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Abstract  We obtain solvability conditions for some elliptic equations involving non-Fredholm operators
with the methods of spectral theory and scattering theory for Schrodinger-type operators. One of the
main results of the paper concerns solvability conditions for the equation —Awu + V(z)u — au = f where
a 2 0. The conditions are formulated in terms of orthogonality of the function f to the solutions of the
homogeneous adjoint equation.

Keywords: solvability conditions; non-Fredholm operators; elliptic problems

2010 Mathematics subject classification: Primary 35J10; 35P10; 35P25

1. Introduction

Linear elliptic problems in bounded domains with a sufficiently smooth boundary sat-
isfy the Fredholm property if and only if the ellipticity condition, proper ellipticity and
the Lopatinskii conditions are satisfied. The Fredholm property implies the solvability
conditions: the non-homogeneous operator equation Lu = f is solvable if and only if
the right-hand side f is orthogonal to all solutions of the homogeneous adjoint problem
L*v = 0. Orthogonality is understood in the sense of duality in the corresponding spaces.

In the case of unbounded domains, one more condition should be imposed in order to
preserve the Fredholm property. This condition can be formulated in terms of limiting
operators and requires that all limiting operators be invertible or that the only bounded
solution of limiting problems is trivial [16]. Limiting operators are the operators with
limiting values of the coefficients at infinity, if such limiting values exist. Otherwise,
limiting coefficients are determined by means of sequences of shifted coefficients and
locally convergent subsequences.

If we consider, for example, the operator Lu = —Au — au in R", where a is a positive
constant, then its only limiting operator coincides with the operator L. Since the limiting
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equation Lu = 0 has a non-zero bounded solution, then the operator L, considered
in Sobolev or Hdlder spaces, does not satisfy the Fredholm property. Therefore, the
solvability conditions are not applicable. However, the particular form of the equation
—Au —au = f in R™ allows us to apply the Fourier transform and to find its solution.
It can easily be verified that it has a solution u € L2(R") if and only if f(£)/(€2 —a) €
L?(R™), where the hat denotes the Fourier transform. In other words, the solvability
conditions are given by the equality

/n e T f(z)dax =0 (1.1)

for any & € R™ such that |£|> = a. This means that formally we obtain solvability
conditions similar to those for Fredholm operators: the right-hand side is orthogonal to
all solutions of the homogeneous formally adjoint problem.

It should be noted that the left-hand side of (1.1) is not a bounded functional over
L?(R™). Therefore, these orthogonality conditions do not imply that the range of the
operator is closed. Indeed, we can construct a sequence f,, € L?(R") such that it converges
in L2(R™) to some fo and all functions f,, satisfy the solvability conditions, while fy does
not satisfy them. In order to construct such a sequence, we consider the Fourier transforms
fn(€) and assume that they vanish at |¢|2 = a. These functions can converge in L2(R™)
to a function that does not vanish on this sphere. Thus, the range of the operator is not
closed and the similarity with Fredholm solvability conditions is only formal.

In this example, we are able to obtain solvability conditions due to the fact that the
operator has constant coefficients and we can apply the Fourier transform. In general, the
question about solvability conditions for non-Fredholm operators is open and represents
one of the major challenges in the theory of elliptic problems. Some classes of reaction—
diffusion operators without the Fredholm property can be studied by the introduction
of weighted spaces [16] or by reducing them to integro-differential operators [5,6]. Solv-
ability conditions different from the usual orthogonality conditions are obtained for some
second-order operators on the real axis or in cylinders [8]. Some elliptic problems in R?
are studied in [17], where the solvability conditions are obtained with the help of space
decomposition of the operators.

A special class of elliptic operators in R", A = A, + Ag, where A, is a homogeneous
operator with constant coefficients and Ag is an operator with rapidly decaying coeffi-
cients, is studied in specially chosen spaces with a polynomial weight. The finiteness of
the kernel is proved in [12,18] and the Fredholm property of this class of operators was
proved in [10,11,19] in the case of weighted Sobolev spaces and in [2, 3] for weighted
Holder spaces. The Fredholm property and the index of such operators are determined
by their principal part A.,. The operator Ay does not change them due to the rapid
decay of the coefficients. The Laplace operator in exterior domains is studied in [1].

In this work we consider two classes of non-Fredholm operators and establish the
solvability conditions for the equations involving them. The methods cited above are
not applicable here and we develop some new approaches. In the first case we study the
operator H, on L?(R3), such that

Hyu=—Au+V(z)u— au,
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where a > 0 is a parameter and the potential V(z) decays to zero as © — oco. We
investigate the conditions on the function f € L?(R3) under which the equations

Hu=f (1.2)
and
HOU = fa (13)

the second one being the limiting case of the first as a — 0, have the unique solution
in L2(R?). Since the potential equals zero at infinity, the operator H, has a unique
limiting operator Lu = —Awu — au, which is the same as that discussed above. The
limiting problem Lu = 0 has non-zero bounded solutions. Therefore, the operator H,,
a > 0, does not satisfy the Fredholm property, and the solvability of (1.2) and (1.3)
is not known. The coefficients of the operators are no longer constant and we cannot
simply apply the Fourier transform as in the example above. We will use the spectral
decomposition of self-adjoint operators.

We note that in the case where a = 0 and the potential is rapidly decaying at infinity,
the operator Hy belongs to the class of operators A, + Ay discussed above. The results of
this work differ from the results in the cited papers. We do not work in the weighted spaces
and we obtain solvability conditions without proving the Fredholm property, which may
not hold. However, a more important difference is that we also consider the case a > 0.
This is a significant difference and the previous methods are not applicable. To the best of
our knowledge, solvability conditions for (1.2) with a > 0 and n > 2 have not previously
been obtained. The solvability conditions are formulated in terms of the orthogonality of
the right-hand side f to all solutions of the homogeneous adjoint equation H,v = 0 (the
operator is self-adjoint).

For a function () belonging to an LP(R%) space with 1 < p < oo, d € N, its norm is
denoted as [[1)[|Lr(ray. We will use technical tools for estimating the appropriate norms
of the functions, in particular the Young’s inequality

11 # foll ooy < Ifillseollfollporsrsys  fr € LAR?), fo € LY3(RY),

where ‘x’ stands for the convolution, and the Hardy—Littlewood—Sobolev inequality

x
[ B0 qay) < sl £ € BAR)
r3 JR3 [T — Y|

with the constant cyrs given on p. 98 of [9]. In our notation,

(@), fola)) sy = [ e fa(o)do

and, for some A(z) = (A1(x), A2(z), A3(x)), the inner product (f1(z), A(x))r2rs) is the
vector with the coordinates

fl(x)Al(x) dﬂf, i = 172a3'
R3
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Note that with slight abuse the same notation can be used even if the functions above
are not square integrable, as in the case of the so-called perturbed plane waves ¢ (),
which are normalized to a delta function (see (2.1)). We make the following technical
assumption.

Assumption 1.1. The potential function V (z) : R3 — R satisfies the bound

C
Vi) L ———
| ( )| 1 + |x|3.5+8

with some € > 0 and = € R3 a.e. such that

_ 1/9 8/9
AVO8(4m) V(|2 o IV ey <1 and  Veums||V ]| poszgeey < 4.

The function f(x) € L?(R3) and |z|f(x) € L*(R?).

Here and throughout C' stands for a finite positive constant. Since, under our assump-
tions on the potential, the essential spectrum oess(H,) of the Schrodinger-type operator
H, = Hy — a fills the interval [—a, 00), the Fredholm Alternative Theorem fails to work
in this case. The problem can easily be handled by the method of the Fourier transform
in the absence of the potential term V (z). We show that this method can be generalized
in the presence of a shallow, short-range V(z) by means of replacing the Fourier har-
monics by the functions ¢ (z), k € R3, of the continuous spectrum of the operator Hy,
which are the solutions of the Lippmann—Schwinger Equation (see (2.1) and the explicit
formula (2.2)). Note that the condition |z|f(z) € L*(R?) of Assumption 1.1 is used here
to show the regularity of the gradient of the generalized Fourier transform with respect
to pi(x), k € R® (see Lemma 2.4). This is similar to the standard Fourier transform,
where this condition stipulates that its derivative belongs to L°°.

While the wave vector k attains all the possible values in R?, the function ¢g(z)
corresponds to k = 0 in the formulae (2.1) and (2.2). The sphere of radius r in R¢, d € N,
centred at the origin is denoted S?, the unit sphere is denoted S¢ and |S%| stands for its
Lebesgue measure. Our first main result is as follows.

Theorem 1.2. Let Assumption 1.1 hold. Then

(a) the problem (1.2) admits a unique solution u € L*(R?) if and only if
(f(x), or(x))r2msy =0 fork € Si)’/a a.e.;
(b) the problem (1.3) has a unique solution u € L*(R3) if and only if
(f(x), po(x))L2(r3) = 0.
As in the case of the example with zero potential that was considered at the start of the

introduction, solvability conditions are formulated here in the form of orthogonality to
the solutions of the homogeneous adjoint equation, which is similar to the usual Fredholm
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solvability conditions. As above, we stress that this similarity is only formal because the
operator does not satisfy the Fredholm property and its range is not closed.

In the second part of the paper we consider the operator L = —A, — Ay, + V(y)
on L*(R™*™) with the Laplacian operators A, and A, in z = (z1,22,...,7,) € R",
¥y = (y1,Y2,--,Ym) € R™ and prove the necessary and sufficient conditions for the
solvability in L?(R"™™) of the inhomogeneous problem

Lu = g(z,y), (1.4)

where g(z,y) € L?(R"**™). We assume the following.

Assumption 1.3. The function V(y) : R™ — R is continuous and lim, ., V(y) =
Vy > 0.

Thus for the operator h := —A, + V(y) the essential spectrum oegs(h) = [V, 00).
Let us denote the eigenvalues of the operator h located below V. as ej,e; < ejyi,
j = 1, and the corresponding elements of the orthonormal set of eigenfunctions as gp?,
such that hgoé? = ejapf, 1<k <my, (gof,goé)LZ(Rm) = §; ;0r,1, where m; stands for the
eigenvalue multiplicity, which is finite since the essential spectrum starts only at V.,
and 0; ; stands for the Kronecker symbol. We make the following key assumption on the
discrete spectrum of the operator h relevant to the problem (1.4).

Assumption 1.4. The eigenvaluese; <0 forall1 <j< N —1 and ex =0.

Thus, under our assumptions the operator L is not Fredholm. Zero is the lower limit of
the essential spectrum of the operator —A, and h has the square-integrable zero modes.
Moreover, the operator h has the negative eigenvalues e;, j =1,..., N —1, and —A, has
the Fourier harmonics e'P* /(27)"/2, such that p € S —. However, (1.4) can be solved
on the proper subspace and the orthogonality conditions will strongly depend on the
dimensions of the problem.

Let us introduce the following subspace weighted in the first variable for the right-hand
side of (1.4):

L3, = {g(z,y) : g(w,y) € L*(R™™) and [2]*g(z,y) € L*(R™™)}, a>0. (15)
Our second main result is as follows.
Theorem 1.5. Let Assumptions 1.3 and 1.4 hold. Then, for (1.4), we have the fol-
lowing.
(I) When n = 1 and g(x,y) € LZ,, for some a > 5 there exists a unique solution
u € L*(RY*™) if and only if
(g(a:, y)? (pljc\f(y>)L2(]Rl+m) =0,

1<k <my,
(9(2,y), 20N () L2@1+m) = 0’}

and
etiv=ejz .
9z, y), —=——9; Yy =0, 1<J<N-1, 1<k<m;.
< ( ) \/ﬂ J( ))L2(R1+m,) ’
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(II) When n = 2 such that © = (x1,22) € R?* and g(z,y) € L2 , for some oo > 6 there
exists a unique solution u € L*(R**™) if and only if
k
z,Y), my = 0,
ot ) (p;cV(y))Lz(RH ) 1=1,2, 1 <k <mp,
(g(xa y)7 TiPN (y))LQ(Rerm) = 07

and

eipm k > 2 .
g(x,y), — % (y =0, aepecS, —, 1<j<N-1, 1<k<m,.
(st 57 50) e s ;

(IIT) When n = 3,4 and g(x,y) € L2 , for some oo > n+2 there exists a unique solution
u € L2(R™*™) if and only if
(9($7y)’<ﬁ’fv(y))L2(Rn+m) =0, 1<k<my,
and
eipx

(se0 g, =0

a.e.pES\’L/TSj, I1<j<N-1, 1<k<m,.

(IV) When n > 5 and g(x,y) € L2, , for some a > n + 2 there exists a unique solution
u € L2(R™"*™) if and only if

eipx A
) Y 7 N /o F ] = 07
(g(x Y) Gz % (y)>L2(Rn+m)

a.e.pES\’L/TSj, 1<j<N-1, 1<k<m;.

Proving solvability conditions for linear elliptic problems with non-Fredholm operators
plays a crucial role in various applications, including those to travelling wave solutions of
reaction—diffusion systems (see [17]). Let us first establish several important properties
for the functions of the spectrum of the Schrédinder operator in the left-hand side of (1.2)
and for the related quantities.

2. Spectral properties of the operator Hy and the proof of Theorem 1.2

The functions of the continuous spectrum satisfy the Lippmann—Schwinger Equation
(see, for example, [13, p. 98])

elkx 1 ei|k\ |z—y|
or(z) = @R in /RS W(VW)(Q) dy (2.1)

and the orthogonality relations (¢ (2), ¢q(2)) L2(re) = 0(k — q), k,q € R, We define the
integral operator

i|k| |z—yl
Q&) =~ | T Vewdy e L7,
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Let us show that the norm of the operator @ : L*°(R?) — L°°(R?), denoted by ||Q]|oo, is
small when the potential V(x) satisfies our assumptions. We prove the following lemma.

Lemma 2.1. Let Assumption 1.1 hold. Then ||Q|o < 1.

Proof. Clearly,

1 Vv
100 < sup [ YW,
wers 4T Jps |2 — y|

The expression involved in the right-hand side of the inequality above can be written as

1 1 1 1
= (xtem ) s @+ 1 (o ) # V@)

with some R > 0 and x denoting the characteristic function of the correspondent set.
This can be estimated above using the Young inequality as

IVl a2 e

1 vl /R4 d 1 H 1
_— oo (R3 mrdr + — T —_—
In VI oo (m3) o 4 || XAlzl>RY |z @)

1 _
= %||V||LOO(R3)R2 + WHV”L“B(]W‘)R 1/4.

‘We optimize the right-hand side of the equality above over R. The minimum occurs when

R { [V || oo roy (47)3/44 }4/9
IVl Lass sy

such that

_ 1/9 8/9
1Qlloe < 47°3(4m) V1|12 () V170 g

which is k-independent. Assumption 1.1 yields the statement of the lemma. Note that
V € L*Y3(R?), which is guaranteed by its rate of decay, which is given explicitly in
Assumption 1.1. a

Corollary 2.2. Let Assumption 1.1 hold. The functions of the continuous spectrum
of the operator Hy are then g (x) € L (R3) for all k € R3, such that

1 1

V()| Lo r3) < , k e R3.
lox(@ =) < TT5T= G

Proof. By means of the Lippmann—Schwinger Equation (2.1) and the fact that
Qllco < 1, the functions can be expressed as

or(z) = (I—Q)l(;:;z/Q, ke R (2.2)
Lemma 2.1 yields the bound on the operator norm
1= @) o < 75—
1—Qll
a
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The following elementary lemma shows that in our problem the operator Hy possesses
the spectrum analogous to the one of the minus Laplacian and therefore only the functions
or(z), k € R, need to be taken into consideration.

Lemma 2.3. Let Assumption 1.1 be true. Then the operator Hy is unitarily equivalent
to —A on L?(R3).

Proof. By means of the Hardy—Littlewood—Sobolev inequality (see, for example, [9,
p. 98]) and Assumption 1.1 we have

/ / Vi)l 'V N 4z dy < crngllVIBsoqao < (4702
R3 JR3 |(L’ -

The left-hand side of the inequality above is usually referred to as the Rollnik norm (see,
for example, [15]) and the upper bound we obtained on it is the sufficient condition for
the operator Hy = —A + V(x) on L%(R?) to be self-adjoint and unitarily equivalent to
—A via the wave operators (see, for example, [7,14]) given by

0F = s5— lim et-A+V)eitA

)
t—F oo

where the limit is understood in the strong L? sense (see, for example, [13, p. 34] and [4,
p. 90]). O

By means of the spectral theorem for the self-adjoint operator Hy, any function ¢ (z) €
L?(R3) can be expanded through the functions ¢k (z), k € R?, forming the complete
system in L?(R3). The generalized Fourier transform with respect to these functions is
denoted by

D(k) = (Y(@), pr(2))2ms), k€ R, (2.3)
We prove the following technical estimate concerning the above-mentioned generalized
Fourier transform for the right-hand sides of (1.2) and (1.3).

Lemma 2.4. Let Assumption 1.1 hold. Then
Vif(k) € L=(R%).

Proof. Obviously, Vi f(k) = (f(z), Vepr(x)) 2 (rs). From the Lippmann-Schwinger
Equation (2.1) we easily obtain

ikx ikx ikx

Vior = (e)mm(l Q) Q(e)3/2lw+(l Q) (vk@(f—@)-l(;rw, (2.4)

where Vi Q : L>(R3) — L>°(R3; C?) stands for the operator with the integral kernel
VeQ(e,y, k) = — el =1l Ly
o 47 ||

An elementary computation shows that its norm

1
1V4Qllso < 1= Vllzaces) < o
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due to the rate of decay of the potential V' (z), which is given explicitly by Assumption 1.1.
It is clear from the identity (2.4) that we need to demonstrate the boundedness of the
three terms in the k-space. The first one is

eik:t
10 = ( flo) Wix>L2(R3)’

such that

Tk < 5= s ey < oo

(2)

by Assumption 1.1. The second term to be estimated is
)= (1) (7 - 'y
Tgk::(fx,I—Q_Qix> .
(2m)3/2 L2(R3)

Thus
1

1 ikx
IT2(k)| < WHf”Ll(RS‘)m”Qek || Loo (r3)-

Note that f(z) € L'(R?) by means of Assumption 1.1 and Fact 1 in the appendix. Using
the definition of the operator ) along with the Young inequality we have the upper
bound

- 1 |4
dm Jps |z —y|

= (vtwten ) =V @llel + (o o ) Vel

1 ! 1

< IV Olamm) [ a7t o) s IVl |
™ 0 |z|

< +00

independent of k, since V(2)x € L= (R3) N L*/3(R?) due to the explicit rate of decay of
the potential V() stated in Assumption 1.1. Therefore, Th(k) € L>°(R?). We complete
the proof of the lemma with the estimate of the remaining term

eikw
Ts(k) := (f(ff)a (I = Q) (Vx@)(I - Q)1(277)3/2>L2(1R3)7

such that we easily arrive at the k-independent upper bound

1 1
D) ||V||L1(R3) < oQ.

s < g Ml e T g1z

O

Armed with the auxiliary lemmas established above, we proceed to prove the first
theorem.
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Proof of Theorem 1.2. First of all, if (1.2) admits two solutions uj(z),us(z) €
L?(R?), their difference v(x) := u1(x) — us(z) would satisfy the homogeneous problem
H,v = 0. Since the operator H, possesses no non-trivial square-integrable zero modes,
v(z) will vanish a.e. The analogous argument holds for the solutions of (1.3).

From (1.2), by applying the transform (2.3), we obtain

Q)
k? —a’
We write this expression as a sum of the singular and non-singular parts:

itk = T+ 2 (25)

k e R3.

u(k) =

where x4, is the characteristic function of the spherical layer

A, ={keR®: Va—o<|k|<Va+o}, 0<o<a,

and x 4c of the layer’s complement in the three-dimensional k-space. For the second term
on the right-hand side of the identity (2.5),

f(k
kz{}aXAg

|f\})| €L2(R3)

To estimate the remaining term we will make use of the identity

~ ~ ELaf(s|,w
f@ﬁmwybw%”w.

a

Here and below w denotes the angle variable on the sphere. Thus we can split the first
term on the right-hand side of (2.5) as @y (k) + @2(k), where

ﬂ%ﬂwamX ) F(va,w)

k2 —a

(k) =
Clearly, we have the bound

V5 f (k) | oo o)
k[ +va

by means of Lemma 2.4. We complete the proof of the part (a) of the theorem by

estimating the norm

Ve WQ
~ 2 _
Il = | A v o S ar <

—a

a1 (k)] < . € L*(R%)

if and only if (f(x),pr(x))r2ms)y = 0 for k a.e. on the sphere 5\3/5. We then turn our
attention to (1.3) by applying to it the generalized Fourier transform with respect to the
eigenfunctions of the continuous spectrum of the operator Hy, which yields

k) = f,ig) = fég)x{ml} + %X{\km}-
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Clearly,

<If(k)] € LA(R).

f(k)
?X{lkbl}

We use the formula k| A7
T of(lsl,w)
fy = Fo)+ [ L

with f(0) = (f(z), wo(z))r2(r3) and po(7) is given by (2.2) with k = 0. Hence

2" @F(Is],w)/01s)) dls|

X{kI<1}
2 X{lkI<1}

L

< Ve f ()|l e € L*(R?)

via Lemma 2.4. Therefore, it remains to estimate the norm

2 1 D
£ (0)]
=47 d|k
/0 || < oo

L2(R%) |k[?

f(0)
12 X{kI<1)

if and only if (f(z), po(x))r2®s) = 0, which completes the proof of the theorem. O

Note that if we let the potential function V() in the statement of Theorem 1.2 vanish,
we obtain precisely the usual orthogonality conditions in terms of the Fourier harmonics.

In the next section we prove Theorem 1.5. In contrast to Theorem 1.2, the dimensions of
the problem are no longer fixed and we show how robust the dependence of the solvability
conditions on these dimensions can be.

3. Spectral properties of the operator £ and the proof of Theorem 1.5

Let P. and Py be the orthogonal projections onto the positive, negative and zero sub-
spaces of the operator h. Applying these operators to both sides of (1.4) via the spectral
theorem we relate the problem to the equivalent system of the following three equations:

Liuy =gy, (3.1)
L ou_ =g,
Louo = go,

where the operators L+ = P+ LPy and Ly = PyLP, act on the functions u4+ = Pyu and
ug = Pyu, respectively, and the right-hand sides of the equations are given by g+ = Pig
and go = Ppg. Without loss of generality we can assume that

go(z,y) = vo(x)on (), (3.4)

where vo(x) = (go, N )r2®m) = (9, ¢N)L2®m)- Let us first turn our attention to (3.1).
We have the following lemma.

Lemma 3.1. Equation (3.1) possesses a solution uy € L*>(R"*™), n € N, m € N.
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Proof. By means of the orthogonal decomposition of the right-hand side of (1.4),
g = g+ + go + g—, we have the estimate

g+l L2ntmy < [lgllL2®nsm).
The lower bound in the sense of the quadratic forms
Ly > PihPy > eni1 >0,

where en,1, is either the bottom of the essential spectrum V, of the operator h or its
lowest positive eigenvalue, whichever is smaller. Thus £ is the self-adjoint operator
on the product of spaces L?(R") and the range Ran(Py) such that the bottom of its
spectrum is located above zero. Therefore, it is invertible and the norm of the inverse
L1 L*(R™) @ Ran(Py) — L*(R™*™) is bounded above by 1/ex 1. Thus (3.1) has the
solution uy = /jjrl g+ and its norm can be estimated as follows:

1
u 2(pntmy L —— 2 pntmy < 00.
luslln (Rnt+m) X eNt1 lgllz (RP+m)

(]

Let us turn our attention to the analysis of the solvability conditions for (3.3). This
equation is equivalent to

(=Az)uo = go- (3.5)
The solution of this Poisson equation can be expressed as

. go

Jo
g = —5 X1 + ~—5 X1°, 3.6
p? p? (3.6)

where 1 denotes the characteristic function of the unit ball in the Fourier space centred
at the origin and yjc denotes the characteristic function of its complement. Here and
below the hat denotes a Fourier transform in the first variable, such that

- 1

Y(p) = @ Jn (x)e” " da.

The second term on the right-hand side of (3.6) is square integrable for all dimensions
n,m € Nsince go € L?>(R"*™) and 1/p? is bounded away from the origin. Thus it remains
to analyse the first term. We have the following lemma when the dimension n = 1.

Lemma 3.2. Let the assumptions of Theorem 1.5 hold. Equation (3.5) then possesses
a solution uy € L?(R'*™™), m € N, if and only if

(g(xay)a SDIZCV(y))LZ(R”rm) =0, (g(xay)7 SDIICV(y)x)LQ(]R”rm) =0, 1< k<mpy.

Proof. We will make use of the following representation:

) . 0 . P $ 0%
Go(p,y) —go(O,y)Jrafpgo(O,y)er/O (/O a71290(%@/) dq) ds,
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where
0% . 1 Foeo
szgo(p, y) = _\/7277

The first term on the right-hand side of (3.6) in our case is therefore equal to

90(0, ) J . X1 /p /s o . X1
= 40(0,y) 2L =z dg | ds2E. 3.7
e X1+8pgo( ,Y) . VA anQO(q,y) ¢)ds 3 (3.7)

go(z,y)e P a? da.

Clearly, we have the upper bound
9? I
‘ a 290(Qa ‘ < ,—271_ / |go(x, y)|$2 dx.

By means of the Schwarz inequality and (3.4) we have the estimate

|90(z,y)| < / l9(z,2)Pdz|on(y)l, = €R", y€R™, nom>1,  (3.8)

which is valid in a space of arbitrary dimensions, and this yields
82 +o0 x2

dgp —=~

‘8(1290(11 y)‘ VA R

with a > 5 such that g(z,y) € Li’w. The Schwarz inequality yields the upper bound

VIt / 9, 5)[2 ds |0k (v)]

1 “+o0 334
rm\/ / Ao o 193y + 1210720 g o [ )] = Clok

Therefore, for the last term in (3.7) we obtain

’/ ( N 290(61 y)dq)

Because of the behaviour of the first two terms in the Fourier space, (3.7) belongs to
L?(RY*™) if and only if

< 3Clen () € LA(RY™).

0
G0(0,y) =0, a*pﬁo(o,y) =0 a.e.,
which is equivalent to

(9(z, ), &K W) L2iemy = 0,  (9(2,y), O (¥)T) 2gi+my =0, 1<k < my.

When the dimension n = 2 we come up with the following analogous statement.
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Lemma 3.3. Let the assumptions of Theorem 1.5 hold. Equation (3.5) then possesses
a solution ug € L*(R?*™™), m € N, if and only if

(9(z,9), oK W) p2@e+my =0, (9(z,9), ON (W)@ 2@a+m)y =0, i=1,2, 1<k < my.

Proof. Let us use an expansion analogous to the one we had for proving the previous
lemma:

|P| S 82
gO(p7y) = QO(Ovy) 8| |90(0 9177 )‘p| +/0 (/0 W§0(|q|,0p7y) dq|> dS,
with 1
016l Op) = 5= [ anCaspe I
271' R2

and where the angle between the p = (|p|,6,) and = = (|z|,6,) vectors on the plane is
0 = 6, — 0,. Therefore, the first term on the right-hand side of (3.6) when n = 2 is equal

to
90(0, ) d . X1 /'P'(/S o2 X1
X1+ 5=60(0,0p,y) = + ——do(|q|,0,,v)d|q| | ds=5. 3.9
p2 1 3|p\ 0( P )|p| 0 0 a‘q|2 0(|| P ) ‘| p2 ( )
Obviously,
o3| < o [ looe )l ol dz
8|q|290 X o - golx,y .

Using the estimate (3.8) we arrive at the upper bound for the right-hand side of this

inequality:
2
|/ | ‘ \/ + |z|® g(x,2)|?dz

with a > 6 such that g(z,y) € Li’m. By means of the Schwarz inequality we estimate
this from above as

1 oo
mw}v(yw / dlz |1+| |a¢||g|\ ooy + 1172912 s = Clok ).

Therefore, for the last term in (3.9) we arrive at

\P\ s 62 .
/0 ( / Wgoum,ep,y)dmo ds

A simple computation using the Fourier transform yields

X1
2

p < 30xalen(y)] € L2(R*™).

o . i )
7790(0,0p,y) = —*/ go(z, y)|z| cos O dz = Q1(y) cos b, + Q2(y) sin by,
8|p‘ 2 R2

where
1 1

Qi(y) = o /}R2 go(x,y)xy dz, Qa2(y) == “on /11@2 go(x,y)ro da
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and # = (71,22) € R% Computing the square of the L?(R**™) norm of the first two
terms of (3.9) we arrive at

1M a 2 |p‘ 2 9
or [ 5 L, wlio0) +”/0 (1Q1 () +1Qa(y) ) dy,

RrR™ |p| R™

which is finite if and only if the quantities §o(0,v), @1(y) and Q2(y) vanish a.e. This is
equivalent to the orthogonality conditions

(9(z,9), &N (V) L2 @24m) = 0,
(9(z, ), 21905 (¥)) £2R2+m) = 0,
(9(2,y), 2205 (1)) p2R2+m) = 0,

with 1 <k < my. U

Let us investigate how the situation with solvability conditions differs in dimensions
n=3,4.

Lemma 3.4. Let the assumptions of Theorem 1.5 hold. Equation (3.5) then possesses
a solution ug € L2(R"*™), n = 3,4, m € N, if and only if

(g(%y)»SDIIC\f(y))L%R"JrM) =0, n=34,1< k< mpy.
Proof. Let us use the following equality:
R . ol 9
p.9) = 0(0)+ [ Sa(sl ) sl
0

Thus by means of (3.6) we need to estimate

|p|
S laa+ [ ganllsl ol (3.10)

By means of the Fourier transform,

9 P —i —i x| cos
%QOQPL%?J) = (27r)1/2n/Rn go(z, y)e I8 4) cos 0 da,

where 0 is the angle between p and = in R™. Using (3.8) along with the Schwarz inequality
and o > n + 2 such that g(z,y) € L? , we easily obtain

«,T

< 1/2 / de|Z‘|U l‘ z |2dZ|<PN

n a/2
(27) 1/2n \// |5 |1 + | E d|$|\/”9” 2(rrtmy T || ||/ 9||L2 (Rn+m)
= C|¥7N(

SDN( )l
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which implies the bound

oﬁ| L) € L2R™™), n=34,

We finalize the proof of the lemma by estimating the square of the L? norm of the first
term in (3.10):

‘Xl |
p? 0

0 .
mgo(|5|7%y)

15" /Rm dyléo(an)Iz/O1 dlp| [p|"™> < 00, n=3,4,
if and only if §o(0,y) = 0 a.e., which is equivalent to
(9(z,9), o5 () p2@nimy =0, n=3,4, 1 <k <my.
([

Thus it only remains to establish the orthogonality conditions in dimensions 5 and
higher in the z variable under which (3.5) admits a square-integrable solution.

Lemma 3.5. Let the assumptions of Theorem 1.5 hold. Equation (3.5) then possesses
a solution ug € L*(R"*™), n. > 5, m € N.

Proof. We estimate the Fourier transform using the bound (3.8) along with the
Schwarz inequality and a > n + 2 such that g(z,y) € L2 ,

1
g < o= y)|d
|gO(p7y)| (27r)1/2n ‘/]Rn |g()($ y)‘ €z

len (®)
= (2m) 1/271

|<PN 5
(27) 1/2n . 1_|_ |x\a dx 1+ [z]* ) |g(x,z)\ dz

_ o |z["
27rN1/2n d| |1+| \a'Snl\/”9||L2(Rn+m)+|||x\”‘/29||2L2(Rn+m)

= Cleh(y >5 meN.

(z,2)|2dz

This enables us to obtain the bound on the square of the L? norm of the first term on
the right-hand side of (3.6):

A 12
/dp/ 'ij" c/ dlp lpl™ 5|S”|/ 2dy < oo,

which completes the proof of the lemma. O
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We proceed with establishing the conditions under which (3.2) admits a square-
integrable solution. Let {Pf };y;ll be the orthogonal projections onto the subspaces cor-

respondent to {e;}7 !

j=1 - the negative eigenvalues of the operator h, such that

N—-1
P.=>"P7, P P =P 1<jk<N-1
j=1

Applying these projection operators to both sides of (3.2) and using the orthogonal

decompositions
N—-1 N—-1
w= Y wd g =Yg
j=1 j=1
with Pru_ =u; and Prg-=g;, we easily obtain the system of equations equivalent
to (3.2):
[—Az = Ay +V(Y)u; =g, 1<j<N-L (3.11)

Without loss of generality we can assume that

95 (z,y) = vj(x)pj(y), 1<j<N-1, (3.12)
where
v;(x) = (9;,<P})L2(Rm) = (QMP})N(Rmy

Using the Schwarz inequality we find that

0 (2)] < / g(z,2)dz, @€ R (3.13)

Hence the goal is to establish the conditions under which an equation such as (3.11)
possesses a square-integrable solution. We make the Fourier transform in the x variable
and, using the fact that the operator —A, does not have positive eigenvalues on L?(R"),
we obtain the expression for a solution of (3.11) as

’[)j(p) 1( )’

e 1<j<N-1L

u; (p,y) =
We differentiate between the two cases according to the dimension of the problem in the

first variable.

Lemma 3.6. Let the assumptions of Theorem 1.5 hold. Equation (3.11) then possesses
a solution uj (z,y) € L*(R*™™), m € N, if and only if

etiv—ejz
9(,y), —=——¢; =0, 1<k<m; 1<j<N-1L
( ( ) A% 2 J ( ))Lz(R1+m) !
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Proof. We express a solution of (3.11) as the sum of its regular and singular compo-
nents,
0 c 0.
J(P)Xﬂa 1( )+ Uj(p)X-(?s 1( ) (3.14)

W (p,y) = . ,
](p y) p2+6j J p2+€j

J

Here (25 is a set in the Fourier space

Q5 :=[\/—e; — 6,\/—ej + 8| U[—/—e; — 6, —/—¢; + 6] = 2Ff Uy
where 0 < § < \/—¢; and where (2§ is its complement, x o, and X are their characteris-
tic functions. It is trivial to estimate the first term on the right-hand side of (3.14) since
we are away from the positive and negative singularities ,/—e;. Thus

0i(p)xes T
M%(y)‘ < Cle ()l 105 (p)Ix o,

which along with (3.13) enables us to estimate the square of its L? norm:

+oo
[ [ aulemPosmxes < ol < lalarn, <o
[o'e) m

To obtain the conditions under which the remaining term in (3.14) is square integrable
we first study its behaviour near its negative singularity using the formula

R p do;(s) .
)= [ sy
e s
Thus one needs to estimate

05 (—v=e) + [T —-(d0;(s)/ds) ds

p2+ej

Xo- 25 (). (3.15)

We derive the upper bound for the derivative using (3.13) along with the Schwarz inequal-
ity with o > 5 such that g(z,y) € L2 :

W 1 [
\ i \<7W [ el

1 /°° || /
< — de—————=+/1+ |z|* g(z, 2)|?2dz
5 |t VTR [t
<o) Carrin [ a e [l
< z x x| g(z, 2)|2dz
2w —o0 1+|x‘o¢ —o0 R™

1 +oo xz 5 5
- V2r [m dz m\/HQHL?(RHm) + | |~T|a/29HL2(R1+m)

=C < .
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This enables us to prove the square integrability for the second term in (3.15):

fp - (dd;(s)/ds)ds C
p ey XQ(;@} y)‘ < WXQ(;W}(?M

e Xa; el € LARIT™).

2,/
Near the positive singularity we use the identity
) P do(s) N
Uj(p):/ (;S ds—|—fuj(\/—ej)
—&;
to study the conditions of the square integrability of the term

8 (V) + 7= (dij(s) /ds) ds

p*+e;

Xore; ). (3.16)
As we did for the situation at the negative singularity, we prove the square integrability
of the second term in (3.16) using the bound on the derivative involved in it. Hence

(dv;(s)/ds)ds

p2+ej

-

XareiW)| < Xaplei ()]

¢
P+ v=¢;l
c 1 2/l
<o0—F—7— ; € L*(RM™),
2\/76]_75x95+|90](y)| (R™)
Thus it remains to derive the conditions under which the first term in (3.15) and the first
term in (3.16) are square integrable. Estimating the square of the L?(R'*™) norm of

0i(—v=¢) 1 0;(V=¢)

1
s Xz %) + e, Xare; (W)

we easily arrive at
/-Feﬂ'“ o 1=y /Fef” 1B/
pP——=2 P 3
—V—€—4 (p* + e])Q V—ej—6 (p? + ej)z
which can be bounded below by
|9 (—v=¢))? /5 ds |9;(v=¢;)I? /5 ds
(2(/=e; +6)% J_s s> (2y/=¢; +0)% J_5 s
This bound implies that the necessary and sufficient conditions for the existence of
uy (z,y) € L*(R"™) solving (3.11) are
0(v/=e;) =0,  05(=y/—¢;) =0,

which by means of the definition of the functions v;(x) is equivalent to

b

< (), S )) 0, 1<k 1 N_1
g\r,y), ®i\y =Y, < Sm'y g.jg - L.
v 27‘( J LZ(R1+777,) I
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After establishing the solvability conditions for (3.11) when the situation is one dimen-
sional in the first variable we turn our attention to the cases of dimensions 2 and higher.

Lemma 3.7. Let the assumptions of Theorem 1.5 hold. Equation (3.11) then possesses
a solution u; (z,y) € L*(R"*™), n > 2, m € N, if and only if
eipx

g(aj7y)’(pk(y)) :O7 a.e.peS"‘,_ .} 1<k<ma 1<]<N_1
( (27T)1/2n / L2(Rn+m) € 7

Proof. It is convenient to represent a solution of (3.11) as the sum of the singular
and regular parts:

- 0 (P)Xxas 1 b (P)xas
“(p,y) = =20 ——— 0. (y), 3.17
a; (p,y) Pt es wi(y) + Ry =) (3.17)
where the spherical layer in Fourier space As := {p € R" : \/—e; — § < |p| < /—¢; +d},
its complement in R™ is A§. The characteristic functions of these sets are xa, and xas,
respectively, and 0 < § < y/—e;. Clearly, for the second term on the right-hand side of
(3.17) we have the upper bound

0j(p)XAg<p}(y)‘ _ ()] 0 ()]
prte | a/—e

such that, via (3.13),

L @R [ 10k dy = 1ol < lolsgnem <.

Hence the first term on the right-hand side of (3.17) will play a crucial role in establishing
the solvability conditions for (3.11). We will make use of the formula

ol 9.
) = [ 5 shw)dlsl+ o5/,
V=ej
to get the estimate for

JEL_(00;/01s))(Is], w) dls| + ;(y/=5,w)

p +6j

X595 (y)-

Let us derive the upper bound for the derivative of the Fourier transform involved in it
using (3.13) along with the Schwarz inequality, « > 6 for n =2 and o > n+ 2 for n > 3
such that g(z,y) € L2 :

09, 1

S . d

‘8Ipl (2m)1/2n /R |vj ()] =] dz
1/2n/ dz [z] / lg(z, 2)2 d=

2
o7 L VI [ ot
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1 |z 5
< (or 1/2n\//nd 1—|—|x|“\//ndx (1+ x|« )/Rm| (z,2)|2dz

e \/ / dled 5720 e 181 oy + 1121720 B
=C < .
Therefore,
S @05 /0l (sl w)dls] c
‘ P e XA(;SOj(y)’ < N
and it remains to estimate from below the square of the L? norm of the term

0i(V=ejw)

p*+e;

XA;l05(y)| € LAR™™)

XAs (pjl (y)

Thus

[ [ BTl

269

Vet dlp| [p|"~* )
> / dw [0;(y/—€5,w)|?

v=g-s (1Pl = v=€)?(2y/=¢j +6)* Jsn

(\/—78] )" 1/ 2/5 ds
/ (2\/7_’_6 dw"U] 6]’ )| _s 827

which yields the necessary and sufficient conditions of solvability of (3.11) in L?(R"*™),
n > 2: namely 9;(y/=€;,w) = 0 a.e. on the sphere S7/—-. Using the definition of the

functions v;(z), we easily arrive at

e'® k n .
— = .e. < k< ; <7< — 1.
<g(.’1), y)7 (271_)1/2/”80] (y))LQ(R"+m) 07 a.e. p S S\/_iejy 1 B k B m]7 1 SRS N 1

O

Having established the orthogonality conditions in the lemmas above, which guarantee
the existence of square-integrable solutions for our equations, we conclude the proof of

Theorem 1.5.

Proof of Theorem 1.5. We construct the solution of (1.4) as

N-1

U= uyq +ug + g u;,
j=1

where the existence of uy € L%(R"™™) is guaranteed by Lemma 3.1, the existence of ug €
L?(R™*™) is guaranteed by Lemmas 3.2-3.5, and the existence of {u N e LR

is guaranteed by Lemmas 3.6 and 3.7.
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Suppose that (1.4) admits two solutions uy,us € L?(R"™™). Their difference w :=
ug — uz € L2(R™™) then solves the homogeneous problem with separation of variables

which admits two types of solution: the first ones are of the form ()% (y), 1 < k < mu,

with (z) harmonic; the second ones are of the form

elpz

k
W%‘ (y)
with p € S"fej, 1 <j<N-1,1< k < my. In both cases, they belong to the
space L?(R™*™) only if they vanish. O
Appendix A

Fact 1. Let f(x) € L*(R3) and |z|f(x) € L'(R3). Then f(z) € L*(R3).

Proof. The norm || f| 11 (gs) is estimated from above by means of the Schwarz inequal-
ity as

47
\// f(x)lzdx\// d$+/ el 1f (@)l dz < I fllz2@eyy/ 5+l fllrge) < co.
lz|<1 lz|<1 |z|>1

O
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