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For (X, L) a polarized toric variety and G C Aut(X, L) a torus, denote by Y the
GIT quotient X /G. We define a family of fully faithful functors from the category of
torus equivariant reflexive sheaves on Y to the category of torus equivariant reflexive
sheaves on X. We show, under a genericity assumption on G, that slope stability is
preserved by these functors if and only if the pair ((X, L), G) satisfies a
combinatorial criterion. As an application, when (X, L) is a polarized toric orbifold
of dimension n, we relate stable equivariant reflexive sheaves on certain

(n — 1)-dimensional weighted projective spaces to stable equivariant reflexive sheaves
on (X, L).
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1. Introduction

The construction of moduli spaces of projective varieties and vector bundles is a
fundamental problem in algebraic geometry. Given a polarized variety (X, L) or a
vector bundle € on (X, L), one considers various stability notions for X and £ (see
e.g. [1, 5] for K-stability of varieties, and [10] for slope stability of bundles). In the
presence of symmetries for (X, L), that is, given an algebraic action of a reductive
Lie group G on (X, L), it is natural to ask whether these stability notions persist on
the GIT quotient Y of (X, L) by G. By the Yau-Tian-Donaldson conjecture [1, 5]
and the Kobayashi-Hitchin correspondence [13], the stability of (X, L) or £ can
be related to the existence of a canonical metric on the underlying complex object,
variety or bundle. From this differential geometrical point of view, G-orbits can
detect curvature on X, and canonical metrics are not necessarily preserved under
GIT quotients. As a motivating case, in [6], Futaki investigated GIT quotients of
Fano varieties, giving a condition for the symplectic reduction of X to be K&hler-
Einstein. It is then natural to expect a relation between the stability of X, of the
quotient Y, and the geometric properties of the representation G — Aut(X, L). In
this paper, we provide an example of such an interplay, by relating slope stability
for reflexive sheaves on X and Y to a combinatorial criterion on the G-action, in
the equivariant context of toric geometry (see also [7, 18] for related results).

(© The Author(s), 2022. Published by Cambridge University Press on behalf

of The Royal Society of Edinburgh
385

https://doi.org/10.1017/prm.2021.88 Published online by Cambridge University Press


mailto:andrew@im.ufrj.br
mailto:carl.tipler@univ-brest.fr
http://crossmark.crossref.org/dialog?doi=https://doi.org/10.1017/prm.2021.88&domain=pdf
https://doi.org/10.1017/prm.2021.88

386 A. Clarke and C. Tipler

A vector bundle, or more generally a torsion-free sheaf £ on a complex projective
variety X is said to be slope stable with respect to an ample R-divisor a € N1 (X)g
if for any subsheaf F with 0 < rk F < rk &, the slope inequality holds

fa(F) < pa(E),
where the slope is given by the intersection theoretical formula:

c1(€)-ant
k&

The notion of slope stability originated in the construction of moduli spaces of
sheaves [10]. Assume now that (X, L) is a polarized toric variety over C, that is
endowed with an effective action of a complex torus Tx with open and dense orbit.
We further assume the toric varieties that we consider to come from fans, and in
particular to be normal. We denote by NN the lattice of one-parameter subgroups
of Tx, so that Tx = N ®z C*. Consider G C Tx a subtorus, given by a sublattice
Ny C N, that is G = Ny ®z C*. For any linearization v : Tx — Aut(L), we can form
a toric variety obtained by GIT quotient Y = X/G. To avoid finite quotients, we
will assume that Ny is saturated in N, that is No = N N (Ny @ R). We will further
assume that the restriction to G of the linearization v on L is generic, which is
that the stable and semi-stable loci coincide (see §3.1). Under these hypothesis, we
build a family of fully faithful functors

/’La(g) =

PBi : Ref™ (V) — Ref > (X)

that embeds the category of torus equivariant reflexive sheaves' on Y into the
category of torus equivariant reflexive sheaves on X (§3.3). Given an ample class
a € NY(Y)r on Y, we will say that such a functor ; preserves slope stability
notions from (Y, ) to (X, L) if an element £ € Ref’¥ (V) is slope stable (resp.
semistable, polystable) with respect to « if and only if 3;(E) is slope stable (resp.
semistable, polystable) with respect to L (see §4.1 for the definition of these
notions). Then our main result goes as follows:

THEOREM 1.1. Let (X, L) be a polarized toric variety with torus Tx = N &z C*.
Let G = Ny ®z C* be a subtorus for a saturated sublattice No C N. Let v :Tx —
Aut(L) be a generic linearization of G, and denote by Y the associated GIT quotient
X//G. Then, the following statements are equivalent:

i) There exists an ample class « € N*(Y)r on Y such that the functors B;
preserve slope stability notions from (Y, ) to (X, L).

il) The pair (X, L), (G, 7)) satisfies the Minkowski condition

Z deg; (D) up =0 mod Ny ®z R. (1.1)
DCXs

Moreover, there is at most one class a on'Y satisfying (i) up to scale.

LAlso known as toric reflexive sheaves in the literature.
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In the statement of theorem 1.1, the sum (1.1) is over the set of Tx-invariant
irreducible divisors in the stable locus X* of the G-action and up denotes the
primitive generator of the ray associated to D in the fan of X (see §2).

The Minkowski condition (1.1) is a very restrictive condition on (G, ). We will
say that a subtorus G C Tx is compatible with (X, L) if there is a generic lin-
earization v : Tx — Aut(L) for G such that ((X, L), (G, 7)) satisfies the Minkowski
condition. We obtain in lemma 5.2 an explicit bound, depending on the dimension
and the number of rays in the fan, on the number of compatible one-parameter
subgroups for polarized projective toric varieties satisfying a mild hypothesis.
Nevertheless, we manage to show the following;:

PROPOSITION 1.2. Let (X, L) be a n-dimensional polarized toric orbifold. Denote
by m the number of torus fized points of X. Up to replacing L by a sufficiently high
power, there are at least m one-parameter subgroups of Tx compatible with (X, L)
giving distinct GIT quotients. The associated GIT quotients for these subgroups are
weighted projective spaces.

REMARK 1.3. By a toric orbifold we mean a toric variety with isolated quo-
tient singularities, corresponding to a simplicial fan, as in [2, theorem 3.1.19 and
definition 3.1.18].

Compact weighted projective spaces are precisely the projective toric orbifolds
of Picard rank 1, and as such are the simplest projective toric orbifolds. It is then
interesting to be able to lift stable sheaves on these simpler objects to general
toric orbifolds. We expect as an application of theorem 1.1 and proposition 1.2
to develop a new geometrical construction of stable bundles of low rank on toric
projective varieties.

A fundamental theorem of Mehta and Ramanathan states that the restriction
of a slope stable reflexive sheaf £ on X to a general complete intersection Z C
X of sufficiently high degree is again slope stable [16]. To the knowledge of the
authors, there is no similar general statement for projections 7 : X — Y, and our
construction provides a result in this direction. More precisely, from theorem 1.1,
we deduce:

COROLLARY 1.4. Let Y be a projective toric variety, (D;)1<i<r nvariant Cartier
divisors on'Y and V the decomposable toric vector bundle on'Y associated to the
locally free sheaf

F=0y ® Oy(Dl) b---D Oy(DT>.

Consider the toric variety X = P(VV), with projection map w: X — Y. Let Ly be
a polarization on'Y such that Lx = n*Ly ® Ox (1) is ample on X. Then, there
exists a real ample class o € NY(Y)gr such that an equivariant reflexive sheaf € on
(Y, «) is slope stable if and only if m*E€ is slope stable on (X, Lx).

REMARK 1.5. In the setting of corollary 1.4, we give examples where we can deter-
mine the class o on Y (see §5.3). This class is not the one obtained from the GIT
quotient of (X, Ly), that being Ly in this case. A quick look at the examples
coming from corollary 1.4 suggests that in most cases, o will be different from Ly .
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It would be interesting to obtain a general formula for « in terms of the geometric
data (X, L) and G, and in particular to understand if « is always rational or not.

The proof of theorem 1.1 is divided into two main parts. The first one, in §3,
is the construction of the functors Pj. It is naturally associated to the study of
the descent of equivariant reflexive sheaves on a toric variety X under a generic
toric GIT quotient X --+ Y. Let us denote by ¢+: X* — X the inclusion of the
stable locus and by 7 : X® — Y the projection to the quotient. An equivariant
sheaf £ descends to Y if there exists a sheaf € on Y such that 7*& is equivariantly
isomorphic to ¢*€. In [19], Nevins gave a general criterion for the descent of a sheaf
through a good quotient. In § 3.2, we give a combinatorial criterion for the descent
of equivariant reflexive sheaves under generic toric GIT quotients. We then build
the functors P;, by extending equivariant reflexive sheaves pulled-back from Y to
X* across the unstable locus (see [11] for similar constructions). The elements in
the images of these functors are described geometrically, and correspond precisely
to the reflexive sheaves that descend to Y and for which the slopes on X and
Y will be comparable. The second part of the proof of theorem 1.1, given in §4,
gives a relation between slopes on (X, L) and slopes on (Y, «). A combinatorial
formula describes these slopes [4, 9]. In this formula, there are contributions from
the sheaves and from the polarizations. The functors B3; are precisely constructed so
that the sheaf contributions can be compared on X and Y. As for the polarization
terms, they are related to the volumes of the facets of the associated polytopes.
To be able to compare them through the quotient, we use a classical result of
Minkowski stating precisely when the volumes of the facets of a polytope can be
prescribed.

REMARK 1.6. It might be worth noting that part of our results are not inherent
to the toric world and should admit more general formulations. Given a polarized
variety (X, L) with a linearized action of a reductive group G and with GIT quo-
tient Y, one should be able to construct functors §3; from the category of reflexive
sheaves on Y to the category of G-equivariant reflexive sheaves on X as we do in
§ 3.3. However, being able to determine a class o € N*(Y)r such that the slopes of
the appropriate sheaves on X and Y can be compared seems to be a much more del-
icate problem in such generality. This should be possible in some specific situations
though, and we hope to obtain generalizations of theorem 1.1 for varieties with
large symmetry groups, such as T-varieties of low complexity or spherical varieties.

The organization of the paper is as follows. In § 2 we gather standard facts about
toric varieties and equivariant reflexive sheaves that will be used in the paper. In
particular, we recall in §2.1 the classical correspondence between polytopes and
polarized toric varieties, and describe its generalization to real ample divisors. In
§ 2.2, we recall Klyachko’s description of the category of equivariant reflexive sheaves
on toric varieties. Along the way, we give a new and shorter proof for the combinato-
rial formula for the first Chern class of these objects, extending several earlier results
to normal toric varieties (compare with [4, 9, 14]). Section 3 deals with the descent
of reflexive sheaves under toric GIT. We start by recalling the necessary material
of toric GIT in §3.1, then prove a descent criterion in §3.2, and last construct the
pullback functors in §3.3. With this material at hand, we can prove theorem 1.1
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in §4. Together with §3, they form the core of the paper. We first introduce the
notions of slope stability in §4.1, and then recall a classical theorem of Minkowski
in §4.2, to conclude with the proof of our main theorem. Finally, in §5 we study
compatible actions and give applications of our result, proving proposition 1.2 and
corollary 1.4.

2. Equivariant reflexive sheaves on toric varieties

Throughout this paper, we consider toric varieties over the complex numbers. We
recall the description of polarized toric varieties in terms of polytopes and the
characterization of equivariant reflexive sheaves on toric varieties in terms of families
of filtrations.

2.1. Polarized toric varieties and polytopes

We refer to [2, chapters 2, 3, 6] and [22] for this section. Let N be a rank n
lattice, M := Homy (N, Z) be its dual with pairing (-, -). Then N is the lattice of
1-parameter subgroups of a n-dimensional complex torus

T:=N®;C"= HomZ(M,C*).

We set Np = N @z F and Myr = M ®z F for F = Q or R.

Let X = X(X) be an n-dimensional projective toric variety associated to a fan
¥, so that in particular X is normal. Denote ¥ = {o; : ¢ € I'}, with o; a strongly
convex rational polyhedral cone in Ng for all ¢ € I. Denote also by ¥(k) the set of k-
dimensional cones in 3. The variety X is obtained by gluing affine charts (Us)ses,
with

U, = Spec(C[S,]),

and C[S,] is the semi-group algebra of
S,=0"NM={meM:(mmn)>0forallncoc}

There exists a bijective correspondence between cones o € ¥ and T-orbits O(o)
in X. This satisfies, for o € 3, dimO(c) = n — dim(¢). In particular, to any p €
%(1), there corresponds a irreducible T-invariant Weil divisor D, given by

D, =0(p) (2.1)

where the closure is in both classical and Zariski topologies.

As X is associated to the fan 3, there is a bijective correspondence between
T-invariant ample divisors on X and lattice polytopes P C Mg whose normal fan
Y p is equal to X (see [2, theorem 6.2.1]). Let D be a T-invariant Cartier divisor on
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X. Recall that it is equal to a linear combination of the form

D= Y a,D,

pPEX(L)

For each p € ¥(1) we denote by u, € N the minimal generator of p N N. Assuming
that D is ample, we consider the associated polytope P = Pp C Mg:

P={meMr : (m,u,) > —a, for all p € £(1)}. (2.2)

Note that if D’ is equivariant and linearly equivalent to D then Pp. is given by
translation of Pp in M by some lattice element m € M. In the same way, a lattice
translation of the polytope Pp corresponds to a different linearization of the action
of T on the line bundle O(D) (see §3.1).

As D is ample, and P has normal fan equal to 3, we have a correspondence
between cones in ¥ and faces of P. For a face @) in P, we denote by og € ¥ (resp.
by O(Q)) the associated cone (resp. the associated orbit). In particular, rays in X
corresponds to facets of P. For each p € (1) the associated facet is

F=Pn{meMr : (m,u,) =—a,}.

We will denote u, by ur and a, by ap. We can also write

D= Z CLFDF,

F<P

where the sum is over all facets of P and Dp := D,,.. We will denote faces of P of
higher codimension by the letter () and vertices by the letter v. We use the relation
Q1 =% Q- to signify that Q1 and Q5 are faces of P, possibly equal to P itself, and
Q1 C Q2.

The correspondence between polarizations on X and lattice polytopes with nor-
mal fan ¥ modulo lattice translations extends to real ample classes. We recall the
definition of real ample divisors on a normal complex algebraic variety X (see [15]).
Let Div(X) denote the group of integral Cartier divisors on X. The Néron-Severi
group is given by N'(X) = Div(X)/ ~pum and we set N1(X)g = N}(X) @z R.
Denote by WDiv(X) the set of Weil divisors on X and WDivg(X) the vector space
of real Weil divisors.

DEFINITION 2.1. A class o € NY(X)g is ample if it is represented by a positive real
linear combination of ample Cartier divisors.

We then have the following:

PROPOSITION 2.2. Let X be a projective toric variety given by a fan 3. Then there
is a bijective correspondence between real ample classes on X and real polytopes of
the form

P={meMp : (m,u,) > —a,, forall pe (1)}

for which the normal fan X p = X, modulo real translations within My.
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Proof. This statement between integral classes and lattice polytopes is standard
(note that for projective toric varieties coming from fans, the real Picard group and
the real Néron-Severi group coincide, see [2, proposition 6.3.15]). The rational case
follows by clearing denominators and scaling polytopes. We now prove the real case.
Set Pic(X) and C1(X) the Picard and class groups of X. From the exact sequence
(see [2, theorem 4.1.3]):

0—M-— € z-D, ™ Cl(X) —0
pEX(1)

we deduce the sequences of vector spaces, for K = Q or R:
0 — Mg — Wg — Pic(X)g — 0

where we set W = 7~ (Pic(X)), Wg = W ®z K and Pic(X)x = Pic(X) @z K.
Let a € Pic(X)r = N'(X)g be an ample class. We can represent a by

D= Y a,D, € Wg.
pEX(L)

Define the set
P,={meMr : VpeX(1), (mu,) > —a,}.

First observe that P, is a polytope, rather than a polyhedron, since the fan ¥ is
complete. By definition of ample real divisors, D = Zi\; a; D; for D; ample Cartier
divisors and «; positive real numbers. By the openness of the ampleness condition,
we can take positive rational numbers 3; € Q as close as we like to the a; € R in
such a way that

N
Dg=> BDi= Y bD,
i=1

pPEX(L)

is an ample Q-divisor, and hence the polytope
Pg={me Mg :VpeX(1l), (m,uy > —b,}

has normal cone ¥p, = ¥. Furthermore, decomposing the divisors D; in the basis
{D, : p € (1)}, we see that the values (b,) vary continuously with respect to (5;),
so can be made sufficiently close to the (a,) to guarantee that ¥p, = ¥p, = ¥. Note
that as in the integral case, translations of P, by elements of My correspond to
different choices of representative of the class o in Wg.

For the converse statement, we consider the polytope in Mg

P={me Mr :VYpecX(l),(m,u, >—a,}

for a, € R, supposing that the normal fan of P determined by the vectors u,
is the fan of X. Then, the polytope P determines the real Weil divisor Dp =
>, apD, € WDivg(X). We show that Dp lies in the space of real Cartier divisors,
and is moreover ample. This is proven by induction on the number of a,’s that
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are irrational. We list the rays in ¥ by p1, ..., pg for d = #X(1). As noted above,
the case where all a,’s are rational is well-known. Suppose that, for fixed k > 1,
D= Z?Zl ap,D,, defines a real ample class whenever its normal fan ¥ p = 3 and
ap, € Qforalli > k. If a,, € Q for ¢ > k + 1 then let r1, ro be rational numbers for
which 7 < a,, < re sufficiently close to a,, that for any s € [r1, r2] the polytope
defined by the inequalities

—ap,, for i #k,

defines the same normal fan ¥. Then, for some ¢ € [0, 1], we have a,, = tr
+ (1 —t)re and

d
D:ZamDm =1 | rDy, +ZamDm +(1-1) r2 Dy, +ZamDm
i=1 i#k i#k

By the induction hypothesis, each of the two real divisors on the right-hand side of
the above equality is ample. By the convexity of the set of real ample classes, D is
ample. O

REMARK 2.3. We note that in the smooth case, a similar result can be given via
symplectic geometry by using the correspondence between compact symplectic toric
manifolds and Delzant polytopes up to translations.

2.2. Equivariant reflexive sheaves

We refer to [12, 14, 20] for this section. We consider a projective toric variety
X together with a polytope P C My associated to an ample class on X. We are
interested in a combinatorial description of equivariant sheaves on X.

REMARK 2.4. From now on, by equivariant sheaf on X we will mean equivariant
with respect to the torus T of X. When later we consider equivariant sheaves on Y’
a GIT quotient of X, we will mean equivariant with respect to the torus of Y.

Recall that a reflexive sheaf on X is a coherent sheaf £ that is canonically iso-
morphic to its double dual £VV. Klyachko gave a description of equivariant reflexive
sheaves in terms of combinatorial data:

DEFINITION 2.5. A family of filtrations E is the data of a finite dimensional vector
space E and for each facet F of P, an increasing filtration (E¥ (i))iez of E such
that E¥ (i) = {0} for i < 0 and E¥ (i) = E for some i. We will denote by ir the
smallest i € 7. such that E¥ (i) # 0.

REMARK 2.6. Families of filtrations in [12] or [20] are labelled by the set of rays
p € X(1). As P is associated to an ample class, there is a one-to-one correspondence
between the facets of P and the rays of the fan of X, and so we recover the usual
definition. Note also that we use increasing filtrations of E, as in [20], rather than
decreasing as in [12].
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To a family of filtrations E := {(E¥(i)) C E : F < P, i € Z} we can assign an
equivariant reflexive sheaf £ := K(E) defined by

I(Usy.&):= € ) E"((m,ur)) @ x™ (2.3)

meM QX F
for all proper faces @ < P, while I'(U,,, £) = E ® C[M].

REMARK 2.7. The conditions for a family of filtrations to define a locally-free sheaf
are determined in [12].

The morphisms of families of filtrations are defined by:

DEFINITION 2.8. A morphism between two families of filtrations By = {(E¥ (i)) C
Ey:F <P i€Z} and Eo ={(Ef(i)) CEy: F < P, i €Z} is a linear map ¢ :
Ey — By preserving the filtrations, that is such that for all F and all i, ¢(Ef (1)) C

Such a morphism between families of filtrations induces an equivariant morphism
between the associated reflexive sheaves.

REMARK 2.9. In this paper, by a morphism between equivariant reflexive sheaves
&1 = R(E,) and & = R(E2), we mean an equivariant morphism of degree zero: the
space Hom(&7, &) of all sheaves homomorphisms is naturally graded over M:

Hom(&y, &) € Hom(Ey, E2) @ C[M]

and the morphisms that we will consider are those lying in the Hom(FE;, Es) ®
x°-component of the grading. In particular, this excludes injective maps like
Opl(—l) — O[Pl.

For a toric variety Z, and an ample polytope Py, we denote by:
i) i)‘iefT(Z ) the category of equivariant reflexive sheaves on Z,
ii) Filt(Pz) the category of families of filtrations associated to Py.

From Klyachko and Perling [12, 20], we obtain the following:

THEOREM 2.10 [12, 20]. The functor & induces an equivalence of categories between
the category Filt(P) and the category Ref” (X).

As the category of filtrations on a given finite dimensional vector space is abelian,
we have:

COROLLARY 2.11. The category %efT(X) of equivariant reflexive sheaves on X is
an abelian category.

We will need the combinatorial characterizations of equivariant reflexive satu-
rated subsheaves and of equivariant rank 1 reflexive sheaves. Let £ = R(E) be an
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equivariant reflexive sheaf on X, given by a family of filtrations E = {(E¥ (7)) C
E:F < P, i€Z}. For any vector subspace W C E, define a family of filtrations
ENW by

ENW ={(WnE"(i)) cWNE:F < P,icZ}.

Then, the sheaf &y := R(EN W) is an equivariant saturated reflexive subsheaf of
E. Any equivariant reflexive saturated subsheaf of £ arises that way:

PROPOSITION 2.12 [9, Rem. 2.4.]. Let £ = R(E) be an equivariant reflexive sheaf
on X. Let F C & be an equivariant saturated reflexive subsheaf of £. Then, there is
a unique vector subspace W C E such that F = RENW).

As for rank 1 reflexive sheaves, from the definition we obtain:

PROPOSITION 2.13. Let O(—D) be the rank 1 reflexive sheaf associated to the invari-
ant Weil divisor D =) papDp. Then, O(—=D) = R(Ep), where the family of
filtrations Ep = {(E¥ (i) C C, F < P, i € Z} satisfies

Fro 0 if 1< ap
E (z)_{c it i>ap.

We will also need the determinant and first Chern class of reflexive sheaves.

REMARK 2.14. Let Ax(X) be the k-th Chow group of X. This is the quotient of the
free abelian group on k-dimensional subvarieties by rational equivalence. The first
Chern class is the map ¢; : Pie(X) — A,,_1(X) induced by the inclusion of Cartier
divisors in Weil divisors. This defines a morphism Ay (X) — Aj_1(X) for each k as
follows. For £ a line bundle and V a k-dimensional subvariety on X, L]y defines a
Cartier divisor on V, hence a (k — 1)-cycle on X.

As X is normal, this definition extends to rank one reflexive sheaves since every
rank-one reflexive sheaf is of the form & = Ox(Dg¢) for some Weil divisor Dg, and
hence ¢1(€) := [D¢] € A,—1(X). If H is an ample line bundle on X, the degree of
& is then given by

degy (&) = c1(E) - H" ' € Ag(X) = Z.
Recall the following:

DEFINITION 2.15. If £ is a torsion-free coherent sheaf on X, one defines the deter-
minant of £ to be the rank-one reflexive sheaf det(£) = (A™EE)VV. Then, the first
Chern class of € is ¢1(€) := c1(det ).

We prove now that the previously known formula for the first Chern class for
equivariant reflexive sheaves holds in our case, as a linear combination of Weil
divisors. This extends the previous case on smooth varieties, given by Kool, to
normal varieties. To produce a necessary combinatorial formula, we first need to
introduce some notation:
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DEFINITION 2.16. Let & = R(E), with E = {(EF(i)) CE: F < P,i € Z}. We set,
for all F < P and all i € Z:

ef'(i) = dim(EF (1)) — dim(E* (i — 1)). (2.4)
We will refer to the integers (ef'(i)) p<picz as the dimension jumps of E or &.
Then we have:

PROPOSITION 2.17. Let £ = R(E) be a rank r equivariant reflexive sheaf on X, given
by a family of filtrations E = {(E¥(i)) C E: F < P, i € Z}. We define a family of
filtrations det(E) = {(EL, (1)) CA"E : F < P, i € Z} by setting, for all F < P,

Fon ) 0 i di<ip(detf)
Eaen(i) = {ATE it i3> ip(det &)
where for all F' < P,
ip(det€) = ie" (i).
i€z
Then det(€) = R(det(E)).

Proof. Note first that because PRef’ (X) is abelian, A"E is reflexive and det(€) =
ATE. Then, the family of filtrations {(A"E¥ (i) : F < P, i € Z} for A"€ satisfies:

NEF(@) = > EF(i)A...AE"(i,).
i17...,ir,-:z ij:i

Now, A" E is one dimensional, so

R (O
AE (Z)_{ATE if > jp

where jp is the smallest integer [ € Z such that there is a partition i1, ..., i, of [
with EF(i1) A ... A EF (i) # {0}. From the fact that (E*(i)) forms a filtration of
vector spaces, we deduce that jr must be the sum of the integers 7 such that the
dimension of E* (i) changes, counted with multiplicity. Hence jp =Y, ie (i),
which ends the proof.

COROLLARY 2.18. Let & = R(E) be an equivariant reflexive sheaf on X, given by a
family of filtrations E = {(E¥'(i)) C E: F < P, i € Z}. The first Chern class of £
1s the class of the Weil divisor:

c1(€) =— > ip(det€) Dp. (2.5)
F<P

where for all F < P,
ip(det€) = ie" (i).

1€Z
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REMARK 2.19. In this paper, we restrict ourselves to reflexive sheaves. We expect
that most of the results extend to equivariant torsion-free coherent sheaves,
described in terms of families of multifiltrations [14, 20]. Since the applications we
have in mind concern stable vector bundles, it is enough to consider the category
of reflexive sheaves, where the results and proofs are simpler to express.

3. Descent of equivariant sheaves under toric GIT

In this section we study the descent of equivariant reflexive sheaves under toric
GIT quotients. We denote by X a projective toric variety, polarized by an ample
equivariant line bundle L. We retain the notation of the previous section.

3.1. Toric GIT

We refer to [17, 22] for this section. We are interested in GIT quotients of (X, L)
by subtorus actions. Let Ny be a sublattice of N of rank g. We will assume that Ny
is saturated, that is Ny = (Nog ®z R) N N. The sublattice Ny spans a g-dimensional
subtorus G = Ny ®z C* of T'. We fix a linearization v of T"on L and we will consider
the GIT quotient with respect to the induced linearization of G. From §2.1, (X, L)
defines a family of lattice polytopes {Pp : O(D) ~ L}, all equal up to translations
by lattice elements. Then, the linearization v determines a unique polytope P in
this family such that

H(X,L)= @ C-x" (3.1)

mePNM

is the weight decomposition of the T-action on the space of global sections induced
by v (see [2, proposition 4.3.3]). We have the following:

0— No— N — N/Nyg— 0,
and the associated dual sequence:
0— N = M — M/Ni — 0.
Set U = Nj- ®z R C Mg. Then from [22, proposition 3.2]:
PROPOSITION 3.1. The GIT quotient of (X, L) by G is the polarized toric variety
(Y, L) described by the polytope Py = U N P. Moreover, its lattice is Ny = N/Nj
with dual N .

REMARK 3.2. Note that the vertices of the polytope PNU are not necessarily

lattice points, so this polytope only induces a rational polarization L on the variety
Y =X/G.

REMARK 3.3. Up to composition by a finite morphism, we can always reduce to the
case Ny saturated. In this paper, we will restrict ourselves to this simpler situation.

We can also describe the stable and semistable points :
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PROPOSITION 3.4 [22, lemma 3.3]. The semistable and stable loci X*° and X* under

the G action on (X, L) are each unions of T-orbits. More precisely, given a face
Q < P, the orbit O(Q) is:

e semistable iff Q NU # @,

o stable iff QN U # @ and the interior of Q meets U transversally.

From this proposition, the set of faces of the polytope of X*% /G is
{UNQ:Q=< P}.

We will denote by P?® (resp. P** and P“*) the set of faces corresponding to stable
orbits (resp. semistable orbits and unstable orbits) of X. For technical reasons, we
will need the following assumption on the action:

DEFINITION 3.5. A pair of a subtorus G C T and linearization v : T — Aut(L) will
be called generic if the stable and semi-stable loci of the G action on (X, L) coincide
and are not empty.

The nice fact about generic actions is the following:

LEMMA 3.6. Assume that (G, 7) is generic. Then:
i) The points of X*® have finite stabilizers under the G-action.

il) There is a 1 : 1-correspondence between facets of Py and facets in P*.

Proof. The first point follows by definition of stable points. For the second point,
any facet of U N P must be of the form U N @ for some face @ of P. By assumption,
@ meets U transversally. Moreover, dim(U N Q) = dim(Y) — 1 =n — 1 — g, where
g is the rank of the sub-lattice Ny C N and equal to the dimension of the subgroup
G. This forces the dimension of @ to be n — 1, hence the result. O

From now on, unless explicitly stated, we will assume that (G, «) is generic. We
end this section with some definitions and lemmas relating the primitive normals to
the facets of P to those of Py. We consider the lattice projection, 7 : N — Ny =
N/No.

DEFINITION 3.7. For each facet F NU of Py, set g to be the primitive element in
Ny defining FNU as an inner pointing normal.

LEMMA 3.8. There exists a unique positive integer bp such that
. 1
Up = b—ﬂ(uF)
F

Proof. Both elements lie on the ray prny, and @p generates this ray. O

Let F' be facet in P®. As up is primitive, we can complete it into a basis
B :={up, u; : i=2...n} of N. We denote by B} = {mp, m;: i =2...n} the
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dual basis of M. In particular, note that {m;: i = 2...n} is a basis for uz N M.
Similarly, we set Bp := {ip, @; : i =2...n— g} a basis for Ny with dual basis
B = {mp,m;: i=2...n—g} and again {r;:i=2...n—g} is a basis for
i N Ny . From lemma 3.8, we deduce:

LEMMA 3.9. The element thp € Nj- C M can be uniquely written as
mp =brpmp + mf
with mp € ugp.
We conclude this section with the following observation:

REMARK 3.10. If X is smooth, it is easy to show in a local chart
Ur = Spec(Clo), N M]) that bp is the order of the stabilizer of the orbit O(F)
under the G-action.

3.2. Descent criteria for equivariant reflexive sheaves

We retain the notation from the previous section. We assume as before that
(X, L) is a polarized toric variety of dimension n and that (G, «) is generic. We
consider (Y, L) the GIT quotient associated to the G action on (X, L). Following
[22] and the discussion in the previous section, we recall that Y is a simplicial
toric variety, with torus given by Ty = Tx /G, and L is the invariant ample line
bundle on Y corresponding to the polytope Py = PNU. We wish to compare
equivariant reflexive sheaves on X and equivariant reflexive sheaves on Y. We denote
by ¢ : X* — X the inclusion and by 7 : X° — Y the projection. We then introduce:

DEFINITION 3.11. We say that a G-equivariant coherent sheaf £ on X descends to
Y if there is a coherent sheaf F on'Y such that 7*F is G-equivariantly isomorphic
to 1*&.

Let £ be a G-equivariant coherent sheaf on X. For simplicity we will denote by
&7 the restriction ¢*E. As explained for example in [19], £ descends to Y if and
only if

S ~u % Gos
E €
where 7& is the invariant pushforward.

REMARK 3.12. Note that the functors ¢*, 7* and 7& preserve the torus equivariant-
ness and reflexivity properties of coherent sheaves (for 7*, it follows from flatness
of ).

We will give a description of the functors ¢*, 7* and 7& for torus-equivariant
reflexive sheaves in terms of families of filtrations. Making use of the equivalence
of categories K, by abuse of notations, we will use the same symbols to design the
associated functors on families of filtrations.
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LEMMA 3.13. Let £ be an equivariant reflexive sheaf on X. Assume that £ = R(E),
with E = {(EF'(i)) C E: F < P, i € Z}. Then the restriction £ := 1*E is an equiv-
ariant reflexive sheaf on X° defined by the family of filtrations *E = {(E¥ (i)) C
E:F <P icZ).

Proof. The proof follows from the fact that if @ < P?®, then for every facet F
that contains @, F' < P®. Indeed, if F' contains @), it intersects U and thus lies
in P*¥ = P*. Thus by definition of .*E, and from equation (2.3), we obtain the
result. |

LEMMA 3.14. Let &€ be an equivariant reflexive sheaf on X. Assume that € = R(E),
with B = {(E¥(i)) C E: F < P,i € Z}. Then the invariant pushforward t¢E* is
an equivariant reflexive sheaf on Y defined by the family of filtrations nCRES =
{(E¥(i)) C E: F < Py, i€ Z}, where

e E=F,
e EF(i) = EF (bpi) for all F < P*, where we set F = FNU.
Proof. Let I' < P*®. Then we have the GIT quotient projection
7 : Usp = Spec(Cloy, N M]) = Ugpenyy = Spec(Cloynp N Ny ])
and by definition,

TNUspry 79EY) = €D T(Uor, €% )m.

meNG-
Thus for all m € Ng-:

(U,

Upmvaf‘(/‘s)m = F(UO'Fags)m
that is
EYM((m,ap)) @ X™ = EF ((m,ur)) @ X™.

Using lemma 3.9 and the basis B} and B} to decompose m we obtain the result. [
Similarly, we have

LEMMA 3.15. Let € be an equivariant reflexive sheaf on'Y . Assume that & = &(E),
with E = {(E¥(i)) C E: F < Py, i € Z}. Then the pull-back n*€ is an equivariant
reflexive sheaf on X* defined by the family of filtrations m*E = {(E¥ (i)) C E: F <
P*, i€ Z} where

e F=F,

e EF(i) = EFYU(|5L]) for all F < P*.

In particular, the dimension jump values e (i) can only be non-zero for values
of i that are multiples of bp.
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Proof. By lemma 3.14, we know that EF (bpi) = EVOF (i) for i € Z, and hence we
also have ¥ = FE. In general, we have for j, i € Z:

EUQF(j) ® ijp = F(UO'FOU’ 8)]77’LF
and
EUﬂF(i) ® Ximp _ F(UUF77T*S)imF'
Moreover, we have by definition
F(UUFaT‘-*g) = F(UUFmU’g) ®C[01V]0FONOL] C[U}{“ n M]

Note that m € M No} if and only if (m, ur) >0 and m € Ng- Noj,p if and
only if (m, ap) > 0. Thus, to prove the lemma, it is enough to show that if
imp =m' + (imp —m/) with m’ € N§- N o)}, and (imp —m’) € M No). then
(m/, ap) < Lé] (note that we use the fact that the spaces (E¥'(i)) form a filtra-
tion). Suppose then that we have such a decomposition imp = m’ + (imp —m’)
for tmp. Without loss of generality, we can assume that m’' = amp with a =
(m/, up) € N. Then we have (imp —amp, up) > 0 and thus by lemma 3.9 we
obtain ¢ — abr > 0. The result follows. OJ

From these lemmas we deduce a version of Nevins’ criterion for descent of
equivariant reflexive sheaves on toric varieties [19]:

COROLLARY 3.16. Let & = R(E) be an equivariant reflexive sheaf on X with dimen-
sion jumps (ef'(i)). Then & descends to Y if and only if for all facets F' < P*, for
all i € 7 such that ef (i) # 0, bp divides 1.

Proof. The proof follows from the fact that £ descends if and only if
VB~ 178 E.

Using lemmas 3.14 and 3.15, this is equivalent that for all F' < P?, for all i € Z,

EF (i) = EF (bp VD .
br
The result follows. O

For later use, we emphasize the following corollary:

COROLLARY 3.17. Assume that £ is an equivariant reflexive sheaf on X that
descends to Y, with € = K(E). Then for all W C E, the subsheaf Ew C € descends
toY.

3.3. Pullback functors

We preserve notation of the previous section, still assuming the pair (G, ) to be
generic. In this section, we introduce pull-back functors from fRef” (V) to Ref” (X).
Note that the superscript T stands for equivariant, and means 7T'x-equivariant on
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X, and Ty-equivariant on Y. The images of these functors will contain precisely
the equivariant reflexive sheaves on X that descend to Y and that are suitable to
compare slope stability notions on X and Y.

Let D :={Dp : F < P“} be the set of unstable irreducible T-equivariant divi-
sors on X. For i:= (ip)pepv € Z", we define a functor P; from Ref’ (V) to
PRef! (X). Using the functor &, it is sufficient to define the corresponding functor
from Filt(Py) to Filt(P). Let E € Filt(Py), with E= {(E¥(i)) CE: F < Py,i ¢
Z}. Then we define Pi(E) = {(EF (i) C E: F < P,i € Z} by setting E = E and
for F < P and i € Z:

o If F' < P*, then EF (i) = EVNF([;L ).

F
o If F' < P, then
Fo [0 i<ip,
E (Z)_{E if i>ip,
We now define the functors P; on morphisms of families of filtrations. Let
By, E; € §ilt(Py), with E; = {(EF (i) C E; : F < Py, i € Z}, for j e {12}. Let
f S Hom(fEl, ]EQ), and recall that f correspopds to a linear map f . By — F5 such
that for all F < Py and i € Z, f(Ef(z))vC EX'(i). We then simply define ;(f) := f
to be the element of Hom(;(Eq), Bi(Es)) given by the linear map

f:f::Elel‘)EQZEQ.
We then check that 9;(f) is well defined, that is for all F < P and i € Z,
FBY (1) € B3 ().

If F < P*% thisis clear as fori < ip,, Ef(z)v = Ef(z) =0, while fori > ip,, B =
Ey and EJ = Ey. If F < P*, then EJ (i) = EJUQF(LiJ),j € {12}. However, by the

compatibility of f = f with the filtrations, for any i’ € Z, we have
FETT(@) C BYTT(@),

which implies f(Ef(i)) € EX(i). Thus f is compatible with the families of
filtrations and 93;(f) is well defined.

By abuse of notation, we denote by B; the associated functors on Q‘iefT(Y). We
then have:

PROPOSITION 3.18. The functors B are fully faithful functors from the category
Ref! (V) to the category Ref’ (X).

Proof. We keep the notations used to define B;. We need to show that the map

P; : Hom(Ey, Eo) — Hom (i (K1), Pi(E2))

is a bijection. Injectivity is clear by definition of PB;(f). For surjectivity, let f €
Hom(Pi(E1), Bi(E2)). Then f is described by a linear map from Ej to Es that is
compatible with the families of filtrations 93;(E;) and 93;(E). By definition of 93;,
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for ' < P, the condition f(Ef (7)) C EL'(i) is satisfied for any linear map from
FE; to E5. However, for F' < P?, the compatibility gives for all i € Z:

G ()< (1)

Taking in particular ¢ € bpZ, and using the fact that any facet of Py is of the form
FNU for some facet F' < P*, we deduce that f is a linear map between E; and
F5 that is compatible with the families of filtrations E; and E,. Thus f = PBi( f)
for f f, seen as a linear map from E; = F; to Ey = Eb. O

REMARK 3.19. There is a simple relation between the different functors ;. Given
an equivariant reflexive sheaf £ on Y, for any i = (ip)pep« € Z*, one has

Pi(€) = Po(€) ®OX< > ZDD>

DeDv

As will appear clearly in the next section, the difference of slopes between two
reflexive sheaves is not affected by tensoring both sheaves by Ox (= pcpu inD).
Thus, from the point of view of moduli spaces of slope stable sheaves, one is reduced
to the study of the functor Pg. We thank the referee for this interesting remark.

REMARK 3.20. The functors P; might not preserve the compatibility conditions for
local freeness introduced by Klyachko [12]. We will give an explicit example of such
phenomenon in §5.2 (example 5.7). Note however that in the projective bundles
examples (§5.3), Po is just a pullback and thus preserves local freeness.

We give a geometric interpretation of the images of the pull-back functors. First,
we interpret the condition on unstable divisors with the following lemma, whose
proof is straightforward from the definitions.

LEMMA 3.21. Let € be an equivariant reflexive sheaf on X. Assume that € = R(E),
with E = {(EF(i)) C E: F < P,i € Z}. Let F be a facet of P corresponding to an
irreducible invariant divisor Dp and let ip € Z. Then the following are equivalent:

i) For alli € Z,

B (z)—{E Lo (3.2)

i) For allm € M, a non-zero element of I'(Uy, \ O(F"), &) extends across the
divisor Dp to a section of T'(Uy,, &) if and only if (m, up) > ip.

REMARK 3.22. Condition (i) in lemma 3.21 is equivalent to the vanishing of
the quantities (A;(k)) introduced in [14, proposition 3.20], for the index j
corresponding to F.

We deduce:
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COROLLARY 3.23. Let £ be an equivariant reflexive sheaf on X, and let i € Z*.
Then the following are equivalent:

i) The sheaf & lies in the image of Pj.
il) The sheaf £ descends to'Y and satisfies the extension condition (3.2) for all
unstable divisor Dp, with ip = ip,.

Proof. Tt follows from the definition of the functors and lemmas 3.15 and 3.21. O

It will become clear in the next section that the extension condition (3.2) for
unstable divisors is precisely the condition on 3; that enables us to compare the
slopes of £ € Mef” (V) and of P; (&) for all £ € Ref” (V). We finish this section with
a more effective lemma that will be used in these comparisons:

LEMMA 3.24. Let & € Ref’ (V) and & =P;(E) € Ref' (X). Let (eF(i)) be the
dimension jumps of € and let (¢¥'(i)) be the dimension jumps of €. Then

i) For all F < P%, ef(i) =0 ifi # 0 mod bp and et (bpi) = &F'(i).
ii) For all F < P, ef'(i)=0ifi#ip, and el (ip,) = 1k(£).

Proof. Tt follows directly from the definition of the functors. O

4. Slopes under descent and the Minkowski condition

In this section, (X, L) is a polarized toric variety with torus T = N ®7 C*, and G =
Ny ®z C* is a subtorus. We assume Ny = N N (Np ® R) and consider a linearization
v such that (G, v) is generic (as in definition 3.5). We will compare the slope
stability notions on X and Y = X /G. We will use the same notation as in previous
sections.

4.1. Some stability notions

We recall now the notions of stabilities that we will consider, and state some
propositions specific to the toric setting. We refer to [8, 10] for the stability notions
(see in particular [8, proposition 4.3] for the definition of slope on normal varieties)
and to [15] for the definition of the intersection of a Weil divisor with real Cartier
divisors.

DEFINITION 4.1. Let &€ be a torsion-free coherent sheaf on X. The degree of £ with
respect to an ample class « € NY(X)g is the real number obtained by intersection:

deg,, () = c1(E) -a™ !
and its slope with respect to « is given by

ta(E) = dilg{((lé(’f)
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A torsion-free coherent sheaf £ is said to be p-semi-stable or slope semi-stable with
respect to a if for any coherent subsheaf 0 # F C € with 0 <tk F < rk&, one has

ﬂa(F) < Ua(g) (4'1)

When strict inequality always holds, we say that £ is p-stable. Finally, £ is said to
be p-polystable if it is the direct sum of p-stable subsheaves of the same slope.

It is a standard fact that to test stability of a torsion-free coherent sheaf &,
it is enough to check (4.1) for proper saturated coherent subsheaves F (see [10,
proposition 1.2.6]). A less standard fact that follows from [14, proposition 4.13] is
that in the toric setting, to check p-stability of an equivariant reflexive sheaf, it
is enough to compare slopes for saturated equivariant reflexive subsheaves. More
precisely, using the description of saturated equivariant reflexive subsheaves from
proposition 2.12, we have:

PROPOSITION 4.2 [14, proposition 4.13] and [9, proposition 2.3]. Let £ = R(E) be a
T-equivariant reflezive sheaf on a normal toric variety X. Then & is p-semi-stable
(resp. p-stable) if and only if for all proper vector subspaces W C E, ur(Ew) <
wr (&) (resp. pr(Ew) < pr(€)), where Ew = AW NE).

Note that the proof of the above proposition is valid on normal toric varieties.
Following [9, 14], we will use the following combinatorial formula for the slopes of
equivariant reflexive sheaves (see also [9, lemma 2.2]):

LEMMA 4.3. Let € be a T-equivariant reflexive sheaf with dimension jumps (ef (i)).
Then

1) = ~ 75

Z ip(det E)deg; (Dp),

F=<P
where for all FF < P,

ip(det£) = "ie” (i).

i€z
Proof. Tt follows from the definition of slopes and proposition 2.18. g

We will need to compare the data defining the slopes after descent:

LEMMA 4.4. Leti= (ip)p<pus € Z". Let € be a T-equivariant sheaf onY . Then:
i) For all F < P, ip(detP;(£)) = bpipnu(det £).
it) For all F < P"*, ip(detP;(€)) = i rk(E).
Proof. The proof follows from the definition of ir(det £) and lemma 3.24. O

We will also need the degree for the pullbacks of the irreducible T-invariant
divisors.
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LEMMA 4.5. Let Fy < P®. Then for any i € Z*,

PBi(Oy (Dpnv)) = Ox (bFlDFl - > iFDF> -

F<Pus

Proof. The sheat Oy (Dp,ny) is equivariant and reflexive. Combining proposi-
tion 2.13 and the definition of the functor PBi, Pi(Oy (Dp,nv)) is determined by
the family of filtrations

. 0 i< —bp,
L (2) B {(C 1> —bpl
= 0y

0 +<0
C ' i 07 if F# F) is stable,
LF(Z) _ . Z = .7
Z, < Z.F7 if F is unstable.
C i>2ip,
That is to say, Bi(Oy (Dr,v)) = Ox (bpy, Dy, — > g pus ir Dr). O

COROLLARY 4.6. Let Iy < P?. Then for any i € Z*,

deg,(Bi(Oy (Dr,rv))) = br deg (Dp,) — > ipdegy (Dp).
F<Pus

4.2. Comparison of slope stability via the Minkowski condition

In this section, we prove theorem 4.7 and proposition 4.8, from which theorem 1.1
follows. Recall from § 2.1 and 3.1 that the data of (X, L) together with the lineariza-
tion v : T'— Aut(L) determines a polytope P C My, and that facets F' in the stable
locus P? of P correspond to stable irreducible T-invariant divisors Dp.

THEOREM 4.7. Let (X, L) be a polarized toric variety with torus T = N ®z C*. Let
G = Ny ®z C* be a subtorus for a saturated sublattice No C N. Let vy : T — Aut(L)
be a generic linearization of G, and denote by Y the associated GIT quotient X |G.
Assume that Minkowski condition holds:

> degy(Dp)up =0 mod Ny @z R. (4.2)
F<Ps

Then there exists a unique ample class o € NY(Y)Rr such that for every equivariant
reflexive sheaf € on'Y, for any i = (ip)p<pus € Z", setting € = Pi(E), we have

pr(€) = pa(€) - Z ipdegp(DF). (4.3)

F<Pus
In this case, £ is stable on (X, L) if and only if € is stable on (Y, a).

A converse of this statement is given in the following.
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PROPOSITION 4.8. There exists an ample class o € NY(Y)g with respect to which
the functors Bi from equivariant reflexive sheaves on Y to equivariant reflexive
sheaves on X preserve each of the conditions of u-stability, p-semi-stability and
w-polystability if and only if

Z degp(Dp)up =0 mod Ny®zR.
F<Ps

We delay the proofs slightly in order to first present the classical Minkowski
theorem. We recall that a lattice M defines a measure v on Mr = M ®z R as the
pull-back of Haar measure on Mg /M. It is determined by the properties

(a) v is translation invariant,
(b) v(Mgr/M) =1.

Let a € N1(X)g be an ample class, and denote by P, the associated polytope.
For any facet F' of P,, there is a unique (n — 1)-form v, independent of «, such
that vp Aup = v. If P, is a lattice polytope, with

P, ={m &€ Mg : (m,up) > —ay for all F' < P},
the form vp corresponds to the measure defined by the lattice
Mn{me Mg : (m,ur) = —ar}

in the affine span of F'. We will denote the volume of the facet F' with respect to
vr by latvol(F).

PROPOSITION 4.9 [3]. For any facet F of P,,
deg, (Dr) = latvol(F).

Proof. From [3, section 11], the equality holds for « integral. Since the two expres-
sions in the equality are both homogeneous (of order n — 1) and continuous, we
also have deg, (D) = latvol(F'), whenever « is an ample R-divisor. O

We have the elementary lemma:

LEMMA 4.10. Let up € N be the primitive element associated to a facet F' < P.
Let g = (-, -) be a positive definite inner product on Mg whose induced volume form
coincides with v and let ip = up/||ur|| be the normalized vector in Ng. Then,

latvol(F') up = voly(F) .

Here vol, denotes the (n — 1)-dimensional Euclidean volume of the facet F,
calculated with respect to the inner product g. From this observation we obtain
the counterpart of a classical result of Minkowski, adapted to the case of lattice
polytopes.
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PROPOSITION 4.11. Let uq, ..., u, € N be distinct primitive lattice elements that
span the real vector space Ny and let fy, ..., fr > 0 be positive real numbers. Then
there exists a compact and convex polytope in My whose facets have inward normals
the elements (u;) and lattice volumes the (f;) if and only if

i=1

Moreover, such a polytope is unique up to translation.

Proof. This follows immediately from the classical result (see [21, p.455]) and the
previous lemma. U

We deduce the following interesting corollary on intersection theory of toric
varieties:

COROLLARY 4.12. Let (a,),ex(1) ERﬁf()(l). For any ample class a € NY(X)g
denote by P, the associated polytope. Then the following two statements are

equivalent:

i) There exists an ample class o € NY(X)r such that for all facets F < P,,
dega(DF) = Qpp,

it) The following condition is satisfied:

Z app up = 0.

F<P

We can now give the proofs of theorem 4.7 and proposition 4.8.

Proof of theorem 4.7. Let i € Z*. Let £ be an equivariant reflexive sheaf on Y and
let £ =P;(€) on X, both of rank . Let a be an ample R-divisor on Y that deter-
mines a real polytope P C My = Ng- ®7 R whose facets F have primitive normals
g = upnu € N/Ny equal to those of Py. Then, from lemma 4.3,

§ 1 , 3
pa(&) = —— > ip(det€) deg, (D).
F<P
By the genericity assumption on (G, 7), from lemma 3.6, we deduce a bijective
correspondence F' < F' between facets of P° and facets of P. Thus

pal€) =~ 3 ip(det€) des, (D).

F<Pps
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whereas by lemma 4.4,
pr(Pi(€)) = pr(),

F<P
1 . 5 )
=—= Z i;(det E)bpdegy (Dp) — Z ipdeg; (Dp).
" FZpe F<Pus

Consider the right-hand term of the last equality. We note two points:

(1) The second term }_,_ pu. irdeg; (D) is independent of the reflexive sheaf
£. Tt depends only on the lattice volumes of the unstable facets F < P** and
on the indices ir that determine the pull-back functors.

(2) The first term coincides with puo(€) if for all F < P*, deg,(Dp) =
brpdeg; (Dr), which, by proposition 4.9, is equivalent to latvol(F) =
bpdegL(DF).

By proposition 4.11, we can chose the polytope P C My such that its facets

satisfy latvol(F) = bpdeg, (Dp) if and only if

Z deegL(DF)ﬂF = 0,
F<P

which, by lemma 3.8, is to say

> deg(Dp)ur =0 mod Ny @z R.
F<Pps

Thus, the Minkowski condition implies the existence of the desired polytope
and of a.

Applying now (4.3) to the sheaf O(Dj), using corollary 4.6, we deduce
that deg,Dj = bpdeg; (D) for all F C P. Then, the uniqueness statement
of theorem 4.7 follows from the equality latvol(F) = deg, (D) and unicity in
proposition 4.11.

As noted above in proposition 4.2 (see [4, 9]), to test for stability, it is sufficient
to consider equivariant reflexive subsheaves of the form &y = RKENW) where W
runs through vector subspaces of E. The slopes then satisfy

1L (&) — prEw) = pa(€) = pa(w)
from which the equivalence of the stability conditions follows. O

Proof of proposition 4.8. The ‘if’ statement is given in the previous theorem. We
suppose that for some ample R-divisor @ on Y the various stability notions are
preserved by the pull-back functors. The ample divisor « defines a real polytope
PC Mg = Nd‘ ®7 R whose facets F have primitive normals @p = upny € N/Np.
We consider the functor ; with iz = 0 for all unstable facets F' < P"*. For any
two Fy, F» < P* consider the direct sum of rank one reflexive sheaves Oy (d; D pl) @
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Oy (d2Dp,) where dy = bp,deg;(Dr,) and dy = br,deg;(Dr,). Then, using
lemma 4.5,

PBi(Oy (d1 Dy, ) @ Oy (d2Dp,)) = Ox (dibp, Dr,) © Ox (d2br, DF,)

is the direct sum of rank-one reflexive sheaves of the same slope. By hypothesis,
the initial sheaf must also be u-polystable so for any two stable facets of P,

deg, (br,deg (Dr,)Dp, ) = deg, (br degy (Dr, ) Dg,)

so the expression
- deg (Dr)
deg, (D)
is independent of F < P°. Then, latvol(F) = deg,(Dz) and by the lattice
Minkowski theorem (proposition 4.11),

Z deg, (Dp)ur = 0.
F<Ps

c=2b

That is, by lemma 3.8,

1 _
= ) brpdeg(Dp)bp'm(up) =0
€ Fzps

as desired. 0O

5. Applications

In this section, we investigate the Minkowski condition. We show that any
n-dimensional polarized toric orbifold (X, L) admits at least n + 1 GIT quotients
by C*-actions that satisfy the Minkowski condition. The associated quotients are
weighted projective spaces. We also consider the case of projectivization of torus
invariant bundles.

5.1. Compatible one parameter subgroups

Let (X, L) be a polarized projective toric variety of complex dimension n with
torus T'= N ®z C* and fan 3. When considering subtori G C T, we will always
assume that G = Ny ®7z C*, for a saturated sublattice Ng.

DEFINITION 5.1. A subtorus G C T is compatible with (X, L) if there is a lin-
earization v of T on L such that (G, 7) is generic and ((X, L), (G, 7)) satisfies
Minkowski condition (4.2).

We will see that the Minkowski condition is very restrictive, in the sense that
in most cases, for fixed (X, L), there are few compatible one dimensional subtori.
To see this, set Divi,(X) = {D,, p € %(1)} be the set of reduced and irreducible
T-invariant divisors on X. Let D C Div]. (X) be a non empty subset. Assume that
there is a one parameter subgroup G = Ny ®z C* C T and a linearization ~ for T’
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on L such that (G, ) is generic and the set of stable divisors for (G, «) is D. Then,
if Minkowski condition is satisfied, we have

Z deg; (D)) u, =0 mod Ny ®z R
D,eD

Consider the element of V:

up = Z deg(D,) u,.
D,eD

Assume that up is not zero. Then Minkowski condition implies that
No :NH(RUD),

so that in particular G is entirely determined by up and thus by the set D. So
for a given D with up non-zero, there is at most one compatible one-parameter
subgroup of T" with D as set of stable divisors. As the number of stable divisors
is the number of faces of a given polytope in My that intersects the hyperplane
N @z R, in the generic situation, we must have D € {n, ..., #3(1) — 1}. Thus
we have proved:

LEMMA 5.2. Let (X, L) be a n-dimensional projective polarized toric variety with
fan 2. Set d = #%(1) the number of rays of X. Assume that for all subset D &
Divij;(X) with D € {n, ..., d -1}, we have up # 0. Then, the number of one

parameter subgroups compatible with (X, L) is bounded by Zdil (z)

k=n

For example, the conditions of lemma 5.2 are satisfied by Hirzebruch surfaces F,,
for a > 2, but not by P* x P!.

REMARK 5.3. Note that if X is a projective toric orbifold, then from the sequence

0-M— P Z-D,— ClI(X) -0
peX(1)

and from the fact that the Picard group as finite index in the class group Cl(X),
we deduce that §X(1) = n + p, where p is the Picard rank of X (see [2, theorem
4.1.3 and proposition 4.2.7]). This gives the bound ZZ:ZA ("{?) on the number
of compatible one-parameter subgroups. In particular, for the complex projective
space CPP", this bound equals n + 1. Using proposition 5.4, we see that for a given

dimension, this bound is achieved.

5.2. Quotients to weighted projective spaces

In this section we will show:

PROPOSITION 5.4. Let (X, L) be a n-dimensional polarized toric orbifold with torus
T and associated polytope P and denote by m the number of torus fized points of
X. Then, up to replacing L by a sufficiently high power, there exist at least m one-
parameter subgroups of T' compatible with (X, L) giving distinct GIT quotients. The
associated GIT quotients are weighted projective spaces.
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From this proposition, we deduce that one can obtain u-stable reflexive sheaves on
any polarized toric orbifold from p-stable reflexive sheaves on weighted projective
spaces.

REMARK 5.5. As weighted projective spaces have Picard rank 1, the number of
rays of their fans, and thus the number of facets of their polytopes, is the smallest
possible for a given dimension (see remark 5.3). Thus, testing stability for reflexive
sheaves is simpler on weighted projective spaces. We expect that these varieties
could serve as simple bricks to study moduli spaces of equivariant reflexive sheaves
on toric orbifolds, and will investigate in this direction in future work.

Proof. The argument is local at a vertex v € P. As X is an orbifold, its fan is
simplicial, and thus the set {up, v € F'} is a Q-basis of Mg. Consider

D,:={Dp: veF}

and

up, = Z deg; (Dp)up = Z deg; (Dp)up.
DreD, vEF

As all the degrees deg; (Dp) are positive, it is clear that up, is not zero. Let
No=NNR-up,) and let G = Ny ®z C*. Then, by construction of up,, up to
dilation and translations of P, we can assure that P intersects N transversally
and precisely along the faces F' that contains v. Thus, up to scaling L and choosing
an appropriate linearization, the set of stable divisors for the G action is D,. By
construction, Minkowski condition is satisfied and G is compatible with (X, L). The
associated quotient is a weighted projective space as the number of stable facets is
n, giving n rays for the (n — 1)-dimensional toric GIT quotient. To conclude, the
vertices in the polytope correspond to 0-dimensional orbits, hence to fixed points.
Thus, there are at least m such quotients, hence the result. O

REMARK 5.6. From lemma 5.2 and proposition 5.4, we deduce that the compatible
one parameter subgroups for (CP", Opx (1)) are given by the C*-actions

A [205- oy 2n) =20y - s XN Zis ooy 2], 1 €40, 0},
and the associated quotients are all isomorphic to CP™~!.
EXAMPLE 5.7. Let X = CP! x CP! x CP! together with the polarization L =
i Op1(4) @ w3 Op1(4) ® 75Op1 (4) where 7; : X — CP! denotes the projection onto
the j-th factor. The associated polytope P in Z3 ®z R = R? is a cube with edges

of length 4. Up to translation, that is up to changing the linearisation of the torus
action on L, we can assume that P is

P =1[-3,1] x [-3,1] x [-3,1] C R®.

Consider now the one parameter subgroup G of T' whose lattice is Ng = Z - (1, 1, 1).
The GIT quotient of (X, L) by G is the toric variety Y associated to the polytope
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UNP=(1,1,1)t NP, that is

Py ={(z,y, 2) ER?:ix+y+2=0,z,y,2¢€ [-3,1]}.

We recognize the polytope of CP?, so that Y ~ CP?. The stable facets in P® are
given by F, ={z =1} NP, F,={y=1} NP and F, = {z = 1} N P. The degree
of the associated invariant divisors D,, D, and D, is equal to 16 with respect to
L, so the Minkowski condition becomes

16up, + 16uDy +16up, € No®zR=R- (1, 1, 1).

As up, = (-1,0,0), up, = (0, =1, 0) and up, = (0, 0, —1), the Minkowski con-
dition is satisfied. By theorem 1.1, and from the fact that, up to scaling, the
only polarization on CP? is Op2(1), an equivariant reflexive sheaf & on CP? is
slope stable with respect to Op2(1) if and only if P;(€) is slope stable on X with
respect to L. For example, the tangent sheaf Z¢p2 is slope stable with respect to
Op2(1) (see e.g. [9, theorem 1.3]). Thus we obtain a slope stable rank 2 equivari-
ant reflexive sheaf on (X, L) by setting & = PBo(Zcpz). Note that this equivariant
sheaf is not locally free, and hence g doesn’t preserve local freeness in general.
To see this, recall from [12] that the family of filtrations defining Z¢p2 is given by

{(TF(i)) € Ny ®2C: F < Py, i € Z} where
3 0 if -2
T (i) = { Vect(up) if —1
Ny ®;C if i>0.

We compute br, = br, = br, =1 here, so that the family of filtrations associated
toEisE = {(EF(i)) C E: F < P, i € Z}, where in particular E¥ (i) = TF"YV (i) for
F € {F,, F,, F,}. Klyachko’s criterion for £ to be locally free imposes a condition
on the family of filtrations E for each face of P (see e.g. [20, theorem 5.22] for the
statement with increasing filtrations). In particular, for the vertex (1, 1, 1) € P,
this condition states that there should be a Z3-grading of E = Ny ®7 C:

E:@Em

mezZ3
such that for each face F' < P containing (1, 1, 1), one has
EF(i)= Y En.
(maup)<i

As for such faces, i = 7(ur), where 7 :Z3 — Ny = Z3/Z- (1, 1, 1) denotes the
projection map, and E¥ (i) = TV"F (i), we deduce that we would have

E(17070) = Vect(ﬁpz), E(07170) = VeCt(’lle), E(O,O,l) = VeCt(’[LFZ).

But then dim(F) > 3, which is absurd as dim(E) = rk(Ny) = 2. Hence E doesn’t
satisfy Klyachko’s criterion and & is not locally free.
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5.3. Projectivization of toric vector bundles

As a motivating example, we consider the variety given as the projectivization of
a torus invariant vector bundle. We refer to [15, appendix A] and [2, section 7.3]
for the construction and classical results. Let Y be a projective toric variety with
fan Xy. Fori=1, ..., r let D; = ZpGZy(l) a;pD, be invariant divisors on Y and
let V= be the vector bundle associated to the locally free sheaf

F =0y &0y (D) & & Oy (D)),

Let X =P(VyY) be the projectivization of the dual of Vi, with m: X — Y the
projection to the base Y. Then X is a projective toric variety, with torus Tx =
Ty x (C*)". Denote by Nx, Ny the lattices of X and Y, and by Mx and My their
duals. Then Nx = Ny X Z" and we have exact sequences

0—2Z" — Ny xZ" — Ny — 0,
0— My — My x(Z")* — (Z")* — 0.
Let Ly be an ample line bundle on Y and let Ox (1) = Op(y,(1) be the Serre
line bundle on X. Then, up to replacing Ly by a sufficiently high power, Lx =

7™ Ly ® Ox(1) is an ample line bundle on X. Assume now that Ly = O(Dy) for
an ample divisor on Y

Dy = > b,D,
pEXY (1)

with associated lattice polytope
Py ={me (My)r : (m,u,) > —b, forall pe Xy (1)}.

To determine a polytope Px C (My )gr x R" associated to (X, L), we first describe
the invariant irreducible divisors of X. They are of two types:

Div}, (X) = {n"YD,): p€ Xy (1)} U{{si =0} fori =0,1,...,7}

where the {s; = 0} are the relative hyperplane sections associated to the line sub-
bundles of V. Set D, =7"(D,) for all p € Xy (1) and Dy, := {s; = 0} for all
i €{0,...,7}. Then Lx = O(D) with

D= > b,D,+> D,
0

PESY (1) i=

and associated polytope Px defined by (m,, m;) € (My)r x (R")* is in Px if and
only if

(mg,e;) = —1, foralli=0,...,r, and

T

((my,mz),u, + Zaipei> > —b,, forall p € Xy (1),
i=1

where {e; : i =1, ..., r} is the standard basis of R” and eg = —(e1 + ... + ;).
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We will perform a GIT quotient of X by the torus G = Ny ®z C*, where Ny =
{0y} x Z". Consider the linearization v, for Ty on Ly giving the polytope Py
(recall §3.1, equation (3.1)). Consider the standard linearization 7, of (C*)" on
Ocpr (1) associated to the polytope

{{mg,e;) > —1, forall i =0,...,r} C (R")".

Combining the two gives the linearization v =y, X v, of Tx on Lx associated
to Px. Then, setting U = Ng- @z R, we have U = (My)g x {0}. In particular,
the only facets of Px that intersect U are those given by equations (my, u,) +
> Gip(mg, e;) = —b, for some p € ¥y (1) and the polytope Px NU is Py x {0}.
That is, the GIT quotient of (X, Lx) by G is (Y, Ly). We also note that (G, v) is
generic.

PROPOSITION 5.8. The polarized toric variety (X, Lx), with toric subgroup G =
(C*)" C Tx and linearization ~y satisfies the Minkowski condition of theorem 4.7.

Proof. The line bundle Ly determines a polytope in (Mx)r whose normal fan
equals the fan of X. By corollary 4.12, we see that

Z degLX (DF) Up = 0,
F<Px

and so

Z degy  (Drp)ur = — Z deg;  (Dr)ur.

F<P% F<pus

Note that the unstable divisors are precisely the Dy, for ¢ € {0, ...r}. Moreover, the
normal elements up, for F' < Py, are given by the basis elements e; € R" together
with eg. Then, m(e;) =0 € Ny = Nx/Z" and hence

Z deg;  (Drp)ur =0 mod No®zR
F<PS

as desired. O

The GIT quotient map p : X° — Y coincides with the restriction 7| x- so it makes
sense to compare two methods of pulling back sheaves from Y to X. Given a
T-equivariant reflexive sheaf £ on Y, for each i € Z"t!, we have invariant reflexive
sheaves 7*& and P;(€) on X.

PROPOSITION 5.9. Taking i =0, if £ is a T-equivariant reflexive sheaf on'Y, we
have

& = Po(£).

Proof. Suppose that & = R(E) where B = {(EF(i)) C E : F < Py, i € Z}. Then,
& and Py (&) are determined up to isomorphism by their respective filtrations.
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On one hand, Po(E) = {(EF(i)) C E : F < Px, i € Z} is given by the filtration

EFOUG)  for  F < P i€Z,
EF (i) = 0 for F <P, i<,
E for F < P", i>0.

On the other hand, by lemma 3.15, for all F' < P%, observing that by = 1, we have
(*E)F (i) = EFTY(i). Let F; < P¥ be the unstable facet corresponding to D, .
The morphism 7 : X — Y corresponds to a lattice homomorphism 7 : Nx — Ny.
From the fact that 7 sends the normal generator ur, = e; of the ray pr, to 0 € Ny,
we deduce that the image of the affine chart 7(Us,, ) is Ty C Y. Hence,

I(Us,, ,7*E) = T(Ty, &) ®ciy Clpy, N Mx] = E © Clpf, N M]

from which it follows that

) 0 forj<o0
(" B)" (j) = oy ="
E  forj >0,

allowing us to conclude that 7*&€ = P (E). O
From propositions 5.8 and 5.9, together with theorem 4.7, we obtain

PROPOSITION 5.10. There exists an ample class o on Y such that an equivariant
reflexive sheaf £ on'Y is p-stable with respect to « if and only if &€ is p-stable on
X with respect to Lx .

We conclude with a special case where the ample class a can be computed explic-
itly, that is for Y of dimension 2 and Vr of rank 3. It seems unlikely that a similar
method could be used to compute the ample class « for higher dimensions and
rank. Nevertheless, the examples below show that in general, « is different from the
polarization induced by the GIT quotient.

LEMMA 5.11. With previous notations, assume in addition that'Y is an orbifold of
dimension 2 and that Vg is of rank 3. Then the class a from proposition 5.10 is
equal to c1(L3y @ det(Vg)), up to scale.

Proof. As in that setting Y and X are orbifolds, we can make use of Poincaré
duality to compute intersections, and degrees. From the proof of theorem 4.7, we
see that « is the ample class that satisfies for all p € Xy (1),

deg, (D) = degp,, (Dy).

We compute the later using that H?(X, Z) is the algebra over H?(Y, Z) gen-
erated by the class & := ¢;(Ox (1)), with relation &3 = n*c;1 (V) - €2 — ¥ ca(ViF) -
&+ mc3(Vr). Taking into account the dimensions, and the rank of Vg, a direct
computation gives

degy,, (D) = e1(Lx)? - e (O(Dy)) = 7*(Ber(Ly) + e1(Ve)) - wer (O(D,)) - €2.

The result follows from Whitney’s formula. (]
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