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Abstract. Mean field dynamos may explain the origin of large scale 
magnetic fields of galaxies, but controversy arises over the extent of dy­
namo quenching by the growing field. Here we explain how apparently 
conflicting results may be mutually consistent, by showing the role of 
magnetic helicity conservation and boundary terms usually neglected. 
We estimate the associated magnetic energy flowing out of the Galaxy 
but emphasize that the mechanism of field escape needs to be addressed. 

1. Field Growth and Constraining the Turbulent EMF 

Unlike the turbulent amplification of small scale magnetic energy to near equipar-
tition with kinetic energy spectrum, mean field dynamo (MFD) action (Parker 
1979, Kulsrud 1999) on scales larger than the turbulent input scale is controver­
sial (ci . Field et al. 1999). The MFD equation is dtB_= V x (v_x b) + AV2B + 
V x (V x B), with the turbulent EMF (v x b) = aB - /3V x B , and pseudo-
scalar a and scalar f3. The survival of (v x b) when the magnetic backreaction is 
included controls the efficiency of MFD. Blackman &; Field (2000a) used Ohm's 
law and mean field theory (e.g. B = b + B; (b) =0) to constrain the dynamic 
value of (v x b) analytically. Deriving (v x b) • B /c = —r](j • b) + (e • b) 
and then expanding the fluctuating electric field e into its potentials, gives 
(e • b) = — dt(a. • b ) / 2 c + V • (a x e - <f>b). Thus, for (v x b) not to be resistively 
limited, there must be time variation of (a-b), or non-vanishing boundary terms. 
When such terms vanish, helical turbulence without mean field gradients gives 
a < (b/B)2ao/Rmi where ao is the kinematic value of a, and Rm is the mag­
netic Reynolds number. There is thus an ambiguity in interpreting all existing 
numerical experiments suggesting a quenching (e.g. Cattaneo & Hughes 1996); 
the quenching might not be dynamical, but may be due to boundary conditions. 

2. Magnetic Helicity Escape, Dynamo Action, and Coronal Activity 

The above result highlights the role of total magnetic helicity HM = j v A-B d3x 
(Elsasser 1956), where V is a volume of integration, and A is the vector potential. 
That MFD growth involves a magnetic helicity inverse cascade was demonstrated 

736 

https://doi.org/10.1017/S1539299600014830 Published online by Cambridge University Press

https://doi.org/10.1017/S1539299600014830


Mean Field Dynamo Saturation 737 

by Pouquet et al. (1976). The a effect conserves HM by pumping a positive 
(negative) amount to scales > L (the outer turbulent scale) and a negative 
(positive) amount to scales <C L. Brandenburg's (2000) simulations confirm this 
inverse cascade and the role of HM conservation. 

A large-scale field can be generated only as fast as HM can be removed 
or dissipated given the upper limit on H at small scales resulting from the 
realizability condition for the spectral density of HM. Presently, simulations 
have invoked boundary conditions for which the growth of large scale field is 
resistively limited. Large Rm systems must rely on open boundary conditions. 
To see this, note that HM satisfies dt(A • B) + cV • (E x A + (f>B) = - 2 c E • B 
where E = —V x B/c . Consider two cases. (1): The mean scale = universal 
scale, or the integration is over periodic boundaries. Then boundary terms 
vanish, so dt(A • B) = -2c (E • B) = -2cE • B - 2c(e • b) = 77 (J • B) and 
dt(A-B) = —2cE-B; <?t(a-b) = —2c(e-b). Dynamo action is resistively limited. 
(2): The system's (e.g. Galaxy or Sun) mean volume V <C universal volume. 
Here we must use the gauge invariant relative helicity H^f inside and outside of 
the spherical or disk rotator (Berger & Field 1984). The integral over the the 
universal volume then satisfies dt fy A • Hd?x = dtH^in + dtH^out = —2c fy E • 

Bd?x ~ 0. The formulae for the H% of the mean and fluctuating quantities 
inside the rotator are dtHRtin(B) — -2cJinE-Bd3x + 2cfs,^(Ap x E) • dS 

and dtHntin(b) = —2cJin (e • b)d3x + 2c Js. (ap x e) • dS. In a steady state, 
dtHR^n = 0 = dtHji:OUt. This and E • B ~ 0 imply that the above surface 
terms must be equal and opposite. Moreover, the surface term balances the 
E • B term in the dtH^in equation. The boundary term can thus allow for a 

significant turbulent EMF because the latter is contained in E • B . Dynamo 
action unrestricted by resisitivity is possible only in case (2). This is consistent 
with Pouquet et al. (1976) and Brandenburg (2000). 

If HM flows through the boundary, then so does magnetic energy. Black-
man & Field (2000b) showed that a typical minimum power leaving a MFD 
system is given by EM > kmin\H

M\/8TT ~ fcmin |<aB2)| V/6. Dynamos in the 
Sun, accretion disks, and the Galaxy would then lead to a net escape of mag­
netic energy and small and large scale magnetic helicity. Coronal activity from 
the emergence and dissipation of helical magnetic flux is thus a generic prediction 
of the MFD, and is observed directly in the Sun (cf. Pevtsov et al. 1999). For 
the Galaxy, EM> {TrR2)aB2 ~ 1040(i?/12kpc)2(a/105cm/s)(JB/5;uG)2erg/s, in 
each hemisphere. Blackman & Field (2000b) discuss how this may be consistent 
with energy input rates required by Savage (1995) and Reynolds et al. (1999). 

3. Open Questions 

A MFD unlimited by resistivity requires the helicity to flow through the bound­
ary. However, even if the boundary conditions are open, it may be that in a 
real system one may have to include the dynamics of buoyancy or winds to 
demonstrate fully the non-resistive MFD (e.g. Moss et al. 1999). The physics 
of the effective turbulent diffusion at the boundary may not be the same as the 
turbulent diffusion inside the rotator. Note that turbulent diffusion of the mean 
magnetic field (not necessarily the actual field) across the boundary is also re-
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quired to maintain a quadrupole field in the Galaxy with a net flux inside the 
disk. Similarly, the solar cycle requires net diffusion through the boundary. The 
flow of helicity would appeal to the same dynamics needed by these constraints. 

The analytic and numerical studies that we have seen which show catas­
trophic suppression of the dynamo coefficients, or resistively limited dynamo 
action, either (1) invoke periodic boundary conditions, and/or (2) are 2D, or (3) 
do not distinguish between zeroth order isotropic components of the turbulence 
and the higher order anisotropic perturbations for a weak mean field (Blackman 
& Field 1999). Thus there always seems to be an alternative explanation, and 
the observed suppression is then ambiguous as we have described. This does 
not mean that some of the physical concepts found in the strong suppression 
results are invalid, but just that they may be valid only for the restricted cases 
considered. For example, might the observation that, in the presence of a weak 
mean field, the local Lagrangian chaos properties of the flow are changed for tur­
bulence in a periodic box (e.g. Cattaneo et al. 1996) have something to do with 
the boundary conditions? While the answer is not yet clear, it is relevant that 
although the helicity constraint is global, it also becomes a local constraint for 
any sub-volume of a homogeneous periodic box once the system is fully mixed. 
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