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Abstract

The Laub-Ilani inequality [‘A subtle inequality’, Amer. Math. Monthly 97 (1990), 65-67] states
that x* +y* > x’ + y* for nonnegative real numbers x,y. We introduce and prove new trigonometric
and algebraic-trigonometric inequalities of Laub-Ilani type and propose some conjectural algebraic-
trigonometric inequalities of similar forms.
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1. Introduction

The origins of the Laub-Ilani inequality go back to at least 1985 when an intriguing
power-exponential inequality appeared in the Problems and Solutions section of the
American Mathematical Monthly as Problem E3116 by Laub [3]. Five years later,
the solution to the problem by Ilani was published [4]. The Laub-Ilani inequality,
originally entitled ‘a subtle inequality’, is the following assertion.

Trueorem 1.1 [3,4]. (a) If x and y are nonnegative real numbers, then
X +y =X +yh. (1.1)

()  If{x1,x2,...,x,} is a sequence of nonnegative real numbers and {y1, 2, ..., Yu}
is any permutation of this sequence, then

X X Xp 2 2 'n
XA 2 A (1.2)

Inequality (1.1) was apparently rediscovered around 2006, when Zeikii [8] posted
the inequality
a“+b’>d"+b", 0<ab<l,

and the conjecture
A+ b =>d? + b, O0<ab<l,
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on the Mathlinks Forum. In 2009, Matejicka [5] discussed some inequalities and
conjectures of similar type and Cirtoaje [1] proved that

a*+b?>d®+b°, ab,reR", (1.3)

where R* denotes the set of positive real numbers, provided that 0 < r < e and either
azb>1/eor 1/e>a>b>0. In the same paper, Cirtoaje also conjectured some
further power-exponential inequalities such as

a + brb +c¢ > arb + b + Cm, (14)

for all positive real numbers a, b, ¢, r € R* with a < b < ¢, if and only if r < e. Recently,
Miyagi and Nishizawa [7] proved another conjecture of Cirtoaje that, if a,b are
nonnegative real numbers satisfying a + b = 1 and k > 1, then

a®" 4 pa" <1,

Further results and the developments up to 2014 are described in [2].

To the best of author’s knowledge, trigonometric or algebraic-trigonometric
versions of the Laub-Ilani inequalities (1.1) and (1.2) have not been addressed in the
literature. The aim of this paper is to prove some new results of this type and to pose
some further conjectures.

2. New inequalities

We begin with two auxiliary results which will be used in the analysis. The first is
an algebraic inequality, while the second is of algebraic-trigonometric type.

Lemma 2.1. Let x and y be real numbers such that 0 < x <y < 1. Then
(1= x"*N/(1—x) < (1 =y*H/A -y,

Proor. Since 0 < x <y < 1, it is sufficient to prove that f(f) = (1 — #*!)/(1 — ¢) is an
increasing function of ¢ for r € (0, 1). Observe that

- (1 -Dtlnt+1+1)
(I-1? '
Multiply both sides of the inequality tInz + ¢+ 1 < 1 + ¢ by (1 — ¢) and rearrange:

1= A =ntnt+t+ 1) > 1 £ (1 +1- 1.

(=

Clearly 1 +¢t—1>>0. If /(1 +¢—1*) < 1 or, equivalently, rInz + In(l1 + 7 — *) <0,
then the result follows immediately.
Now let g(t) = tInt + In(1 + £ — £2). Then g’(¢) = Ink(¢) —In h(t), where

k)=t and h(t) =exp((? + 1 —2)/(1 + 1 - 1)).
So g'(r) = 0if k() = h(r) for some 1 € (0, 1). Observe that

p(Dh(1)

PO= T
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where
p(t) = (146* — 47) + (287* — 287) + (8> - 2t + 1).

Since p(f) > 0 and h(r) > 0, we see that h”(f) > 0 and so & is concave up on
(0, 1). Compare lim,_g+ () = €7 > lim,_,o+ k(£) = 0, h(1/2) = e~' < k(1/2) = 1/2 and
lim,, - h(t) = lim,;- k(¢) = 1. Since k(¢) = ¢ is linear, the equation k(¢) — h(z) = O has
exactly one solution in (0, 1) and hence g’(¢) changes sign on (0, 1) only once, that is,
g(1) has exactly one extremum point, say, & on (0, 1) at which g’(¢) = 0. Since g is
decreasing on (0, &), increasing on (¢, 1) and lim,_,o+ g(¢) = lim,,1- g(¢) = 0, it follows
that g(¢) < 0 for all € (0, 1) and so #/(1 + ¢ — #*) < 1 for 0 < ¢ < 1. This completes the
proof. ]

Levma 2.2. Let x € (0,1). Then

(@ (1 =x*ysinx> (1 - x).

(b) x(sinx)* < sin x.

Proor. (a) For 0 < x < 1, we have sinx > x — x*/3!, which we can rearrange as
X1/ sinx < 6x%/(6 — x2). If f(x) = 6x5/(6 — x*) < k(x) = (1 = x**1) /(1 = x), x € (0, 1),
the result follows immediately. Since
’ 6x*((1 + In x)(6 — x?) + 2x)

OE T :
we have f’(x) =0 if (1 +1nx)(6 — x*) = —2x for some x € (0, 1). Consider the
functions g(x) = (1 + Inx)(6 — x*) and A(x) = —2x, x € (0, 1). It is easy to see that
g'(x) = ((6 = x*)/x) = 2x(Inx + 1) > 5 —2 > 0, that is, g is increasing on (0, 1). On
the other hand, & is decreasing on (0, 1), lim,_¢+ g(x) = —co0 < lim,_¢+ A(x) = 0 and
lim,_,- g(x) =5 > lim,_,;- h(x) = —=2. So the equation g(x) = h(x) has exactly one
solution, say, i € (0, 1) such that f’(x) <0 on (0,7) and f’(x) > 0 on (1, 1). Therefore
f is decreasing on (0, 77) and increasing on (7, 1) and, hence, has its absolute minimum
value at x =7. Note also that lim,_o+ f(x) =1 and lim,_,- f(x) = 6/5. We can
complete the proof of part (a) by comparing the values of the functions f and k.
Consider the point £ = 0.8 € (0,1). Then f({) = f(0.8) = 0.93639. In addition, k
is increasing, by Lemma 2.1, and k() = k(0.8) = 1.65395. So,

fO)<1,xe©08) . [f®)<12,xe081)
k(x)> 1, x€(0,0.8) " k(x) > 1.6, x € (0.8, 1).

Thus f(x) < k(x) for x € (0, 1), which completes the proof of part (a).
(b) From the Taylor series expansion of sin x,
2 4 6 X
nx) =1+ X .
x(sin x)* = x* (1 3l + 5T + ) .
We now use Bernoulli’s inequality, namely (1 + a)" <1+ ra, fora> -1, 0<r< 1.
(The inequality is strict if @ # 0 and r # 0, 1.) This gives
3 5 7

: X x+1 X o o | : _
x(sin x)* < x (1—§+§—ﬁ+-~)—x (1 +sinx — x).
So part (b) follows on noticing that x**!(1 + sin x — x) < sin x, from part (a). O
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We call F symmetric if F(x,y) = F(y,x) for all x,y where F(x,y) is defined.
Similarly, we call the inequality F(x,y) > G(x,y) symmetric if it implies F(y, x) >
G(y, x) for all x,y where F(x,y) and G(x,y) are defined. All our inequalities are
symmetric in this sense.

We are now ready to state our main results.

TaeEOREM 2.3. If 0 < x <y <1, then
sin(x*) + sin(y”) > sin(y*) + sin(x).
Proor. Consider the function f defined by
f(®) = sin(y’) — sin(y") — (sin(#") — sin(#)),

where y is fixed with y € (0, 1] and O < ¢ < y. Clearly f(y) = 0. So if f'(¢) < 0 for all
t € (0,y) then f(¢) > 0 and hence f(x) > 0.
To demonstrate this, write

J'(0) = g(t) + h(o),
where
g(®) =1 cos(f)Int —y cos(y)Iny and h(r) = £ cos(r') — y~! cos(r).
To show that g(¢) < 0, consider the function k(s) = 5" cos(s") In s,z < s < y. Then
K (s) = s""(cos(s)(1 + t1n s) — s't sin(s) In s).

Note that tInt > —e! for r € (0,1]. Since 1 +tlns>1+¢Int> (e —1)/e >0 and
s'tsin(s") In s < 0, it follows that k’(s) > 0, that is, k is increasing on (¢, y) and so
k(t) — k(y) < 0, which proves that g(¢) < 0. Moreover, from [4, page 66],

-y <0, 0<r<y<l. (2.1

Since cos(t') < cos(#') for 0 < ¢ < y, it follows from (2.1) that ¢ cos(t') < y£~! cos(#),
that is, i(¢) < 0. Hence f’(¢) = g(¢) + h(z) < 0. O

We conjecture a similar trigonometric inequality for the cosine function.
ConsecTure 2.4. If 0 < x < y < /2, then
cos(x®) + cos(y”) < cos(y™) + cos(x’).

The next theorem gives fully trigonometric analogues of the simple Laub-Ilani
inequality (1.1).

TheorREM 2.5. (a) If O <x<y<m/2, then

(sin x)*™* + (sin y)¥"Y > (sin x)*" + (siny)*", (2.2)

(cos x)°%* + (cos y)°**Y > (cos x)°**Y + (cos y)“* . 2.3)
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(b) If 0<x<y<|,then
(cos x)*MF + (cos y)*Y < (cos x)*™Y + (cos y)Sin*.

Proor. (a) Since sint,cost > 0 for r € (0, 7/2], inequalities (2.2) and (2.3) are direct
consequences of Theorem 1.1.
(b) Consider the function f defined by

£(8) = (cos ™ + (cos )™ — ((cos )™ + (cos y)™"),

where y is fixed with y € (0, 1] and O < ¢ < y. Since f(y) = 0, the result follows if f is
increasing. To see this, write

int
(6= gty cost — L h(r),
cost
where
g(7) = (cos )*™ In(cos £) — (cos y)*™ In(cos y)

and
h(t) = (cos )™ sint — (cos t)*™ sin y.

Observe that

y
g =—- f i((cos )" In(cos 5)) ds
ds

t

)7
= f((cos $)"Lgin §)(1 + sin ¢ In(cos s5)) ds.
t

Since cos s > cos 1,
1>1+(sint)In(coss) > 1+ (sin1)In(cos 1) =0.48197 > 0.

So g(¢) > 0. Similarly,

y

y
d . .
h() = — f d—((cos )" sins)ds = — f (cos scos*™* 1)(1 + sin s In(cos ¢)) ds.
s

t t

Again, 1 > 1 + (sin s) In(cos ) > 1 + (sin 1) In(cos 1) = 0.481 97 > 0 and this gives
h(t) < 0. Combining g(¢) > 0 and A(r) < O yields f’(¢) > 0, that is, the function f is
increasing. This completes the proof of (b). O

THEOREM 2.6. If 0 < x <y < 1, then

(cos x)* + (cosy) < (cos x) + (cosy)™.
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Proor. Let f(¢) = (cost)’ — (cos 1)’ — ((cosy)’ — (cos y)'), where y is fixed, y € (0, 1]
and 0 < 7 < y. Since f(y) = 0, it will be sufficient to show that f is decreasing. Clearly,
(@ = g0+ h(@),

where
g(t) = (cos y)' In(cos y) — (cos t)" In(cos 1)
and .
t !
() = 22 (1(cos 1) — y(cos 1)),
cost
First, consider the function p(s) = s(cos?)’,¢t < s < y. Then
p'(s) = (cos1)°(1 + sIn(cos 1))

and p’(s) > O for s € (¢,y), because 1 + sIn(cos?t) > 1 + In(cos 1) = 0.384 37 > 0. Hence
the function p is increasing, which implies that #(cos ¢) < y(cos £)?, that is, i(t) < 0 for
0 <1 < y. Next, let g(s) = (cos s)' In(cos 5),7 < s < y. Then

q'(s) = —((cos $) ' sin $)(1 + 71n(cos )

and ¢’(s) < O for s € (¢,y), because 1 + tIn(cos s) > 1 + In(cos 1) = 0.384 37 > 0. Hence
the function ¢ is decreasing. So ¢(t) > g(y) for ¢t <y, which implies that g(¢) < 0 for
0 <t < y. Therefore f is decreasing and the proof is complete. O

Before giving the sine version of the last result, we prove some auxiliary results that
will be used in the proof.
Lemma 2.7. Let y € (0,/2] be fixed and let
g(t) = (sin?)’ In(sinf) — (siny)’ In(siny), 0<?t<y.
Then g(t) < 0 for 0 <t <yand g is increasing on 0 < t < y.

Proor. Observe that

y
Ccos

y
g(t) = - f %((sin s) In(sin s)) ds = —f . s(sin $)'(1 + tIn(sin s)) ds.

ms

t t

Since s >t and In(sin s) < 0, we have 1 + tIn(sin 5) > 1 + sIn(sin 5). We claim that
1 + sIn(sin s) > O for 0 < s < /2 which will prove the first part of the lemma.
Jordan’s inequality [6] states that
i 2
ML 2 xe©.n/2), (2.4)
X b1
where the equality holds if and only if x =x/2. For s € (0, 1), it follows that
(sin s)* > (2s/m)°. Now, v(s) = (2s/m)* is decreasing on (0, /2¢) and increasing on
(r/2e, 1), while lim_,¢+ v(s) = 1, lims—- v(s) = 2/m and v(rr/2e) = exp(—m/2e) > 1/2.
So1/2 < (2s/m)* < 1 and hence 1 + sln(sins) > 1 +In(1/2) > O for s € (0, 1). On the
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other hand, if 1 < s <x/2,then 1+ sIn(sins) > 1 + sin(sin1) > 1 + wln(sin 1)/2 > 0.
So 1 + sIn(sin s) > 0 for (0,7/2). Consequently, 1 + ¢In(sins) > 0 for < s <y and,
hence, g(¢) < 0.

To prove that g is increasing on 0 < 7 < y, consider g’ which is given by

g’ (1) = (sint)'(In(sin £))> — (sin y)'(In(sin y))*> + (1 + ¢In(sin t))(;?—l:(sin n.  (2.5)
Since 1+ tIn(sinf) > 0 and cos f(sin#)’~' > 0, the last term in (2.5) is positive.
Moreover, since g(7) < 0 and In(sin¢) < 0,

(sin)'(In(sin 1))* — (sin y)’ In(sin 7) In(sin y) > 0. (2.6)
Since —In(sint) > —In(siny) for 0 < 7 <y, (2.6) yields
(sin )’ (In(sin £))* — (sin y)'(In(sin y))> > 0.
Therefore g’(#) > 0 for0 <t <y <m/2. O
Lemva 2.8. If O<t<y<1 or 3/5<t<y<mn/2, then
t(sint)’ — y(sint)’ < 0.

Proor. First note that the regions 0 <7<y <1 and 3/5 <t <y < n/2 are partially
overlapping in the zy-plane.
(a) Suppose that 0 <z < y < 1. From part (b) of Lemma 2.2, #(sin )’ < sint, that is,

Int<(1-19In(sint), O0<t<l1.

Let p(s) = In(¢/s) and g(s) = (s — #) In(sin ) for t < s < y. Then p’(s) = —1/s <0 and
p”(s) =1/s>>0on (0, 1), so p is decreasing and concave up on (0, 1). On the other
hand, ¢ is linear and decreasing on (0, 1). Since p(f) = ¢(t) = 0 and lim,_,;- p(s) =
Int < lim,_q- g(s) = (1 — 1) In(sin 7), we have p(s) < g(s) and so

t  (sint)*

< . 9
s (sinp)

r<s<y.

Then taking s = y leads to the desired inequality for 0 <t <y < 1.
(b) Suppose that 3/5 <t <y <n/2. Let w(s) = s(sin?)®, t < s <y. Then
w'(s) = (sin)*(1 + sIn(sin?)).

Since 1+ sln(sin#) > 1 + sIn(sin(3/5)) > 1 + 7 In(sin(3/5))/2 = 0.102 19 > 0, it
follows that w’(s) > 0 for ¢t < s <y, that is, w is increasing, which implies that
w(r) = 1(sin )’ < w(y) = y(sin )’ for ¢ < y. O

We can now state the sine version of Theorem 2.6.

TaeEOREM 2.9. If 0 < x <y < 7/2, then

(sin x)* + (siny)’ > (siny)* + (sin x)’.
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Proor. Consider the function f defined by
f(0) = (siny)y = (siny)' = ((sin?)” - (sin#)"),

where y is fixed with 0 <y <7/2 and 0 <7 <y. Since f(y) =0, it will follow that
f(@® > 0if f'(r) < 0 for all € (0, y). To estimate f”, write

f/(0)=g®+ h@),

where
. ' . ' _ . cost
g(t) _ (S]n Z)t ln(Sln t) _ (Sln y)[ ]n(Sln y) and h(l’) = ([(sm l’)t — y(Sln t)y) sin ¢

To determine the sign of the function f’, we examine three partially overlapping
regions in the #y-plane.

(a) Over the region 0 < ¢ <y < 1, we have g(¢) < 0 by Lemma 2.7 and h(#) < 0 by
Lemma 2.8. Hence f/(r) = g(r) + h(t) <OforO <t <y< 1.

(b) For the region 3/5 <t <y <n/2, we have g(f) <0 by Lemma 2.7 and A(¢) < 0
by Lemma 2.8. Hence f'(t) = g(¢) + h(t) < Ofor 3/5 <t <y<n/2.

(c) Finally, consider the region 0 < < 3/5,1 <y <n/2. By part (b) of Lemma 2.2,
t(sint)’ < sin¢. Moreover, y(sin )’ > (sin#)™?. Thus,

h(f) = (1(sin?)’ — y(sin t)y)Z‘i)—;; < (1 = sin)™ 22y cos t := k(7). (2.7)

The function k is decreasing, since both the functions p(f) = 1 — (sin )™ 272 > 0
and ¢(#) = cost > 0 are decreasing for 0 <7 < 3/5. On the other hand, if we set
u(s) = (sin s)' In(sin s), 1 < s <y, we find #/(s) = cos s(sin s)"!(1 + ¢ In(sin 5)) > 0,
which implies that u is increasing on (1, y). So

(siny)’ In(siny) > (sin 1)’ In(sin 1)
and, hence,

g(f) = (sin?)' In(sin 7) — (sin y)' In(sin y)
< (sin?)’ In(sint) — (sin 1)’ In(sin 1) := z(?). (2.8)
From Lemma 2.7 it is easily seen that z(#) < 0 and z(¢) is increasing on (0, 3/5).

Consequently, f'(r) = g(¢) + h(t) < z(t) + k(t). Now, using inequalities (2.7) and
(2.8) and the properties of the functions k and z, we compute:

f(©) <-0.003 forre(0,0.2], f'@®<-0.091 forre(0.2,0.3],
f(#) <-0.094 forte (0.3,0.35], [/ <-0.056 fort e (0.35,0.40],
f(#) <-0.064 forte (0.4,0.425], f'(®) <-0.050 for ¢ e (0.425,0.450],
f(H) <-0.039 forre(0.450,0.475], f'(1)<-0.030 forte (0.475,0.500],
[ <-0.022 forte (0.500,0.525], f'(t)<—-0.015 for¢e (0.525,0.550],
f(H)<-0.008 forre(0.550,0.575], f'(t)<-0.003 forze (0.575,0.600].

Hence, f'(f) = g(t) + h(t) <0 for 0 <t <3/5,1 <y<n/2. This completes the
proof. O
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TueoreM 2.10. If 0 < x <y < /2 then
xsinx + ysiny N xsiny + ysinx'

Proor. For0 < x <y =1, we have x*"* > x*"¥ = xsi" ! and, hence, the inequality holds.
The inequality holds also for 1 = x <y < /2, since y*i"Y > ysin* = ysinl = Fyrther,
sinx <siny for 0 < x <1 <y<n/2, so x*"* > x*"¥ and y¥i"Y > y¥1"¥ and, again, the
inequality holds. For the remaining values of x,y, that is, for 0 < x <y <1 and
1 < x <y < m/2, consider the function f defined by

f(l) — ysiny _ ysint _ (tsiny _ tsint)’

where y € (0,7/2] is fixed and 0 < ¢ <y. Since f(y) =0, the inequality follows if
ff<0forO<t<y<landl<t<y<mn/2. Write

(1) = g(t)cost + 1 h(r),

where ' ‘ ' _
g®) ="' Int—y"™1ny) and h(t) =" sint— " siny.

To determine the sign of g(f) forO <t <y<land 1 <t <y<m/2, rewrite g as

y y
g(t)=—fdi(ssmlns)ds=—fssm’_l(l+(sint)lns)ds.

t s t
fO<t<s<y<l,thenl+ (sinf)lns>1+(sins)lns> 1+ slns. Let k(s) =slns
for 0 < s < 1. The global minimum of k is k(e™!) = —e™'. Hence 1 + (sinf)Ins >
l+slns>1—-e'>0and g(t) <0for0<t<y<1.0Ontheother hand,if 1 <7< s<
y<n/2,then 1+ (sinf)Ins > 0 since In s > 0. Hence g(f) <O for 1 <t <y<n/2.

To determine the sign of A(¢) for 0 < ¢ <y < 1, we use the inequality [4, page 66]

pP—gp?l <0, 0<p<g<l.

Let p = sint and ¢ = siny. Then sin 5"’ — sin 5™~ ! siny < 0, that is,

sin? < sin tsin y—sint
siny
But since
sin tsmy—smt < tsmy—smt’ O<t< y< 1’
we have )
sin? tsin y—sint
siny ’

which shows that h(r) < 0 for 0 < <y < 1. Moreover, for 1 <t <y < /2, we have
sint < siny and hence *"’ < £"Y_ Then /"’ sint < ¥"? sin ¢ < £*"? sin y, which shows
that A(r) < Ofor 1 <t <y<m/2.

Consequently, f'(f) <0 for0<t<y<1land 1 <t<y<n/2, since g(r) <0 and
h(t) < O for the corresponding values of ¢. This completes the proof. O
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The following result is the cosine version of Theorem 2.10.
THeEOREM 2.11. If O < x <yand 1 <y < n/2 then
XCOSX 4 ycosy < xSO8Y 4 ycos x

Proor. The inequality holds for x <y =1 and x <y = 7/2, since x°* < x*°¢! and
X08* < (m/2)°°*, respectively. For x <y, 1 <y <n/2, we have y***Y > x°*Y and
cos x > cosy. Then

COS X COSY __ |,COSY . COSX—COSY
YOI =y =y Ny -1

> xcosy(ycosx—cosy -1)> xcosy(xcosx—cosy -1 = XCOS X _ xcosy7

which completes the proof. O

Finally, we give two conjectures based on numerous tests we have performed to
check the validity of the trigonometric and algebraic-trigonometric versions of the n-
term Laub-Ilani inequality given by (1.2).

ConecTure 2.12. If x1,x3,...,x, € (0,1] and if {y;,ys,...,y,}is any permutation of
the finite sequence {xj, x,..., x,}, then

(@) sinx)' +sinxy +--- +sinx,’ > sinx}' +sinx)’ +--- +sinx,,

(b) cos™ x; +cos xp + -+ -+ cos™ x, < cos”! x| + OS2 Xy + - - - + COS™" Xy,
(¢c) cos™ x; +cos™ xy + -+ +cos’ x, < cost x; +cos”? xp + -+ - + cos™ x,, where r; =
sinx; and t; =siny; fori = 1,2,...,n.

ConsecTure 2.13. If x1,x2,...,x, € (0,7/2] and if {y;,ys,...,¥,} is any permutation
of the finite sequence {xi, x,...,X,}, then

(@) cosx}' +Cosxy + - +COSX," <COSX) +COS X, + -+ +COS X,

(b) sin™ xj + sin™ xp + - -+ + sin™ x, > sin” x; + $in’? xp + - - - + sin’” x,,

sin x| sin xp sin x, siny; siny; siny,
© x) T HxX T H X, > X, X,
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