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Club stationary reflection and the special
Aronszajn tree property

Omer Ben-Neria® and Thomas Gilton

Abstract. We prove that it is consistent that Club Stationary Reflection and the Special Aronszajn
Tree Property simultaneously hold on w», thereby contributing to the study of the tension between
compactness and incompactness in set theory. The poset which produces the final model follows the
collapse of an ineffable cardinal first with an iteration of club adding (with anticipation) and second
with an iteration specializing Aronszajn trees.

In the first part of the paper, we prove a general theorem about specializing Aronszajn trees on w;
after forcing with what we call F-Strongly Proper posets, where J is either the weakly compact filter
or the filter dual to the ineffability ideal. This type of poset, of which the Levy collapse is a degenerate
example, uses systems of exact residue functions to create many strongly generic conditions. We
prove a new result about stationary set preservation by quotients of this kind of poset; as a corollary,
we show that the original Laver-Shelah model, which starts from a weakly compact cardinal, satisfies
a strong stationary reflection principle, although it fails to satisfy the full Club Stationary Reflection.
In the second part, we show that the composition of collapsing and club adding (with anticipation) is
an J-Strongly Proper poset. After proving a new result about Aronszajn tree preservation, we show
how to obtain the final model.

1 Introduction

This work is a contribution to the study of the tension between compactness and
incompactness principles in set theory. We focus on the second uncountable cardinal,
w,, and consider the strong compactness principle of Club Stationary Reflection and
the strong incompactness principle known as the Special Aronszajn Tree Property
(these are defined below).

The two properties have been shown to be consistent separately by Magidor [31]
and Laver and Shelah [30], respectively. Since the properties represent strong forms
of opposing phenomena (compactness and incompactness), it is natural to suspect
that they are jointly inconsistent. The main result of this paper shows, on the contrary,
that the conjunction of the two principles is consistent. More precisely, we prove the
following theorem.

Theorem 1.1 It is consistent relative to the existence of an ineffable cardinal that Club
Stationary Reflection and the Special Aronszajn Tree Property simultaneously hold
at w;.
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Our work also shows that a weaker version of stationary reflection holds in the
original Laver-Shelah model (which uses a weakly compact).

Theorem 1.2 In the original Laver-Shelah model, the following stationary reflection
principle holds: for every sequence (S, | @ < w,) of stationary subsets of w, N cof (w),
there is 3 < wy so that S, N B is stationary in B, for every o« < . However, Club
Stationary Reflection at w; fails.

We proceed to define the relevant terms and contextualize our result. If v is a regular
cardinal, we use cof(v) denote the class of ordinals with cofinality v. We recall that
if cf(ar) > w, then S € « is stationary if SN C # & for each club C ¢ a. We say that
S reflects if there is some < « with cf(f) > w so that S n 8 is stationary in B. If &
is regular, we say that stationary reflection holds at K™+ if every stationary S € k™* n
cof (< k) reflects. Baumgartner originally showed [5] that stationary reflection at w is
consistent from a weakly compact cardinal. Harrington and Shelah [18] later improved
this, showing that the optimal assumption of a Mahlo cardinal suffices. One obtains
stronger principles by requiring that multiple stationary sets reflect simultaneously.
Recall that a collection {S; | i < 7} of 7 < & stationary subsets of « is said to reflect
simultaneously if there is some f§ < a with cf(f) > w so that S; n f is stationary in
B for every i < 7. Magidor [31] has shown that the consistency strength of “any two
stationary subsets of w, N cof (w) simultaneous reflect” implies the consistency of a
weakly compact cardinal. One may also consider stronger diagonal versions of the
above, defined in the natural way.

We are interested in the following very strong form of stationary reflection which
implies all of the above.

Definition 1.1  Suppose that x is regular. We say that Club Stationary Reflection holds
at ™ if for any stationary S € ** n cof (< k), there exists a club C € x** so that for
all B e Cncof(k™), Sreflects at . We write CSR(k**).

We will concern ourselves with the case x = w, i.e., with stationary subsets of w, N
cof (w). Most relevant for us, Magidor [31] showed that CSR(w, ) is consistent from a
weakly compact cardinal; by the above remarks, this is the optimal hypotheses.

Extensions of CSR to other cardinals have been shown to have limitations. For
example, Jech and Shelah [22] proved that for every n < w, if every stationary subset
of w,43 N cof (w,41) reflects, then CSR(w,4,) fails. However, Jech and Shelah [22],
and later Cummings and Wylie [12], proved the consistency of certain best possible
variations of club stationary reflection below &,,.

Limitations on stationary reflection emerge from incompactness principles. One
of the most prominent of these is Jensen’s O,. In [23], Jensen showed that O, holds
in L for all kx > w and that O, implies the existence of many nonreflecting stationary
subsets of K*.

Further studies showed that variations of O, place limitations on the cofinality of
reflection points, as well as the amount of simultaneous reflection. For instance, in
[37], Schimmerling introduced the hierarchy of square principles, O, ), 1< A < k™.
As A increases, this hierarchy is strictly decreasing in strength; see Jensen [24] for
regular and [10] for x singular. For a regular cardinal x and A < k, Schimmerling and
independently Foreman and Magidor have observed that if k< = K and Og,< hold,
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then every stationary subset of ™ has a stationary subset which does not reflect at
any point of cofinality > A (see [11]). In particular, K" = x and O, «,, imply that every
stationary subset of k* has a stationary subset which does not reflect at any point in
k" ncof(k). In [10], Cummings, Foreman, and Magidor extended these results and
developed the theory for « singular.

Other notable weakenings of 0O,, were introduced and developed by Todorcevi¢
[40]. These principles, denoted O(x*) and O(x*, 1), place refined limitations on the
extent of stationary reflection. See [13, 20, 35].

The weakest nontrivial form of square studied by Jensen is the so-called Weak
Square, denoted O}, Remarkably, OF is equivalent to a key incompactness phe-
nomenon, the existence of a special k*-Aronszajn tree. Let us recall the relevant
definitions. A tree is a partially ordered set (T,<r) so that for each x € T, the set of
<p-predecessors of x is well ordered; we refer to the height of x in T as the order type
of this set. If « is an ordinal, we use Lev, (T to denote all x € T of height . The height
of T is the least ordinal & so that T has no elements of height a. A branch through T is
a linearly ordered subset of T, and a cofinal branch is a branch which intersects every
level below the height of T.

Let x be regular. A k-tree is a tree T of height k so that each level has size < k;
we will always assume that for each such tree, each node in the tree has incompatible
extensions to all higher levels. x is said to have the tree property if every k-tree has
a cofinal branch. Konig showed [25] that w has the tree property, whereas Aronszajn
has shown that the tree property fails at w; (the result was communicated in [29]).
The extent of the tree property on cardinals greater than w;, a famous question of
Magidor’s, is independent of ZFC. A watershed in our understanding is due to Mitchell
and Silver [34], who showed that the tree property at w, is consistent from a weakly
compact cardinal.

A tree which witnesses the failure of the tree property is said to be Aronszajn (i.e.,
a k-tree which has no cofinal branches); the existence of such a tree is an instance
of incompactness. A particularly strong witness that a tree is Aronszajn is given by a
specializing function: in the case that k = ¥, a specializing functionisan f : T — Aso
thatifx <7 y,then f(x) # f(y). (For an exploration of these concepts at an arbitrarily
regular cardinal, see [27].) Having a specializing function is a particularly strong
witness to being Aronszajn since the function witnesses that T remains Aronszajn
in any extension of that model in which & is still a cardinal. T is said to be a special
Aronszajn tree if there is a specializing function for T. The property of interest to us is
the following.

Definition1.2 Let x be regular. We say that ™ has the Special Aronszajn Tree Property
if there are Aronszajn trees on k7, and if every Aronszajn tree on k™ is special. We
denote this property by SATP (x*).

By a result of Specker [39], if k<" holds, then there is a special Aronszajn tree on
k¥ in particular, if the CH holds, then there is a special Aronszajn tree on w,. Jensen
[23] later showed that the principle O, holds if and only if there is a special Aronszajn
tree on k¥; since k" implies O}, this strengthens Specker’s result.

With regard to constructing specializing functions by forcing, Baumgartner,
Malitz, and Reinhardt showed [7] that MA + -CH implies SATP(w; ). Later, Laver

https://doi.org/10.4153/50008414X22000207 Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X22000207

Club stationary reflection and the special Aronszajn tree property 857

and Shelah showed [30] that SATP(w ) is consistent from a weakly compact cardinal.
Generalizing this further, Golshani and Hayut have recently shown [17], using posets
which specialize with anticipation, that it is consistent that, simultaneously, for every
regular cardinal k, SATP (k") holds. Krueger has generalized the result of Laver-
Shelah (and also Abraham-Shelah [2]) in a different direction [28], showing that it
is consistent with the CH that any two countably closed Aronszajn trees on w, are
club isomorphic. And finally, Asperé and Golshani [3] have announced a positive
solution to the question of whether SATP(w, ) is consistent with the GCH. This work
continues the study of the tension between different manifestations of compactness
and incompactness phenomena in set theory, which together with the study of tension
with other fundamental principles, such as approximation principles (e.g., [8, 16]) and
cardinal arithmetic (e.g., [14, 38]), is central to our understanding of their extent and
limitations.

We proceed to describe our result in general terms and highlight the challenges
that appear in the process. Let x be a cardinal which is either ineffable or weakly
compact in a ground model V of GCH; we will specify later (Definition 2.8) exactly
when k is ineffable or weakly compact. We obtain the model which witnesses Theorem
1.1 by first defining, in the extension by P = Col(w;, < k), a k" -length iteration C,+ =
(C;,C(7) | T < k") of adding clubs which will eventually witnesses CSR(w,).

After forcing with Cy;+, we then force with a 5" -iteration S,;+ = (S;,S(7) | 7 < &™)
specializing the desired Aronszajn trees Ty, i.e., S(7) = S(T;) (see Section 1.2 for
precise definitions of the posets).

To make this strategy work, we need, among other things, that all stationary
subsets of w, N cof (@) which appear in the final generic extension by P * C,+ * S+
reflect as in the definition of CSR(w,). Consequently, the club-adding posets must
anticipate names for stationary sets added by the later specializing iteration. In order
to carry this through, we define the names C, and S, for 7 < x*, simultaneously. More
precisely, for each 7 < k*, given that the P-name C, and the (P * C,)-name S, have
been defined, we use a bookkeeping function to pick the (P * C, * S;)-name S, of a
stationary subset of & N cof (@), and we set C(7) to be the (P * C,)-name for the poset
to add, with Sf—anticipation, the desired club. Then we select the (P * Criy * Sr)—
name T for an Aronszajn tree on .

As expected, the tension between compactness and incompactness gives rise to
tension between the different parts of the forcing construction. We list three notable
manifestations:

(1) Working with intermediate generic extensions. A central property of the
Laver-Shelah forcing [30] is the existence of intermediate forcing extensions in which
regular cardinals & < % become w, and the relevant portion Ty N (& x w;) of the trees
are Aronszajn trees on «. Accompanying this is machinery for projecting conditions
of P * S; to those intermediate extensions. In [30], the existence of such intermediate
extensions is secured by the weak compactness of , and the fact that P * S, is x-
c.c. However, in our case, the presence of the poset C, prevents the initial segment
P+ C, from being k-c.c. To overcome this difficulty, we use the fact that the full
collapse poset P absorbs many restricted subforcings of P * C,, which allows us to
place upper bounds on various generic filters of the restricted poset. We then couple
this in Section 6 with a generalization of a result of Abraham’s [1] that (stated in current
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language) if Q is an Add(w, w;)-name for an w,-closed poset, then Add(w, w;) * Q
is strongly proper. This secures the existence of sufficiently many strongly generic
conditions (and, in turn, the existence of intermediate extensions).

(2) Preservation of stationary sets by quotients. The ability to add a closed
unbounded set through the reflection points « <  of a stationary set S, € x N cof (w)
hinges upon the fact that many such points exist. The ineffability (in fact, just weak
compactness) of £ guarantees that for many « < &, S; N a is a stationary subset of a
in the restricted generic extension where & = w,. The forcing construction of [31] uses
the fact that the related quotient of P + C, by its initial segment is o-closed, and an
argument of Baumgartner’s [5] shows that o-closed posets preserve the stationarity
of stationary sets of countable cofinality ordinals. By contrast, for us, the stationary
sets S, further rely on the specializing poset S, and although the poset P * C, * S, is
o-closed, it does not in general admit o-closed quotients by its natural restrictions to
heights & < . Nevertheless, in Section 4, we analyze the Laver—Shelah iteration S, to
prove that the relevant quotients preserve the stationary of S; N « for many suitable
o < K.

(3) Preservation of Aronszajn trees. The organization of the posets C, and S,,
described above, guarantees that for each 7 < k¥, T,isa (P Cop # ST)—name of an
Aronszajn tree on x, which is specialized by P » Cri1 * Spar.

However, in the final forcing construction, S;;; follows the extended iteration
P % C,.+,and on its face, P % C.+ * ST might introduce a cofinal branch to T, causing
the specializing poset S(7) to collapse . To guarantee that this cannot occur, an
Aronszajn preservation theorem is required for the quotient of P+ C,.+ * S; by P »
Cra1 * S;. The fact that no new reals are added during the iteration, and that Cpo+
is not k-closed, prevents us from using known preservation arguments (for instance,
those of [41]). Therefore, in Section 6, we develop an alternative preservation argument
which fits the properties of the poset P + C .+, and we apply them in Section 7 to show
that the tree T; remains Aronszajn.

1.1 Structure of this work

In the rest of this section, we review relevant preliminaries regarding forcing as well as
ineffable and weakly compact cardinals. The first part of the work consists of Sections
2-4.In Section 2, we develop the notion and fundamental properties of posets which
are strongly proper with respect to the filter J on «, which is either the weakly compact
filter on « or the filter dual to the ineffability ideal on x (depending on whether & is
weakly compact or ineffable, respectively). We will later verify that initial segments
of the form P * C,, for T < x*, are members this class. Section 3 studies an iteration
of specializing posets S, following an F-strongly proper poset P*. We prove that the
main results of the Laver-Shelah analysis apply in this context as well. In the case when
IP* is just the Levy collapse to make x become w;, we only need a weakly compact (and
F is the weakly compact filter). This is just the Laver-Shelah argument. However, when
P* becomes a more complicated poset, we needed to use the stronger assumption
that  is ineffable (and J is the filter dual to the ineffability ideal). Nevertheless, we
only need the ineffability for the case when P* is not just the collapse, and in this
case, only for the proof of Proposition 3.12 and the corollaries of that proposition.
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Section 4 is devoted to showing that suitable quotients of specializing iterations of
the form P* * S, where P* is F-strongly proper (and in either case for F) preserve
stationary subsets of countable cofinality ordinals.

In Part 2 of the paper, we construct specific posets playing the role of P* above,
and we prove our theorem. In Section 5, we introduce the complementary notion of
posets which are completely proper with respect to F, and later we apply this analysis
to C,, 7 < 5*. We show that the composition of the Levy collapse and a poset which
is completely proper with respect to JF is strongly proper with respect to F. Section 6
develops the main properties of the club-adding iteration C,. And finally, we combine
the results of the previous sections in Section 7 to prove Theorem 1.1.

1.2 Forcing

In this subsection, we review our conventions about forcing and provide explicit
definitions of posets which we will use throughout the paper.

To begin, in order to anticipate working with iterations later, we will work with
preorderings (i.e., relations which are transitive and reflexive) rather than partial
orders. Moreover, we will use the Jerusalem convention for forcing. Thus, we view a
forcing poset as a triple (Q,<q,0g), where <g is a preordering and where 0g is a
smallest element; for conditions p, g € Q, we will write p >g g to indicate that p is an
extension of g. When context is clear, we will drop explicit mention of Q in 0g and <g.
Given that we are only working with preorderings rather than partial orders, we will
often have conditions p, g € Q so that p <g g and g <g p, but g and p are not literally
equal as sets. In this case, we will write p =g, g, or simply p =" g if Q is clear from
context.

If Q is a poset, we say that Q is w;-closed with sups if for any increasing sequence
(qn : n € w) of conditions in Q, there exists a <g-least upper bound q of the sequence.
Any such q is referred to as a sup of the sequence. Note that this does not say that any
two compatible conditions in Q have a sup. Moreover, it also does not require that a
sup of an increasing w-sequence is unique. However, if ¢; and ¢, are two sups of such
a sequence, then qi =, q. These observations will be important later when we deal
with iterations of posets with this property.

If Q is a poset and g € Q, then we use Q/q to denote all conditions in Q which
extend q.

Let M < H(6) be an elementary substructure, and let U € M be a poset. A con-
dition u in U is (M, U)-completely generic, if the set {# e Un M : u > &1} of weaker
conditions in M meets all dense subsets D ¢ U which belong to M, and thus forms an
(M, U)-generic filter.

For the remainder of the paper, we fix a cardinal k which will be either weakly
compact or ineffable (we specify in Definition 2.8 exactly when & is ineffable or weakly
compact). In the next subsection, we will review facts about ineffability and weak
compactness.

Throughout the paper, we will use P to denote the Levy collapse Col(ws, < k).
If « < 5 is inaccessible, we use P | « to denote the collapse Col(wi, < a). We view
conditions in Col(w;, < %) as countable functions p so that dom(p) ¢ x and so that
for each v e dom(p), p(v) is a countable, partial function from w; to v. If G is a
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V-generic filter over P, then we use G I « to denote the V-genericfilter {p | a: p € G}
overP | a.

For adding clubs, we generalize the club-adding poset of Magidor [31] by incorpo-
rating anticipation; we only state the definition in the generality needed for our paper.
Recall that if S is stationary in «, then the trace of S, denoted tr(S), consists of all f < «
so that S reflects at S.

Definition 1.3 Let S be a cardinal-preserving poset in some model W, and let S be
an S-name for a stationary subset of w, N cof (w). We let CU(S,S) denote the poset,
defined in W, where conditions are closed, bounded subsets ¢ of w, so that

s ¢ € tr($) U (wy N cof (w)).
The ordering is end-extension.

We emphasize that in order to be a condition in CU(S$,S), a given closed, bounded
subset of w, must be outright forced by S to be contained, mod cofinality w points,
in tr(S). Since any condition ¢ in CU(S,S) can be extended by placing an ordinal
of cofinality w above max(c), we see that CU(S,S) does add a club subset of w,
of the model. Moreover, the poset is trivially w;-closed, so preserves w;. However,
preservation of w, is a nontrivial matter.

We now review the definition of the poset which we will use to specialize Aronszajn
trees on w,. The poset itself will decompose such a tree into a union of w;-many
antichains, which in this case is equivalent to having a specializing function.

Definition 1.4 Suppose that T is an Aronszajn tree on w,. Let S(T') denote the poset
where conditions are functions f with countable domain dom(f) € w;, and where
for each a e dom(f), f(a) ¢ T is a countable antichain in <r. Recalling that we are
using the Jerusalem convention for forcing, we say that g extends f, written f < g, if

dom(f) € dom(g) and if for all « € dom(f), f(«) < g(«).
It is clear that S(T) is w;-closed. Moreover, if a tree T’ is not Aronszajn, then the
analogously defined poset S(T') will collapse w;.
1.3 Weak compactness
In this final subsection, we review facts about the ineffability of . However, we will
also need various facts about the weak compactness of «, and so we begin with these.

Definition 1.5 JFwc is the filter generated by subsets A of « for which there is some
U ¢ V, and a I} -statement @, satisfied by (V,, €, U), so that

A={a<k|aisregular, and (Vy, 6, UNV,) = ®}.

The filter Fwc is k-closed as well as normal. It will be helpful at later parts in our
argument to phrase membership in the weakly compact filter in terms of embeddings.
The idea will be that for a subset B of x, where B is a member of a k-model M, B € Fy ¢
iff for all M-normal ultrafilters U, x € jy(B), where jy is the ultrapower embedding.
We make this precise in the following few items.

Definition 1.6  Suppose that « is an inaccessible cardinal. We say that a transitive set
M is an a-model if M = ZFC™, |M| = &, « € M, and “*M ¢ M.
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Weak compactness is naturally associated with various embedding properties; here,
we mention the following result from [19].

Proposition 1.3  For any k-model M, there exist a k-model N and an elementary
embedding j: M — N so that crit(j) = x and j, M € N.

However, we are mostly interested in a different case, namely, when j is the
elementary embeddings associated with an M-normal ultrafilter on x and where N
is the ultrapower of M. A filter U ¢ P(x) n M is an M-normal ultrafilter if U is an
M-ultrafilter, and for every A € U and regressive function f : A — x in M, there exists
some A’ € Ain Usothat f | A’is constant. We note that being M-normal implies that
U is closed under intersections of < x-sequences in M consisting of sets in U.

It is routine to verify that each elementary embedding j: M — N as in the propo-
sition above gives rise to an M-normal ultrafilter U; = {A e P(k) n M |k € j(A)}.
Conversely, we can associate to each M-normal ultrafilter U its ultrapower embedding
ju:M - N=zUlt(M,U).

Proposition 1.4  Let M be a k-model, and let B € M be a subset of k. If B € U for every
M-normal ultrafilter U on k, then B € Fyc.

Proof Let M, B be as in the statement of the proposition, and fix a subset Ey €
K x K so that (k, Ep) is isomorphic to M. To prove that B € Fyc, it suffices to show
that there is a I1] statement ¥ satisfied by (V,, €, Ex, B) so that the set {a < :
a is regular and (V,, €, Epy 0V, BN a) E ¥} is contained in B.

To begin, we observe that the assertions that “E ) is well-founded,” that “(«, Ep) is
isomorphic to a transitive k-model,” and that “Bis represented in (k, Ej;) by b € k” are
all within the class of 1! formulas over (V,, €, Ej, B) (see [26, Section 2] for details).
Let @ denote their conjunction.

We also note that for a subset Uy, C &, the assertion “Uy; codes a subset of M N
P(r) which is an M-normal ultrafilter” is =0 . Therefore, the assertion ®; stating that

“Y Uy € K, if Uy codes an M-normal ultrafilter, then B € Uy~

is IT}. Let ® be the conjunction ®y A @y, a I1j formula satisfied in (V,;, €, Epr, B).

Define X := {a < k : a is regular, and (Vy, €, Eyy N Vy, BN a) = @}, and we show
that X ¢ B. Fix some « € X. Then the relation Epf  « = EyynV, Ca x o is well
founded, and it codes an a-model M, with B n « represented in (a, Ep | ) by the
same element b € x which represents B in (k, Ey). Let iy : M, — M, be the elemen-
tary embedding resulting from the identifications M, = (a, Ep | @) < (K, Ep) = M.
It is straightforward to verify that cp(iy) = «, i4(«) = kK, and i, (BN a) = B.

It follows that U, = {A C a : a € i, (A)} isan M, -normal ultrafilter. Let j, : M, —
N, be the induced ultrapower embedding, and let k, : N, — M be the factor map
given by ko ([f]u.) = ia(f) (). We note that cp(ky) > a. Since (V,,€, Ep | @, BN
) satisfies ©, BN a € U,. The last implies that « € j, (B n «), which in turn implies
that a = k(@) € kg 0 jo(BNna) =ig(Bna) = B. ]

We now review the relevant facts about ineffable cardinals (see [4] for the details).
A cardinal ) is ineffable if for any sequence A = (A, : v < 1) so that A, ¢ vforallv < A,
thereisan A € A so that {v < 1: A, = Anv} is stationary in A. Such a set A is said to
be coherent for A.
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Notation 1.7 In the case that & is ineffable, we will denote the ineffability ideal on
& by J;, throughout the paper, and we will let F;, denote the filter on x which is
dual to J.

Jin consists of all S C  so that for some sequence A as above, no stationary subset
of S is coherent for A. In the case that « is ineffable, J; , is a proper, normal ideal on k.
Finally, we mention the following theorem of Baumgartner [4, Theorem 7.2] (see [21]
for more information).

Theorem 1.5 (Baumgartner) Fy is contained in F;,.

In fact, Baumgartner showed that Fy ¢ is contained in the filter dual to the weak
ineffability ideal on &.

Notation 1.8  F will denote either Fy ¢ or J;, throughout this paper depending on
whether « is weakly compact or ineffable, respectively. J denotes the ideal dual to J.
We will specify in Definition 2.8 in the next section exactly when J is equal to Fy ¢
or equal to F;,,.

Remark 1.6

(1) In our paper, we only use the ineffability of x to prove Proposition 3.12 and in the
corollaries of this proposition. All other results in our paper can be carried out
assuming only that  is weakly compact.

(2) As is immediate from Theorem 1.5 and the fact that F is either Fy ¢ or F;,, all
F-positive sets are also Fyyc-positive.

(3) Thus, if B € F* and if M is a k-model with B € M, then by Proposition 1.4, there is
some M-normal ultrafilter U on & so that B € U. We will use this fact throughout
the paper.

As an illustration of the type of argument in (3) above, we prove the following fact
which we will need in the proof of Proposition 4.4.

Lemma 1.7 Suppose that B € F*. Then B\tr(B) € J.

Proof Suppose otherwise, for a contradiction. Then B\tr(B) € F*. Let M* be a
k-model containing B, and hence B\tr(B). By Proposition 1.4, there is an M*-
normal ultrafilter U so that, letting j: M* — N be the ultrapower embedding,
k € j(B\tr(B)). However, B is a stationary subset of x, since B e JF*. Thus « €
j(tr(B)). Since k € j(B) also, we have k € j(B) n j(tr(B)) = j(Bntr(B)), whichisa
contradiction. |

2 F-strongly proper posets

In this section, we transition into the main body of the paper. After briefly reviewing
some important facts about strong genericity in Section 2.1, we then define, in Section
2.2, the class of F-strongly proper posets (see Notation 1.8 for some information
about F and see Definition 2.8 for the exact definition). This class, which includes
the collapse IP, consists of posets for which we may build various residue systems and
thereby obtain strongly generic conditions for models of interest.
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2.1 Review of strongly generic conditions

Here, we review the definition and basic properties of strongly generic conditions.
Much of this material was originally developed by Mitchell [34]. Parts of our exposi-
tion here summarize the exposition in [28, Section 1], to which we refer the reader for
proofs.

Definition 2.1 Let N < H(8), where 0 is regular. Let Q € N be a poset. A condition
q € Q is said to be a strongly (N, Q)-generic condition if for any set D which is dense
in QN N, D is predense above q in Q.

Remark 2.1 Note that if Q € N, with N as above, then any strongly (N, Q)-generic
condition is also an (N, Q)-generic condition. Moreover, q is a strongly (N, Q)-
generic condition iff g I-g Gg N N is a V-generic filter over Q n N.

We now review a combinatorial characterization of strongly generic conditions,
implicit in [34, Proposition 2.15], in terms of the existence of residue functions.

Definition 2.2 Suppose that Q € N < H(0), g€ Q, and s € QN N. s is said to be a
residue of q to N if for all t >gnn s, t and g are compatible in Q.

A residue function for N above q is a function fy defined on Q/q so that for each
reQ/q, fn(r) is aresidue of r to N.

Finally, if g,r ¢ Qand s € Q n N, we say that s is a dual residue of g and r to N if s is
a residue for both g and r to N.

Lemma 2.2 q€Q is (N,Q)-strongly generic iff there is a residue function for N
above q.

In the next subsection, we will isolate further properties of residue functions of
interest. For now, we review the process by which strongly generic conditions allow
us to break apart the forcing Q into a two-step iteration.

Notation 2.3 Let Q be a poset and g € Q. Suppose Q € N < H(6) and q is a strongly
(N, Q)-generic condition. Fix a V-generic filter G over Q n N.In V[G], let (Q/q)/G
denote the poset where conditions are all r € (Q/q) which are Q-compatible with
every condition in G. The ordering is the same as in Q.

The following two results originate in [33]; our formulation of them follows [28].

Lemma 2.3 Suppose Q € N < H(0) and q is a strongly (N,Q)-generic condition.
Then, forallr > q and s € QN N, s is a residue of r to N iff s -gnn 7 € (Q/q)/Gonn-

Lemma 2.4 Suppose Q € N < H(0) and q is a strongly (N, Q)-generic condition.

Then,

(1) ifr>q,s€ QN N, and r and s are Q-compatible, then there exists t >gnn s so that
t is a residue of r to N; and

(2) if D € Q is dense above q, then Q N N forces that D n (Q/q)/Ggnn is dense in

(Q/ q)/ GQnN .
2.2 Exact residue functions and F-strong properness

Following Neeman [15], we next isolate the properties of residue functions (see
Definition 2.2) of interest. We will apply this in our work to the iteration P x C,
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consisting of the collapse poset [P followed by a Magidor style, club-adding iteration
C. Neeman also connected this with countable closure of the quotient forcing [15,
Section 2.2]. However, we were not able to apply this analysis to the final poset,
which also includes the specializing iteration, as we do not know if the quotients
involving the specializing iteration are even strategically closed. This will lead us later,
in Section 4, to an ad hoc proof that the quotients of the final poset preserve stationary
sets consisting of countable cofinality ordinals, without having w;-closed quotients.

Recalling that we are working with preorders (in anticipation of working with
iterations later), we begin our discussion with the following definition.

Definition 2.4 Let Q be a poset which is w;-closed with sups. D € Q is said to be
countably =*-closed if:

(a) foreachqe Dandr e Q,ifr =" g, then r € D; and
(b) if (g, : n € w) is an increasing sequence of conditions, all of which are in D, and
if g* is a sup of the sequence, then g* € D.

Such sets D will arise later as the domains of exact (see below) residue functions,
whose domains need not, in general, be all of the poset under consideration, but only
a dense, =*-closed subset. We will construct such functions in Proposition 5.4.

The following is Neeman’s notion of an exact strong residue function for N with
dense domain above g [15, Definitions 1.6 and 2.10], but with the requirement of
strategic continuity strengthened to continuity.

Definition 2.5 Let Q be a poset which is w;-closed with sups, and fix N with Q € N <
H(0).Letq € Q.

A partial function f: Q/q —~ Qn N is said to be an exact, strong residue function
for N above q if it satisfies the following properties:

(1) (dense domain) the domain of f is a dense, countably =*-closed subset D of Q/g;

(2) (projection) r > f(r) forall r € D;

(3) (order preservation) for all *, 7 € D, if r* > r, then f(r*) > f(r);

(4) (strong residue) for any r € D and any u € QN N so that u > f(r), there exists
r* > rwith r* € D so that f(r*) > u; and

(5) (countable continuity) if (r, : # € w) is an increasing sequence of conditions in D
with a sup r*, then f(r*) isasup of (f(r,) : n € w).!

We call such a pair (g, f) a residue pair for (N, Q), or just a residue pair for N if Q is

clear from context.

The following appears in [15] (Lemma 2.11).

Lemma 2.5 Suppose that Q is separative, q € Q, and that f: Q/q— QNN is a
function satisfying properties (2) and (4) of Definition 2.5. Then f is order-preserving
on its domain.

Example 2.6 Let a < k be inaccessible. Then the function f : P — P | « given by
f(p) = p | ais an exact, strong residue function for any M < H(0) with M nk = «
above the condition @ and has all of P as its domain.

Note that r* is in D by (1) and also that the sequence (f(rx) : n € w) is increasing by (3).
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Our next task is to isolate the models which for us will play the role of “N” in
Definition 2.5. First we have some notation which we will fix for the remainder of the

paper.
Notation 2.6 Let < be a fixed well-order of H(x").

In the following definitions and claims, we make a standard use of continuous
sequences of elementary substructures M, where [My| = a < k and My Nk = a, to
form natural restrictions P* n M, of posets P* which are members of the models on
the chain. For ease of notation in describing such chains, we use terminology similar
to [28] and introduce the notion of a P-suitable sequence, for a parameter P.

Definition 2.7 Let P € H(k") be a parameter. We say that a sequence (M, : « € A)
is P-suitable if:

1) AeTT;

(2) foreach a € A, « is inaccessible, My Nk = a, “*My S My, and |[M,| = a3

(3) foreachw € A, M, < (H(x%),€,<) and P € M,; and

(4) if a<p are in A, then M, € Mg, and also if y e Anlim(A), then M, =
U{Ms:8eAny}.

We refer to a single model M satisfying (2) and (3) as a P-suitable model.

It is clear from the definition that if M is P-suitable and B € dom(M) is in F*,
then (M, : « € B) is also P-suitable. It is also clear that for any P € H(x*), there exists
a P-suitable sequence.

The next definition is the main item of this section; it specifies a class of posets
which contains the Levy collapse P and each of which can play the role of a preparatory
forcing for a R,-c.c. iteration specializing Aronszajn trees. (The work in Section 3 is
devoted to showing this.) It is helpful to recall Notation 1.7.

Definition 2.8 Let P* be a poset in H(x") which is w;-closed with sups and which
collapses all cardinals in the interval (ws, ). In the case that P* = P (recall that P =
Col(wy, < K)), we assume that x is weakly compact, and in the case that P* is not P,
we assume that  is ineffable. Let F denote the following filter on «:

g Fwe, ifP* =P,
RE; in»  Otherwise,

and let J denote the ideal dual to J.

We say that P* is F-strongly proper if for any P*-suitable sequence M, there exist
an A ¢ dom(M) with dom(M)\A € J, a sequence (p*(M,) : & € A) of conditions in
PP*, and a sequence (@™« : a € A) of functions satisfying the following properties, for
each o € A:

(1) M= is an exact, strong residue function for (M,,P*) above p*(M,) and
o™= (p*(Ma)) = Op+; and
(2) if B € Ais greater than a, then p*(M,) and ¢« are members of Mpg.

We will refer to the sequence of pairs ((p* (Mg ), M=) : a € A) as a residue system for

M | AandP*.
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Remark 2.7

(1) A corollary of (1) of the above definition is that p* (M, ) is compatible with every
condition in P* n M. Such conditions were called universal in [9].

(2) Note that any F-strongly proper poset has size exactly «. It has size at least « since
the GCH holds and it collapses all cardinals in the interval (w;, x) and has size no
more than & since it is a member of H(x").

Example 2.8 The Levy collapse poset P is an example of an J-strongly proper poset
(noting that F = Fyy¢ in this case). Indeed, letting M be any suitable sequence, we may
take the set A in Definition 2.8 to just be dom(M ). Then we define p(M,) := & for all
« € A and define 9™« on the entire poset P by o™« (p) = p | a. As stated in Example
2.6, each pM= is an exact, strong residue function for M, above @. The remaining
properties of Definition 2.8 are trivial.

In our intended applications, the posets playing the role of P* in Definition 2.8
will be of the form P + C, where C is a P-name for an iteration of club adding with
anticipation.

We now check, by a standard argument, that forcing with an J-strongly proper
poset preserves x.

Lemma 2.9  Suppose that P* is F-strongly proper. Then forcing with P* preserves k.

Proof By Definition 2.8, we know that P* preserves w; and collapses all cardinals
in the interval (wy, ). Thus, if P* does not preserve «, then we may find a condition
p € P* and a P*-name f for a function with domain w; which p forces is cofinal in x.
Since P* has size &, we may assume that the name f is a member of H(x*). Let M be an
{ f , P, P* }—suitable sequence. Moreover, let A ¢ dom(M) witness Definition 2.8, and
let N denote the least model on the sequence M | A. By Definition 2.8, we may find
a condition p*(N) and an exact, strong residue function for (N,P*) above p*(N).
Since p € N, Definition 2.8(1) implies that p*(N) and p are compatible. So let g be
an extension of them both. Then, since g is an (N, P*)-strongly generic condition
and f € N, q forces that ran(f) € N n k < k. However, this contradicts the fact that p
forces that f is unbounded in &. [ ]

The remainder of the subsection is dedicated to proving lemmas about how suitable
sequences interact with the weak compactness of k.

Lemma 2.10 Let P e H(k"), and let M be P-suitable. Then P C Usedom(ary Ma-

Proof By definition of a suitable sequence, each model on the sequence is elementary
with respect to the fixed well-order < on H(x"), and therefore each model contains
the <-least surjection y from x onto P. Then

P=ylxl= U vlde U M .

aedom (M) aedom (M)

Lemma 2.11 Let P e H(x"), and let M be P-suitable. Suppose that M* is a k-model
containing M and that U is an M*-normal ultrafilter on r so that dom(M) € U. Let
j i M* — N be the ultrapower embedding. Then:

(1) & € dom(i(M)), and j(M)(x) = Upegomsiy LMa )
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(2) j(P) n j(M)(k) = j[P]; and
(3) Uaedom(]\?[) M, is transitive, and j™' | M, is the transitive collapse of M.

Proof Let B:=dom(M). The first part of item (1) follows since Be U =
{XeP(k)nM*: ke j(X)}. Thus, xedom(j(M)), and so we may let M, :=
j(M)(k). In addition, j(B) N x = B, and so by Definition 2.7(4), My, = Ugep j(My).
However, |[M,| = a < & for each « € B, and hence j(M,) = j[M,]. Thus,
M, = U jlM
aEB

completing the proof of (1). (2) follows immediately.

For (3), observe that if x € M := U qom(ir) Ma> then a tail of the sequence M
is x-suitable, and so x € M by Lemma 2.10. Thus, M is transitive. Since j~' } M,
is an e-isomorphism whose range (namely M) is transitive, j' is the transitive
collapse. [ ]

Lemma2.12  Suppose tha{]VI is P*-suitable and that ((p* (M), pM+) : a € dqm(M))
is a residue system for M and P*. Then we may find some A< dom(M) with
dom(M)\A € J so that for all @ € A, P* 0 My IF & = R,.

Proof Suppose that M and ({(p* (Mg ), M=) : « € dom(M)) are as in the statement
of the lemma. For a contradiction, assume that

B:={aedom(M):P*n M, If & =8,} e F".

Since Fw¢ € F, Bis also in I, .

Let M* be a r-model containing M, B, P*, and the sequence ({p*(M,), pM=):
a € dom(M)). By Proposition 1.4, since x\B ¢ Fyc, we may find some M*-normal
measure U so that, letting j: M* — N be the associated ultrapower embedding,
K € j(B). Let M, = j(M)(k). Then N satisfies that j(P*) n M,, does not force that
% =R,. On the other hand, by the previous lemma, we know that j(P*) n M, = j[P*].
Since j[IP*] is isomorphic to P* and P* forces that x becomes X, (by Lemma 2.9), this
implies that j[P*] forces that x = R,. Thus, N also satisfies that j[P*] = j(P*) n M,
forces that % = R,, a contradiction. ]

We recall that in Definition 2.8(1), the condition p* (M, ) is required to be compat-
ible with every condition in P* n M,. A practical corollary of this is that any generic
for P* contains plenty of conditions of the form p*(M,).

Lemma 2.13  Suppose that M is P*-suitable, that ({p* (M), oMe) : @ € dom(M)) is
a residue system for M and P*, and that B ¢ dom(M) is in F*. Suppose that there isa
condition p € P* satisfying that for each « € B, there is a condition p, € dom(p™«) so
that p =* oM« (p,). Then

pIFX = {(x <K:py € G]p*} is unbounded in .

In particular, taking po = p* (M) with p the trivial condition, and recalling Defi-
nition 2.8(1),

P* - {a <K:pT(My) € G]p*} is unbounded in k.
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Moreover, letting E abbreviate dom(M), if a € E nlim(E), then
-, {f <a:pt(Mg)e Gp*nMu} is unbounded in «.

Proof Let p € P* be a condition extending p, and let y < k. We find an extension
of p which forces that X\y # . Since B is unbounded in x and M is P*-suitable,
Lemma 2.10 implies that p € Mg for some f8 € B\(y +1). By definition of an exact,
strong residue function, pg is compatible with p > p =* ¢™#(pg). Therefore, let p* be
a common extension; then p* I- B € X\y.

The proof in the case « € E nlim(E) is identical, using the fact that, by Definition
2.7, My = Ugepna Me in this case. [

3 J-strongly proper posets and specializing Aronszajn trees on w,

In this section, we will prove that if P* is an F-strongly proper poset, then we can
iterate to specialize Aronszajn trees on x in the extension by P* (see Definition 2.8
for the definition of F). Recall from Lemma 2.9 that P* forces that x becomes X, and
also preserves the CH; thus, there are in fact Aronszajn trees on « in any P*-extension.
By Example 2.8, the collapse poset P is F-strongly proper, and therefore, in the case
that P* =P, our results here generalize those of [30] (recall that F = Fy¢ when
P* =P).

We consider a countable support iteration S = (Sg,S(£) : £ < k%) of length &7,
specializing Aronszajn trees on x in the P*-extension. More precisely, S is a P*-name
for an iteration with countable support so that for any & < x*, $(&) is an Sg—name for
the poset S( TE)’ where Tg is a nice Sg—name for an Aronszajn tree on x (see Definition
1.4 for the exact definition of posets of the form S(T)). The selection of the names
Ty—and hence the definition of the iteration—is determined by using the fixed well-
order < of H(x") from Notation 2.6 as a bookkeeping function. In particular, for each
£ < k¥, the name S; is definable in (H(x*), €, <) from P* and &, and consequently it
is a member of any model which is suitable with respect to P* and £. We will use R;
to abbreviate P* * Sg for each & < k*.

Since the poset R is w;-closed, it is straightforward to see that R has a dense set of
determined conditions, i.e., conditions (p, f) for which there is some function f in V
5o that p lI-p« f = f . The dense set of determined conditions is also closed under sups
of countable increasing sequences. Thus, we will assume that all future conditions are
determined.

Notation 3.1 Strictly speaking, the domain of a (determined) condition f in R is a
countable subset of £, and for each { € dom(f), f({) isitself a function whose domain
is a countable subset of w;. However, we will often make an abuse of notation and write
f({,v) to mean the countable set of tree nodes f({)(v).

The main goal of this section is to prove that S is forced to be #-c.c. For this, it
suffices to prove the following.

Theorem 3.1 For every p < k¥, it is forced by the trivial condition of P* that SP is
K-C.C.
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We will prove Theorem 3.1 by induction on p. Doing so will require two induction
hypotheses, the first of which is the following.

Inductive Hypothesis I: For each £ < p, P* I S is r-c.c.

We will assume Inductive Hypothesis I throughout the entire section. Later in
the section, after developing more of the theory, we will introduce a second, more
technical inductive hypothesis; we state this after Remark 3.6. Although we assume
the first inductive hypothesis throughout, we will only use the second inductive
hypothesis once it is introduced, and the results prior to the statement thereof do not
require it.

The rest of the section will proceed as follows. We will first establish, in Proposi-
tion 3.2, that for all £ < p, there are plenty of intermediate generic extensions between
V and the full R;-extension in which various restrictions of Aronszajn trees are
Aronszajn in the intermediate model. In light of this, we will define analogues of the
“hashtag” and “star” principles from [30]; the former will say that two conditions have
the same restriction to a given model, whereas the latter says that two conditions have
a dual residue to a given model. Afterward, we define the notion of a splitting pair of
conditions, a notion which will play a key role in later amalgamation arguments. Next,
we will state our second induction hypothesis, which describes the interplay between
the star and hashtag principles. Using the second induction hypothesis, we will prove
that splitting pairs exist and isolate sufficient conditions under which they can be
amalgamated (see Lemma 3.8). Finally, we show that S, is forced to be -c.c., and
we verify that the second induction hypothesis holds at p. As mentioned in Remark
1.6(1), the only substantial use of the ineffability of « is in verifying that the second
induction hypothesis holds at «.

Definition 3.2 Let G* be V-genericover P*. If{ < p, f € Sf,_andf is a function (not
necessarily a condition), we write f > f to mean that dom(f) ¢ dom(f) and for all
(L. v) € dom(f), f(4.v) € f(L,).

The next item establishes the existence of the desired intermediate generic exten-
sions between V and V[R¢] for & < p, and in turn the existence of plenty of residues.
We recommend recalling Lemma 2.11 and Notation 1.7 before reading the proof. In
the statement of the following proposition, we will assume that the various names are
nice names for subsets of H(x"*). Thus, in light of our discussion about determined
conditions, the name S; will be viewed as a union of sets of the form {f} x Ay,
where f : { x w;, = Kk x w; is a countable partial function and Ay ¢ P* is an antichain.
This will ensure, for instance, that S( N M, is really a (P* n My )-name. Similar
considerations apply to the R;-name T(.

Proposition 3.2 Suppose that M is R, -suitable. Then there exists B* ¢ dom(M)

with dom(M)\B* € J so that for any a € B*, for any residue pair (p* (M), ™=«) for

(My,P*), and for any { € M, N p, the following are true:

() (p*(Ma),0s,) forces that Gr, N M, is a V-generic filter for Ry N M;

(2) (p*(M,x),OS()f.orces that Ty 0 (@1 x &) = (T; " M) [Gr, N Ma]; and

(3) (P*nMy) - (S¢ n My) is a-c.c. Furthermore, (R; 0 Mg) I+ Ty 0 My is an Aron-
szajn tree on a = R,.
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Proof Fix an R,-suitable sequence M, and let B:= dom(M) so that B e J™* by
Definition 2.7. Since P* is J-strongly proper, we may assume that B satisfies the
conclusion of Definition 2.8, by removing an J-null set if necessary. Our goal is to show
that each of (1)-(3) fail only on a set in J. Thus, we define B; to be the set of « € B so
that for some { € M, and some residue pair (p* (M, ), =), (1) fails for these objects;
we define B, to be the set of a € B so that for some { € M, N p and some residue pair
(p*(My), M=), (2) fails for M, and ; and we define B3 similarly. We show that each
of these is in J.

Suppose for a contradiction that B; € F* for some i € {1,2,3}. Then B; € F7;, since
Fwe € F. Let M* be a x model containing B; as well as the sequence M. Applying
Proposition 1.4, we may fix an M*-normal ultrafilter U containing B;, and we let j :
M* — N be the induced ultrapower embedding. In particular, x € j(B;).

Let M, := j(M)(k). Fix {* € M,,n j(p) for the remainder of the proof which
witnesses the relevant failure of (1), (2), or (3) on the j-side. Since M,; = j[Ugep Ma ]
by Lemma 2.11, we have that {* € ran(j), and so {* = j({) for some { < p. Moreover,
M, j(P*) = jIP*].

Case 1: i=1. Since x € j(B;), we may fix a residue pair (p*(M,), M=) for
(Mg, j(P*)) so that (p* (M), Of(gc)) does not force that Gj(R[) N M, is generic over
](R() N M.

To obtain our contradiction, we show that (p*(M,),0 j(S<)) in fact does force
that G]-(R() N M, is generic over j(R;) n M,. Thus, fix an extension (q*,¢) of
(p*(Mn),Oj(S[)) in j(R;). Let A" € N be a maximal antichain of j(R;) n M, =
j[R¢], and we will find some extension of (g*, ¢) which forces that A* n G.j(R() * 0.
Since q* extends p* (M, ) in j(IP*) and ™~ is an exact, strong residue function, we
may extend and relabel, if necessary, to assume that ¢* € dom(¢™~). Then pM=(q*) €
j(P*) n M, = j[P*]. Therefore, 9™~ (q*) = j(q) for some g € P*.

Now, let A := j7'[A*]; since A* is a maximal antichain in j[R;], A is a maximal
antichain in R;. However, note that since R, is not necessarily x-c.c., A could very
well have size x, and therefore we cannot assume that it is an element of M*. Until
after the proof of the next claim, we will work in V, not M*. Let A(1) be the P*-name
for {f €S¢:(IpeGp) (p.f) e A} . Then g I A(1) is a maximal antichain in S;.

Since P* I Sy is s-c.c., by Inductive Hypothesis I, we may extend g in P* to some
condition g’ and find an ordinal 8 < x and a sequence ( fy :y < B) of P*-names so that

q . AQ) = {f, 1y <B}.

Since a given fy need not be a member of M*, we show how to replace these names
with ones that are in M*, up to extending q’.

Claim 3.3 'There exist a condition u >p+ ¢ and a sequence of P*-names (h,, : y < f8)
in M* so thatu I+¥ (Vy < ) hy = f,. ]

Proof To find u, let G* be a V-generic filter over P* containing q’. Then S; :=
S¢[G*] € Uyep My[G*], since Ry € U, cp M. Since s = N;’[G ] and f3 < k, there exists
some 7 € B so that for all y < B, f,[G*] € M,[G*]. By Lemma 2.13, there exists a
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8 > 7 so that p*(Ms) € G*. Now, let u € G* be an extension of p*(M;) and g’ so
that u I (Vy < B) f, € Ms[Gp=].

Back in V, we define new names hy for each y < f3; recalling Notation 3.1, we view
conditions in S( as having a domain which is a countable subset of { x w; so that each
element in the range is a countable subset of x x w;.

For each y < 8, each { € { n M (an iteration stage), each v < w; (corresponding
to the vth tree antichain), and each 6 € § x w;, (a node with height below J), let
A(y, {, v, 0) be amaximal antichain in P* n M of conditions p which decide whether
or not 0 is a member of fy((, v). Let hy be the P*-name which is interpreted in
an arbitrary generic extension via some G* as follows: 0 ¢ hy(f ,v) iff there is some
p € A(y,{,v,8) n G* which forces that 6 € fy(( v). Otherwise, h, is undefined.

We claim that u I-Y (Vy < B) hy, = f,. To see this, let G* be a V-generic filter
containing u. Fix { < { and v < w;, and we verify that fy(( v)=h (( v). On the
one hand, if 6 € h (( ,v), then by definition fy(( ,v) is defined and also contains the
node 0. )

On the other hand, if 7 € f, ({, v) isanode, then since f, € Ms[G*] has a countable
domain, { € Ms[G*], and since f,({,v) € Ms[G*] is countable, 7€ Ms[G*] too.
However, Ms[G*] NV = M, since u € G* isa (strongly) (Ms, P* )-generic condition
(as it extends p*(Ms)). Hence, {, 7 € Ms. Thus, { € Mg n { and 7 has height below
M n i = 8. Next, since u is a strongly (M, P*)-generic condition which is in G*, and
since A(y, {, v, 7) is a maximal antichain P* n My, we know that A(y, {,v,7) N G* #
@, say with # in the intersection. However, as 7 € fy(( v), we must have that @ forces
that 7 € fy(f, v),and hence 7 € hy(f, v). This completes the proof that u I+ fy = hy for
each y < f.

Finally, since M~ is < x-closed, the sequence of antichains

(A(y,$,v,0) 1y <B.{eMsn (v <w,Be(8xw))

is a member of M”. Therefore, the sequence (h), 1y < B) is a member of M*
too. m(Claim 3.3)

Continuing with the main body of the argument, let u >p+ ¢’ and (h, : y < B)
witness the above claim. Since g IFps A(1) = {fy 1y < [3} and u > q’, we have

(#) wirpe {hy:y<pB} isamaximalantichainin S;.
Since (h, : y < B) and u are in M*, (*) is satisfied in M*. Applying j,
j(u) Il—j(]p*) {j(hy 1y < B} is a maximal antichain in j(S;).
Next, u >p+ q' >p+ q s0 j(u) >+ j(q) = 9™~(q*), and j(u) € j[P*] € My, so
j(u) and gq* are compatible in j(P*). Let ¢** be a condition extending both of them
with ¢™M=(g**) > j(u). Since q** extends gq*, which forces that ¢ is a condition in
j(S¢), q** forces this too. As g** > j(u) also forces that { j(h,) : y < B} is a maximal

antichain in j(S;), we may find an extension r* of g**, a j(P*)-name ¢, and an
ordinal y < f8 so that

r*i-g">¢,j(h y)
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We may also extend, if necessary, to assume that r* € dom(¢™~), since r* > ¢* >
p*(M,). Let r € P* so that M= (r*) = j(r).

Now, r* >;(p+) q** are both in dom(¢™~). Since ¢~ is order-preserving, j(r) =
M= (r*) 2 oM=(q**) 2 j(u). Thenr > u. Asaresult, r -V h, = f, € A(1). By defini-
tion of A(1), we may find some P*-extension r’ of r so that (', /,) extends some
element (7)), f) of A. Then j(r}, f) € A*, as A = j'[A*]. Since ' extends r in P*,
we get that j(r') >+ j(r) = 9™~ (r*). So j(+') and r* are compatible in j(P*). Let
** be a condition extending both of them. Then (r**, g*) extends j(r}, f). Indeed,

r** extends j(r') which extends j(rg). Furthermore, r** extends r* which forces

that ¢* > j(fzy), and r* extends j(r") which forces that j(hy) > j(f). Thus, (r**, )
extends j(r}, f), and therefore

(r**,8") ki j(r> f) € A" N G,y # 2.

However, (r**, ¢*) also extends the starting condition (g%, ¢). This finishes the proof
that s is not a member of j(B;), which contradicts our initial case assumption
otherwise.

Case 2: i = 2. In this case, we are assuming that x € j(B,), and we will derive
a contradiction. Let (p*(M,), 9™=) be a residue pair for (M,, j(P*)) so that
(p*(M,),0 j(Sc)) does not force the desired equality. We will show, however, that this
residue pair does in fact force the desired equality.

'lioward this end, let G* be V-generic for j(R;) containing (p*(M,),0 i) ), and
let G* := G* n M,; which, by item (1), is a V-generic filter over j(R;) n M,, = j[R].
Let G := j![G*], which is V-generic over R;. Let j(T;) denote j(T;)[G*], let Ty :=
T,[G), andlet T} = (j(T;) n M)[G"] = JLT](G7).

Since Ty is a nice R;-name for a tree order on &, for each 7,0 € k x w;, there
exists an antichain By, of R; so that, letting op(6, T) denote the canonical name for

(6, 1),
<= U{{op(6,7)} x By,r : 0,7 <K}

It is straightforward to see from this that T; = T;. So we will show that T; equals
the restriction of j(T;) to x x w;. However, we know that j: M* — N lifts to j:
M*[G] — N[G*], since j[G]=G* € G* and since each of the filters is generic
over the appropriate models. From this, it follows that T; = j(T;) N (% x w;). There-
fore, the equality in (2) is in fact satisfied, which contradicts the assumption that
K € ](Bz)

Case 3: i = 3. Let j(q) € j[P*] = j(P*) n M, be a condition forcing that A is a
name for a x-sized antichain in j(S;) N M,. Since B satisfies Definition 2.8, and
since B; € B is in U, we may fix a residue pair (p*(M,), pM=) for (M,, j(P*)).
Let g* > g, p*(M,;) be a condition, and let G* be a V-generic filter over j(P*)
containing g*. Then G* is a V-generic filter over j(P*) n M,, = j[P*]. We recall that
7't My, —> Ugep, My is the transitive collapse, and that j~' lifts in the standard
way from M, [G*] to (Uyep, My )[G]. Now, let A := A[G*] so that A is an antichain
in (j(S¢) N M)[G*] = j[S{][G*] = j(S¢[G*]) n M,[G*]. Furthermore, A is a
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member of V[G*] and has size & there. Applying the elementarity of j~!, we have
that j"![A] =: A is an antichain in S;[G], where G := j71[G*] is V-generic over P*.
Finally, A € V[G] since j![A] is a P*-name in V and A = j![A][G]. Since A has size
K in V[G] = V[G*], this contradicts the assumption that P* I S; is k-c.c.

For the “furthermore” part of (3), suppose now that b’ is a j(R;) n M, = j[R;]-
name which j(q) forces is a branch through j(T;) n M,. Fix ¢* and G* as in the pre-
vious paragraph. Then, by (2), we see that j(T;)[G*]n (k x ;) = T¢[G]. Moreover,
HEIG™ T 7 (5 @) = J(FO[G™] 2 MA[G*] = (i(Tp)  M,)[G). Thus, B[G] s
a branch through T; := T;[G]. However, b’[G*] is a member of V[G*] and V[G*] =
V[G]. Thus, T; is not Aronszajn in V[G], a contradiction.

Thus, we see that x cannot be a member of j(B;), completing Case 3 and thereby
the proof.

In both the previous result and Definition 2.8, there was the apparent necessity of
refining the domain of a suitable sequence so that various desired behavior obtains on
each level of the refined sequence. The next item amalgamates this into one definition
which we use frequently throughout.

Definition 3.4 Let M be an IR, -suitable sequence. We say that M is in pre-splitting
configuration up to p if there is a residue system ((p*(M), pM*): « € dom(M))
satisfying items (1) and (2) of Definition 2.8 (with respect to P*) as well as items (1)-(3)
of Proposition 3.2 for all & € dom (M) (with respect to R,).

Definition 3.5 Suppose that M is in pre-splitting configuration up to p, & < p, and
a € dom(M) so that & € M,. Fix a residue pair (p*(My), p™«) for (M, P*).

(1) For a (determined) condition (p, f), we define f | M, to be the function f with
domain dom( f) n M, so that for each ({,v) € dom(f) n M,,

F(Ev) = F(6v) N M.

(2) Wedefine D(¢™«, &) to be the set of conditions (p, f) € Rg so that p € dom(gp™<)
and (¢M«(p), f I My) is a condition in R (and hence in R¢ n M,).

(3) If (p, f) € D(¢pM=, £), we make a slight abuse of notation and define (p, f) | M,
to be the pair (p™=(p), f | M, ), when M= is clear from context.

We observe that, in general, for (p, f) € D(p™<, £), although (p, f) } My € Rgn
M, isa condition, it need not be a residue of (p, f) to M, in the sense that it is possible
for some (p’, f’) € Rg n M, which extends (p, f) | My not to be compatible with
(p, f). However, (p, f) | M, must have some extension (p, f) € Rg n M, which is a
residue of (p, f). This is because if G € R; is V-generic and contains (p, f), then by
Proposition 3.2 and the definition of pre-splitting configuration, G := G N M,, is V-
generic over R; N M and (p, f) | M, € G. Since (p, f) € G is compatible with every
condition in G, there must be some (p, f) € G which extends (p, f) I M, and is a
residue of (p, ), by Lemma 2.3.

Lemma 3.3 Suppose that M is in pre-splitting configuration up to p. Then, for each a €
dom(M), each residue pair (p* (M), =) for (Mo, P*), and each & < p with & € M,,
D (oM<, §) is dense and =* -countably closed in (P* /p*(M,)) * S¢.
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Proof We will first prove the result for & < p and then use this to prove the result
at p. Note that the =*-countable closure of D(¢™, ), in either case for &, follows
from the continuity of 9™« and the =*-countable closure of the posets. We therefore
concentrate on showing density.

Let (po, fo) € Rg be given with py > p* (M, ). By the observations following Defi-
nition 3.5, we may build increasing sequences ((p,, fy) : 7 € @) and ((pp, fn) : 11 € @)
so that:

() (Pus fu) is a residue of (py, f») to M, with p, extending p™=(p,,) and with £,
extending the function f,, } M, in the sense of Definition 3.2 (note that f, | M,
need not be forced by ™= (p,) to be a condition);

(ii) (pn+1> fur1) extends both (py, fn) and (pa, fu); and
(iil) pn+1 € dom(eM=) and o™«(p,11) > o

Now, let (p*, f*) be a sup of {(p,, f») : n € w). Note that p* € dom(p«) since
pn € dom(pM=) for each n and also that o™« (p*) is a sup of (p™«(p,) : n € w). We
claim that (o™« (p*), f* } My) is a condition. Now, o™= (p*) > oM« (p,41) > p,, for
each n, so M= (p*) forces that (f, : n € w) is an increasing sequence of conditions
in Sg, and therefore forces that U, fn is a condition too. However, f,,+1 extends_(in
the sense of Definition 3.2) f,.; | M, which extends f, for all n. Therefore, U, f, =
Un(fu  My) = (U fu) I My = f* | Mg, which finishes the claim.

Now, we show that the lemma holds for & = p. We deal with p limit first. If cf (p) > w,
then the result holds since any (p, f) € R, is in R; for some & < p. On the other hand,
if cf(p) = w, then let (¢, : n € w) be an increasing sequence of ordinals in M, which
is cofinal in p. By applying the lemma below p, we define an increasing sequence of
extensions ((p,, fn) : n € w) of (p, f) so that f, | [€,,p) = f | [€4,p) and so that
(Pus fu 1 &n) € D(@M=, &,). Now, let p* beasup of (p,, : n € w)and f* := U, f,. Then
(p*, f*) extends (p, f) and is a member of D(¢p™=, p).

Finally, assume that p = po + 1 is a successor, and let (p, h) € R, be given. By the
remarks after Definition 3.5, we may find a residue (p, k) of (p, h I po) to M, with
respect to the poset R,,. Recalling Notation 3.1, we use h(po) N M, in what follows
as an abuse of notation for (h(p)(v) N My : v e dom(h(po))). By the elementarity
of M, and the fact that h(py) N M, is a member of M,, we may find an extension
of (p,ho), say (p', k), which either forces that h(pe) N M, € S(po) or forces that
h(po) N My ¢ S(po). Since (p',hly) extends (p, ho), it is compatible with (p,h |
po), and hence it must force that h(pg) N My € S(po). Finally, since D(p™=, py) is
dense and py € M,, we may find an extension (g, go) of (p’,h}) and (p,h | po)
which is in D(¢™«, py) and which satisfies that ™= (g) > p’. Then (g, go) | M, isa
condition which forces that h(pg) N M, is a condition in S(py ). Thus, (¢™+(q), (go |
M)~ (h(po) N My)) is a condition and equals (g, g5 (h(po))) | M. |

Notation 3.6 'We will often find it useful to denote conditions in R by the letters
u,v and w. If u € Rg, we write p, and f, to denote the objects so that u = (py, fu).
Furthermore, if { < £, then we write u | { to denote the pair (py, f, | {), which
restricts the length. This should not be confused with u | M, = (¢M=(p), f | My)
from Definition 3.5, which restricts the height.

The following definitions of # and * are taken from [30] and modified to the current
presentation. The dual residue property defined in (2) of the upcoming definition is
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the natural translation into the current situation of the statement that “# implies +” at
a from [30].

Definition 3.7 Suppose that M is in pre-splitting configuration up to p, that « €
dom(M), and that { < p is in M,.
(1) Fix conditions u,v € R; and w € R; N M,,. Fix a residue pair (p* (M, ), ™¢) for
(Mg, P*).
(a) We say that

#iM“ (u,v,w)

holds if u,v € D(pM«,{)andu | My =* w="v | M,.>
(b) We say that

e (,7,)

holdsifu,v € D(9M«,{)andifw > u } My, v | M, isa dual residue for u and
v (see Definition 2.2).2
(2) We say that R, satisfies the dual residue property at M, if for any residue pair

(p*(My), pM=) for (M,,P*) and any conditions u,v,w so that #;Ma (u, v, w)

holds, there exists w* >g,np, W so that *i’"“ (u,v,w*) holds.

Lemma 3.4 Suppose that *;Mu (u, v, w) holds and that D is dense and countably =*-

closed in R¢/(p* (M), ng). Then:

(1) thereexistu' > u,v' > vwithu',v' € D andthereexistsw’ > wsothatu' | My > w,
v I My > w, and *;M‘x (u',v", w") holds; and

(2) there exist u* > u and v* >v with u*,v* € D, and there exists w* > w so that

#;Ma (u*,v*,w*) holds.

Proof First, define E to be the set of conditions s in R¢/(p* (M), OS{) so that s €
D(¢M«,{) n D and so that eithers } M, >wors | M, is incompatible with w; then E
is dense in R¢/(p* (Mq), 03, )- Now, fix a V-generic filter G over R; n M, containing
w, and note that u and v are in (]R(/(p*(Ma),OS())/G. By Lemma 2.4(2), we can
find 4’ > 1 and v' > v so that u',v" are in E as well as in (R¢/(p*(M«),0g,))/G. We
next observe that 4’ } M, € G. Indeed, since u’ ¢ D((pM“_, 0), u’ } My is a condition
in R; N M. In addition, since u’ € (R¢/(p* (Ma), Og())/G andu’ > u' | M,,wehave
thatu’ } M, (a condition) is compatible with_every conditionin G. Thus, u’ | M, € G.
However, by definition of E, and since w € G, u’ | M, must extend w. A symmetric

argument shows that v/ | M, > w.
Now, let w’ € G be a condition extending w which forces that u’,v' are in

(R(/(p*(Ma),OSZ))/(;;. By Lemma 2.3, we have that *;Ma (u',v',w") holds. Since
u' } M, and v’ | M, both extend w, this completes the proof of (1).

Note that if (p, f) and (g, g) are (determined) conditions with (p, f) =* (g, g), then f = g.
One can in fact argue that if w is a dual residue, then it follows that w > u | My and w > v | Mg;
however, we do not need this fact.
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For (2), suppose that we are given conditions ug,vo, and w, so that
*i’"“ (140, v0,wo) holds. By repeatedly applying (1), we may define a coordinatewise
increasing sequence ({(u,,Vy,wy):n€w) so that for all new, uyy >u, and
Vusl 2 Vs Upgr | Mg >w, and v,41 | My > w,; and *iMa (ttn> V> wy) holds. Let u*

beasup of (u, : n € w),and let v* and w* be defined similarly. Since *ZM“ (ths Vis Wh)
holds for each n, by definition, we have that w, > u, | My, v, | M,. Therefore, the
sequences (u, | My:new) and (v, | My:new) are each intertwined with
(wn : n € w), and consequently, they have suprema which are =*-related. It follows by
the continuity of ™« that #;Ma (u*,v*, w*) holds. |

Suppose that M is in pre-splitting configuration up to p, that a € dom(M), and
that { € M, n p. Fix 0 € (k\a) x w;, anode in the tree T; of level greater than or equal
to a.

Let B((G, «) denote the R;-name for {9 caxw:0 <f, 9}. By Proposition 3.2(2),

the condition (p*(My), ng) forces that E((G, a) is a cofinal branch through (T; n

M,)[Gr,nm, - Note that by Proposition 3.2 and the definition of pre-splitting con-

figuration, (T( n M‘,,)[GRIm M, ] is an Aronszajn tree on « in the V-generic extension
V[Gr,nm, ] over Ry 0 M, In light of this, we make the following definition.

Definition 3.8 Let { < p, a < k, and (6, 7) be a pair of tree nodes (possibly equal) at
or above level a, which we view as nodes in the tree T;. We say that two conditions u
and vin R split (0, 7) below a in Ty if there exist alevel & < a and distinct nodes 0, 7 on
level & so that u I 6 <j, Bandv I 7 <j, 7. Moregenerally,if { < & < pandu’,v" € Ry,

then we say that u’ and v/ split (0, 7) below a in Ty if u = u’ } {and v = v/ } { do.

Lemma 3.5 Suppose that { < & < p and R satisfies the dual residue property at some

M, where { € My (see Definition 3.7). Fix u,v € Rg so that for some w € Rg n M,
#ZM“ (u,v,w). Let (0, 7) be a pair of tree nodes (possibly equal) each of which is
at or above level a. Then there exist extensions u* >u, v* >v, and w* >w so that

#2% (u*,v*,w*) and so that u* and v* split (0, ) below a in T;.

Proof Since R; satisfies the dual residue property at My, R; does too, and so we
may find some w’ € R, n M, so that w’ >g, w I ¢ and *;M“ ('t ¢,v1{w). Fixa

V-generic filter G over R; N M, containing w’. As a result, u | { and v | { are in
(R(/(p*(Ma),OS())/G. By the discussion preceding Definition 3.8, we know that

u I ¢ forces in the quotient that be(6,a) is a cofinal branch through T:=(T;n
M, )[G], which by Proposition 3.2 is an Aronszajn tree on « in V[G]. Consequently,
we may find two conditions ug, u; which extend u | { in (R;/(p*(Ma),OSz))/G_,

some level & < a, and two distinct nodes 0y, 0; on level & of T so that u; forces in
(Re/(p* (M), OS())/G that 0; <y, 0. Since v | { also forces that by (7, «) is a cofinal

branch through T, we may find some extension vy of v | { in the quotient so that v,
decides the < T{—predecessor, say 7, of T on level & of T. As 0 # 0, there exists some

i€2sothat®; + 7.Set 0 = 6;.

https://doi.org/10.4153/50008414X22000207 Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X22000207

Club stationary reflection and the special Aronszajn tree property 877

Now, fix an extension w” of w’ in G so that w”’ forces the following statements: (i)
u;, vo are in the quotient; (ii) u; forces in the quotient that 0 <f, 0; and (iii) v¢ forces
in the quotient that 7 <; 7.

By two applications of Lemma 2.4(3), we may find conditions i, v in the quotient
so that &z extends u; and w”’, so that 7 extends vy and w”/, and so that iz, ¥ € D(@™<, ).

We now see that i Ik, 6 <f, 0, since

" . N .
w" IFReaM, ( Ui (e (o (100,05 0)/6 O < 9)’

and since # > w", u;. Similarly, ¥ Ibg, T <, T
Finally, let w > w”’ be a condition in G which forces that it and 7 are in the quotient,
so that by Lemma 2.3, *iM“ (@1, 7,w) holds. By Lemma 3.4, we can find some #* > 1,

v* > 9, and w* > w so that #;Ma (a*,v*,w*) holds. Now, let u* be the condition where
Pu+ = par>and where fi« = fix ~f, 1 [, ). Let v* and w* be defined similarly. Then
#iM" (u*,v*,w*),and u* and v* split (60, 7) below a. ]

One of the most important uses of the dual residue property is to obtain splitting
pairs of conditions. Obtaining such conditions will also crucially use the “exactness”
conditions of Definition 2.8.

Definition 3.9  Suppose that M is in pre-splitting configuration up to p.

(1) Let @ € dom(M) and & € M, N p. Fix a residue pair (p* (M, ), pM=) for (M, P*)
and conditions u, v € R;. We say that u and v are a splitting pair for (o™« &) if:
o for some w € Ry n My, #iM“ (u,v,w); and
o for any ({,v)edom(f,)ndom(f,)nM, and any (6,7)¢€ (f,({,v)) x

(f+(L,v)), both at or above level, a, u, and v split (6, 7) below a in T.

(2) Given fixed enumerations f,({,v)\(a x w;) ={0,|n<w} and f,({,v)\(a x
w1) ={Tm | m < w} (possibly with repetitions in the case the sets are finite,
nonempty), we define a splitting function to be a function = with domain*

dom(Z) = (dom(f,) ndom(f,) N M) x w x w,

so that for any ({,v,m,n)edom(Z), 2({,v,m,n) is a pair (#,7) of tree
nodes satisfying Definition 3.8 with respect to (6., 7,). We will denote 6 by
2({,v,m,n)(L) and 7 by 2({,v,m,n)(R).

Remark 3.6 Let X be as in Definition 3.9.
(1) We emphasize the fact that if ({, v, m, n) € dom(ZX), then
(¢ v,myn)(L) = Z({v,m,n)(R)

are two distinct tree nodes on the same level. We will usually suppress explicit
mention of the level.

(2) Any splitting function X is a member of M, since M, is countably closed and
since X maps from a countable subset of M, into M,.

“Recall our convention from Notation 3.1 regarding conditions f, and their domains.
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(3) We only require the splitting pair in Definition 3.9 to split nodes coming from
coordinates which are members of M,. As we will see from Lemma 3.8 and later
thinning out arguments, this is sufficient for our purposes.

Now, we are ready to state our second inductive hypothesis, the point of which is
to provide plenty of instances of the dual residue property. We will assume the second
inductive hypothesis for the rest of the section. We again recall the filter F and its dual
ideal J from Definition 2.8.

Inductive Hypothesis II: Let & < p, and suppose that M is R ¢-suitable. Then there is
an A € dom (M) with A € T so that for all « € dom(M)\A, R satisfies the dual residue
property at M,.

Now, we move to the main part of the proof that P* satisfies Inductive Hypotheses
I and II with respect to p. After a bit more setup, we will verify Inductive Hypothesis
I for p and then use this to verify Inductive Hypothesis II at p.

The following lemma amalgamates instance of the second induction hypothesis
below p, stating that if M is p-suitable, then for almost all a € dom(M) and all
EeMynp, R, satisfies the dual residue property at M,. However, we note that the
following lemma is far from showing that the second induction hypothesis holds at
p itself, only asserting (roughly) that it holds up to p. The proof involves a standard
diagonal union, using the normality of J.

Lemma 3.7 Suppose that M is R,-suitable. Then there is an A € dom(M) with A € J

so that for all a € dom(M)\A and all £ € M, 0 p, R satisfies the dual residue property
at M.

Proof Fix M which is R, -suitable. If p < x, then the lemma follows by taking the
union of < k-many sets in J which witness the second induction hypothesis below p.
Suppose, then, that p > k, and let 4 : K — p be the <-least bijection from « onto p.
Note thathisin M, forall a € dom(1\7I ) (since p is an element of M) and that for each
such a, My N p = h[ M, N k]. Next, observe that for all £ < p, a tail of the sequence M
is R¢-suitable, since a tail of this sequence contains & as an element and since each
model on M is R, -suitable.

For each £ < p, we may then find Ag € J so that for all & € dom(M)\Ag, M, is
R¢-suitable and so that R satisfies the dual residue property at M,. For each v < s,
let B, := Aj(,), and let B:= V,.B, = {f < : (Iv<B)[B e B,]}. BeTsince Jis a
normal ideal.

We now claim that for all « € dom(]\7[ ) and all £ € M, N p, M, is Rg-suitable and
R¢ satisfies the dual residue property at M, . So let such & and & be given. £ € M, n p,
and hence & = h(v) for some 7 < a. However, « ¢ B, and therefore for all v < a, o ¢
B, = Aj(yy. In particular, a ¢ Ap(5y = Ag. Thus, by choice of Ag, M, is R¢-suitable,
and R satisfies the dual residue property at M. [ ]

Atimportant parts of the following proofs, we will need to understand the circum-

stances under which we can amalgamate conditions in R,, and in particular, in Sp.
We will often be interested in the following strong sense of amalgamation.
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Definition 3.10 Let u,v € R, so that p, and p, are compatible in P*. We say that f,
and f, are strongly compatible over p, and p, if for any condition g € P* which extends
pu and p,, g forces that f, U f, € Sp.

The next lemma gives sufficient conditions under which we may amalgamate
conditions in R, whose specializing parts are strongly compatible as above.

Lemma 3.8  Suppose that M is in pre-splitting configuration up to p, that o < 8 are in
dom(M), and that (p* (M), p™<) and (p* (Mpg), p™#) are residue pairs for (M, P*)
and (Mg, P*), respectively. Let (u, vo) and (ug,vg) be two pairs of conditions in R,
which satisfy the following:

(1) (ug,vy) is a splitting pair for (pM=, p) with splitting function 2 4;

(2) (up,vg) is a splitting pair for (p™¢, p) with splitting function % g;

(3) Zoa=Zp;

(4) there exists w € M so that #ZM“ (Ug>Va,w) and #‘;Mﬁ (ug,vg,w) both hold; and
(5) ua,vq € Mpg.

Then uy and vy are compatible in R p; in fact, f,, is strongly compatible with f,, over
Pu, and pyg.

Proof We first observe that p,, and p,, are compatible in P*. Indeed, by (4),
oY= (pu,) =" pw =" 9™ (py;), and by (5), pu, € Mp. Thus, as pu, > 9™ (py,) >
oMs ( Pvg)> and as @M# is a residue function, p,, is compatible with P

Now, let g € P* be any common extension of p,, and p,,. We will argue by
induction on { < p that g I (f,, U fvﬁ) } { €S;. Limit stages are immediate. For
the successor stage, suppose that ({,v) € dom(f,,) ndom(f,,) and that we have
proved that g I+ (fua va,,ﬁ) M e S(. Since f,, € Mg by (5), ({, v) € Mg. Thus, ({,v) €
dom(f,,) N Mg = dom(f, ), since w =" vg | Mg. Since we also have that w =" ug |
Mg, it follows that ((,v) € dom(f,,). Thus, (¢,v) € dom(f,,) ndom(f,,) N Mg =
dom( f,,) ndom(f,,) n M, with equality holding by (3) and the definition of a
splitting function. Moreover, { € M, since ({,v) € dom(f,,) € M,.

Now, pick a pair of distinct nodes (6, ) € fu, ({,v) x f,;({,v), and we will show
that (g, (fu, U fv;) I ¢) forces in R; that 6 and 7 are T;-incompatible. If 6 is below
level a, then 6 € (fu, I My)(C,v) = fu(C,v) € £, (¢, v). Thus, (g, fu; | () IF 0,7 are
T;-incompatible, and so (g, (fu, U fvs) 1 {) forces this too. A similar argument
applies if 7 is below level f3.

We therefore assume that 0 is at or above level & and 7 is at or above level 8. Let
m and n be chosen so that 6 is the mth node in f,, ({,v)\(« x w;) and 7 is the nth
node in f,,({,v)\(B x w;). By assumption (3), letting ¥ := X, = X5, we know that
>(¢,v,m,n)(L) and Z({, v, m,n)(R) are two distinct nodes on the same level and
also that

(Pus fua 1 §) - 2(8v,m,n) (L) <4, 6,

and

(Pv,;afvﬁ F () = Z((, v,m,n)(R) <T( T.
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Therefore, (g, (fu, Y fv;) I () forces that 7 and 6 are incompatible in Ty, as we
intended to show. |

The following item shows how we can obtain the desired splitting pairs of condi-
tions.

Lemma 3.9 Suppose that M is in pre-splitting configuration up to p and that
dom(M) satzsﬁes the conclusion of Lemma 3.7. Fix a € dom(M), and suppose that
(p*(My), M=) is a residue pair for (Mg, P*). Finally, fix u, v, w so that #:Ma (u, v, w).
Then there exist extensions u* > u and v* > v so that u*,v* are a splitting pair for
(9™ p).

Proof Fix u,v,w as in the statement of the lemma. We define a coordinatewise
increasing sequence of triples {{u,,v,,w,): n € w) of conditions and a sequence
((Cn> Vi, 04, Tn) s n € @) of tuples of ordinals and tree nodes so that (ug, vo, wo) =
{(u, v, w) and so that for each n,

o # o (tns Vo W) holds;

. ((n: Vn) € dOm(fu,,) N dom(fvn) N M,x and <0n7Tn) € (fu"((n,vn)\(a X wl)) x
(fon (C> vu)\ (@ x w1)); and

o Uy and v,y split (0, 7, ) below a.

This is done with respect to some bookkeeping device in such a way that if u* is a sup of
(uy : n € w) (and similarly for v*), then for each ({, v) € dom(f,+) ndom(f,+) N M,
and each (0,7) € (fur ((,v)\(a x w1)) x (fir ({v)\(a x w1)), ({, v, 6, T) appears as
the nth tuple for some n.

To show the successor step, suppose that u,,v,, and w, are given, and consider
(Cu> V> 01, Tn ). Note that #2;"“ (thn 1 Gy 1 Gy wy 1 Cy) also holds. Then Lemma 3.5
applies since {,, € M, and since R, satisfies the dual residue property at M, forall 7 €
M, n p. Thus, we may find conditions u), > u, | {y, v, 2 v, | {y, and w, 2wy, | {,
so that #;"Mm (ul,,v),,w)) and so that uj, and v/, split (6,,7,) below a. Now, define
fun to be the function which equals f,; on {, and which equals f,, on [{,,p).
Moreover, let u,.; be the pair (pu:, fu,.,). Let v, and w,,; be defined similarly.
Then #’;Mu (tn+1> Vus1>, Wne1) holds, and w41 and v,y split (0, 7,,) below a.

This completes the construction of the sequence. Fix sups u*,v*,w*. Since
#Z’M“ (tty> V> wy) holds for all n, #’;Ma (u*,v*,w") also holds. By the choice of book-

keeping, u*,v* is a splitting pair for (¢, p), completing the proof. [ ]
Lemma 3.10  Suppose that M is in pre-splitting configuration up to p. Suppose that
for each a € dom(M), there exist u,, v, which are a splitting pair for (pM=, p), where
(p* (M), M=) is a residue pair for (My,P*). Then there exists B € dom(M) in F*
so that for any a < B in B, uy,ve € Mg, ug | My =" vg I Mg, and u, is compatible
with vg.

Proof Suppose that for each a € dom(M), we have a splitting pair u, v, for
(¢™M=, p); we also let w, € R, N M, be a condition witnessing #ZM,, (4> Vo, We ). Let

Z, be a splitting function for (u4,v«) with respect to My, as in Definition 3.9. By
Remark 3.6, £, € M,. Now, the function on dom(M) defined by a — (wg,Z4) is
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regressive (since the pair can be coded by an ordinal below «). Since dom(M) € F*
and J is normal, there exists some B ¢ dom(M) which is also in F* on which that
function takes a constant value, say (w, 2). Moreover, by intersecting with a club and
relabeling if necessary, we may assume that if « < 8 are in B, then u,, v, € Mp. But
then, for any « < 8 in B, we have that u, | My =" w =* vg | Mp. Therefore, for all
« < B in B, the assumptions of Lemma 3.8 are satisfied, and consequently u, and v
are compatible. [ ]

Proposition 3.11 P* IS, is k-c.c.

Proof Let p € P* be a condition, and suppose that p I+ fy iy < K) is a sequence of
conditions in S,. We will find some extension p* of p which forces that this sequence
does not enumerate an antichain.

Let M be a sequence which is suitable with respect to the three parameters R, p,
and (f, : y < x), and which is in pre-splitting configuration up to p. By removing an
J-null set, we may assume that dom (M) satisfies the conclusion of Lemma 3.7.

Let B:=dom(M). Since M is in pre-splitting configuration up to p, let
({(p* (M), pM=) : & € B) be a residue system. For each a € B, p € P* n M, and there-
fore we may find some extension p, of p so that p, € dom(¢™=). We may also assume
that for some function f, in V, pg IFpe fo = fo. Now, extend (py, fo) to a condition u,
in D(¢M«, p). By Lemma 3.9, we may further extend u, to a splitting pair (u}, v} ) for
(M=, p). By Lemma 3.10, we may find some B* ¢ B with B* € 3" so that for all & < 3
in B*, u, and v; are compatible. Let w be a condition extending them both. Then p,,

forces that f,, extends both fu; and fv; and hence extends f, and f[g. Therefore, p,,

forces that f, and fﬂ are compatible in S,,. [ ]

We are now ready to verify that the second induction hypothesis holds at p. We
again remark that this proposition (and the later results which build off of it) is the
only place in our work where we need the ineffability of . In all other cases, the weak
compactness of « suffices.

Proposition 3.12  Suppose that 1\711'5 in pre-splitting configuration up to p. Then there
is an A € J so that for all « € dom(M)\A, R, satisfies the dual residue property at M,,.

Proof We only deal with the case when IP* is not just the collapse poset P (and hence
we are in the case where « is ineffable, and F = F;,,). The case when P* is the collapse
P is simpler and taken care of in [30].

Suppose otherwise, for a contradiction. Then

B:= {oc e dom(M) : R, does not satisfy the dual residue property at Ma}

is in F*. Moreover, by removing an J-null set if necessary, we may assume that B
satisfies the conclusion of Lemma 3.7. We will derive our contradiction by creating
a k-sized antichain in R, for which we can amalgamate many of the IP*-parts. This
will then lead to a k-sized antichain in S, in some V-generic extension over P*.

For each a € B, we fix a residue pair (p* (M), pM«) for (M,,P*) and a triple
(4> Va, wq) which witnesses that R, does not satisfy the dual residue property at M.
Thus, #ZM“ (ta> Ve, Wa) holds, but for any w* >g,qu, W, either w” is not a residue
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for u, to M, or w”* is not a residue for v, to M,. In particular, for each such w*,
we may find a further extension in R, n M, which is either incompatible with u, or
incompatible with v, in R,,.

By Lemma 3.9, we may extend (u,, V4, W) to another triple (1}, v:, w’) so that
u,, and v, are a splitting pair for M,. By Lemma 3.10, we may find some B* € B with
B* € F so that for all &, f € B* with a <, wy =" wj, uy and vg are in Mg, and
u, is compatible with v;. We let %" denote a condition which is =* equal to w; for
a € B*.

Next, for each a < 8 both in B*, we define a condition w;, B Fix such « and .
Since u; € Mg is compatible with vl*;, there is an extension w; ; of u; in R, n Mg
which is a residue for v toR, N Mg. Since B € Band since w;’ﬁ is a residue for v}, we
may further extend (and relabel if necessary) to assume that w;, ; is incompatible with
up. Since Pz, 2 Pup 2 p* (M), we may further assume that Pw;, Isin the domain
of pMe.

We now set up an application of the ineffability of . For each f§ € B*, we define the
function Eg by

Eg = {(a,w;,ﬁ) ta€B* mﬁ} cBx(MpgnR,).

Formally, we ought to apply the ineffability of & to a sequence A where the ath element
on the sequence is a subset of a. However, we will work with the sets Eg; this poses no
loss of generality since, by using the <-least bijection from R, onto « and the Godel
pairing function, we can code Eg as a subset of 8.

Since k is ineffable and B* € ™, we can find a subset E of £ x R, and a stationary
S ¢ B*sothatforallfe S,En (f x (MgnIR,)) = Eg. We observe that E is a function:
if (a, w) and (&, w') are both in E, fix some 8 € S large enough so that w, w’ € Mg n
R,. Then (a,w) and (&, w') arein En (B x (Mg nR,)) = Eg. Since Eg is a function,
w = w’. We can now rephrase the coherence as follows: if 8 € S, then E I = Eg, since
E t B and Eg are both functions with domain B* n fand Eg € E | .

Next, B* ¢ dom(E). Indeed, for each €S, E | B = Eg, and the domain of Eg is
B* n B. Since S is unbounded (in fact stationary) in &, there are unboundedly many f
so that E | 8 = Eg, from which the conclusion follows. And finally, if « € B*, then for
any B e S\(a +1), E(a) = wy, 4, since E(a) = Eg(a) = w g.

Now, we press down residues for conditions indexed by S. Since S € B* = dom(E),
E(a) is defined for each « € S. Moreover, pg(q) is in the domain of ¢« since it
equals w;’ﬁ for some/any f3 € S\(a +1), and since w;)ﬁ is in the domain of ¢™-«,

Then @™« ( PE(a)) is a condition in M, NR,, and each such condition can be coded
by an element of &, using the <-least bijection from R, onto x. Thus, the function
a > oM< (pr(a)) on S is regressive, and so we can find a stationary $* ¢ S so that it
has a constant value, say the condition p**.

Now, fix « < B in §*, and we will show that pg(4) and pg(s) are compatible in P*.
Indeed, E(a) = wy 5 is an element of My NR,. In addition, p,,: > Me (Pwz,) =
P = oM (pr(py)- Thus, pr(a) = Puz, extends, inside of Mg, the residue of pg(g) to
Mp. pg(«y and pg(p) are therefore compatible in P*.

https://doi.org/10.4153/50008414X22000207 Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X22000207

Club stationary reflection and the special Aronszajn tree property 883

However, for such a < f8, we also know that E(«) and E(f) are incompatible
conditions in Ry, since E() extends uy and since E(a) = wy g is incompatible with
ug- Thus, if g is any condition which extends pg(q) apd PE(p) in P*, then g must force

that fg(4) and fg(p) are incompatible conditions in S,.

Now, we can create our x-sized antichain of specializing conditions. Let G* be
a V-generic filter over P* which contains the condition p**, and recall that p** =
@M« (pE(a)y) forall a € S*. By Lemma 2.13, the set

X := {(x €S8": pr(a) € G*}

is unbounded in #. Therefore, if « < B are in X, then fg(4) and fg(g) are incompatible
conditions in S,[G]. Since & is a cardinal after forcing with P* and since X has size x,
this gives a x-sized antichain in Sp [G]. This contradicts Proposition 3.11 and completes
the proof. [ ]

Here, we comment on the use of the ineffability of . In the original Laver-Shelah
argument, P* is just the collapse forcing. Thus, their entire forcing is x-c.c. However, in
our setup, P* will in general fail to be x-c.c., and consequently it is not enough to find
a ri-sized antichain in P* * S, = R,. Rather, we need to arrange that there is a 1-sized
antichain in R, for which we can amalgamate plenty of the P*-parts of the conditions.
This in turn requires that we are able to press down on the residues of the P*-parts.
Considering the array (w; piafeB A< B) from the proof of the previous result,
we need to find a stationary S € B* on which, for each « € S, the function on S\(« + 1)
taking  to w;, 4 is independent of 8, say taking value w;". Then, using the stationarity
of S, we pressed down on the residue of w,*. The ineffability of x allowed us to create
a function, namely E, out of the above array with dom(E) containing a stationary set
on which the approximations (the Eg) cohere. We were not able to create this function
and set up an application of pressing down just assuming that x is weakly compact.

However, in the case that P* is just the collapse, then a weakly compact cardinal
suffices for the entirety of the argument, since the entire poset P * S, is then x-c.c. In
this case, we only need to create an unbounded Z ¢ B* on which the function §
w, p is independent of B, for each a € Z and f € Z\(a + 1); this is because (w;" : a €

Z) would then be a k-sized antichain in P * Sp, a contradiction. Z can be constructed
by working inside a k-model M* containing all of the relevant information, for which
there exists an M*-normal ultrafilter containing B as an element.

We have now completed the proof of Theorem 3.1. We conclude with a corollary
which adds to that theorem an additional clause about the dual residue property; this
will be useful later.

Corollary 3.13  Suppose that P* is F-strongly proper and that S+ is a P*-name for

a k*-length, countable support iteration specializing Aronszajn trees on k. Then, for all

p <K,

(1) P* forces that S, is k-c.c.; and

(2) if M is in pre-splitting configuration up to p, then there is some A € dom(M) with
A €3 so that for all o € dom(M)\A, R, satisfies the dual residue property at M.
Hence, for all { € My N (p +1), Ry satisfies the dual residue property at M.

https://doi.org/10.4153/50008414X22000207 Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X22000207

884 O. Ben-Neria and T. Gilton

Proof If the corollary is false, let p be the least such that it fails at p. Then Induction
Hypotheses I and II hold below p, so Propositions 3.11 and 3.12 show that (1) and (2)
hold at p, a contradiction. ]

4 TF-strongly proper posets and preserving stationary sets

In this section, we will prove that the appropriate quotients preserve stationary sets
of cofinality w ordinals. We will apply this result in Section 6 when we show that our
intended club-adding iteration is F-completely proper (see Definition 5.3). In the first
part of this section, we will prove some helpful lemmas which we use in the second
part to complete proof of the preservation of the relevant stationary sets.

For the remainder of this section, we fix an F-strongly proper poset P* and an
iteration S, of length p < k" specializing Aronszajn trees in the extension by P* (see
the beginning of Section 3 for a more precise definition and relevant notation). Note
that the conclusions of Corollary 3.13 hold.

We first prove two lemmas which describe how the residue functions with respect
to two models on a suitable sequence interact. More precisely, suppose we have
a suitable sequence M, where « < 8 are both in dom(M) and M, and Mjg have
respective residue pairs (p* (M), 9™<) and (p*(Mp), p™#) with respect to P*. A
natural question is whether, on a dense set, ™= (¢ (q)) =* pM=(q), i.e., whether
the M,-residue of the Mg-residue is equivalent to the M,-residue. Proposition 4.2
shows that this is the case.

Lemma 4.1 Suppose that M is P*-suitable with residue system
((p"(M,),9™) : y € dom(M))

and that « < B are in dom(M).

(1) For every p € P* that extends both p*(M,) and p*(Mp), there is an extension
p* >p+ p with p* € dom(¢M=) n dom(op™#).

(2) Do(p™, 9M") := {q € dom(pM~) N dom(9™*) : ™ () € dom(p™=)} is =
*-countably closed and dense in P* | {p*(Ma),p*(Mp)}.S

Proof For (1), we apply a dovetailing construction using the properties of the residue
functions. Define, by recursion, an increasing sequence (p,, : 1 € w) of extensions of p
so that py,4; € dom(¢™#) and, for n > 0, p,, € dom(¢™#). Let p* beasup of (p, : n €
w). Then p* € dom(¢p™=) since it is also a sup of (pa,41: 1 € w), and p* € dom(p™#)
since it is a sup of (pa, : n > 0).

For (2), fix a condition g_, € P* which extends both p*(M,) and p*(Mp), where
by (1) we may assume that q_; € dom(¢™=+) n dom(¢™#). We first make a cosmetic
improvement to q_; before the main construction. Since g_; extends both ¢™#(g_,)
and p* (M) and since both of these conditions are in Mg (using Definition 2.8(2)
to see that p*(M,) € Mpg), we may apply the elementarity of My to find a condition
s_1 € Mg which extends ¢™#(q_;) and p* (M, ). Now, find an extension qo > g_1 so
that 9™#(qy) > s_;, noting that we may assume that o € dom(@™=) n dom(¢p™#).

>'This denotes the set of r € P* which extend both p*(Mq) and p* (Mp).
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Having completed this modification, we now define, by recursion, an increas-
ing sequence of conditions (g, : 1 € @) in dom(p™«) N dom(9™#) and an increas-
ing sequence (s, :n € w) of conditions in Mg ndom(¢™=) so that for each n,
oMb (qus1) > 50 > 9M#(g,). So assume that g, is defined. Since p™#(g,,) > p*(M,,)
(using the previous paragraph for the case n = 0), we may find an extension s, of
@™#(q,) which is a member of Mg N dom(¢™<). Then let g1 > g, be a condition
with @8 (g,41) > s,,. Finally, let ¢* be a sup of (g, : n € w), and let s* be a sup of
(sn : n € w), noting by the intertwined construction that s* is also a sup of (9™ (q,,) :
n € w). By the countable continuity of the residue functions, we have ¢pM#(g*) =* s*.
However, s* € dom(¢™«), since it is the sup of the increasing sequence (s, : 1 € w) of
conditions in dom(¢™«). Consequently, p™#(g*) is also in dom(¢™=). Since q_; in
P/ {p* (My), p* (Mﬁ)} was arbitrary, this completes the proof of (2). ]

Proposition 4.2 Suppose that M is P*-suitable with residue system
((p*(My), 9™ ) : y e dom(M)),
and let a < B be in dom(M). Then
E(gMe, ¢"0) = {p e P* : ™ (p) € dom(9™) A 9™ (9™ (p)) =" 9™ (p)}
is =*-countably closed and dense in P*/ {p*(Ma),p*(Mﬁ)}.

Proof We begin by observing that if g € Do(p™«, ™), then ¢M=(q) extends
M= (9Ms(q)). Indeed, since q € dom(p™#), q > ¢M#(q), and since pM= is order-
preserving and both g and ¢™#(gq) are in dom(¢™=), we conclude that p™«(gq) >
oM (9™#(q)).

With this observation in mind, let p € P* extend both p*(M,) and p*(Mp),
and by extending further if necessary, we may assume that p is in Do (p™«, p™Ms).
We will define by recursion an increasing sequence of conditions (p, : n € w) in
Do (@M=, pM#) with py = p so that for all n,

oM (@M (pn1)) 2 @M (pn) 2 9™ (™ (pn));

note that all of the above items are defined, by definition of Do (p™«, ¢ ).

Suppose we are given p,. As observed earlier, since p, € Do(¢™=, p™#), we have
oM (p,) > oM« (9™e(p,)). Since M= (p,) extends, in My, the residue of ™4 (p,)
to M,, we may find a condition q € My extending ¢™#(p,) so that ¢M=<(q) >
@M«(pu). Since q € Mg extends ¢™#(p,), there is an 7> p, so that p™#(r) > q.
Finally, let p,.,; > r be a condition in Do (@™, 9™#). Then p™#(p,.1) > M4 (r) > g,
and hence o™= (M8 (p,11)) > 9M=(q) > 9M=(p,). This completes the construction
of the desired sequence.

Let p* be a sup of (p, : n € w). It is straightforward to verify that it witnesses the
lemma. ]

The last lemma that we will need before turning to the main result of this section
is a technical refinement of Lemma 3.9 which isolates circumstances in which for a <
B < K as above, we can find splitting pairs u, v for (M, p) with the additional property
that u | Mg andv | Mg also form a splitting pair for (Mg, p). Moreover, u | Mg and
v | Mg will split the nodes on levels between & and f3 in the same way that u and v do.
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For the statement of the next result, recall the way we denote restriction of (iteration)
length p | &, and restriction in the poset height, p I M, from Notation 3.6.

Lemma4.3 Suppose that M is in pre-splitting configuration up to p and that dom (M)

satisfies the conclusion of Corollary 3.13(2). Suppose & < B are both in dom(M) and

that (p* (M), p™<) and (p* (Mg), pM#) are residue pairs for (Mo, P*) and (Mg, P*)

respectively. Finally, fix a condition u € R, with p, € dom(¢™+) ndom(9™#). Then

there exist a splitting pair (u*,v*) for (pM=, p) extending u and a splitting function =

satisfying the following:

(1) pu+ and p,« are both in E(¢M«, pM#) (see Proposition 4.2); and

(2) (u* t Mg, v* | Mg) is also an (Ma,p)-splitting pair, and for any tuple
({,v,m,n) € dom(ZX) so that the mth node of f,+({,v)\(a x w;) and the nth node
of fu+({,v)\(« x wy) are both in Mg,

(‘/’M‘B(Pu*x (fur rM[Z) ) IFR, (¢ v,m,n)(L) <, 0
and
(9™ (pue)s (o | Mp) 1 Q) ik Z({v,mym)(R) <y, 7.

Proof By Lemma 3.3, we know that D(¢M=,p) n D(¢M#,p) is dense and =*-
countably closed in R,/ {p*(My), p*(Mp) }. Moreover, by Proposition 4.2 (with the
notation from the statement thereof), E(¢™«, ¢M#) is dense and countably =*-closed
inP*/ {p* (My), p* (Mﬁ)} Consequently,

E* (oM, o™, p) = {veR, :v e D(¢M, p) n D(¢™*,p) A p, € E(p™M=, ™)}

is dense and countably =*-closed in R,/ { p* (M), p* (M) }. For use later, we also let
E*(¢M«, 9M¢, ) be defined similarly, with ( replacing p in the above definition.

Let u be as in the assumption of the current lemma. We may extend and
relabel if necessary to assume that u € E* (o™=, o6, p). We set ug := vo := u and
wo == u | My. We will now define a coordinatewise increasing sequence of triples
{({(ttn>Vn,wy) : n € w) and a sequence of tuples (({,,, vy, 0, 7, ) : 1 € w) (with respect
to some bookkeeping device) of tree nodes and ordinals so that the following condi-
tions are satisfied for all n:

@ #2Ma (una Vs Wn);

(2) up, vy € D((PM'S)P);

(3) (Cu>vn) € dom(fy,) ndom(fy,) N My, and (6, Tn) € (fu, (Cn> va)\(@ x @1)) x
(fou (Co>vi)\(a x @1));

(4) 41 and v,y split (6, 7,) below « in T(,.’ and if 0,, and 1,, are both below level
B, then in fact w41 | Mg and v,,41 I M split (6, 7,,) below « in TCn~ Moreover,
in this case, there is a pair of nodes (0,,, 7, ) below level a which witnesses the
splitting for both u,,,; and v,,,; as well as their restrictions to Mg; and

(5) pu, and p,, are in E(p™Me«, oMs).

For n = 0, we have that (1), (2), and (5) hold because u € E*(¢M=, M5, p). (3) holds

by definition and (4) is vacuous.
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Suppose, then, that we have defined u,,v,, and w,. By Lemma 3.5, we may find
extensions u;, > uy, v, > v, and w), > w, so that #gMu (ul,v!,w") holds and so that

ul, and v}, split (6,,, 7,) below « in T¢,. Let 6, and 7, be nodes below level a which
witness the splitting.

We now define conditions u,**, v, **,and w,,** (the superscript for later notational
purposes) which extend, respectively, u/, 1 {,, v, | {,,and w}, | {,. If either 0, or 7,
are at or above level § (namely, out51de of M ﬁ) then we 51mp1y set ur** i=u' 1 {y,
Vi =y’ | {,. Since dom(M) satisfies the conclusion of Corollary 3.13(2), and since
(n € My, we may find a dual residue w;** of u}** and v;** to M,. This completes
the definition of the triple (u}**,v;**, w}**) in the case that either 6, or 7, are at or
above level 8.

Suppose on the other hand that 8,, and 7, are both below level § and therefore are in
Mp. Since dom(M) satisfies the conclusion of Corollary 3.13(2),and since {,, € My N p
and #;’;\4“ (uy 1 Cusviy 1 Cu>wyy 1 (), we may find a condition w;, € M, N R, which is
a dual residue of u), | {, and v;, | {,, to M,. We next extend u;, | {, to a condition
which extends not only w;, but also some residue to Mg.

Let u’* be an extension in D(¢™#,(,) of u/, } {,, and w}. By the remarks before
Lemma 3.3, we may let &1,* € Mg be a residue of u** to Mg in R( Finally, let u}**
be a condition in D((pM” {n) N D(¢M«,,) which extends u}* and @}* and which
satisfies that u,** | Mg >g, uy,".

By definition of 6, above, we know that u, 1 ¢, IR, 6, <, 0., and hence the
extension u;* of u’ | {;, forces this too. Since i, is a residue of u,;* to Mg in R;,
and 0,,, 8, are nodes in M > we conclude that i also forces that 6, <, 0. Finally,

since u,,** | Mg is a condition (because u,*" € D(p™¢,{,)) which extends i}*, we
conclude that u,** | Mg forces that 6, <i, 0,. This completes the first round of
extensions of u), | (.
We now turn to extending v/, | {,,. Since u}** € D(¢M=, (), we may let w}* be
a res1due of u;** to M, which extends wy. Since w;,* > w;, and w}, is a residue of
Py to My, wi* is also a residue of v/, | {,, to M,. Applying the same argument
as in the previous two paragraphs to v/, | {, with w}* playing the role of w}; and
with 7, and 7, playing the respective roles of 6, and 9, we may find an extension
vi** of vl } {, in D(¢M#,{,) n D(¢M=,(,) and a condition w:** so that v}** }
Mg forces Tn <f, Tn and so that w;** is a residue of v;;** to M, in R;, which
extends w,, Note that since w,** > w,*, w,*
in R(n
To summarize, we now have extensions u}** and v:** of u/, } {, and v}, I {,,,
respectively, which are both in D(9™#, p) and which satisfy that u};**  Mgandv;** |

Mg split (0, 7,,) as w1tnessed by (0, ). Moreover, w:** is a dual residue of u

*

is also a residue of u,** to M,

* %%

* %%k *)(-)(- ***)

and v;*" to Ma in Ry, , i.e,, *W““ (up** vy This completes the definition of

* % %

the triple (u**,v;**, w:**) in the case that Gn and 7, are below level S.
We now apply Lemma 34,t0 find wpiy M G 2 ul*, v MG 2 vE*, and wygg f

(o 2 wi** so that #;’}wa (thna1 P Cos Va1 1 Gy Wiar | () and so that wpeg | Gy Ve |
(u € E*(QDM"‘;(PMﬁa (n) Define uy 41 = (un+l f (n)n(”:, ) [(n,P)), with v, and wyp
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defined similarly. 1,1, V11, and w4 then satisty (1)-(5), completing the successor
step of the construction.

If we now let u*,v*,w* be sups of their respective sequences, it is straightfor-
ward to see that they satisfy the lemma, using (4) to secure the desired splitting
function. ]

Having laid the groundwork in the previous results, we next turn to analyzing when
quotients of R, preserve stationary sets of cofinality w ordinals. We will prove the
following proposition.

Proposition 4.4 Suppose that M is in pre-splitting configuration up to p and that
dom(M) satisfies Corollary 3.13(2). Then there exists some B* € dom(M) with
dom(M)\B* €7 so that for any a € B*, any (R, n M,)-name $ for a stationary
subset of a ncof(w), and any residue pair (p*(M,), p™«) for (Mg, P*), the poset
R,/(p*(Mq), 03, ) forces that S remains stationary.

Thus, the quotient forcing of R, above the condition (p* (M), 05, ) preserves the

stationarity of S. The remainder of the section is devoted to the proof.

Proof To begin, we define the set B* := tr(B) N B, where B = dom(M). Since B ¢
F*, Lemma 1.7 implies that B\B* € J.

Now, fix, for the rest of the proof, an ordinal a € B* and a residue pair
(p*(My), M=) for (Mg, P*); since M is in pre-splitting configuration up to p, we
may also fix, for each y € Bn a, a residue pair (p* (M, ), p™) for (M,,P*).

Next, fix a condition (p, f) in R, /(p* (M), OSP) and an R,-name C for a closed
unbounded subset of «. We will find some extension (p*, f*) of (p, f) which forces
inR, that C n S # @. By Lemma 3.3, we may assume that (p, f) € D(¢™=, p).

In V,let 8 > k" be a large enough regular cardinal, and let K < H(6) be chosen so
that |[K| = 5, <“K ¢ K, and so that K has the following parameters as elements:

(i) the sequences M and ({p*(M,), p) : y € Bn (a +1)), the set B*, the poset R,
the R,-condition (p, f), the R,-name C, and the (R, n M, )-name S; and

(ii) the fixed well-order < of H(x") from Notation 2.6.

Finally, let K denote the tuple (K, €, a, M, B*,R,, (p, ), C, S, ).

Define E, to be the club of 8 < a so that Sk (B) na = B. Since a € B*, we know
that BN « is stationary in «. Thus, Bnlim(B) N « is stationary in «, and therefore
E:=lim(Eyn B) isaclub in a.

Recalling that (p, f) € D(¢™=, p), we can find a residue (p, f) of (p, f) to M,
which extends the condition (¢p™«(p), f I My ). Let X be the (R, N M, )-name for

{ﬁ e EynBnlim(B) na: (p*(M[;),ng) € GanMa};

by Lemma 2.13, we know that X is forced by R, n M, to be unbounded in a. Since S
is an (R, N M, )-name of a stationary subset of « N cof (w), S is forced to contain
a limit point of X. This, combined with the fact that R, n M, does not add new
w-sequences, implies that we can find an extension (g, g) >r,nm, (P> f) and an
increasing sequence (B, : n € w) in Eg N Bnlim(B) with sup,, B, = v € E n cof(w), so
that (i) (g, ) IFr,nm, v € S, and (ii) for all n € w, g >p» p* (Mg, ).
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For the rest of the proof, we will fix (g, g) € R, n Mg, (B, | n < w), and v with the
above properties. Define K, := Sk (B,), noting that Kg, na = B, because B, € Ey.
It will be helpful for later to see that Mg, ¢ Kp, for each n. Indeed, B, € Bnlim(B)
which implies that Mg, = Uyepnp, My Moreover, 8, € Kg,, and therefore applying
the elementarity of Kz, we see that for all 7 € Bn 8,, M, € Kg,. Since B, € Kg,, 1 €
Kp, too. Thus, M, € Kp, since Kp, sees a bijection between M, and #. Combining all
of this, we see that Mg, = U,epnp, My € Kg,-

We proceed to find an extension (p*, f*) of (p, f) which is compatible with (g, )
and forces that v € C. We will secure this by building two increasing w-sequences of
conditions, one above (p, f) and another above (g, ), in such a way that the limits
of each sequence can be amalgamated; the resulting condition will then force v into

$n C.Let (po, fo) = (p, f) and (g0, £0) = (¢, 8)-

Claim 4.1 'There exists an increasing sequence ((p,, fu) : 1 € w) of conditions in R,
and an increasing sequence ((gn,gn) : 1 € w) of conditions in R, N M, so that for
each n € w,

(1) (pnafn)EKﬁn; )

(2) (Pn+1:fn+1) IFr, Cn (ﬁmv) + O

3) (Pu>fu) € D(SDM“’P);

(4) qn 2pram, 9™ (pn);and

(5) fu+1and g, are strongly compatible (Definition 3.10) over p,.1 and gy.1. ]

Before we prove this claim, we show that proving it suffices to obtain the desired
condition (p*, f*). So suppose that Claim 4.1 is true. Let (p*, f*) be a sup of
((pn> fu) :n € w),and let (¢*, g*) be asup of ((qn, gn) : 1 € W).

Observe that by item (2) of Claim 4.1 and the fact that the sequence (B, : n € w)
is cofinal in v, we have that (p*, f*) kg, v € lim(C) and hence forces that v € C as C
names a club. Furthermore, since (9", g ) > (qo, go) and since (qo, £0) = (g, g) forces
thatv € S, (¢*, g*) forces that v € S too. We claim that p* and g* are compatible in P*,
from which it follows by item (5) of Claim 4.1 that f* and g* are strongly compatible
over p* and ¢*. Indeed, (p*, f*) € D(¢™«, p) since this set is closed under sups of
increasing w-sequences by Lemma 3.3. Furthermore, by the countable continuity of
@M=, oM« (p*) is a sup of the increasing sequence (™« (p,) : n € w). Thus, to show
that p* and q* are compatible, since g* € P* n M,, it suffices to show that g* >p+n,
@M= (p*). However, we know that g* > g, for all n and so by (4) of Claim 4.1, ¢* >
oMa(p,,) for all n. Therefore, q* extends M=« (p*), by definition of a supremum.

Now, let (p**, f**) be a condition in R, above both (p*, f*) and (q*, g*). Then,
because (p**, f**) extends (p* (M), OS,,) as well as (¢*, g*), which in turn forces

in R, N M, that v € S, we have that (p**, f**) IR, v € S. And finally, as (p**, f**)
extends (p*, f*) which forces in R, that v € C, we conclude that (p**, f**) IFg,

veSnC. Thus, it suffices to prove Claim 4.1 in order to finish the proof of
Proposition 4.4.

Proof of Claim 4.5 We will construct the sequences satisfying (1)-(5) of Claim 4.1
recursively. For the base case #n = 0, items (2) and (5) hold vacuously. For item (1), we
have that (po, fo) = (p, f) € Kg, as (p, f) = (po» fo) was chosen to be definable by
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a constant in the language of K. We also ensured that (po, fo) € D(¢M=, p), which
establishes (3). Finally, go >p+nm, p 2prrm, <pM“ (po), which establishes (4).

Suppose, then, that we have defined (p,, f,) and (qn,g.) satisfying (1)-(5).
We first observe that (p,, f,) and (g,,gn) are compatible. If n =0, this holds
since (qo, go) is in R, N M, and extends (p, f), which is a residue of (po, fo) to
R, N M. If n>0, then we have that g, >p«np, oM=(p,), and therefore p, and
qn are P*-compatible. Moreover, f, and g, are strongly compatible over the com-
patible conditions p, and g,, and therefore (p,, f,) and (q.,g.) are compatible
inR,.

Next choose some condition (r, ) in R, which extends (p,, fu) and (qn, gn)s
and by extending if necessary, we may assume that there is some ordinal u > f3,
so that (r,h) kg, p € C\(B, +1). Since r> p, > p*(M,) and since r> g, > o >
p*(Mg,,,), we may also extend if necessary to assume, by Lemma 4.1(1), that r €
dom(@™#n+1) N dom (™M) and also that o™« (r) > g,,.

We now apply Lemma 4.3, with & and 8,41 playing the respective roles of “f”
and “a” in the statement thereof, to find extensions (r, k) and (rg, hr) of (r,h)
which satisfy the conclusion of that lemma. We let (7, /) be a condition so that

Mpg " ((T’L, hL)) (TR’ ]’lR), (F: }_1))
Let X be a splitting function for (rz, k) and (rr, hg) with respect to the model
Mep, ., which satisfies Lemma 4.3. For Z € {L, R}, set

xz =dom(hz) N Mg, ;

this is a countable subset of Mg, and therefore is a member of Mg, ,,. Since Mg, , €
Kg,,,> as shown earlier, x7 is also an element of Kg, ..

We are now in a position to reflect into the model Kg,,,. We observe that in H(6)
the following statement is true in the following parameters f,,, =, 7, h, Ry, (pus fn)s
B,C,x1, xg, M,and ((p*(M,), 9"} : y € Bn (a +1)),all of which are in K, ,: there
exista condition (r*, h*) in R, and a pair (73, h} ) ze(1,r} of conditions above (r*, h™)
in R, as well as ordinals y*, 7, so that:

@) (r*,h* )>R (men)

(if) n ¢ B

(iii) # M,,((rL’h )> (&> hR) (7'>h))

(iv) foreachZ € {L,R}, (r}, h})and (r*, h*) arein E* (pMn, 9™« ) (see Proposition

4.2);
) (r*,h*) kg, p* € C\(Bn +1);
(vi) dom(h;)n M, = xz;and
(vii) (r},h;)and (rR, ») are an (M, p)-splitting pair, and X is a splitting function
for (r},h;) and (rR, z) with respect to the model M,,.

This statement is true in H(6) as witnessed by the conditions (rz, hz)ze(r ry and
(7, h), the ordinal y playing the role of y*, and the ordinal f8,,,; playing the role of #.
Since the parameters of this statement are in Kp, ,,, we may therefore find, in Ky, .,
conditions (1}, h} ) ze(1,r} extending some (r*, h*) > (py, fu),an ordinal 4*, and an
ordinal # € B so that (i)-(vii) above are satisfied of these objects.
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We now define (pus1, fus1) := (17, h]). We need to extend the condition
(¢M=(rg), hg | M,) abit more before defining (g,+1, gn+1)- The following claim will
help us do this.

Subclaim 4.2 oM« (p,,1) and pM=(rg) are compatible in P* N M,. ]

Proof Both the condition p,.; and the function ™+ are members of Kj,,,. There-
fore, ™« (pus1) € Kp,,, N My nP*. Recall that K contained the fixed well-order <
of H(x") and that all suitable models are elementary in H(k") with respect to <.
Thus, if we let e’ denote the <-least bijection from  onto P*, then we have that

¢®" is in M, and in Kg,,,- Since M, is elementary and contains ", we see that
oM (ppi1) = € ({) for some ¢ < . But then, by the elementarity of Kg,,,, we see that

{ € Kg,,, N a = By Therefore, oM« (py1) = et ({) € Mg, .,. Furthermore, we know
that

F=" gDM’;"“(T’R) =* (pM”"H(gDM"‘(rR)),

where the first equality holds by definition of 7 and the second because rx satisfies
Lemma 4.3. Applying (iii) and (iv) above, we also have that

P =" M (pu) =" M1 (9™ (Ps1)).

In addition, since 9™ is an exact, strong residue function and ¢M«(p,,;) €
dom(¢™n), we know that

‘PMa (Pns1) 2 ‘/’M"(SDMU‘ (pns1)) =" 1.

Therefore, as @™ (pn.1) € Mp,,, extends 7, which is a residue of ¢<(rg)
to Mg,,,, we conclude that ¢™<(p,,;) is compatible with ¢™=(rz) in
P*n M,. m(Subclaim 4.2)

Using Subclaim 4.2, we may fix some condition q,4; in P* n M, which is
above both ¢M«(p,,;) and ¢M«(rg). We finally set g, := hg | M, noting that

(Qn+1)gn+1) € M.
We next verify that items (1)-(5) of Claim 4.1 hold for n+1. We have that

(Pn+1> fus1) = (Pus> fu) by (i) of the reflection, more precisely, since
(Pn+1,fn+1) = (rz> hf) 2 (r*>h*) 2 (pn’fn)'

In addition, because

G 2 @M (rr) > 9™ (r) > qn»

we have that q,,.1 > q,. Moreover, g, extends g, as a function: g1 = hg | Mg, g €
Mgy, and (rr, hr) > (v, h) 2 (qu> gn)- Thus, (qu+1> gu+1) extends (g, gn)- (1) of Claim
4.1 holds because we found the witnesses in the model Kg,,,. For (2), u* € K, ., na =
Bu+1 € v, and since u* > 8, we have that (P41, fur1) IF p* € Cn (Bu,>v). For (3), we
have (pn1, fus1) € D(9M=, p) by (iii) and the definition Of#ZM" (see Definition 3.7).

For (4), we have that q,,,1 > ¢« (p,41) by choice of g1
It remains therefore to check that item (5) of Claim 4.1 holds. Since g,41 2prnn,
oM« (py41), we know that p,,; and g, are compatible in P*; let p* € P* be any
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condition extending both. We claim that

DY IFpe far1U g1 € Sp-

Suppose by induction on § < p that (8, v) € dom( f,+1) N dom(g,+1) and that p*
forces that the union of f,,+1 I § and g,41 I & is a condition in Ss. Again using the
fixed well-order < of H(k"), we may let ¥ be the <-least bijection from x onto p,
so that ¥ is a member of K, ,, as well as every model on the R,-suitable sequence
M. Since (8, v) € dom(gy+1) and g1 € Mg, 8 € My N p = y[a]. Furthermore, since
(6,v) e dom(f,11) and f,11 = hj € Kp,,, we have that § € Kg, . Thus,

deyla]nKp,,, = y[Kp,, 0 a] =y[Bn] € Mg,,,.
Therefore (recalling that g,,.1 = hg | M),
(0,v) e dom(hr) N Mp,,, = xg = dom(hy) N M,.
Continuing, fix a pair

(0,7) € fn+1(8> V) x gn+1(8’ V),

with 6 # 7. We need to show that 6 and 7 are forced to be incompatible nodes in
the tree T} by the condition ( P55 (fus1Y gne1) 1 8). Recall, going forward, that (7, ]:l)
equalsboth (rg, hg) | Mp,,, and (pni1, fus1) | Mysinparticular, f,,1and hg | My =
gn+1 both extend h. Continuing, if 7 is below level f3,,.1, then 7 € h(8,v) € Su+1(8,v)
and we are done. Furthermore, if 8 is below level #, then 6 € 71(8,v) € g,+1(8,v) and
we are done in this case too. Thus, we assume that 0 is at or above level # and that
7 is at or above level 5,;. With respect to the fixed enumerations, let k and m be
chosen so that 0 is the kth element of f,,,1(8,v)\(# % w;) and 7 is the mth element
of hr(8,v)\(Bn+1 X w1). Then, because the function ¥ is the same for both pairs of
splitting conditions, we know that

(pn+1,fn+1 i 6) IFR, 2(6) V)k’m)(L) <T(; 6
and that
(rr- hr | 8) kR, Z(8,v,k,m)(R) <4, T

However, 7 € gn1(8,v) = (hr 1 My)(8,v), and therefore 7 is below level « of the tree
Ts. Therefore, by Lemma 4.3, we have that

(‘PM“(fR))(hR P Ma) 1 5) g, Z(8, v, k, m)(R) <j, 7.
Since gn41 > 9™« (rg) and g,11 = hg | My, we conclude that
(qn+1> gne1 1 5) IFR, 2(5, v, k,m)(R) <g, T-

Finally, since (p*,(fur1Ugns1) 18) is above both (pui1,fasr 1 6) and
(@n+1>gns1 1 8), it follows that

(P*> (fas1 U gns1) 1 8) I 2(8,v, k, m)(R) <4, T AZ(8,v,k,m)(L) <y, 6.
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Since the distinct nodes £(8, v, k, m)(L) and Z(8, v, k, m)(R) are on the same level,
( P (fus1U gn1) 1O ) therefore forces that 8 and 7 are incompatible nodes in the

tree T;.
This completes the proof that f,.; and g, are strongly compatible over p,.; and
qn+1- Therefore, the proof of Claim 4.1 is now complete. m(Claim 4.1)

As remarked earlier, this completes the proof of Proposition 4.4.

Remark 4.5 As we have noted before, if P* is just equal to the collapse poset P, then
the results from Section 3 which are needed for this section hold only assuming that
is weakly compact (since then J = Fyy¢; see Definition 2.8). We then see that if P* is
just IP, then the arguments in this section can also be carried out only using a weakly
compact.

As a corollary of Proposition 4.4, we can now prove Theorem 1.2.

Proof Recall that the Laver-Shelah model V[G = F] is obtained by starting from a
ground model V with a weakly compact cardinal «, and forcing with the Levy collapse
PP followed by a countable support iteration S = (S;,S(7) | 7 < k*) of specializing
posets S(7) = S(T) of Aronszajn trees on &, chosen by a bookkeeping function. Since
S satisfies the k-c.c, every sequence of stationary sets (S, | « < k) as in the statement
of Theorem 1.2 belongs to an intermediate extension V[G * F.], where F, := FN'S,,
for some 7 < x*. Now, work in V, and take a (P *S;)-name (S, | & < x) for the
sequence of stationary sets. Let M be suitable with respect to these parameters. By the
weak compactness of &, let 8 € dom(M) be such that (S, N Vj | & < B) are names for
stationary subsets of f3 in the restricted poset (P * S;) n M. Recalling Remark 4.5, we
see that Proposition 4.4 can be applied to P, and in this case, F = Fyy¢c. We conclude
that each S, N 8 remains stationary in the full P + S, generic extension V[G * F,] and
hencein V[G * F].

To see that CSR(w, ) fails in the Laver-Shelah model, observe that in the ground
model, there exist stationary sets S € £ N cof (w) and T € kN cof (w;) so that S does
not reflect at any point in T (see Proposition 1.1 of [22]). The stationarity of S and T
are preserved by the x-c.c. forcing of Laver and Shelah, and since w; is also preserved,
we have that S and T witness the failure of CSR(w,) in the final model. ]

5 F-completely proper posets

In this section, we will specify what P-names C for posets are such that P x C is F-
strongly proper, and we will draw some conclusions from this. Since P * C will be
playing the role of P* in Definition 2.8, and since IP * C is not merely the collapse, we
are in the case when & is ineffable and F = F;,,. However, we only use the ineffability
of x in the following section when applying Proposition 3.12 through its use in
Proposition 4.4. Recall Definition 2.8 for the definition of &, and also recall that P
denotes the Levy collapse poset Col(w;, < k), where & is either ineffable or weakly
compact. Two main ideas come into play in this section. The first is an axiomatization
of various properties of the iterated club-adding CMagidor from [31], which will allow
us to place upper bounds on various “local” filters added by the Levy collapse. We
then couple this axiomatization with a generalization of a result of Abraham [I]
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that, in current language, if Q is an Add(w, w;)-name for an w,-closed poset, then
Add(w, w;) * Q is strongly proper (see [15] for a proof of this fact as stated here). The
strong properness results from using so-called “guiding reals”

We recall that in [31], to show that an iteration CMagidor of length < k* adding the
desired clubs is x-distributive, Magidor argued, in part, as follows: let j: M — N
be a weakly compact embedding, where M has the relevant parameters. Let G* be
N-generic over j(P) and G := G* NP, so that in N[G*], we may construct an M[G]-
generic filter H for Cyiagidor- Moreover, j[H] has a least upper bound in j(Cpagidor )
namely, the function obtained by placing  on top of each coordinate in the domain of
j[H]J; by the closure of the quotient (which implies the preservation of the stationary
sets appearing along the way in the definition of Cytagidor)s this is indeed a condition.

The property of (CMagidor which we will axiomatize is a reflection of the above to
an F-positive set of & < x. Roughly, we want to say that for many «, if you “cut oft”
P % C at a, then many generics added by the tail of the collapse for “C cut off at «”
have upper bounds in the full poset C. More precisely, given a P-name C in H(x")
for a poset which is w;-closed with sups and given a C-suitable model (see Definition
2.7) M, say with M n k = a < K, we consider the poset nM((C), where 7, denotes the
transitive collapse of M to M. An easy absoluteness argument shows that 7,;(C) is
a name in 7 (P) = P | a. Appealing to the closure of M under < a-sequences, and
hence w-sequences, we see that 7y (C) is forced by P | a to be w;-closed with sups.
The desired condition on P-names C can now be stated a bit more precisely: we will
demand that after forcing with P, say to add the generic G, for many « as above and
many V[Gp) |-generics H for 1) (C)[Gpyo ] in V[G], 7'[1_\41[6] [H] has an upper bound
in C[G]. Note that we are implicitly appealing to the properness of P with respect to M
to see that 7y : M — M lifts to my6) : M[G] — M[Gpya]; we discuss this more
later.

The first step to making this work is to isolate exactly which filters we will use; for
reasons related to building strong, exact residue functions later, we will not consider
all filters added by the tail of the collapse for 775, (C). The definition is meant to capture
the behavior of filters generated by using the generic surjections to guide choices of
conditions, similar to how Abraham used guiding reals in [1].

5.1 Residue functions from local filters

Definition 5.1 Let « <  be inaccessible, and let Q be a (P } &)-name for a poset of
size o which is w;-closed with sups. Since P ' « is a-c.c., there exists a list (y; : i < a)
of (P } a)-names, which is forced to enumerate all conditions in Q. We say that a
sequence § = (d, : v < w;) of P-names (not (P | «)-names) for conditions in @ is
guided by the collapse at a for Q if the following conditions are satisfied:

@) i+p (d,, (v <) is <p-increasing, dy is the weakest condition in Q, and if v is
limit, then d, is a sup of (d,, tu <),

(2) If p € P and dom(p(«)) is an ordinal v < w;, then there exists p’ > p with p’ |
[a,x) =p I [a, k) and a sequence (B(u) : 4 < v) of ordinals in V so that p’ I
d, =" ypu) for all u <v. In this case, we will say thatp’ determines an initial
segment of $.
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(3) If p’ as in (2) determines an initial segment of s and if y is a.(IP’ ! a)-name for a
Q-extension of yg(,), then there exists p* > p’ so that p* I d,; > y.

Lemma 5.1 Suppose that § := (d, : v < w,) is guided by the collapse at «. Let H(s) be
the P-name for the filter on Q generated by 3. Then P forces that H(s) is V[G I a]-
generic over Q.

Proof Fix a condition p € P and a P-name D for a dense subset of Q which is a

member of V[G | «]. We find an extension of p which forces that D n H(s) # @.

By extending p and applying (2) of Definition 5.1 if necessary, we may assume the

following:

(1) thereisa (P | «)-name D, for a dense subset of Q so that pIF D = Dy; and

(2) dom(p(a)) is an ordinal v, and there is a sequence (S(u) : p < v) of ordinals in
V so that p I- d# =" pp(u) forall y < v.

Let y be a (P | «)-name for a condition in Dy forced to extend Yp(v)- By item (3) of

Definition 5.1, we may find an extension p* of p so that p* I dy1 2 7. Then p* I j €
D n H($), finishing the proof. ]

Definition 5.2 Let H be a P-name for a filter on Q. We say that H is guided by the
collapse at o if there is a sequence s = (d, : v < w;) of conditions guided by the collapse
at o so that H = H($).

Suppose that M is a suitable model. Let & := M N x, and let 7r5; : M — M be the
transitive collapse map of M. Let G < P be generic over V, and set G, = Gn (P I ).
Wehave that P | & = 71 (IP) € M,and G, c 75 (P) is generic for M. Moreover, setting

M[G] = {4[G] | x € M is a P-name}, we have that M[G, ] is the transitive collapse of
M[G], with the transitive collapse map 7] being the natural extension of 7, given

by M) (%[G]) = mm (X)[Ga].

Lemma 5.2 Suppose that M is a (P * C)-suitable model, where C is a P-name for a
poset on k which is wy-closed with sups. Let a := M N k and 1y be the transitive collapse
map of M. Suppose that H is a P-name for a subset of mp(C) which is guided by the
collapse at o for mm(C), and further suppose that there is a P-name ¢ for a condition
in C which is forced to be an upper bound for o ][ 1]. Then P forces that ¢ is an

(M[G], C)-completely generic condition.

Proof Fix G.Toseethatc = ¢[G]is (M[G], C)-completely generic, fix a dense, open
E c C with E € M[G]. We show that c extends some condition in E.

By the elementarity of 7y : M[G] - M[G,], we know that () (E) is dense
inmyp6)(C) = mm(C)[G,]. Since H := H[G]isa V|G, ]-generic filter, by Lemma 5.1,
H n my61(E) # @, and thus myp g [H] N E # . [

There are two particularly useful properties of this class of names for generic filters.
On the one hand, filters in this class will allow us to generate strong, exact residue
functions by isolating the information which a given conditions determines about the
filters. On the other hand, the class of such filters for one poset, such as a two-step
iteration, often projects to the class of such filters for another poset, such as the first
step in a two-step iteration. This property will be particularly useful in Section 6 when
we want to show, by induction, that our club-adding poset is well behaved.
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It is straightforward to verify that the notion of P-names of filters, which are guided
by the collapse at a given cardinal, factor well in iterations.

Lemma 5.3 Suppose that & < r is inaccessible and that Qg + Qy is a (P | «)-name for
a two-step poset of size a which is wi-closed with sups. Let (dy:v<w)bea sequence
of P-names which is guided by the collapse at « for Qo * Qy. Then the sequence (d,(0) :
v < w) of P-names of conditions in Q is guided by the collapse at « for Q.

The following proposition shows how to generate exact, strong residue functions
from the filters discussed above.

Proposition 5.4  Suppose that C is a P-name in H(k*) for a poset of size x which is
w;-closed with sups, and set P* := P+ C. Let M be a (P * C)-suitable model, say with
a:= M Nk < K, and let 1y denote the transitive collapse of M. Furthermore, let § = (d,, :
v < w;) be a sequence of P-names guided by the collapse at « for mp(C). In addition,
suppose that there is a IP- name d* for a condition in C which is forced to be an upper
bound for the sequence 7 M[ ¢ [$].

Define p* (M) to be the condition
p*(M) = (0p,d"),
and let
D(M) :={(p.d) > p*(M) : p determines an initial segment of §} .
Finally, define ™ on D(M) by
9™ (p>d) = (p 1 & mai (7)),

where B <« is the least so that p I+ ddom(p(a)) =" yp (B exists by definition of
“p determines an initial segment of s”). Then:

(a) D(M) is a dense, countably =*-closed subset of P* [ p* (M);
(b) p*(M) is compatible with every condition in P* n M; and
(c) oM is an exact, strong residue function from D(M) to M n P*.

Proof Let(y;:i < a)beasequence of (P | a«)-names which is forced to enumerate
all conditions in 7,;(C), and with d*, satisfies Definition 5.1, witnessing that § = (d, :
v < w,) is guided by the collapse at a for 7 (C).

We first prove item (a). Given a condition (p,d) in P*/p*(M), by item (2) of
Definition 5.1, we may find an extension p’ of p so that p determines an initial segment
of s. Then (p’,d) > (p,d) isin D(M) proving density. Similarly, D(M) is =*-closed:
if (p1,d;) € D(M) and (py,d;) =* (p2,ds), then p, determines an initial segment
of s, because pz = py (recall these are collapse conditions) and because (p,, dz) >
(pr1>dr) > (0p,d*).

To see that D(M) is closed under sups of increasing w-sequences, suppose that
((pn»>¢n) : n € w) is an increasing sequence of conditions in D(M), and let (p*, ¢*)
be a sup. Set v, := dom(p,(a)) and v* := dom(p*(a)). If v* = v, for some m € w,
then because p,, determines § up to v,,, we have that p* determines s up to v* = v,,.
Thus, p* determines an initial segment of § in this case. So consider the case that v* >
vm for all m; in particular, v* is a limit ordinal. Since for all n € w, p, determines an
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initial segment of s and p* > p,, we may find a sequence (S(u) : 4 < v*) in V so that
prIF dﬂ =" Pp(u) forall g < v*. Now; let B(v*) be chosen so that yg(,+) is forced to be
asup of (yg(,y : ¢ < v), if this sequence is increasing, and equals the trivial condition
otherw1se Since v* is alimit, IFp dy« isasup of (d, 1 < v ) However p* forces that
d = yﬁ(”) for all i < v*, and therefore p* forces that d,« = =" yg(v+)- Thus, in either
case, p* determines an 1n1t1al segment of §, which finishes the proof of (a).

Now, we verify item (b). Fix a condition (u,¢y) in P* n M, and we will show
that it is compatible with p*(M). We observe that, trivially, u determines an initial
segment of § since dom(u(a)) = 0 and I-p dy is the trivial condition in 7,(C), by
(1) of Definition 5.1. By (3) of the same definition, we may find an extension p > u
s.t. pI- dy > ma(éo). Then (p,d*) extends (u, ¢o) since p forces that d* is an upper
bound for the sequence 71,1 [$] and that 713} (d;) > ¢.

It therefore remains to verify that ¢ is an exact, strong residue function. Condi-
tion (1) of Definition 2.5 holds since, by (a), D(M) is dense and countably =*-closed
in P*/p*(M). For the projection condition of Definition 2.5, fix (p, ¢) € D(M), and
let y be the (P | a)-name so that ¢ (p, ¢) = (p I a, 7y} (7). Since (p, ¢) € D(M),
p determines an initial segment of , and therefore p I- dgom(p(a)) =" y- Since p also
forces that ¢ > d*, p forces that ¢ is an upper bound for myt[$] and therefore that ¢
extends nM(ddom(p(a))) * 731 (). Therefore, (p,¢) > (p 1 a, myf (p)) = oM(p,¢).

It is straightforward to verify that ¢ is order preserving, i.e., condition (3) of
Definition 2.5. So we prove that ¢ has the strong residue property (condition (4)
of Definition 2.5). Thus, fix (p, ¢) € D(M), where we let v := dom(p(«)) and y so
that 9™ (p,¢) = (p t &, m31(3)). Fix a condition (u, 8) in P* n M with (u, 6) >(p!
a, my (7)), and we will verify that (u 8) is compatible with (p,¢). Let p’ == u U p,
a condition in P, and observe that p’ still determines an initial segment of § and
v =dom(p’(a)). By item (3) of Definition 5.1, we may find some p* > p’ so that
p* IF dyey > 1 (). Then ( *,¢) extends both (p, ¢) and (u, d).

We now check that ¢™ is w-continuous, which will finish the proof of (c) and
thereby the proof of the proposition. Fix an increasing sequence of conditions
((pn>¢n) :new)in D(M), and let (p*, ¢*) be a supremum of this sequence. Then
p* = U, pu-and ¢* is forced by p* to be a sup of (¢, : n € w). By item (a) of the propo-
sition, (p*, ¢*) € D(M). We need to show that ™ (p*, ¢*) is a sup of (M (p,, ¢y,) :
n € w). For each n < w, set v, := dom(p,(«)), and also set v* := dom(p*(«)). In
addition, for each n, fix the least ordinal S(v,) with p, IF d, =* YB(v,)> SO that
oM (purcn) = (pn P @ 731 (Yp(v,)))- Finally, let B(v*) be least so that o™ (p*,¢*) =
(P* 1, mag (Fpve)))-

We claim that p* I- yg(,+) is a sup of (g, : 1 € w). Note that proving this claim
suffices: indeed, then p* I & forces that yg(,«) is a sup of (yg(,,) : 1 € w), and as a
result o™ (p*, ¢*) = (p* 1 o, my} (Pp(v+))) is asup of (9™ (pu,én) i 1 € w).

To prove the claim, we have two cases on v*. Since v* = sup,, v, either v* > v,, for
all m, or v* = v,, for almost all m. In the first case, v* is a limit, and so [P forces that d,«
is a sup of (d, : v < v*). Since p, I- d,, =* YB(v,) for each n, p* forces that (yg,,)
n € w) is cofinal in (d, : v < v*). Therefore, p* forces that these two sequences have
the same sups. Consequently, p* forces that yg(,«) =* d, is a sup of (VB(v,) 1 11 € @).
For the second case, v* = v,, for all m above some k. Then P forces that (d, :n € w)
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is eventually equal to d, . Because p, I- d, =* YB(v,) for allnand p* > p,, we have
that p* I (yg(y,) : 1 € W) is eventually equal to d,~. Finally, p* - Va(re) =" d,«, and
therefore p* forces that (yg(,,) : n € w) is eventually =*-equal to j(,+), and therefore
that yg(,+) is a sup. This finishes the proof of the claim and thereby the proof that ™
is w-continuous. n

The final result in this subsection shows that we can create filters which are
guided by the collapse at o by using the generic surjection from w; onto « to guide
extensions in the second coordinate. This combines ideas of collapse absorption with,
as previously mentioned, Abraham’s use of guiding reals.

Lemma 5.5 Suppose that Qisa (P | a)-name for a poset of size a, which is w;-closed
with sups, and let (y; : i < &) be forced to enumerate all conditions in Q. Let f, be the
P-name for the standard surjection added from w, onto «.

Suppose that s = (d,, : v < w;) is a sequence of P-names for conditions in Q forced by
IP to satisfy the following properties:

1) $is <g-increasing, do names the trivial condition, and if v is a limit, then d,isa

<g-sup of (dy + p < v); . ' .
2) ifv < wy and ).’fa(v) extends d,, in Q, then d, ,, extends )'/f (V); and
(3) for each v < wy, the sequence (d,, : y < v) is definable in V[G | a] from f, |

Then § is guided by the collapse at « for Q.
In particular, there exists a P-name for a sequence which is guided by the collapse at

a for Q.

Proof We will verify that items (1)-(3) of Definition 5.1 hold. Item (1) of the
definition is immediate from assumption (1) of the lemma.

For item (2) of Definition 5.1, suppose that p € P is a condition where dom(p(«))
isan ordinal v < w;. Let G be V-generic over IP containing p, and let G := G n (P } a).
For each y < v, letd,, = d,[G], and let f(4) be an ordinal < a so that d,, = = V8w [G].
By assumption (3) of the lemma, the sequence (d, : y <v) is deﬁnable in V[G]
from f, I v = p(a). Therefore, there exists a condition p > p | a with p € G so that p
forces that (g, : p < v) satisfies the definition with respect to p(a). Then p’ := pu p
witnesses item (2) of Definition 5.1, since p' forces that (yg(,) : 4 < v) and (dy:p<v)

both satisfy the same definition in V[G ] G] with the parameter f, | v = p(«).

Turning to item (3) of Definition 5.1, let p’ be a condition as in the previous
paragraph. Fixa (P I &)-name y for a Q-extension of yg(,y,andlet § < «and p* > p’ 1
a so that p* IFpy4 9 = P5. Define p* to be the minimal extension of p* U p’ | [, k) so
that p* IF f,(v) = 6. Then p* I Vi) 2 VB(n = * d,, so there exists an extension p**

of p* so that p** forces dy; > Viou) = V-
For the “in particular” claim of the lemma, define a sequence s by recursion so
that it satisfies (1) and so that if v < w;, then d,,; is forced to be equal to y () if this

extends d,, and 0therwi§e equals d,. Then (2) and (3) are also satisfied, so § is guided
by the collapse at « for Q. |
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5.2 F-complete properness

We are now ready to isolate a sufficient condition on names C so that P+ C is
JF-strongly proper.

Definition 5.3 Let C be a P-name in H(x") for a poset forced to be w;-closed with
sups. We say that C is F-Completely Proper if for any (P + C)-suitable sequence M,
there is some A € dom(M) with A € J so that for each a € dom(M)\A and each P-
name H for filter over my, (C) which is guided by the collapse at «, there exists
a P-name ¢;; for a condition in C which is forced to be a least upper bound for
o)

We recall that a poset U is A-distributive if forcing with U adds no sequences of
ordinals of length less than A. A sufficient condition to guarantee this is that the
intersection of fewer than A-many dense, open subsets of U is dense, open. They are
equivalent if U is separative.

Lemma 5.6 Suppose that C is F-completely proper. Then P forces that the intersection
of fewer than k-many dense, open subsets of C is dense, open. Hence, C is forced to be
k-distributive.

Proof Let D= (D;:i< w;) be a sequence of P-names for dense, open subsets of
C. We show that the intersection is forced to be nonempty. Fix a sequence M which
is suitable with respect to P+ C and D so that dom(M) satisfies the conclusion of
Definition 5.3. Let & € dom(M). By Lemma 5.5, there exists a P-name H for a filter
which is guided by the collapse at « for 7y, (C). Since dom(M) satisfies Definition
5.3, we may find a P-name d for a condition which is forced to be an upper bound in

C for n;\/llu[(';p»] [H]. Then, by Lemma 5.2, d is forced to be an (M, [G], C)-completely

generic condition. However, D; € M, for each i < w; and is dense, open. Therefore, it
is forced that d € Ny, Di- [ ]

By combining Lemmas 2.12 and 5.5 and Proposition 5.4, we conclude with the
following key result.

Proposition 5.7 Suppose that C is F-completely proper. Then P x C is F-strongly
proper.

6 Properties of the club-adding poset

In this section, we have two main tasks. In the first subsection, we will prove that our
intended club-adding iteration, as well as useful variants thereof, are F-completely
proper, and in the second subsection, we will prove that our intended club-adding
iteration does not add branches through various Aronszajn trees. Each of these results
will be used as part of a larger inductive argument in the final section in which we
prove Theorem 1.1. Again, we comment that, in this case, & is ineffable, but we are
only using the ineffability of x when we apply Proposition 4.4, since this requires
Proposition 3.12.
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6.1 Adding clubs is 3-completely proper

In order to anticipate arguments in the next subsection, where we show that appropri-
ate J-completely proper posets do not add branches through certain Aronszajn trees,
we will need to not only show that our club-adding poset is F-completely proper, but
also show that variants of it have this property. These variants are created by iterating
the process of taking an initial segment of the iteration followed by products of finitely
many copies of the tail.

The following iteration follows Magidor’s work [31] on adding clubs through
reflection points of stationary subsets of a weakly compact cardinal , which has been
collapsed to become w.

Let p < %, and suppose that we have defined a P-name for an iteration (C,, C() :
o<p,n<p)anda(PxC,)-name(S,,S(n): 0 < p,n < p) for an iteration so that for
all o < p the following assumptions are satisfied:

(1) PP forces that the iteration (C,, C(#) : 0 < p, 7 < p) has < r-support, and P » C,
forces that (S,,S(%7) : 0 < p, 5 < p) has countable support. Furthermore, S, is a

(P Cy)-name
(2) (C(U) isa (P % Cy)-name for CU(S,,S,) (see Definition 1.3), where Syisa (P
Cqy * Sy)-name for a stationary subset of x N cof (w) and Cgs1 = Cqy + C(0).

(3) S(o)isa (P * Cgyy * Sy )-name for S( T, ) (see Definition 1.4), where Tyisa (P
(CHI + §,)-name for an Aronszajn tree on £.

(4) CyisT- completely proper (and hence P C, is F-strongly proper, by Proposition
5.7), and P+ C, forces that S, is a countable support iteration specializing
Aronszajn trees, as defined in Section 3.

Working in an arbitrary generic extension by PP, we now define the variations of C,
mentioned above; we call these Doubling Tail Products. These will be the posets C,, (5 ),

where 8 = (8, 0y,...,8,.1) € [p]” isastrictly decreasing sequence of ordinals. We use
[P]3& to denote the set of all finite, strictly decreasing tuples from p; [p]].. is defined
similarly.

We first introduce an auxiliary name for a poset C- P (5 ), where 8 is as above and
0* < 8,1 is an additional ordinal. This is done by recursion on n = || as follows:

« For n=0 (ie, & = @), we define Cs+,p(2) = Cs+,, to be the tail segment of the
iteration C,, starting from stage &~.

« Forn>1,0¢[p]”",and 6* < 8,_y, the poset (Cg*’p(g) is given by
Co,p(8) = Co5,, * (Co,p(8 1 1=1))7,

where Cs- 5, , is the segment of the iteration C,, starting from (and including) stage
8* to stage 8,1, and 5t (n=1)=(d0,...,0,-2).

We can now define (CP(S).

Definition 6.1 For &€ [pl5e, define C,(8)=Co,(8) (ie, as Cs () with
= 0).
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i For example, if 8 = (8,) is a singleton, then Cp({00)) = Cs, * szio,p' Similarly, if

8 = (8, 01) has two elements 8§, > &}, then
. . . 2
(CP(<60’ 61)) = (C51 * Cél,p(<60>) = Cal * ((C(Sh(so * (Ctzgo,p) .

We refer to posets (CP(S) as the doubling tail products of C,. We now return to
working in V; in particular with the statement of the next item.

Proposition 6.1 (Given assumptions (1)-(4) stated at the beginning of the subsection)
For each p < k* and § = (8o, ...,8,1) € [p]3¥, the doubling tail product C,(8) is
F-completely proper. In particular, (Cp is F-completely proper.

We will explain the necessity of proving Proposition 6.1 for the doubling tail
products of C, in the final section of the paper.

Proof We will first work with C,, rather than with the doubling tail products, in
order to establish that a certain statement (*) (see below) holds. We will then show
that this statement () can be used to prove the desired result for the doubling tail
products. We use R, for 0 < p, to denote P » Cy * S,

To begin, we fix an R, -suitable sequence M; by removing a set in J, we may assume
that M is in pre-splitting configuration up to p. By removing a further J-null set, we
may assume that M satisfies the conclusion of Proposition 4.4

Let M be a k-model so that M contains the relevant parameters, including M. Since
dom(M) is in F*, we may apply Proposition 1.4 to find an M-normal ultrafilter U so
that, letting j: M — N be the corresponding ultrapower map, « € j(dom(M)). Let
M, be the xth model on the sequence j(M).

Fix a V-generic filter G* over j(P), and let G := G* n . For notational simplicity,
we continue using j to denote the lifted map j: M[G] — N[G*]. Recall by Lemma
2.11that j~! } M, is the transitive collapse map of M, and that j! lifts in the standard
way to M;[G*].

Suppose that ¢ < p and that H is a j(IP)-name in N for a generic filter over
nMK[G*](j(CU)) = C,. We define the s-flat function for (the pullback of) H to be
the j(IP)-name for the function with domain j[¢].° so that for each 1 < o, 7(j(7))
is forced to be equal to (U H(Y])) u{k}.

We will prove the following proposition () by induction:

(*) for any o <p, if H is a j(P)-name in N for a generic filter over C, =
Ty, [G*] (j(C,)) which is guided by the collapse at  (see Definition 5.2), then
it is forced by j(IP) that the -flat function for H is a condition in j(C,).

We first consider the case that o < p is limit. Suppose that we know the result for
all 7 < 0. We use throughout the fact that j™! equals the transitive collapse map of
M, [G*].

Let H € N[G*] be a filter over C, which is guided by the collapse at %, and let
r be the s-flat function for H. Since |dom(r)[N < j(k) and j(C,) is taken with
< j(k)-supports, in order to see that r € j(C,), it suffices to show that for all 4 < ¢,

5We note that j{o] € N: M. n j(p) = j[p], and so j[p] is in N. Then intersect with j(o).
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r 1 j(n) € j(Cy). So let < o be fixed. Since C, = C, * C,, and since H is guided
by the collapse at s over C,, we have by Lemma 5.3 that H | C,, is also guided by the
collapse at x over C,,. By induction, this implies that the x-flat function for H | C,,
namely r I j(#), is a condition in j(C, ). This completes the proof of (+) in the limit
case.

Now, suppose that o + 1 < p and that we know that (*) holdsat 0. Let H € N[G* ] be
a filter over C,., which is guided by the collapse at x, and let H, denote the restriction
of H to C,. Again, appealing to Lemma 5.3, we know that H, is guided by the collapse
at K.

Let r be the x-flat function for H, and let 7 denote r | j(¢), the x-flat function for
H,. Since H, is guided by the collapse at x, we may apply the induction hypothesis
to conclude that 7 is a condition in j(C,). By Proposition 5.4, since H, is guided by
the collapse at «, we know that in N we may find a residue pair ((0;(p),7), 9"} for
the pair (M,, j(P*)), where 7 is a j(I?)-name in N for 7. We use p*(M,) to denote
(0je), 7).

Since 7 is an upper bound for ”1_\41[0*] [Hs] = j[Hs], we conclude that 7 forces in
j(Cy) over N[G*] that U j[H(0)]= U H(0) is club in & (equality follows since j is the
identity on bounded subsets of x). Therefore, to see that r € j(C,.;) (which finishes
the proof of (*) in the successor case), it suffices to show that

e (UH(0) v {r}) € J(C(0)).
Since j(C(0)) is a j(P + C,)-name for CU(j(S,), j(Ss)), the above holds if and
only if
(7,0,5,) wﬁ[fjgu) (UH(0) u {r}) < (tr (j(85)) u (j(x) ncof(w))).

By the elementarity of j and since 7 is an upper bound for j[H, ], we see that
(7,0,,)) wf([CG]S) UH(0) < (tr (j(S,)) u (j(r) N cof(w))) .

Since # has cofinality w, after forcing with j(C, * S, ), it therefore suffices to show
that

. N[G* Lo . . .
(7,05,)) ”_j(ECU*]Sa) (j(Ss) N k) is stationary in &.

Before continuing, we recall that R, denotes PP * Cy *+S,. By Proposition 3.2, we
know that

(P*(MF»)>0]'(S‘,)) ”‘?(]R,,) ](SO) K= (](Sg) n MK)[Gj(Ra) nM,].

However, j(R,) n M, = j[R,]isisomorphicto R,,and j(S,) N M, = j[S,]. Since S,
is a nice R,-name for a stationary subset of x N cof (w), j[S,] is therefore a j(R4) N
M ;-name for a stationary subset of x N cof (w).

We now apply Proposition 4.4 in N, recalling that M satisfies the conclusion of that
proposition and that s € j(dom(M)). Thus, applying the observations in the previous

paragraph, we conclude that (p*(M,),0;,)) forces over N that j[S,] is stationary
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in k. Recalling that p* (M, ) = (0, 7), we now conclude that

(T OJ(S )) ”_]((C *g ) ](S )ﬂ/i ][ ][ j(Rg )ﬂM ]15 stationary,

This completes the proof that r, the x-flat function for H, is a condition in j(C,) and
also finishes the proof that (*) holds.

To finish the proof of Proposition 6.1, we prove by induction on k < w that for
any 6 = (8¢,...,0k1) € [p 1% > the poset C (8) is F-completely proper. Working
by contradiction, let k € w be the least so that for some (empty in case k =0)
selp]k decr the proposition fails for C (8) Let M be a é-suitable sequence which
witnesses that (CP(S) is not F-suitable. Since M is 8-suitable it is also PP * (Cp(é‘)
suitable. By removing an J-null set, we may assume that M satisfies the conclusion of
Proposition 4.4.

Let M be a x-model containing the relevant parameters, including M. Since
dom(M) € F*, we may find some M-normal ultrafilter U so that, letting j: M —> N
be the ultrapower embedding, x € ](dom(M ).

First, we deal with the case k = 0. Since M witnesses that (C is not F-completely
proper, N satisfies that the conclusion of Definition 5.3 fails at x with respect to j(P)
and j(C,). However, this directly contradicts (*), which we showed holds in this
setup.

Now, we assume that k = [ + 1 is a successor. Then we may find an N-generic filter
G* over j(IP) so that in N[G™ ] there is a filter H* over 7y, [6+] (]((CP(S))) = (CP(S)
so that no condition in j((CP(S)) is a least upper bound for n;}m[c*] [H*]. We will
show, on the contrary, that there is such a least upper bound for the pullback of H”.

Write & = (8, ..., 81 ). For simplicity of notation, we also write C (01 k-1)=
Cs,_, * D so that (CP(S) =Cs,_, * ((C[(;kfl,(gH) * ]D)) . Note in the case k = 1, we just
have (CP(S) =Cs, * (C[ao,p))z. The filter H* adds generics Jo, J; over (CP(S Pk-1)
so that Jo and J; agree on Cs;, | (recall that §x_; < x_,) but are mutually generic
afterward. Since H* is guided by the collapse at x, both ]y and J; are guided by the
collapse at . Hence, our inductive assumption implies that for each i € 2, ”17\41,6 (6°] [J:]
has a sup r; in j((CP(S t k —1)). By the agreement between J, and J; up to stage
O-1 < 8k_2, we know that r 1 j(Cs, ) =71 | j(Cs,_,). Welet 7 denote the common
value. Finally, we define r* to be the function 7~ (r; | j((Cp(S bk-1)):i<2). Then
r* is a condition in j((CP(S)) which is a sup of ﬂl_\/Ilh.[G*] [H*].

This completes the inductive step and the proof of the proposition. [ ]

6.2 No new branches

In this subsection, we will show that various F-completely proper posets do not add
branches through Aronszajn trees of interest. We will use this general result to show,
in particular, that tails of the club adding poset C, do not add any branches to trees
T which are Aronszajn trees in an intermediate extension obtained by forcing with
Cy*S,, for o < p. This will ensure that the tree specializing iteration of length p
above is in fact an iteration of specializing Aronszajn trees in the extension by C,,
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a conclusion which is essential in order to see that the specializing iteration does not
collapse k.

Arguments for securing that certain posets do not add new cofinal branches to
trees play a crucial role in consistency results concerning the tree property, going back
to the work of Mitchell [34], and Magidor and Shelah [32]. Lemma 6 of Unger [41]
provides such an argument with respect to closed posets and trees named by posets
with reasonable chain condition, given constraints on the continuum function. Here,
we prove a version of these results, in which the relevant posets (which in practice are
variants of the club-adding poset) are F-completely proper (and thus x-distributive)
but not k-closed.

The statement of the following proposition involves (names of) posets Q;, Q,,
and S. To relate the statement to our scenario, we suggest keepmg in mind the
following assignments of the posets: Fixing p < p <k*, Qi =C, is the (P-name)
of the first p steps of the club adding iteration, S = SP is the P (C -name of the
first p steps of the iteration specializing trees, and Q, = Cip,p*) is the P » C,-name
of the segment of the final iteration from (and including) stage p to stage p* (i.e.,

Ql*@ZZC *).

Proposition 6.2 Suppose that Qy is a P-name and that Q, and S are (P + Qy)-names
so that Q * (@2 is F-completely proper and so that P + Q; * Q32 forces that S is k-c.c. Let
T be a (P * Q, * S)-name for an Aronszajn tree on . Then P+ Q; * (Q, x S) forces
that T is an Aronszajn tree.

That is to say, forcing with Q, after P+ Q; * S does not add branches to T. To
show this, we will follow the standard approach and show that if Q, were to add such
abranch, then we can find some model in which a level of the tree has too many nodes.

For the rest of this subsection, we suppose for a contradiction that b is (P %
Q@ * (Q, x S))-name for a branch through T, where T is a (P * @, * S)-name for
an Aronszajn tree on k. In the context of working with the forcing R* := P Q #
(Q2 xS), for which a typlcal generic looks like G * Q; * (Q2 Qf x F), we will
use by, to denote the (P * Q; * (Q, x S))-name for b[G + Q + (QF x F)], i.e., the
interpretation of b using the left generic filter added by Q2. by, is defined similarly.

The next lemma will be used as a successor step in obtaining a tree of conditions
forcing incompatible information about a branch.

Lemma 6.3 (Under the assumptions of Proposition 6.2) P forces that for each Q-
name d for a condition in Qz, there is a dense, open set of ¢ in Q satisfying the following
property: there exist names dy, dy for conditions in Q, and an ordinal & < k so that:

() ¢ dy > d foreach Z € {L,R}; and

@ (c,dpdr,0g) W1 o bL(8) % br().

Proof We workin V[G]. Fix ¢ € Q; and a Q;-name d for a condition in Q,. Let Q,
be V[G]-generic over Q, containing ¢, and let Q% x QX be V[G * Q,]-generic over
Q3 containing (d, d).

We first claim that Og forces over V[G * Q; * (Q} x QX)] that by # bg. Thus, let
F be an arbitrary V[G * Q * (Q} x QR)]-generic filter for S. Since S and Q3 both
livein V[G * Q,], the product lemma implies that QF x QX is V[G * Q, » F]-generic
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over Q3. Since Q} and QX are mutually V[G * Q, * F]-generic filters over Q,, we
conclude that

VIG*Q#F]=V[G*Q (FxQ)]nV[G*Q *(FxQ)].

Therefore, if b:= by = by, then b is in V[G * Q; * F], and therefore T is not an
Aronszajn tree in that model, a contradiction.

We now claim that there is an ordinal £ so that 0g forces over V[G * Q; * (QF x
QR)] that by (&) # br(&). Let AC'S be a maximal antichain in V[G * Q; » (QL x
Q3)] consisting of conditions g € S so that for some {; < £,

g V[G*Qi*(QyxQ5)] bL((g) * bR((g)

Because by and bz name branches in T, we see that for any g € A and { > (4> g forces
that by Q)+ br ({). Since S is still k-c.c. after forcing to add Q% x QX, we know that A
has size < 5 in V[G * Qi * (Q7 x QF)]. Therefore, letting & := sup, , (¢, § < &. Then
& witnesses the claim: indeed, if f €S is any condition, we may extend it to f* so
that f is above some g € A. By the remarks above and since & > {,, we know that
F*iFb(E) % bR(f) completing the proof of the second claim.

Since (c, d, d) € Qi * (QF xQF), we may find an extension (c* ,dL,dR) of
(¢,d,d) as well as an ordinal £ < & so that (c¢*,dy,dg) forces that 0 forces that
br (&) # br(&). Then ¢* > ¢ is in the desired dense set. ]

For the rest of the subsection, let M = (M, : a € B) be a sequence which is suitable
with respect to all parameters of interest. Since Q * Q% is F-completely proper, which
implies that Q; * Q, is F-completely proper, we may assume that dom(M) satisfies
the conclusion of Definition 5.3 with respect to Q; * Q% and with respect to Q; * Q5.

Fix M* < H(k*"), where M* has size k, is closed under < x-sequences, and
contains M as well as < from Notation 2.6 as an element. Let M denote the transitive
collapse of M*, so that M is a k-model. Since dom(M) € F*, we may find an M-
normal ultrafilter U so that, letting j: M — N be the associated ultrapower map,
k€ j(dom(M)). As usual, we use M, to denote j(M)(x). The following claim shows
that we can build the desired tree of conditions forcing incompatible information
about the branch.

Claim 6.2 j(P) forces over N that there exist sequences (¢, : v < w;) and (d, : s €
21} so that the followmg properties hold:

(1) for each f e (21)NGim], ((¢,, df v) i v < wi) is an increasing sequence of con-
ditions in Q; * Q, which is guided by the collapse at « (see Definition 5.2); and
(2) if s # t are in 2" for some v < wy, then

(e dendin0)) F 0L i) s ()

Proof The definition is by recursion. Let G* be an arbitrary V-generic over j(P), and
let G = G* nP. Let (¢o, do) be the trivial condition in Q; * Q5. In order to show that
the desired sequences generate filters which are guided by the collapse at x (which
in turn will guarantee that they have upper bounds), we will show that (1)-(3) of
Lemma 5.5 are satisfied. In particular, to secure (3) of that lemma, throughout the
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construction, we will select objects which are minimal according to the fixed well-
order < of H(x"). We remark that the entire construction takes place in N[G*], but
the proper initial segments can be carried out in M[G] using a proper initial segment
of f., the standard surjection from « onto w; added by G*.

Suppose that v is a limit and that for all 4 < v and all s € 2¥, we have defined c,
and d,. Then we let ¢, be the <-least P-name for a condition in Q; so that ¢, := ¢ [G]
is a sup of (c, : 4 < v). Similarly, for s € 2%, we let d; be a Q;-name forced to be a
sup of (dw { < v) so that a P-name for d, is <-minimal. Note that item (2) in the
claim still holds since if s # t are in 2", then there exists some y < vsothats |y # ¢t |
u. S0 j({cu» dsr> dipus 0g)) forces that j(b); Ik # j(b)g | k. Hence, the extension
j({cy> ds, dr, 05)) also forces this.

Now we consider the successor step. Suppose that we have defined ¢, and d; for all
s € 2”. In order to ensure that the assumptions of Lemma 5.5 are satisfied, and thereby
ensure that the sequences are guided by the collapse at x (which in turn will guarantee
they have an upper bound), we will first define an auxiliary extension ¢} > ¢, and for
each s € 2", a Q;-name d’ forced by ¢ to extend d,. Toward this end, let y = f,.(v),
where f, is the standard surjection added by G* from w; onto . Let u, be the yth
condition in Q; * Q,, and write uy as (c’, d”) If ¢¥ does not extend c, in Q, set
¢, = ¢yand d = d,. On the other hand, if ¢” > c,, we set c, = c?. Then, given s € 27, if
cy I+ dr> ds, we set d* d?, and otherwise we set d* d Note that there is at most
one s that falls into the first of these, since ¢ I+ {ds S€ 2”} is an antichain in Q,.

Now, we move to defining c,,; and d, forallt € 2+, By Lemma 6.3, for each s € 2",
the set Dy of all ¢ € Q; for which there exist names d; and dg and an ordinal E<k
satisfying

(i) ¢ Il—.d'z > d; for each Z € {L,R}; and

(ii) (c,dr,dr,0g) I+ br (&) # br($)

is dense, open in ;. By Lemma 5.6 applied to Q, there exists an extension of ¢,
inside Nev Ds. Let é,41 be the <-minimal P-name so that ¢,4; := é,41[G] is such an
extension. For each s € 2, we may find an ordinal & < x and Q;-names d y and

dsn(l so that ¢y I- d;- )2 d, so that (cv“,d ~(0)> d, ~(1)» 0g) forces that bL(Es) +

br(&;), and so that P-names for d- y and d- y are <-minimal. Applying j to this
statement, we secure (2) of the claim. Th1s completes the proof. ]

Now that we have proved the above claim, we can finish the proof of
Proposition 6.2.

Proof of Proposition 6.2. Let G* be N-generic over j(P), let G:= G* NP, and
fix sequences (c%:v < w;) and (d? : s € 2<°1) satisfying Claim 6.2. Let (¢, : v < w;)
and (d, : s € 2°1) denote the sequences of their j-images. For each f e (2¢1)NIG]
<(68’d?rv) :v<w,) is guided by the collapse at k. Moreover, dom(M) satisfies
Definition 5.3, and & € j(dom(M)). Since j(Q; * Q) is j(F)-completely proper, we
may find a condition (c*,df) which is a sup in j(Q, * Q) of ((defrv) (v < w)
(note that c* is independent of f since any two sups are =*-equal). By item (2) of the
previous claim, we know that if f # g are in (2') N N[G*], then (c* ,df, d 2 0;s))

forces that j(b), | k% j(b)g | k-
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Now, let Q; + F* be N[G*]-generic over j(Q, * S) with Q; containing c*. Apply-
ing item (2) of the previous claim again, we know that if f # g are in (2') n N[G*],
then (dy, d,) forces in j(Q3) that j(b); |k # j(b)g | k. We note here that the tree
of interest, namely T* := j(T)[G* * Q; * F*], is a member of N[G* * Q * F*], i.e.,
exists prior to forcing with j(Q3).

For each f € (2') n N[G"], let d} be an extension of dy in j(Q,) which decides
the value of j(b)(), say as af. We claim that if f # g are in (2') n N[G*], then
af # ag. Indeed, suppose for a contradiction that there were f # g with & = az. Then
force in j(Q3) above the condition (d},d;) to obtain a pair Q7 x Q5 of mutually
generic filters for j(Q,). Since as = a, the branch of T* below a is the same as the
branch of T* below a,. However, the branch of T* below as equals (j(b)[Q%]) | &
and the branch of T* below a, equals (j(b)[QX]) I %, contradicting the fact that
(d},dy) forces that the interpretations diverge below k.

Since (2¢') N N[G*] has size j(x) in N[G*] and j(Q, * S) preserves j(k), this
set still has size j(k) in N[G* * Q] * F*]. Thus, in the model N[G* » Q] * F*], the
function taking f € (2“*) N N[G*] to ay is an injection. Therefore, level x of T* has
size j(x), which contradicts the fact that j(x) is X, in N[G* * Q] * F*] and that T*
is an Aronszajn tree on j(k). u

7 Putting it all together

Up to this point in the paper, we have worked to establish a number of isolated results.
In this section, we will now define the poset which will witness Theorem 1.1. Each of
the previous sections will function as a component in the inductive verification that
this poset has the desired properties.

We recall that P denotes Col(w;, < %), the Levy collapse of the ineffable cardinal .
We define a P-name Cy+ for a " -length iteration adding clubs, and we also define a
(P * Cy+)-name S+ for an iteration which specializes Aronszajn trees. This is done
in such a way that for all p < ¥, the (P + C,+ )-name S, for the first p-stages of S+
is actually a (P * C,)-name.

More precisely, we define by recursion on p < x* the names C » and Sp. Suppose
that p = py + 1 is a successor and that C,, and S,, are both defined. Using the fixed
well-order < from Notation 2.6 as a bookkeeping device, we select a (P * (Cpo *
Sp,)-name S,, for a stationary subset of x n cof(w), and we define C, := C,,
CU(S,,,Sp,) (see Definition 1.3). Next, we use < to selecta (P * C, * S,, )-name T},
for an Aronszajn tree on &, and we set S, to be the (P * C,)-name for S, * S(T),)
(see Definition 1.4).

Now, suppose that p is a limit and that we have defined the sequences (C¢, C(£) :
E<p)and (Sg, S(E) : & < p). We first let C, be the < x-support limit of (Cg, C(£) :
£ < p). Second, we see that P+ C, forces that (S, S(£) : & < p) names an iteration
with countable support: by induction, if £ < p is a limit, then S is the (P * C¢)-name
for the countable support limit of (S;,S({) : { < £). However, C, is w;-closed, and
consequently, the countable support limit of (S¢, S({) : { < &) is the same in both the
extension by P * C¢ and the extension by P » C o~ In light of this, we let Sp denote the
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countable support limit of (S, S(£) : £ < p), noting that this is an w;-closed poset in
the extension by P + C,. This completes the definitions of the names. We may now
define R* :=P % Cpv * S+.

We begin our analysis of R* with some simple remarks. First, R* is w;-closed,
since all the posets under consideration are (and since our iterations were taken with
supports which are at least countable). In addition, R* is k*-c.c. Indeed, IP trivially is.
Furthermore, k** = k after forcing with P, and so if § < k™, C[; is forced to be a poset
of size . Since direct limits in the iteration C,.+ are taken at all stages in x* N cof (),
standard arguments (e.g., see [6]) show that C,+ is k*-c.c. Finally, since for every
B <k, Sﬁ is forced to have size x by P » C,.+, and since S, is taken with countable
supports, a standard A-System argument shows that S+ is £*-c.c.

We next claim that if R* preserves s, then it forces all Aronszajn trees on K
are special, that such trees exist, and that every stationary subset S ¢ kN cof(w)
reflects on every ordinal of cofinality w; in some closed unbounded subset on «. First,
suppose that T is an R*-name for an Aronszajn tree on k. Because R* is k*-c.c.,
Tisa (P C, *$,)-name for some y < x*, and hence names an Aronszajn tree in
any extension between that given by P x C, * S, and the full R*-extension. By our
bookkeeping device, there is some § >y so that S(8) is forced by P * Cg,y * S5 to
equal S(T). Hence, R* forces that T is special. Slmllarly, if $ is an R*-name for a
stationary subset of k N cof (w), then there is some & < £+ so that Sisa (P * Cy * S, )-
name, and hence there is some > «a so that (C(ﬁ) is forced by P+ Cp to equal
CU(s, S/;) Thus, in the extension by P + C B * S[;, S reflects almost everywhere, and
since the forcing to complete P x (C[M * Sﬁ to R* is w;-closed, $ still reflects almost
everywhere in the full R*-extension.

As a result of the previous discussion, we see that in order to show that R*
witnesses Theorem 1.1, we need to prove that R* preserves x. To achieve this, we
verify that (i) P forces C,-+ is k-distributive, and that (ii) P % C,.+ forces that S,.+
is K-c.c.

To this end, we consider the following simplifications. First, concerning (i), we note
that since C,+ is forced to be x*-c.c, it is sufficient to verify that (Cp is forced to be x-
distributive for all p < k™ to show that (i) holds. We will use Lemma 5.6 to verify this,
by proving that for every p < x*, C, is F-completely proper.

Second, concerning (ii), since S+ names a countable support iteration, any x-sized
antichain would witness that some proper initial segment Sy is not x-c.c. Therefore, it
is sufficient to verify that P » C,.+ forces S, is k-c.c for every y < r*. However, as C .+
names a k" -cc poset, every (P * C,+)-name for a subset of Sy of size x is equivalent to
a (P * C,)-name, for some p > y. Clearly, if P x C,, forces S, fails to satisfy the r-c.c
for some y < p, then it forces S, is not r-c.c. We conclude that (ii) follows from the
assertion that for every p < k¥, P » (Cp forces that SP is k-c.c.

Combining the two simplifications, it remains to prove the next claim.

Claim 71 'The following holds for every p < k™*:

)] (Cp is F-completely proper; and
2) P= (Cp forces Sp is K-c.c.
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We prove the claim by induction on p < 7. Let p < k", and suppose that the claim
holds for every ¢ < p. In particular, if ¢ < p, then since P * C, forces that S, is a
countable support iteration specializing trees and since (2) holds at o, we must have
that P x C, forces that S, is a countable support iteration specializing Aronszajn trees.
Hence, we see that assumptions (1)-(4) from the beginning of Section 6 hold. Applying
Proposition 6.1, it follows that C, is F-completely proper, and moreover, so is C, (6)
for every finite, decreasing sequence 8 of ordinals below p. We use this to prove that
(2) of the claim holds at p. _

We aim to apply Corollary 3.13 to the J- strongly proper poset P* :=P % C,, and to
do so, we need to verify that for each o < p, P* * S, I T, is an Aronszajn tree. This is
where the doubling tail products come into play. Indeed, we consider a slightly more
general statement, which would allow us to use Proposition 6.2. For each decreasing
sequence & = (8o, . .., 8,_1) in p, we let *p(S) be the statement that P * CP(S) forces
Ss,_, is k-c.c. (note that if 8 = @, then the statement holds vacuously). We prove by
induction on the reverse lexicographic order <;rex on [p]3% that * p(S ) holds. The
base case of the induction, where 5= @, trivially holds, as mentioned above. For the
induction step, fix 8 = (8o, ..., 8,_1) € [p]5% and suppose that *,(¥) holds for every
¥ <tLex 0. To show that *P(S) holds, we need to verify that P * (CP((S) forces that
Ss,_, is #-c.c. For this, in turn, by Corollary 3.13, it is sufficient to verify that for
every y < 8,1, P * (CP(S) * Sy forces that Ty is an Aronszajn tree on . If §,_; =0,
there is nothing to prove. Otherwise, let y < J,1, and set y := 5(y). By Proposition
6.2 and the definition of C,(y), it suffices to verify that P + C,(y) forces that S, is
K-c.c, to conclude that P + C 0 (S ) * Sy forces that Ty is Aronszajn. However, the last is
just x,(y), which holds by our inductive assumption and the fact that y <;pex 8. This
concludes the proof of Claim 7.1, which in turn finishes the proof of Theorem 1.1.

We conclude the paper with two questions:

Question 7.2 Is an ineffable cardinal necessary for proving Theorem 1.12 Is a weakly
compact cardinal sufficient?

As we have remarked throughout the paper, we only use ineffability in the proof of
Proposition 3.12 (and thus in the corollaries of this proposition). If one could prove
this proposition assuming only a weakly compact, then that would suffice to show that
a weakly compact is optimal.

We also mention the following long-standing question.

Question 7.3 Is a weakly compact cardinal needed for SATP(w;) + 2! = w5?

We recall that in the Laver-Shelah model of SATP (w, ), 2“' = w3. Moreover, Rinot
has shown [36] that if the GCH and SATP(w; ) both hold, then w, is weakly compact
in L.
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