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Abstract

Using fluctuation theory, we solve the two-sided exit problem and identify the ruin
probability for a general spectrally negative Lévy risk process with tax payments of a
loss-carry-forward type. We study arbitrary moments of the discounted total amount
of tax payments and determine the surplus level to start taxation which maximises the
expected discounted aggregate income for the tax authority in this model. The results
considerably generalise those for the Cramér—Lundberg risk model with tax.
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1. Introduction

The classical risk model describes the surplus process of an insurance company by a
stochastic process U = (U (t));>0 with

U(t) =u-+ct —S(t),

where S(¢) is a compound Poisson process with jump intensity 6 and jump distribution F
(representing the aggregate claim payments up to time ¢), u > 0 denotes the initial surplus, and
¢ > 0 is a constant premium intensity. Usually it is assumed that the net profit condition

c>0u

holds, where 1 denotes the expected value of the single claim size distribution F'. This condition
ensures that ruin will not occur almost surely. As a Lévy process, U has a characteristic exponent
given by

Y1) = —InEe* VD] = _jrc — f (e — 1) F(dz)

—0o0

for L € R.
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One way to generalise the classical risk process is to consider an arbitrary spectrally negative
Lévy process, i.e. a process X = (X(#));>0 with independent and stationary increments and
with characteristic exponent given by

1 o
W(L) = —ike + Eazﬁ — / (e — 1 —iz1jz-_1TI(dz)
—00
for A € R and o > 0, where IT is a measure on (—o0, 0) such that

0
/ (1 AZHTz) < 0.

Here, ¢ > 0 again represents the constant premium intensity. The net profit condition for this
Lévy insurance risk process now reads

E[X(1) —u] > 0,

which is equivalent to lim;_, 5o X (f) = 0o almost surely.

An interpretation of such Lévy risk processes for the surplus modelling of large insurance
companies is, for instance, given in [12] and [15]. This model has recently attracted a lot of
research interest; see, e.g. [6], [8], [9], [11], [13], and [18].

In a recent paper, Albrecher and Hipp [1] investigated how tax payments (according to a
loss-carry-forward system) affect the behaviour of a Cramér-Lundberg surplus process. In
their model taxes are paid at a fixed proportional rate y whenever the company is in a profitable
situation, defined as being at a running maximum of the surplus process. It turned out that in
this model there is a strikingly simple relationship between ruin probabilities with and without
tax, and that we could also obtain an explicit formula for the expected discounted sum of tax
payments over the lifetime of the risk process.

In this paper we will embed this tax model into a general Lévy framework. Utilising excursion
theory and exploiting the structure of the model, we will solve the two-sided exit problem
for the Lévy risk process with tax and, consequently, recover the simple relation between
ruin probabilities with and without tax in this more general class of models. Furthermore,
expressions for arbitrary moments of discounted tax payments until ruin will be derived. It turns
out that close connections of the distribution of tax payments to the distribution of dividend
payments according to a horizontal barrier strategy, that were observed in the Cramér—Lundberg
model, carry over to the Lévy setup.

The paper is organised as follows. In Section 2 we will review some preliminaries on
spectrally negative Lévy processes that will be needed later on. In Section 3 we introduce the
tax model under consideration and then derive a new fluctuation identity, the ruin probability,
as well as moments of discounted tax payments until ruin. Finally, in Section 4 the problem
of an optimal choice of a threshold surplus level for starting taxation to maximise the expected
tax income will be addressed.

2. Preliminaries on spectrally negative Lévy processes

Let X = (X(#));>0 be a spectrally negative Lévy process or, in other words, a Lévy
process with no positive jumps (to avoid trivialities, we exclude the case where X is a negative
subordinator or a deterministic drift). The law of X such that X (0) = u > 0 will be denoted
by P, and the corresponding expectation by E, (for a general introduction to Lévy processes,
we refer the reader to [3] or [14]).
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As the Lévy process X has no positive jumps, its Laplace transform is given by

E,[e*?XD=10] = V)

for A > 0 and ¢ > 0, where ¥ (1) = —W(—iA). In this case the Laplace exponent ¥ is strictly
convex and lim; _, o, ¥ (A) = oo. Thus, there exists a function ®: [0, co) — [0, co) such that

v(P@) =2, A =0.

We now define the so-called scale functions {W(@); ¢ > 0} of the process X as in [4]. For
each ¢, W@, [0, 0c0) — [0, 00) is the unique, strictly increasing, and continuous function
with Laplace transform

o0 1
22w D () dz =
fo © @d= =g

for A > ®(g). When ¢ = 0, we write W instead of W©.
2.1. Two-sided exit problem

Scale functions arise naturally when considering two-sided exit problems for spectrally
negative Lévy processes. Indeed, let a be a positive real number and define 7,7 = inf{r >
0: X() > a} and 7, = inf{tr > 0: X(¢) < 0} with the convention inf & = oco. When the
process X starts within the interval (i.e. X (0) = u € (0, a)), the random time rj AT, is the
first exit time of X from this interval. Since X has no positive jumps, it will hit the point a
when exiting above, but it might jump below 0 when exiting below. Its Laplace transform on
the event where the process X leaves the interval at the upper boundary is given by

Eulexp(=q7) Lpr o)1 = % q=0. 2.1)
Consequently, when g = 0,
Pt <15} = &Egi
If X has a positive mean, we have
P, {ggxg) > 0} — ¥ O W (). (2.2)

This result is of course related to the ruin and survival probabilities in insurance risk theory.

2.2. Smoothness of the scale functions

At several places in this paper, differentiability of the scale functions will be required. If
the sample paths of X are of unbounded variation then the scale functions W@ are contin-
uously differentiable. When the sample paths of X are of bounded variation then the scale
functions are continuously differentiable if and only if IT has no atoms or, in other words, if
{x < 0] II({x}) > 0} = &. Note that if X has a Gaussian component then its sample paths
are of unbounded variation and, moreover, its scale functions are even twice continuously
differentiable. Furthermore, if the Lévy measure IT has a density then the scale functions are
always differentiable (see [5] or [7] for more details).
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3. The model

Let X be the underlying Lévy risk process with differentiable scale functions. Let SX =
(Sx(t)),zo denote the running maximum of X, i.e. SXt) = maxo<s<; X (s). This process is
continuous and, of course, increasing. Clearly, SX(0) = u as X(0) = u. For0 < y <1,
define a process U, = (U, (t));>0 by

Uy (t) = X(1) — y(S¥(1) — X (0)).

We can think of U, as the surplus process of an insurance company that pays out taxes at a
fixed rate y whenever it is in a profitable situation (or, in other words, whenever the surplus is
at a running maximum). When y = 1, this amounts to the situation where the company pays
out as dividends any capital above its initial value.

3.1. A fluctuation identity
The following theorem generalises both Theorem VIL.8 of [3] and (2.1).

Theorem 3.1. Forany 0 < u < a and g > 0, let ruf), =inf{t > 0: U, (¢) > a} and r(iy =
inf{t > 0: Uy (t) <0}. If y < 1then

W(q)(u) 1/(1=y)

+ —

Eu[exp(_qta,y) l{fziy<T&y}] - (W(q)(a)> (31)
Proof. We first consider the case that X drifts to positive infinity, and we want to prove (3.1)

forg = 0.

It is well known that S¥ is a local time at O for the Markov process SX — X. Then, let ¢
be the excursion process of S¥ — X away from 0, and let £ be the excursion height process.
If X drifts to oo then ¢ is a Poisson point process and € is also a Poisson point process with
characteristic measure v given by v(x, 0o) = W’(x)/ W (x). By the definition of an excursion,
the event {TIy < r(;y} is the same as

{és<u+(1—y)sfora1105s§T_u}.
—y

Indeed, if an excursion starts from level u + s (for the process X), meaning that the process
U, is atlevel u + (1 — y)s, to avoid falling below 0, this excursion must not exceed the latter
quantity; this must be true until U, reaches level a, which is equivalent to X reaching level
a/(1 — y). Then, by the definition of a Poisson point process, we have

P iz, < 7y.,} = P(N =0}

=ex <_ /(a_u)/(l_y) W+ 0=yl dS)
B A W+ (1—y)s)

< 1 /“‘“ W' (u+s) )
=exp| — ds
L=y Jo Weu+s)

W (1) 1/(0-y)
Z(WwJ ’

where N is a Poisson distributed random variable with parameter

(a—u)/(1-y)
/ viu+ (1 —y)s,00)ds
0
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that counts the number of Poisson points (s, &) in

a—
0<x=<

{(x, y) € R?

u
,u+ﬂ—yM§y}

Without assuming that X drifts to +o00, for ¢ > 0, we define another probability measure
Py on (%);=0 with Radon-Nikodym derivative

dP;D(q)
dp

— e P@WX®O—u)—qr

on ¥;, where (¥7);>0 denotes the filtration generated by X. Under P;D (q), X is still a spec-
trally negative Lévy process, but now with W) as its O-scale function, which are given by
e®@x Wo g (x) = W@ (x); in addition, under this measure, X drifts to +o0o (see Chapter 8
of [14] for details).

Observe that X (z,7,) = Sx(t;fy) for 7,7, < oo. Since

a=U,(tf)=X@l)—yS*al,)—w

for . < 0o, we have

ay
n _a—yu
X(Ta,y) l{r;fy<oo} - Z Y {td, <00}
Since
dpf(q)
b = SP@@X G —w - a1y

on f‘”t;y, we then further obtain

- a—yu
Eu[eXP(_qT;y)l{r;Tya(;V}] = P;D(q){ra“:y < ro’y}exp(—d>(q)( =, u))

_ <W<b(q>(u)>” 4= exp(_ ®(q)(a — u))
Wao(g)(a) -y

_ (W D\ VI ®(g)(a —u)
T \e*@aw@ (q) eXp\ ~ 1—y ‘

Therefore, the desired result follows readily.
Letting ¢ — 0+, we can obtain (3.1) for g = 0.
3.2. The survival probability
Let
@ @) = Py | inf U, (1) = 0
denote the survival probability in the risk model with tax rate y and initial surplus u. Hence,

¢o(u) is the survival probability in the risk model without tax. For the compound Poisson risk
model, Albrecher and Hipp [1] established a simple relation between the survival probability
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of a risk model with and without tax. We will now utilise Theorem 3.1 to generalise this result
to spectrally negative Lévy risk processes.

Corollary 3.1. If y < 1 then
by () = (go )71,

Proof. From Theorem 3.1, we have
¢y () = (Y O-H W)/,
since limy_, o0 W(a) = (¥/(0+))~!. The result follows from (2.2).

Note that ¢, (1) > 0 if and only if ¢o(u) = ¥'(0+) > 0, which is the case under the net
profit condition E,[X (1) — u] > 0.
3.3. The discounted tax payments

Lett, :=1, v be the time of ruin of the risk process with tax and, furthermore, let

Ty
Ty s = )// e dD @)
0

denote the present value of all tax payments until the time of ruin 7,,, where D(t) = § X(1)—X (0)
and § > 0 can be interpreted as the force of interest.

Recall from [19] that
W(S)(u)

H 0= ey

where Vi (u, u) is the expectation of the present value of all dividends paid until ruin when a
horizontal barrier is at level #. Utilising a methodology from [19] for horizontal barrier models,
we will now compute vy, 5(u) = E,[T} 5]. Note that vy s(u) = Vi(u, u) (so that the case in
which y = 1 is settled).

Theorem 3.2. Ify < 1 and § > 0 then the expected discounted sum of tax payments until ruin

is given by
_ 00 W(‘S)(u) I/(1-y)
vy s(u) = — /u <W(3)(s) ds. 3.2)

Proof. If X(0) = u then

1/n
X+
S (Tu—i-l/n,y) —u= 1—y :
Clearly, we have
vy s(u) = Ey[Ty s; T;Jrl/n,y < 1] + EulTy 3 le+1/n,y > 1] 3.3)
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For the second expression on the right-hand side, we have, using integration by parts,
+
+ furlny s b'¢ +
EulT, 5; Tny > 7,] <E, e Yy d(St (@) —u); Ti/ny > Ty
0

y(1/n)
=E, [exp(_&;—kl/n,y)ﬁ; r’jﬂ/n,y =Ty

tu++1/n,y st X +
VE, )/8/0 e S¥0) —wdss Ty, > Ty
e W V)
T 1l-y W+ 1/n)

o2)

For the first expression on the right-hand side of (3.3), we can write

Eu[Ty,B;

+
Tu+1/n,y < T)’]

N
tu+1/n,y _
:Eu[/o e %y d(S¥ (1) — u); r;H/ny < ‘L'y:| (3.4)
Ty
+Eu|:/+ e %y d(S¥ (1) — u); r;—-l—l/n,y < tyi|. (3.5)
Tu+l/n,y

Consider the two summands on the right-hand side separately. For (3.4), we apply the integration
by parts formula to obtain

T;+1/n,y
E, U ey d(S¥0) —u); Ty, < zy}
0

+ y/n o 4
=Ey [exp(_aru—&-l/n,y)m’ Tutl/ny < TV]

TL4++1/n,y st X 4
+E, VS/O e N(S*(t) —u)drt; Trimy <Tr |

where the second expression on the right-hand side can be bounded by

Tu++l/n.}/ S8t aoX +
E, y8/ e " (ST —wdrs Ty, <Ty
0

y/n W (1) 1/=y) W (i) 1/(1-y)
) 1—V((W(M+1/n)> _<W<5>(u+1/n)> )

()

For (3.5), using the strong Markov property and the spatial homogeneity of the Lévy process
X, we obtain

oy
-4 X .
Eu[f+ ey d(S*T M —w; 5y, < r,,]

rqul/n.y

1
= Eu[exp(—(Sr;H/n’y); ‘L';__i_l/n’y < Tyluys (u + r_z)
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Consequently,

W(é)(u) 1/(1=y) ]//I’l 1 1
Ural) = <W<3>(u n 1/n>) (1 — " ”“(” " Z)) +0(Z)'

Standard algebraic manipulations to form the differential quotient for v, 5 then yield, for
n — 0o,

(vy,5) (u) =

14 ((W(S))’(M)
L=y \yW®@)

This is the analogue of Equation (14) of [1]. Using the integrating factor technique for ordinary
differential equations, we find that its solution is given by

U
vys) = (c - Uz(u>) exp(1 = )

for some constant C, where

(WD) (s) ! —Ui(s)
U](M)= ) W(5—)(s)ds’ U2(M)=/0 CXP( l—y )dS

vy 5(u) — 1). 3.6)

We have (W®)/(s)/ W® (s) > 0 and

(WD) (s)

sl>rgo W® (s) = 0(@).

The latter result can be found in [2] or [20]. Hence, U; is unbounded because ®(§) > 0 for
8 > 0. Also, since 1, — 00 as u — oo (for any ), we have lim, .« vy, 5(u) < 0o. Thus,

lim V) = "¢,
u—>0o0 y
and then
u W(S) /
vy s(U) = 1 i > exp((l -y /0 ﬁ ds)
00 i K (W(S))/(t)
X /u exp(—(l - ]/) ) W((S—)([)dt dS, (37)

from which (3.2) follows.
Remark 3.1. If X has a negative drift (i.e. E,[X (1) — u] < 0) then (3.2) also holds for § = 0.

Remark 3.2. Using (3.7), we can also write

vraw) = 11 exp((l - V)_I/o (Vi(s, )" ds)

X/ooexp<—(1—y)_I/S(Vl(t,t))_ldt) ds,
u 0

recovering Theorem 2 of [1] in our more general Lévy setting.

https://doi.org/10.1239/jap/1214950353 Published online by Cambridge University Press


https://doi.org/10.1239/jap/1214950353

A Lévy insurance risk process with tax 371

Remark 3.3. Using L’Hopital’s rule, we recover the following interesting relation:
lim vy, s(u) =y lim Vi(u,u). (3.8)
u— 00 u— o0

A direct probabilistic reasoning to obtain this identity goes as follows. In the absence of ruin
the only difference for the calculation of v, s(u) and V;(u, u) is that, whenever tax (dividend)
payments start and last until the next deviation from the running maximum, in the tax case only
the proportion y of the income is paid, whereas in the horizontal barrier case all the income is
paid. The only further difference is then that the surplus level at the next payment stream is
different, but this latter difference does not matter if the distance to the ruin boundary does not
matter, which in the limit u — oo is the case. Hence, we immediately arrive at (3.8).

Remark 3.4. We can also understand (3.2) from an intuitive point of view. Whenever the
taxed process U, is in a running maximum, its increase scales with a factor y /(1 — y) for the
increase of the associated tax payments. So the integral in (3.2) can be interpreted as summing
up the (appropriately discounted) contributions given that a new running maximum is reached
(cf. Theorem 3.1).

3.4. Higher moments
We will now investigate higher moments of 7, s. Let vj(/k) (u) be the kth moment of 7, 5
when the initial surplus is equal to u. Recall from [17], and also from [15], that

k

W id)
Vi, 1) = ]_[ W 6))“80 (3.9)

where Vi (u, u) is the kth moment of the present value of all dividends paid until ruin when the
horizontal barrier is at level u. Note that v1 a(u) Vi (u, u). So we need to address only the
case in which y < 1.

Theorem 3.3. If y < 1 and § > O then the kth moment of the present value of tax payments
until ruin is related to the (k — 1)th moment by

k w ko) 1/(1-y)
(k)(u) Vy/u (k 1>( )<—W(k5>?:))> ds. (3.10)

Proof. Proceeding as in the proof of Theorem 3.2 and the proof of Proposition 1 of [17], we

have
1 1 W k8) 1/(1=y)
(k)(u) _kv(k (4 L)ra/m (u) >
n) 1—y \Wkd@y 4 1/n)

NCYO W@ NV
v u+— | ———— ol - ).
v, n )\ W& +1/n) n
Furthermore, we obtain

)
WYy ) = 7/ L ((yW(kB))((M)) o) — kolks 1)(M)>
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Solving this ordinary differential equation leads to

V) = 5

1 [ (R (s) )
yexp<(l ) Twg) ¢

RN [P WY @)
X/u UV"S (S)CXp(—(l —¥) A V[/(T)(l‘)dt ds.

The statement follows from simple algebraic manipulations.

Remark 3.5. From (3.10) we obtain, by L’Hopital’s rule,

(k 1)( ) W&k @)

. %) . .
A, ya (0 =Ry T vy 5 00 sy Gy

With (3.9) we can hence generalise the asymptotic relation (3.8) to arbitrary moments of tax
and dividend payments, respectively:

lim v @) = y* lim Vi, u). @3.11)
v u—00

u— 00
The alternative probabilistic argument from Remark 3.3 also carries over to explain (3.11).

3.5. Examples

3.5.1. Cramér—Lundberg process with exponential claims. If X is a compound Poisson process
with exponential jumps (with Poisson parameter A and exponential parameter «) then the scale
functions are given by
(o + p)e” (1 — n(x))

cp—r)

W®(x) =

(see, e.g. [15]), where
ner) = 2L ge-ox,
a+p
and p and r are respectively the positive and negative solutions of the equation
¢R>+ (ca — > —8)R — a8 = 0.

Plugging this expression into (3.2), we eventually arrive at the explicit formula

vy s(u) = %(1 — )=

><2F1< L r Ly n(u)),
Il—y (o—r—-y) (0—r)1—-y)

which was already derived in [1]. Here

Coy I'(c) : b—1 c—b—1 —a
2Fi(a, b, c; Z)—m/() (1 —=1) (1 —zt)™*dt,

where ¢ > b > 0 denotes the Gauss hypergeometric series.
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3.5.2. Brownian motion with drift. Let X (t) = mt + o B(t) be a Brownian motion with drift
(withm # 0 and ¢ > 0). As in this case ¥ (L) = mA + %02)»2 and ® (@) = —w + 6, we can

verify that

1
W (x) = 525; EXP((—w +6:)x) — exp(—(© + 65)x)).

where 5 = vVm? + 2802/02 and v = m/a2 (see also [2]). In particular, we have

1 2m
Wx) = —(1 — exp(——2x>).
m o
o? 2m
vis(u) = Vi(u,u) = %(exp<?u> - 1),

which recovers Equation (2.20) of [10].
Also, if y < 1 and if § > 0, then we obtain

Thus,

4
-V

(exp((0s — w)u)(1 — exp(—20su))) /17

vy s(u) = 1
X /Oo(exp((ég — w)s)(1 — exp(—26ss5))) /1= gs.

Since 65 > w when ¢ > 0 and § > 0, the above expression can be rewritten as

y (1= exp(=265u))/ 77
vyu) = 11—y Os —w
1 Os—w 305 —w
Fla-y1 22—, : —20su) ).
X 2 1(( V) 205 T exp( 5“))

4. Optimality of the tax barrier

As tax payments stop at ruin, itis natural to ask whether the expected discounted tax payments
over the lifetime of the process can be optimised when tax payments are started only after the
surplus has reached a certain level M (see [1] for a corresponding study in the Cramér—Lundberg
framework). Due to the strong Markov property, we clearly have

WO (u)

WT(A{)UV’S(M) (41)

vy.s.mU) =

foru < M and v, 5 ) = vy s(u) for u > M (as then tax payments start immediately).
Hence, the goal is to maximise (4.1) with respect to M.

Assumption 4.1. In what follows we assume that each scale function is three times differen-
tiable and that its first derivative is a strictly convex function (so that (W®)" (u) changes its
sign from negative to positive at most once).

Assumption 4.1 is, for instance, fulfilled if the Lévy measure has a completely monotone
density (see [16] for the strict convexity of (W(’S))/ and [5] for infinite differentiability). Among
particular examples fulfilling Assumption 4.1 are the gamma process and the inverse Gaussian
process (for more examples, see [16]).
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Differentiating (4.1) with respect to M, we find that My is a critical point of M > vy, 5y (1)
if
vy 5(Mo) = Vi(Mo, Mp) or, equivalently, (v),,g)’(Mo) =1, “4.2)
where (3.6) was used for the latter equivalence. To specify the nature of this critical point, we
use the second derivative:

92vy.5.m (1) vy WO
IM2 oy, 1=y (WOM))?

vy.5(Mo)(W®)" (Mo). (4.3)

Clearly, since limy;, o0 vy, 5,1 () = O for any u, there is a point M* € [0, co) where the
function M +— v, 5 p (u) reaches its global maximum.

Remark 4.1. Note that M +> vy, 5y (u) cannot have a local minimum in [0, co). Indeed, if
there existed a local minimum then, by virtue of limps_s oo v s,p () = 0, there would have to
exist a local maximum for a larger value M. But in view of (4.3) and the strict convexity of
(W@ this cannot occur.

Similarly, we deduce that after a potential saddlepoint there cannot be a local maximum.

Recall that ® S
w w
Vi 5y = 1- WOOWO)(s)
(W®)/(5))?
and from Remark 3.3 that
lim v, s(u) < lim Vi(u, u). “4.4)
u—>0o0 Uu— 00

Remark 4.2. From the above, it follows that M > v,, 5 s (u) also cannot have a saddlepoint
M in [0, 00). Indeed, otherwise from v, 5(Mo) = Vi(Mo, Mp) and (W®Y"(My) = 0, we can
observe that
~W® (Mo) (W) (Mo)

(W) (Mo))?

and (vy, )" (Mo) = 0. Hence, the function s > v, s5(s) — Vi(s, s) reaches a local minimum
value of 0 at this point My (as (W®)"”(Mp) > 0), implying that vy.s is greater than V; in a
neighbourhood of M, so that this saddlepoint would have to be followed by a maximum or
another saddlepoint, which itself is excluded by the convexity of (WY ().

V' (Mo, My) =

As a consequence, (4.2) has at most one positive solution My. If V;(0,0) < v, 5(0) then,
due to (4.4), such a solution My > 0 exists and is the point of global maximum, i.e. M* = M.

If V1(0,0) > vy, 5(0) then M* = 0 (i.e. tax payments start immediately), as a solution of
(4.2), by (4.4), would have to be accompanied by a second one, which cannot be the case. Note
that M* is independent of the initial surplus u.

From the above discussion, we obtain the following final result which extends Theorem 3
of [1].

Theorem 4.1. Suppose that the scale functions of X are three times differentiable and that their
first derivatives are strictly convex functions. If V1(0, 0) > v, 5(0) then the optimal height M*
is equal t0 0. If V1(0, 0) < v, 5(0) then the optimal height M* is the unique positive solution
of (4.2). The maximum value is thus given by

Vi(u, M) ifu < M*,

i 4.5)
vy, 5(u) ifu> M*.

vy,s, M) =
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Proof. If u < M* then

W (u) Vi, M%)

M* — M* =V, ,M* .

Vy,8,M* ) =

Otherwise, we start to pay taxes right away and v, s p+ (1) = vy, 5(u).
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