5.5 SYNCHROTRON RADIATION IN HIGH MAGNETIC FIELDS
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Abstract. We suggest that if there exist within the Crab Nebula localised condensations of material
containing high magnetic fields, (> 1 G), the rapidly evolving synchrotron radiation power spectrum
emitted by a single electron can give a radiation continuum with a spectral index having a unique
value similar to that observed in the optical and low-energy X-ray regions. One implication of this
result is that a simple comparison between the observed fluxes of optical and gamma radiation
emitted by the Nebula is no longer meaningful, so that one cannot draw any immediate conclusion
regarding the fundamental mechanism of electron and gamma ray production.

The radiation continuum for the Crab Nebula in the near infra-red, optical and
low-energy X-ray regions may be represented approximately by the power-law
formula F(v)oc v™", with nx 1, a characteristic feature that it shares with other radia-
tion sources associated with energetic cosmic events.

It is generally agreed that the continuum arises from synchrotron radiation by
relativistic electrons. The usual explanation for the spectral index » is that it results
from radiation, in a uniform magnetic field, by electrons that have an energy spectrum
N (E)dEc E~* dE, where a=2n+ 1. We show here that for regions of high magnetic
field, n can be given a different interpretation, with the particular values 4 and 1
having a special significance. We also consider the relevance of our arguments to the
Crab Nebula.

The synchrotron radiation power spectrum, for an electron of energy ymc? in a
magnetic field H, is described by the characteristic frequency

3
vc=( eH)vz. (1)
4nmc

For x defined as v/v,, the power spectrum is given approximately by

P(v)c Hx'®, for x<1%, (2a)
and
P(v)oc Hexp(— ax*3), for x>1, (2b)

where a is a constant. The expression for the electron energy as a function of time,
? = yo/(1 + BH?yot), 3)

where 7y, represents the initial electron energy and B is a constant, gives the radiation
half-life for the electron as

tia=(BH?y,)™". 4
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The corresponding evolution of the synchrotron power spectrum can be represented
by the variation of characteristic frequency with time,

ve = (ve)o/(1 + t/ty;5)?, ®

where (v_), is the value of v, for y=1y,.

It is normally assumed that v, does not change appreciably over the relevant time
interval, which is usually the period of observation, so that the radiation continuum
can be derived from the synchrotron power spectrum by combining it with the
electron energy spectrum. We examine here the. situation for which the change in v,
during the relevant time interval is appreciable. In Figure 1, v, has been plotted,
from (5), for times that are comparable with the radiation half-life 7, ,.

Fig. 1. Characteristic frequency as a function of time, for ¢ ~ t12.
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Suppose that at time ¢, there commences an observation of the radiation produced
by a single electron, and that the observation lasts for an interval of time 4¢; during
this interval, a change in characteristic frequency 4v, occurs for the electron repre-
sented by curve 1 in the figure. For a system containing many electrons, a spread in
characteristic frequency of the same magnitude 4v,, for radiation observed at the
instant of time ¢, + A7, may have been produced either by monoenergetic electrons
with v, = (v.), continuously injected into the field during the interval from =0 to
t=At; or it may have been produced by electrons injected at a time ¢=At, with a
whole range of initial energies, represented by the difference in ordinates of curves
1 and 2 at this ¢ value.

For the case of the single electron observed over the interval from ¢, to ¢, + 4t, we
suggest that for the evolutionary effect to be regarded as significant, 4721, ,. This
condition can also be written in the form

H3?At Z a constant,, 6)

the value of which depends upon the frequency of the observed radiation. In the
radio region (v,~10° Hz), a magnetic field H~10"* G gives 4r210°%y: clearly,
evolutionary effects are insignificant for a single electron radiating in this region of
the spectrum. In the optical region however, Hx100 G gives 4¢103 sec, a time
comparable with photographic plate exposure times. In the X-ray region (v~ 10'® Hz),
H=~3 G gives At 2200 sec, the detection time for X-radiation from the Crab Nebula
in the lunar occultation experiment of Bowyer et al. (1964). If therefore there exist
regions of the Nebula containing high magnetic fields H> 1 G, we may assume that,
for a single electron, evolutionary effects are certainly significant for the X-ray region,
and probably for the optical region as well, for the periods of observation normally
employed.

In the case of a system containing many electrons, 4¢ can be given an alternative
interpretation, as already indicated. In the Table I below, we show values of At
calculated from (6) for two commonly assumed magnetic field values, for the X-ray,
optical and radio regions.

If At in interpreted as the time over which monoenergetic electrons have to be
continuously injected into the field for the equivalent spread Av, in characteristic
frequency to be appreciable, then it is apparent that condition (6) could be fulfilled,
even for these low magnetic fields, for electron injection times normally considered.

TABLE I
At (years)
H (Gauss) X-ray Optical Radio
(v~ 1018 Hz) (v~ 1015 Hz) (v~ 10° Hz)
10-8 >1 > 50 > 104
2108 % 108

104 >30
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While in our calculations of the theoretical radiation continuum now to be described,
we consider only the case of a single electron observed over the time interval At, a
similar mathematical method would be applicable to sources containing many
electrons, with At given its alternative interpretation.

We consider a power spectrum of the form (2), in which v, changes with time
according to (4) and (5): the evolutionary effect is illustrated in Figure 2. The total

P (V)

v

Fig. 2. Evolution of synchrotron radiation power spectrum, shown at successive moments
of time #1, t2 and ¢3.

radiation continuum produced by an electron of initial energy yo,mc?, radiating in a
uniform magnetic field H, has been derived by taking the frequency v as an inde-
pendent parameter and, at each value of v, (for example, v, in the figure), computing
the integral of the evolving power spectrum over the whole radiation lifetime of the
electron. Figure 3a shows the radiation continuum for the optical and near infra-red
regions, computed for one particular electron energy (given by y, =75), for several
magnetic field values in the range from 2 x 10* G to 10° G; each curve gives the radia-
tion continuum produced by a single electron.

If we perform the integration by an analytical method we find that, provided that
the initial electron energy is sufficiently high, (a condition that can be expressed by
the inequality log,, Hy2>12,9 and 3 for the X-ray, optical and radio regions re-
spectively), the integral can be written in the simple asymptotic form

F(v) =263 x 1071 (vH) Y2 erg Hz™ . @)

If the initial electron energy condition is not satisfied then this expression is only an
approximation; in this case the more general formula used in deriving the curves of
Figure 3a has to be taken.
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Fig. 3. F(v) as a function of v, (a) for yo =75 and three different H values, (in gauss); (b) for
o =75 and a flat H distribution.
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It seems that the only requirements for the validity of the theory described above
are that the electron should be confined to a uniform high magnetic field region, and
that it should be observed for the whole of its radiation lifetime; if these requirements
are fulfilled then a spectral index n= 4 is obtained. Furthermore, the theoretical radi-
ation continuum flux F (v) at the frequency v does not depend upon the initial energy
of the electron: this has the important consequence that the spectral index for the
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radiation continuum is independent of the initial energy spectrum of the electrons
injected into the magnetic field region.

For a complete radiation source it is necessary to integrate the computed radiation
continua over an appropriate magnetic field distribution. We consider one particular
case, — a flat distribution, in which all magnetic field values are equally probable.
Inspection of the curves in Figure 3a reveals that for any frequency there exists an
optimum H value at which the computed flux F (v) is a maximum; the locus of these
maxima is the upper envelope of the curves in Fig. 3a, and is shown in Fig. 3b. We
take the envelope plotted in Fig. 3b as an approximate representation of the whole
radiation continuum.

We find that for the optical and near infra-red regions, the envelope curve can be
represented by the spectral index n= 1 ; we also find that an analytical method indicates
that n=1 identically. We suggest that this value of n has a special significance and
arises in a manner quite different from that usually supposed: it could indicate that
we are observing cosmic systems where different high magnetic field values occur
with equal probability, and for which the radiating electrons have synchrotron power
spectra that show a significant evolutionary effect.

High magnetic fields could be produced in localised condensations of material
within the source. The radiating electrons either enter the magnetic field region from
outside, or alternatively are generated in situ by the decay of pions produced in the
nuclear interactions of protons incident upon the condensed material. (In low-energy
pion decay, the electron energy distribution has a maximum at y,=75, the figure
originally taken in our calculations). The rate of electron production in situ from a
given proton flux is approximately proportional to the mass of the condensation, and
does not depend upon the magnetic field contained by it; for the situation where the
mass and magnetic field are completely uncorrelated, the suggested flat magnetic
field distribution would be obtained.

We would expect this type of model to apply to all cosmic systems that contain
high-energy protons together with condensations of material where there are high
magnetic fields and where pion, and therefore electron, production can occur (Falla,
1970). A characteristic form for the radiation continua for sources associated with
a wide variety of energetic cosmic events, including the Crab Nebula, has indeed been
pointed out by Searle et al. (1965).

For the Crab Nebula in particular, our model has one clear implication: this is
that the observed spectral index n~ 1 is simply the characteristic value, the theoretical
derivation of which we have described, so that it is not possible to obtain from the
index any information concerning the energy spectrum of the interacting protons.
Previously, comparisons between the synchrotron and gamma radiation fluxes had
been made, with the object of testing the hypothesis that the relativistic electrons and
gamma-ray photons arise from the decay of charged and neutral pions. In conven-
tional synchrotron radiation models, where an electron energy spectrum with index
a is involved, one can show that, for a given proton energy spectrum, the spectral
index for the synchrotron radiation is exactly half that for the gamma radiation. For
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magnetic fields of magnitude H~ 10~* G, calculations by Gould and Burbidge (1967)
led to the conclusion that, in view of the low upper limit to the gamma-ray flux,
observed by Fruin et al. (1964), the pion production process could not be responsible
for the electrons that radiate in the optical to low-energy X-ray regions. On our
model, however, where much larger fields are assumed to be present, the gamma
radiation spectral index, which is determined by the spectral index for the interacting
protons, is completely unrelated to the unique value n=1 for the synchrotron radi-
ation: a straightforward comparison between the fluxes of synchrotron and gamma
radiation is therefore no longer meaningful.

We consider also the radiation emitted by the Crab pulsar, NP 0532. Electrons
radiating in a region of uniform magnetic field of magnitude 210° G, even greater
than the values we have assumed for the Nebula itself, would very probably, ac-
cording to our arguments, be observed over the whole of their radiation lifetimes.
For electrons with y <10* our model, which is based on standard synchrotron radia-
tion theory, would still be applicable; for electrons with higher energies, however,
it is probable that the synchrotron emission would be affected by strong radiation
damping (Shen, 1970). An interpolation of the observed radiation continua for this
pulsar between the optical and X-ray regions shows evidence (Triimper, 1970) for a
spectral index n=4. We may note that the modification of the standard synchrotron
radiation theory that we have discussed here would give this value of n for a single
condensation of material with which a uniform high magnetic field is associated.
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