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Abstract

The maximization of the long-term growth rate of expected utility is considered under
drawdown constraints. In a general situation, the value and the optimal strategy
of the problem are related to those of another ‘standard’ risk-sensitive-type portfolio
optimization problem. Furthermore, an upside-chance maximization problem of a large
deviation probability is stated as a ‘dual’ optimization problem. As an example, a ‘linear-
quadratic’ model is studied in detail: the conditions to ensure the solvabilities of the
problems are discussed and explicit expressions for the solutions are presented.
Keywords: Drawdown constraint; risk constraint; long-term investment; risk-sensitive
control; Skorokhod equation; algebraic Riccati equation
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1. Introduction

Consider a financial market consisting of a bank account and n risky assets. Let S° be the
bank account process and S := (S', ..., §")T, where ‘T’ denotes the transpose of a vector or a
matrix, the price process of the n risky assets, both of which are modelled on (2, ¥, P, (¥7):>0),
a complete probability space endowed with a filtration satisfying the usual conditions. Assume
that SO is an adapted, continuous, nondecreasing process starting at Sg = 1, and that S is a
continuous semimartingale such that St > Oforalli, 1 <i < n. Now consider an investor
whose wealth process is governed by the equation

- dsi
dx;T =) (X7 - aS,()A;I,‘X’”)n,iS—i’
i=1 t

n 0
. - . ds
+ 1— JTl>(Xa’7T—O(SOMa’U)—i-OlSOMa’n}—t,
{( I L AR & S
Xg" =x,
with x > 0, & € [0, 1), and M := maxejo,,] X3 /S?, which was introduced and studied

in the interesting papers [8] and [5]. Here 7 := (z!,...,n") " is a progressively measurable
process such that
n T i qj nooT 0
cod(St, S/ ; dS
Z n‘njg < oo and Z |7 | =L < oo,
t’t i) t SO
i,j=1"0 SiS; i=170 '

almost surely, forany 7 > 0, (1.2)
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and represents the trading strategy of the investor as explained below. We denote by (-, -) the
quadratic covariance process. Recalling that, by the product rule,

. Xa,n . Si
X{" =" and § :=—
Si Si
respectively satisfy
dxXeT — X" — X" dsy nd d_S‘; = ﬁ — ﬁ
t - SO SO 2 a R Si SO ’
t ( l) St t t

we rewrite (1.1) as

1, dSi
dX77T = (X7 —aM{™) Y ml =t

i’

i=1 !

Its unique (adapted) solution is given by

X =x[(1 —a)exp{L;T — & max L;f] +aexp{(l — &) max Lf}], (1.3)
s€l0,1] s€[0.1]

where
n t (\ n t i QJj
-dS 1 -ad(SY, SY),
LT = Z/ = _ Z / wigd =22 (1.4)
—Jo " St 2 o Sis]
which satisfies the relation
MY = xexp{(l — o) max Lf} (1.5)
s€[0,7]

These facts were observed in the appendix of [5], using a unique solution to the Skorokhod
equation associated with the continuous process L7 (see Lemma 3.6.14 of [13], for example).
We thus see, from (1.3) and (1.5), that

XOT —aSOMPT = (1 — a)xS? eXp[Lf —o mex L?} > 0;
se(0,1

in other words, the drawdown constraint
P(XY™ > aS'M®™ forall € [0, 00)) = 1 (1.6)

is always satisfied. Equation (1.1) now states that the investor
e starts with the initial capital x > 0
and, at time ¢,
e invests a proportion 77/ of the difference X" — a S"M™ in the ith risky asset and

e keeps the remainder, (1 — Y/, #/)(X"™ — aSOMP™) + a SO M, in the bank.
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Here recall that the strategy is self-financing, i.e.

n n

3l (X7 — SO { (1 - Zn,i)(x;w — aSOMET) + aS?Mf"”} _xer,

i=1 i=1

and that it allows short-sellings, i.e. the proportion n,i € R can take negative values.

For an investor having the wealth process (1.1) with the drawdown constraint (1.6), the
authors of [8] and [5] treated the following maximization problem for the long-term growth
rate of the expected utility of wealth:

Cy(y) := sup hm —logE(XT Y., (1.7)

weA T

Here y € (0,1/(1 — «)) and A is the totality of progressively measurable processes whose
element 7w := (m;);>0 satisfies (1.2). In particular, using special models, they gave explicit
solutions to the problems considered. The authors of [8] treated the Black—Scholes economy in
which the risk-free interest rate of the bank account is a constant and the single risky asset price
process is given by a one-dimensional lognormal diffusion with one-dimensional Brownian
motion and constant coefficients. Furthermore, the authors of [5] treated a generalized situation
in which the risk-free interest rate is deterministic and the multidimensional risky asset price
processes are defined by an n-dimensional lognormal stochastic differential equation with n-
dimensional Brownian motion and deterministic coefficients.

In this paper, we aim to extend their results for more general models of the processes S° and S.
Indeed, under the setting we have prepared, and introducing another optimization problem,

1
Ag(y) := sup 11m —logE(SO (I=)L7yy, (1.8)

reA T—>00
we obtain the following theorem.

Theorem 1.1. Let o € [0,1) and y € (0,1/(1 — «)) be given. Assume that A((y) is upper
semicontinuous on the left at o if @ > 0 and Ay (y) < 00. Then

Fo(y) = Aa(y). 1.9)

Furthermore, a strategy is optimal for the problem (1.7) if it is optimal for the problem (1.8),
and a strategy T € A attains the maximum for (1.7) with a limit

1 .
r = lim —logE(X3™)” 1.10
(V) Jim - log (X7) (1.10)
if it attains the maximum for (1.8) with a limit
1 #
Ag(y) = lim — log E(S2e!~0LT)7, (1.11)
T—oo T
Remark 1.1. Let o € [0, 1) be given. We can consider another problem,

1
My (k) := sup lim —1og1>(x‘” ekTy, (1.12)

meA L0
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i.e. the maximization problem of the large deviation probability of beating the target growth
rate k € R in the long run. For ¢ = 0, such a problem was introduced in [17] and [18]
and studied via the ‘dual’ optimization problem (1.7) or (1.8). For nonzero «, we can assert
the following ‘dual’ characterization of the large deviation control problem (1.12), tracing the
proof of Theorem 3.1 of [18].

Suppose, for any y € (0,y), ¥ > 0, that there exists an optimal strategy

Ta(y) == (o (t, ¥))iz0 € A

for (1.7), establishing (1.10) with 7 := 7,(y). Suppose also that Iy, € C!((0, 7)), where
C'(A) denotes the space of continuously differentiable functions with (generic) domain A.
Define Iy : (I',,(04), T',,(¥ —)) — (0, %) to be the inverse of I',(-)|0,7), i.e. Io(T'y(d)) = d.
Here ', (y) := (d/dy)[4(y). Then

[y (k) = — sup {yk—Ta(y)} (1.13)
r€0,7)

for all k < I'},(y—), and the sequence of controls (7 tknly n defined by
7" = Ao (1, Lo (kv T (040)) + 1/n)) (1.14)

is nearly optimal, i.e.

lim Tim ~ log P4 > Ty = M, (k) fork < T,(7—).
n—o0oT—oo T
Here note that extra effort is required to solve (1.12): aregularity of the ‘dual’ value function
'y (-) is necessary along with its solvability on a certain interval (0, ), and, actually, to
determine the maximal interval in the effective domain, Dy := {y > 0: Iy (y) < oo}, is a
rather complicated problem (see Remark 2.3 and Theorem 2.4 and the statements immediately
before it).

Remark 1.2. Remark 1.1 states that the investor can determine the risk-averse parameter I, (kv
I'/,(04)) in (1.7) by choosing the target growth rate k in (1.12) to maximize the upside-chance
probability of beating the target growth rate k in an asymptotic way.

On the other hand, the investor can control the downside-risk of the portfolio wealth
process (1.1) in (1.7) or (1.12) by choosing « € [0, 1) suitably. Suppose, for example, that
at time O the investor monitors the future losses, (—(X;"" — xS?)) t>0, of the portfolio wealth
process using the risk measure

p0(—(X4™ — x5 := sup(ER((S) "H{—(X¥™ — xSO))): Q € P}

. VLT .
= x — inf(EQ(X*7): Q € P},
where & is a given set of probability measures on (2, #), EQ denotes expectation with respect
to Q, and t denotes the stopping time. Risk measures such as po(-) for processes possess
important ‘coherent’ properties; see [1] or [4], for example. (Here we comment only on the

risk measurement at time 0. Conditions should be imposed on the set > when we consider a
time-consistent monitoring of the risk; see [1] and [4].) From the above expression, we see that

po(—(X*™ —x5%) < (1 — a)x,

where we use (1.6) and the fact that M 7™ is nondecreasing. This implies that the investor can
control the upper bound of (the risk of) the future losses by selecting @ € [0, 1).
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As a consequence of Theorem 1.1, in solving (1.7) it is crucial to investigate the solvability
of (1.8). Furthermore, in solving (1.12) we need to check the regularity of the value function
A()(+). The problem (1.8), or its variation

1
inf lim 71ogE(SO el=Lyy y <0, (1.15)

T T

is included in risk-sensitive-type portfolio optimization problems, which have been studied by
several authors by analysing the associated Bellman equations with Markovian models; see [2],
[12], [16], and the references therein, for example. We note that there are different difficulties
in the analyses of the respective situations in which y < 0 and y > 0. For the former case,
conditions to ensure the solvabilities of the Bellman equations and the optimization problems
were provided in [12] and [16] in a fairly general Markovian setting. However, these conditions
are not applicable in the latter case, and to the best of the author’s knowledge no such general
results have been obtained in that case.

In the next section, we consider an example of a model in which S° has stochastic interest
rates and S has stochastic mean return rates which we assume to have ‘linear-quadratic’
structures in order to discuss the solvabilities. In such a situation, this reduces to discussing the
solvability of the related algebraic Riccati equation. It is sufficient to show the existence of its
stabilizing solution (see Theorem 2.1), and this existence is always ensured on a certain interval,
J x (0, y), in the parameter space {(¢, y) € [0, 1) x (0, 1/(1 —«))}, under certain assumptions
(see (2.1)—~(2.3), Theorem 2.3, and Corollary 2.1). Moreover, we can give an ‘almost’ necessary
and sufficient condition for the solvability of (1.8) if the ‘stochastic factor’ is one-dimensional
(see Theorem 2.4).

All the proofs of the results of Section 1 and Section 2 are collected in Section 3, and in
Section 4 we conclude.

2. A ‘linear-quadratic’ example

In this section, we work in the following setting. Let (2, ¥, P, (¥7):>0) be a filtered
probability space with an augmented Brownian filtration generated by the (m + n)-dimensional

Brownian motion w := (wi, ..., wm+n)T, and suppose that S9 and S are described by
ds? = 8% (v,)dr, Sy =1,
dS; = diag(S){n(Yr)dr + o (Y)dw(1)}, So € R, 2.1
dY; = A(Yy)dr + n(Y)dw(@), Yo € R™,

using the m-dimensional stochastic factor process Y, which affects the mean return rate, £ (Y;),
of S, the volatility, o (Y;), of S, and the risk-free interest rate, r (¥;), of SO, Here dlag(x) denotes
the diagonal n x n matrix whose (i, i)th element is component x’ of x := (x!, ..., x")T. In
particular, we assume that

r(y)i=ro+ry+1y'ry,
u(y) =r(»1+06(), 0(y) =00+ 61y,

AQY) = Ao+ A1y, (2.2)
n(y) = no,
o(y) = oo,
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where 1 := (1, ..., 1)T eR" rg eR, ri, g € R™, 6y € R, rp, Ay € R 9 € R"*™,
no € R™*m+n) “and oy € R+ Thus,

ro is symmetric and nonnegative definite, 23)
A1 is stable, and GOUOT and nong are positive definite. '

Here a matrix is called stable if all of its eigenvalues lie in the open left-hand half-plane.

With a linear Gaussian stochastic factor process and a quadratic Gaussian interest rate process
in this model, we study the solvability of problem (1.8) using a dynamic programming approach.
Start with the finite time horizon problem

Vo := sup logE(Sye!!"0ET), 24

TeAT

for a given T > 0. Here A7 is a space of admissible trading strategies prescribed below. For
7 € AT, recall that

0. (1—a)L” T ! r(YM) T e
S;e t =18 /7[ opdw | exp [) 1w + 7, 0(Y,) | du ’
t

where we use the notation &(Z) = (§(Z)1)i>0, §(Z); = eZ1—1/D{2)  for the stochastic
exponential of a continuous semimartingale Z. We see that

T
(§9eI=OLTyy — 8(8/nTaodw> exp{8/ e(Y,,n,)dt}, (2.5)
T 0
where
§=6(,y) =1 —-a)y, (2.6)
1-3$
Uy, p) = r(y)+0 T p— log plI*.
l—« 2
So, with

AT = {n = (71)sef0,7] - 7 is n-dimensional and progressively measurable,

T
/ |7;|? dt < oo, and ES((S/nTaodw> = 1},
0 T

Oy (-) := (3y, (1), ..., Oy, (~))T, and 0y, (-) := (3y,~yj (-D1<i<m,1<j<m, we deduce the Bellman
dynamic programming equation

—d,v = L{Tr(nong d,yv) + Ing dyv?} + sup (L) + Snoog )T dyv + 8€(y, )},
weR” 2.7
v(T,y) =0

for the value process

T
V, = esssuplogE(S”)<exp{8/ (Y, m,) du} ‘ ?’,).

ﬂE:A;_T t
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Here A; 1 is the restriction of 4 to the time interval [¢, T'] and E®™) denotes the expectation
with respect to the probability measure P®™) on (Q2, £7) defined by

dpG™
) = 8(5/HTO‘0dw> .
dP Ix [

The maximizer, 7 (¢, y), in (2.7) is given by

> _ 1 Ty—1 T
w(t,y) = m(ﬂo% )" H{O0(y) + o0ng Oyv},

so we can rewrite (2.7) as
—0,v = 3{Tr(nong dyyv) + Ing dyvl*} + 1) dyv

s _
T 3T =gy 170 (000" HEW) + oong By} £ yr ().

v(T,y) =0,
that is,

—3v = 1 Tr(nong dyyv) + 1@,0) TnoR™ng dyv 4+ a(y) Tdyv + b(y), 28
(T, y) =0, '

where we define functions

a(y) := A(y) + 100 (0009 ) 10(y) =d + Ay,

1-96

A 1 -4
b(y) = yr() + 3 0(y) (000, )10 = F4+éTy+ EyTCy,

)
(1-9)
and matrices, vectors, and a constant

o N 1) _
A=A, y) = ki + s—5m0q (000g) 61,

-1
R=R@.y):= (1 o 50J<ooaJ>—loo) ,

0, (o0 )61,
1—46 (2.9)

A A 8
d=d(a,y) ::ko+1

¢ é(ot, y):=yr+

3 7’/000T(0000T)_190,

0, (o000 ) ™60,

e=e(a,y):=yr +

1)
1-6
o n 1) _
f= @) =yro+ 6 (@00 )" bo.

Here I denotes the identity matrix of appropriate dimension. The ergodic-type Bellman equation
associated with the infinite time horizon problem (1.8) is now deduced as the limit equation
of (2.8) as T —t — oo, by assuming that v(t,y) ~ x(T —¢t) + &), d;v(t,y) = —x,
oyv(t, y) — VE(y), and dyyv(t, y) — VVE(y),as T —t — oo, where x is some constant
and &(-) is twice differentiable. We deduce that

x = L Tr(gond VVE) + L(VE) TnoR™" g VE +a(y)TVE +b(y) (2.10)
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or, equivalently, that
x = 3 {TrCnong VVE) +Ing VEI'} + max(((y) + 8100y )" VE +86(y, )}, (2.11)

recalling that the maximizer is

#(t,y) = (0009 ) O + (gong )VEMD)}.

1-6

Indeed, from a suitable solution, (¥, é ) € R x CZ(R’"), to the ergodic-type Bellman
equation (2.10), where C 2(A) denotes the space of twice-continuously differentiable functions
with (generic) domain A, we can construct a solution to problem (1.8). That is, letting

= 7(t,Y;), wherew(r,y) = (0009 ) O + (oong )VED),  (2.12)

1
1-46
we have

Ag(y) = x <oo and 7 € 4 given by (2.12) is optimal for (1.8). (2.13)

Before stating our result, we recall some notions about matrix-valued algebraic Riccati
equations of the form
ATQ+ QA+ Q0BR'BTQ+C=0, (2.14)

where A, C € R"™*" B ¢ R™* R ¢ R'™! and C and R are symmetric. A real, symmetric
solution, Q, to (2.14) is called stabilizing if A+ BR™!BT Q is stable. It can be shown that the
stabilizing solution is uniquely determined if it exists. (See Theorem 5 of [20] or Theorem 23.4
of [3]. For an extensive treatment of algebraic Riccati equations, we refer the reader to [15],
for example.) We denote the stabilizing solution by

Ric A BR'BT
—C —AT )

following convention, since the solution has been well studied through analysis of the associated

Hamiltonian matrix,
A BR'BT
-c —AT )

. A noR-'nT
H=H@y) = (_é ”O_AT"O) ,

where the notation is as defined in (2.9). We obtain the following theorem.

Let
(2.15)

Theorem 2.1. Assume that (2.1)—(2.3) hold and recall the definitions ii} (2.6) anc{ (2.9). Let
(o, ¥) € [0, 1) x (0, 1/(1 — ) be given. Suppose that there exists a Q := Ric H > 0. Let
q € R™ satisfy A R A .
(A+noR"'ng QTG+ 0d+e=0

and set

R = 5Tr(nong Q) + 34 'moR'ngg +d "G+ f.

EG=4"y+1yT0y.

The pair (X, é) e R x C2(R™) solves (2.10) and can be used to construct a solution to
problem (1.8), i.e. (2.13) holds. Furthermore, the optimal strategy, 7, satisfies (1.11).

(2.16)
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Remark 2.1. The results for Black-Scholes-type models with constant coefficients can be
recovered. Assuming that (2.)—~2.3) hold, letr; = 0,r2 = A1 =0, andf; =0(soA=C =0
and ¢ = 0). Trivially, (1, &) := (f, 0) solves (2.10) and (2.13) follows.

The following necessary and sufficient condition to ensure the existence of

Ric [ 4 BRBT
—-c AT

is useful for our study.
Theorem 2.2. (Theorem 5 of [20].) Assume that the pair (A, B) € R™ ™ x R"™*! js control-
lable, i.e. that rank[B, AB, ..., A’"_IB] = m. Define

F(s):=R— B (—isI — A")"'Cc@isI — A)~'B,

G(s):= B (—is] — A" 'GsI — A" !B,

fors € R. Then

Ric A BR!BT
—C —AT

exists if and only if F(s) > €G(s) for all s € R and some ¢ > 0.

With the help of the condition in Theorem 2.2, rewritten to apply in our setting, we obtain
the following result.

Theorem 2.3. Assume that (2.1)—(2.3) hold.

1. Let
R=R(a,y):= (ong) 'noRng (nong )" (2.17)

and define, for s € R,
25 ATRA _ A ATH_ A
~ ~ s°R+(A'"RA—-C) s(A'R — RA)
N(s)=N(s; a, = AT~ o ~ P N
) =Nis;e.y) ( “S(ATR—RA) 2R+ (ATRA - C))

sI AT\ (R 0)\/(sI —A c 0
Y ) - ~ ). 2.18
<—AT sl) <0 R) <A sl) <0 c) (2.18)

Then Ric H exists if](’(s) > ¢l forall s € R and some ¢ > 0, and is positive definite zfA is
stable.

2. For any given ag € [0, 1), there exist an interval J > ag (J := (o, @) or J := [0,®),
O0<ao<a<1)anday > 0 such that Ric H(a, y) > 0 exists for any (a, y) € J x [0, p).

We can summarize Theorems 1.1, 2.1, and 2.3.2 and Remark 1.1 as follows.

Corollary 2.1. Assume that (2.1)—(2.3) hold. Let a € [0, 1) be given. Then there exists a
y > 0 such that problems (1.7) and (1.8) can be solved for any y € (0, y). In particular,
with (2.9) and (2.16), Ty (y) = Ay (y) = X and the strategy & € A is optimal for both (1.7)
and (1.8), with respective limits (1.10) and (1.11). Furthermore, problem (1.12) can be solved
for any target growth rate k < A, (y—). The ‘duality relation’ (1.13) holds and a nearly
optimal strategy can be constructed using (1.14).
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Remark 2.2. Assertions essentially equivalent to those of Theorem 2.1 and Theorem 2.3.2 were
obtained in Theorem 4.6 of [7] (see [6] also), with a different proof, though they treat the « = 0
case and there are some minor differences in the models. The authors of [7] derived the assertions
through a detailed study of the properties of the solution to the ergodic Bellman equation (2.10)
(or (2.11)) using a constrained set of trading strategies, {wr € #: || < cforallz > 0}, and
relaxing the constraint by letting ¢ 1 0o. On the other hand, we directly obtained Theorem 2.3
from linear algebraic arguments (see the proof of Theorem 2.3 (in Section 3), which depends on
Theorem 2.2 (i.e. Theorem 5 of [20])). For other related calculations (with & = 0), we refer the
reader to [11] and [14]. The latter employs a model similar to ours and succeeds in providing
interesting y -independent conditions to ensure the solvability of (1.15) for y < 0, though they
are not applicable for y > 0, which is our case.

Theorem 2.1 implies that showing the existence of O := RicH > 0 is sufficient for
constructing the optimal portfolio in (1.8). Combining this with Theorem 2.3, we observe that
Dy C Dy, where

Dy = {y € (0, ;) Ay(y) < oo},
l—«

- 1 ~
Dy = {y € (O, 1—) N(s;a,y) > ¢l forall s € R and some ¢ > 0,
-«
and A(a, y)is stable}.

On the other hand, it still looks unclear in general that the existence of Q which is real,
symmetric, stabilizing, and positive, is necessary in solving (1.8). If we consider the m = 1
case, then the algebraic Riccati equation is nothing but a quadratic equation, allowing us to
discuss the necessity of Q’s existence. We obtain the following theorem.

Theorem 2.4. Assume that (2.1)—(2.3) hold and that m = 1. Let o € [0, 1) be given. The set
D, can be written as

- 1 N N
Dy = {y € (0, l—> D(a,y) > 0and Ao, y) < 0}, (2.19)
—
where . . . . .
D = D(a, y) :=[A* — (R "1 Cl(, y). (2.20)

Moreover, we have i)a C Dy C Cl(éf)a), where Cl denotes the closure of its argument in

0,1/(1 — a)).
Remark 2.3. Actually, we can obtain the exact form of the set :/50, and determine the maximal
interval (0, ) included in it, by analysing the boundary behaviour of A/, (7 —) for solving (1.12).
For this, we refer the reader to [9], [10], [17], [18], and [19], for example.

3. Proofs

3.1. Proof of Theorem 1.1

The proof is along the lines of that of Theorem 5.1 of [5], with minor generalizations. First,
recall that 'y (y), Ay (y) > —o0. Indeed, 0 € A satisfies

T 1 ,0 o 1 0
Tlgnoo 7 logE(X7")" = Tlimw 7 logE(xS7)” > 0.
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Next we see, in the o = 0 case, that the assertion of the theorem is trivial from the expres-
sions (1.3) and (1.4). Now let @ € (0, 1). For a given a1 € (0, a] and w := (71;);>0 € A,
define

Ega,alzn) = ()“(;x,n _ alez,n)(M;x,ﬂ)m/(l—m) 3.1

and let 2¢7 := B{**™ We deduce that

dEl(a,aU”) — (M[Ol,ﬂ)al/(l—al)d)z;x,ﬂ

n v ’ 1 ’ Qi
= gleerm y :<—X;” oM ):ﬂ'—ds; (3.2)
l i=1 X?’n - alMla,Jr ' Stl ,

where we use Itd’s formula and the relations (X;"" — a; M{"")dM;"" = 0 and X;*" —
ay M > 0. Rewrite (3.1) as

) - o Mot,n
Et(a,otl,ﬂ) _ (X;x,n)l/(l—al)fal< 1)20("71 >’ (3.3)
t

where we define, for o € (0, 1),

NCZ )
Ja(x) := (1 - x)(—) ;
o

which is decreasing on (&, co). Here note that

Ty oL TT
a1 M; o
= < — ae. (t,w). 34
X5 o

o <

Letting a1 = o, we now see, from (3.1)—(3.4), that
(1 —a)x/Im@eld = g™ < (XPMVI= £, (@),
where LT is as defined in (1.4). We thus deduce that
(1= o)1=y (5910 < (XTT) { fu (@)}, (3.5)
which implies that Ay (y) < I'q(y). In particular, if A, (y) = co then Ay (y) = Ty (y) = oco.
We next show the reverse inequality, assuming that A (y) < oo and that A()(y) is upper

semicontinuous on the left at o, as follows. Leta; € (0, o) be sufficiently close to &. From (3.3)
and (3.4), we see that

) o (I=ap)y
(Egt_x,m,n))(l—m)y(sg)y > (X‘]{ﬂ))/ {fal (;)} . 3.6)

Here we note that f,, (a1 /o) > 0. Write

X(x,n _ aMoz,;T )
! ! )n; (3.7)

pi = Pi(aa aq; 7T) = <*
rer X o M
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fori =1,...,nand p; := (,otl,...,,o,”)T. Note that

d(s’, 87y,
=< Z / nln t% < oo almost surely

N ! =

i,j=1 S
and that

Z/ | ,| SO < / I— < oo almost surely;

thus, p € A. We deduce that

1 1 i)
sup lim —IOgE((”(“ ermy A=)y (§9)7) = sup Tim —logE(SO A=) L5 )y
reAaT—oo T rep T—00
< Ao, (¥), (3.8)

where we use (3.1), (3.2), (3.7), and the fact that p(«, oy; w) € A forall 71 € A. Com-
bining (3.6) and (3.8), Ag,(¥) = Ta(y) follows for any o1 € (0,a). We hence obtain
Au(y) = limathx Aal(y) > Tu(y).

Furthermore, suppose that 7 € 4 is optimal for (1.9). We see that

= 1 0 (1—a)LE Tl R
To(y) = Aa(y) = Th_)moo?logE(STe( Lty < Th_)moo?logE(xc;”)V,

where we use (3.5) with w = 7. Therefore, 7 is optimal also for (1.8).
Finally, suppose that 7 € 4 satisfies (1.12). We then deduce that

1 ~ 1 s
Jim —logB(X7™)” =Ta(y) = Aa(y) = lim - logE(Spe! =)

T—o00

IA

1 ~
lim — log E(X77™)”,

T—o0

where we use the optimality of 7 for (1.8) and the relations (1.10), (1.12), and (3.5) with 7 = 7.
Therefore, (1.11) follows.

3.2. Proof of Theorem 2.1

In this subsection, we assume both that (2.1)—(2.3) always hold and the existence of Q =
Ric H(w, y) > 0 for a given (¢, y) € [0, 1) x (0, 1/(1 — «)), where we use (2.15).
The following result is straightforward.

Lemma 3.1. The pair (¥, é) € R x C2(R™) given by (2.16) solves (2.8).
Proof. The proof follows from direct computations.

Remark 3.1. From the stabilizing property of O and the ls-ergodicity of (3.12), stated below,
the following uniqueness of ( %, €) can be established: if (1, &) € R x C>(R™) and £(0) = 0
solves (2.8), then & = &£. See Theorem 1 of [12].

The proof of Theorem 2.1 can be completed by following that of Theorem 3.1 of [18]. We
demonstrate the proof for completeness, combining the following two lemmas.

Lemma 3.2. We have Ay (y) < X.
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Proof. Take an arbitrary w € 4 and define

t

G :=exp{—2z+é(YI) —é(Yo)+6/ E(Yu,m,)du}. (3.9)
0

Using It6’s formula, we deduce that

t
Gf&(é/nToodw) = 8(/{50{n+n§v§(y)}wa) exp{—f R du}
t t 0

for some nonnegative process & > 0, since
d{GTEG [ 7 opdw);}  dGT | A& 7 Toodw), = d(G™,E( [ opdw)),
GTE(S [ Tapdw), GT ' €@ [nTapdw), GT&(S [ Topdw),
= {80 7 + ng VE(Y,)} dw,
+ [3{Tr(nong VVEX)) + Ing VEX)I?)
+ (M(Y;) + 8noog 1) TVEY,) + (Y, ;) — R1dr, (3.10)

recalling Lemma 3.1. This implies, from (2.5), that

logE(S(T)e(l_“)L];)” =logE8<5/nTaodw) exp{S/
T 0

< T +£(Yo) + logE s(/{aaoTn + ngvé(Y)}wa) e s,
T

T
(Y, Nz)df}

The assertion of the lemma now follows since ff—' is bounded from below.

Lemma 3.3. We have
1 #
Aa(y) = lim — logE(She!!"0ET) = 3.
Tooo T
Proof. Recalling that 77 (y) in (2.12) attains the maximum in (2.11) with § = é , we deduce
that
Gf@(éfﬁoo dw) = 8(/{800T7% + g VE(Y))T dw) ,
t 13

where we use (3.9) and (3.10). Define the probability measure Pon (2, 1) by

dp . .
S )ﬂ:: 8(/{80()Tn ol VE@)T dw) ,

t

which is well defined since the integrand in the stochastic exponential on the right-hand side is
linear with respect to Y. We now see that

R . T
log E($9e!=0ETyy =1ogE(5”>exp{5f E(Y,,y%t)dt}
0

= RT + E(Yo) + log Be 507, (3.11)
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where we use (2.5) and E denotes expectation with respect to P. Note here that the dynamics
of Y under P is described by

dY, = {(d +noR™"'nd §) + (A + noR™"'ng Q)Y:}dr + no didy, (3.12)

where, by the Cameron—Martin—-Maruyama—Girsanov theorem,
By = wy —/ (800 7 (Y,) + nd VE(Y,)) du

is P-Brownian motion, recalling that

)
A(Y) + noldag 7 (y) +1g VEG)} = A() +1 871000T (0000 )10 (y)

)
1—-96
= (d+noR"1g4) + (A+noR 'nd O)y.

+no{1+ g (0009 )~ oo} 19 VE®)

Note further that Y is p- -ergodic, since in (3.12) A+ 7101% Q is a stable matrix. Therefore,

limy 00 (1/7) log Ee=5(Y7) = (), since, from Jensen’s 1nequahty and the lower-boundedness
of E

1 ~n 1 A _% Ci
——E&(Yr) < —logBe U < —
T §(YT) < T logEe =7
This, together with (3.11), completes the proof.
3.3. Proof of Theorem 2.3
Define
F(s)=F(s;a,y) := R—n] (—isI — AN)7'C(isI — A)~ln,
G(s) = é(s; o, y) = n(—)r(—isl — AT)fl(isI — A)flno,
for s € R. Furthermore, let

F(s;a,y) == (—is] — AT)(ong) " no F (s)ng (nond )~ (is1 — A)
= (—isI — AT)(nong )~ 'noRng (nong )" (is1 — A) —
= (—is] — A")R(sI — A) —

where R is as defined in (2.17), and define the quadratic form
UG, yis) =U, yis.o,y) = (x —iy) | F(s; o, ¥)(x +iy)
A X
=@ yDNGs;a, V)(y)

on C" ~ R™ x R™, for (x, y) € R" x R™, using (2.18). Recalhng that the controllability of
(A, 10) is always satisfied due to the nondegeneracy of 7)0770 > 0, application of Theorem 2.2
shows the ex1stence of Q = Ric H. Moreover, we can deduce that Q > 0 in the following
way. Note that if Q exists then, for each T € [0, 1], there exists

N . A nolé_ln—r
=R N A0 ).
o) ¢ (—TC —AT
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Recall that Q(O) = 0 since A is stable, and that C > 0. We observe that (d/ dr)Q(r) satisfies
A A A d A d A ~ A A A
(A+m0R™ng 0@} -0 + - 0T (A +n0R™"ng 00} + € =0,
ie.

d » * A 5—1 T AT~ A 5—1 T A
EQ(T)Z/O exp{(A +noR™"ng Q1)) t}Cexp{(A +noR™ ny Q(r))r}dz,

which implies that Q(-) is monotone increasing in a matrix sense. Therefore, the first assertion
is established.

To show the second assertion, let an o € [0, 1) be given. Recall that A(ao, 0) = X1. Choose
an interval J > o (J = (a1, o) or J: =1[0,2), 0 <a; <az < 1)and a y > 0 such that
A(oc y) is stable for any («, y) € J % (0, y). Denote by ¥ = r(«, ) the maximal eigenvalue
of R(a, y) > 0. From (2.18), we now observe that

Ux,yis.oy) :=Ux,yis.0, )+ (x|, )(C(a Y @(o(t) )/)) <)YC>

A%

1 2
;Iszl + 75|

1 2712 2
> ——{|Z1°1 221" — (Z11Z
_f|Zl|2{| 1712217 = (Z1122)7}
>0 (3.13)

for all nonzero (x, y) € R” x R™,s € R, and («, y) € J x (0, 7). Here we define

_(* _ _( A.y)y
7z = <y> and Zp = Zr(a,y) := <—A(a, y)x)

and use the notation (- | -) for the standard inner product on R?>". The final (strict) inequality
above has been deduced as follows: if kZ; = Z; for some k € R, then A2x = —k%x
and Azy = —k?y. This implies that x = y = 0, since A? does not have nonnegative real
eigenvalues, from the stability of A(a, y) on J x (0, y). Furthermore, note the following.
Suppose that sequences

Zip = (x,,) eR" xR" and Zp,:= ( Ay,, ) neN,
n Axn

satisfy lim,l_>oo{|ZL,,|2|Z2,,,|2 — (ZL,,|Z2,,1)2} = 0. Then there exists a sequence (kj),eN
such that limy, . oo [kn Z1.n — Z2.,| = 0, whence lim,,_, oo (A% + k21)x,, = 0 and lim,,_, oo (A% +
kﬁl )y, = 0 follow. This implies that lim,_,«, Z1 , = 0, by the reasoning above. Therefore,
we can see that

inf{U(x, y;s,,7): (x,y,5) € S" x S" x R}

min{|Za(e, Y)I* = (Z11Z2(e, y)): (x, ) € §” x §"}

> —_

~ (o, y)
=:¢(a, y)
-0 (3.14)
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for all (¢, y) € J x (0, y), where S" := {x € R™: |x| = 1}. Here note that (e, y) is

continuous with respect to o and y .

We finish the proof as follows Letc(«, y) be the maximal eigenvalue of C (a,7) = 0. Recall
that c(a, 0) = O since C(oe 0) = 0. From (2.18), (3 13), and (3.14), we have N(s ap, 0) >
(e(a,y) — c(a,y))I forall s € R and (¢, y) € J x (0, y). Since &(«, 0) — ¢(a, 0) > 0,
we can choose an interval J x (0, y) C J x (0, ) such that e(o, y) — ¢(a, y) > 0 for all
(o, y) € J x (0, y). The first assertion of the theorem can then be applied to deduce the second,

completing the proof.
3.4. Proof of Theorem 2.4

Throughout this subsection we assume that (2.1)—(2.3) hold and that m = 1, and let a fixed

a € [0, 1) be given.

We begin by noting expression (2.19) for the set £l~)a. Indeed, for the matrix N (s) =

N(s; o, y) given by (2.18), we have

. R 0 ATRA-C 0
N(s) = s2 - amn A ).
(5)=s <0 R>+< 0 ATRA—C)

Thus, the condition that N(s) > eI forall s € R and some & > 0 is replaced by the condition
that ATRA — C > 0, which is nothiyg but the condition that D > 0, where we use (2.17)
and (2.20). We also recall, for y € D,, that the stabilizing solution to the algebraic Riccati

equation (i.e. the quadratic equation)
(oR™"'ng)Q* +240 +C =0

is expressed as
0 :=Ric A = (R~ "' (=A VD),

and that it actually satisfies 0 >0if A <0.

(3.15)

Now, to prove the theorem, it suffices to show that D, C Cl(é@a), since we have already

observed that f)a C Dy. We prepare three lemmas, as follows.
Lemma 3.4. Assume that y € Dy. For any given T > 0, the function
0D, y) 1= R(T =)+ E) + LT —1, ),

where (X, é) is given by (2.16) and
~ 1 ~ ao
L(t,y) = ;logE@—ké(Yﬂ | Yo=1y),

p—1.T
noR™'n
k=kiy) = —=2.
107

solves the Bellman equation (2.7) o, equivalently, (2.8), with the time horizon T.

Proof. Recall that L satisfies

L = S{nong 3yyG + noR™"ng (3,6)*} + A(» G, 1€ (0,T],

L, y) = —£(y),
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A

. NP . NI A d .
Mw:4d+mR1%&H«A+mR1ﬂQw=a@»HmR1ﬂﬁ5aw,
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and that the pair (x, é ) solves (2.10) or, equivalently, (2.11), by Lemma 3.1. The current lemma

now follows from direct computation.

Now write

mh@>—éézh2_nuwﬁ]
232(1 +kQx2)  2%?
=: 80(1) + &1y + $82(1)y*,

. 171 o
L, y) = z[—zlog(l +k0x?) +

(3.17)

recalling that, under 13, Y; is a Gaussian variable with mean m;(y) and variance 212, where

5, d4+noR'nj g 5
me(y) = e_ﬁ’y + %(1 - e_ﬁt),
D

T ~
52 . 107 a _e—Z\/Bt).

NG

Furthermore, let T T T
80,y = "0 + 8" Oy + 10" 0y,

where
07(0) == R(T — 1) + go(T — 1),
00 =G+ &1(T — 1),
() := O + 82(T —1).

Note that the triplet (ﬁéT), f)gT), ﬁ(()T)) satisfies the ordinary differential equations
_i — A p—1.Ty\ 2 A _
& vy =2Av2 + (noR 770)1)2 +C, n(T) =0,
Ao R T oot 4 vad 42 _
G = (A+noR™ g v2)v +v2d + e, vi(T) =0,
d

~Lop = Znong vz + 5 oA 0l + dvy + F (1) =0
dr 0 = ) nomg Jv2 ) no UL vl ) vo =Y,

since 9T solves the Bellman equation (2.8).

(3.18)

(3.19)

We now extend the definition of 97 for each given 7 > 0. Deducing the expression

0 (t) == 0 + §(T — 1)

e—m/E(T—z) e—m/E(T—x)
$2 (1+k0%2 ) 2
B ¢

~ VDeothWDT — 1)) — A

=0+
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where we use (2.20) and (3.15)—(3.18), we define

A

¢
VD cothWD(T 1)) — A

satisfying UZT)(T) =limyr v v2 )(t) =0aslongasy € JD where

5((;) = { (O —) D>-=— and \/_coth(\/_T) > A}

o) = 1 €[0,7), (3.20)

We adopt the conventlon that O coth(0¢) = 1/¢ = lim,_,¢ x coth(x?). Furthermore, we define
the function v% on [0, T'] using the second equation in (3.19), letting vy := véT and we define
the function U(()T) on [0, T'] using the third equation in (3.19), letting v; := vl(T) fori =1,2.

We then have the following result.

Lemma 3.5. Let T > 0 be given. For y € 5((:), define
(T (T T
80,y =357 O + 317 Oy + 35,7 0%

This solves the Bellman equation (2.7) or, equivalently, (2.8). In addition, 2D = oD for
y € Dy.

Using the solution v7) to the Bellman equation (2.7), we can construct the solution to the
optimization problem (2.4) with the finite time horizon 7 > 0, as follows, via a standard
argument in stochastic control theory.

Lemma 3.6. LetT > 0andy € 5‘?) be given. Define #T) := (ﬁ,(T))te[o’T] by

# =700, v,

_ 1 _ _
7t y) 1= w5 (000¢) " {OG) + o0mg 0,57 (2. ).

For problem (2.4) with AT := £2T, the totality of progressively measurable processes on [0, T ]
which are locally square integrable, we #ave Vo = 970, y) and the optimality of 7T holds.
On the other hand, Vo = o0 if y & JD;

Proof. For an arbitrary m € A7, define
t
H' = exp{ D, 1) +5f e(Yu,m,)du}. (3.21)
Using 1t6’s formula and the fact that @) solves (2.7), we can check that

t
Hfé’(&/rr crodw) —8(/{800n+n o, Yl dw) exp{—/ hudu}
t 0

for some nonnegative process 7 > 0. This implies that the left-hand side of the above is a
supermartingale, and we see that

el_)(T)(O,YO) > EH;&(afﬂTGO dw) — E(Sge(l—a)LJ;)V’
T
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where we use (2.5) and (3.21). Similarly, we can check that

H,ﬁ(T)(i”(S/(ﬁ(T))TUo dw) = 8([{80J7%<T) +ng 0,00 ¥ )T dw) .
t

t

This implies that the left-hand side of the above is a martingale, since the integrand on the
right-hand side has a linear form with respect to Y. Therefore,
)

DY) _ E<H}%m8<5 /(ﬁ(T))TGO dw)
T

— E((SY7 exp{(1 — )Ly )7 | F2) (3.22)

L,

for any ¢ € [0, T], where we define StOT = S%/S,O and LfT = L% — LT Letting t = 0, the
optimality of #(7) € A7 follows. ’

On the other hand, suppose that y ¢ 53). Then ﬁéi) (t9) = oo and Vto = oo for some ¢,
0 <ty < T, from (3.20) and (3.22), so we deduce that Vo = oo.

We are now in a position to show the relation D, C Cl(Dy). Note that

~ 1 ~ ~ —(T)
Cl(Da) = 17 € (0. 7—): D(e,y) = 0and A(e, y) <0 =)D, . (3.23)
—
T>0

recalling that v'D > A if and only if . ATS 0 with D > 0. Let y ¢ CI(D,). From (3.23),
there exists a Ty > 0 such that y ¢ JD((X Yforall T > Tp. This implies that y & Dy, from
Lemma 3.6.

4. Conclusion

In the present paper, the maximization of the long-term growth rate of expected utility and
the maximization of the large deviation probability of beating the target growth rate in the long
run have been treated under drawdown constraints. In a general situation, the values and the
optimal strategies of the problems have been related to those of another ‘standard’ risk-sensitive-
type portfolio optimization problem. The risk-aversion parameter of utility was related to the
target growth rate, and the drawdown ratio parameter was related to the upper bound of the
risk of portfolio loss process. As an example, a model which has a ‘linear-quadratic’ structure
was studied in detail, and explicit expressions of the solutions to the problems presented.
In particular, a sufficient condition to ensure the solvability was provided by discussing the
existence of the stabilizing solution to a matrix-valued algebraic Riccati equation. A necessary
condition for the solvability was also discussed for the one-dimensional Riccati equation.
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