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Abstract

Let G be a commutative group and C the field of complex numbers, R* the set of positive real numbers
and f, g, h,k : G xR" — C. In this paper, we first consider the Levi-Civita functional inequality

[f(x+y.1+ ) = g(x, DA(y, 5) — k(y, )| < @z, 5), x,y€G.1,5>0,

where @ : R* x R* — R* is a symmetric decreasing function in the sense that ®(z,, s,) < ®(1y, s1) for
all 0 <t <1, and 0 < 51 < sp. As an application, we solve the Hyers—Ulam stability problem of the
Levi-Civité functional equation

uoS —vew-koll€ D) .(R™) [respectively Aj.(R>")]
in the space of Gelfand hyperfunctions, where u, v, w,k are Gelfand hyperfunctions, S(x,y) = x +

v, (x,y) =y,x,y €R", and 0, ®, D, (R?") and A’,..(R®") denote pullback, tensor product and the spaces
of bounded distributions and bounded hyperfunctions, respectively.

2010 Mathematics subject classification: primary 39B82; secondary 46F15.
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1. Introduction

A certain formula or equation is appropriate to model a physical process if a small
change in the formula or equation gives rise to a small change in the corresponding
result. When this happens we say the formula or equation is stable. In an application,
a functional equation like the additive Cauchy functional equation f(x +y) — f(x) —
f() = 0 may not be true for all x,y € R but it may be true approximately, that is,

fx+y) = f(x)-f)~0

for all x,y € R. This can be stated mathematically as

lfx+y) - f0)-fl<e
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for some small positive € and for all x,y € R. We would like to know when small
changes in a particular equation like the additive Cauchy functional equation have
only small effects on its solutions. This is the essence of stability theory.

In 1940, Ulam asked the following question: given a group G, a metric group H with
metric d(-, -) and a positive number €, does there exist a § > 0 such thatif f: G - H
satisfies

d(f(xy), fOf) <&

for all x,y € G, then a homomorphism ¢ : G — H exists with

d(f(x),¢(x)) <6

for all x € G? These kinds of questions form the material for the stability theory of
functional equations (see [13]). For Banach spaces, Ulam’s problem was solved by
Hyers in 1941 [10] with ¢ = € and the additive map
211
() = lim L&

n—oo 2N

In this paper, we consider the functional equation

f(x+y) = gh(y) + k(y) (1.1)

in the space of Schwartz distributions and Gelfand hyperfunctions. Equation (1.1) is a
special case of the Levi-Civitd functional equation

fx+y)=g1(0h () + g20ha () + -+ + g (D)h,(y), (1.2)

which was studied by Levi-Civita in [11] under differentiability conditions. The Levi-
Civita functional equation (1.2) was recently studied by Ebanks in [6] on nonabelian
groups. The stability of the Levi-Civitd functional equation was investigated by
Shulman on locally compact groups in [15]. In [3], we also studied the Ulam—Hyers
stability of the functional equation (1.1) on nonunital commutative semigroups G,
that is, we investigated the behaviour of f, g, h,k : G — C satisfying the functional
inequality

[f(x+y)—gh(y) —k()I<M VYx,yeG (1.3)

for some M > 0.

In 1950, Schwartz introduced the theory of distributions in his monograph Théorie
des distributions (see [14]). In this book, Schwartz systematises the theory of
generalised functions, basing it on the theory of linear topological spaces, and obtains
many important results. After his elegant theory appeared, many important concepts
and results on the classical spaces of functions have been generalised to the space of
distributions. For example, the space L™ (R") of bounded measurable functions on R”
has been generalised to the space D .. (R") of bounded distributions as a subspace of
distributions and later the space 2., (R") was further generalised to the space A’ (R")
of bounded hyperfunctions. Also, positive functions and positive-definite functions
have been generalised to positive distributions and positive-definite distributions,
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respectively, and it was shown that every positive distribution is a positive measure
[9, page 38] and every positive-definite distribution is the Fourier transform of a
positive measure y such that f(l + |x)7? du < oo for some p > 0 [8, page 157]. This is
the Bochner—Schwartz theorem and is a natural generalisation of the famous Bochner
theorem stating that every positive-definite function is the Fourier transform of a
positive finite measure.

As in [1] and [2], using the pullback and the tensor product of distributions, we
generalise the functional inequality (1.3) as follows:

uoS —vew-koll e D,.(R™) [respectively A.(R*)], (1.4)

where o and ® are the pullback and the tensor product of the generalised functions
u,v,w, k (see Section 2), respectively.

The main tool for controlling (1.4) is the heat kernel method initiated by
Matsuzawa [12], which represents the generalised functions in some class as the initial
values of solutions of the heat equation with appropriate growth conditions [5, 12].
Making use of the heat kernel method, we can convert (1.4) to the following classical
Hyers—Ulam stability problem: there exist C > 0 and N > O (respectively, for every
€ > 0, there exists C, > 0) such that

N
lii(x + y, t + ) — 9(x, OW(, 5) — k(y, 5)| < C(% + %) [respectively C.e€!/1/9]
(1.5)
for all x,y e R",t, s > 0, where i, ¥, W, k:R"x (0, 00) — C are solutions of the heat
equation whose initial values are u, v, w, k, respectively. In Section 3, we consider
the stability problem (1.5) in a more general setting, combined with the heat kernel
method [5, 12], to solve the stability problem for (1.4).

2. Bounded distributions and hyperfunctions

We first introduce the spaces S8’ of Schwartz tempered distributions and G’ of
Gelfand hyperfunctions (see [7-9, 12, 14] for more details of these spaces). We use

the notation || = @y + -+ + @y, @l =y !+ @), ¥l = (Joxd + -+ 22, X0 =x"- Xy

and 9% = 9" --- 9" for x = (x1,...,x,) €R", @ = (@y,...,®,) € N}, where Ny is the
set of nonnegative integers and d; = (9/0x).

DermviTioN 2.1 [14]. We denote by S or S(R") the Schwartz space of all infinitely
differentiable functions ¢ in R” such that

lglla, g = sup [x*¢Pe(x)] < o0
X

for all a, B € Njj, equipped with the topology defined by the seminorms || - [l 3. The
elements of S are called rapidly decreasing functions and the elements of the dual
space &’ are called tempered distributions.
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Derinition 2.2 [7, 8]. We denote by G or G(R”") the Gelfand space of all infinitely
differentiable functions ¢ in R” such that

ol = sup L
k=
R R P DR IE

for some h, k > 0. We say that ¢; — 0 as j — oo if ||l¢jllx — 0 as j — oo for some
h, k, and denote by G’ the dual space of G and call its elements Gelfand hyperfunctions.

As a generalisation of the space L™ of bounded measurable functions, Schwartz
introduced the space D). of bounded distributions as a subspace of tempered
distributions.

DermniTiON 2.3 [14]. We denote by D, 1 (R") the space of smooth functions on R” such
that 8% € L'(R") for all a € N{ equipped with the topology defined by the countable
family of seminorms

el = > 10", m e No.

lal<m

We denote by D). the dual space of 9;: and call its elements bounded distributions.

Generalising bounded distributions, the space A .. of bounded hyperfunctions has
been introduced as a subspace of G'.

Derinition 2.4 [5]. We denote by (A;:1 the space of smooth functions on R” satisfying

[10°¢llL
hlelg

lllln = sup
[

for some constant 2 > 0. We say that ¢; — 0 in Ay as j — oo if there is a positive
constant 4 such that
107¢;llL
TP

We denote by A, the dual space of Aj:.

—0 asj— oo,

It is well known that the following topological inclusions hold:

G—>S—> D, Do -8 —@gG,
G An > D, Dijw > Al > G

It is known that the space G(R") consists of all infinitely differentiable functions
¢(x) on R" which can be extended to an entire function on C" satisfying

lp(x + iy)l < Cexp(—alx* + bly"), x,y € R" (2.1)

for some a, b, C > 0 (see [7]).
By virtue of [9, page 134, Theorem 6.12], we have the following definition.
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Derinition 2.5. Let uj € G'(R™) for j = 1,2, with n; > np, and let 4 : R™ — R™ be a
smooth function such that for each x € R™, the Jacobian matrix VA(x) of A at x has
rank n,. Then there exists a unique continuous linear map 4* : G'(R"?) — G'(R"") such
that A*u = u o A when u is a continuous function. We call A*u the pullback of u by 4
and denote it by u o A.

In particular, let S : R — R be defined by S(x,y) = x + y for x,y € R". In view
of the proof of [9, page 134, Theorem 6.12],

(o S, g3 = (u f Px =7, 0) dy).

DeriniTion 2.6. Let u; € G'(R™) for j = 1,2. Then the tensor product u; ® u, of u; and
uy is defined by

() ® u, p(x1,x2)) = (uy, (U, p(x1, x2)))
for o(x1, xp) € G(R™ x R™) and belongs to G'(R™ x R™).

For more details on the pullback and the tensor product of distributions, we refer
the reader to [9, Chs V-VI].

3. Stability of the Levi-Civita functional equation with time variables

Let G be a commutative group, R* the set of positive real numbers, C the set
of complex numbers and f, g, h,k: G Xx R* — C. In this section, we investigate the
behaviour of functions f, g, h,k : G X R* — C satisfying the functional inequality

If(x+y. 1+ ) — g(x,Dh(y, s) — k(y, s)| < O(t, 5) (3.1

forall x,y € G,t,s > 0, where @ : R" — R* satisfies the conditions
O(ty, 52) < O(t1, 51), (3.2)
D(t, 5) = D(s, 1) (3.3)

forallO<t; <1,0< 51 < 85,1, 5> 0.
In the following theorem, we exclude the cases when g or / is constant.

Tueorem 3.1. Let f, g, h,k : G X R* — C satisfy the functional inequality (3.1). Then
either there exist positive constants Cy, C,,Cs, Cy4 and 6 > 0 such that

lh(x, Dl < C1D(1, 1), 1g(x, DI < CO(, 1),

3.4
k(x, 0] < C3D(L, 1), |f(x,20)] < C4®(1, 1) G

forall x € G,0 <t <6, orelse

h(x, 1) = pmy(t)my(x),
g(x, 1) = afmi()ma(x) + 7y,
Ik(x, 1) + Bymy (tym(x) — pl < 201, 1), 3-5)
tt
110 1) = o (ma(o) - < 30( 5, 2
for all x € G,0<t<6, where a,B,v,u€C, m :R* - C and my : G — C are
exponential functions.
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Proor. Fix yy € G, 5o > 0 and let

D(x,y,t,8) = f(x+y,t+5) — g(x,H)h(y, s) — k(y, 5).
Then
D(y, x, s,t) — D(x,y,t,5) — D(yo, X, S0, ) + D(x, yo, t, So)
= (h(y, s) = h(yo, 50)8(x, 1) = (&(y, 8) — 8(Vo, S0)A(x, 1) + k(y, 5) — k(yo, S0)-
Thus, using the triangle inequality and (3.3),
I(h(y, $) = h(yo, $0))8(x, 1) = (8(y, $) — &(vo, So)h(x, 1)]
< k(y, $) = k(yo, o)l + |D(y, x, 5, D) + |D(x, y, 1, 5)]
+1D(yo, x, s0, D)l + D(x, o, £, s0)|
< k(y, 8) — k(yo, so)| + 2D(t, 5) + 2D(t, s0) (3.6)
for all x,y € G,t,s > 0.

Choosing y; € G, s; > 0 such that A(y;, s1) — h(yo, So) # 0, putting y =y, s = 51
in (3.6) and dividing the result by |k(yy, s1) — h(yo, So)l,

lg(x, )] < bylh(x, D] + c1(D(2, 51) + D2, s0)) + di, (3.7)
where
by = g(Yl,Sl)—g(J’O,So)7 o = 2 Cd = k(y1, 51) = k(y0, 50) .
h(y1, s1) = h(yo, 50) |A(y1, 1) = h(yo, s0)| h(y1, s1) = h(yo, So)
From (3.2),
D(t, 51) + D(t, 59) < 2D(1, 1) (3.8)
for all 0 <t < 87 := min{sy, So}. Thus, from (3.7) and (3.8),
lg(x, 1) < bilh(x, D] + 2¢,D(¢, 1) + dy 3.9

for all x € G,0 < ¢ < §;. Similarly, there exist b, ¢, d> > 0 and 6, > 0 such that
|h(x, )| < balg(x, )| + 2c,D(2, 1) + do (3.10)

forall x e G,0 <t < 05.
Let 6 = min{d;, 02} and assume that there exists C; > 0 such that

O(t, 1) Mh(x, 1) < C
for all x € G,0 <t <. Then, dividing both sides of (3.9) by ®(z, 1),

O(1, 1) g(x, 1) < by, 1) h(x, 1) + 2¢1 + d1 D2, 1)
< biCy +2¢1 +d1 06,6 =,
for all x € G,0 < t < §. Thus, ®(t,1)"'g(x, 1) is bounded in G x (0, §). Now, using the

triangle inequality,

|h(yo, 50)8(x, 1) — g(vo, So)(x, 1) — k(x, 1) + k(yo, s0)|
= |D(yo, x, S0, 1) — D(x, yo, t, S0)| < 2D(t, 509) < 2D(t, 1) (3.11)
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for all x € G,0 < ¢ < 4. Dividing both sides of (3.11) by ®(z, r) and using the triangle
inequality again,
(1, 1) k(x, 1)
< O(1, 1) |h(yo, $0)8(x. 1) — g(yo, S0)h(x, 1) + k(y0, So)| + 2
< @t )~ (1h(y0. s0)lIg(x, Dl + 180, so)ll(x, D] + k(yo, s0)]) + 2
< Calh(yo, 50)| + Cilg(yo, 50)| + ©(6,6)" [k(yo, $0)| + 2 := C3
for all x € G,0 <t < 6. Putting y = 0 and s = ¢ in (3.1), dividing the result by ®(t, t)*
and using the triangle inequality,
(L, )71 f(x, 20)] < (1, )72 (IgCx, DA, D] + k0, D)) + D(t, 1)
< C1Cy + (C3 + DO, 1)~
< CiCy+ (C3 + DDG,6) " = Cy

A

for all x € G,0 < t < 8. Thus, we obtain (3.4).
Now we assume that ®(z, 1) h(x, ¢) is unbounded in G X (0, €) for all € < 6. Then
it follows from (3.10) that ®(¢,1)~'g(x, 1) is unbounded in G x (0, €) for all € < 6.
Dividing both sides of (3.6) by |A(y, s) — h(yo, So)|,
20(t, s) + 2d(t, s0)

lg(x, ) = a(y, HA(x, D] < [y(y, )| + 70.5) = 0. o) (3.12)

forall (x,1) e G X R* and (y, s) € J :={(y,5) € G X R" : h(y, s) # h(yy, So)}, Where
8y, s) — &(vo, s0) _ k(y, s) = k(yo, 50)

CY(y, S) = m and 7’(}’» S) - h(y, S) _ h(yO’ SO)‘

Replacing (y, s) by (yi, s1) and (y, s) by (2, s2) in (3.12) gives two inequalities.
Using the triangle inequality and these two inequalities,

la(y1, s1) — a(y2, s2)llh(x, 1)]
2d0(t, s1) + 2D(¢, 50)
<y, sl + ly(va, s2)l + e Si) . Soo)|
20(t, 55) + 20(t, s0)

+ (3.13)
|h(y2, 2) — h(yo, so)l
for all (x, ) € G X R*. Dividing both sides of (3.13) by ®(¢, 1),
la(y1, s1) = (2, ), )~ h(x, D)
< O, 0 yOrr, sl + O, D)7 (32, 52l
4 4
(3.14)

T O 50 = hGyor o)l 1Ay, 52) — Ky, 50)]

forall x € G,0 < t < p := min{sy, 51, 52}. Since the right-hand side of (3.14) is bounded
on (0, p) and ®(t,)"!|A(x, 1)| is unbounded on G x (0, p),

a1, s1) = a(y2, 52).
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Thus, a(y, s) := « is independent of (y, s) € J :={(y, s) € G X R* : h(y, s) # h(yo, $0)}
and

g, s) — g(yo, So) = a(h(y, s) — h(yo, So)) (3.15)

for all (y,s) € J. Now we show that g(y, s) — g(yo, o) = 0 if and only if A(y, s) —
h(yo, s0) = 0. Assume that g(y1, s1) — g(yo, 50) = 0 and h(y1, 51) — h(yo, s0) # 0 for some
y1 € G, s; > 0. Then, since b; = 0in (3.9),

(1, 1) |g(x, )] < 2¢1 + d 1 D(5,6)”

for all x € G,0 < t < 6, which gives a contradiction since ®(t, £)~'|g(x, #)| is unbounded
on G X (0,0). Thus, g(yi,s1) — g0, So) = 0 implies that A(y, s) — h(yg, so) = 0. By
changing the role of g and h, we can prove that h(yy, s1) — h(yo, So) = O implies that
gv1, s1) — g(yo, so) = 0. Thus, it follows from (3.15) that

8y, s) = ah(y, s) +y (3.16)
for all (y, s) € G X R*, where y = g(yo, so) — @h(yg, so). Putting (3.16) in (3.1),
lf(x+y,t +5) — ah(x, O)h(y, s) — yh(y, s) — k(y, )| < D(2, 5). 3.17)

Replacing (x,y,t, s) by (3, x, 5, 7) in (3.17), using the triangle inequality and putting
Yy =Yo,S = S0,
|k(x, 1) + yh(x, 1) — u| <2D(2, so) < 2P(2, 1) (3.18)

for all x € G,0 < t < 8, where u = yk(yy, so) + h(yo, $o).
Using the triangle inequality with (3.1) and (3.18),

IF(x + v, 26) — ah(x, Hh(y, ) — ul < 3D(t, 1) (3.19)

forall x,ye G,0 <t <.

Now we investigate h. Since ®(t,1)"'g(x, ) is unbounded in G x (0, €) for all
0 < e <6, we can choose a sequence (z,,7,) € G X (0,6),n=1,2,3,..., such that
rp, — 0 and O(r,,, 7,)|8(Zy, 7)) ~' — 0 as n — oo. Putting x = z,,, ¢ = r,, in (3.1), dividing
the result by |g(z,, r,)| and using the triangle inequality,

Gty t 8)| _ Dy, 5) + k(y, 5)]

8(zn, 1) a 1g(Zn, 1)
< D(ry, ) + k(y, 5)|

|8z, 7))

]’l()/, S) -

(3.20)

forally € G,s > 0 and r, < 5. Letting n — oo in (3.20),

h(y, s) = lim M (3.21)
noeo g(Zy, )
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for all y € G, s > 0. Thus, it follows from (3.1) and (3.21) that

wt X+ y,r,+t+ $h(z,
h(x +y,t+ s)h(z,r) = lim JGutxtyr 1)
n—eo 8z, 1)
~ lim h(x,0)g(zy + ¥,y + S)(z,7) + Ry
n—o0 g(Zn, rn)
. h,Df(zy+y,r+s+r)+R + Ry
= lim

n—00 g(Zns rn)
R +R
= h(x, Dh(y, s + F) + lim 182
=0 &(Zp, Iy)
Since |Ri| < |h(z, NI(@(r, + 5, 1) + k(x, D)), [Ra| < h(x, O(D(r, + 5, 7) + |k(z, )]) and
(D(rn, rn)'g(Zn’ rn)|_1 - O asn — oo,

(3.22)

. Ri+R, IR{| + |Rs|
im|l———| < lim ————
n—eo g(zn, n) n—eo |g(zm rn)l

<1 |h(z, DDy, 1) + |k (x, D))

< lim

n—oo |g(Zna rn)|
. |G, DDy, 1) + |k(2, 1))
+ lim
n—eo |g(Zm rn)l

=0. (3.23)

Thus, it follows from (3.22) and (3.23) that
h(x +y,t + $)h(z,r) = h(x, Dh(y + 2,5 + 1) (3.24)

forall x,y,z€ G and ¢, s, r > 0. Assume that 4(0, r) = O for all » > 0. Putting z = 0 and
replacing y by x and ¢ by s + r in (3.24),

0 = hQ2x, 1+ WO, r) = h(x, s + r)*

for all x € G, s, > 0, which implies that 4 = 0. Thus, we can choose ry > 0 such that
h(0,7rp) #0. Puttingx=y=2z=0,t=rg, s =7 =ro/2 in (3.24),

(0, 3r0/2)h(0, ro/2) = h(0, rp)* # 0.
Putting z = 0, r = ry/2 in (3.24), multiplying the result by A(0, ry/2) and using (3.24)

again,
h(x +y,t+ s)h(0, r0/2)* = h(x, Hh(y, s + ro/2)h(0,1ry/2)
= h(x, Hh(y, s)h(0, ro) (3.25)

for all x,y € G and t, s > 0. Dividing both sides of (3.25) by 4(0, ro/2)*/h(0, ry),

B h(x+y,t+5) =B hix,1)- B h(y, s) (3.26)
for all x,y € G and ¢, s > 0, where

RO, ry/2)?
p= % £0.
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Thus, it follows from (3.26) that
h(x, 1) = Bm(x, 1) (3.27)

for all x € G, t > 0, where m : G X R* — C is an exponential function. Note that every
exponential function m : G X R* — C can be written as

m(x,t) = m(my(x), x€G,t>0 (3.28)

for some exponential functions m; : R* — C and m; : G - C. Now, from (3.16),
(3.18), (3.19) and (3.28), we get (3.5). This completes the proof. O

Remark 3.2. In particular, if g(x, f) = y is a constant function, then replacing (x, y) by
(¥, x) in (3.1) and using the triangle inequality with (3.1) gives

lk(x, 1) + yh(x, 1) = k(y, s) — Yh(y, 5)| < 2(2, 5)
forall x,y € G,t,s > 0. Put y = yy, s = 50 and let u = k(yg, so) — Yh(yo, So). Then
|k(x, 1) + yh(x, 1) — u| <2D(2, s9) < 2P(2, 1) (3.29)
for all x € G,0 <t < ¢§. Using the triangle inequality with (3.1) and (3.29),
[f(x, 1) — p| <20(t, s9) + O(¢,1) < 3D(1, 1) (3.30)

forall x e G,0 <t <$.

If & is a constant function (without loss of generality, we may assume that z = 1),
the inequality (3.1) is reduced to the Hyers—Ulam stability of the Pexider functional
equation

lf(x+y,t+5) = g(x, 1) — k(y, )| < D(z, 5)

for all x,y € G,t,s >0 (see [1]).

4. Stability of the Levi-Civita equation in distributions and hyperfunctions

As the main result, we consider the stability of
uoS —vew—koll € D) .(R™) [respectively Aj.(R*")], (4.1)

where u, v, w, k € GR"), D,.(R*) and A,.(R>") are the spaces of bounded
distributions and bounded hyperfunctions, respectively, S(x,y) =x+7y, x,y€R",
and o and ® denote the pullback and the tensor product of generalised functions,
respectively.
For the proof of our theorems, we employ the n-dimensional heat kernel E,(x) given
by
E/(x) = (4nt) "2 exp(—|x[*/41), 1> 0.

In view of (2.1), we see that the heat kernel E, belongs to the Gelfand space G(R") for
each 1 > 0. Thus, for each u € G'(R"), the convolution (u * E;)(x) := (uy, E/(x — y)) is
well defined. We call (u = E;)(x) the Gauss transform of u and denote it by #(x, 7). It is
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well known that the Gauss transform #i(x, 7) is a smooth solution of the heat equation
such that i#(x, 1) — u as t — 0%, that is,

(u, ) = lirgl fit(x, H(x) dx
t—0*
forallp € G.
Exampie 4.1, Let u(x) = x*,a € NJ, v(x) = e, w(x) =a - xe*,a = (a1, az,. .., a,),c =
(c1,¢2,...,¢,) € C". Then u,v,w € G'(R") and simple calculations show that
th’\xa_z)’

a(x, 1) = [£° + E@(x) =al Y

0<2y<a
P(x, 1) = [eC-f % Ez(f)](x) — ec‘x“'(ﬁ‘*’“'ﬂ‘%)t

yia-2p)V

and
W(x, 1) = [a - £6¢ % E(&)](x) = (a- x + 2a- cr)ec HAr+a,

The proof of [4, Theorem 2.3] works even when p = oo, giving the following result.

LevmMma 4.2. The Gauss transform ii(x,t) := (u * E)(x,t) of u € O, (R") is a smooth
solution of the heat equation (A — 0/0,)it = 0 satisfying:

(i)  there exist constants C >0, N > 0 and 6 > 0 such that
li(x, )| < CtrN VxeR"te(0,6); 4.2)

(1) @(x,t) > uast — 0% in the sense that for every ¢ € Dy,

(u, ) = tlir(% fﬁ(x, (x) dx.

Conversely, every smooth solution ii(x,t) of the heat equation satisfying the
estimate (4.2) can be uniquely expressed as ii(x,t) = (u* E)(x,t) for some
ue D, R".

Similarly, we can represent bounded hyperfunctions as initial values of solutions of
the heat equation. The estimate (4.2) is replaced by the following: there exists 6 > 0
such that, for every € > 0, there exists C, > 0 such that

|li(x, 1) < Ccexple/t) VxeR",te(0,6).

For the proof, we refer the reader to [5, Theorem 3.5].

For the proof of the following structure theorem, we refer the reader to [14,
Theorem 25 in Ch. 6] and [5, Theorem 3.4].
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Lemma 4.3 [5, 12, 14].
(1) Everyu € D). .(R") can be expressed as
u= "9, 4.3)
lal<p

for some p € Ny, where f, are bounded continuous functions on R". The equality (4.3)
implies that

()= (=D f Ja(X)0"p(x) dx

lel<p
forall g € Dy1.
@i1) Everyu € A, (R") can be expressed as

"= (Z akAk)g +h, (4.4)
k=0
where A denotes the Laplacian, g, h are bounded continuous functions on R" and
ar, k=0,1,2,..., satisfy the following estimates: for every L > 0, there exists C > 0
such that
lax| < CL* /K1

forallk=0,1,2,....
The following properties of the heat kernel will be useful.

Lemma 4.4 [12]. For each t > 0, E,() is an entire function and the following estimate
holds: there exists C > 0 such that

109 E, (x)| < C1l a2 112 exp(—|xI? /81). (4.5)
Also, for eacht,s > 0,

(E, * E)(x) = f E/(x = Y)E,() dy = Eyy,(x). (4.6)

Proor. The equality (4.6) is proved by well-known calculus, which we omit. We
prove (4.5) for the case n = 1. By the Cauchy integral formula,

d* k! Ei(2)
—FE(x) = — ——dg, 4.7
dxk ) 2ni Lr (z — x)k+! ¢ -7
where C, is the circle of radius r with centre at z = x. Using (4.7) and the triangle
inequality,
k k! 2
10" E(x)] < sup [exp(—z~/41)|

Vartrk zec,

< k! sup e p(—(x+rcos€)2+rzsin29)
up ex
* VAntrk o<o<ox 4t
k! r? X2 43
< — -= :
< i o) ool ) @
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The right-hand side of (4.8) attains its minimum at r = V2kt. Thus, (4.8) is reduced to

(e/2)}? _ X2
O E < LA a2 ( )
10" E/(x)| Vi t R

The general case is proved in the same manner. This completes the proof. O

Now we state and prove the main theorem. If w is constant (without loss of
generality, we may assume that w = 1), then the stability problem of (4.1) is reduced
to that of the Pexider equation (see [1] for the result). Thus, we exclude the case when
w is constant in the following theorem.

TueorREM 4.5. Let u,v,w,k € G'(R"). Then (u,v,w, k) satisfies (4.1) if and only if
(u, v, w, k) satisfies one of the following:

(1)  u,v,w,k are all bounded distributions [respectively bounded hyperfunctions];
(1) there exist a, B,y € C,a € C" such that

w=Be", v=aBe” +y,

4.9
k=pBye*™ + ko, u=af*e" + u, )
where ky, uy € D', ..(R") [respectively A, (R")];
(iii) there exists y € C such that
vy, k=—-yw+ky, u=uy, (4.10)

where ko, up € D) (R") [respectively A, . (R")].

Proor. We first convert the stability of (4.1) to the following classical functional
inequalities: there exist C > 0 and d > 0 [respectively for every € > O there exists
C. > 0] such that

li(x + y, 1+ ) — 9(x, OW(y, 5) — k(y, 5)|
1 1\W
< C(; + —) +d [respectively Ce/1*1/9] (4.11)
s
for all x,y € R*,t,s > 0, where i, ¥, W, k denote the Gauss transforms of u, v, w, k,
respectively, given in Lemma 4.2.

Convolving the tensor product E,(x)E(y) of n-dimensional heat kernels in the left-
hand side of (4.1) and using the semigroup property (4.6),

[(wo§)* (EHE;m)]I(x,y) = <M§, f E(x=&+nE(y—mn) dn>
= (ug, (E; * E)(x +y = &)
=a(x+y,t+s).

Similarly,
[(v® w) * (E(&)E;(m)](x,y) = i(x, DF(y, 5),
[(k o IT) * (EA&)E;(m)](x,y) = k(y, 5),

where i1, ¥, v and k are the Gauss transforms of u, v, w and k, respectively.
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Lett:=uoS —v®w—koll Thente D, (R?") [respectively A’ .. (R*")]. First,
we suppose that T € 9, (R*"). Using (4.3) and (4.5),

[z * (E(&Em)](x, y)| < Z [0 fo * (EAOE(m)I(x, )l

lal<p

< D o # 0 (EOEm)ICx, )

lal<p

< 3 Walle= 8 (B E)l
lal<p

<Cr Y NEEOIL T E L

Bl+Ivi<p
<G, Z B2 g2

Bl+Iyi<p

<C(1/t+1/9)N +d,

where N = p/2 and the constants C and d depend only on p. Secondly, we suppose
that 7 € A, (R?"). Then, using (4.5),

IANCE(EE I < Z ||62“(E,(§)E )

= i

<y F||(9BE,(§)||L1 10 E (I
Bl+ly1=k

_ KOP! PN M Ly Ly
1BI+lyl=k Ay!

S Z k'(ZM)zkt*w‘ s*l)’\
Bl+lyI=k

< k'@ VaM)*( /1 + 1/s) .

Now, by the structure (4.4) of bounded hyperfunctions together with the growth
condition of ay, k=0,1,2,...,

[T * (E(&Em)](x, y)l
< Z llan(A*g) * (ELE)Esm)liz= + Il % (E(E)E ()l

k=0

IN

llgllz Z lax A CEEEsalIL + Al IEEE (I

IA

N

?V‘l,_

C, (4nM2L) (1)t + 1/5)* + |||~

x| -

k(l/t + 1/S)k + Al < Ce ee(l/H—l/s)

IA

G

>~
Il
o
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where L is chosen so that 4nM’L < € and the constant C,. depends only on 7 and e.
Thus, we have the inequality

li(x + y,t + 5) — 9(x, OW(, 5) — k(y, 5)| < D(t, 5)

for all x,y € R",t, s >0, where ®(t, s) = C(1/t + 1/s)V [respectively C.e!/*1/9],
Assume that v is not constant. Then ¥ is not constant. Thus, we can apply Theorem
3.1, replacing f, g, h, k by ii, ¥, W, k, respectively, in (3.1). If i, ¥, W, k satisfy (3.4),
then, by Lemma 4.2, we have u, v, w, k € D} (R") [respectively A, (R")]. This gives

case (i).
Assume that i, 9, w, k satisfy (3.5). Since W is a smooth solution of the heat equation,
we have W(x, 1) = €%, where a = (ay, . ..,a,) € C",b =a} + - -- + a;. Thus,

W(x, 1) = B B(x, 1) = aBe”TE 4y, (4.12)
k(x, 1) + aye? % — u| < 20(1, 1),
li(x, 1) — e — | < 30(1,1)
forall x e R",0 < ¢ < 6. Letting t — 0% in (4.12),
w=Be”, v=afe” +v.

Since k(x, 1) + aye?™*** — u is the Gauss transform of k + aye®* — u, by applying
Lemma 4.2,

ko :=k + aye” € D) (R") [respectively Aj.(R")].

Similarly,
up 1= u — aff*e” € D)(R") [respectively A,..(R™)].

Thus, we have (4.9). Finally, we assume that v := 7y is constant. Then ¥ = y. By (3.29)
and (3.30) in Remark 3.2,

k(x, £) + yW(x, 1) — u| < 20(t, 1), (4.13)
[i(x, 1) — | <30(¢, 1) (4.14)
forall x e R",0 <t < 6. By Lemma 4.2, it follows from (4.13) and (4.14) that
k+yw:=ky, wueD;.(R") [respectively Aj.(R™].
Thus, we have (4.10). This completes the proof. O

Let f be a Lebesgue measurable function on R”. If, for every € > 0, there exists
C¢ > 0 such that the inequality

If()] < Cee

holds for all x € R”, then the function f is said to be an infra-exponential function of
order two. It is easy to see that every infra-exponential function f of order two defines
an element of G’(R") via the correspondence

(fip) = f fe(x)dx, ¢peg.
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Levma 4.6 [16, page 122]. Let f(x, ) be a solution of the heat equation satisfying
If, Dl <M, xeR"t€(0,6)

for some M > 0 and 6 > 0. Then f can be written as
fen =+ Exo = [ fOEG-dy

for some bounded measurable function f defined in R". In particular, f(x,t) — f(x)
almost everywhere in x e R" as t — 07,

As a consequence of Theorem 4.5 together with Lemma 4.6, we have the following
L>-version of the Hyers—Ulam stability theorem.

CoroLLARY 4.7. Nonconstant infra-exponential functions f,g,h,k : R" — C of order
two satisfy

If(x +y) = g(AY) — k(Wlp=@eny < M (4.15)
for some M > 0 if and only if either
[ h ke L”RY)
or else
h(x) = Be™™, g(x) = aBe™™ + 7y,
k(x) = Bye”  + ri(x), f(x)= 01,323” + (%),
where a, 3,y € C,a € C" and r|,r, € L(R").

Proor. As in the proof of Theorem 4.5, convolving E;(x)E(y) in (4.15) yields
If(x +y,t+ 5) — 8(x, DAy, 5) — k(y, $)| < M

for all x,y € R%, ¢, s >0, where f g, h, k denote the Gauss transforms of e hk,
respectively. Thus, the proof of Theorem 4.5 is reduced to the case when @(s, 1) = M.
Now, using Lemma 4.6, we get the result. O
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