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ON THE ASYMPTOTIC NORMALITY OF PERSISTENT BETTI NUMBERS

JOHANNES KREBS ““* KU Eichstdtt-Ingolstadt
WOLFGANG POLONIK,** University of California at Davis

Abstract

Persistent Betti numbers are a major tool in persistent homology, a subfield of topo-
logical data analysis. Many tools in persistent homology rely on the properties of
persistent Betti numbers considered as a two-dimensional stochastic process (r, s) >
n= V2B (K(n1/4 X)) — BBy (K(n'/4 2,))]). So far, pointwise limit theorems have
been established in various settings. In particular, the pointwise asymptotic normality
of (persistent) Betti numbers has been established for stationary Poisson processes and
binomial processes with constant intensity function in the so-called critical (or thermo-
dynamic) regime; see Yogeshwaran et al. (Prob. Theory Relat. Fields 167, 2017) and
Hiraoka et al. (Ann. Appl. Prob. 28, 2018).

In this contribution, we derive a strong stabilization property (in the spirit of Penrose and
Yukich, Ann. Appl. Prob. 11, 2001) of persistent Betti numbers, and we generalize the
existing results on their asymptotic normality to the multivariate case and to a broader
class of underlying Poisson and binomial processes. Most importantly, we show that
multivariate asymptotic normality holds for all pairs (r, s), 0 <r < s < 00, and that it is
not affected by percolation effects in the underlying random geometric graph.
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1. Introduction

In this manuscript we address an important question in topological data analysis (TDA),
namely, the study of the weak convergence of persistent Betti numbers

(12 (g e ) — Bl g ke ) 1 <i <), v

where 0<g<d—1and 0<r;<s;j<oo for 1 <i<? (£ €N) and where &), is either an
n-binomial process with a bounded density « defined on the unit cube [0, 1]¢ or the
corresponding Poisson process with intensity function nk for n € N.

So far, there exist results on the pointwise asymptotic normality of Betti numbers (i.e.,
£=1) in the case of a homogeneous Poisson process or a binomial process with a constant
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2 J. KREBS AND W. POLONIK

density; see Yogeshwaran et al. [42]. In the case of a homogeneous Poisson process this result
was extended to persistent Betti numbers by Hiraoka et al. [16].

Based on the pioneering central limit theorem of Penrose and Yukich [32] for stabilizing
functionals on the homogeneous Poisson process, Trinh [37] extends the central limit theorem
to strongly stabilizing functionals in the case of an underlying inhomogeneous Poisson process.
We will apply the abstract result of Trinh to persistent Betti functions (see below). For this we
establish the strong stabilization property of the persistent Betti function, and this is one of our
main contributions.

The theory of random geometric complexes is growing rapidly. For pioneering contributions
see Kahle [17], Yogeshwaran and Adler [41], or Owada and Adler [27]. We refer the reader to
Bobrowski and Kahle [5] for a survey.

Recent contributions in the context of Betti numbers are those of Kahle and Meckes [18],
Owada [26], Goel et al. [15], Divol and Polonik [10] and Owada and Thomas [28].

TDA is a comparatively young field that has emerged from several contributions in algebraic
topology and computational geometry. Milestone contributions which helped to popularize
TDA in its early days were made by Edelsbrunner et al. [11], Zomorodian and Carlsson
[44], and Carlsson [7]. Given a point cloud sampled from a distribution with density f on
a d-dimensional manifold, TDA encompasses various techniques aimed at understanding the
topology of the manifold and of the density f. TDA methods have been successfully imple-
mented in applied sciences such as biology ([40]), materials science ([21]), and chemistry
([24]). From the mathematical statistician’s point of view, a topic of particular interest is the
application of TDA to time series; see, e.g., the pioneering works of Seversky ef al. [35] and
Umeda [38], as well as the contributions of Gidea et al. to the analysis of financial time series
([12-14)).

Our contribution falls within the area of persistent homology, which is one of the major tools
in TDA. We can give only a short introduction to this topic here; a more detailed introduction
offering insights into the basic concepts, ideas, and applications of persistent homology can be
found in Chazal and Michel [9], Oudot [25], and Wasserman [39].

Given a point cloud in R (a sample of a point process), one first builds simplicial complexes
over this point cloud according to a rule that describes the neighborhood relation between
points. The two most frequently used simplicial complex models are the Vietoris—Rips com-
plex and the Cech complex, defined below. The topological properties of simplicial complexes
considered as geometric structures are characterized by the number of g-dimensional holes
they contain—most notably connected components, loops, and cavities (zero-, one- and two-
dimensional features). These holes are theoretically defined via a tool from algebraic topology,
known as homology. The gth homology of a simplicial complex is determined by a quotient
space. Its dimension is the so-called gth Betti number. Intuitively, the gth Betti number counts
the number of g-dimensional holes in the simplicial complex.

For a given simplicial complex model, a filtration is an increasing collection of simplicial
complexes indexed by a one-dimensional parameter, the so-called filtration parameter, which
can be understood as time. Given a filtration on a finite time interval, we can consider the
evolution of the gth homology groups, i.e., the dynamic behavior of the Betti numbers. As the
underlying simple point process (e.g., a Poisson process on a Euclidean space) is random, these
Betti numbers are also random; we are thus considering a stochastic process.

From the applied point of view, the mere knowledge of the evolution of the Betti numbers is
often not enough, especially when considering objects obtained from persistence diagrams,
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such as persistent landscapes. In this context the more general concept of persistent Betti
numbers is the appropriate tool, and this is the object studied here.

The remainder of this manuscript is organized as follows. In Section 2 we introduce our
notation. The main results are presented in Section 3, where we state the property of strong
stabilization and present two central limit theorems for persistent Betti numbers. Section 4
offers a short review of important related results in the literature that are also used in our study.
The framework of stabilization is treated in detail in Section 5, which also contains further
results on the stabilizing properties of persistent Betti numbers. The technical details are given
in Section 6 and in Appendix A.

2. Notation

Given a finite subset P of the Euclidean space R4, the Cech filtration C(P) = (C-(P) : r > 0)
and the Vietoris—Rips filtration R(P) = (R ,(P) : r > 0) are defined by

C(P) = {a P, () Bx, ) # @},

XEO

R (P)={o C P, diam (o) <r},

respectively, where B(x, r) ={y € R : |lx — y|| <r}, || - || is the Euclidean norm, and diam is
the diameter of a subset of R¥. Each ¢ C P of size q + 1 is a g-simplex, and for each r > 0, the
collections of simplices C,(P) and R,(P), respectively, form simplicial complexes. Throughout
this article, IC,(P) denotes either the Cech or the Vietoris—Rips complex built from P for some
r> 0. The Cech or the Vietoris—Rips filtration /JC(P) is the nested sequence of complexes /C,-(P)
as r goes from 0 to +oo.

Consider a filtration (P) and a time r > 0. The chain group generated by the g-dimensional
simplices at time r is C,(/C,(P)). Write Z,(KC,(P)) for the gth cycle group of the simplicial
complex K,(P) and B, (KC,(P)) for the gth boundary group, and let H,(XC,(P)) be the homology
of the simplicial complex K,(P) with respect to to the base field F; = {0, 1}. A g-simplex o is
positive in the filtration IC(P) if, at its filtration time (o) (the time it enters the complex), its
inclusion in the simplicial complex KC,(s)— creates a g-dimensional cycle. Here K,(,)— is the
simplicial complex K () without the complexes containing o (as a simplex or as a face). If the
g-simplex o is not positive, then we call it negative.

Let 0 < g <d — 1. Then the (r, s)-persistent Betti number of a simplicial complex K(P) (see
[11]) is defined by

Zy(Kr(P))
Zy(Kr(P)) N By(Ks(P))

By (K(P) = dim
= dim Z,(K,(P)) — dim Z,(K,(P)) N B,(Ky(P)).

The Betti number ,B(Z(IC(P)) is defined as ﬁg" (KX(P)), r=>=0; in particular, ,Bg(IC(P)) =
dim Z,(IC,(P)) — dim B, (K, (P)).

The persistent Betti number B7*(K(P)) is closely related to the persistence diagram of the
underlying point cloud P; see [16] for further details. It equals the number of g-dimensional
topological features (points in the gth persistence diagram) born before time r and still alive at
time s (see Figure 1). Persistent Betti numbers are translation-invariant, i.e., ﬂ;"Y(IC(P +v)) =
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FIGURE 1. The persistent Betti number ﬁ;’X(IC(P)) equals the number of points in the gray-shaded
rectangle; the point on the dashed red line is not counted, whereas the point on the solid red line is.

,BC;’S(IC(P)) for each v € R¥. The add-one cost function

Do (K(P)) = By (K(PU{0}) — B (K(P))

is an important tool in our analysis.

We let P and P’ be two independent and homogeneous Poisson processes on R? with unit
intensity, observed on increasing observation windows B, =[ — 2-1xl/d 2=1,1/d1d - Given
a function w > 0, we denote by P(w) the (inhomogeneous) Poisson process with intensity
function w.

We also use the following notation: A ={(r,s):0<r <s < oo} denotes the domain
of the persistent Betti function. We let Q(x, r)={y e R : lvi—xi| <rforl<i<d} and
0(x)=(—1/2,1/2]¢ + x for x e R? and r > 0. For y, z € Z4, we write y < z if y precedes z in
the lexicographic ordering on Z¢, and we write y < z if either y < zor y=z. If f: R - R, we
write ||f||co for the sup-norm of f. We let = denote convergence in distribution of a sequence
of random variables. Throughout the article, we let (€2, F, IP) be a sufficiently rich probability
space, on which all random variables are defined.

3. Main results

We now present the first main result, discussed in detail later in Section 5.

Theorem 1. Let A > 0, (r, s) € A, and g € {0, ..., d — 1}. There is an F-measurable random
variable Sf;’s) = Sér’s)(P()L)) which is almost surely (a.s.) finite, such that for all finite sets

A C R\ B(0, SE;"Y)), the add-one cost function satisfies
Dofy* (K((PG)NBO, $7)) UA)) = Dofy* (K(PRINBO, S§)) s

Thus, the persistent Betti function is strongly stabilizing on the homogeneous Poisson pro-
cess P(1), in the spirit of Penrose and Yukich [32], for each intensity A € R, each pair
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(r,s) € A, and each dimension g. The proof of Theorem 1 relies on an abstract stabiliza-
tion result stated in Theorem 4; see Section 5. The proofs of both theorems are given in
Subsection 6.1.

By the property of strong stabilization, there are random variables A(r)’s(oo) taking values in
Z and Ny taking values in N such that, for all n > Ny,

By (P N Bw)) — By (KPP \ QO U [P N QO0)]) N By)) = Ay (00);

see Lemma 3. Let Fo be the o-field generated by P restricted to (Jyeza.y<o Q0)-
Define y((u, v), (r, $)) =E [E [Ag"(00)| Fo] E [Ag°(00)|Fp]]. The asymptotic normality in
the Poisson sampling scheme can be derived directly from the the strong stabilization stated in
Theorem 3 and the abstract result of Trinh [37] via the Cramér—Wold device, as follows.

Theorem 2. Let P, = P(nk) be a Poisson process with intensity nk on [0, 119, where K is
a bounded and measurable density function. Let X ~ k and let (ri, s;) € A for 1 <i<{ and
£ eN. Then

n= 2 (BRI (A Py)) — E [B) (K 4P,))])
: =V,
n=12 (B (K9P — E [ By (K(n9Py))])

where ¥ ~ N (0, ¥) has a multivariate normal distribution with mean zero and covariance
matrix £ >0 given by

20, ) =E[y (00 (i, 50, (5] (=i j= o).
Furthermore,
Jim ™! Cov (B (K P, KM P)) =20 (=i 0.
Moreover, for 0 < r < s < 00, define
a(r, 5):=E[ Do} (K(P N BO, 57)) | @)

where SE{’S) =

is as follows.

SS;’S)(P) is as in Theorem 1. Then for the binomial sampling scheme the result

Theorem 3. Let X,, be an n-binomial process with density function k on [0, 119, which is
bounded and measurable. Let X ~ k and let (r;, s;) € A for | <i<{and { € N. Then

n=V2 (Bg N (K(n9X,) — E [ By (K(n'/9X,))])
: =,
w2 (B R — B[ B (K Xa)])

where U ~ N O, fl) has a multivariate normal distribution with mean zero and covariance
matrix ¥ >0 given by

20,1 =By (0", 50, (o7, 50|

— B[00, 5) | B[00, 50| (1 =ij <0,
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Furthermore,
Jlim 1™ Cov (B (K@%, BV K%)= S6.))  (1=ij=0).

We conclude this section with some discussion of the results and the techniques used in the
proofs of these theorems, which are given in Subsections 6.2 and 6.3. The univariate central
limit theorems for Betti numbers (» = s) have already been formulated by Trinh [37] (see also
Proposition 2 in this manuscript) under the condition that the parameter r is chosen to be such
that no percolation occurs. Here, as we can rely on the strong stabilization property, we can
omit this restriction.

For the derivation of the multivariate results in the Poisson sampling scheme, we can rely
on the abstract result of Trinh [37, Theorem 3.3] and derive the covariance structure with the
help of results from Penrose and Yukich [32]. Multivariate central limit theorems in the spatial
context are also studied by Penrose [30]. The results in the binomial setting are established
using Trinh [37, Theorem 3.9], which itself relies on a de-Poissonization argument.

Finally, we mention that it is currently unknown whether or not the limiting covariance
matrices are strictly positive definite.

4. Related results

Below we discuss some literature closely related to our study. The techniques employed to
obtain these results are tools from geometric probability, which studies geometric quantities
deduced from simple point processes. A classical result of Steele [36] shows the convergence
of the total length of the minimum spanning tree built from an independent and identically
distributed (i.i.d.) sample of n points in the unit cube. There are several generalizations of
this work; for notable contributions see McGivney and Yukich [22], Yukich [43], Penrose and
Yukich [33], and the monograph of Penrose [29].

A different type of contribution, equally important, is that of Penrose and Yukich [32],
which considers asymptotic normality of functionals built on Poisson and binomial processes.
For completeness, we mention that the study of Gaussian limits (as in [32, 33]) is not limited
to the total mass functional. It can be extended to random point measures obtained from the
points of a marked point process; see, e.g., [3, 4, 31].

Goel et al. [15] prove a convergence result for the expectation of Betti numbers in the critical
regime. Their result generalizes directly to persistent Betti numbers, giving us the following
well-known result.

Proposition 1. Let 0 < r <s < 00. Let &, be either a Poisson process with intensity nk on
[0, 11 or an n-binomial process with density k. Then

nli)ngo ”_IE[ﬂ;’S(K(nl/an)):l = ]E[ZA)q(r/c(X’)l/d, SK(X’)I/d)],

where X' has density « and where i)q(r, s) is the limit of n_lE[ﬂ;’s(lC((nl/dX;‘;))] for a
homogeneous Poisson process X on [0, 114 with intensity n.

So far, normality results for (persistent) Betti numbers exist only in a pointwise sense and
are rather direct consequences of Theorems 2.1 and 3.1 from [32]. We quote them here in a
way that is more in line with our framework. For this we need the notion of the interval of
co-existence I;(P) of a Poisson process P with unit intensity on R, This is determined by the
critical radii for percolation of the occupied and the vacant component, respectively, which are
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defined as follows:
re(P) := inf{r : P(C,(P) percolates) > 0}
and
ri(P):= sup{r: P(R? \ C.(P) percolates) > 0}.
Both probabilities inside the infimum and supremum are either O or 1 by Kolmogorov’s 0-1
law. The quantity r.(P) is called the critical radius for percolation of the occupied component,
and r(P) is called the critical radius for percolation of the vacant component. The interval

of co-existence, on which unbounded components of both the (Boolean) model C,(P) and its
complement co-exist, is defined as follows:

(re, vl if P(C,.(P) percolates) =0,
1,(P) =

[re, rF]  otherwise.
We know that in two dimensions, I>(P) = @ from [23, Theorem 4.4 and 4.5]. Moreover, from
[34, Theorem 1], we know that 1;(P) # @ for each d > 3. Thus we have the following results.

Proposition 2. (Pointwise normality of (persistent) Betti numbers.)

() (Hiraoka et al. [16, Theorem 5.2].) Let P ,1/aja be the restriction of P to [0, nt/dd,
and let 0 <r <s < oc. Then there is a 02(r, s) € Ry such that

a2 (ﬂgﬁs(/C(Pl[o,nl/d]d)) — E[ﬂ(;»s(lC(P“O,nl/d]d))]) @y

where ®| has a normal distribution with mean zero and variance Uz(r, s) >0.

(ii) (Yogeshwaran et al. [42, Theorem 4.7].) Let K be the Cech filtration, and let 0 < r < 00
be such that r ¢ 1;(P). For each n € N, let X,, be an n-binomial process with a uniform
density on [0, 119. Then there is a 0 < t2(r) < o2(r, r) (with szrom (i)) such that

w12 (B %,)) — E| K x,)]) = @2,

where ® has a normal distribution with mean zero and variance t(r) > 0.

(iii) (Trinh [37, Theorem 4.1].) Let k be a bounded density function with compact support,
and let K be the Cech filtration. Let 0 < g <d — 1. Let r € (0, (sup )~ /% r,). Then

w2 (K P — B[ 800 4P ) = s,

where ®3 has a normal distribution with mean zero and variance 52> 0; here 52 =
f a2k ()Y, )i (x)dx with szrom (i). A similar statement is true for the binomial
process.

First, we remark that the above statements in their original versions are also valid for more
general domains B, € R¢ which are not necessarily rectangular. Furthermore, we remark that
Hiraoka et al. [16] prove their theorem for a general class of filtrations which contains, among
others, the Cech and the Vietoris—Rips filtration. Moreover, Theorem 4.7 of Yogeshwaran et
al. [42] also contains a version of (ii) for Betti numbers of the homogeneous Poisson process,
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which, in the above list, is contained in the result (i). The result of Trinh [37] is already for
Betti numbers from a general density function «, but the parameter choice for  depends on r.
Moreover, Trinh [37] points out that in the case d = 2 there are no restrictions on the choice
of r as Ir(P) is empty; this can be shown with a duality property. Finally, regarding (iii),
Yogeshwaran et al. [42] remark that the condition r ¢ I;(P) is likely to be superfluous; as
already mentioned, we show that this condition can indeed be removed.

5. Background on strong stabilization

In our analysis of the multivariate asymptotic normality of persistent Betti numbers, stabi-
lization properties are crucial. Kesten and Lee [19] introduced stabilization to prove asymptotic
normality for the weight of the Euclidean minimal spanning tree. The concept was extended
by Penrose and Yukich [32, 33] to treat general functionals defined on Poisson and binomial
point processes; it goes as follows. Consider a functional H which is defined on finite subsets
of R, and define its add-one cost function as

DoH(H) = H(H U {0}) — H(H)

for % C R finite. The functional H is strongly stabilizing on the homogeneous Poisson process
with intensity A € (0, co0) on R4, denoted by P(1), if there exist a.s. finite random variables S
and Do H such that for all finite A C R4 \ B(0, S),

DoH(P(L) N B, S)) UA) =DooH  as.

Recall that, for n € N, the sets B, =[ —n!/? /2, nl/d /2]d denote observation windows, and
let A be the collection {B,, + x:x € R ne N}. The functional H is weakly stabilizing on A
(for P())) if there is an a.s. finite random variable ®’,H such that, for any such sequence
(A, : n € N) from the collection A with lim,,_, o A, = R4,

DoH(P(M)NA,) = D'soH as.asn— oo.

Recall that the set-theoretic limit lim,,_, oo A;, = R is equivalent to lim,,, » 14, (x) = 1 for all
x € R?. The stabilization of a functional defined on subsets of a point process roughly means
that a local change in the point process (e.g., the addition or subtraction of finitely many points)
affects the value of the functional only locally. This latter phenomenon can be described in
terms of various notions. We consider two radii of stabilization for the persistent Betti function
B g"‘. Their functionality is related to the classical weak and strong stabilization properties given
above. Properties of these radii are addressed in detail below.

Consider a point process P on R without accumulation points, and let Q be finite with cir-
cumcenter zg € RY and circumradius Lg. Thus, Q € B(zg, Lg) for Ly > 0 minimal. For short,
write IC, o = KK(PN B(zg, a)) and X', , = K((PU Q) N B(zg, a)) for a, r > 0. In the follow-
ing, the reference case is that Q C Q(0), so that zp € Q(0) and Ly < Vd /2. (Recall that Q(0) is
defined in Section 2.)

Radius of weak stabilization: Define the radius of weak stabilization of (r, s) by

pfl”s)(P, Q) :=inf{R > 0: dim Zy(K', o) — dim Z,(K,,) = const. Va > R and
dim Z,(K' 1. o) N By(K's,0) — dim Z,(KC,- o) N B4(Ky,4) = const. Ya > R},

(r,s) . (r,s)
p (P, Q)~—0§r;1§a;<_lpq (P, O). (3)
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One can use similar ideas as in the proof of Lemma 5.3 in Hiraoka ef al. [16] to show that if
P a.s. has no accumulation points and if Q is finite, then PP, Q) is a.s. finite; we do this in
Lemma 5 in the appendix. A similar result was also obtained by Hiraoka et al. [16] for the add-
one cost function of persistent Betti numbers. Our definition of the radius of weak stabilization
implies that forall 0 <r <sand forallg € {0, ...,d — 1},

ﬂ;’S<IC((P U Q)N B(zg, R))) - ﬂ;’S(IC(P N B(zo, R))> — const.

as a function in R, for R > ,oér’s)(P, 0).

Radius of strong stabilization: Let > 0 be an arbitrary but fixed filtration parameter. Let w(r)
be an upper bound on the diameter of simplices in the filtration at time r. For the Vietoris—
Rips filtration, u(r) equals r. For the Cech filtration w(r)=2r is a sharp bound. We choose
a > a*(r) = Lg + u(r) sufficiently large so that all simplices containing at least one point of Q
have a filtration time of at most a*(r); recall that Ly denotes the circumradius of Q.

Given P and Q, let aq”l., i=1,...,mgy be the g-simplices in K'r.a \ Kr.q contained in the
ball B(zg, a) that are created up to filtration time r by the addition of the points in Q to the
point process P. Without loss of generality, we may assume the simplices are already ordered
according to their filtration times; simplices with the same filtration time are ordered at random.

The number R that limits the knowledge of a point process P’ to the ball B(z, R) is referred to
as the information horizon (with respect to z); i.e., we observe only the process P’ N B(z, R) =
P'|p(,r) and the corresponding simplicial complexes restricted to P'|p( r), i.¢., the complexes
K (P|Be,R) ¥ = 0.

Let 9, denote the gth boundary map. For i=1, ..., my, define the following quantities
depending on the filtration parameter » > 0:

C(;i(a) =Cy(Kra)® (crqr’l, L GJJ-) and Z;l-(a) =ker (9;: C(;l-(a) — B;_l,i(a)),

where B;_l (@)= aq(Cq’J(a)) - Cq’_1 ;(a) is the image of ;. First, we define
PI(P, Q) :=inf {R > a*(r) | foreach o] ;i€ (1,...,mg):

either [Elc € Z;’i(R) : U(L

; 1s contained in c:l

or [ conditional on (P U Q)|B(zy,Rr)
[Va >R,Vce Z;i(a) : oqr’l- is not contained in ¢ ] is true ] ] 4

This definition means the following. Consider an information horizon R > Eq’(P, 0); i.e., we
observe all points from the point process (P U Q) N B(zp, R). Then, if we include the g-simplex
qu’ ; in the simplicial complex, we already have the information either that aq” ; creates a new
g-cycle or that it does not, even when we are additionally including points from an infinite
information horizon. In other words, given (P U Q) N B(zg, R), the event of which simplices
o, ; are ultimately positive is decidable (i.e. computable or recursive). By a simplex being
‘ultimately positive’ we mean that if the information horizon is large enough, then we see that
the simplex is part of a cycle. Similarly, a simplex staying negative means that it never becomes
part of a cycle, even if the information horizon is infinite.
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Thus, the event of which simplices oqrj are ultimately positive being decidable means that
having observed P U Q up to the information horizon R, i.e., (PU Q) N B(zg, R), where R is
‘large enough’ (R> p r(P Q)) we know that each potential cycle in C, (ICr(P(A)| B(zg.R)) @
(o Oy 1o g, - contamlng cr ; has already terminated, meaning that o/ ; is positive, or that
qu,i will stay negative.

In order to state whether the persistent Betti number for a given pair (r, s) and a given
dimension ¢ has stabilized, we need to know whether a new cycle in Z,(K',, 5(1»-) is also a

g-dimensional feature, i.e., is not eventually a boundary in B,(K's o) NZ,(K', ) for some

a> 5(1’
For this purpose apart from the additional g-simplices o METRRE o, mg> We write
N,;+1 TR q+1’,71q+1 for the additional (¢ + 1)-simplices in K's 4 \ Ky, 4 for a > a*(s).

We can repeat the considerations from above for the (g + 1) dimensional simplices and a
ﬁltratlon parameter equal to s. Then by definition, after time p* I+ (P, Q), we know for each
o, ol 1.; Whether it is positive or it is negative for all a > p (P, O).
Consequently, the radius of strong stabilization for the pair (r, s) € A is as follows:

S (P, Q) =max{B, (P, Q), By, (P, Q)). (5)

At this stage there is a major difference between the Cech complex and the Vietoris—Rips com-
plex if ¢ =d — 1. For the Cech filtration, there are no g-dimensional cycles in d-dimensional
Euclidean space for g > d. Thus, for the Cech filtration, S(r S)(P 0)= max{ _ (P, 0), a*(s)}.
For the Vietoris—Rips filtration, however, there can be g- d1rnens10nal cycles for every possible
dimension g; see Bobrowski and Kahle [5]. In particular, S(r A)(P 0) > max{pdr_l (P, Q), a*(s)}
can occur.

In the following, if Q = {0}, we simply write p"-*(P), 5. (P) or S(r Y)(P) for convenience.
Next, we show in Theorem 4 that the radius p, Py "(P, Q) is a.s. ﬁn1te for each g>0andreRy if
P equals a homogeneous Poisson process modulo a finite set of points and Q € R is ﬁnite In
particular, this implies the strong stabilization property of the persistent Betti number q 5, in
the sense that SE; ) from (5) is finite, which in turn leads to Theorem 1.

Theorem 4. For a Poisson process with constant intensity A € Ry and two finite (disjoint)
sets Q1, Q2 € Q(0), the radius ﬁq’(P(k) U Q1, Q) is a.s. finite for each q and each r > 0. In

particular, the radius of strong stabilization S(qr’s) is finite for each q and each (r, s) € A.

We apply arguments from continuum percolation theory to prove this theorem. These argu-
ments are also used to prove uniqueness of the occupied and vacant component in the Boolean
model; see, e.g., Aizenman et al. [1, 2] and Burton and Keane [6], as well as the monograph of
Meester and Roy [23].

Furthermore, we have the following relation between the two radii.

Lemma 1. We have p{"*(P, Q) < ST (P, Q) for each pair (r, s) € A, g€ {0, ..., d —1}.

Thus, weak stabilization measured in terms of ,oq ) is always implied by strong stabilization

measured in terms of S(r ) The proof of this lemma is given in Subsection 6.1.

Moreover, our results are not limited to this static case, in which we consider only one
Poisson process and the persistent Betti number for one pair (7, 5): we show in Theorem 5 that
Borel probability measures induced by the radius of strong (and of weak) stabilization are tight
over a variety of parameter ranges.
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The theorem is divided into three parts. Part (1) concerns uniform stabilization over a variety
of homogeneous Poisson processes. These stabilization properties then enable us to derive the
results in Parts (2) and (3), where we consider stabilization for the binomial and the Poisson
sampling schemes, respectively. The proof of Theorem 5 is deferred to Appendix 7.

Theorem 5. (Uniform  stabilization) For meN, let Qu,=1{{1,...,y}:yi<0(0),
i=1,...,k k<m} be the class of sets with at most m points in Q(0). Let +o0o>7>r>0
and m € N be arbitrary but fixed. Then we have the following:

(1) Stabilization for the homogeneous Poisson case: The laws of

{oy(POWUQ1, Q) :r<r<7,AeRy,01,0,€9u,¢=0,...,d—1}
are tight for each m € N.

(2) Stabilization in the Poisson sampling scheme: Let v be a probability density on [0, 1]%.
For neN and L>0, set B, ={z€ RY: B(z, L) C [0, nl/d]d}. Consider a specific
continuous density « on [0, 174
Let ¢ >0. Then there are b>0, ngeN, and LeRy such that, uniformly in
q=0,...,d—1andrelr7l],

sup  sup sup P(5, (' “P(n)U Q1. Q)= L) <&

n>ngp ZGBZL 01,02€z+Q,

for all densities v on [0, 11¢ satisfying |v — k ||lso < b.

For each neN, let V,,, W, be Poisson processes on [0, n that are independent of
n'"P(nv), and whose intensity functions on R are uniformly bounded in n. Then for
each € > 0, there are b > 0, ng € N, and L > 0 such that, uniformly in ¢ =0, ...,d — 1
andr € [r, 7],

1/d)d

sup  sup  P(B; (P UV, N Q@) W NQ@)=L) <e

nzno  zeB)

for all densities v on [0, 11¢ satisfying |v — « ||so < b.

(3) Stabilization in the binomial sampling scheme: Let X, be an n-binomial process on
[0, 11¢ obtained from an i.i.d. sequence (Xi :k e N) with common density k. Let X'
be a random variable independent of (Xy : k € N), and with continuous density k on
[0, 119, Write Qm.n for the point process nt/4(X,, —X) for meJ, =[n— h(n), n+
h(n)], where the function h satisfies h(n) — oo and h(n)/n — 0 as n — oo. Then the
family {,’5(;(Qm,n, {Oh:neN,meJ,, r<r<r,q=0,...,d— 1} is tight.

Furthermore, with A= {(r, s) € A:wy <r<s<wy}, where wy > w1 > 0 are arbitrary, all
these results remain valid if ,'5[1’ , r <r<T,isreplaced by p(([’s), (r,s) e A.
6. Technical results

This section consists of three parts. In the first part we derive the stabilization results. In the
second part we prove the asymptotic normality of the finite-dimensional distributions in the
case of underlying Poisson processes. In the third part we prove the same limit result in the
case of an underlying sequence of binomial processes.
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The next result is crucial for the upcoming proofs. It is a direct consequence of Lemma 2.11
in Hiraoka ef al. [16]. This so-called geometric lemma enables us to obtain upper bounds on
moments.

Lemma 2. (Corollary of [16, Lemma 2.11]) Let X C Y be two finite point sets of RY. Then

g+l
IB(;S(K(Y)) _ ,BSV(]C(X))‘ < Z |K:j(Y, S) \ ’Cj(X, S)l

J=q

6.1. Stabilization

We start with the proof of the fundamental Theorem 4, the last step of which uses
Proposition 3. While this proposition is stated immediately after the proof of Theorem 4, it
is of course helpful to first read the proposition before passing to the last step of the proof.

Subsequently, we derive Theorem 1 and Lemma 1. The proof of Theorem 5 is deferred to
Appendix A.

Proof of theorem 4.1f ¢ =0, p is clearly finite. So we can assume that g > 0, and we have
to study chains that prevent Hq’(P(k) U Q1, @) from being finite. We can consider P = P(1)
because we consider a general positive 7. Moreover, we can assume that the circumcenter zp,
of 0 coincides with the origin. We write a*(r) = Lg, + () with Ly, being the circumradius
of 0>. (Here, u(r) =r for the Vietoris—Rips filtration and w(r) = 2r for the Cech filtration.)
Clearly, as Q1, Q> are finite, ﬁq’ is finite if the random geometric graph G(P, w(r)) does not
percolate. If G(P, u(r)) percolates, ,?)'q’ is infinite if and only if for each finite information
horizon R e R, R > a*(r) 4+ u(r), there is a simplex o, € K.((P U Q1 U Q2)|po,r)) Which
intersects the additional points Q> and which is negative until R, but we cannot exclude the
possibility that it might ultimately become positive. Formally, this means there is a chain

T ZZO’i, (6)

where 0; € |,y IC-((P U Q1)1B(0,n)) are g-simplices, such that the boundary of the restriction
of 7 to IC.((P U Q1)|p(0,r)) consists of two disjoint (¢ — 1)-cycles which are not boundaries.
More precisely, set

r:= Tlpo.k) = Y 0il{oi € K(PUQDIso.r))} - (7)

Then, for each R > a*(r) + u(r), we have dtg = e; + ez, g, where
er, e g € Zy 1(K((PUQDIBO,R))) \ Bg—1 (K ((PUODIBO,R)))
such that e; g € B(0, R) \ B(0, R — 2u(r)) (8)
and e; C B(0, Ry) for a certain Ry € R ;

here the set inclusions for ey r (resp. e;) are to be understood as the usual inclusions between
subsets of Euclidean space. The cycle e; becomes a boundary of 7|p@,r) when we include
the additional points of Oy, i.e., e; = Zj vj, where the v; are (¢ — 1)-simplices in K, (P U
01 U O)IB0,a*(+u(ry)) and er € B4 1(K,(P U Q1 U 02)1B0,a*(r)+u()))- Consequently, es g
becomes a boundary in this case as well, i.e., e2 g € B,—1(KC,((P U Q1 U 02)Ip(0,r)))- See also
Figure 2 for an illustration in the special case of such a one-dimensional chain.
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FIGURE 2. Illustration of a chain t consisting of one-dimensional simplices (red, green) from Poisson
points (black, blue, and green dots) and an additional point (black diamond) which is located inside
0(0). The 1-simplices between Poisson points are red; the 1-simplices between a Poisson point and the
additional point are green. The layers depict two spheres of B(z, R) and B(z, R — 2uu(r)); e corresponds
to the two blue dots (to which the two green 1-simplices are attached), e g to the green dots shown
between the two layers.

The existence of a T as above is equivalent to ,’5[1’ being infinite. We show in the remainder
of the proof that for a homogeneous Poisson process modulo a finite point process such chains
cannot occur. More precisely, we show that the cycle es g cannot exist for all R > a*(r) + w(r).
For this purpose, we can assume that Q1 = ¢, because the question of whether such cycles
e g exist for all R > a*(r) + u(r) is an asymptotic property of the Poisson process (this also
follows from details given below). Moreover, it suffices to study the case where Q> consists of
a single point, and by translation-invariance we can assume that this point is the origin, viz.,
0> ={0}.

In the remainder of the proof, we study chains which generalize the chain 7 given in (6)
and show using a Burton—Keane argument that the existence of such chains contradicts the
properties of the stationary Poisson process. To this end, we proceed in four steps. We introduce
general maximal chains in the first step. In the second step, we show that the number of these
maximal chains is a.s. constant. In the third and fourth steps, we prove that the number of these
maximal chains is a.s. zero.

Step I—maximal chains. We begin with g-chains 7 of the form t =} ; o;, where the sim-
plices o; are in UneN IC-(PlBo,n)) for all i, and there are y € R4 (“a shift of the origin’) and
Ry € R such that the following property (P) holds:

(P) For all R > Ry and with

Ty R = Z oil{oi € Kx(Play.r)} -

1
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we have that 9ty g = e1 + ez g, Where

e1 €2y (K (Plewy,r)) \ Bg—1(K:(PlBy,R))
bute; € qul (KA((PU {y})lB(v,a*(r)+/L(r)))) ©))

and

ez, r S B(y, )\ B(y, R — 2(r))
and ez g € Z; 1 (Kr(Plawy,r)) \ Bg—10C(PlBy,R))- (10)

So, loosely speaking, 7y g is a shifted analogue of Tz from (7). We call a chain 1 satisfying
(P) a chain of type (P).

Now, we might have two chains t and 7’ of type (P) that have the same local cycle, i.e., their
cycles eg, €1 (as characterized by (9)) are homologous (meaning they differ by a boundary
only). In this case we say that T and 7’ are equivalent and write T ~ 7’; we can then consider
the chain T* which consists of the union of the simplices of 7 and 7.

This leads to the following notion of maximality: consider an arbitrary but fixed chain 7 of
type (P) with local cycle e;. Then take the union over all chains 7’ of type (P) equivalent to t
and call the resulting chain the maximal chain 7y,x. Formally, given t with corresponding e,

the maximal chain is
rmax:Zo, where [= U U{a}.

/oy /
o€l it ~1 cer

Plainly, if T and 7’ are equivalent, then Tpax = T'max.
Step 2—ergodicity and invariance of maximal chains. We show that the number of maximal
chains, which we denote by M(P), is a.s. constant. More precisely, we show that

M(P)=m a.s., for some m € NU {0, +o00}.

To this end, consider the standard decomposition of the stationary Poisson process P into a
countable sum of independent Poisson processes restricted to the cubes Q;, viz.,

P= ZP|Q1=Z{ Z 7>|Q(M/)}. (11)
274 nez * ezd-l
Next, for m € NU {0, +00}, define the events

Ap = {w € Q| M(P(w)) = m).

Consider the shift operator T acting on the first coordinate only. Applying 7T to a set P € R?
gives T(P)={y+ (1,0, ..., 0)|y € P}. Define the ‘kth translation of A,,” by

T A ={w e Q| M(T*P(w)) =m}, keZ.

Then M(P)= M(T(P)), and consequently T(A,,) =A,, for each m, i.e., A, is an invariant
event. A standard argument relying on the decomposition (11) into i.i.d. random variables now
yields that P(A,,) € {0, 1} for each m. We refer to the book of Klenke [20, Example 20.26] for
a formal proof.
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Step 3—insertion-tolerance, M(P) ¢ N a.s. Assume that M(P)=m with probability
1 for some m e N. Define the generic ‘annulus’ (with respect to the maximum norm)
Ars=[—1,119\ (=5, ) fors <t.

We rely on the following decomposition of P: we fix n € N large enough—see the para-
graph below (12) for details. Denote the restriction of P to Q(0, n) =[ — n, n}4 by Py and its
restriction to RY \ [ — n, n]¢ by P,. Then P and P, are independent. Assume P is defined
on the generic probability space (22°, 4°, P°) and 77}: is defined on (QT, At ]P’T). Next, for
n e Nand ¢ € (0, u(r)), consider the event

D, .= {for each Tyax: (Tiaxla, +M(r),n) contains a cycle ¢ inside A4y (r)—e,n With

¢ € Zy 1K Plo0ur+utrn) \ By-1 (Ko (Ploounsrn) | (12)

(Here fmax|A,1+H(,)‘n is the restriction of Ty t0 Ay pu(r),n-) We choose n € N sufficiently large so
that D, o occurs with positive probability n > 0. Next, define the event

Ene={0eQ |38°cQ°:(@°, 0')eD,.).

Note that D, ., and thus also E, ., is decreasing in ¢, and clearly P*(En)o) >0 as well.
Moreover, E, o\ E, ¢ | N for a Pfnull set N as & J 0; hence, we can fix some &¢* >0
sufficiently small so that P (Enex) > 0.

For the technical details underlying the remaining arguments in Step 3, which follow, we
refer to the proof of Theorem 5(1). First, partition A, ,—s with subcubes (C;);cs of edge length
é for § < u(r)(1 — l/ﬁ)/\/c_l. We can assume that n/§ € N. Let G, denote the event that
each C; contains at least 4 points of P,. Then P°(G,) > 0, and by construction, E, .+ and G,
are independent. Consequently, P° ® IF’T(E,,,E* NGy = IP°(E,,,8*)IP’T(G,1) > 0. However, if both
E, ¢+ and G, occur, there are no maximal chains because each potential feature associated to
SOme Tpqy already terminates in A, ,—s. This is because the points of the Poisson process are
sufficiently dense inside A, ,—s. Hence we arrive at a contradiction, and thus M(P) ¢ N a.s.

Step 4—the Burton—Keane argument, M(P) # 400 a.s. We begin with general consid-
erations for the volume-boundary argument applied to cycles. The d-dimensional Lebesgue
measure of Asya s is 27((s + A) — s9) =29 As?1 + o(s971) if s — oo and if A is bounded
above by a constant.

Moreover, from the definition of the Cech and Vietoris—Rips filtrations over a point cloud,
we have the following: for each (¢ — 1)-cycle ¢ that is contained in the complex corresponding
to the filtration parameter r and that is not a boundary (i.e., a non-trivial cycle), there exists a
convex set 7, intersecting the convex hull of @ such that on the one hand 7, NP =@ and on
the other hand the d-dimensional volume of .7, is positive and bounded away from zero, i.e.,
V(J;) = 8, for some 8, > 0 depending on the filtration type but not on the cycle e. Hence, the
total number of such cycles that are not boundaries but are located in Ag4a 5 is of order

24 A1 o(sd_l)

= 0(s47! 13
VD ) (13)

for s — 0o and A bounded above.

The remainder of this step follows ideas very similar to those in the proof of Theorem 4.6 in
Meester and Roy [23], where it is shown that the number of vacant components in the standard
Boolean model is a.s. not equal to oco. To facilitate the comparison, we adopt similar notation.
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Also, the remainder of this step crucially relies on Proposition 3 below, which considers the
existence of what we call encounter chains (see Proposition 3 for their definition).

It follows from Proposition 3 that (under the assumption of infinitely many maximal chains)
the event E,, (detailed in the proposition) has positive probability of at least > 0, say, for all
m € N sufficiently large. We assume that P(E,,;,) > n for all m sufficiently large and show that
this leads to a contradiction. We can translate E,, by a vector 2mz for z € 74 and call this event
E2"2 Then for each L € N

E 1 Eimz occurs and Q(2mz, m) C Q(0, Lm)
ZZ: { } (14)

>n-#{ze 2% Q(2mz, m) C 00, Lm)} = n(L — 1)?.

Let R be the set of the following encounter configurations in Q(0,Lm): an encounter configu-
ration r lies in R if and only if Q(2mz, m) € Q(0, Lm) such that r = T*|g2mz,m) is an encounter
configuration for some encounter chain 7*. Then E [#R] > n(L — .

We consider the branch b= b(rl) for each r € R and i € {1, 2, 3}. The boundary 9/ inter-
sected with Ay,,4 (), Lm consists of (g — 1)-cycles e; that are not boundaries themselves. We
can assume that each e; is minimal in the sense that we cannot decompose the chain e; into
two or more disjoint (¢ — 1)-cycles. We define U, as the set that contains all these minimal
(¢ — D-cycles. Furthermore, set U=, 5 UL, U, @; this is the union of all minimal
(g — 1)-cycles that are not boundaries and that are éontained in Apmtpu(r).Lm- Hence, for
a suitable ¢ € Ry, we have cL%~! > #Y by (13). Furthermore, for r € % and i € {1, 2, 3},
define

¢V ={reR:r SH UB0

as a set of chains. Then clearly #@9 >#0 » > 1 =: KR, and the following relation holds for

B
each r, ¥ € %R: either [r U, @5')] N [r/ U Uj Q(’,)] = (3, or there are i, j which satisfy
r

¢ 2pulJ e and e 2 rpul e
2 et
Define & := RU U,z U?=1 ¢! Then the assumptions of Lemma 3.2 in Meester and Roy

[23] are satisfied. Consequently, #S > K({#R + 2) + #R. Since #G = #R + #7, it follows that
#0 > #R + 2. We therefore arrive at the following inequalities:

e~ > E[#20] > B [#01{R £ 0}] > E [#9R + 21(R £ )]
=E[#R+21{R £0)] = L — 1)y

for all L € N. This leads to a contradiction if L is sufficiently large. Therefore, = 0 and M(P)
equals oo with probability 0. This completes the fourth step.

All in all, this contradicts the initial assumption that with positive probability the chain t
from (6) exists and satisfies (P). Consequently, ,Bq’ is a.s. finite. O

To state and prove the upcoming proposition, we rely once more on a suitable decompo-
sition of the homogeneous Poisson process P with unit intensity. Fix n € N. We choose a
Poisson process 73; on R4\ [—n, n]? which is defined on the probability space (QF, AT, P").
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We also choose a complementary Poisson process Py on Q(0, n) =[—n, n] which is defined
on (2°, A°, P°). Obviously, 77;[ and Py are independent.

Proposition 3. (Encounters of maximal chains) For m € N, let E,, denote the event given in
the next paragraph. If the numbers of maximal chains is infinite (as is assumed in Step 4 of the
proof of Theorem 4), we have that lim inf,,_, o P(E,;) > 0.

Define n=m — 2[u(r)] and decompose P into P? and ’P}: as above. Set

E, = { (@°, ") € Q° x QT | PI(w") admits disjoint chains bV, b, b3 which fulfil the

following conditions:

(a) there is an @° € Q° such that each bY) can be completed to a maximal chain with
elements of P2(@°) and P (o");
(1i) and eg)

(b) each 3(b® |4,.,) decomposes into a disjoint union of e that are (q — 1)-cycles

but not boundaries in the complex generated by P,j(w*), and e(li) CAnu—ens

(c) there exist a chain r in the complex generated by the elements of P;(w°) and a chain ¢
in Ant pu(r).n—u(r) generated by the elements of P3(0°) U Pl (w") such that T := r+c +

3 3
Z b satisfies 3(t|g.m) = Z eg) }
i=1 i=1

If E,, occurs, we call Q(0,m) an encounter box, Q(0,n) a central box, r an encounter
configuration, ¢ an intermediate configuration, bV, b® b3 branches, and t an encounter
chain.

Moreover, we can translate E,, over the vector y =2mz (y € Z¢) and denote this event by
Ey,. If Ey, occurs, then Q(y, m) is an encounter box and Q(y, n) a central box.

Proof. We assume the existence of infinitely many maximal chains with probability one,
and then we build an event H,, which is contained in E,,. First let F;, be the event that there
are (at least) three disjoint maximal chains M @ ) with corresponding e(ll), 8(12)’ e(13) (as
in (9)) which are all located inside Q(0,n), n = m — 2] u(r)]. (If there are more than three such
maximal chains, we choose three of them at random.) Then lim inf,,_, oc P(F,;,) =1 > 0 by
monotone convergence.

Now, fix m € N such that F,, has positive probability. If (@°, w') e F,,, we define the
three disjoint branches b = ® |R‘1\Q(0,n)’ 1 <i < 3. Then, for all ¢ > 0 sufficiently small, the
event

G =1{(@°, @) € Fyy | Vi: 3(b”|a,,,,) =fi +f> such that fi and > are cycles
but not boundaries with respect to /C.(P|o,mn\0,n)) and f1 € At pu(—e.n }

has positive probability, too.

Now let H,, consist of all (w°, w') € Q° x QT such that on the one hand, for this very o',
there is an @° € Q° with (@°, w') € G, (for short, ‘@’ enjoys the property P;’) and on the
other hand there are the following chains: a chain r, constructed from the elements of Py (w°),
and a chain ¢, constructed from the elements of [P, (w°) U 73; (a)T)] N Ap.n with the property
that the chain Tt =r+c+ Z?zl b satisfies 9(tlg©,R)) € AR.R—pu(r) for all R > m (for short,
‘the pair (w°, ") enjoys the property P5’).
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FIGURE 3. Illustration of encounters of maximal chains in two dimensions (in a reduced set-up and not
true to scale). The left panel depicts several encounters inside boxes Q(y, m) (for certain y € Z9). The
(blue) central boxes are located inside the (black) encounter boxes, which are part of the (black) lattice
which partitions the plane. Each (green) encounter configuration merges three branches (red and partly in
green and orange) through the corresponding (orange) intermediate configuration. The right panel shows
a specific central box Q(y, n) (blue). Here a suitable configuration (violet) inside the central box converts
the corresponding branches to maximal chains.
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Then H,, can be formulated in an abstract way as
Hy = {(°, wT) € Q° x Q': w' has P; and (0°, 0') has Py}

We show that H,, has positive probability. Since G,, has positive probability, we have on
the one hand

P'({o": 0’ has Pi}) > P° ® P'(G,y) > 0
and on the other hand

P(H,,) = / Lo has Py JP°({0° : (@°, ") has Po}) P(dw").
ot

Consequently, it remains to show that P°({w° : (@°, ") has P;}) > 0 for almost all " which
have P;.

To this end, we choose an w’ which has P;. Conditionally on ' and relying on classical
results for triangulations, there is a finite set P inside Q(0,n) (with all elements in general
position) such that r, ¢, and t exist as laid out, and all simplices involved in the chain r have
a filtration time of at most w(r)/2. This implies that we can move the vertices of a specific
g-simplex o in /C,(P) by at most u(r)/(4(q + 1)) and still have a filtration time of o of at most
3u(r)/4.

Moreover, as P U 73): (CUT)|Q(O,n+u(r)) is finite, there is a § > 0 such that all vertices of P
can be moved by at least § > 0 without adding (resp. removing) another simplex to (resp.
in) the complex /C.(PU P,;r (a)T)|Q(o,n+M(r))). Note that the probability that the elements of
P; | 0(0.n-+1u(r)) do not entail a sharp filtration time of exactly 1(r) is 1, which is what we implic-
itly assume in the choice of w'. (This effect of local constancy is also studied by Chazal and
Divol [8, Lemma 13] for filtration functions generated by (random) point clouds.)
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Thus, for this specific § > 0, the probability of the following event is positive: there is a
realization of P; which has #P elements and for each p € P there is an element of P, in the
8-neighborhood of p.

This proves that P°({w° : (@°, ") has P>}) > 0 for almost all ' which have P;. Thus,
H,, occurs with positive probability and we arrive at P(E,,) > P(H,,) > 0. This completes the
proof. O

Proof of theorem 1.Letq € {0, ..., d— 1} be fixed. For simplicity, we write P = P(A) and
S=5"". (Recall that S is defined in (5).) S is a.s. finite by Theorem 4. By the definition of
ﬁq’ and ﬁq“ 1» the following two functionals do not change when changing the configuration

outside B(0,S):
Z,(KA(PU{O}JUA B,(K(PU{0}UA
A dim 228 PIOVIA) 44 s dim B PO O} )), (15)
Z4(K, (P UA)) B, (Ks(P UA))
where A C R? \ B(0, S) is finite.
In order to conclude the case for the persistent Betti function 8/°, we show that
Z,(K,(PU{0}UA B,(K;(PU{OJUA
A dim (P U{0} UA)) + By(KCs(P U{0} UA)) (16)

Z4(Kr(P UA)) + By(Ks(P UA)) ’

ACRY \ B(0, S) finite, is constant, too. This implies the case for the persistent Betti function
by making use of the dimension formula (dim (U 4+ V) +dim (UNV)=dim U + dim V for
two finite-dimensional linear spaces U, V) in conjunction with (15).

On the one hand, assume that the map in (16) increases when going from a set A to another
set A outside B(0,S). Then there is a g-chain ¢* which is not 0 modulo Z,(/C,(P U {0} U A3))
and not 0 modulo B,()Cs(P U {0} UA»)), but is 0 modulo Z,(K,(PUA3)) or 0 modulo
B, (KCs(P U A»)). This contradicts the conclusion for the mappings in (15).

On the other hand, assume that the map decreases, when going from a set A; to A,. This
time there is a g-chain ¢* which is 0 modulo Z,(/C,(P U {0} U A2)) or 0 modulo B, (K (P U
{0} UA»)), but not 0 modulo Z,(KC,(P U Az)) and not 0 modulo B,(K;(P U A»)). This is again
a contradiction.

Consequently, the persistent Betti number ﬂ;’s does not change with the configuration
outside B(0,S). U

Proof of Lemma 1. Clearly, if the right-hand side is infinite, there is nothing to prove. So
assume that it is finite. Define Ky , = KCo(P N B(zg, a)) and K, = ICs((P U Q) N B(zg, a)). We
show

dim Z,(K';,,) — dim Z,(KC,. ;) = const. and dim B, (K’ ;) — dim B,(/Cs,,) = const.

for all a > Sf{’s)(P, Q). By definition of ,?)'qr (P, Q), this is true for differences involving the
cycle groups Z,(K',4) and Z,(K, ) and a > ,Bq’ (P, Q). Moreover, again by the definition of
SE,”)(P, Q), the difference dim B,K's, , — dim B, K, is constant for all a > SE,”)(P, 0).

Using the dimension formula dim (U + V)+dim(UNV)=dimU+dimV, it only
remains to consider the difference dim (Z,(K' ;o) + By(K's,4)) — dim (Z,(KC,. o) + B4 (Ks,4)).

First, assume that this difference increases at an a > SE[’S)(P, Q). So, there is a g-chain
¢ such that ¢* #0 mod By(K'y ) and ¢* %0 mod Z,(K', ,—) but ¢* =0 mod B (Ks 4-)
or ¢* =0 mod Z,(K,,—). This is a contradiction. Second, if the difference decreases at
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an a > Sﬁ,r’s) (P, Q), there is again a g-chain ¢* such that ¢* #0 mod By(Ks—) and c* #
0 mod Z, (K, 4—) but ¢* =0 mod By(K's4—) or ¢*=0 mod Z,(K'; ,—). Again, this is a
contradiction. O

6.2. Asymptotic normality for the Poisson process

Recall that P and P’ denote independent Poisson processes with unit intensity on R and
B,=[—2""nl/2 2=1x1/d)4 For z € Z4, set P"(z) = (P \ Q(z)) U (P’ N Q(z)), and let

AL (By) = By (K(P N By) — By (K(P"(2) N By)).

Lemma 3. For each (r,s) € A and each z € 7%, there are random variables A7¥(00) and
No = No(z, (r, 5)) € N such that A7*(B,) = A7*(00) a.s. for all n > Ny.

Proof. Let z € 74 and (r, s) € A be arbitrary but fixed. We utilize Lemma 3.1 in [32] to
obtain a random variable A’-*(co) such that

nli)ngo AZ*(B,) = A”*(00) with probability 1.

The existence of Ny follows from the fact that Betti numbers and consequently the A7*(B,)
are integer-valued. (]

Proposition 4. For any two pairs (r, s), (u, v) € A,
y((u, v), (r, ) =E [E[A5"(c0)| Fo] E[Ag"(00)F0]]
= lim n~' Cov (,3;;”(/@(73 NB.), By (K(P N Bn))> .
Proof. Let (r, s) and (u, v) be arbitrary but fixed. Define the two functionals
= By (C(-)) and by = B (K ),
First, observe that
2n~" Cov (h1(P N By), ha(P N By))
=n""! Var[h1 (P NB,) + ha(P N B,)] (17)
—n~! Var [ (P N B,)] —n~! Var [ha(P N By

In the following we prove the convergence of each of the three terms on the right-hand side to
an appropriate limit as n — oo.

Using the established strong stabilization (Theorem 1), we obtain the convergence of each
term in question from [32, Theorem 3.1] once the Poisson bounded moments condition is
satisfied, i.e., for i € {1, 2}

sup E [|h,»([7> NAJU{0}) — hi(P ﬁA)|4] <00,
AeB:0eA

where B={B, +x:x¢€ R n> 1}. The validity of the Poisson bounded moment condition
follows immediately from the geometric lemma. We skip the details and refer to [42] (proof of
Lemma 4.1) instead.
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Thus, using Theorem 3.1 of [32],

Tim 0! Var [y (P N B)] = [E [A7 o)l R ]

Tlim ™ Var [2(P N B =E [E [Ag’v(oo)l}'o]z] .

Moreover, using the additivity of the add-one cost, the functional s + A enjoys the strong
stabilization just as 71 and hy. Hence, applying Theorem 3.1 of [32] once more, we get

lim_n™" Var [ (PN B,) + ha(P N B, =E [E [Af*(00) + AF (00 Fo |
n—o0
Consequently, by (17),
lim 21" Cov (1 (P N B,), ha(P N By)) = 2E [E [ Al (00)| Fo] E [AL" (00)| Fo]]
n—od

and the claim follows. t

Proof of theorem 2. We show the multivariate asymptotic normality by considering
finite linear combinations of persistent Betti numbers. For aj,...,a; €R and neN, let
HnYP,) =" aiBh " (K(n'/4P,)). We will verify that

n~' Var [H(nl/dPn)] —o?

(18)
and n_1/2(H(n1/d73n) - E[H(nl/dPn)]) = N(0, 0%) as n — oo,

where 62 = f[o 13 T2(k(x)) dx; here 32(A) is the corresponding limiting variance if the Poisson
point process n'/4P,, in the functional H is replaced by a homogeneous Poisson process P ()
(with intensity )) restricted to B,,. Now, we have
2\ = lim n~! Var [H(P()|5,)]
n—oo

4
=Y aig; lim n”'Cov[B(K(P(Wp,). B (K(P(L)p, )]

ij=1

L
. _ 1/d,.. y1/d.
=x§ aiaj lim (An) 'Covig) "M S IUC(P(D]1/ap,).
ij=1

ol
Tjs b

Alvd /d.
By Y(K(P(MD)1/ap,))]

¢
=1 > aapy WM, 50, 1M, ),
ij=1

where the last equality follows from from Proposition 4, and where y is the limiting covariance
function of an underlying homogeneous Poisson process with unit intensity on R¢. Hence,

¢
o= Z a;a; / ] y(K(x)l/d(ri, i), K(x)l/d(rj, s7)) K (x) dx. (19)

Py [0.1]

Consequently, once the statements in (18) are verified, the proof is complete.
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By Theorem 3.3 of [37], the statements in (18) hold if, apart from the strong stabiliza-
tion (Theorem 1), the following two moment conditions are satisfied for cubes of the type
W =z410, a) CR? with z € R?, a € R, and for each pair (r, s) with r < s

(1) the Poisson bounded moments condition: for some p > 2

sup sup sup E [[Dofy " (K" Pl =y | < o0;
n yeRd yeW: cube

(2) the locally bounded moments condition: for each cube W as above, there is a p > 2 such
that

sup sup E [ |} (C0n" Pyl w))l” | < oo.
n yE]Rd

Both conditions (1) and (2) are immediate consequences of the geometric lemma
(Lemma 2). Indeed, to see (1), observe that the geometric lemma gives

g+1
D08y (K" “Pylw =y <Y Ki( 4 Pulw) U Iy}, )\ Ki( /9 Prlw). 5)

J=q
<2[n"¥P, N By, p(s))4.

This last upper bound is stochastically dominated by |P(|lk[loc) N B(0, (s))|4+!, which does
not depend on 7, y, or W, and the moment E [|P(|[« [|o0) N B(O, 1(s))[P4™1] is finite for each
p.q=0.

Regarding (2), we have again by Lemma 2 and the translation-invariance that
,3;"' (K@n'/p, ly+w)) is stochastically dominated by 2|P(]|« lloo) w1912, which does not depend
on y or n. Moreover, for each cube W the moment E [IP(||K||OO)|W|”(‘7+2)] is finite for all
P, q > 0. This completes the proof. O

6.3. Asymptotic normality for the binomial process

For each neN, let (Uy,: meN) be a sequence of binomial processes such that
Unn=1n, ..., Ymy) foriid. sequences (Y; ,: i € N) with common marginal density «.

Proof of theorem 3. Let £ €N, ay,...,a; € R. We apply the abstract Theorem 3.9 in
Trinh [37] to the functional H(n'/?X,) = Zf: L aiBy(KK(n'/9X,,)). Since we established the
Poisson bounded moments condition and the locally bounded moments condition in the proof
of Theorem 2, and since the gth persistent Betti number obtained from a finite set is polynomi-
ally bounded in the cardinality of this set, it is enough to verify for the add-one cost function
that

sip sup 1800 U ) — By K0 U )] < 00
neN me[n(1—n),n(14+n)]
for some 1 > 0. This can be verified using the geometric lemma (Lemma 2), similarly to
Lemma 4.1 in Yogeshwaran et al. [42]; we omit the details.
Hence the conditions of Theorem 3.9 in Trinh [37] are satisfied, and

Var [H(n'/9X,)] 5 Hn'"X,) — E [H(n'X,)]
—_— T

9 :>N0725
" NG ©,79)
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_ 2
where 72 is given by the following relation: 72> = o2 — ( Joa E [Alk(x)] k(x) dx) for o2
given in (19) and

¢ -
E[AG)] =Y arE [ lim Doy (K(PO)Ia,)]

|
M- 1

ai B[ DoBy (PG N BO, S5 0))]
A

&~

Ay 3 1/d
q

4 E[Dop a

PN BO, S¢S 1y |

Il
-

¢
> a4, ).
i=1

Thus, for a random variable X distributed with density «, we have

4
=) aa { E [ 7600 011, 500, €00 17, 0
ij=1
—E |03, 50| B e (005, 5)] }
This completes the proof. O

Appendix A
First we give the proof of Theorem 5.

Proof of theorem 5. Recall that p(r) is an upper bound on the diameter of a simplex with
filtration time at most » > 0. Note that the statements for the radius of strong stabilization ﬁq’ s
together with the relation

PP, Q) <SP, Q) foreach (r,s)€ A, g€ 0,....d—1}

from Lemma 1, allow us to conclude the results for the radius of weak stabilization. So it
remains to prove the statement for the strong stabilization property. We proceed for each g
separately; clearly this is no restriction.

In the following, if Qy, Q», r, and q are fixed, we just write p(x) for ﬁq’(P(K) UQi, Q) if
the Poisson process P(«) has intensity «.

In the remainder of the proof, we assume without loss of generality that the Poisson process
P(k) on R? is coupled to a homogeneous Poisson process P on R¢*T! with intensity 1 via a
space—time coupling as follows:

P)={x|Ft:0<t<k), (x,1) € P} (20)

Proof of (1): Letr,e >0and g€ {0, ..., d — 1} be arbitrary but fixed. We first consider the
case of adding exactly one additional point to the Poisson process, so Q1 =@ and Q, = {0}.
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We show that there is an L > 0 such that P(5(1) > L) < 2¢ for each A € R,.. The generalization
then works along the same lines.

We rely on the following ideas: if the intensity A is sufficiently small, there are no points of
the Poisson process in the neighborhood of the additional point O with high probability; hence,
adding 0 does not create a new cycle. Moreover, if the intensity A is sufficiently large, then an
annulus around the origin is covered by the points of the Poisson process with high probability;
hence the impact of adding O is only local. Finally, we rely on the space—time coupling for the
intermediate intensities.

First, there is a k € R such that

P(P(A) N B, u(r)| =0)> 1 — & forall A <k.

This means that with high probability and for all g > 1, we have, for all A below this threshold,
that including {0} does not create an additional g-simplex. Hence, if A < k, then P(5(1) > L) <
e for L> u(r).

Also, there is an intensity x such that with high probability all changes in the add-one cost
function which are caused by including the origin are limited to a deterministic neighborhood;
we carry out the argument simultaneously for the Cech and Vietoris—Rips complexes. Indeed,
let 8 < u(r)(1 — 1/+/2)/+/d be sufficiently small so that 4..(r)/8 € N, and consider a partition
of A= Apuis.auir = [ — 200(r) — 8, 20u(r) + 81\ (= 20(r). 21(m)? with subeubes (Cp)ies
of edge length §. We study U = ﬂiel{#(P(k) N C;) > d} (‘each subcube contains at least d
Poisson points’). Then, there is a ¥ € Ry depending on r and § such that

PU) = ]_[ PHPAM)NC)>d)>1—¢forall A > k.

iel

Define Lo := (2u(r) + 8)~/d. We show {5(1) < Lo} 2 U, which in turn implies P(5(1) > L) < ¢
for L>Lpif A > k.

Assume U. Let oq’ Do cr(;’mq be the g-simplices which contain the origin. Clearly these

simplices are all contained in [ — wu(r), M(r)]d. In particular, they do not intersect A, which
itself is homeomorphic to a (d — 1)-cycle.

Plainly, we can triangulate A with (d — 1)-simplices with filtration time at most 28+/d <
u(r). Indeed, consider two adjacent cubes Ci, C, each containing a (d — 1)-simplex, say
o1 ={x0,...,%4-1}, 020 ="{y0, .. ., ya—1}. (Here adjacent means that the closures of the cubes
have nonempty intersection.) Then we can connect o1 and oy with the (d — 1)-simplices
{x0, ..., Xi—1, Vi ---»va—1} (1 <i<d—1), and each of these simplices has a filtration time
of at most 28+/d.

Moreover, let o ={xp, ..., xx—1} be a (k— 1)-simplex in A2 ()4u(r/2,20()—u@r)/2 for a
generic k € N. Then there is a (k — 1)-simplex o* = {yo, . .., Yk—1 } in A such that the Euclidean
distance between any two elements of o and o* is at most \/ (()/2)?* 4+ (u(r)/2)* +
Vds, which in turn is at most u(r). Consequently, all k-simplices of the type
{x0, ..., Xi, Vi, ..., yk—1} have a filtration time at most p(r).

This shows that, conditional on i/, any cycle in A2+ u(r)/2,21()—u(r)/2 1S €quivalent to
a cycle in Az, (r)+s,2u() and thus is a boundary as well. Hence, o(L) <Lg in this case. In
particular, we have P(6(A) > L) <eforall A >k and all L> Ly = VdQ2r +9).

It remains to check intensities A € [k, k]. Assume there is an ¢ > 0 such that

limsup sup P(p(A) > L) > 2e.
L—oo Aelk.K]
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Then we can find sequences (L), and (A,), such that L, — oo and A, — A* € [, k] with
the property that P(o(A,) > L,) > ¢ for all n € N. However, there is an L* € Ry such that
P(p(A*) > L*) < ¢/4 as p is a.s. finite by Theorem 4. Also, from the coupling of the Poisson
processes (20), and because P(1) is a simple point process, there are random 8, § > 0 (depend-
ing on the choice of L*) such that P(1) does not contain any points in B(0, L* + u(r)) x [A* —
8, A* 48], viz.,

8= (A" —inf{A < A5 PQYBO, L* + u(r) x [A, A*]) =0})/2

and § = (sup{A > A*:P(A)(B(O0, L* + u(r)) x [A*, A]) =0} — A*)/2. This means, for all A €
[A* =8, A* +6],

PMIBO.L+ 1)) = PONBO.L*+10(7) = POIBO.L* 4+ 120 -

Note that {A* — A > 8"} N {A —A* > 8"} D (P(B(O, L* + u(r)) x [A* —28', A* +258']) = 0} for
8’ > 0. Consequently, there is an 8’ € R, such that the event {A* — A > 8} N {L — A* > §'}
has probability at least 1 — ¢/4. Consequently, for all n large enough so that L, > L* and
|An — A*| <&, we have

P(5(hn) > Lp) <P(B(An) > Ly, D) <L, 1 =1 > 8", 2 — 1" > &)
+P(p(A*) > L*) + P({A* —A <8 YU L — A" <¢8'}) <¢/2,

because {p(An) > L, p(A*) <L*, A* — 1> 8, A — A* > §'} = . This contradicts the fact that
P(o(An) > L) > ¢ for all n € N. Thus, the laws of {5(P(A), {0})): A € R, } are tight.

A similar argument shows also that the laws of {5(P(L)U Q1, 02), A € Ry, Q1, Q2 € Q)
are tight. At this point, it is essential that we have a uniform upper bound on the parameter
a*(r), as follows:

a*(r) = Lo, + n(r) < vVd + (@) (21)

for each r <7 and each Q> C Q(0). So, instead of computing the radius of strong stabilization
by taking the infimum in (4) over all {R:R > a*(r)}, we can first take the infimum over the
smaller set {R:R > +/d + u(7)}, which does not depend on Q» and r, in order to obtain a mod-
ified radius of strong stabilization, which is not smaller than the original one in (4). Verifying
the claim for this modified radius then implies the claim for the original radius. For the rest of
the proof of (1) we argue with this modified radius, which we also denote by ﬁq’ , abusing the
notation slightly.

We now sketch the remaining steps. Using the same techniques, we easily see that there are
upper and lower bounds k and ik such that intensities A ¢ [k, k] have only a local effect, in the
same sense as in the special case for {0}; i.e., for each ¢ > O there are «, k¥ and an L > 0 such
that

sup sup P(p(P(AM)UQ1, 02)>L)<e.
01,.02€Qm  Mlk.k]

For intensities A € [k, k], we can repeat the argument from the special case treated above.
Indeed, assume the contrary, namely,

lim sup sup sup P(p(P(AM)UQq, Qo) > L) > 2,
L—o00 01,02€Q,  A€lk k]

https://doi.org/10.1017/apr.2024.61 Published online by Cambridge University Press


https://doi.org/10.1017/apr.2024.61

26 J. KREBS AND W. POLONIK

for some & > 0. Then there are sequences (Qn.1)n, (On.2)n, (An)n, (Ly)n With the properties
On,1 — OF, On,2 —> Q5 (considered as vectors whose entries are elements in [—271, 27119
for two admissible elements Q7F, Q5 € Qy,, as well as A, — A* € [k, k] and L, — oco. These
sequences satisfy

P(0(P(Ap) U On.1, On2) > Ly) > € for all n.

Now we can argue as before in the special case to obtain a contradiction. We arrive at the
following result: for all ¢ > 0, m € N, and r € R, there is an L > 0 such that

max sup sup  P(p,(P(WUQ1, Q2) > L) <e.
q€l0,....d=1}  AeR,  0,,0,€Qn

So far, we have been considering a fixed r <7. We now prove the general statement given
in (1). To this end, we rely once more on (21) and the induced modification of ﬁq’ . Then, for
r <7and a € R} arbitrary but fixed,

B(3;"(POIV Q1. Q) > L) =B(F (' PR Ua ' 01 e Q) > a”'L)
22)
- P('Eqr(P(“dM Ua™'01,a7'02) > a7 '),

using the scale-invariance for the first equation and L "P(L) = L(P(a’r)) for the second
equation. Consequently, for all @, «, € € R arbitrary but fixed, with ¢ <@, thereis an L € R
such that

sup  sup sup  P(p, " (P(MUQ1, @2) > L) <e. (23)
acla,a]  AeRy  01,02€Qn

This completes the considerations of Part (1).
Proof of (2): We use a suitable space—time coupling of Poisson processes. Let r € Ry and
q€{0,...,d— 1} be arbitrary but fixed. Write p for Hq’. Note that the law of n!/4P(nv) equals

the law of P(v( - /n!/?)).
First we show that for all € > 0, there exist a b > 0 and an L > 0 such that

sup sup P(B(P((-/nYuQy, Q) >L)<e

/!
neN z€B nl

for all densities v satisfying ||[v — k|00 < b, and for all Q;, Qs € z+ Q, where me N is
arbitrary but fixed.

From Part (1) of the theorem, for each ¢ > 0 there is an L > 0 such that, for the homogeneous
Poisson process P(u(z/nl/d)), we have that

P(B(P(v(z/n' /N UQI, Q) > L) <e

uniformly in z € [0, nl/ d]d , 01, 02 € 2+ Qum, and n € N, and for all densities v. Moreover, with
K > 0, define the set

A, ={ve B K| 3te [o(=7) av(o) (o) Vo ()]

and (x, z)eP}.
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By assumption, the function « is uniformly continuous with a certain modulus of continuity
w(-). Hence, |k (x1) — k(x2)| < w(§) whenever ||x; —x2]| <8 and w(§) — 0as § — 0. Let v be
a density satisfying ||v — k' ||coc < b. Then

HD(Av,n(Ky 7) # ?)

§P<3xeB(z, K) ‘ 3t e [K(nl%) /\K(#) —b, K(ﬁ) VK(an) +b]
and (x, t)eP)

< P(Ex €B@z K): e [0, (K /n') + Zb] and (x, 1) € 73), 24)

where the last inequality uses the stationarity of P. Clearly, given a value for K, there are
b > 0 and ng € N such that (24) is small uniformly in z € B}, g, v in a b-neighborhood of «, and
n=np.

We now come to the conclusion. Let ¢ > 0 be arbitrary but fixed. We apply the result from
Part (1) and choose L* € R, such that P(o(P(A) U Q1, Q2) > L*) < &/2 is satisfied uniformly
inxeRy, 01,0 €2+, and z € RY.

Next, let K* = L* 4+ 2u(r). Choose b > 0 and ng € N such that P(A, ,(K*, 2) #0) <¢&/2
for all n > ny, for all z € B", k=, and for all v such that ||[v — k||sc < b. Since by assumption
z € B, g, this implies

{FPwC iy uor, 0> K,
25)
FPW@E/n ) U0y, 02) < L, Ay u(K*, ) =11} =1,

Consequently,
P(EP(- /n ') U1, 02) > K*)
<P(B(P(v(- /YU 01, 00) > K¥, (26)

BPW(z/n ") U0y, 02) <L*, Ay u(K*, 2) =) + & =¢,

for all z € B, =, for n > ny, and for all v such that sup |[v — x| < b.

The generalization to an entire parameter range for the filtration parameter now follows
from the result in (23) (note that A = sup « is an admissible choice in this equation) and by
using a similar ansatz as in the derivation of (26). So, for each ¢ >0, @ > o > 0, there are
LeR4, b>0, and ng € N such that foreach0<g<d—1

sup  sup  sup  P(BI(PO(-/n /D)) UQ1, Q) > 1) <, 27

a<a<a nzng leQZeQm

for all densities v in a b-neighborhood of « with respect to the sup-norm. This yields the first
result given in Part (2). The second result is now immediate: there is an m € N such that with
high probability, the number of Poisson points inside Q(z) is at most m. This means we can
apply the previous result.

Proof of (3): This time we couple the binomial process to a suitable Poisson process. Again
let 0 <g<d—1 and r be arbitrary but fixed. We first study the radius 5q’(nl/de, n'/4x").
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First, note that for all £ > 0 and for all L > 0 there is an ng € N such that P(n'/9X’ ¢ By <
xen@=D/d[ =1 < ¢ for all n > ng. So, by independence, for each s > 0,

IP’(p S(n4X,,, n'9X) > L) < sup IP’(”(n 1 s {2 > L) +e&,  Vn>ny.

ZGBy,L

For each neN, let Vi, Vo, ... be iid. with density «(-/n'/9). Let P(i(- /n'/9) =
{Zi.n, ..., Zn,n} be the Poisson process from (20) for the intensity function «( - /nl/ 4y and
N, ~ Poi (n). Then n'!/ de has the same distribution as the process

U= PGC 11D\ Zvttns 2 Znynd | U Vs Vi),

where, by convention, {Z,,11,,, ..., 2N, n} is empty if N, <m, and {Vi,, ..., Viu—n, n} is
empty if N, > m.
By (27), for each @ > ¢ > 0 and for each ¢ > 0, there is an L > 0 such that
sup_sup sup P(B;(Pli(- /n'/), (> L) <e.

a<a<a neN ZEB L

Note that here we use the fact that we are studying only one density function, namely, «, so we
choose L > 0 individually for values of n, n < ng, and take the maximum at the end.

Also, for all ¢ > 0, for all z € B,, and for all K > 0, there is an ng € N such that for all
n>ng, P(A'w(K, 7)) > 1 — &, where

A/n(Ka 2)= {[{Zm+l,na ey ZNn,n} ) {Vl,na ey Vm—Nn,n}] NB(z, K)= Q}
Indeed, this result follows from standard calculations, as
1/2
Ellm = Nal) < |m = n| +E [ 1Ny = n2] " < hw) 4+ n'/2
and as the probability that a single point falls in B(z, K) is bounded above by a constant times
-1
n.

In the last step, we combine these observations as follows. First, let ¢ > 0 be arbitrary but
fixed. Then there is an L* > 0 such that

P(n'/X' ¢ B} 1) < §

and
sup  supsup P(3;"(Ple(- /n'/dy), {z}>>L*)<—

<a<a
a<a<a  neN ZEB,, ¥

Moreover, with K* =L* +2u(r), there is an ny €N such that for z€ B, and n> ng,
P(A’(K*, 2)°) < /3. Consequently, similarly to (25), if n > ng and if L > L*, then

P(I’(‘)‘qar(nl/dxm’ nl/dX/) >L)

&€
= SUP P(IO C{r(l]}'rt n {2}) > L) + g

ZGB n,L*

= sup PG5 (U (2) > L AWK, 2), B (Pl /) () <L) 4 e =e,

zeB’) n.L*

uniformly in m € J,, and o < o <@. This shows (3) and completes the proof. O
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Throughout the remainder of the appendix we consider a more general filtration as in [16].
Examples of these filtrations are the Cech and the Vietoris—Rips filtrations. The following
principle will be important.

Lemma 4. Let KC and K' be two simplicial complexes. Then Cy(K) N Cy(K') = C,(K N K").
Moreover, Z,(K) N Zy(K') = Z4(K N K') and By(K) N By(K') 2 Bo(K N K").

Proof. First, we consider the claim concerning the spaces C,. The inclusion 2 is clear, so
we prove only C. This inclusion can be deduced from the fact that C, is a free module over [F,
generated by the corresponding g-simplices in the filtration. We can write ¢ € C4(K) N Cq(IC’ )
as y_; ajo;, where o; are g-simplices in I, a; € F, and also as Zj b;Gj, where G are g-simplices
in K', bj € F». Hence, ) _; ajo; — Zj bjc;=0.1If 0; € K\ K', the coefficient a; is zero, as this
basis element cannot occur in the filtration K'. The same holds in the other direction, if 5]- €
K'\ K, bj is zero.

The statement Z,(KC) N Z,(K') = Z,(K N K') follows immediately. Again the inclusion 2 is
clear and we prove only C. If ¢ € Z,(K) N Z,(K'), then by the above ¢ € C,(K N K’) and by
assumption dc = 0. Thus, ¢ € Z,( N K') as desired. The inclusion concerning the boundary
groups is immediate. U

We remark that B,(K) N B,(K') € B,(KX N K') is possible. For instance, consider a situation
where Bo(K) = Bo(K') =1 and where K N K’ = {a, b} for two zero-dimensional simplices a,
b such that N K’ is a strict subset of K and K'. (For example, we can take two ‘arc-like’
connected components represented by K and K’ which intersect only at their endpoints.) Then
we have By(K N K’) = {0}, but By(K) N By(K') contains a + b as a nontrivial element.

In the following, assume that P is a simple point cloud on R¢ without accumulation points
and Q is a finite subset of R? such that PN Q =@ and Q C O(z, L) for some z € R? and L € R;.
Define

ICs,a =Ks(PNB(z, a)), Ké,a = Ks((PU Q)N B(z, a)).

Set a* = a*(s) = u(s) + L, where u(s) is the upper bound on the diameter of a simplex in the
filtration at time s, which is guaranteed by the assumptions of [16] on the filtration. Choose
a1, az € R with a* < a; < ap such that Co(Ky, 4, \ Ky,4,) contains exactly one additional basis
element (a point) from P, and write

Cq-H(K:/s,az \Icé,al): (01, ..., 00).

We can assume without loss of generality that the simplices are already in the right order, i.e.,

By(K's.4,) =By(K's.0,) ® (301, ..., d07), (28)
so that doj#0 mod Bq(IC’S,al) ® (doy,...,0d0j_1) for j=1,...,7 and do; =0 mod
Bq(IC’Ml) ® (doy, ..., 005) forj=i+1, ..., n. Asa is sufficiently large, we have that each
of the simplices o; is also contained in Ky 4,. Hence, as B, (K; 4) is a subspace of B4(K's ,), we
have that

B,(Kys,a,) = B4(Ks,0,) ® (071, ..., d0;) @ (doj: for j € J), (29)
where J C {i + 1, ..., n} can be empty. In particular,

dim By (K'y.4,) — dim By(Ky.4,) = dim By(K's ;) — dim By(Ka,) + (i — i — #J).

That is, the map a +— dim Bq(IC/S,a)/Bq(lCS,a) is non-increasing if a > a*.
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Finiteness of the radius of weak stabilization p>*)(P, Q) follows directly from Lemma 1
and Theorem 4. This argument relies on the finiteness of the radius of strong stabilization
(Theorem 4), which, however, is not necessary for the finiteness of p(r"")(P, Q). The following
lemma gives a direct proof of the finiteness of p(”)(P, ), using ideas similar to those in the
proof of Lemma 5.3 of Hiraoka et al. [16].

Lemma 5. The radius p% (P, Q) from (3) is well-defined.
Proof Tt is sufficient to consider pf,r’s) (P, Q) for each 0 <g<d—1. One can use the
geometric lemma to show that the nonnegative, integer-valued mappings

Zq(K/r,a) and a — dim Zq(IC/r,a) N Bq(K:/s,a)

a— dim
Zq(lcr,a) Zq(K:r,a) N Bq(lcs,a)

(30)

are bounded above. Moreover, the map Z,(K' . 4,)/Z4(K.a,) = Zy(K'1.4,)/Z4(K}a,) is injec-
tive for all 0 < aj < ap; this follows from Lemma 4. Thus, there is an aT € Ry such that the
first mapping in (30), which is integer-valued, is constant for all a > a.

Next we show that the second mapping in (30) also becomes constant as a — oo. To this
end, we first show that a +— dim Bq(/C/S,a)/Bq(ICS,a) is constant for all a > a§ for a certain
a; € Ry. This follows from the non-increasing property (see the paragraph right after (29))
and the boundedness from below of this mapping. Now, returning to the second mapping in
(30), one can argue as in the proof of Lemma 1 to show that the difference dim Z,(K',4) N
By(K's,a) — dim Z,(IC;. o) N B4(K, ) is constant for all a > af v a}. O
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