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Abstract  Results of Fowler and Sims show that every k-graph is completely determined by its k-
coloured skeleton and collection of commuting squares. Here we give an explicit description of the k-graph
associated with a given skeleton and collection of squares and show that two k-graphs are isomorphic
if and only if there is an isomorphism of their skeletons which preserves commuting squares. We use
this to prove directly that each k-graph A is isomorphic to the quotient of the path category of its
skeleton by the equivalence relation determined by the commuting squares, and show that this extends
to a homeomorphism of infinite-path spaces when the k-graph is row finite with no sources. We conclude
with a short direct proof of the characterization, originally due to Robertson and Sims, of simplicity of
the C*-algebra of a row-finite k-graph with no sources.
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1. Introduction

A k-graph is a combinatorial object akin to a directed graph, in which each path A
has a k-dimensional shape d(\) € N*, called its degree, instead of a one-dimensional
length. C*-algebras associated to graphs and k-graphs have attracted significant attention
recently because they at once encompass a great many interesting examples [2, 6,11,
17], and are remarkably tractable [3-5,7,12,13, 21]. Indeed, Spielberg [25] showed
how to construct every Kirchberg algebra from combinations of graph C*-algebras and
2-graph C*-algebras. However, k-graphs themselves are, from a combinatorial point of
view, substantially more complicated than their one-dimensional counterparts, and one
of the keys to using them effectively is a good visual description.
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A crucial feature of k-graphs is the factorization property, which says that, given any
path A and any decomposition d(A) = m + n, there is a unique factorization A = uv
such that d(u) = m and d(v) = n. In particular, writing eq, ..., ex for the generators of
NF if ef is a path with d(e) = ¢; and d(f) = e;, then d(ef) = e; + €;, so there is a
unique expression ef = f’'e’ where d(f’') = e; and d(e’) = e;. This is called a square of
A. We can regard the list C4 of all such squares as data associated with the skeleton of
A, which is the k-coloured directed graph E4 with the same vertices as A and with edges
Ule d~1(er), where edges of different degree are coloured with different colours.

Theorem 2.2 of [9] characterizes exactly which coloured graphs E and collections C
of squares arise from k-graphs; [9, Theorem 2.1] implies that for each such pair (F,C)
there is a unique k-graph up to isomorphism whose skeleton is £ and whose commuting
squares are those in C. The latter theorem is an existence result; it does not explicitly
describe the k-graph Agc. It is more or less folklore (and can be dug out of the proof
of [9, Theorem 2.1]) that Ag ¢ can be described along the lines outlined for k£ = 2
in [14, §6]: paths in Ag ¢ are described as paths in E in which the colours occur in
a fixed preferred order. But this is unsatisfactory because it is difficult to recognize a
path when it is written as a concatenation of sub-paths, or to decide when one path is
a sub-path of another; to do so requires tedious calculations using the collection C of
squares.

In § 4 we provide a concrete description of the k-graph Ag ¢. Inspired by the construc-
tion of 2-graphs from two-dimensional shift spaces in [18], we show that the paths in
A can be regarded as coloured-graph morphisms from a collection of model k-coloured
graphs into E. An advantage of this construction is that, under this presentation, each
path explicitly encodes all of its subpaths. In § 5 we use this to provide an explicit proof
that A is the quotient of the path category E7 of E, by the equivalence relation ~
determined by C. We then show that if A is row finite and has no sources in the sense
of [14], then the topology on the infinite-path space of A coincides with the quotient
topology on E*°/~. We also present an example showing that the corresponding state-
ment is false for boundary paths in non-row-finite k-graphs. Our final section gives a
direct and elementary proof that if A is a row-finite k-graph with no sources, then C*(A)
is simple if and only if A is both aperiodic and cofinal (see §6 for details). This result
first appeared in [21], but the proof there was indirect, proceeding via reference to the
results of [14], which were proved using groupoid technology. Since aperiodicity and co-
finality have been characterized in a number of different ways in the literature, we use
the presentations which are best suited to the description of Ag ¢ from §4: specifically,
the description of aperiodicity introduced in [21], and the cofinality condition of [15].
The key graph-theoretic component of our proof, Lemma 6.2, has already found appli-
cations elsewhere; it was precisely the statement needed to establish the Cuntz—Krieger
Uniqueness Theorem [1, Theorem 4.7] for the Kumjian—Pask algebras introduced there.

2. Background

A directed graph E = (E°, El r s) consists of countable sets E°, E' and functions
r,s: B — E°. Since all the graphs in this paper are directed, we will drop the adjective.
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We call elements of EV vertices, and elements of E' edges. For an edge e € E', we call s(e)
the source of e and r(e) the range of e. A path of length n is a sequence p = p g - -« fp, of
edges such that s(p;) = r(piy1) for 1 < i < n—1. We write |p| for the length n of u. For
v € EY, we define |v| = 0. We denote by E™ the set of all paths of length n, and define
E* := U,en E™. We extend r and s to E* by setting r(u) = r(p1) and s(p) = s(pn).
By an infinite path in E, we mean a sequence & = vjvy--- where r(v;11) = s(v;) for
all 7, and we write r(z) = r(v1). We write E* for the set of all infinite paths and call
Wg := E* U E* the path space of E.

For k € N, a k-graph is a pair (A,d), where A is a countable category and d is a
functor from A to N*¥ which satisfies the factorization property: for every A € Mor(A)
and m,n € N¥ with d(\) = m + n, there are unique elements p,v € Mor(A) such that
A = uv, d(u) = m and d(v) = n (see [14, Definition 1.1]). Elements A € Mor(A) are
called paths, and by convention we write A € A to mean A\ € Mor(A). The functor d is
called the degree map. We write r, s for the usual maps from A to its identity morphisms:
formally, 7(\) = ideoq(n) and s(A) = idgom(r)-

For m € N* and v € Obj(A), we define A™ := {\ € A: d(\) = m} and vA™ := {\ €
A™: r(A) = v}. More generally, given A € A and F,G C A, we define A\G = {\v: v € G,
r(v) =s(A)} and FA = {uX: p € F, s(u) =r(\)}, and then

FAG = | pAG = | Fav.

pner veG

A morphism between k-graphs (A;,d;) and (Ag,ds) is a functor f: Ay — Ay which
respects the degree maps. The factorization property implies that v +— id,, is a bijection
between Obj(A) and A°, allowing us to identify Obj(A) with A°. In particular, we will
henceforth regard r and s as maps from A to A°.

3. Coloured graphs and coloured-graph morphisms

Consider the free semigroup Fy, on k-generators {c, ..., ci}. A k-coloured graph is a graph
E together with a map c: E' — {c1,...,c}, which we extend to a functor c¢: E* — FZ
We write ¢ for the canonical quotient map q: IFZr — NF determined by g(c;) = e; for all
i. So each path z € E* has both a colouring c(z) € F} and a shape q(c(z)) € N*. If there
are multiple k-coloured graphs around, we write c¢g for the colour map associated with
the graph F. In this paper, we will draw edges of colour ¢; as solid lines, edges of colour
co as dashed lines, and edges of colour c3 as dotted lines.

A graph morphism 1 from a graph F to a graph F consists of functions ¢¥°: E® — F°
and ¥': E' — F! such that rp(¢t(e)) = ¥°(rg(e)) and sp(vi(e)) = ¥ (sg(e)) for all
e € E'. Given graph morphisms ¢: E — F and ¢: F — G, we write ¢ o for the graph
morphism from E to G given by (¢po1))? = ¢lot)? for i = 0,1. A coloured-graph morphism
is a graph morphism 1 such that cg(e) = cp(¥(e)) for every e € EL.

The following example describes the model k-coloured graphs which will underly the
construction used in our main theorem in §4. In the example, n + v; is a formal symbol
intended to suggest an edge of colour ¢; pointing from the integer grid point n + e; to
the integer grid point n.
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Example 3.1. For m € (NU {oco})*, we define a coloured graph Ej,, by

El,={neN:0<n<m}, E,={n+viinn+e €k}

rin+v;)=n, sn+v;)=n+e and cn+v;)=c.

Fix n+v; € E,im and m € N¥. We define (n+v;)+m := (n+m)+v;, and as a notational
convenience, if F is a coloured graph and x € E! with c¢(z) = ¢;, we sometimes write
N+ Ve(y for the edge n + v;. Given a coloured-graph morphism A: Ej ,, — E we say A
has degree m and write d(A) = m, and define r(\) := A(0) and s(A) := A(m).

Given a k-coloured graph E and distinct 4,5 € {1,...,k}, an {i,j}-square (or just
a square) in E is a coloured-graph morphism ¢: By e, ye; — E. If \: By, — E is a
coloured-graph morphism and ¢ is a square in E, then ¢ occurs in X if there exists
n € N* such that ¢(z) = A(z +n) for all @ € By e, e, -

Let E be a k-coloured graph. A complete collection of squares is a collection C of
squares in E such that, for each x € E* with c¢(z) = ¢;¢; and @ # j, there exists a unique
¢ € C such that z = ¢(v;)P(e; + vj). We write ¢(v;)p(e; + vj) ~c d(vj)d(e; + v;), so
for each c;c;-coloured path x € E*, there is a unique c;c;-coloured path y such that
x ~¢ y. If C is clear from the context, we just write x ~ y. A coloured-graph morphism
At By m — E is C-compatible if every square occurring in A belongs to C.

For p, q € N* with p < ¢, define Ej,[p,q to be the subgraph of Ej , such that

Eg,[p7q] = {TL € Nk: p <n < q}7

Eli,[p,q] = {x S E}}:,q: 8([1:),7"(1‘) S E27[p,q]}.

Given a coloured-graph morphism A: Ej ,,, — E and p,q € N* such that p < ¢ < m,
define Al ot Erg—p = E by

)“*Ek,[ (a) = Ap+a). (3.1)

The ‘x’ is to remind us that this non-standard restriction involves a translation.

We say a complete collection of squares C in a k-coloured graph FE is associative if for
every path fgh in F such that f, g, h are edges of distinct colour, the edges f1, f2, 91, g2,
hi, he and f1, 2, g%, ¢2, ', h? determined by

P,q]

2
h! A ’ I - "5 -
o‘:—o"' A :92 o'% :91
ngglfl fthh1f2 and glh1Nh292 : 92: : : : :
b | : g
gh ~higi, fhi~hafi and fig1 ~ g2f2 91:h2 R Lﬁ—:;
i»"' foy o 'th i»"'hl
(3.2)

satisfy f2 = fa, ¢° = g2 and h? = ho.
Let E be a k-coloured graph, and let m € N¥\ {0}. Let |m| := Zle m;. Fix © € E*
and a coloured-graph morphism A: Ej ,,, — E. Recall that ¢ is the quotient map from
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F; to N*. We say z traverses A if q(c(z)) = d(\) and A(g(c(z1 ... 21-1)) + Ve(zy)) = @
for all 0 < I < |m|. By definition, d(\) = m and |z| = |d(\)]. If m = 0, then x € E° and
dom(X) = {0}, and we say x traverses A if z = A(0). Observe that for any coloured-graph
morphism A and any decomposition d(\) = e;, +e;, + -+ -+ e;, there is a corresponding
path x := A0+ v;; )A(es, +viy) - - A((d(X) —e;,,) +v;,,) which traverses A; in particular,
for every finite coloured-graph morphism A there is a path which traverses .

We can also make sense of infinite coloured paths which traverse infinite coloured-graph
morphisms. If + € E* and A: Ey, — E is a coloured-graph morphism of non-finite
degree (so p € (NU {oo})* \ N¥), then we say that z traverses \ if xy---x, traverses
M By a0, for every n € N.

Remark 3.2. Let £ be a k-coloured graph and let A: Ej ,,, = E be a coloured-graph
morphism where m € N*. Fix p < m. If z € E* traverses )\|[0’p] and y € E* traverses
Al mps then d(A) = m =p + (m — p) = q(c(x)) + q(c(y)), and for | < |zy| = |z] + |y| we
have

Mopi(ale(ar - 21-1)) + ve(a),) if 1 < |z,
)\‘Fp,m] (q(c(yr -~ Yi—p-1)) + Ve(y,_,)) otherwise,

B {xl if I < |z,

yi—p otherwise,

Ald((zy)1 -~ (@y)i-1) + Ve(ay))) = {

so xy traverses A.

4. From k-coloured graphs to k-graphs

In this section we present an explicit description of the unique k-graph associated to a
k-coloured graph E and a complete collection C of squares in E that is associative (see
Theorem 4.4).

We begin by showing how a k-graph defines a skeleton and a collection of squares. If A
is a k-graph, A € A and m < n < d(A), then we write A(m, n) for the unique element of
A™=™ such that A = N A(m,n)\" with d(A") = m and d(A\") = d(X) — n. We write A(n)
for s(A(0,n)) € A°.

Definition 4.1. Let A be a k-graph. We define a coloured graph E, and a collection
C. of squares associated to A as follows. Let E, be the k-coloured graph with E% =
{v:ve A%, EY = Ule{f: fe A} and ¢(f) = ¢; <= d(f) = e;. Define 7: ES — A
by 7(0) = v and 7: E} — A by 7(f) = f, and extend this to a map 7: E% — A by
7(fi- - fu) = fi--- fn. For distinct 4,7 < k and A € A%7T¢ define a coloured-graph
morphism ¢ : Ey e, 1e; — Ea by

#S(n) = Xn) and oy (n +v;) == A(n,n + e;). (4.1)

Let Cq := Ui<j<k{¢>\: A € A¢itei} We call B the skeleton of A.
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Lemma 4.2. Let A be a k-graph. Fix distinct i,j < k and A € A%t . Then ¢, is the
unique coloured-graph morphism from Ej ¢, ., — E4 such that

T(aA(0 + vi)oalei +v5)) = A = 7(Pa(0 4 v;)Pale; + vi)). (4.2)
Moreover, C, is a complete collection of squares in E, that is associative.

Proof. Fix distinct 4,7 < k and A € A%¢ . Then

7T((Z5)\(0 + ’Ui)d))\(ei + ’Uj)) = W()\(O, 67;) )\(61', €; + 6]')) = )\(0, 67;))\(61'7 €; + Ej) =\

The symmetric calculation shows that m(¢x(0 + v;)¢ar(e; + v;)) = A. Hence ¢y sat-
isfies (4.2). To see that it is the unique such coloured-graph morphism, suppose that
f € ¢c1(i) and g € ¢ (j) and 7w(fg) = A. Then the factorization property forces
7(f) = XO0,e;) and 7(g) = A(e;,e; + €;). Since 7 is injective on EY, it follows that
F=X0,¢) =x(0+v;) and g = A(e;,e; +¢;) = pale; +v;). A symmetric argument
applies with ¢ and j interchanged, and this proves the first statement of the lemma.

To see that the collection C, is complete, fix f,g € EY with s(f) = r(g) and c(f) #
c(g), say ¢(f) = ¢; and ¢(g) = ¢;. Then n(f) € A% and 7(g) € A%, so w(fg) € AT,
and the factorization property ensures that fg traverses ¢.(rq). Moreover, if A € A%+
is another path such that fg traverses ¢, then

A= X0,ei)A(ei, e; +ej) = m(Ppa(0 + vi)palei +v5)) = 7(fg),

SO @r(tg) 18 the unique element of C4 such that fg traverses ¢r(rq). For the associativity
condition, suppose we have f, g, h, f*, g*, h* and f;, g;, h; as in (3.2). By associativity
of composition in A, we have

7(hagafo) = w(fgh) = w(h*g* f?),

so the factorization property in A forces w(hy) = m(h?), 7(g2) = 7(g?) and 7 (f2) = w(f?).
Since 7 is injective on EY, it follows that he = h?, go = g% and fo = f2, as required. O

Notation 4.3. Let E be a k-coloured graph and let C be a complete collection of
squares in E that is associative. For each m € N¥ we write AZLE ) for the set of all
C-compatible coloured-graph morphisms Fy, ,,, — E. Let

Awey= U Aoy

meNk

Let d: A(g,c)y — N* and 7, s: Ay — A% be as defined in Example 3.1. For v € E° we
define A\,: Exo — E by A\,(0) = v, and for 1 < i < k and f € E' with ¢(f) = ¢; we
define A\y: B ., = E by Af(0) =r(f), Ar(e;) = s(f) and A (0+v;) = f.

Our first main theorem shows that the notation above describes a k-graph whose
skeleton is isomorphic to £ under an isomorphism which carries the commuting squares
of A to the elements of C.
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Theorem 4.4. Fix a k-coloured graph E and a complete collection of squares C in E
that is associative. If yi: Ey ,, = E and v: Ey,, — E are C-compatible coloured-graph
morphisms such that s(i) = r(v), then there exists a unique C-compatible coloured-graph
morphism pv: Ey min — E such that (uv)|g, ,, = p and (“V)|*Ek.[m,m+n] = v. Under this
composition map, the set A = Ag ) of Notation 4.3, endowed with the structure maps
defined there, is a k-graph. There is an isomorphism p: E — E, such that p°(v) = )\,

for all v € E° and p*(f) = \s for all f € E'; this p satisfies po ¢ € C4 for all ¢ € C.

Our second main theorem says that the k-graph A(g ¢) is uniquely determined, up to
isomorphism, by the isomorphism class of (E,C).

Theorem 4.5. Fix a k-graph I', a k-coloured graph E and a complete collection
C of squares in E that is associative. Suppose that ¢»: Er — FE is a coloured-graph
isomorphism such that ¢ o ¢ € C for all ¢ € Cp. Then for each v € I' there is a
C-compatible coloured-graph morphism 0.,: Ey, 4,y — FE such that

GS(m) =" (y(m)) form € Eg’d(w), (4.3)
9}/(m +v;) =P (y(m,m +e;)) form+v; € Eli,d(v)' (4.4)

Moreover, the map 0: y +— 0., is an isomorphism I = A ¢).

The key technical result which we need to prove Theorems 4.4 and 4.5 says that
every path in the coloured graph F determines a unique element of A. We first use the
associativity condition to prove this in the special case of a tri-coloured path of length 3,
and then deal with arbitrary paths using an inductive argument.

Lemma 4.6. Let E be a k-coloured graph and let C be a complete collection of squares
in E that is associative. If f,g,h € E' are of distinct colour and fgh is a path in E,
then there is a unique C-compatible coloured-graph morphism \: Ej, q(yqny — E such
that fgh traverses \.

Proof. The completeness of C implies that there exist paths f?, ¢°, h? and f;, ¢;, h;
satisfying the equations in (3.2). Let A be the coloured-graph morphism such that each
of fgh, fhig1, hafigr, hogofs, g* f'h and g'h! f2 traverses \. Associativity of C ensures
that A is C-compatible. Since the values of the f, ¢*, h* and f;, g;, h; are determined by
f, g, hand C, if fgh also traverses p, then = A. |

Proposition 4.7. Let E be a k-coloured graph and let C be a complete collection
of squares in E that is associative. For every x € E* there is a unique C-compatible
coloured-graph morphism A : Ej, 4,y — E such that x traverses A;.

Remark 4.8. The notation of Proposition 4.7 is consistent with that of Notation 4.3,
since A\, and Ay (see Notation 4.3) are the unique morphisms such that v traverses \,
and f traverses Ay.

https://doi.org/10.1017/50013091512000338 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091512000338

582 R. Hazlewood and others

Proof of Proposition 4.7. We prove this by induction on |z|. If |z| = 0, then the
result is trivial.

Now suppose as an inductive hypothesis that, for every y € E* with |y| < n, the path
y traverses a unique coloured-graph morphism A, : Ej, q4¢,) — E. Fix a path x € E* with
|z| = n + 1, and write x = yf, where f € E', with ¢(f) = ¢;, say.

Let m := q(c(y)). By the inductive hypothesis, y traverses a unique C-compatible
coloured-graph morphism A,. We complete the proof by consideration of three cases:
Hj#i:m; >0} =0, {j#i:m; >0} =1and [{j #i:m; >0} >2.

Suppose first that [{j # i: m; > 0}| = 0. Then Ej q) = Ekm U Ej [ m+e,], SO the
formulae

Ael B = Ays Ae(m+v) =f and  Ag(m+e;) = s(f) (4.5)

completely specify a coloured-graph morphism A, such that = traverses A,. Furthermore,
Az is the unique such coloured-graph morphism: if x also traverses u, then u satisfies the
formulae (4.5). This completes the proof when [{j # i: m; > 0}| = 0.

Suppose for the rest of the proof that |[{j # i: m; > 0}| > 1 (we will consider separately
later the cases [{j # i: m; > 0} =1 and [{j # ¢: m; > 0}| > 2). Then

Ek,erei = Ek,m U ( U Ek,ereiej) U ( U Ek,[m—ejﬂ,m+ei]> (46)

j#i,m; >0 j#i,m; >0

(the union here is taken inside the enveloping graph Ej; ¢, and is not a disjoint union;
for example, Bk mte;—e; VEkmie;—e; = Ek,m_-s-ei—ej—ez)- For each j # i such that m; > 0,
fix, for the remainder of the proof, a path 27 which traverses \,| Eiom—e,

Claim 4.9. Suppose that j # i satisfies m; > 0. Let ¢’ be the unique square in C
traversed by \,((m — €;) +v;)f. Let g7 = ¢7(0 4+ v;) and b/ = ¢J(e; + v;), so g'h! ~
Ay((m—e;)+v;) f. Then there is a unique coloured-graph morphism X : Ej, ¢, e, — E
such that >\j|Ek,m_ej = NylBy ., and N((m—e;)+v;) =g

To prove Claim 4.9, observe that |27¢g7| = n, so the inductive hypothesis implies that
27g7 traverses a unique C-compatible coloured-graph morphism M. Since z7 traverses
both M| Bim-c; a0d Ay|p, .., the inductive hypothesis implies that the two are equal.
This proves Claim 4.9.

Suppose now that |[{j # i: m; > 0}| = 1; let j be the unique element of this set. Then
Claim 4.9 and (4.6) imply that there is a well-defined function A;: Ej mye, — E such
that

)\m‘Ek,m = )‘yv )\z|Ek,m+ei—ej =M and )\a:r;ﬂk[

=4 (4.7)

This A, is C-compatible by construction, and z traverses A,. For uniqueness, fix a
C-compatible coloured-graph morphism p traversed by x. Then z/¢’h7 traverses pu.
Hence y traverses /g, ,, and 27 g7 traverses p Eiom—cjte;" The inductive hypothesis forces
ulE,.,, = Ay and N|Ek,m_ej+ei = M. That p is C-compatible implies that

m—e; ,m+te;

* — 4
M|Ek,[m—6j,m+ei] - (b :
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So p = A,. This proves the lemma when there is a unique j # ¢ such that m; # 0, as
claimed.

We now consider the last remaining case: suppose that there are at least two distinct
J,1 # 4 such that m;, m; > 0.

Claim 4.10. For distinct j,l # i with mj;, m; # 0, we have

7 !
A |Ek,7n+eifejfel =A |Ek,7n+eifejfel'

To establish Claim 4.10, observe that since ¢, j, [ are all different, Lemma 4.6 implies
that Ay((m —e; —e) + v)Ay((m — e;) + v;)f traverses a unique C-compatible graph
morphism 7!, We show that

. i . ol
AJ|*Ek,[mfclfcj,m+ci7cj] :,(/)] |Ek,€z‘+ez and A ‘Ek,[mfclfej,m+ _wj |E’€vei+€j' (48)

ei—eq]

By symmetry, it suffices to establish that
J|* N/
)\ ‘Ek‘[m—el—ej,wH»eifej] - w |Ekv“z‘+el !

Since A, ((m — e;) +v;)f ~ g’h’, and since 7! is a C-compatible coloured-graph mor-
phism,

Ay((m —ej —e)) +u)g’h? =N ((m—e; —e) +v)N ((m — ¢;) +vi)h?
traverses 47!, Since C is a complete collection of squares,

. o il
)\J‘Ek,[ ] - 1/)j |Ek,ei+el'

7rzfelfej,m+ei—ej

This proves (4.8).
To complete the proof of Claim 4.10, note that

J — _ 1\l
A |Ek,mfejfel - Ay|Ek,mfejfel =A ‘Ek,mfejfel'

Suppose that z traverses this morphism. Equation (4.8) implies that z¢7!(0+wv;) traverses
each of M|g, . tey—e;—e, a0d A . The inductive hypothesis now establishes
Claim 4.10.

For j # i such that m; > 0, let ¢/ and M be as in Claim 4.9. Then Claim 4.10 implies
that the formulae

|Ek,7n+eifejfel

/\z|Ek,m = >‘y|Ek,m7 Az|Ek,7n+eifej =N and >‘I|TE,€,[ =¢

anej.?n#»ei]

determine a well-defined coloured-graph morphism A\;: Ej m+e, — E. Moreover, A; is
C-compatible because each square occurring in A, occurs in A, in one of the M or in one
of the ¢7.

To see that A, is the unique C-compatible coloured-graph morphism which x traverses,
fix a C-compatible coloured-graph morphism p traversed by x. Then y traverses u|g, ,,,
so the inductive hypothesis implies that u|g, ,, = Ay. Fix j # 4 such that m; > 0. That C
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is a complete collection of squares and that Ay ((m —e;) +v;) f traverses u|p, e
implies that ’

ymteq]

* — 4
/“L|Ek,[m—ej,m+ei] - (b :

In particular, u((m —e;) +v;) = ¢/, and hence 27 ¢ traverses M|Ek,mfej+ei- The inductive
hypothesis forces N|Ek,m+erej = M. It now follows from (4.6) that pu = \,. O

Corollary 4.11. Let E be a k-coloured graph and let C be a complete collection
of squares in E that is associative. If u: Ey ,, — F and v: E},,, — E are C-compatible
coloured-graph morphisms such that s(u) = r(v), then there exists a unique C-compatible
coloured-graph morphism pv: Ej, ,, — E called the composition of ;1 and v such that

(/“/)|Ek,m = p and (uy)|Ek,[m =v

,mnl

Proof. Fix x,y € E* such that x traverses y and y traverses v. Proposition 4.7 implies
that zy traverses a unique C-compatible coloured-graph morphism pv. Then x traverses
(uv)|E, ,, and y traverses (uv)
and ()i, 0

Moreover, if A is any other coloured-graph morphism such that A|g,,, = p and
)‘|*Ek,[m,m+n] = v, then Remark 3.2 shows that xy traverses A\ and uniqueness in Proposi-
tion 4.7 forces A\ = pv. (]

so Proposition 4.7 implies that (uv)|g, . = p

‘*
E . im,m+n]’
= V.

Remark 4.12. Let E be a k-coloured graph and let C be a complete collection of
squares in E that is associative. Fix m < n in N*¥ and suppose that \: Eyn, - E
is a C-compatible coloured-graph morphism. Corollary 4.11 implies that p:= A|g, ,,
and v := A, - satisfy uv = A. Suppose that W:Egm — Eand vV': Eg,_ .y — FE
are another two C-compatible coloured-graph morphisms such that p/v’ = A. Then
w = Mg, =pand v = )\|*Ek oy =V So i and v are the unique coloured-graph mor-
phisms with d(p) = m, d(v) =n and A = pv.

Corollary 4.13. Let E be a k-coloured graph and let C be a complete collection of
squares in E that is associative. If \: Ey,; — E, p: Ey ., - E and v: Ey,,, - E are
C-compatible coloured-graph morphisms such that s(\) = r(u) and s(u) = r(v), then

Mpv) = (Ap)v.

Proof. Fix z),z,,2, € E* such that x) traverses A, x, traverses u and z, tra-
verses v. Repeated applications of Remark 3.2 show that z,z, traverses Au. Hence
LAz, = (Tazy)T, traverses (Ap)v. Similarly, zaz,z, = xa(z,x,) traverses A(uv).
So Proposition 4.7 implies that (Ap)v = A\(uv). O

Proof of Theorem 4.4. The first statement of the theorem is precisely Corollary 4.11.
We must check that A is a category. For composable p, v we have

s(uv) = () (A1) = ) By g aio s aoy (@) = V(A1) = s(v),

and similarly r(uv) = r(u). Associativity of composition follows from Corollary 4.13. For
v € EY we have r(\,) = A\, (0) = v and s(\,) = Ay (d(N\y)) = Ay (0) = v. Moreover, if
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r(pu) = Ay and s(v) = Ay, then Remark 4.12 implies that g = A, and v = vA,. Hence A
is a category.

Since N¥ as a category has only one object, d trivially respects r and s. It follows
immediately from the definition of composition (see Corollary 4.11) that d respects com-
position. So d is a functor. Remark 4.12 shows that d satisfies the factorization property.
So (A,d) is a k-graph.

It remains to show that p defines an isomorphism of E with F4 and that po ¢ € Cy
for each ¢ € C. The map v — A, is a bijection. We established above that f — Af
is a range- and source-preserving bijection between ¢1(¢;) C E! and A%. We defined
Ei={f:fe€ Ule A%} (see Definition 4.1). For each f € E', Ay is the unique coloured-
graph morphism traversed by f, and A\; € EY satisfies cp,(A\f) = ¢; = c(f), r(\s) =
Ar(0) = A (py and s(Af) = Af(e;) = Ag(p)- Since p' is bijective, the pair (0%, p'): E — E,
is an isomorphism of coloured graphs. To see that p preserves squares, fix ¢ € C. Then
p o is the square ¢, of (4.1) and hence belongs to CA(p.c) as required. g

Proof of Theorem 4.5. For v € I" define 6,: E},,, = E as in (4.3) and (4.4). Then
(0 (m + ;) = r( (y(m,m + €;))) = ¢ (y(m)) = 09(m) and similarly at the source,
so 0., is a graph morphism. Since 1! preserves colour, we have

CE(Q}Y(m +v;)) = CE(wl(fY(ma m+e;))) = cpr(y(m,m+e;)) =c; = CEk a(y) (m +v;),

so 0, is a coloured-graph morphism.

To see that 6, is C-compatible, fix a square o occurring in 6. Then there exist
m € NF and i,j < k such that a(z) = 0,(z + m) for all z € Erpeiye;- Let A =
v(m,m + €; + €;). Then a’(n) = 6%(m + n) = Y°(A(n)) for 0 < n < e; + ¢;, and
o (n+wv) =05 (m+n+wv) =y (An,n+e)) whenever n,n + ¢; < e; + e;. That is,
a =1 o ¢y, where ¢y € Cr is as in Definition 4.1. By hypothesis, that ¢, € Cr implies
that a € C, and hence 0, is C-compatible. Hence 6, € A‘(ig’)c).

The assignment « + 0, is a degree-, range- and source-preserving map 6: I' — A(g ¢).
To see that 6 is injective, fix v, € I" and suppose that 6, = 6.,,. Write v = v1-- -,
where each d(vy;) =ej,, and v/ = 7] -- -4, where each d(v]) = d(v;). For i < n define
pi = 22‘:1 d(v;). Then, for each i < n,

O () = 0} (pi—1 +vj,) = 9# (pi—1 +v;,) = V().
Since ¢! is injective, it follows that 7; = 77’ and hence 7; = /. So 0 is injective.

To see that ¢ preserves composition, fix 7,7 € I" with s(y) = 7(7'), and fix paths
VY A1) - Y () and 1 (v]) -1 (7)) which traverse 6., and 6.,. Then
D) Tt (h) vt (o)
traverses both 6., and 6,60,.. So 6., = 0,0, by Proposition 4.7. So 6 is a functor.
To see that 0 is surjective, fix A\ € A(g ¢y and a path f; - f;, which traverses A\. Then
each f; € E', and since ! is surjective, each f; = 1!(g;) for some g; € Ex. Each g; = 7;
for some 7; € I'. Let v := 41 - - V. Then f1 -+ frn = Y1 (1) - - ¥ (Fm) traverses both A

and 6. So Proposition 4.7 implies that 6, = A and hence 6§ is surjective. Thus 6 is an
isomorphism I' = A (g c). O
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5. Topology of path spaces

In [16, Proposition 4.3] the authors appeal to general category-theoretic results [23] to
see that, given a k-coloured graph E and a complete collection of squares C in E that
is associative, the corresponding k-graph A(gc) is isomorphic to the quotient of the
category E* under the equivalence relation ~ generated by

U {(z,y) € E"™ x E™: there exists ¢ < n such that
n22 xj = y; whenever j & {i,i+ 1} and z;xi41 ~c Yi¥it1}. (5.1)
We start this section with a direct proof of this assertion by showing that each equivalence
class for ~ is the set of paths which traverse some A\ € A(g ). We show that the quotient
map extends to a surjection from the space of all paths in E to the space of all paths
in A.

We then restrict attention to k-graphs which are row finite with no sources in the
sense that 0 < [vA%| < oo for all v € AY and i < k (see [14]). In this context, the space
A of infinite paths in A (see Remark 5.3 for a precise definition)—under the topology
with basic open sets Z(u) := {z € A®: 2(0,d(n)) = p} indexed by p € A—is a locally
compact Hausdorff space. Furthermore, it is the unit space of the groupoid G, used to
define C*(A) in [14].

We show that A% is the topological quotient of the space

0°FE :={x € E*: |{i: ¢(z;) = ¢;}| = oo for each j < k}. (5.2)

We also show that 9°F is a closed subspace of E°°. Lastly, we present an example which
shows that these results do not necessarily hold if A is not row finite.

The following elementary lemma can be deduced from more general results in the
literature (see, for example, [10, Theorem 3.9]), but we provide a straightforward proof
for completeness. Recall that ¢ denotes the quotient map from IF? to NF.

Lemma 5.1. Fix w,w’ € F; and suppose that q(w) = q(w’). Then there is a finite
sequence (w')™, in IF: such that w' = w, w™ = w’, and for each i < m there exists
ji < |w| such that w} = wi™" for I € {j;,j; + 1}, W' = w;t}l and wh | = ;H

Proof. The result is trivial if |w| = 0. Suppose |w| > 1 and the result holds for words
of length |w| — 1. Since g(w) = g(w’) there exists j such that w; = w]. Let

2
w =Wy W 2W;jW5 -1 W41+ ’Ll}‘w|7

3 _
w =wp--- ijj,gwj,leﬂ e U}‘w|,
J o a0 - e s . AT
W = Wjw Wi 2W W1 Wiy
— ! / / ] / ! YA
Let © = wy -+ wj_2w;j _1wj11 - W)y and ' = wy - Wy Then v/ = wiz, w' = wia',

q(z) = q(«') and |z| = |w| — 1. Apply the inductive hypothesis to z and 2’ to obtain
xl ... 2" The sequence wl, ... w?, wiz?, ... wiz" has the desired properties. O
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Proposition 5.2. Let F be a k-coloured graph and let C be a complete collection
of squares in E that is associative. Let ~ be the equivalence relation on E* gener-
ated by (5.1). For x,y € E*, we have x ~ y if and only if x and y traverse the same
C-compatible graph morphism X. The structure maps s([z]) := s(x), r([z]) = r(z),
d([z]) := g(c(x)) and [z][y] := [zy] are well defined on E* /~, and under these operations
E* [~ is a k-graph which is isomorphic to Ag c).

Proof. For a pair (z,y) as in (5.1), we have r(z) = r(y), s(x) = s(y) and g(c(x)) =
q(c(y)), so the formulae s([z]) := s(z), r([z]) := r(z) and d([z]) = ¢(c(z)) are well
defined.

If x ~ y, then there is a finite sequence of pairs (z!,2'*1), 1 <1 < m — 1, each of
the form described in (5.1), such that 2' = z and 2™ = y. So it suffices to fix (z,y) as
in (5.1) and show that z and y traverse the same C-compatible coloured-graph morphism.
For this, let ¢ be the square in C traversed by x;z;+1 and hence also by y;y;+1. By
Proposition 4.7, x1 - - - ;1 = y1 - - - y;—1 traverses a unique C-compatible morphism y and
Tiya Ty = Yiyo - Yn traverses a unique C-compatible morphism v. By Corollary 4.11,
there is a unique C-compatible A = pu¢r which agrees, upon restriction, with u, ¢ and v.
Each of z and y traverses this A.

Now suppose that x and y traverse a common C-compatible morphism A. Then, in
particular, q(c(a:)) = ¢(c(y)). By Lemma 5.1, there is a finite sequence (w®)™; in F}
such that w! = c(z), w™ = c(y), and for each i < m — 1 there exists j; < || such that

wi = le'l for I & {j;,7: + 1}, and w = wf_&l and wj = wé:"l For each i, let 2¢ be
the path which traverses A such that c( Yy = w', and for each i < m and [ < |z|, let
pj := q(c(a} -+~ x})). Then for each i < m, both zf---z% | and ot ;Hl traverse

)\(O,p;i_l), so they are equal, and likewise
P i il it
T2 Tla| = T2 Tig| -

Moreover, both z’ % |, and mz+1x;+_& p pi which, since A is C-com-
=12

patible, belongs to C Thus the pair (z%, z+1) is a palr of paths as in (5.1), and it follows
that x ~ y as required.

By the preceding two paragraphs, the assignment p: A — [z] for any x which traverses
A is a well-defined bijection from A(gcy to E*/~ which preserves range, source and
degree. By definition of composition in A(g ), if * traverses p and y traverses p, then
xy traverses Au. So if [z] = [2/] and [y] = [¢/], then = and 2’ both traverse u, and y and
y’ both traverse v, so xzy and z'y’ both traverse uv. Thus

[zy] = p(pv) = [2'y],

showing that the composition on E*/~ is well defined. So p is a degree-preserving bijective
functor, and hence an isomorphism of k-graphs. g

We recall the k-graphs (2 ,,, described in [19, Examples 2.2]. For m € (N U {oo})*,
define (24, to be the category with Obj(£2r.m) = {n € NF:n < m}, Mor(£2% ) =
{(p,q) e N*xN": p < g <m}, s(p,q) = ¢, 7(p,q) = pand (p,q)(¢,7) = (p, ). Then, with
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d(p, q) = q—p, the pair ({24 i, d) is a row-finite k-graph. By convention, 2, = 2 (sc,...,00)-
Note that there is only one possible complete collection of squares C in the k-coloured
graph Ej ,,; this collection is also associative, and the k-graph Ag, . ¢ of Theorem 4.4
is isomorphic to 24 .

Remark 5.3. Let A be a k-graph. For m € N*, the factorization property gives a
bijection A — x between A™ and the set of graph morphisms from (2}, ,,, to A: for A € A
and p < g < d(X), xA(p, q) is the unique element of A?~P such that A = Nx(p,q)\" for
some )\, \". By analogy, for m € (NU{oo})*, we call a k-graph morphism z: 2}, — A
a path of degree m in A, and we write d(z) for m and r(x) for x(0). We continue to
denote the collection of all such paths by A™. It is conventional to identify A with x,
and in particular to denote x)(p,q) by A(p,q), so A = A(0,p)A(p, ) A(g, d()\)) whenever
0<p<q<d).

We shall write W, for the path space W, := Ume(Nu{oo})k A™ of A.

Proposition 5.4 (cf. [14, Remarks 2.2]). Let E be a k-coloured graph and let C
be a complete collection of squares in E that is associative. The map x +— A\, from E* to
A = Ag ) of Proposition 4.7 extends uniquely to a degree-preserving map w: Wg — Wy
such that, for x € Wg and i € N with i < |z|, 7(2)(0,d(z1 - 2;)) = Ag,...s,. Moreover,
T is surjective.

Remark 5.5. We have used the same symbol 7 both for the map from Wg to W,
of Proposition 5.4, and for the map from E, to A of Definition 4.1. This notation is
consistent because Theorem 4.4 yields a coloured-graph isomorphism E = FE, which
carries elements of C to elements of C,4.

Proof of Proposition 5.4. For x € Wg and m < n < d(z), let j be the least element
of N such that d(z; - - - x;) > n, and define 7(x)(m,n) := A Proposition 4.7
implies that, for j <[, we have

‘*
T1-Xj Ek,[m,n] .

Azy oo ‘Ek.d(xlu-mj) = )‘1?1--'56.7’ :

Hence m(z)(0,d(z1---2;)) = Agy..r; for all j < |z]. The factorization property in A
implies that 7(x) is a k-graph morphism from 2, 4(,) to A. For uniqueness of 7, observe
that, by uniqueness of factorizations in A, any y € W, such that y(z1 - x;) = Agy.oa,
for all i < d(x) must satisfy y(m,n) = Az, ..a; |*Ek,[m,‘n] whenever d(zq - --z;) = n.

To see that 7 is surjective first note that if A € A then any path z which traverses
A satisfies 7(z) = A. So fix y € Wy \ A. Fix a sequence (m;)32, such that mo = 0,
mjy1 —my € {e1,...,ex} for all j and \/,cym; = d(y). For each j € N, define z; :=
y(mj_1,m;) € E*. Then = 125 --- € Wg, and w(z)(m,n) = y(m,n) for all m, n by
uniqueness of factorizations in A, so 7(z) = y. O

If m: Wg — Wy is the surjection of Proposition 5.4, then Proposition 4.11 implies that
m(z)m(y) = w(xy) when x and y are finite with r(y) = s(x).

Now let A be a row-finite k-graph with no sources. Recall that A*° is the collection of
k-graph morphisms from (2, to A, and 9°F is the collection of infinite paths in F which
contains infinitely many edges of each colour.
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Remark 5.6. Let E be a k-coloured graph and let C be a complete collection of
squares in E that is associative. Let A = A(g ¢y be the corresponding k-graph as in
Theorem 4.4. Identify A° with E°. Then for each v € A° and i < k, we have |vA®
[{e € E': r(e) = v and c(e) = ¢;}|. Hence A is row finite and has no sources if and only
if0<|{e€ E':r(e) =v and c(e) = ¢;}| < oo for all v € E° and i < k.

Recall that if A is a row-finite k-graph, then the topology on A* has basic open sets
Z(p) ={z € A*°: 2(0,d(p)) = v} indexed by pu € A and is a locally compact Hausdorff
topology. If E is a k-coloured graph and C a complete collection of squares in F such
that A(g ) is row finite with no sources, then E is also row-finite and has no sources. So
the sets Z(y), where y € E*, form a basis for a locally compact Hausdorff topology on
E*°, and we endow 0°F with the subspace topology.

Proposition 5.7. Let FE be a k-coloured graph and let C be a complete collection of
squares in E that is associative. Let A = A(g ¢) as in Theorem 4.4. Suppose that A is row
finite and has no sources. Then the surjection of Wg onto W, of Proposition 5.4 restricts
to a surjection m: O°E — A>. Moreover, U C A> is open if and only if 7=1(U) C 0°E
is open.

Proof. That 9°F is precisely m~!(A°°) follows from the definitions of the two sets and
of m. Since 7: Wg — W, is surjective, it follows that its restriction to 9°F is surjective
onto A°.

Suppose that U is open in A%, and fix x € 7~ }(U). We seek a basic open set B,
in 9°E such that * € B, C 7 1(U). Since U is open, there exists u € A such that
m(x) € Z(u) C U. Fix n € N such that ¢(c(z1 -+ x,)) > d(p). Then 7w(xy -+ - zy,) € Z(1).
Let y, = @1+ @p. Then x € Z(y,). To see that Z(y,) C 7 1 (U) fix y € Z(y.), say
y=1y.y. Then n(y) = w(z1 - 2ny’) = w(x1 - 20)7(y') € Z(p) C U, s0 y € 7= 1(U) as
required.

For the reverse implication, suppose that 7=(U) is open in 9°F and fix A\ € U. We
seek a basic open set B) such that A € By C U. Fix x € E* which traverses A. Then
x € °FE, and = € 71 (U) which is open. Hence there exists a basic open set B, € 0°F
such that z € B, C 7~ 1(U). So B, = Z(y,) for some y, € E*, and

A=) = 7(yoa') = 7y (@) € Z(rly)).

To see that Z(m(y,)) C U, let p € Z(n(yg)). Write p = m(y,)p', and let z,, be a
path in E* which traverses y/. Then y,x,, € Z(y,) C m '(U), which implies that
p=m(ysx) €U. O

Proposition 5.7 implies that, when Ag ¢ is row finite with no sources, the topology on
A is the quotient topology inherited from 9°F under m. In particular, 7 is continuous.

The role in the proof of Proposition 5.7 of the hypothesis that A is row finite and has
no sources is not readily apparent. Indeed the proposition is valid for arbitrary k-graphs
A when A% is endowed with the topology with basis {Z(u): p € A}. We have included
the hypothesis because, from the point of view of C*-algebras associated to higher-rank
graphs, the result is only interesting for row-finite k-graphs with no sources. We close the
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section by discussing why this is, what would be the corresponding result for arbitrary
k-graphs and why it does not hold.

When A is row finite with no sources, A*° is homeomorphic to the unit space of
the groupoid G4 of [14]; it is also homeomorphic to the spectrum of the commutative
subalgebra of C*(A) spanned by the projections sys} (see [26] and the opening of §6).
If A is not row finite, this is no longer the case: A°° need not even be locally compact.
To see this, suppose that A is the 1-graph with one vertex and infinitely many edges
{fi: i € N}. Given any z € A*, any neighbourhood of x contains Z(z; - - - ,,) for some
n, and the cover Z(z1 - x,) = sy Z(x1 -+, f;) has no finite subcover.

Instead, given a finitely aligned k-graph, let

AS® = {x € W,: there exists n

(n<p

d(x) such that
d(z) and p; = d(x);) implies z(p)A® = 0} (5.3)

NN

as in [20]. Endow W, with the topology with basic open sets Z(u \ G) := Z(u) \
(Uxeg Z2(pA)), where p1 ranges over A and G ranges over all finite subsets of s(u)A.
Then the unit space dA of the groupoid G4 constructed in [8] is the closure of AS* in
W y; this is also homeomorphic to the spectrum of span{sysy: A € A} [26]. So the natural
question to ask for finitely aligned k-graphs is whether this topology on 04 coincides with
the quotient topology determined by the surjection 7: 7=1(9A) — 9A, where m~1(9A)
is given the relative topology coming from Wg.

Example 5.8. Let E be the 2-coloured graph:

Bi
 f g
\ . v
U‘t//p
(247

Let C be the collection of graph morphisms A;: Ey 1,1y — E such that a;g and f3;
both traverse \; for each . This is a complete collection of squares in E. Since E
has only two colours, C is associative. Let A be the 2-graph constructed from (FE,C)
as in Theorem 4.4, and let 7: Wy — W, be the surjection of Proposition 5.4. Then
() AS® = ALY = {\;: i € N} and 7(a;g) = \; = 7(f ;) for all i.

We claim that ;g — v in Wg but that A; — 7(f) in Wy. To see that a;g — v in W,
fix a basic open set Z(y \ F') C E* containing v. Then y = v. Since F is finite, there
are only finitely many ¢ such that either «; or ;g belongs to F. Let Ny := max{i: o; €
F or a;g € F}. Then ay,g € Z(v \ F) for all n > Ny, whence a;g — v as i — oo.

To see that A; — 7(f) in Wy, fix a basic open set Z(p \ G) C A containing 7 (f).
Then either u = 7w(f) or p = 7w(v). We show that \; € Z(u \ G) for large . First
suppose that 4 = w(f). Then G is a finite collection of paths of the form m(3;). Let
N1 = max{i: 7(5;) € G}. Then A\, = n(fB,) € Z(n(f)\G) for all n > N;. Now suppose
that p = 7(v). Since G does not contain w(f), it is a finite subset of {m(a;), A;: ¢ € N}.
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Let Ny = max{i: m(c;) € G or \; € G}. Then A, € Z(w(v) \ G) for all n > Ny. Hence
Ai = w(f) as i — oo.
We now have m(lima;g) = w(v) # 7(f) = lim A\; = lim w(a;g), so 7 is not continuous.

6. Simplicity of C*-algebras of higher-rank graphs

Suppose that A is a k-graph which is row finite and has no sources. For such A, a Cuntz—
Krieger A-family in a C*-algebra B consists of partial isometries {t): A € A} satisfying
the Cuntz—Krieger relations [14]:

(CK1) {t,: v € A} are mutually orthogonal projections;
(CK2) ta, = tat, for all A\, pp € A with s(X) = r(p);
(CK3) t5tx =ty for all X € A; and

(CKA4) ty, =3y cpam tat} for all v € A% and m € N¥.

The graph C*-algebra C*(A) is the C*-algebra generated by a universal Cuntz—Krieger
A-family {sy: A € A}; it follows from [14, Proposition 2.11] that each vertex projection
S, 1S non-zero.

As in [21], we say that A is aperiodic if for every vertex v € A° and each pair m #n €
N* there is a path A\ € vA such that d(\) > m VvV n and

A(m,m +d(X) — (mVn)) # An,n+dA) — (mVn)).

Lemma 3.2 of [21] implies that this formulation of aperiodicity in terms of finite paths
is equivalent to the aperiodicity condition used in [14]. So the next theorem follows
from [14, Theorem 4.6).

Theorem 6.1 (Cuntz—Krieger Uniqueness Theorem). Let A be a row-finite,
aperiodic k-graph with no sources. Suppose that {tx: A € A} is a Cuntz—Krieger A-family,
and let m be the homomorphism of C*(A) such that w(sy) =ty for all A € A. If each t,
is non-zero, then 7 is faithful.

The proof of this theorem in [14] uses a groupoid model for C*(A). Here we outline a
direct proof that flows from the finite-path formulation of aperiodicity via the following
lemma.

Lemma 6.2. Let (A, d) be an aperiodic k-graph with no sources. Suppose that v € A°
and | € N¥. Then there exists A € A such that r(\) = v, d(\) > | and

a,B € Av, d(a),d(B) <l and a# = (a))(0,d(N) # (BA)(0,d()\)).  (6.1)

Proof. We list pairs (m,n) of distinct elements of N*¥ with 0 < m,n < [ as
{(m® n®):1 < i < p}. Then an induction on i shows that there exist p; and
1) € N¥ such that r(p1) = v, () = s(ui—1) for i > 1, d(p;) = (m® v @) 410
and p1;(m®, m@ 41D £ 11;(n® 0 4 14). We now choose an arbitrary path X’ with
d(X) = land r(X) = s(pp), and claim that A := pypus - - - pp A’ has the required properties.
We trivially have d(\) > I.
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Suppose that o and § are distinct paths with source v and d(a) vV d(8) < . If d(a) =
d(B) = d, say, then the initial segments o = (a\)(0,d) and 8 = (8A)(0,d) are not equal,
and a) # B). So suppose that d(a) # d(8), say (d(a),d(B)) = (m®,n). Let

i—1
d:=""d(p;).
j=1
Then
(aN)(d(a) +d+nD, d(@) +d+nD +1D) = p; (@ n® 4 1)

is not the same as
pi(m® m@ 1Dy = (BA)(d(B) + d +mD,d(B)d +mD +1D).

Since ' ‘ ‘ '
dB) +d+mD =d+m® 40 =d(a)+d+n,

it follows that

The presence of the factor X forces d(\) = d+m® +n® +10 so (aX)(0,d(N\)) #
(BA)(0,d(N)), as required. O

Remark 6.3. The technical condition established in Lemma 6.2 is actually equivalent
to aperiodicity. There is no doubt a direct combinatorial proof of this, but to see it
quickly, observe that our proof of Theorem 6.1 shows that the conclusion of Lemma 6.2
implies that every ideal of C*(A) contains a vertex projection, and paragraphs two to
four of the proof of Theorem 6.6 show that if every ideal of C*(A) contains a vertex
projection, then A is aperiodic.

Proposition 6.4. Suppose that A is a row-finite aperiodic k-graph with no sources,
and let {ty: A\ € A} be a Cuntz—Krieger A-family in a C*-algebra B such that t, # 0 for
allv € A°. Let F be a finite subset of A and let a: (u,v) — a,, be a C-valued function
on F x F such that s(u) = s(v) whenever a,, # 0. Then

> auutut] > apututs]|-

w,veF wVEF,d(p)=d(v)

>

Proof. Let a:=3_ cpau.t,t; and let
ag = Z aptuts.
w,vE€F,d(p)=d(v)

Define n :=V ,cp d(p), and let G := U ,cp Fs(pu)A"=4W) Soif p, v € F with s(u) = s(v)
and d(pa) = n, then pa, va € G. By applying (CK4) at s(u) for each p,v € F, we can

write
a= Y buutut;, and ag= > buwtut’,
wVEG wv€G,d(p)=d(v)

where b, , # 0 implies d(u) = n and s(u) = s(v).
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For each v € s(G), apply Lemma 6.2 with I =\/, ., d(v) to find A\, € vA such that
d(Ay) =1 and
(aAy)(0,1) # (BA,)(0,1) for distinct o, 5 € G,

and let Qv := " ey d(a)=n tar,tar,- Then (CK3) implies that the @, are mutually
orthogonal projections. Hence

Z QuvaQy

ves(G)

< lall- (6.2)

We show that

Z QvaQy = Z QvaoQy- (63)

ves(G) veEs(G)

Fix p,v € G with s(u) = s(v) and d(p) = n. A quick calculation using (CK4) gives

Qututh = Oustutunsi o, (6.4)

Suppose d(v) # n and fix o € GNA"s(p). Then (adg(a))(0,1) # (¥A501))(0,1), and hence
tox . tars(ay = 0. This and (6.4) give Qut,t5Q, = 0 for all v, and (6.3) follows.
Finally, we show that
Z QUCLOQU

ves(G)

= llaoll- (6.5)

Routine calculations using the Cuntz—Krieger relations and that the t, are all non-
zero show that {t,t}: p,v € GN A", s(u) = s(v)} is a family of non-zero matrix units
spanning an isomorphic copy of GBUGS(G) MeGynan (C), and that

{tu)\swt;‘,)\s(y) v € GNAY, s(u) = s(v)}

is a family of non-zero matrix units for the same finite-dimensional C*-algebra. Hence
tut; r—>tu,\5(“)tl’t)\g(u) determines an isomorphism of finite-dimensional subalgebras of
C*(A), so is isometric. Calculations like (6.4) show that

Z Qutyut,Qu = tux,,t V/\sm

ves(G)

whenever p,v € GN A™ with s(u) = s(v), and (6.5) follows.
Combining (6.3), (6.2) and (6.5) proves the proposition. O

For the following proof, recall from the opening of [14, §3] that there is a strongly
continuous action : T* — Aut(C*(A)) characterized by

A0 g = AN A0 A

Y=(8x) = E5Y

for all A € A. Averaging over this action yields a faithful conditional expectation
¢: C*(A) — span{s,s;: d(p) = d(v)} (see [14, Lemma 3.3]) such that P(s,s)) =
5d(u),d(u)3u31*/ for all p,v € A.
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Proof of Theorem 6.1. Follow the first paragraph of the proof of [14, Theorem 3.4]
to see that 7 is injective on C*(A)Y = span{s,s;: d(u) = d(v)}.
Proposition 6.4 implies that the formula

> auututy > aptuts

wVEF wVEF,d(p)=d(v)

is well defined on finite linear combinations (if two linear combinations are equal,
Proposition 6.4 implies that the norm of the difference of their images is zero), and
norm decreasing, and hence extends by continuity to a linear map ¥: n(C*(A)) —
Spﬁ{t,ﬂfzi d(ﬂ) = d(l/)} such that W(tut;) = 5d(u)7d(u)tut;-

To complete the proof, we argue as in the last two lines of the proof of [14, Theo-
rem 3.4]: let @ be the faithful conditional expectation on C*(A) described above. By
linearity and continuity, 7 o @ = ¥ o w. Suppose that 7(a) = 0. Then ¥(w(a*a)) = 0 and
hence 7(®P(a*a)) = 0. Since 7 is injective on C*(A)7, it follows that @#(a*a) = 0. Since ¢
is a faithful expectation, we then have a*a = 0 and hence a = 0. ([l

Let A be a row-finite graph without sources. As in [15], we say that A is cofinal if for
every pair v,w € A° there exists n € N¥ such that vAs(\) # 0 for all A € wA™.

Remark 6.5. For row-finite graphs without sources, [15, Proposition A.2] implies
that this notion of cofinality is equivalent to [15, Definition 3.3], and hence by [15,
Theorem 5.1] to the usual one involving infinite paths.

Modulo the different formulation of cofinality, the following characterization of simplic-
ity appeared in [21], and was generalized to locally convex k-graphs in [22] and finitely
aligned k-graphs in [15,24].

Theorem 6.6. Let A be a row-finite k-graph with no sources. Then C*(A) is simple
if and only if A is both aperiodic and cofinal.

In the proof we use the infinite-path representation. By [14, Proposition 2.3|, for
x € A%®, X\ € Ar(z) and n € N¥_ there are unique elements 0" (z) and Az of A such
that

o"(z)(p,q) =z(n+p,n+q) and (Ax)(p,q) = (A\z(0,9))(p, q)

for p < ¢ € N*. Let {¢,: @ € A} be the usual orthonormal basis for £2(A°°). Then
for each A\ € A there is a partial isometry Sy on £2(A°°) such that S\&, = &, and
{Sx: A € A} is a Cuntz—Krieger A-family which gives a representation wg of C*(A) on
02(A%).

The following lemma is a special case of the implication (i) = (i) in [15, Theorem 5.1],
but the proof simplifies significantly in our setting.

Lemma 6.7. Let A be a row-finite k-graph with no sources that is not cofinal. Then
there exist a vertex v € A® and an infinite path * € A> such that vAz(n) = 0 for all
n € N,
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Proof. Since A is not cofinal, there exist v, w € AY such that, for each n € N*, there
exists A € wA™ with vAs(\) = @. Choose n(Y) — 0o in N¥, and \; € wA™” such that
vAs(A\;) = 0. Let 1, = (1,...,1) € N¥. Since A is row finite, there exists u; € vA' such
that S := {j € N: X;(0,1x) = p1} is infinite. An induction argument now shows that
there is a sequence (p;)$2, in vA such that, for every i > 2, we have p; € p;_1 A, and
Si={j € Si—1: (0,4 -1x) = p;} is infinite. In particular, for any ¢ € N and j € S; we
have vAs(A;) = 0, and hence vAs(y;) = 0. Since d(p;) — (o0, ...,00), [14, Remarks 2.2]
imply that there is an infinite path x such that x(0,d(u;)) = p; for all i. Now since
vAz(d(p;)) = vAs(p;) = 0 for all i, we have vAx(n) = () for all n, so the infinite path x
has the required properties. O

Proof of Theorem 6.6. First suppose that A is aperiodic and cofinal, and let I be
a non-zero ideal in C*(A). To see that I = C*(A), we fix u € A and aim to show that s,
belongs to I. Since A is aperiodic, the Cuntz—Krieger Uniqueness Theorem (Theorem 6.1)
implies that I contains a vertex projection s,. Applying cofinality with this v and w =
s(u) gives n € N* such that for each A € s(u)A™ there exists vy € vAs()\). Then

sy = E SuASs(A)S) = E Sux(8y, Su8uy )8 € 1,
AEs(p)An AEs(p)An

as required.
For the other direction, we first suppose that A is not aperiodic, so that there exist
v € A% and distinct m,n € N* such that, for every A € vA with d(\) = m V n,

A(m,m +d(X) — (mVn)) = An,n+dA) — (mVn)). (6.6)

Then, for every z € vA> and | € N*, we can apply (6.6) to A = (0, (m V n) +1) and
deduce that z(m,m +1) = x(n,n + 1), whence ™ (z) = o™ (z).

We now fix A € vA™ ™ let u = A(0,m) and v = A(0,n), and aim to prove that
a := 8\8) — 5,5;,5)8) is non-zero and belongs to ker mg; since we know that ker mg does
not contain any vertex projections, this will prove that ker mg is a non-trivial ideal. To
see that mg(a) =0, fix £ € A and compute

75(a)6s = (S3S5 — SuS55355)ée. (6.7)

If 2(0,d(N)) # A, then (6.7) vanishes. If £(0,d()\)) = A, then x € vA°°, the argument in
the previous paragraph gives ¢ (z) = o™ (x), and hence

vo" () = & = po™(z) = po”(a),

which implies S, S5&: = £,on(2) = & and T5(a)é, = 0. Thus 75(a) = 0.
To see that a # 0, we choose z € T* such that ™" = —1. Then v, (s,s5srs}) =
—5,555x53, and hence

ws(a+7.(a)) = ms(2sx8}) = 25,53 # 0,

forcing a # 0. Thus C*(A) is not simple.
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Now suppose that A is not cofinal. By Lemma 6.7, there exist v € A° and z € A®
such that vAz(n) = () for all n € N¥. Let

[2], := {y € A% there exist p,q € N* such that o (z) = 0%(y)}.

We claim that
y € [z]le = 1(y) #v. (6.8)

To see this, fix y € [z], and p,q € N* such that oP(z) = 0%(y). Then z(p) = y(q) and
hence vAy(q) = () by choice of x. In particular, (0, q) € vAy(q), so 7(y) # v, as claimed.

We now consider the subspace H,, :=span{é,: y € [x],} of £2(A>). For y € [z], and
s(A) = r(y), we have \y € [z],, and hence H, is invariant for Sy. On the other hand,
53§y vanishes unless y(0,d(A)) = A, and then S3§, = £, a( (), Which also belongs to H..
Thus H, is reducing for 7g, and ¢ : a — ms(a)|y, is a homomorphism of C*(A) into
B(Hz). Since ¢y (5y(2))ée = & # 0, ker ¢, # C*(A). Equation (6.8), on the other hand,
implies that ¢4 (s,)&, = 0 for all y € [z],, so s, € ker ¢,. Thus C*(A) is not simple. O
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