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1. Introduction

Tensor products of C*-bundles have been much studied over the last few decades (see,
for example, [1,5,10,14,16-19,24]). One of the main results was obtained by Kirchberg
and Wassermann, who, in [18], gave a characterization of the exactness (respectively, the
nuclearity) of the C*-algebra of sections A of a continuous bundle of C*-algebras over
a compact Hausdorff space X through the equivalence between the conditions (a,) and
(Be) (respectively, (ay) and (5,)), below.

(ae) The C*-bundle A is an exact C*-algebra.

(B.) For every continuous C*-bundle B over a compact Hausdorff space Y, the minimal
C*-tensor product A ®™ B is a continuous C*-bundle over X x Y with fibres
Az @™ By.

(an) The C*-bundle A is a nuclear C*-algebra.

(Bn) For every continuous C*-bundle B over a compact Hausdorff space Y, the maximal
C*-tensor product A @™ B is a continuous C*-bundle over X x Y with fibres
A, @M B,.

Remark 1.1. In [18], the authors add to condition (3,) the assumption that all the
fibres A, (z € X) are exact. But this is automatically satisfied (see [10, Proposition 3.3]).
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The case for fibrewise tensor products was extensively studied in [10]. The first two
assertions (respectively, the last two assertions) are indeed equivalent to the following
assertions, introduced in [5], in the case when the compact Hausdorff space X is perfect
and second countable.

(7e) For all continuous C(X)-algebra B, the smallest completion A ®F ) B of the
algebraic tensor product A ©O¢(x) B amalgamated over C(X) is a continuous
C*-bundle over X with fibres A, @™ B,.

(7vn) For all continuous C'(X)-algebra B, the largest completion A ®]c\‘/f( x) B of the alge-
braic tensor product A ®¢(x) B amalgamated over C(X) is a continuous C*-bundle
over X with fibres A, @M B,,.

However, there are also other canonical amalgamated products over C(X), such as
the completions considered by Pedersen [21] and Voiculescu [26] of the algebraic amal-
gamated free product A ®c(x) B of two unital continuous C*-bundles A and B over
the same compact Hausdorff space X. The aim of this paper is to study whether or not
analogous continuity properties hold for these amalgamated free products.

More precisely, we start in § 2 by fixing our notation and extending a few results avail-
able for C'(X)-algebras to the framework of the operator systems which naturally appear
when dealing with free products of C(X)-algebras amalgamated over C(X). We show
in §3 that the full amalgamated free products are always continuous (Theorem 3.7) and
we prove in § 4 that the exactness of the C*-algebra A is sufficient to ensure the continuity
of the reduced ones (Theorem 4.1). In particular, this implies that any separable con-
tinuous C*-bundle over a compact Hausdorff space X admits a C'(X)-linear embedding
into a C*-algebra with Hausdorff primitive ideal space X.

2. Preliminaries

We recall in this section a few basic definitions and constructions related to the theory
of C*-bundles.
Let us first fix notation for operators acting on Hilbert C*-modules [4, §13].

Definition 2.1. Let B be a C*-algebra and E a Hilbert B-module.

(i) For all (1,{» € E, we define the rank-1 operator 6, ¢, acting on the Hilbert
B-module E by the relation

Oc,c2(§) = C1(C2,€) (£ € E). (2.1)

(ii) The closed linear span of these operators is the C*-algebra Kp(E) of compact
operators acting on the Hilbert B-module F.

(iii) The multiplier C*-algebra of Kp(F) is (isomorphic to) the C*-algebra Lp(E) of
continuous adjointable B-linear operators acting on FE.
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(iv) In the case when B = C, E is a Hilbert space and we simply denote by L(FE)
and IC(F) the C*-algebras L¢(E) and K¢ (FE). A basic example is the separable
Hilbert space ¢3(N) of complex-valued sequences (a;);cn, which satisfy ||(a;)||? =
>, fail? < .

Let X be a compact Hausdorff space and let C(X) be the C*-algebra of continuous
functions on X with values in the complex field C.

Definition 2.2. A C(X)-algebra is a C*-algebra A endowed with a unital *-homo-
morphism from C(X) to the centre of the multiplier C*-algebra M(A) of A.

For all € X, we denote by C,(X) the ideal of functions f € C(X) satisfying f(x) = 0.
We denote by A, the quotient of A by the closed ideal C,(X)A and by a, the image of
an element a € A in the fibre A,. Then the function

z = [lag || = inf{[|[1 = f + f(@)]al], feC(X)} (2.2)

is upper semi-continuous by construction. The C'(X)-algebra is said to be continuous (or
to be a continuous C*-bundle over X in [6,12,18]) if the function x +— |la,|| is actually
continuous for every element a in A.

Example 2.3. Given a C*-algebra D, the spatial tensor product A = C(X)® D =
C(X; D) admits a canonical structure of continuous C'(X)-algebra with constant fibre
A, =2 D. Thus, if A’ is a C*-subalgebra of A stable under multiplication with C(X),
then A’ also defines a continuous C(X)-algebra. This is especially the case for separable
exact continuous C(X)-algebras: they always admit a C'(X)-embedding in the constant
C(X)-algebra C(X;Oz), where Oy is the Cuntz C*-algebra [7].

Definition 2.4 (Blanchard [5]). Given a continuous C(X)-algebra B, a continu-
ous field of faithful representations of a C'(X)-algebra A on B is a C(X)-linear map 7
from A to the multiplier C*-algebra M(B) of B such that, for all € X, the induced
representation 7, of the fibre A, in M(B,,) is faithful.

Note that the existence of such a continuous field of faithful representations 7 implies
that the C'(X)-algebra A is continuous, since the function

2 ||ag|| = |[7z(az)l| = [[7(a)z|] = sup{|[(w(a)b)el, b € B such that [|b] <1} (2.3)

is lower semi-continuous for all a € A.

Conversely, any separable continuous C(X)-algebra A admits a continuous field of
faithful representations. More precisely, there always exists a unital positive C(X)-linear
map ¢ : A — C(X) such that all the induced states ¢, on the fibres A, are faithful [6]. By
the Gel’fand-Naimark—Segal (GNS) construction, this gives a continuous field of faithful
representations of A on the continuous C(X)-algebra of compact operators K¢ (x)(E) on
the Hilbert C'(X)-module E = L?(A, ¢).

These constructions admit a natural extension to the framework of operator systems.
Indeed, for every Banach space V with a unital contractive homomorphism from C'(X)
into the bounded linear operators on V', one can define the fibres V,, = V/C,(X)V and
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the projections v € V = v, := v + C(X)V € V, (see [12] and [9, §2.3]). Then the
following C'(X)-linear version of Ruan’s characterization of operator spaces holds.

Proposition 2.5. Let W be a separable operator system which is a unital C(X)-
module such that, for all positive integers n and all w in M, (W), the map x +— |Jw,|| is
continuous.

(i) Every unital completely positive map ¢ from a fibre W, to M,(C) admits a
C(X)-linear unital completely positive extension ¢ : W — M, (C(X)).

(ii) There exist a Hilbert C(X)-module E and a C(X)-linear map @ : W — L¢(x)(E)
such that, for all x € X, the induced map from W,, to L(E,) is completely isometric.

Proof. (i) Let ¢, € C" ® C" be the unit vector

1 n
Cn = %;Q@er

Then the state w +— ((y, (idy, ®¢)(w)(,) on M, (C)@W, =2 M, (W,,) admits a C'(X)-linear
unital positive extension to M, (W) [6,9]. Thus, there is a C(X)-linear unital completely
positive (UCP) map ¢ : W — Mo(C(X)) with ¢, = 6 and [lpller = ¢l [20,28].

(ii) The proof is the same as that of [15, Theorem 2.3.5]. Indeed, given a point x € X
and an element w € My (W), there exists, by [15, Lemma 2.3.4, Proposition 2.2.2], a
UCP map ¢, from W, to My (C), such that

(2 @ 2) (wa) || = [lwell,

and one can extend ¢, to a C(X)-linear UCP map ¢ : W — M (C(X)) by part (i).
For all n > 1, let s, be the set of completely contractive C'(X)-linear maps from W

to M, (C(X)) and let s = €, s,. Then the map w — (¢(w)),es defines an appropriate

C(X)-linear completely isometric representation of W. (I

Remark 2.6. Let {M,,(W),] - |l.} be a separable operator system such that W is a
continuous C'(X)-module. Then the formula

[lw|ly =sup{|[{¢ @1, (1, @w)n@ 1)||; £&,n € C* @ C" unit vectors}

for w € M, (W) defines an operator system structure on W satisfying the hypotheses of
Proposition 2.5.

Proposition 2.5 also induces the following C(X)-linear Wittstock extension.

Corollary 2.7. Let X be a compact Hausdorff space, let A be a separable unital
continuous C(X)-algebra and let V be a C(X)-submodule of A.

Then any completely contractive map ¢ from a fibre V,, to My ;(C) admits a C(X)-
linear completely contractive extension ¢ : V — My, ;(C(X)).
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Proof. Let W be the C(X)-linear operator subsystem

C(X) \%4
vV C(X)

of M3(A) and let q; be the unital completely positive map from the fibre W, to Mj1;(C)
given by

o v a  P(vy)

¢ * = *

vy f (O

Let

(=(k+D)72Y ei®e e CHoCH
Then the associated state

0(d) = {6 G0 = 57 Y di(dig)

on My (W,) admits a C'(X)-linear unital positive extension to Mjy4;(W) [6]. Thus,
there is a C'(X)-linear completely contractive map ¢ : V — M, ;(C(X)) with ¢, = ¢
and [|¢ller = [[#l]ev [20,28]. 0

We end this section with a short proof of the implication (v.) = (c.) given in [18],
i.e. the characterization of the exactness of a C'(X)-algebra A by assertion 7., if the
topological space X is perfect (i.e. without any isolated point).

(7e) = (). Given two C(X)-algebras A, B and a point € X, we have canonical
x-epimorphisms ¢, : A ®™ B — (4, ™ B), and ¢, : (A, @™ B), — A, ™ B,.
Furthermore, ¢, (f @1 —-1® f) = f(z) — f(z) =0 for all f € C(X). Hence, g, factorizes
through A ®c(x) B if the C(X)-algebra A is continuous, by [5, Proposition 3.1]. If B
is also continuous and A satisfies (7.), then (A ®Q(X) B), (A, @ B), 2 A, ™ B,
and so the C(X)-algebra A, ®™ B is continuous at x. Thus, [11, Corollary 3] implies
that each fibre A, is exact (z € X) and the equivalence between assertions (i) and (iv)
in [18, Theorem 4.6] implies that the C*-algebra A itself is exact.

3. The full amalgamated free product

In this section, we study the continuity of the full free product amalgamated over C'(X)
of two unital continuous C'(X)-algebra [21,23]. By default, all tensor products and free
products will be taken over C.

Definition 3.1. Let X be a compact Hausdorff space [27] and let A; and As be
two unital C'(X)-algebras containing a unital copy of C'(X) in their centres, i.e. 14, €
C(X)cA4; (i=1,2).

(i) The algebraic free product of A1 and Ay with amalgamation over C(X) is the unital
quotient A; ®c(x) Az of the algebraic free product of A; and A over C by the
two-sided ideal generated by the differences f14, — fla,, f € C(X).
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(ii) The full amalgamated free product free product A, *é(x) Ay is the universal unital
enveloping C*-algebra of the -algebra A; ®¢(x) A2.

(iii) Any pair (o1, 02) of unital *-representations of Ay, As that coincide on their restric-
tions to C(X) defines a unital x-representation oy *03 of A;®¢(x) A2, the restriction
of which to A; coincides with o; (i = 1, 2).

In particular, the two unital central copies of C(X) in A; and Ay coherently define a
structure of C'(X)-algebra on Ay *é( x) Ay and, by universality, we have

[@E

f
A Ay) = (Ay), % (A), Ve X. 3.1
(41 f ) =4 Eaa), v )
Remark 3.2. If we fix unital positive C'(X)-linear maps ¢; : 4; = C(X) and we set

A7 = kerg; for i = 1,2, then the algebraic amalgamated free product A; ®c(x) A is
(isomorphic to) the C'(X)-module

C(X) EB@ { @ A Qc(x) - Qox) 47 |

n>1 biy £ Fiy,

* *

which is a x-algebra for the product v - w := v ® w and the involution (v - w)* = w* - v*.

Assume now that A; and Ay are continuous C'(X)-algebras. Then A *é( x) As is also
a continuous C'(X)-algebra as soon as both A; and A, are separable exact C*-algebras,
owing to an embedding property in [21].

Proposition 3.3. Let X be a compact Hausdorff space and let Ay, and As be two
separable unital continuous C(X)-algebras which are exact C*-algebras.
Then the full amalgamated free product A, *é( X) As is a continuous C(X)-algebra.

Proof. Fori = 1,2, let m; be a C(X)-linear embedding of A; into C'(X; O3) (see §2.3).
Then the induced C(X)-linear morphism mp * w9 from A; *é ) A2 to the continuous
C(X)-algebra C(X;Os) *é(x) C(X;0,) = O(X; 05 +f O3) is injective by [21, Theo-
rem 4.2]. O

This continuity property actually always holds (see Theorem 3.7). In order to prove
it, let us first state the following lemma, which will enable us to reduce the problem to
the separable case. (Its proof is the same as in [9, 2.4.7].)

Lemma 3.4. Let X be a compact Hausdorfl space, let A; and As be two unital
C(X)-algebras and let a be an element of the algebraic amalgamated free product
Ay ®¢(x) A2. Then there exist a second countable compact Hausdorff space Y such
that 1¢(x) € C(Y) C C(X) and separable C(Y')-algebras Dy C Ay and Dy C Ay such
that a belongs to the x-subalgebra D1 ®c(y) Da.

Let e1,ez,... be an orthonormal basis of ¢*(N) and set e;; := 0, ., for all i,j in
N* := N\ {0} (see (2.1)). Note that e, ; is the rank-1 partial isometry such that e; je; = e;.
Then the following critical lemma holds.
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Lemma 3.5. Let Y be a second countable compact space, let D; and Dy be two
separable unital continuous C(Y')-algebras and set D = D, *é(y) Ds.

If the element d belongs to the algebraic amalgamated free product D1 ®c(yy D2, then
the function y v ||dy||p, is continuous.

Proof. The map y — ||dy|| is always upper semi-continuous by (3.1). Therefore, it
only remains to prove that it is also lower semi-continuous if both the C'(Y')-algebras D;
and D5 are continuous.

Now, any element d in the algebraic amalgamated free product of D; and D, admits
by construction (at least) one finite decomposition (that we fix) in M,,(C) ® D:

e11®d=d(1)-d(2n) (3.2)

for suitable integers m,n € N and elements d(k) € M,,(C) ® D,, (1 < k < 2n), where
tp, = 1 if k is odd and ¢, = 2 otherwise.

Given a point y € Y and a constant € > 0, there exist unital *-representations ©;, @4
of the fibres (D1),, (D2), on ¢*(N) and unit vectors &, ¢ in e ® (2(N) C C™ @ (*(N)
such that

ldyll =& < [{€' e11 @ (Or % O2)(dy)§)- (3-3)
As the sequence of projections py = Zf:o e;; in K(¢2(N)) satisfies limy o0 ||(1 — pr)<|| =
0 for all ¢ € £*(N), a finite induction implies that there is an integer I € N such that
(1@ p)Ell # 0, (1@ p)€'|| # 0 and the two UCP maps ¢;(-) = p;©;(-)p; on the fibres
(Dy)y (i =1,2) satisty

(€1, [e11 ® (O1%O02)(dy) — (1d®¢,,)(d(1)y) -+ - (1[d @, )(d(2n)y)IE)] <&, (3.4)

where § = (1 ® p)&/||(1 @ pr)é]| and & = (1 ® p)&/||(1 @ pr)€’|| are unit vectors in
C™ ® C*! which are arbitrarily close to ¢ and &', respectively, for sufficiently large 1.
Let ¢; € C' ® C! be the unit vector

1
G=— Z er X eg.
\ﬁ1<k<z

For each i, the state e — ((;, (id ®¢;)(e)(;) on M;(C) ® (D;), associated to ¢; admits a
unital C(Y)-linear positive extension ¥; : M;(C) ® D; — C(Y') [6]. If (Hi,n;,0;) is the
associated GNS—Kasparov construction, then every d; € D; satisfies

(L @ ni, (1d @03)(0¢,.¢, @ di) L @ i) (y) = (I @) (0¢,.¢, @ di)(y) = ¢i((di)y)-  (3.5)

Let 0 = 01 * 09 be the x-representation of the full amalgamated free product D on the
amalgamated pointed free product C(Y')-module (H,7n) = *c(v)(Hi, n:) [27]. Then

(& @n,e11 @ a(d)e @n)|(y) = [(§ @ n, ([d@o)(d(1)) - (id @0)(d(2n))& @ )| (y)
= (&, ([d®@¢,, ) (d(1),) - - - (Id @, ) (d(2n))&1) |
> |ldy|| — 2.

And so ||dy|| —2e < [{(§, @n,e1,1 @ o(d)(1 @ p1)&§ @ n)|(2) < ||d.]|| for every point z in an
open neighbourhood of y in Y by continuity. O
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Remark 3.6. It was pointed out by a referee that the inequality (3.4) cannot be
replaced by a norm inequality like

ler ® (O1%602)(dy) — (id @6, )(d(1)y) - - - (id @6, ) (d(21),) ]| < €.

Indeed, if, for instance, p € A = M5(C) is the projection

1
p - \/Q 1 1 9
then e1,1 - e22 = 0 but pe; 1pegop = 2-3/2p #£0.

Theorem 3.7. Let X be a compact Hausdorff space and let Ay and As be two unital
continuous C(X)-algebras. Then the full amalgamated free product A = A *é( x) As is
a continuous C(X)-algebra with fibres A, = (A1), */ (A2). (z € X).

Proof. The C(X)-algebra A has fibre A, = (A1), */ (42), at * € X by (3.1). Hence,
it is sufficient to prove that, for all @ in the dense algebraic amalgamated free product
A1 ®¢(x) A2 C A, the map x — [|a,|| is lower semi-continuous.

Let a be such an element and choose a finite decomposition e;; ® a = a1 ---ag, €
M,,(C)® A, where m,n € N and ay, belongs to M,,,(C)® A; or M,,(C)® As according to
the parity of k. By Lemma 3.4, there exist a separable unital C*-subalgebra C(Y) C C(X)
containing the unit 1¢(x) of C(X) and separable unital C*-subalgebras D; C A; and
Dy C Ay such that each D; is a continuous C(Y)-algebra and all the a; belong to
M,,(C)®@D; or M,,,(C)® D4 according to the parity of k. And so a also belongs to the full
free product D = D, *é(y) D5, which admits a C'(Y)-linear embedding in A; *é(x) Ay
(see [21, Theorem 4.2]). Hence, it is sufficient to prove that the map y € Y — |lay[|p, is
also lower semi-continuous. But this follows from Lemma 3.5. O

4. The reduced amalgamated free product

Let us now study the continuity properties of certain reduced amalgamated free product
over C(X) of two unital continuous C(X)-algebras [26,27].
The main result of this section is the following.

Theorem 4.1. Let X be a compact Hausdorff space and let A; and As be two unital
continuous C(X)-algebras. For i = 1,2, let ¢; : A; — C(X) be a unital projection
such that, for all x € X, the induced state (¢;), on the fibre (A;), has faithful GNS
representation.

If the C*-algebra A; is exact, then the reduced amalgamated free product

(4,0) = (A1, ¢1) _* (A2, ¢2)

(X)
is a continuous C(X)-algebra with fibres (A, ¢z) = ((A1)e, (01)2) * ((A2)z, (P2)z)-

The proof is similar to that used by Dykema and Shlyakhtenko in [13, §3] to prove
that a reduced free product of exact C*-algebras is exact. We shall accordingly omit
details except where our proof deviates from theirs.
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Lemma 4.2. Let A be a C(X)-algebra and let J< A be a closed two-sided ideal in A.
If the two C(X)-algebras J and A/J are continuous, then A is also continuous.

Proof. The canonical C'(X)-linear representation 7w of A on J @ A/J is a continuous
field of faithful representations. Indeed, if a € A satisfies 7, (a,) = 0 for some x € X, then
(ad’ + J)z = 0 for all ' € A; hence, (a + J), =0, i.e. ay € J,. Now azh, = (ah), =0
for all h € J and so a, = 0. O

Remark 4.3. The continuity of the C'(X)-algebra A does not imply the continu-
ity of the quotient A/J. In fact, any C(X)-algebra B is the quotient of the constant
C(X)-algebra A = C(X;B) = C(X) ® B by the (closed) two-sided ideal Ca - A, where
Ca C C(X x X) is the ideal of functions f which satisfy f(z,z) =0 for all z € X.

Lemma 4.4. Let B be a unital C(X)-algebra and let E be a full countably generated
Hilbert B-module. Then B is a continuous C(X)-algebra if and only if the C'(X)-algebra
Kp(FE) of compact operators acting on E (see Definition 2.1) is continuous.

Proof. The C*-algebra B and Kg(FE) are stably isomorphic by the Kasparov stabi-
lization theorem [4, Theorem 13.6.2], i.e. there is a B-linear isomorphism

K(P*(N))® B=Kp(t*(N)® FE) = K(*(N) ® Kp(E)

(see [4, Example 13.7.1]). Note that these isomorphisms are also C'(X)-linear since 1p €
C(X) C B. As the C*-algebra K(¢*(N)) is nuclear, Theorem 3.2 of [18] implies the
equivalence between the continuity of the C'(X)-algebras B, K(¢*(N))®B and Kg(E). O

Given a C*-algebra B and a Hilbert B-bimodule E, recall that the full Fock—Hilbert
B-bimodule associated to F is the sum

Fp(E)=BoE® (E®pE)®...= PE®"
neN

and that, for all £ € FE, the creation operator £(§) € Lp(Fp(F)) is defined by

4.1
()G ®...0%G) =600 ®...0¢ for (..., € E. (4.1)

Then then Toeplitz C*-algebra Tp(E) of the Hilbert B-module E (called ‘extended
Cuntz—Pimsner algebra’ in [13]) is the C*-subalgebra of L5 (Fp(E)) generated by the
operators £(£), £ € E [22].

0(E)b = €b mMeBeEQ}

Lemma 4.5. Let B be a unital C(X)-algebra and let E be a countably generated
Hilbert B-bimodule such that the left module map B — Lg(F) is injective, and which
satisfies

f¢=(-f Y(eFE and f e C(X). (4.2)

Then the Toeplitz C(X)-algebra Tg(FE) of E is a continuous C(X)-algebra with fibres

%, (Ey) if and only if the C(X)-algebra B is continuous.
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Under the assumption of this lemma, the canonical *-monomorphism B — [], .y B
induces for any Hilbert B-module F' a *-homomorphism a +— a ® 1 from the C*-algebra
Kp(F) of compact operators acting on the Hilbert module F to the tensor product

B < 11 Bm) > T[ Ks,(F ®5 B.).

zeX reX

And this map is injective as soon as there is a B-linear decomposition F = B & F’ for
some Hilbert B-module F’. After passing to the multiplier C*-algebras, this gives, for
F = JFp(FE), a *-monomorphism 6 = (6,):

Lp(Tp(E)) = M(Kp(Fp(E)) = [[ MKs, (Fp, () = [] L5, (Fp, (Ea)),
zeX zeX
where E, is the Hilbert B,-module E, = E ®p B, 2 E/C,(X)FE for all x € X.
Note that, for all £ € E and z € X, we have £()C,(X)Fp(E) C Cx(X)Fp(E) by (4.2)
and so the element O, (£(€)) satisfies the same creation rules (4.1) as the creation operator
0(&;), where &, = £ ® 1p, € E,. Thus, the restriction of © to Tp(FE) takes values in the

product [,y T, (Es).

Proof of Lemma 4.5. The continuity of the C(X)-algebra T (F) clearly implies the
continuity of the C'(X)-algebra B, since B embeds C(X)-linearly in Tp(E).

Suppose, conversely, that the C(X)-algebra B is continuous. Let E be the full count-
ably generated Hilbert B-bimodule E = E @ B. Then the C(X)-algebra Kp(Fp(E 7)) of
compact operators acting on the Hilbert B-module F3(E) is a continuous C'(X ')-algebra
by Lemma 4.4. Hence, it is sufficient to prove that the Toeplitz C* algebra Tp(F) admlts
a continuous field of faithful representations Tp(E £) — Lp(Tp(E)) = M(Kp(Fp(E))),
since T(F) embeds in Tp(E) = Tp(E @ B) (see [22] or [13, §3]).

Step 1. Let 3 be the action of the group T = R/Z on Tp(E ) determined by
Be(£(€)) = ¥ ™¢(¢). Then the fixed point C*-subalgebra A under this action is a contin-
uous C/(X)-algebra and the map A, — Tp_(E,) is injective for all z € X.

Define the increasing sequence of B-subalgebra A, C A generated by the words of the
form w = £0(¢1) ... (Ce)l(Chg1)* - £(Cax)™ with k£ < n. Let also Ag = B. As A = |JA4,,
it is sufficient to prove that each A,, is continuous with appropriate fibres.

Let EO = B and

En:E®B...®BE:E~](®B)” for n > 1.

Define also the projection P, € L5(Fp (E)) on the Hilbert B-bimodule Fn = ®ocren Ey.
In the decomposition F5(E) = F, @5 Fg(E®2(+tD) A, acts on Fz(E) as O, (A )®1,
where ©,,(a) = P,aP, for a € A,. Thus, the map 6,, is faithful on A,. Furthermore,
the kernel of the restriction map F,, = F,,_1 @ E’n — F,_1 is the B-module generated
by the words w = £((1) ... 0(Cn)l(Cnt1)™ - .. €(C2n)* of length 2n, which is isomorphic to
Kz (E,). Hence, by induction, we have C'(X)-linear split exact sequences

0— Kp(E,) = A, = Ay =0, (4.3)

and so each C'(X)-algebra A, is continuous by Lemma 4.2.
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Step 2. The Toeplitz C*-algebra T3 (E) is isomorphic to the crossed product A %
N, where @ : A — A is the injective C(X)-linear endomorphism «(a) = LaL*, with
L =/0(0@®1p) (see [13, Claim 2.1.3]). Hence, T3(F) is a continuous field with fibres
(T(E))s 2 Ay xN= Tp (E,) for z € X.

The C*-algebra ¥p(E) is generated by A and L. Hence, it is isomorphic to the
C(X)-algebra A x, N (see [13, Claim 3.4]). Let us now study the continuity question.

Let A be the inductive limit of the system A < A % ... with corresponding
C(X)-linear monomorphisms g, : A — A (n € N). It is a continuous C(X)-algebra,
since |Jpun(A) is dense in A and the map 2 € X ~ |pn(a)z|| = |la.| is continuous
for all (a,n) € Ax N. Let @ : A — A be the C(X)-linear automorphism given by
a(pn(a)) = pn(ala)), with inverse i, (a) — piny1(a). Then the crossed product A x4 Z is
continuous over X, since Z is amenable [24]. Hence, if p € A is the projection p = po(14),
the hereditary C'(X)-subalgebra p(A x4 Z)p =: A x, N [13] is also continuous with fibres
Ay Xa, N (z € X). O

Proof of Theorem 4.1. By density, it is sufficient to study the case of elements
a in the algebraic amalgamated free product A; ®c(x) A2. However, for any such a,
there are separable unital C*-subalgebras C(Y) C C(X), D; C A; and Dy C Ay with
same units such that a also belongs to D1 ®¢(y) D2 by Lemma 3.4. The reduced free
product (D1, ¢1) *c(v) (D2, ¢2) embeds C(X)-linearly in (A, ¢) = (A1, ¢1) *c(x) (A2, p2)
by [8, Theorem 1.3]. Furthermore, any C*-subalgebra of an exact C*-algebra is exact.
Thus, one can assume henceforth that the compact Hausdorff space X is second countable
and that the C(X)-algebras Ay, Ay are separable C*-algebras.

If the C*-algebra A; is exact, then the C'(X)-algebra B = A; ®¢(x) A2 is continuous
with fibres B, = (A1), @™ (As2). by (7e), and the conditional expectation p = ¢1 ® ¢g :
B — C(X) is a continuous field of states on B such that each p, has faithful GNS
representation (x € X).

Let E be the full countably generated Hilbert B, B-bimodule L?(B, p) ®c(x) B and
let

Fp(E) = Ba (L*(B,p) ®@c(x) B) @ (L*(B, p) @c(x) L*(B, p) ®c(x) B) & ...

be its full Fock bimodule. Also let £ = A4(1) ® 1 € E. As observed in [13, Claim 3.3], the
Toeplitz C*-algebra Tp(E) C Lp(Fp(F)) is generated by the left action of B on Fp(E)
and the operator £(£), because £(b1Ebs) = b1£(£)by for all by, by in B.

Consider the conditional expectation € : Tp(E) — B defined by compression with
the orthogonal projection from Fp(FE) into the first summand B C Fp(E). Then [25,
Theorem 2.3] implies that B and the C(X)-algebra generated by the non-trivial isometry
£(€) are free with amalgamation over C(X) in (Tp(E), p o &) because £(£)*bl(€) = p(b)
for all b € B.

By [25], the restriction of & to the C*-subalgebra C*(¢(¢)) C Tp(F) takes values in
C(X) and there exists a unitary v € C*(£(£)) such that &(u¥) = 0 for every non-zero
integer k. The two embeddings 7; : A; — Tp(E) (i = 1,2) given by m1(a1) = u(a;®1)u~!
and m2(az) = u?(1 ® az)u~? have free images in (Tp(E),po €). Thus, they generate a
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C(X)-linear monomorphism 7 : A — Tp(FE) extending each 7 and satisfying po €om =
¢ (see [13, Lemma 3.1, Proposition 3.2] or [8]). Lemma 4.5, above, implies that A is a
continuous C'(X)-algebra with fibre at z € X its image in Tp_(FE,), i.e. the reduced free
product ((A1)z, (¢1)a) * ((A2)z, (d2)a)- 0

Remark 4.6. The existence of an embedding of A; in C'(X;O2) cannot give a direct
proof of Theorem 4.1 since there is no C(X)-linear Hahn-Banach theorem (see [7, §4.2]).

Corollary 4.7. Any separable unital continuous C(X)-algebra A admits a C(X)-
linear unital embedding into a unital continuous field A with simple fibres.

Proof. Let ¢ : A — C(X) be a C(X)-linear unital map such that each induced state
¢y : Ap — C is faithful. If tr, : C"™ — C denotes the normalized trace on C™, then the
reduced free product

(A4,8) = (A® C* ¢ @ try) oo CX) @ C%id @ trs)

is continuous by Proposition 4.1, and it has simple fibres [2, 3]. O

Corollary 4.8. Let X be a second countable perfect compact space and A a unital
separable continuous C'(X)-algebra. Then the following assertions are equivalent.

() The C*-algebra A, is exact.

(6) For all unital separable continuous C(X)-algebra Az and all continuous fields of
faithful states ¢, and ¢o on Ay and As, the reduced amalgamated free prod-
uct (A,¢) = (A1,¢1)*c(x) (A2, ¢2) is a continuous C(X)-algebra with fibres

Proof. We only need to prove the implication () = («), since the reverse impli-
cation has already been proved in Theorem 4.1.

Now, if a pair (Asg,¢s) satisfies the hypotheses of () and we define the C(X)-
algebra B := A; ®¢(x) A2, the C(X)-linear projection p = ¢1 ® ¢ : B — C(X) and
the Hilbert B-module E = L%(B, p) ®c(x) B, then we have a C'(X)-linear isomorphism
AxoN = Tp(E®B) (Step 2 of Lemma 4.5). Hence, the Toeplitz C(X)-algebra Tp(E® B)
is continuous since the group Z is amenable (see, for example, [24]). And so, the amal-
gamated tensor product A; ®c(x) A2 is a continuous C'(X)-algebra for any unital sep-
arable continuous C(X)-algebra Az (Lemma 4.5). But this implies the exactness of the
C*-algebra A; if the metrizable space X is perfect (see [10, Theorem 1.1]). O

Remark 4.9. Corollary 4.8 does not always hold if the space X is not perfect. For
instance, if X is reduced to a point, then the reduced amalgamated free product of A;
and A is always continuous.
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