examples of dynamical pairs ( f, ¢) that are quasi-adelic,
but fail to be adelic. Finally, in §6, we prove Theorem 1.6.

2. Quasi-adelic measure and some properties

In this section, we introduce the notion of a quasi-adelic measure and a quasi-adelic set.
Further, we define canonical heights associated with these measures and establish some of
their properties.

2.1. Preliminaries and basic notation. A product formula field is a field k together with

a set My consisting of pairwise inequivalent non-trivial absolute values, and a unique

positive integer N, associated to each element of M such that the following holds.

e For each @ € k*, we have ||, = 1 for all but finitely many places v € My, and the
product formula holds,

[ le)r = 1. 2.1)
veMy

In what follows, we often refer to the elements of M as places of k. Important examples
of product formula fields include number fields and function fields of smooth projective
curves. Let k and k%P be the algebraic and respectively separable closure of k. If the
characteristic of k is zero, then k = k*P. For each v € My, let k, be the completion of
k with respect to | - |y, k, be an algebraic closure of k,, and C, denote the completion of
k. We also let IP’,‘;‘”’ be the Berkovich projective line over C,. This is a canonically defined
path-connected compact Hausdorff space containing P! (C,) as a dense subspace. For each
v € My, we fix an embedding of k into C,. We remark here that if v is archimedean, we
have C, >~ C and ]P’ll;‘”‘ ~ PH©).

For each v € My, there is a distribution-valued Laplacian operator A on ]P’,lj’“”. For its
definition and some examples, we refer the reader to [7, Ch. 5]. An important example is
the Laplacian of log™ |z|, := max{log |z|,, 0}. Note that the function log™ |z|,, which is
originally defined on PI(C,) \ {00}, extends naturally to a continuous real valued function
defined on IP’};“"\{oo}. The Laplacian of its extension, also denoted by log™ |z|, and taking
images in R U {+o00}, is

Alog* |zly = 8oc — v, 2.2)

where 1, is the uniform probability measure on the complex unit circle {|z|, = 1} when v
is archimedean and a point mass at the Gauss point of P when v is non-archimedean.

A probability measure (., on ]P’ll;“” is said to have continuous potentials if pu, — A, =
Ag for some continuous function g : ]P’,lj’“" — R. We call the function g a potential of
and note that any two potentials of u, differ by a constant.
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If 1, has continuous potentials, then there is a function ggv : IE”};“” — R U {400} such
that g : IP’};“” — R, defined by

g(z) =log" |z], — g, (2),

is a potential for u, and is continuous. We call the function Gg(;m(x, y) uniquely
determined by ggu and defined as

8% (x/y)+1loglyl, forx,yeCyandy #0,
GM™(x,y) == {log x|, — g(00)  forx € Cpx £0, andy =0,  (23)

—00 forx =y =0,

where g(00) = lim,_, o (log™ |z], —ggv(z)), a homogeneous potential of ,. If we
further require that the set

{3 € C: G (x, y) < 0)

has homogeneous capacity equal to 1 (see [6, §3.3] and [14] for the definition of
homogeneous capacity), then the homogeneous potential is uniquely determined. We
denote it by G, and call it the normalized homogeneous potential of i,. Further, we
write

My, = {(x,y) € C2:G,,(x,y) <0} (2.4)

Note that any homogeneous potential of 1, differs from G, by a constant. An important
property of a homogeneous potential Gg‘im is that it scales logarithmically,

GIO™ (aux, ary) = GI2™(x, y) + log o], (2.5)
For example, from (2.2), we get that the normalized homogeneous potential of A, is
Gy, (x,y) =log [|(x, )y and M, = D*(0, 1) C C,

where || - ||, is the maximum norm defined as || (x, )|, := max{|x|y, [¥]v}-

Finally, we point out that for each probability measure s, on P)#" with continuous
potentials, we have a unique normalized Arakelov—Green function g, : ]P’ll;a” X ]P’ll;a” —
R U {+o0}. This is characterized by the differential equation A, g, (x,y) = &y — 1, and
the normalization

// 8y (%, y) d iy (x) d iy (y) = 0. (2.6)
Note that for points (x, y) € (C%, the normalized Arakelov—Green function g, is given by

8uy (X, y) = = log |X A Y|y 4+ G, (X) + G, (3), 2.7

where X = (x1, x2) € (C% and y = (y1, 2) € (C% are lifts of x and y respectively and |x A
Yy := |x1y2 — y1x21y; see [6, 7] for more details.
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2.2. Quasi-adelic measure and canonical height function. Let wu, be a probability
measure on P} ¢" with continuous potentials. We define the outer radius and inner radius
for p, as

Fout(f4y) 1= inf{r > 0: M, C D(0,r) x D(0,r)},
Fin(iy) == sup{r > 0: D(0,r) x D(0,r) C M, }.

A quasi-adelic measure on P! with respect to a product formula field & is a collection
= {My}yem, of probability measures on IF’};“”, one for each v € My, such that:

e 1, has continuous potentials for each v € My, and

L4 Hve./\/lk rin(ﬂv)NU > 0 and Hve./\/lk rout(ﬂv)NU < Q.

Remark 1. Since Cap(M,,,) = 1 and Cap(D?(0, r)) = r2, the radii satisfy 0 < rin(u,) <
1 < rout(iy). The measure w = {uy}venm, is adelic if we replace the second condition
by w, = Ay or equivalently rin(ty) = rout(ity) = 1 for all but finitely many v € My; see
[7, 29]. In other words, adelic measures satisfy M, = DZ(O, 1) for all but finitely many
places v € M;.

If p, p’ are probability measures on IP’,I;“”, we define the w,-energy of p and p’ as

1
(0 Py = 5 // &, () dp(x) dp' ().
2 P4 x P14\ Diag

The py-energy of p is defined as I, (0) = (0, )y,

We can now define the height associated with a quasi-adelic measure. Let S C P! (k*P)
be a finite Gal(k%P/k)-invariant set with cardinality |S| > 1. Let § C (C% be a lift of S,
that is, a Gal(k*P / k)-invariant set consisting of lifts X € k5P x k5P \ {(0, 0)} of elements
x € §; in particular, |S’ | = |S|. We denote by [S], the discrete probability measure on
]P’,I;"” supported equally on all elements of S. The canonical height of S associated to a
quasi-adelic measure ;& = {4y }yepm, is a number given by

_ 18]
|ST—1

hyu(S) : D Nu- Sk [Shg,

vEMk
S| Ny
= 51 > 3ISP > gy
ve My x,yeS x#y

_ Z Z Ny - (= log |X A Y|y + Gp, (X) + Gp, (3))
NI(NESY)

X, yESx#y ve My
1

= 3S0SI=D 2 2 N (Gu@®+ G, by @)

5. ye8xty vEMy

Z%.Z S Ny G, 28)

7§ veMy
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Here, the constants N, are the same as those appearing in the product formula. Therefore,
we have

1
(S) E E Ny - G, (). (2.9)
|S| Fe§ veM
xe§ veMi

Equation (2.9) allows us to extend the definition of our height to the case |S| = 1. If x €
k5P, we may take S to be equal to Gal(k*°P/k) - x and use (2.9) to define the canonical
height of x as

By (x) == h, (Gal(k*P/k) - x).
In the next proposition, we show that our height is finite and well defined.

PROPOSITION 2.1. Let k be a product formula field and v = {uy}ye pm, a quasi-adelic
measure. For each Gal(k*® / k)-invariant set S, the height h,,(S) from (2.9) is independent
of the choice of lift for S and is a finite real number.

Proof. That h «(8) is independent of the choice of lift S of § follows from the product
formula of k once we recall that the homogeneous potential G, scales logarithmically;
see (2.5). To see that h 1 (S) is a finite number, notice that from the definition of inner and
outer radii, we have

log rin(i) < 7, Z(log 1%lly — G, () < log rour(tto)-

Summing this inequality over all places v € Mj, we get

> Nylogrin(uy) < Y Z(log 1%l = Gy (B) < D Ny log rou(pa),
veM |S|
k veMy 7e§ veMy

which, using the definition of our height, yields

1 o
tog [T rine)™ < o 3= 32 Nolog I8l = () < log [T rauua™.
veM; veMy 7e8§ veMy
(2.10)

Recall that p is a quasi-adelic measure. Thus, 1og [T,crq, 7in(140)"™ and 1og [T e,
rout(uv)N v are real numbers. The proposition follows. O]

Remark 2. Equation (2.10) gives a comparison between the naive Weil height and the
height associated with a quasi-adelic measure p; see Proposition 2.3 for a precise statement
in the case of a number field k.

Remark 3. The canonical height we defined is slightly different from that appearing in
[7, 29], but agrees with that in [22, 23]. The factor of |S|/|S| — 1 is included here to allow
for a better comparison of this measure-theoretic height with the Call-Silverman height;
see Proposition 6.1.
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2.3. Quasi-adelic set. In this section, we introduce the notion of a quasi-adelic set. This
has a geometric interpretation; hence in many applications, it is easier to manipulate than
a quasi-adelic measure. Analogous to the notion of the homogeneous filled Julia set in [6,
§3.2], we define a homogeneous set with continuous potential as

M, = {(x,y) € C2: Gy(x,y) <0}, (2.11)

where G, is a homogeneous potential for a probability measure on P!-#" having continuous
potentials. In what follows, we write Gy, for G, as in (2.11), thinking of Gy, as the
potential associated to the homogeneous set M, with continuous potential. We also denote
the measure corresponding to Gy, by . When v is an archimedean place, M, having
continuous potential is equivalent to saying that M,, C (C% ~ C? is a compact, circled, and
pseudoconvex set, or that Gy, is a continuous and plurisubharmonic function satisfying:

(1) Gu,(az) =Gy, (z) +log |af, for all @ € C,; and

2 Gum,(z) =log|izllv + O(D).

See [14]. We point out here that there are many homogeneous sets with continuous
potential. If F}, : (C% — (C% is a sequence of homogeneous polynomials with deg(F},) > 1
such that the sequence of functions {log || F;, ||, /deg(F,)},>1 converges uniformly to G,
on (C%\{ (0, 0)}, then G, is a homogeneous potential for some probability measure with
continuous potentials on IP’};“”; see [6, §3]. Hence, M, = {(x, y) € (Clz) 1 Gy(x,y) <0}
is a homogeneous set with continuous potential. As seen in [23, §2], its capacity can be
computed by the following limit:

. 1 /deg(Fy)>
Cap(My) = nlil‘[go |Res(F,) |y /deg(Fy) )

Analogous to the definition of the radii of u,, we define the outer and inner radii of
M, as

rout(My) = inf{r > 0: M, C D(0,r) x D(0, r)},
Fin(My) :=sup{r > 0: D(0,r) x D(0,r) C M,)}.

A product [ ], My rf)v v, with r, > 0 for each v € My, converges strongly if

Z Ny - [log ry| < o0.

veM;y
We define a quasi-adelic set (with respect to a product formula field k) to be a collection
M = {My},cnm, of sets such that the following hold.
e For each v € My, the set M, is a homogeneous set with continuous potential.
e The products [ [, 4 . Fout(My)Nv and [Toem . rin(My)Nv converge strongly.
Note that there is a unique probability measure 1, with continuous potential associated
to a homogeneous set M, with continuous potential. Hence, a quasi-adelic set M =
{My}vem, gives a measure ung = {pm, Jvem, ON P!. In the next theorem, proved in §3,
we will see that this measure is also quasi-adelic.

THEOREM 2.2. Let k be a product field and Ml = {My},c am, be a collection of homoge-
neous sets with continuous potential. Then we have the following.
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o [f the set M = {My},e M, is quasi-adelic, then the corresponding measure [y =
(e, Yoem, is quasi-adelic.

e Suppose that for each v € My, there are positive constants r),r, such that
D%(0, rl) C M, C D?(0, r,) and the products HveMk r{}N“, HveMk ro™Mv converge
strongly. Then the set M = {M,},cpm, is quasi-adelic. Moreover, the product
Hve./\/lk Cap(M,)Mv converges strongly and for any Gal(k*P/k)-invariant S C
P! (k5¢P), we have

A 1 - 1
hisg($) = 75720 2 Mo G, (@ + S log [ Caprr)™. 212)
Fe§ veMy veMy

2.4. Some properties. A number field k is naturally equipped with a set of inequivalent
absolute values M and positive integers { Ny}, A1, making it a product formula field. For
any x € k, the logarithmic Weil height of x is defined as follows:

h(x) :

.=m Z N, - log* |x]s. (2.13)

ve My

It is well defined and does not depend on the embedding of a number field k < Q. We
show that the canonical height associated to a quasi-adelic measure differs from a multiple
of the Weil height by a bounded amount.

PROPOSITION 2.3. Let k be a number field. Suppose i = {y}lyer, is a quasi-adelic
measure. Then the canonical height h,, is bounded by the logarithmic Weil height h on
P! (k) as

log [] rin(ua)™ <1k :QlAx) —hu(x) <log [ row(un)™,
veMy veMy

forall x € k.

Proof. Recall that h w(x) = h M(Gal(%/ k) - x). The proposition follows by applying (2.10)
for § = Gal(k/k) - x, once one notices that then

1
2 2o Nulog IEl = Ik : QlAG) -

veMy 7e8

Finally, we note that similar to the set of adelic metrized line bundles which is closed
under taking tensor products, we have that the set of quasi-adelic metrics is closed under
taking certain linear combinations. For example, the average of two quasi-adelic measures
is a quasi-adelic measure.

3. Egquidistribution of small points

In this section, we prove Theorems 1.1 and 2.2. The structure of the proof of Theorem 1.1
follows that of [6, Theorem 2.3] and [29, Theorem 6]. Moreover, we prove an important
finiteness property for the height associated to a quasi-adelic measure.
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3.1. Proof of quasi-adelic arithmetic equidistribution Theorem [.1. By assumption,
{Su}n>1 is a sequence of subsets of P! (k%¢P) which are Gal(k*P/k)-invariant and the
cardinality |S,| tends to infinity. For each v € My, the u,-energy of the probability
measure [S,], on IP’II;“” is given by

1
(il [Su)), = 575 Y g y)

XFEYESy
1 .. - -
=-—> Y (—loglE Al + Gy, () + Gy, (7)),
215,
XFEYESy

where ¥ € C2 and 7 € C? are lifts of x and y respectively. We begin with a lemma, which
follows the idea from [6, 29]. It asserts that the sequence {S, },>1 is pseudo-equidistributed
with respect to g, ; compare with [6, Definition 4.4], [6, Theorem 4.6], and [29, p. 349].

LEMMA 3.1. Let k be a product formula field and let i = {py}ye M, be a quasi-adelic
measure. Suppose that S, is a sequence of Gal(k*P / k)-invariant subsets of P! (k*P) such
that |S,| — oo and lim sup,_, ., h;,(Sp) < 0. Then for each v € My, we have

nlipgo([sn]v, [Sn]v)uv =0.

Proof. First we will show that for each v € Mjy, we have
lim inf([Sp1v, [Snlv)p, > 0. (3.1
n—oo

For this, we follow the proof of [6, Lemma 3.17]. From the definition of the homogeneous
capacity, we have

1
lim inf inf —E -1 t: AXil, > — log Cap(M =0. 3.2
Lrggé il,fz,..{gnEMuy nn—1) iz og |xi x]") = og Cap( Mv) 3.2)

Let € > 0 be an arbitrary small number. Since {|«|, : « € C,} is dense in R>g, we can
choose lifts of x, y € S, denoted by X, y € M, , such that

—€ <Gy (X) <0 and —e <Gy, (h) <0

Now, the definition of the energy function and (3.2) yield

lim inf([S, v, [Sp]u),e, = lim inf
n—0oo

HUE TR Z (=log |x Ayly + Gy, (%) + Gp, ()
n

XFEYESy

1
—e+liminf<— Z log |)?/\§|U> > —€.

n—00 218,12 robyes
n

Shrinking € to zero, (3.1) follows. It remains to prove that for each v € My, we have

v

lim sup([ S, Iv, [Snlv)p, < 0.

n—oo

Let vg € My be a fixed place. Let € > 0. We will show that

lim sup([Sulvg> [Snlvg)pny, = €- (3.3)

n—-oo
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The conclusion then follows letting € — 0. For each v € My and any § > 0, we lift x, y €
S to X, y € My, such that

G, (X) = =8, Gy, () = —46.

Since we know that M, is bounded by the polydisc with outer radius 7oy ((ty), we have
1X1lvs 1711y < Fout(ity). Hence, for a non-archimedean place v € My, we have

log [x A [y < log rout(,uv)z’

and
1

([Sn]v, [Sn]v)uu = 2|S—|2

Z (= log [x Ayly + Gp, (%) + G, ()
XFEYES,

z(1_|Sn|>5_ Z logroutgﬂv)
|Sn [Snl

XFEYES,

1 — 1Sl
= ( 5] )(8 + log rout(iv))- G4

Shrinking § to zero, we get that for all non-archimedean places v € My:

1 —|Sal
Sn |

([Snlvs [Sn]v)p,v > < ) log rout(4v). (3.5)

It is well known that for a product formula field &, there are only finitely many archimedean
places; see [1, Ch. 12, Theorem 3]. Since u = {uy}yer, is quasi-adelic, the product
]_[Ue M, rou[(uv)Nv converges. Hence, we can choose a set /\/l}c C My such that the
following hold.

. 1= M\ (M U {vo}) has only finitely many places.
e All places in M) are non-archimedean and vy & M.
° ZUEMQ Ny - log rout(py) < €.

Now the definition of the canonical height h u gives

1Sn] =1
|Snl

Nvo-([sn]vo,[sn]vo)ﬂ%:( )/%M(Sw— > No - (Suls [Salo),

veM\{vo}

Sil =1
B (| S )hmn)— 2 Vo (@Sl [S21,
n ve M/

— Z Ny . ([Sn]vs [Sn]v)uv'
veM;,

This in turn, upon using (3.5), implies

Spl — 1\~
Nvo : ([Sn]vo’ [Sn]v())uvo =< (| |;n| >hu(Sn)

1Sal — 1
-y NU-<[SH]U,[Sn]U>MU+< S )-e
veM/ "
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Since the set M contains only finitely many places and lim sup,_, h 1 (Sy) <0, by the
lower bound in (3.1), taking the superior limit in the above inequality yields

. . [Su] — 1Y)~
lim sup Ny, - ([Snlvgs [Snlo) gy =< lim sup <<”— Ry (Sn)
n—oo n—o0 |Sn|
- Z Ny - ([Snlv, [Sn]v)p.v + 5)
veMy
< lim sup fzﬂ(Sn) +€ <e, (3.6)
n—oo

as claimed. This finishes the proof of the lemma. O

The proof of Theorem 1.1 now follows as in [6, Theorem 4.9]; see also [29, Propositions
2.11 and 4.12]. The set of probability measures on ]P’i’“" is compact in the weak topology.
Hence, to show that [S, ], converges weakly to u, as n — oo, it suffices to show that any
convergent subsequence of [S,], converges to u,. Passing to a subsequence if necessary,
we may assume that [S,,], converges to some vy,

lim [S,]y = vy.
n—00

We have to show that v, = u,. By Lemma 3.1, the u,-energy 1, (vy) of v, satisfies

. . 1
0= lim ([Sulv, [Sn]v)u,v = lim - // 8y (x,y) d[Sply(x) d[Su1u(y)
n—o00 n ]P)ll],cm XP’E,H" \Diag

—00 2
1
> = // 8u, (X, y) dvy(x) dvy(y) by [6, Lemma 3.26]
2 lean X]P’,I,’M
=1y, (0).

Note, our assumption that the measures ., have continuous potentials implies that they are
log-continuous in the sense of [6, Definition 3.20]. By the energy minimization principle
[6, Theorem 3.25], where u, is the unique probability measure on ]P’ll;‘”’ minimizing the
Wy-energy function 1, (-) and I, (14y) = 0 > I, (vy), we get that I, (py) = Iy, (vy) and
Vy = Wy. This finishes the proof of Theorem 1.1. O

3.2. Proof of Theorem 2.2.  First, we show that Ml = {M,},c 7, is quasi-adelic implies
that i = {um, Jvem, is quasi-adelic. Assume that Ml = {M,},crq, is a quasi-adelic set.
For any r > 0, let

rMy = {(ax, ay) : (x,y) € My, a € C, with ||, < r}.

From the definition of the capacity, we have Cap(rM,) = r? Cap(M,). Since Gu, isa
homogeneous potential for 1), , the normalized homogeneous potential G, is given by

Gy, (%, ¥) = G, (x, y) + 3 log Cap(M,), (3.7)
and M, = (1/,/Cap(My))M,. As a consequence,

Tin(My) Tout(My)

rin(m,) = —%Cap(M,,)’ Fout(itar,) = —,7Cap L

(3.8)
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Moreover, as Cap(D?(0, r)) = r?,

rin(My) < /Cap(My) < rouw(My). (3.9
Then by (3.8),

rin(My) Tout(My)
— < <1l<r < —.
ron(My) = in(a,) < 1 < rowlum,) < v (M)

As M = {M,},e M, 1s quasi-adelic, the products of inner and outer radii converge strongly.
Then the above inequalities imply that the products of the inner and outer radii of u =
{1 a1, bvem, converge, thatis, i = {iar, Jve M, 1S quasi-adelic.

Now assume that D*(0, r)) C M, C D*(0, r,,) and [Toer, N [Toers, 7™ con-
verge strongly. Then the products ]_[Ue M, Fout(Mp)Y0 and ]_[ve My rin(My)"™v converge
strongly, since

rl/) < rin(My) < rou(My) < ry.

Hence, M = {M,},e M, is quasi-adelic. Moreover, by (3.9), the product of the capacities
converges strongly. Then the last formula for the canonical height is clear from (2.8) and
(3.7). This finishes the proof of Theorem 2.2. ]

3.3. A finiteness property. The following proposition is the analog of the last assertion
of [29, Theorem 1] for quasi-adelic measures. It will be useful in the last section in proving
the equidistribution of parameters 7 with small height with respect to &, (c(7)).

PROPOSITION 3.2. Let k be a product formula field. Suppose 1 is a quasi-adelic measure.
Then for any § > 0, there are at most finitely many x € kP with

flu(x) < —4.

Proof. Assume to the contrary that there are infinitely many x; € kP with h w(xi) < =6.
Let S, = J/_, Gal(k*P/k) - x;. Then S, is Gal(k**P/k)-invariant and |S,| — co. By
(2.8), we get h,,(S,) < —8. Moreover, from (3.1), we see that for each v € My,

lim inf([Sylv, [Snlv)p, > 0.
n—od
Replacing sz(S,,j) in (3.6) by flu (S,) and letting € tend to zero, we get

lim Sllp([Sn]vv [Sn]v)uv = -4,

n—oo

which is a contradiction. O

4. Non-adelic dynamical pairs (f, c) are typical
In this section, we aim to prove Theorems 1.3 and 4.5. We first introduce some notation
and terminology.

4.1. A dynamical pair on P'.  Let k be a product formula field and let K = k(¢). Recall

that a dynamical pair on Plis apair (f,c) € K(z) x K withd :=deg, f > 2. We say that
the pair (f, ¢) is isotrivial if there is a family of Mdbius transformations M, (z) € K (z)
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such that both M; o f; o M, ! (z) and M, (c(t)) are independent of 7. Moreover, we say that
(f, ¢) is preperiodic if the starting point ¢ € K is preperiodic under f € K(z), that is, if
there are integers m > n > 0 with f"(c) = f™(c) € K.

Recall further that we have the Call-Silverman canonical height function associated
to f € K(z), denoted by h T : P1(K) — P'(K), determined uniquely by the properties
hf(f(c)) =d- hf(c) and hf(c) = h(c) + O(1). Alternatively, for ¢ € K, we can com-
pute the canonical height as

deg, f"(c
(o) = Jim CETE
We note that A f(c) > 0 and equality holds if and only if (f,c) is either isotrivial or
preperiodic; see [2, 17].

4.2. Homogenization. Let (f,c) € K(z) x K be a dynamical pair with degree
d :=deg, f > 2. In what follows, we choose lifts of f;(z) = P;(z)/Q:(z) and c(t) =
A(t)/B(t). For the lift of f, we write

Ft|,t2(Z7 w) = (Pt|,t2(zv U)), Ql‘],tz(z7 w))’

where Py, ;,, Ot 1, are homogeneous polynomials in (z, w) of degree d, with the coeffi-
cients of homogeneous polynomials in (#1, #2) of the same degree that are relatively prime.
For a lift of ¢, we write

C(t1, ) = (A(t1, 1), B(t1, 1)),

where A and B are homogeneous polynomials in k[#1, t2] of the same degree and have no
common linear factor in k[#;, #>]. Moreover, we define

(Aca(t1, 12), Bea(ti, ) = Ff ,,(C(t1, 1))

That is,

Aco(t1, ) = A(t1, ) and Beo(t1, ) = B(11, 1),

while for all n > 0,

AC,}'Z-I—I(tl» 12) = Ptl,tz (AC,n (th t2)9 BC,I‘I (tl, t2))9
Bc ny1(t1, ) = O, (Acu(t1, 12), Beu(t1, 12)). 4.1)

Note that f/'(c(?)) = Ac(t,1)/Bcn(t, 1). We often work with dehomogenized coor-
dinates and when doing so, we identify Pl (k) with Al(k) U {oo} as follows. A point
[t; : 1] € P'(k) is seen as 11/t € Al (k) when 1, # 0 and as oo when 1, = 0.

We say that f € K(z) degenerates at t € Al (k) U {oo} if deg,(f;) <d and write
Sing( f) for the set of degenerating parameters. Notice that the set Sing(f) is precisely
the zero locus of the resultant of the homogeneous polynomials P, ;,, Q. In (2, w),
which we denote by

ReS(Ftl,tg) = Res(Z,w)(Ptl,tza Qfl,tg) € k[tl, t2] \ {0}
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We remark here that Res(F, ;,) is a homogeneous polynomial in #1, #. Thus,
Sing(f) = {[a1 : 2] € IP’I(E) : Res(Fy, o,) = 0}.

We also work with a lift of f"(c) defined by coprime homogeneous polynomials. To write
the greatest common divisor of F/[ , (C(t1, 12)), for each o € P! (k), we let

f—an ifaeAl®),

15 if ¢ = o0.

uq(t1, ) = :

Moreover, we let mc , (o) be the maximal integer m € N withul)|Ac , and u}}| B¢ ,. Then,

ged(F (Cti,)) =[] walti, ).
aeSing(f)

We point out here that for each « € Sing(f), the sequence {mc ,()/d"},eN converges as
n — oo since {mc yy1(a) —d - mc 5 (@) },en is uniformly bounded. We associate a lift of
f"(c) with lifts F;, ;, and C of f and c respectively, defined by

FC,n(tls t2) = F[’:,Q(C([l» t2))/ng(F[7,[2 (C(ll, t2))-

This is given by coprime homogeneous polynomials in the variables (f1, ;) and

deg Fc (11, 1) = deg, f"(c(1)).
Next, we introduce measures associated with each dynamical pair.

4.3. Measure associated to a dynamical pair: a family of rescaled ‘bifurcation’ measures.
Let k be a product formula field and K = k(¢) as before. In this section, we introduce the
canonical measure p rc = {{ f.cv}ve M, associated to a non-isotrivial and non-preperiodic
dynamical pair (f, c). Recall that for each v € My and z, w € C,, we write |[(z, w)|l, =
max{|x|y, |y|v}. Since (f, ¢) is not preperiodic and non-isotrivial, one has h f(c) #0and
in particular deg Fc, # 0 for sufficiently large n. To see this, in the case of f being
non-isotrivial, we refer to [2, Theorem 1.6]; however, when f is isotrivial but (f, ¢) is
non-isotrivial, an easy argument following [7, Lemma 10.1] indicates that h f(c) > 0. For
n sufficiently large, we let

log | Fc (11, 02) v
deg Fc, '

Grenn(t, 1) =

By a telescopic argument as in [8] or [30], this sequence converges locally uniformly on
(C% \ ({(0, 0)} U =~ 1(Sing(f))). We denote its limit by

Grcew(t, 1) := lim GFpcp(ti, ).
n—oo

Note that for non-archimedean places, G r ¢, extends to the product of Berkovich affine

lines A4 x Al4n\ {(0, 0)}; see [7, Ch. 10]. By slight abuse of notation, we also denote

its extension by Gr.c . Let  : (C% \ {(0, 0)} — P!(C,) be the standard projection map.
We define a measure (7 ¢, on PHC,) \ Sing(f) by

Mfev = ﬂ*dd(ctl,tz)GF,C,v(tl, n). 4.2)
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When v is archimedean so that C, ~ C and ]P’};“” ~ PY(C), this measure is a rescaled
bifurcation measure. Indeed, the bifurcation measure associated to (f, ¢) is defined on
P!(Cy)\Sing(f) by

. 1
ddf, ( Jlim —log [IF], (C(n, l2))||v)-

It is an important measure in dynamics as it is supported exactly at the set of
non-degenerating parameters r = A at which (f, c¢) is unstable, that is, the sequence
of holomorphic functions {t — f/"(c(¢))} is not normal near A. Recall here that the family
[ is stable at A if the Julia set moves holomorphically for a small perturbation of ¢ at A, or
equivalently if the dynamical pairs (f, ¢) (upon passing to a finite branched cover of P')
are stable at A for each critical point c; see [41, 45]. We refer the reader to [13, 14, 24] for
more details.

In the following proposition, we show that the definition of s ., extends naturally
to give a probability measure on IP’II;“" for each v € M. When deg Fc, is not zero, we
write

Mfenp = JT*dd(C[l ’tz)GF,C,n,v (t1, 1)

to denote the probability measure on IP’,';“" associated to Fc, for v € My. This measure
is independent of the choice of lifts for f and c.

PROPOSITION 4.1. Let (f,c) € K(z) x K be a non-isotrivial and non-preperiodic
dynamical pair. For each v € My, the sequence of measures (L ¢,y O }P’ll;“" converges
weakly to a probability measure [y, on Plan as n — oo. Moreover, few has
continuous potentials if and only if G r c , extends continuously to (C%\{(O, 0)}.

Proof. First we assume that v € M is an archimedean place, so that C,, ~ C and }P’ll;“" ~
PL(C). Thus, we may work on PL(C). Notice that G F.C.nw(t1, 12) is a plurisubharmonic
function on (Cz\{(O, 0)} and recall that the sequence G ,c,»,» converges locally uniformly
on C%\ ({(0,0)}Ux—! (Sing(f))). Hence, the sequence of probability measures i f ¢ v
converges weakly to the rescaled bifurcation measure it ., on P!(C)\Sing(f). Since the
space of probability measures on P'(C) is compact in the weak topology, to show that
M fenw has a unique limit, it suffices to prove that for any convergent subsequence of
M f ¢nv» the limit admits no point mass on Sing(f). Without loss of generality, we may
assume that 0 € Sing( f). We have to show that for any € > 0, there is a radius r > 0 and
an integer N > 0, such that for alln > N, (4 ¢ v (D(0, 7)) < €. Suppose that this is not
the case. Then we may find integers nj — 0o and a sequence of radii r,; — 0 such that

Mf,c,nj,v(D(Q rnj)) — €0 > 0,
as j — oo. Let Py, (t) be a potential function of ptf,cn; vl DOs;)- We have
Py (1) = / log [t = sl d(if.cnjlDOr ) — €0 log It]y

locally uniformly on a punctured disk centered at 0. Hence, the sequence of subharmonic
functions G F,c,nj,v(l, 1) — Pnj (t) converges locally uniformly to a subharmonic function

https://doi.org/10.1017/etds.2022.49 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2022.49

Quasi-adelic measures and equidistribution on P 2753

Gr.co(t, 1) —€olog [t], on a punctured disk. So we can find some Ly > 0 and ro > 0,
such that for all big 7, we have

sup (Gr.c;w(t, 1) — Py, (1) < Lo,

[t]=ro
From [17, Proposition 3.1], one has Gr c,(f, 1) = o(log |¢|,). Then for very small ¢, we
can find n; big enough such that

€0
Gr.caywlt 1) = Poy (1) > = log [ty > Lo,

which is a contradiction as the subharmonic function Gr cn;v(f, 1) — Py, (¢) achieves
its maximal value on the boundary of D(0, ro). Since all Gr c,,, are bounded above
uniformly near 0, G c,, (¢, 1) is bounded above and subharmonic on the punctured disk
centered at 0. By [47, Theorem 3.6.1], GFr c (¢, 1) has a unique extension to a subhar-
monic function in a disk centered at 0, with G c,(0, 1) :=lim sup,_,o GFr,co(?, 1).
Because GF,cu(t, 1) = o(log |t]y) and 7, ({0}) = O, the extended subharmonic func-
tion is a potential of i r ., near 0. Hence, w7, has continuous potential if and only if
GrF,co(t1, 1) can be extended continuously. For properties of subharmonic functions, we
refer the reader to [47].

Assume now that v € My is non-archimedean. Each Fc,, determines a probability
measure [ ¢ ¢, » With continuous potential on ]P’,I;“" defined on P!(C,) by

gf,c,n,v(x) =log [|X[ly — GF,cpp(X).

The measure is given by

M fenp = Agf,c,n,v + Ay 4.3)

Here, A, is the probability measure supported on the Gauss point. For any neighbor-
hood U c P! (Cy) of Sing(f), the sequence GF cn(X) converges uniformly for x €
P!(C,)\U. Since P'(C,) is dense in IP’};“”, we also have that for any neighborhood of
U of Sing(f) in ]P’ll;“", the function g ¢, (x) converges uniformly on ]P’};“"\U an as
n — o0o. Hence, from (4.3), we see that the limit

gv(x) = nler;O gf,c,n,v(x) =log [|X[lv — GF,C,v(i)
is an element of BVD(]P’};“") (see [7, Definition 5.11]), with

Hfev — Ay = Agy.

It is clear that the probability measure 1 7 ¢, is the unique limit of {t 7 ¢ 4.0} ON Plan with
potential g,. Since the potential function of u 7 ¢, is unique up to a constant, we have that
M f ¢,v has a continuous potential if and only if g, can be extended continuously to Sing( f),
or equivalently if and only if G ¢, can be extended continuously on (C%\{(O, 0)}. O

We are indebted to Laura DeMarco for sharing the idea of the following proposition.

PROPOSITION 4.2. Let (f,c) € K(z) x K be a non-isotrivial and non-preperiodic
dynamical pair and ve My. We write Mpc, = {(A1,X2) € (C% \ {(0, 0)} :
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Gr.co(M,A2) <0}, Suppose that Gp.c, extends continuously to C%\{(O, 0)}.
Then,

_ 2
Cap(Mp.cy) < liminf | Res F |,/ “&Fen”,
n—0o0

Proof. Letv € My and write Gr c 50 (t1, 12) := log || Fc » (11, ©2)|lv/deg Fc,, and

My = {(s1,52) € C3\ {(0,0)} : GF.cno(s1,52) <O}
. —1/ deg(Fcn)* .
From [23, Proposition 2.1], we have Cap(M,,,) = | Res(Fc.n)lv . We are going
to prove that for any € € |C}|,, there exists an N € N such that for any n > N, we have

Grenv(ti, ) — Grop(ty, 1) <€ 4.4)

This will imply that Mg c, C eM,, and hence, by the monotonicity of the homoge-
neous capacity, Cap(Mr cy) < e Cap(M,,) for all n > N. Since |C}|, is dense in
R>p, the proposition follows. Note that G c . (f1, f2) converges locally uniformly to
Gr,co(t1, ) away from n_l(Sing( f)). Hence, it suffices to prove that (4.4) holds in
a small neighborhood of 7 ~!(Sing(f)). To this end, we may assume without loss of
generality that O € Sing(f) and show that there exists an r > 0, such that for all t € C,
with |¢t|, <r,wehave Gr cn.(t, 1) < Gp,cy(t, 1) + € for large n. Since Gr c,(t, 1) is
continuous, we can choose r small enough such that for |¢|, < r, we have |Grc,(t, 1) —
Gr.c.(0,1)] < €/3. Moreover, enlarging N if necessary, we may further assume that
Grcan(, 1) <Grcp(t,1)+€/3 < GFrcp(0,1)+2€/3, when |t|, = r. Then, since
G F.cnv(t, 1) is subharmonic, by the maximum principle (see [7, Proposition 8.14] when
v is non-archimedean), we get

Greanv(t, 1) <Grcwp(0,1)+26/3 < Grco(t, 1) +¢€
for all t € C, with |t|, < r andn > N, as claimed. O

Definition 4.3. We call a non-preperiodic and non-isotrivial dynamical pair (f, c¢) adelic
or quasi-adelic if the corresponding measure 1 f . = {{t f.c,v}ve M, > defined in Proposition
4.1, is adelic or quasi-adelic respectively.

4.4. A generic dynamical pair is not adelic. Let k be a number field or the function
field of a smooth projective curve defined over a field (of arbitrary characteristic) and
let o € k (or a = oo € P! (k)). To simplify our notation, for a homogeneous polynomial
H (x, y) defined over a ring R and an element x € R, we write H(x) := H(x, 1) and
H(o0) := H(1, 0). In particular,

Py(z, w) := Py 1(z, w) and Qu(z, w) := Qg.1(z, w), when o € k and
Poo(z, w) := P10(z, w), Qoo(z, w) := Q1,0(z, w)

We let

Ry(z, w) := ged(Pe(z, w), Qu(z, w)),
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with Ry (z, 1) being a monic polynomial. Then
Py=Ry-P; and Qu =Ry Q. 4.5)

where P;(z, w), Q}(z, w) are homogeneous polynomials with no common linear factor
over k. Note that R, # 1 if and only if & € Sing(f). We define the set of a-holes of f by

Hpo = (A1 : 22l € PLK) : Ry(r1, A2) = O}

Abusing notation slightly, we often view H 7, as a subset of k U {oo} identifying P! (k)
with k U {o0}. Under this identification, H o consists of t € k such that Ry(t,1) =0
together with possibly oo in the event that R, (1, 0) = 0.

Next, we define our notion of an «-generic dynamical pair ( f, c) and subsequently state
our theorem.

Definition 4.4. Let (f,c) € k(t)(z) x k(¢t) be a dynamical pair. Assume that f is not
isotrivial and deg, f > 3.Leta € Sing(f). We say that (f, c) is a-generic if the following
properties are satisfied.

(P1)  deg (fo) = 2.

(P2) There exists p € H 7 that is not a totally ramified fixed point of f(f.

(P3) Foralln € N, we have ! (c(@)) ¢ Hyqa-

(P4)  c(@) is not preperiodic for f.

(PS) If kis a function field, then f, is not isotrivial.

With this terminology in place, Theorem 1.3 reduces to the following statement.

THEOREM 4.5. Let k be a number field or the function field of a smooth projective curve.
Let f € k(t)(z) with deg, f > 3 that is not isotrivial. Let c € k(t) that is not preperiodic
for f. If there is an a € Sing(f) such that (f, c¢) is a-generic, then (f, c) is not adelic.

Before we proceed to the proof of Theorem 4.5, let us see how it implies Theorem 1.3.
First we make a useful observation.

Remark 4. A dynamical pair (f, ¢) € k(t)(z) x k(t) is adelic if and only if the pair (M o
f oM™, M(fN(c))) is adelic for some n, N € N and a Mdbius transformation M (z) €
k(t)(z). This observation allows us to apply Theorem 4.5 in cases when deg, f =2, as
in §5.

Theorem 4.5 = Theorem 1.3. Let (f,c), N €N, g := fN, and o € Sing(g) be as in
Theorem 1.3. Our assumption that 2 < deg(gy) < d" guarantees that deg,(g) = 3. Our
assumptions on (g, ¢) and « yield that the pair (g, ¢) is a-generic. Note here that since f is
not isotrivial, we also have that g¢ = £ is not isotrivial. Thus by Theorem 4.5, we get that
f N ¢ is not adelic. In light of Remark 4, this implies that (f, ¢) is not adelic. Theorem
1.3 follows. O

We now establish some preliminary results toward the proof of Theorem 4.5. Let § C
M be a finite set containing all the archimedean places (if they exist). We denote the set
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of S-integers of k by
Osp:={eek:|al, <lforalvé¢ S}
If ¢ € k(z) is a rational map and « € k, we denote the orbit of o under the action of ¢ as
Oy(a) = {¢"(a) : n € N}.

The following theorem will play a crucial role in our proofs. We thank Patrick Ingram for
referring us to it.

THEOREM 4.6. [50, Theorem 2.2] Let k be a number field. Let ¢ € k(z) be a rational
map of degree at least 2 such that ¢*(z) ¢ k[z] and let o« € k. Let S C My, be a finite set
containing all the archimedean places. Then, |0y () N Og x| < oo.

We point out here that an analog of Theorem 4.6 also holds for function fields of curves;
see [11, 38] for the case of characteristic 0 and p. Here we need to assume that ¢ is not
isotrivial.

THEOREM 4.7. [38, Theorem 1] and [11, Theorem 1.4] Let k be a function field of a
smooth projective curve. Let ¢ € k(z) be a rational map of degree at least 2 that is not
isotrivial and is such that (pz(z) ¢ k[z]. Let o € k. Let S C My, be a finite set. Then
[Op(a) N Og k| < oo.

LEMMA 4.8. Let k be either a number field or a function field of a smooth projective
curve. Let ¢ € k(z) be a rational map of degree at least 2 such that ¢*>(z) ¢ k[z). If kis a
function field, assume that ¢ is not isotrivial. Let (a, B) € k% \ {(0, 0)} be such that a/p is
not preperiodic for ¢. Let {a,} and {b,} be the sequences defined as follows. For a choice
of coprime homogeneous polynomials P, Q € k[z, w] such that ¢ = [P : Q], we let

ag=o and byg=p, andforalln >0,
an+1 = P(an, by), bn+l = Q(an, by).

Then there are infinitely many non-archimedean places v € My such that |b,|, < 1 for
some n € N.

Proof. We assume that the statement is false and then derive a contradiction. Then there
exists a finite set S C My containing the archimedean places such that |b, |, > 1 for all
v ¢ S and all n € N. We may enlarge the set S, if necessary, to assume that the coefficients
of P and Q are in Og and that for all v ¢ S, we have max{|«|,, |8]v} = 1. Then for
all v ¢ S and all n € N, we have max{|a,|y, |bn]y} < 1. Recall that by our hypothesis,
we have |b,|, > 1. Thus, |b,|, = 1 and |a,|, < 1 for all v ¢ S and all n € N. Therefore,
¢"(a/B) = (an/bn) € Osy for all n € N. Since «/f is not preperiodic for ¢ and further
if k is a function field ¢ is not isotrivial, in view of Theorems 4.6 and 4.7, we get that
@2 € k[z]. This contradicts our assumption and concludes the proof. O

LEMMA 4.9. Let (f,c) € k(t)(2) X k(t) be a dynamical pair and let « € Sing( f) be such
that deg( fy) > 1. Assume that for all n € N, we have f} (c(a)) & H . Then,

mcp(a) =0
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foralln € N. In particular, for alln € N, we have

ged(F! ,(Ct,)) =[] uptr,ymer®.
BeSing(f)\{a}

Proof. Let o € P!(k) be as in the statement of the lemma. Note that
mco(a) = min{ord, A, ord, B} = 0. 4.6)

We will show that mc (o) = O for all n € N. Assume the contrary and let N € N be the
smallest integer such that mc y(a) > 0. By (4.6), we have N > 1. Since m¢ y () > O,
(4.1) yields

Po(Acn-1(), Ben—1(a) = Qa(Ac,n-1(a), B n—1(a)) = 0.
Hence, by (4.5), we get that either
Py (Acn-1(@), Bcn-1(@) = Q5 (Acn-1(a), Ben-1(@)) =0 4.7
or
Ro(Acn-1a(), Bcn-1a()) = 0. (4.8)

If (4.7) is true, then (Ac,n—1(a), Bcn—1(@)) # (0,0) is a common zero of P}, OF,
contradicting the fact that they do not share a common linear factor.
If however (4.8) holds, then

Acn—1(a)
— e Hrg. 4.9
Ben-1(a) / 9

Nonetheless, by our assumption, f7(c(a)) ¢ Hyq for all n < N — 1. Moreover, the
minimality of N implies that m¢ ,(a) = O foralln < N — 1. Hence,

. _ Aca@)
Jo (cla)) = Ben(@)
foralln < N — 1. Thus, (4.9) yields
_ Acn-1(a)
N-1 cla — L S H as
fo M e@) = G €y,

contradicting our assumption that the orbit of c¢(«) under iteration by f, never meets the
set H 7 «. In both cases, we got a contradiction. Thus, the lemma follows. O

Before stating the next proposition, we recall that co is a totally ramified fixed point of
arational map ¥ € k(z) if and only if ¥ € k[z].

PROPOSITION 4.10. Let (f,c) € k(t)(z) x k(t) be a dynamical pair with deg, f > 3.
Assume that f is not isotrivial. Let a € Sing(f) be such that (f, c) is a-generic. Then
there are infinitely many v € My such that for some n, € N, we have

max{|Acn, (@)]v, [Bcp, (@]v} < 1.
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Proof. Let a € Sing(f) be such that (f,c) is «-generic. To simplify the notation,
throughout this proof, we write a, := Ac (@) and b, := Bc,(a). Since (P3) holds, by
Lemma 4.9 we know that not both of a,, and b,, are zero. We have

ant1 = Pylay, bp) = Ry(ay, bn)P;(an, b,),
n+l Qu(an, by) = Ry (ay, bn)Q:; (an, bn), (4.10)
for all n € N. We define auxiliary sequences {a,} and {b;} as aj := ao, b := b and
an,| = Py(ay,by), by = 0yay,, by) forn=>1.

Then, for all n € N, we have

*d"lt %
an—l_[R(al,bl -a,,

n—1—i
b,,:l_[R (af, b)) b 4.11)

Let S € My be a finite set of places, containing the archimedean ones, such that for
all v ¢ S, the coefficients of P and QF are v-adic integers, |[Res(Py, 0%)|, =1 and
max{|aglv, |bgly} = 1. Then invoking [7, Lemma 10.1], for all » € Nand v ¢ S, we have

max{lay|y, [byl,} = 1. (4.12)

We may enlarge the set S, if necessary, to assume that the elements of H s, N k are v-adic
integers for all v ¢ S. Thus, also the coefficients of R, are v-adic integers for v ¢ S.
Combining then (4.11) with (4.12), we get that

max{|dn+1lvs 1bas1lv} < [Ra(ay, by)lo < lup(ay, byly (4.13)

forall v ¢ S and n € N and for any p € Hr 4. Now let p € H 4 be as in (P2). We claim
that there are infinitely many v € M; such that

lup(ay, by)ly < 1 (4.14)

for some n € N. By (4.13), it is clear that this suffices to prove this proposition. To prove
(4.14), we use Lemma 4.8. If p = oo, our claim follows. Otherwise, let M,(z, w) =
(w + pz, z) and (P, OF) = M;l o (P}, Q%) o M,. Consider the morphism g, : P! —
P! defined by

[z:w]— [13;(1, w) : Qf;(z, w)].

Since p € H 7 o is not a totally ramified fixed point of f,f as in (P2), we know that oo is not
a totally ramified fixed point of gg. Moreover, by (P4), we have |O; (bo/ag — pbo)| = oo
and by (P1), we have deg(gy) > 2. Thus, by Lemma 4.8 applied to the rational map g, and
(bo, ag — pby), our claim follows. This finishes our proof. O]

We are now ready to prove the main result of this section: In most cases, (f, ¢) is not
adelic.
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4.5. Proof of Theorem 4.5. Let f and c be as in the statement of the theorem. Let @ €
Sing(f) be such that (f, c¢) is «-generic and assume to the contrary that (f, c) is adelic.
Then there is a finite set S C M such that for all v ¢ S, we have

Gr.cp(ti, ) =log [|[(t1, 02)llv + ¢y (4.15)

for a constant c,. Denote by P C M the infinite set of places satisfying the conclusion of
Proposition 4.10. In other words, for v € P, there exists n,, € N such that

max{|Ac n, (@)lv, |Bcn, (@)]v} < 1.

Enlarging the set S if necessary, we may further assume that for all v ¢ S, the following

hold.

S1) |y =1lifa #0, co.

(S2) Forall 8 € Sing(f) \ {a}, we have |ug(a)|, = 1 andif B # Oalso |ug(0, )|, = 1.

(S3) The coefficients of Fy, ,,(z, w) € k[t1, 2, z, w] are v-adic integers.

(S4) | Resq, ) (A, B)ly =1 and the coefficients of C(t1, ) = (A, B) are v-adic
integers.

(S5) Al coefficients of Res(F}, 1,) are v-adic units.

We aim to prove that (4.15) does not hold for places in the infinite set P \ S, thus leading
to a contradiction. To do so, we will evaluate (4.15) at two distinct points that yield distinct
values for ¢, whenv € P\ S.

Let v € P\ S. In the rest of this proof, for o € C,, we write

(1o, 1) if @ € Al(k),
Ty =
(1,10) if « =o0.

View both Ty and « as elements of P!. Since by Lemma 4.9 either Ac ,, (o) or B¢, (o)
is non-zero and v is non-archimedean, we may choose 7y # (0, 1) sufficiently close to «
in the v-adic topology to be such that the following hold.
(T1) 0 < |ue(To)ly < 1.
(T2) max{lAC,nv (To) v, |BC,nU(TO)|v} =< maX{|AC,nv @)y, |BC,nv ()]}

Next, we show that evaluating (4.15) at Ty gives ¢, < 0. To this end, recall that

Ac(t1, 1) Bcu(t1, 12) )

n : p (4.16)
ged(Fyl ,, (C (11, 12)) " ged(F 4, (C(t1, 12))

Fea(t, ) = <

where by Lemma 4.9, we have

gea(ti, 1) == ged(Fy , (C(t1, 1)) = l_[ ug(ty, tp)"cn P,
BeSing(H\{a}

Combining (S2) and (T1), the ultrametric inequality gives |ug(Tp)|, =1 for all B €
Sing(f) \ {er}. This in turn yields |gc »(To)|y = 1 for all n € N. Thus, evaluating (4.16)
at Ty, we have

I Fen(To)llv = I1F7, (C(To) llv = (A (To), B (To)) llo- (4.17)
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Note that by (S1) and (T1), we have ||Tp||, < 1. Combining this with (S3), (4.17) yields
IFcat1(To)lly < [ Fea(To)l1E.
An easy argument by induction and (T2) yield that for all n > n,,, we have
IFen(To)llo < max{|Ac, @], [Bem, @) <1,
where the last inequality follows from our assumption that v € P. We now have

- log [Feu(To)ly _ log max{|Ac.u, @)y, |Bea, @1} _
n—oo deg(Fcn) ~ dm - hg(c)

Cy = 0, (4.18)
as claimed. We point out here that by our assumption f is not isotrivial. Hence, our property
(P4) guarantees that h r(c) #0; see [2, 17].

However, we can choose Sy = (sg, 1) € (C% to be such that for all 8 € Sing(f), we
have |soly = lug(So)|y = 1. Then, upon using (S3), we get that the coefficients of F, are
v-adic integers. Moreover, by (S5) and since |ug(So)|y = 1 for all B € Sing(f), we have
| Res(z,w)(Fsy)lv = 1. Therefore, [7, Lemma 10.1] yields that || Fs,(z, w)[l, = lI(z, w)||g.
Since by (S4) we have that C has good reduction and moreover ||Spll, = 1, another
application of [7, Lemma 10.1] yields ||C(Sp)|l, = 1. Thus, an easy argument by induction
yields ||F§O(C(So))||v = 1. By our choice of Sy, we have |gc ,(So)|, =1 for all n € N.
Hence, ||F§0(C(So))||v = ||Fcn(So)|lv = 1 for all n € N. Therefore,

log Il Fen(So)llu _

¢y = lim
n—oco  deg(Fc )
This contradicts (4.18) and finishes the proof of our theorem. O

5. Quasi-adelicity for almost all starting points

We study the family g;_,(z) := Az/(z* + tz + 1), where A is an £th primitive root of unity
for £ > 2, and aim to prove Theorem 1.4. We show that for a ‘generic’ ¢, the dynamical
pair (g, ¢) is quasi-adelic but is not adelic. In particular, for ¢ € {1, —1} being a critical
point of g;, the pairs (g, 1), (g1, —1) are quasi-adelic but not adelic. We refer the reader
to [9, 46] for the pictures of the bifurcation of (g,, £1).

5.1. Homogeneous lifts. Throughout the rest of this section, we fix a primitive £th root
of unity A with order at least 2. It is more convenient to work with the £th iterate of g, ;(2),
which we denote by

fi@) =g}, ().

It is easy to see that g, degenerates at t = oo. Thus, Sing(f) = {oo}. Throughout this
section, we write

d:=2" dy:=2"1-1, dy:=2"
At times, we also use notation introduced in §4. We fix a homogeneous lift of g, ;(z) as

Gy 1, (2, ) := (Azw, fzw + (2% + w?)).
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The following proposition enables us to show that gfi degenerates to foo(2) 1= z/ (z2 +1)
att = oo.

PROPOSITION 5.1. Let A be an Lth primitive root of unity. The Lth iterate of Gy, s, is
given by

Gl (. w) = £ (- (zw) 2w + 0( ), T (zw)D (22 + w?) + (),

for some non-zero v € Z[A]. In particular, f = gﬁ degenerates to foo(2) = z/(2> + 1) at
t = oQ.

Proof. 'We prove this proposition by induction. Notice that, inductively for2 < n < ¢, one
has G;l],tz = (P, O,), where
n—1 n—1 n—1__ n—1_ n—1_
Puz,w) =13 (@w)* anti T 4 @w)?T TN whmn 248 .),

n—1_ n—1 n—1 n—1__ n—1_
On(z,w) = t22 Y(zw)? ,Bntlz + (zw)? N2+ wz)rntgtl2 Iy t22(. ),
5.1)

for constants oy, B, s, and 1, depending on A. From the iteration formula, we get oy =
A2 =A% Pr=1+A 1 =Ar+2and forall n > 2, we have

an+1=)»-0ln'13"’ and nn-i-l:)"(an‘fn'}'ﬁn'nn),
Buv1 = Bn - (an + Bn), Tptl =y - Ty + By M+ 2B - Ta
Consequently, for n > 3, we have
n—2

o = A" [+ A+ 42D
i=l1

n—2
Bo=+r+ 4+ JJA+A+---+2)

i=1

2n727i

Since A is an £th primitive root of unity, we have oy # 0 and B¢ = 0. It remains to show
that

T:=1T = ay. (5.2)

Let zo be a primitive 6th root of unity and notice that z¢/ (z(z) + 1) = 1. Since By = 0, from
the expression of thtz (zo, 1) in (5.1), we get
Pi(z0, 1) oy
— H _’
n=1n—0 Q¢ (zo, 1) 7
or equivalently,
oy

. ¢ _ %
Jim &, o) =~ (5.3)
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We are going to show that this limit is equal to one, and hence equation (5.2) follows.

Notice that
320 ) 1 /1
,(z)=—=—-(1—-+o(-)>
B o+ r o\

for t — oo. Using the expression of g5 ;(z) = A - z/(1 + ¢ - z + z?), inductively we get

. X | 1 e
= — . _ . o—_ 0 _—
A I IR ST VS L+ at -+ a1 g t

foralll <n <€ —1ast — oo. Consequently, we have

85, (20) = gu (85, (20))

1 At | 1 1+ 1
R R R N (e
B\ Trat. . a2 T+A+- - +A02" 7 '

Ut - a2 +a+ - +25D A =1/04+ A+ -+ 257D 1/t +0(1/1)
T4+t 1/t- A A+ A+ -+ A A =1 /A + A+ -+ 25D 1/t +o(1/1) +o(1/1)
/A At 2D A=A+ A+ 27D 1/t +o(1/1)
- T+ (=D - (1= 1/(L+ A+ +212) - 1/t +0o(1/1) + 0(1/12)

where in the last equality, we used the fact that A =1 and 14+ 1 +---4+ 211 =0.
Letting now ¢ — oo, we get gfi’t (zo) — 1. Combining this with (5.3), we get (5.2). The
proposition follows. O

Let us now fix a lift of f; in homogeneous coordinates (¢1, f2) as
Fiyy (2 w) 1 = (P (2 w), Q1 (2, w) = Gy, (2, w) /(T - 152)
= ((hzw)zw + K (. ), (zw) N (@@ +wh) + 6 .). (54
Notice that at the point at infinity, our lift specializes to the map
Fio(z, w) = (Gw)"zw, (zw)" (2% + w?),

which is a homogeneous lift of

Keeping the notation as in §4, we have R ¢ oo (z, w) = (zw)?, and hence H f.00 = {0, 00}
We let k be a number field containing X, so that f € k(¢)(z). We fix a starting point ¢ € k(t)
satisfying 0, co ¢ Oy, (c(o0)) so that condition (P3) in Definition 4.4 holds for the pair
(f, ¢). We also fix a homogeneous lift of the starting point ¢, with coefficients in Oy, as

C(t1, 1) := (A1, 1), B(t1, 1)),
and write
Fea(t, ) = Fy , (C(t1, 1)) /ged(Fy] ,, (C(t1, 12))) = (Aca(ti, 22), Bea(ti, 12)).
LEMMA 5.2. Foralln € N, we have gcd(F}! it (C)) = 1. Hence,

Fca(ti, ) = F| ,(C(t1, 12)).
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Proof. As Sing(f) = {400}, deg(fx) =2, and we have assumed that fI (c(c0)) ¢
H £ 00 = {0, 00}, this follows from Lemma 4.9. Notice that here,

ng(FtlY,tz (C(t1, 1)) = 1_[ ug(ty, 1y)mea B = 1,
BeSing(f)\{oo}

as the product is empty. O

LEMMA 5.3. We have deg(Fc,) =d1-(d" —1)/(d — 1) +d" - deg(c) for all n e N.
In particular, the dynamical pair (f,c) is not preperiodic. Furthermore, hy(c) =
(d1/(d — 1)) + deg(c) # 0.

Proof. Since 0, 00 ¢ Oy, (c(c0)), we get deg(Ac,,) = deg(Bc ) for all n € N. The
lemma now follows inductively from the recursive definition of Fc , asin Lemma 5.2. [

When there is no scope for confusion, we use a, and b, to denote Ac,(1,0) and
Bc (1, 0) respectively. From Lemma 5.2, we see that

an+1 = (anbn)dl - apby,
but1 = (@nby)" - (ay + b}) (5.5)
for all n € N. We also make use of auxiliary sequences {a;;}, {b};} C k defined by
ay :=ap, by := bo,
a,.,:=ayb,, b, = arfz—i—b;‘z forn > 1. (5.6)
Notice that if we let
n—1 -
ap = [ @)@, 5.7
i=0
then for n > 1, we have a, = o,a; and b, = a,,b}:.

5.2. Continuity of the escape rate. To prove that (f, ¢) is quasi-adelic, we need to first
show that the escape rate G r ¢, is a continuous function.

THEOREM 5.4. The functions log | Fc ,(t1, 12)|v/deg(Fc ) converge locally uniformly
on (C% \{(0, 0)} to the function G c . In particular, G r ¢ is continuous.

Before we proceed to the proof of this theorem, we establish some lemmata. First we let
Fen(1,8) = (Aca(1, 5), Bcu(l, s)) = (Acn(1,0) + spu(s), Ben(1, 0) + 5¢,(s)).

LEMMA 5.5. For each v € My, we have y, € R satisfying the following:
oy :=limyec(log|Acy (1, 0)|y/d") = lim,— oo (log | Bca(1, 0)]y/d"); and
e lim Supn—)oo(]()g [pn(0)],/d"™), lim Supn—>oo(10g 1gn (0) |y /d™) < yo.

Proof. By [7, Lemma 10.1], the recursive definition of {a}, {b}} in (5.6) implies that there
is a set of constants {L, : v € My} and a finite set S C My suchthat L, = 1 forallv ¢ S
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and for all v € My, we have L, > 1 and

max{|a’|,, |b¥|,} < L2 foralln € N. (5.8)

Now let L =[], M, Lv. Invoking the product formula, (5.8) yields

mln{|an|v’ | n|U} - LG . .
Moreover, (5.8) implies
max({|ayly. 1651} < L. (5.10)

In particular, (5.9) and (5.10) yield that lim,,_, o (log |at|,, /d") = lim,_, 5 (log |b}], /d") =
0 and for {«,} as in (5.7), the sequence

—1
log |ty |y S log |a;kb;k|v
— = Z dy - —= il
i=0
converges. Denoting its limit by y,,, we have established the following:

Vo = lim log lan|y — lim log by — lim log |an|v.
n—00 dan n— 00 dn n—> 00 an
The first part of the lemma follows. Now let ¢, and e, be the constant terms of the
polynomials p,(s) and g, (s) respectively. From the recursive definition of F¢, as in
Lemma 5.2, we see that there are homogeneous @, W € k[z, w] of degree d and ®;, ¥; €
k[z, w] fori = 1, 2 of degree d — 1, such that

Cnr1 = P(an, by) + cp - Pr(an, by) + ey - P2(ay, by),
€nt+1 = “IJ(an’ bn) +cn - \Ill(an, bn) +ep - ‘112(61,,, bn) (511)

for all n > 0. Define auxiliary sequences {c;}, {e}} Ckasc, =, -c} ande, = a, - d;;

.
We will show that
log |C:;|v

P log |e;lk|u <

lim sup , lim su <0. (5.12)

n—o00 n—oQ dﬂ

Having proved this, the second part of our lemma will follow, since

log |e o
g|nn|v < Iim ot | _

. log [culv .
lim sup ————, lim sup
n—00 n— 00 n—oo ("

To prove (5.12), first notice that by (5.7), we have a,‘f/oznﬂ = 1/(a:bfj)d1. The recursive
formulas in (5.11) can now be written as

_ D(a,, by) ¢ - @ilay, by) +e; - ala,, by)

*

Cnt1 = (a,’;b,’;)d‘ ’
oo Wlan b))+ Wilag, by) +en - Walag, b (5.13)
i @by ‘ |
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Let L, , := max{|c}|y, |e)],}. By (5.8) and (5.9), we get that there is some constant Ly > 1
such that

1 n
max {Id>(a,’i, b)lvs 1Di(ay, by)lv, 1¥(ay,, b)lv, [Wi(ay,, by, W} < Lj
a4, 0, lv

fori = 1,2 and all v € M. Combining this with (5.13), we see that there is some r > 1
such that

Ln+1,v < rzn max{l, Ln,v}
for all n € N. An easy argument by induction now yields that L, ,, < 2

all n € N. Therefore,

max{1, Lo} for

. log Ly,
11;11) gp 7 <0,
and (5.12) follows. This finishes our proof. ]

The next two propositions show that our escape rate function is a locally uniform limit
near the degenerate point at r, = 0.

PROPOSITION 5.6. Let v € My. For every € € (0, 1), there exist § > 0 and an integer

N > 0 such that
log ”FC,n(l,S)”v _ d—1

deg(Fc.n) di + (d — 1) deg(c)
forall |s|y, <dandn > N.

Vv < €

Proof. Lete € (0, 1). Recall that
. dar d—1
lim =
n—oo deg(Fcn)  di+ (d — 1) deg(c)

(5.14)

by Lemma 5.3. Thus, it suffices to establish that there exist § > 0 and an integer N > 0
such that

log || Fc.n(1, d"

og [[Fen(1, )y _ y < € (5.15)

deg(FC,n) deg(FC,n)
forn > N and |s|, < §. Throughout this proof, we write
d—1
h := max {1, }
di + (d — 1) deg(c)

By Lemma 5.5, there exists large N € N such that

dN
€ N
max{|Ac,n (1, 0)[v, |Be,n (1, 0)]} < <1 + E) erd”, (5.16)
Moreover by (5.14), we may choose N € N large enough such that

dN-‘ri d _ 1
deg(Feni)  di+ (d — 1) deg(c)

¢ (5.17)
< — .
4
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for all i > 0, and we may further assume that
log 8 €
—_—— < —.
dN 4h
Let L =38(1 +e/4h)dNeV”‘dN. By (5.16), we can find some 0 < § < 1 such that for
|s|y < 8, we have

L
lFen(, )y < 3 (5.18)

Recall from Lemma 5.2 that F¢ (1, s) = Fl"’s (C(1, s)) for all n € N. From the expression
of Fis = @Pwa? £ 5(. . ), @w) (22 + w?) 4+ s(. . .)), shrinking & if necessary and
applying F s repeatedly to (5.18), we get

dt
Il Fen+i(1, )l < =

for all i > 0. Therefore, recalling the definition of L, we get

log [[Fen+i (1, 9y

deg(Fe,n+i)
i log 8

<———logl — —7——

deg(Fe,n+i) deg(Fe,n+i)

di dN+i € dN+i

<% g8+ — o <1+—>+—y

deg(Fenr) 00 " deg(Fenn o\ " ah) " deg(Fenn) "

di+N 10g 8 dN-H € dN-i-i

e . ._+—y
deg(Fcn+i) dN  deg(Fcn+i) 4h  deg(Fonti) '

This inequality combined with our assumptions on N € N yield

log || Fe,v+i (1, 8)lv dN
- Yv < €
deg(Fe,n+i) deg(Fc,N+i)
foralli > 0 and |s|, < §. The proposition follows. [

To show that the convergence is uniform from below, we will first need the following
weaker estimate.

LEMMA 5.7. Let v e My. For all s € C, with |s|, <1 and (z, w) € (C% \{(0, 0)}, we

have
3.dy—2
| F1s5(z, w)lly _1 s
i oand = Izl d—1
Iz, w)I4 4

Consequently, for alln > j and s € C, with |s|, < |t|y, we have

log [ Fea(l, )l _ logIFc,;(L )l log(isa®™) _ log(izlu4*™)
dn - di di di '
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Proof. Set G(z, w) = (shzw, sz> 4+ zw + sw?). We will first see that for all s € C,, with
|s]y < 1, we have

Is 13
4
Note that by the homogeniety and symmetry of Gy, we may assume that w = 1 and
|z]y < 1. Then we have that either |Asz|, > (|s|%/4) or |z|y < |s|y/4, in which case |s +
2+ 522y = Isly — (Islo/4) — (s13/16) = 1ls|2. In both cases, [|Gs(z. DIy = (Is2/4),
and our claim follows. Note that by the definition of F;, ;, in (5.4), we have

1Gs(z wlly = =2 w3 (5.19)

115Gz w)lly = T2 - Gz, wlly = 1715 s ;2 - 1G (G4 (z, w)) .

Repeated applications of (5.19) now give

24224420 —dy 3edy—2
sty d —11sh d
| F1s(z, wlly > IT], m”(z, w)lly = Il Ad Iz, w5

The first conclusion of the lemma follows. The second conclusion of the lemma follows
from the first, once we observe that

n—j—1

H Fca(l,s) _‘ Fea(l,s)  Fepo1(L9)*  Fejri(l, )
Fe (1, )@, | Fea—1(1,$) Fe,oa(l, 5)@ Fc (1, s)d"
This concludes the proof of the lemma. [

PROPOSITION 5.8. Letv € M. Forevery € > 0, there exists § > 0 and an integer N > 0

such that
log ”FC,n(laS)”v _ d—1

deg(Fc.n) di + (d — 1) deg(c)
forall |s|, <dandn > N.

Vv > —€

Proof. Recall our notation Fc,(1,s) = (A,(s), By(s)) = (an + spn(s), by + 5q,(5)).
Let € > 0 be small. Since by Lemma 5.2 we have Fc,11(1,s) = Fis(Fc(l,s)), one
can find

Q3(x, y, 2, w), W3(x, y, z, w) € k[s][x, y, z, w]
depending only on £ and homogeneous in X := (x, y, z, w) of degree d, such that
Pnt1(s) = @3(an, bp, pu(s), qu(s)) and  gni1(s) = W3(an, bp, pu(s), qn(s)) (5.20)
for all n > 0. Moreover, one can find a large Lo > 0 such that
1®30)lly < Lo X[ and  [[W3x)[ly < Lo - [Ix]|¢. (5.21)

Enlarging Lo > 1 if necessary, we may assume

1—E/L()) €
T ek I

oL, -, (5.22)

(3d2—2)~d~10g< 2
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In view of Lemma 5.5, we can find a large N € N such that

dN
€ N
max{|pn (0)]y, lgn (O)[v} < (1 + L_o> et (5.23)
and also
¢ dN+1 ) ¢ dN+i ‘
(1 - —) e < ay il byl < (1 + —) cerd™ L (5.04)
Lo Lo
for all i > 0. By Lemma 5.3, enlarging N if necessary, we may further assume that
dN+i d—1
> - € (5.25)
deg(Fcn+i) di+(d—1)deg(c) Lo-max{l, yy}
for all i > 0 and that
loge log Lo log(|t|v4d’1) €
(Bdy — 2)( 7 N > - 77 > —1 (5.26)

forall j > N.
Define L := Lo - ((1 + e/Lo)er)dN. By (5.23) and (5.24), we can find asmall 0 < § <
min{1, |t|,} such thatif |s|, < §, then

L
max{|pn($)lv, lgn(s)[v} < o (5.27)
0

Combining this with the recursive relations defining p,(s), g,(s) given in (5.20) and
inequalities (5.21) and (5.24), and since Ly > 1, we get inductively that if |s| < §, then
for all i > 0, we have

di
max{|pn+i (v, [gn+i (]} < o (5.28)
Now choose an integer N’ > N such that
1 — /Loy
§ = cd-¢/ ?) —— < 8.
(1+¢/Loy™ Ld
We will show that if |s|, < 8’ and n > N’, we have
log || Fe,n (1, d—1
og [[Fen(1, )y > Vo — € (5.29)
deg(Fc,n) di + (d — 1) deg(c)

Denote by 8; := e(1 — e/Lo)"’ /(1 + ¢/Lo)” LY ™" > 0.1f j > N’ > N and |s|, < §; <
§ < §, we have

log |[Fc,j(1,8)llv _ loglaj +spj()lo _ logllajlv — Isp;j(s)lv)
dJ - dJ - dJ

1 d’ ) Ldj—N
> log (1= =) .emd — IslL® , (5.30)
dJ L() L()
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where the last inequality follows by (5.24) and (5.28). Therefore, since |s|, < §;, we get
log || Fc,j (1, $)ly € € €
— > 1—— 1 l——)=>—- , 5.31
di = 10g Lo + yv + log o)~ 4+Vv ( )
when € > 0 is sufficiently small and L is large enough. Combining this with (5.25), we
get
log || Fe,i (1, 9)lly _ -1
deg(Fc,j)  ~ di+(d—1)deg(c)"”’

)

and (5.29) holds. If however for n > N’ we have §, < |s|, < &', then there is some j with
N’ < j < n such that dj+1 < Isly <3d; <|tl|y. By Lemma 5.7, we have

log [ Fen (1, 9)llu _ log I1Fe,i(1 )l |, loglisa® ™) log(izvd*™)
dr - dJ d/ dJ '
This, upon using (5.26) and (5.31), yields
log || Fen (1, $) Iy

dn
3dy—2 _
€ log(|s]»™ log(|7],49"!
L€ 4 ol log(eluAth
4 dJ dj
€ loge log Ly 1—¢/Lo\ log(|z|,491)
> - 3dy —2)| — — d-1 — -
> 4+J/v+( ) )( 77 dN—1)+ 0g(1+e/L0 T
€ 1—¢€¢/Lg €
> —— 3dy —2)-d -1 ——— | ——,by (5.22
=gt G -2) °g<1+e/Lo) 5 Y (522)
- € € € 3e
- J/v 4 4 4 - yv 4
for sufficiently small ¢ > 0 and L large enough. Finally, upon using (5.25), we get
log ”FC,n(l’S)”v - d—1
= Vv — €
deg(Fc ) di + (d — 1) deg(c)
In both cases, (5.29) holds. This finishes the proof. ]

Proof of Theorem 5.4. By a standard telescoping sum argument, as in [8, Proposition 1.2],
we see that the functions log || Fc » (t1, t2) ||»/deg(Fc ») converge locally uniformly to the
function Gfr ¢, on (C% \ C, x {0}. Thus, it suffices to prove that the sequence

log [[Fen(1, $)ly
deg(FC,n)

converges locally uniformly in a neighborhood of s = 0. This now follows from Proposi-
tions 5.6 and 5.8. 0

5.3. Bounds of the radii. Recall that we have chosen the lift of ¢ € k(¢), denoted by
C(t1, ) = (A(t1, 1), B(t1, 1)), so that the coefficients of C (¢, t2) lie in O. In particular,
Res(A, B) € Ok. In what follows, we let the following.
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e 5§ C My be the finite set consisting of the non-archimedean places of k such that if
ves,
|Res(A, B)|y <1 or |ty <1 or |Resgu(Fily <1,

where T € Z[A] C Oy is defined in Proposition 5.1.
e M, be the set of non-archimedean places in M; satisfying the following. If v € M;,
then |7], = 1 and there exists n, € N such that

1 Fc.n, (1, Olly = max{[Ac.n, (1, 0)|v, | B, (1, 0)[} < 1.
. 1. the set of places v € M; for which m € N is the smallest integer such that
|Bem(1,0)[y < 1.

Furthermore, we denote the non-archimedean places of k by Mg and the archimedean ones
by MZ°. Finally, note that from (5.5), we get

M = M,

meN

LEMMA 5.9. Letv € ./\/12 \S. Ift € Cy has |t]y <1, then | Fc,(t, D|ly =1 foralln e
N. In particular,

Grca(t,1)=0.

Proof. Let v € Mg \ S and consider t € C, with |¢|, < 1. Since the coefficients of
C (11, tp) are v-adic integers and v ¢ S, we conclude | Res(A, B)|, = ||(¢, 1)|l, = 1. Then,
[7, Lemma 10.1] yields ||C(#, 1)]l, = 1. Since v ¢ S and 7 € O, we have |t|, = 1.
Now, from the definition of F; ;, in (5.4), we see that all its coefficients are v-adic
integers. As furthermore | Res; ) (F7.1)|y = 1, using [7, Lemma 10.1] once more, we get
| F",(C(t, 1))|ly = 1 foralln € N. This in turn, by Lemma 5.2, implies || Fc (¢, D[, =1
for all n € N as claimed. O

We write Mc,, = {(11.12) € C2\{(0.0)} : Grcltr. 1) < O}
PROPOSITION 5.10. For all places v € Mg \ (S UM,), we have

Grco(tr, 1) =log |[(t1, 02)]lv.

In particular, rin(Mc v) = rou(Mc ) = 1.

Proof. Letv € Mg \ (M} US)and (11, 1) € (C% \ {(0, 0)}. Since G F ¢,y scales logarith-
mically, by Lemma 5.9, we know that the claim holds when |t1|, < |f2],. It suffices to
show that for r, € C, with |r2|, < 1, we have || Fc (1, r2)|l, = 1 foralln € N.

Assume to the contrary that there exist some #, € C, with |f;], < 1 and n € N such
that || Fc »(1, 2) ||y # 1. Notice that since v ¢ S, we have |t|, = 1, which using (5.4) and
Lemma 5.2, yields that F¢ , has integral coefficients. Hence, our assumption implies

[Fen(l, )y = I(Aca(1,0) + 12(. . ), Bca(1,0) +22(. . )lw < 1.
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As we also have |f2], < 1, this gives

(Acn(1,0), Ben(l, 0Dy < L.

Since also ||, =1, we have v € M;{ which is a contradiction. This finishes our
proof. O

LEMMA 5.11. Letm € Nand v € M;(,m \ S. Foralln > m + 1, we have

[Aca(L, 0)lv < [Bca(lL, 0)lo.

In particular, for alln > m + 1, we have
|Aca(L,O)I¢ < [Acat1(1 Oy, [Beati(1,0)y < [Bea(l, 0)[4.

Moreover, {d™" log |Ac.n(1,0)|y}nm=m+1 is increasing and {d~" log |Bc » (1, 0) |y} ns>m+1
is decreasing.

Proof. Letm e Nandv € /\/l;{m \ S. Recall that from (5.5), we have

dypd dyydy (2 2
n1 = ay'tby' - apby, by = a,'by (a, +b;).

Since v € ./\/l,ic,m, we have |b,, |, < 1 and |b,|, = 1 for all n < m. We will prove the first
inequality in the lemma by induction. Using the ultrametric inequality, it is easy to see that
if for some n € N we have |a,|, < |by|y, then |a,41]y < |bp+1]y. Thus, it remains to prove
the base case; that is, |ay+1]y < |bm+1]y- To this end, we consider cases depending on the
value of m € N.

If m = 1, we have |b|, < 1 and |agly < |boly = 1. To see that |a], = |a;by |9 <
baly = 1(@1b)?1 (@? + b3)|y, it suffices to show |aibil, < |a? + b?|,. Note that
jaily = laoly" " and |11, = laols' a3 + b3, If laol, < 1, we have |ail, < [bily; hence,
laibily < lai +bily. If laoly = 1, then |ai]y = 1 and |a1bily = |b1ly < laf +bily =1
holds as well, since |b1|, < 1. The base case follows.

If however m = 0 or m > 2, we will prove that |a,,|, = 1. Then |ay,+1ly = |bm ‘52 <
|bm|‘5l = |byu+1ly and the base case follows. If m = 0, so that |bg|, < 1, our assumption
that v ¢ S and hence | Res(A, B)|, =1 yields |ap|l, = 1, as claimed. If now m > 2,
assume that |a,,|, < 1 to end in a contradiction. Since v € M}(,m, we have |b,,_1|, =
|bm—2| = 1, which by (5.5) and our assumption that |a,,|, < 1 implies |a,;;,—1|, < 1 and
|am—2|y < 1. This in turn gives |b,,—1|, < 1 contradicting the minimality of m € N.
Hence, |a,, |, = 1 and the base case follows. This completes the proof of the first inequality
in the lemma. The rest of the lemma now follows by (5.5). L]

The following equalities will be handy later on. They are an immediate consequence of
the ultrametric inequality, the definition of M;{’m, and the recursive definitions of a,, and
b, in (5.5).

Remark 5. Letm € N>p and v € M, . We have

lAcm(L, Oy = [Acm-1(1, 0)[y = |Bcm—1(1,0)|y = 1. (5.32)
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In particular,
|Aca+1(L 0y = |Bem(1 O = |Bes1 (1, 02/, (5.33)
Before stating the next proposition, recall that from Lemma 5.3, we have h () #0.
PROPOSITION 5.12. Let m € N>p and v € M, \ S. We have
D2(0,1) € Mc,y C D2(0, e /hs()(Gdzlog lans1lu/d™)—(log 41 /d™)

In particular,

1 3d, - log |ami1| log 441
0 <log rin(Mc ) <log rou(Mcp) < — ( g lam+1lv  log '

Proof. Letm >2andv € M;{,m \ S. Since the coefficients of F¢ , are v-adic integers for

all n € N, we have || Fe(t1, )|l < 11, 2) 1557 Therefore, D2(0, 1) € Mc., and
the first inclusion follows. By Lemma 5.9, we get that if |¢|, < 1, then G c (¢, 1) = 0.

Therefore, to show the reverse inclusion, it suffices to prove that if 0 < |s|, < 1, then

1 (3d2-log lam 1]y 10g4d—1>

o o (5.34)

Grca(l,s) >

hy(c)

To this end, let s € C, be such that 0 < |s|, < 1. From Lemma 5.11, we know that

{lbnlv}n=m+1 1s a strictly decreasing sequence which converges to zero. Assume first that

0 < |sly < |bpm+1ly. Then there is some j > m + 1 such that |bj 1|y < [s]y < |bjly. As

the coefficients of Fc ;j(1,s) = (aj +s(...),b; +s(...)) are v-adic integers and since

from Lemma 5.11 we have |a;|, < |bjl, forall j > m + 1, we get || Fc,; (L, s)|ly = |bjlv.
Therefore, upon using Lemma 5.7 (recall that |t|, = 1), we get

log | Fea(l, $)lly _ Tog I Fe,i(1 9)lly |, log(sh® ™) log(lrh4*™

dr - dJ dJ d/
log |b;1y log |bj1ly log4?~!

for all n > j. This in turn, using Lemma 5.11, implies

log [ Fc,n(1, ) lv log |bj+1|v 10g4d_1

=2 dBd—-2)+1) -

an dj+! dJ
log lajiily  log4?~!
log lams1ly  log4d!
Z @Gy =2+ D= -~

log lams1ly  log4¢—!

> 3d> am an

(5.35)
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Finally, assume that |b,,,+1]y < |s]y < 1. From (5.32), we have |b;,|y < |am|y = 1; thus,
|Fcm (1, s)|ly = 1. Invoking now Lemmata 5.7 and 5.11, we get

log | Fen(l )l _ log(slv™ ™) _ log4™! _ log(lbns1la®™) _ log4*”!

dn - dam am am am
log(lamr113 ) log 49~ 10g |am1ly  log 44~
> - > 3d -
am dm dm am
(5.36)
for all n > m. Letting n — oo in (5.35) and (5.36), (5.34) follows. This finishes our
proof. O

LEMMA 5.13. There exist constants L1, Ly > 0 such that Zve/\/l,", N =Ly M and
[loemy,, lAcmir(1, 0Ol < LY forallm > 2.

Proof. Wewrite T,, 1=, Mi,\S N,. First we will show that for some L; > 0, we have

Tn < Ly -2™. To this end, we deﬁne P i={v e MO \ S :|b}]y < 1}. We claim that
Min\S C P hence, it suffices to prove that for some Lj > 0, we have ), .p Ny <
Ly -2™. To prove that our claim holds, let m > 2 and v € ./\/l}c’m\S. We recall from (5.32)
that |a,, |, = 1. Moreover, from (5.6) and (5.7), we have that a,, and a;;, are v-adic integers
and |ay |y = |a)|v|oemly = 1. Hence, |a) |y = |ay,|, = 1 and

1bmlo = loumlv - 163,10 = 1by lo- (5.37)

Our claim follows. Now notice that the recursive definition of {5} in (5.6) allows us to
conclude that there is a constant Ly > 1 such that

]_[ bM< 12" (5.38)
veMy b lv>1

Letr := supv€M2{|a|v taly < 1Tand o € k} € (0, 1). Then, for each v € P,,, we have
b 13 < ™. (5.39)

Combining (5.38) and (5.39) and upon using the product formula, we have

I[T"™=T1]mwr= 1 wpr=T] a5,

vePpy vePp veM:|bk |, <1 veEM:|bk |, >1
(5.40)

Thus if L = log; /r Lo, we get T, < L1 -2™ and the first part of the lemma follows. For
the second part of the lemma, first note that (5.33) combined with (5.37) implies

lam1lv = [bnl5? = 1B}, 152, (5:41)
Using this and the fact that M, \S C Py, (5.40) yields

—N, —dy-N, —d>-N, dr 2"
IT tlewaly™ =[] a2 < IT 512" < Ly

UEM;(,m\S ve./\/ll/(,m\S vEPp

Setting Ly = ng, the lemma follows. O
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We can now control the products of the inner and outer radii as in the following
proposition.

PROPOSITION 5.14. The products

[T rea™e)™, ] ruMc)™, and ] Cap(Mc)™
veM; veM; veM;

converge strongly.

Proof. We first note that the set MZ° U S U M; U M, is finite. The continuity of the
potentials, proved in Theorem 5.4, yields that the products

l_[ rout(MC,v)Nv and 1_[ rin(MC,v)Nv

Ve MPUSUM; (UM | Ve MPPUSUM; (UM, |

are finite. Hence, invoking Theorem 2.2, and Propositions 5.10 and 5.12, it suffices to prove
that the following sum converges:

o0 d—1
3d, - log |a, log 4
Z Z Nv'(_ 2 g |am+1ly g >
dm dm

m=2 e M,

This in turn follows from Lemma 5.13. ]

5.4. Proof of Theorem 1.4. Let k be a number field and ¢ € k(¢) be such that 0, co ¢
Or (c(0)). As f = gfi, it suffices to prove the conclusions of our theorem for the pair
(f, ¢) inplace of (g, c); see Remark 4. First, we are going to see that the measure w7 ¢ is
quasi-adelic. Since for each v € M we have ur., = u Mc.,» by Theorem 2.2, it suffices
to prove that the set {Mc ,},e M, 1S quasi-adelic. The continuity of the potentials of Mc¢ ,
is established in Theorem 5.4. Moreover, in view of Proposition 5.14, we know that the
products

l_[ rout(MC,v)Nv and 1_[ rin(MC,v)Nu
ve My veM;y

converge strongly. Thus, the measure w7 - is quasi-adelic. Assume further that ¢(00) is not
a preperiodic point for f. Then our assumption on ¢ implies that for oo € Sing(f), the
dynamical pair (f, ¢) is co-generic. Note also that f is not isotrivial. By Theorem 4.5, we
conclude that (f, ¢) is not adelic.

6. Variation of canonical heights and equidistribution on P!

Our aim in this section is to prove Theorem 1.6. Let (f, ¢) € k(¢)(z) X k(t) be a dynamical
pair and chose F and C = (A, B) lifts of f and c respectively. Enlarging the number field k
if necessary, we may assume that F and C are defined over k and Sing(f) C k. We follow
the notation from §4. So we have

. log [[Fea(ty, 22)lly
lim .
n— 00 deg FC,n

Grcp(t, ) =

We also write Mg c, = {(t1, 2) € C2: Grco(t1, 1) <O}
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In the following proposition, we show that the height associated with a measure ¢ . for
a quasi-adelic pair (f, c¢) is proportional with the Call-Silverman canonical height; hence
both heights have the same small points. The first author of this article is indebted to Laura
DeMarco for many ideas in this proof.

PROPOSITION 6.1. Let k be a number field and let f € k(t)(z) and c € k(t) be such that
the dynamical pair (f, c) is quasi-adelic. For any t € k \ Sing(f), we have
[k : Q]

h == h :

Proof. We write d :=deg, f. Let t € k \ Sing(f) and write S := Gal(k/k)-t. The
definition of our height in (2.9) gives

ey ) = |_;| 3% (Ne- Greate, ) + L log Cap(Mp.c)™).
xeS veM;
First we will see that
1
m .

k: N
D> Ny Greale ) = [ﬁ (Q;] hy,(c(@t). 6.1)

xeS ve My S

To this end, notice that from the definition of the Call-Silverman canonical height, we
have

- 1 1 Feo (e, Dlly
hfr(c(t))ZmnlLrgoZ Z Nvog”C;—n(X)”,

xeS ve My

(6.2)

Arguing as in Lemma 5.9, we see that for all but finitely many places v € My, we have
| Fcn(x, 1)]ly, = 1 for all n € N. More specifically, for fixed x € S, this conclusion holds
for all places v € Mg such that the coefficients of F and C are v-adic integers and |x|, =
| Res(A, B)|y = | Resuw) (Fi,1) |y = lug(x, 1)]y =1 for all B € Sing(f). Therefore, we
can interchange the limit with the summation in (6.2) to get

A 1 . log [[Fen(x, Dlly
hy(c(t) = —— Z Z N, lim ———m——
k() QI xeS ve My e dr
BRSS9
= - NU’GF,C,U(x’ 9]
k(@) : Q] xeS veM;
hre) 1 Ty
=1 . Ny -Grcp(x, 1).
[k-Q1 18] x€S veM;
Thus, we have established (6.1). We now have
N [k:Q] - 1
b () = === hy @) + 3 log [ Cap(Mpc)™. (6.3)
hy(e) veMy

Since Cap(MF,C’U)NU > 1 for all but finitely many v € My, we see that nve/\/lk
Cap(Mp ¢ ,)Nv converges strongly. It remains to show that the global logarithmic capacity
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is equal to zero, that is,

log [ Cap(Mpc)™ =o0. (6.4)
veMy

The authors in [22, 23] put a lot of effort into computing the explicit resultant formula
for each Fc, to show that the global logarithmic capacity is zero. It is much harder to
compute the resultants of Fc , here. Instead, we take a different approach, making use of
Proposition 3.2. Laura DeMarco has independently communicated a similar idea with the
first author of this article.

Toward the proof of (6.4), we first note that there are infinitely many ¢ € k such that
h £, (c(t)) = 0; see [17, Theorem 1.6]. Hence from (6.3), we get that for infinitely many
t € k, we have

N 1
g o(0) = 3 log [ Cap(Mc)™.
veM;y

This in turn combined with Proposition 3.2 yields

log [] Cap(Mpc)™ =o0.
veM;
We have reduced our claim to proving
log [[ Cap(Mr.c.)™ <o. (6.5)
veMy

From Proposition 4.2, we have

_ 2
Cap(MF.cy) < liminf | Res Fe |,/ “8Fen”,
n—>0oo

Note now that there exist a finite subset Sy C M containing all archimedean places of k
such that the coefficients of F;, ;, and C(t1, 1) are Sp-integers and the elements of Sing( f)
are Sp-units. Then we have

) log | ReS(FC,n)|v

<0 6.6
U deg(Fen? - (©6)
foralln € N and v € My\Sy. Moreover,
log [] Cap(Mrcn)™
veMy
= > logCap(Mpco)™ + ) log Cap(Mp,c0)™
veMi\So vES)
I Res(F
< Y logCap(Mpc)™ +liminf Y —N, - —Ogd| e;( Eallo
veM\So veSo eg(Fcn)
.. log | Res(Fcn)l
= Z log Cap(Mp.c.)"" + lgiégf Z Ny - W)ZU’ 6.7
veMi\So veMi\So gllica
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where in the last equality, we used the product formula. Thus, for any finite subset M C
M \Sp, we have

. log | Res(Fc,n)l log | Res(Fc,n)l
11111’_1)£f Z Ny —————— =270 < lim inf Z Ny ————— =70

2 2
e ME\So deg(Fc ) n—00 veM deg(Fc )
< — ) log Cap(Mp c.)™. (6.8)
veM

Here, for the last inequality, we use the fact 1 < Cap(Mp,c,) <liminf,_
—1/ deg(Fcn)*

| Res Fcnly . Combining (6.7) and (6.8), we get that for any finite set
M C M\ So,
log [] Cap(Mrc)™ < ) logCap(Mrc) — ) log Cap(Mr.c)"".
UGMk UGMk\SQ veM

We may take an increasing sequence of finite sets M, C M;j\Sp such that | J,.; M, =
Mi\So, and apply the previous formula for M,, in the place of M. Since the global
capacity converges strongly and letting n tend to oo, (6.5) follows. This finishes the proof
of this proposition. O

Proof of Theorem 1.6. We combine Propositions 2.3 and 6.1 to get

hy(c)
[k : Q]

Jdog [ rin(ua)™ < hyp(@) - h(t) = hy(c(t) <
veM;y

@] -log ]—[ Fout ()™

forallr € k \ Sing( f). Since the set Sing( f) is finite, we have thatas t € k varies,
hf,(c) = hp(e)h(t) + O(1),

and the first part of our theorem follows. The equidistribution statement in part 2 now
follows directly by combining Theorem 1.1 and Proposition 6.1. U
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