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Convexity of the radial sum of a star body
and a ball

Shigehiro Sakata

Abstract. We investigate the convexity of the radial sum of two convex bodies containing the origin.
Generally, the radial sum of two convex bodies containing the origin is not convex. We show that the
radial sum of a star body (with respect to the origin) and any large centered ball is convex, which
produces a pair of convex bodies containing the origin whose radial sum is convex.

We also investigate the convexity of the intersection body of a convex body containing the origin.
Generally, the intersection body of a convex body containing the origin is not convex. Busemann’s
theorem states that the intersection body of any centered convex body is convex. We are interested in
how to construct convex intersection bodies from convex bodies without any symmetry (especially,
central symmetry). We show that the intersection body of the radial sum of a star body (with respect
to the origin) and any large centered ball is convex, which produces a convex body with no symmetries
whose intersection body is convex.

1 Introduction

The setting of this paper is in the Euclidean n-space R" with n > 2. For two vectors x;
and x, in R", their radial sum is defined by

x1+x2, 3(s1,82) e RP\{(0,0)} : 1%, + 53, = 0,

X1 I Xy = A
0, otherwise.

Throughout this paper, we understand that every star-shaped subset of R" is star-
shaped with respect to the origin. For two star-shaped subsets A; and A, of R", their
radial sum is defined by

A11A2 = {X1:X2| X1 €A1, X7 €A2}.

A subset A of R" is centered if —x € A for any x € A. A subset A of R" is centrally
symmetric if there exists a point y € R” such that A — y = {x — y|x € A} is centered.
We denote by rB" the centered ball of radius r. Let $" ! be the boundary of B" = 1B".
For a star-shaped subset A of R”, the radial function of A is defined by

pa(u) = max{A e [0,+00) [Auc A}, ueS"
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290 S. Sakata

A body in R” is the closure of a bounded open subset of R". A star body in R" is a
star-shaped body of R" whose radial function is continuous.

It follows from the definition that the radial sum of two star-shaped subsets is
star-shaped. For two star bodies A; and A, in R", the relation p4, 74, = pa, + pa,
yields that A; ¥ A, is a star body. However, the convex versions of these properties do
not always hold. Namely, there exist two convex subsets/bodies containing the origin
whose radial sum is not convex. Such two convex subsets are {(#,0,0,...,0)|t¢
[-1,1]} and {(0,¢,0,...,0) |t € [-1,1]}. Such two convex bodies are {(¢,0,...,0) +
x|te[-2v2,2V2], x € B"} and rB" for any r € (0, -1+ 1/6/2) (see Example 2.2 for
details).

In contrast to these examples, as a main investigation of this paper, we show the
following two results:

(1) Lety € [0,+00),and let K be a convex body containing the origin whose radial
function is of class C*. If

U + Uy

(pxc (1) + i (uz>>pK( ) o+l (1) pr (1) 2 < (1 )’

|1 + uy)
for any (u;,u;) € $"' x $"7! with u; + u, # 0, then, for any “small enough”
f € C*(S" ™), the star body defined by px + f is convex (see Proposition 3.1 for
details).

(2) Let A be a star body whose radial function is of class C2. There exists a “large
enough” R € (0, +00) such that, for any r € (0, +00), if r > R, then AFrB" is
convex (see Theorem 3.3 and its corollaries for details).

Here, in the first assertion, if y = 0, then the inequality for px means that K is convex
(see Lemma 2.1). If y > 0, then the inequality means that K has a “stronger” convexity
associated with y, which is precisely explained right after Lemma 2.1. Any centered
ball has this property. Thus, the first assertion yields that the radial sum of a “small
perturbation” of any centered ball and a centered ball is convex.

The technical key point of the proofs is to approximate C>-functions of two real
variables by polynomials. As we know, Taylor’s theorem yields that any C2-function
® of two real variables 8, and 0, has an approximation of the form

(0 (61, 62) N Co+ 6161 + 6202 + 61)1012 + C1,20102 + C2)29§.

We improve this approximation for certain suitable ® and obtain an approximation
of the form

[0 (61, 02) N Co+ (1 (01 - 62) + Cp (61 — 02)2 .

Using this approximation, as another main investigation of this paper, we give
convex bodies with no symmetries whose intersection bodies are convex. We denote
by Vi the k-dimensional Lebesgue measure. For a unit vector u, we denote by u* the
orthogonal complement of u. For a star body A in R”, its intersection body is denoted
by IA and is the star body defined by

pra(u) =V, (Anut), uesS" ™.
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A star body A is called an intersection body if there is a star body such that its
intersection body is A. The notion of intersection body was introduced in [10] and
played an important role in the solution of the Busemann-Petty problem.

In [3], Busemann and Petty posed the following question:

For any centered convex bodies K and L in R”, if V,;(Knu') <V,
(Lnut) forany u € S"!, thenis V,,(K) < V,,(L) true?

This question is now referred to as the Busemann-Petty problem and appears often
in the literature about geometric tomography (see, for example, [6]), in which infor-
mation about a given geometric object is obtained from data concerning its sections
and/or projections.

In the history of the Busemann-Petty problem, Lutwak’s theorem [10, Theorem
10.1] is important as the first step toward the full solution. It states that, for any
intersection body K and any star body L, if V,,.1(Knu') < V,.1(Lnu') for any
ueS" then V,(K) < V,(L). In particular, this theorem yields that if K is an
intersection body, then the answer to the Busemann-Petty problem is affirmative. It
was shown in [4, Theorem 3.1] with a regularity assumption and in [13, Theorem 2.22]
without any regularity assumption that the Busemann-Petty problem has a positive
answer in R" if and only if each centered convex body in R” is an intersection body.
This equivalence gives negative answers to the Busemann-Petty problem: Gardner
[4, Theorem 6.1] showed that if n > 5, then a cylinder in R” is not an intersection
body. Of course, this equivalence gives also positive answers: Gardner [5, Corollary
5.3] showed that every centered convex body in R? is an intersection body; Zhang [14,
Theorem 3] showed that every centered convex body in R* is an intersection body (see
also [7] for an analytic approach). We refer to [6, Chapter 8] for more information on
the Busemann-Petty problem (see also [8, Section 17] and [12, Section 15]).

From the point of view of the Busemann-Petty problem, it is important to obtain
a convex intersection body. Here, the term “a convex intersection body” means “an
intersection body which is convex” and is not used in the sense of [11]. By definition,
the intersection body of any star body is a centered star body. However, there exists
a convex body containing the origin whose intersection body is not convex. Let
us review some results on the convexity of intersection bodies. Gardner produced
nonconvex intersection bodies in his textbook [6, Section 8.1]. Precisely, [6, Theorem
8.1.8] states that, for any convex body K, there exists a translate of K such that
it contains the origin in its interior and its intersection body is not convex. Also,
[6, Theorem 8.1.9] remarks the following two examples:

(1) Let K be an equilateral triangle whose centroid is at the origin. For any y € R?,
if the interior of K + y contains the origin, then I(K + y) is not convex.

(2) Let K be a square whose centroid is at the origin. For any y € R?\{0}, if the
interior of K + y contains the origin, then I(K + y) is not convex.

In contrast to Gardner’s indication, Busemann’s theorem [2] yields that the inter-
section body of any centered convex body is convex (see also [6, Theorem 8.1.10
and Corollary 8.1.11]). As a generalization of Busemann’s theorem, it was shown
in [9, Theorem 3] that, for any p € (0,1], the intersection body of any centered
p-convex body is 1/[(1/p —1)(n — 1) +1]-convex. Here, we recall that a subset K of
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R" is p-convex if, for any (xq,%;,1) € K x K x [0,1], (1= A)YPxy + A/Px; € K. We
emphasize that central symmetry essentially works for Busemann’s theorem and its
generalization. In [1], the local convexity of intersection bodies of symmetric convex
bodies of revolution was investigated. Namely, it is still open to concretely give convex
bodies with no symmetries whose intersection bodies are globally convex.

We produce convex bodies with no symmetries whose intersection bodies are
convex:

(1) Lety€[0,+00), and let A be a star body whose radial function is of class C2. If

uy + up

|) — |ur + 2| pra (w1) pra (u2) > y 2 (ur, u2)”

(p1a (w1) + p1a (u2)) p1a (W

for any (uy, uy) € S"7! x $""! with u; + u, # 0, then, for any “small enough” f €
C*(S"™1), the intersection body of the star body defined by p 4 + f is convex (see
Proposition 3.7 for details).

(2) Let A be a star body whose radial function is of class C*. There exists a
“large enough” R € (0, +00) such that, for any r € (0,+00), if 7 > R, then the
intersection body of A¥rB" is convex (see Theorem 3.9 and its corollaries for
details).

Here, in the first assertion, any centered ball has the property since the intersection
body of any centered ball is a centered ball. Thus, the first assertion yields that the
intersection body of a “small perturbation” of any centered ball is convex.

2 Preliminaries

2.1 Notation and terminology

Let us prepare necessary notation and terminology in addition to those stated in the
Introduction.

We denote by §” the set of all star bodies (star-shaped bodies with respect to the
origin whose radial functions are continuous) in R”. We denote by X" the set of all
convex bodies in R”, and let Xjj = {K € X" |0 € K}.

Let sy = Vi(B*). The symbol oy denotes the k-dimensional spherical Lebesgue
measure. We denote by C™ (M) the set of all C"-functions defined on a manifold M.
Let e; be the ith unit vector of R”. Let SO(n) denote the special orthogonal group of
degree n.

For a star-shaped subset A of R”, the extended radial function of A is denoted by
the same symbol as the usual radial function and is defined by

| (i) wemon

o0, x=0.

For a star-shaped subset A of R” and a function f defined on $” ! such that p, + f > 0

on §"7!, let A ¢ be the star-shaped subset whose radial functionis p + f.In particular,
for a star-shaped subset A of R" and a nonnegative constantr, A, = A¥ rB".
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For a function f defined on $"~! and a nonnegative integer i, let f' be the function
S" s uw f(u)'. For two functions f and g defined on S"!, let f + g and fg be
the functions S" ™' > u~ f(u) + g(u) and $"' > uw f(u)g(u), respectively. For
a continuous function f defined on S"™!, we denote by R[f] the spherical Radon
transform of f, that is,

R = [ f@)dona(v), wes™.

For two continuous functions f and g defined on $"™!, put (f, g) = R[fg]-
For two unit vectors u; and u,, we use the following notation:

U+ uy
uy+uy 0,

2 (uy,uy) = arccos uy - Uy, Uz = iy + us]
0, u; +uy =0.

For two functions f and g defined on $" !, we define A[ f, g] : $" 7! x §"! — (—00, 0]
as:

(i) Ifuy +uy # 0, then
A[f, ) (usuz) = (f () + f (u2)) g (u3) + (g (1) + g (u2)) f (u3)
—|ur + o (f (1) g (u2) + f (u2) g (1))
(i) Ifu; +uy =0,then A[f, g](u1, uz) = oo.
For a function f defined on $"~!, put

P Gu) = 2S00 82) )y gt g

2
We denote by | - ||, the sup-norm for bounded functions. For a function ¢ of k
real variables 0y, . .., 0y with bounded partial derivatives, we write

ie{l,...,k}},

i,je{l,...,k}}.

r_ (99 8<p)
o=(22..2). 1l m{

144 82 ll
9" = . e
96;06;

cos 0,
sin 0; cos 0,
¢(01,...,6n_1)= s (91,...,6,,_1)6Rn_1.
sin 0;---sin6,,_, cos 0,,_;
sin 0;---sin 6,,_, sin 0,,_4

80 89
Put

We define @ : C*(S"') x C*(8"™!) - [0, +00) as:
(I)  On the off-diagonal set,
(1) if f(u)g(ua) + f(uz)g(ur) < 0 for some (uy,uy) € S™' x §"71, then

Do(f,8) =2[(f2¢) oo (g0 0) oo+ f ol [(g2¢) ]
tfo¢locllg o bllos
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(i) if f(u1)g(u2) + f(uz)g(uy) > 0 for every (uy, uy) € S"' x §"71, then

Do(f,8) =2[(f2 ) o (g0 0) o+ f ol [(g0¢) |-

(II) On the diagonal set,
() if T[f](u,uz) <0 for some (uy,uz)eS" ' x8"h and if f(u)
f(uz) <0 for some (uy,uy) € S"' x §"71, then
Oo(fof) =20(f o 8) o+ 1f 09l I(f09) |+ 1f o $[25
(i) if T[f](u,uz) <0 for some (uy,uy)eS" ' x8"!, and if f(u)
f(uy) >0 for every (uy, uy) € " x §"71, then
®o(f,)=2(f 0 8)' I+ 1 0 Bl 1(f 0 )" o

(i) if T[] (w1, uz) > 0 for every (uy, uy) € "' x "1, then @y (f, f) = 0.
We define @, : C2(8"!) - [0, +00) as:
(i) If f(u) <0 for some u € S"*, then ®,(f) =2|fo | +[(fod)’|...

(i) If f(u) > 0 for every u € S"7!, then ®;(f) = | (fo ¢)"| ..
2.2 Examples of nonconvex radial sums of convex bodies

The following lemma is useful in investigating the convexity of a star body.

Lemma 2.1 6, Lemma 5.1.4] Let A € 8". The following conditions are equivalent:

(i) A isconvex.
(ii) Forany (uj,uz) € S"' x §"%, we have T'[pa](uy, uz) > 0.

For the condition (ii), we remark that if u; + u, = 0, then T'[p4](u;, uy) = oo. Thus,
the condition (ii) essentially works for the case where u; + u, # 0. In order to under-
stand the philosophy of Lemma 2.1, assume uy + # # 0 and p4 (1) pa(u2)pa(us) # 0.
Let us compute the unique point of the intersection

{spa () 3| s € [0,+00)} 1 { (1= )pia (ur) s + tpa (ux) wz | £ € [0,1]}.
There exists a pair (s, t) € [0, +00) x [0,1] such that
spa(us)us = (1= 1t)pa (ur) ur + tpa (u2) ua,
and we get

_ pa(m)pa(u2) |ur+u
pa () +pa(uz) pa(us)’

Since pa(u1)uy, pa(uz)uy, and pa(usz)us are on the boundary of A, A is convex if
and only if s <1 which is equivalent to I'[p4|(u1, 42) > 0. This finishes the proof of
Lemma 2.1.

https://doi.org/10.4153/50008439523000681 Published online by Cambridge University Press


https://doi.org/10.4153/S0008439523000681

Convexity of the radial sum of a star body and a ball 295

From this observation, if there is a positive function & with £¢(0*) = 0 such that, for
any (uy,uy) € S" 1 x §"71,

pa () pa(ua) |ur+us

pa(ur) +pa(uz) pa(us)

holds, then A has a “stronger” convexity associated with e. This observation will be
used in Propositions 3.1 and 3.7 with e(6) = 62 (up to constant multiple).

Using Lemma 2.1, let us concretely give a pair (K, r) € X} x (0,+00) such that
K ¥ rB" is not convex.

<l-e(< (u,uz))

Example 2.2 Let{ € (0,+00). Put
1
K={tey+x|te[-4 (], xeB"}, a(l) = arctanz,
2sin3(“(€) +§)+sin2(@+§)—sin(%£)+ﬂ)—l

2 1
sina(¥) sin(“f) + 1)

ro(£) = -

>

4

(44 +3v177) " + (a4 -3177)"° -1 , /s

Sy = > Ly =

6 252 -1

(1) s, is the unique real root of 28> +s2—s—1=0,and 0.829 < s, < 0.830.
(2) ¢, is the unique root of sin(a(¢)/2 + m/4) = s, and 2.450 < ¢, < 2.476.
(3) If¢>/{,,thenr,(¢)>0.

(4) If¢>{.,then, forany r € (0,7.(¢)), K¥rB" is not convex.

Proof (4) Let us check that the condition (ii) in Lemma 2.1 does not hold. Put

cos a(¥)
sin a(¢)
U = 0 , Uy = €.
0
Then, we have
cos(“(f) + %)
; (£)
5 a(l) = ~ s1n(“2 +§)
Uy + Up| = 2 cos — T 0 ,
0

1
sm(“f) + %)’
ro(0) = 2px (u3) + (1= w1 + ua]) (px (w1) + px (42))

¥ 2 — |ug + us| )

pr (u1) =V +1, px (u2) =1, px (u3) =
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Noting I'[px ] (41, 42) = 0, we obtain

Clpk+r](u,uz) = (2= |us+up|) r (r-r.(£)),

which is negative for any r € (0,7, (¢)).

Example 2.3  Let A € 82, By definition, we have

0 -1
IA—2(1 0 )A.

S. Sakata

Combining this and Example 2.2 with # = 2, we have a star body of the form K ¥ rB2

whose intersection body is not convex.

Technical lemmas and remarks

Lemma2.4 Let] c R beanopeninterval, and let o and y € C*(I). Forany (6,,0,) €

I x I, we have

+ 6>

(o600

NHOO) (91 - 62) )

<210 1o 19 oo + Il o 1w 1

Proof By the fundamental theorem of calculus, we have

+ 0,

(0 (8) +9 (@) v (™

- Zezf( (el)w( 02+(1—5)92)
—90(92)1//(5 +(1—s)01))ds

Using the fundamental theorem of calculus again, the integrand is

(91—92)[f01¢'(t91+(1—t)92)

)- (60w (6:) - 9 (82)w (8)

)0 (0w (62) - 9 (6:) v (0)
:q)(el)( (2=%)- w(en)w(ez)(w(@)—w(el))

xll/'(t(elz +(1—s)02) (1—t)(91+62 (1—5)91))dt

(-9 [ ol +1-10y)

xy" (t(se1 ; 02 + (1—5)62) +(1-1¢) (591 ;: 2 + (1—5)91))dtl.
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Estimating
1 1 1 "
L([ovar-a-9 [ oy a)a <19l v - 2= Ve,
0 0 0 2
we obtain the conclusion. [}

Corollary 2.5 Let Ic R be an open interval, and let ¢ and y € C*(I). For any
(61,0,) € I x I, we have

(o0 + 90w (

v (62) +9(62) y (61))

(6, -6,)°
—

01+62) cos 01—

H”

e 12 17 N T N 174 I ] I 17

Proof By Taylor’s theorem with integral remainder, we have

0
cosf =1+ [ (£-0)cosédE.
0
Thus, the left-hand side is

(0 (8)+9 @) v (T 2) - 9 (60 v (6) -9 () v (6)

(f— (%;ez)cosfdfl.

(o) ¥(8)+ 9 (8)y (@) [

Estimating
0,-6, 9
’(go(el)w(eﬁ+¢<ez>w<el>>[0 (- z)cosfdf‘
0;-6
12 6 0
<2lgllvl. [T (57 -8) 4
_ (6:-65)°
= ol =
Lemma 2.4 completes the proof. ]

Lemma 2.6 Letfand g e C*(S" ™). For any (u1,u;) € S"! x S"71, we have

(F () (2)) g as) —cos =02 () g 1) + f (1) g ()

£ (ub Uz)

>-0y(f,g)————

Proof If f = g, then the left-hand side is I'[ f](u1, u2). Thus, in the case (II-iii) of
the definition of @, the proof is completed. Let us consider the other cases.

There exists a triple (g, 0,,0,) € SO(n) x R x R such that u; = g¢(0;,0,...,0).
Then, we have uz = g¢((6, + 02)/2,0,...,0). Put ¢,(8) = f(q¢(0,0,...,0)) and
v,(0) = g(q¢(6,0,...,0)). In the case (I-i) or (II-i), Corollary 2.5 with (¢,y) =
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(94> v4) completes the proof. In the case (I-ii) or (II-ii), the inequality cos <1 and
Lemma 2.4 with (¢, ¥) = (¢4, ¥4) complete the proof. |

Corollary 2.7 Let fand g € C*(S"™'). For any (uy, uy) € "™ x $"L, we have

2
Z (U, u

A[f, g] (u1,u2) > — (Do (f> g) + Do(g> f)) (1#2)‘

Corollary 2.8  Let f € C*(S"™"). For any (uy,u;) € $", we have

2 (ul,uz)

Clf](u,u2) 2 =@ (f, f)———

Lemma2.9 Let] c R bean open interval, and let ¢ € CZ(I). Forany (01,0,) e I x 1,
we have

2
‘2¢(61;02 ”HOO (61_02) .

4

)-0(6)-9(0)

<o

Proof Lemma 2.4 with (¢, ) = (1, ¢) completes the proof. |

Corollary 2.10  Let I c R be an open interval, and let ¢ € C*(I). For any (6,,0,) €
I x I, we have

‘2(,0(91262) (1—2cose )((p(6)+(p(92))
(6:-0)"

<ol +19"le)

Proof  Applying Taylor’s theorem with integral remainder to cos, in the same
manner as in Corollary 2.5, Lemma 2.9 completes the proof. ]

Remark 2.11  Let f be a function defined on "7}, and let ¢ € R. For any (uy,u;) €
§771 x §"71 we have

ALS, e] (i, uz) = A[f,1] (1, u2) €
= Alef,1] (w1, u2)
= (2f (u3) + (1= |ua + ua) (f () + f (12))) €

= (Zf(u3) + (1—2cos A(uZI’uZ)) (f (u) +f(u2))) c.

Lemma2.12 Let f € C*(S"™"), and let c € R. For any (uy, uy) € S"™! x $"™!, we have
(u )’
ALf, €] (1) 2 =Dy (f)]e| ———.
Proof  Fix an arbitrary (u;,u;) € S"™! x $"1. There exists a triple (q,0,,0,) €
SO(n) x R xR such that u; = q¢(9],0 ,0). Then, we have uz = qp((6; + 0,)/

2,0,...,0). Put ¢,(0) = f(q¢(6,0,. )) If cf(u) <0 for some u € $", then
Remark 2.11 and Corollary 2.10 with (p = ¢, complete the proof. If cf(u) > 0 for
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any u € "7, then the triangle inequality [u; + 1| <2 and Lemma 2.9 with ¢ = ¢,
complete the proof. ]

Remark 2.13  Let f and g be functions defined on S"~'. We have I'[f + g] = [ f] +
Alf, gl +Tlgl-
Remark 2.14 By Taylor’s theorem with integral remainder, for any 6 € R, we have

1-cos20 _ g
2

sin? @ =

1 20 ; ) o4
+Efo (§-20)cos £dg > 67 - .

Remark 2.15 Let ¢ € R. By Remark 2.14, for any (u;, u;) € $"™! x $"”!, we have

Z (ul,uz) N ( ﬂz)CZ pa (ul,uz)z
74 2 —

1- —
4

I'[c] (w1, uy) = 4c? sin”
[c] (u1,uz) = 4c” sin 8

Corollary 2.16  Let f € C*(S"™'), and let c € R. For any (uy,uy) € "' x S"', we
have

r7 ) (1455 ) @ - @000 ) e

Proof By Remarks 2.13 with g = c and 2.15, we have

T[S + c] (ur, us) = T[] (ury u2) + A[f, ] (ur, 2) + 4c? sin? < (myu0)

Applying Corollary 2.8, Lemma 2.12, and the inequality in Remark 2.15 to the first,
second, and third terms, respectively, we obtain the conclusion. [ ]

3 Main results

3.1 Construction of convex radial sums

We keep the notation from the Introduction and Section 2.1.

Proposition 3.1  Lety € [0, +00), and let K € K be such that px € C*(S"™"). Assume
that, for any (u1, u) € S"' x "L, the inequality T'[px | (uy, uz) > y £ (w1, uy)* holds.
Let f € C2(S™™") be such that px + f > 0. If the inequality

4y 2 Oy (f, f) + @o (f, px) + Do (px> f)

holds, then Ky is convex.

Proof  Let us check the condition (ii) in Lemma 2.1. Let (uy,u;) € "' x $"~! be
such that u; + u; # 0. By Remark 2.13 with g = px and the assumption, we have

Clpx + f1=T1f +px] 2 TLf] (u,u2) + ALfo pic] (s u2) +y < (ur,u2)”
Corollaries 2.7 with g = px and 2.8 complete the proof. ]
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Remark 3.2 Proposition 3.1 essentially works for the case where y > 0 (see Example
2.2).

Theorem 3.3  Let A € 8" be such that p4 € C*(S"™1). Let y € [0, +00), and put

48 -
12

Ra(y) = 482_4n2(<1>1 (PA)+\/<D1 (o) + 227 (@, (pA,pA)+4y))-

If r > Ra(y), then, for any (uy, uy) € S"™' x S"™', we have
Tlpa+r](uu)2y2 (u,ur)’.
Proof  This follows from Corollary 2.16 with (f,¢) = (pa, 7). [

Corollary 3.4 Let A and Ry be as in Theorem 3.3. If r > R4(0), then A¥rB" is
convex.

Combining Theorem 3.3 and Proposition 3.1, for any A € 8" with p4 € C*(S"™),
there exists a “large enough” F € C*(S"!) such that Ar is convex. Precisely, we obtain
the following corollary.

Corollary 3.5 Let A, y, and R, be as in Theorem 3.3. Let (1, f) € [Ra(y), +00) x
C*(S" ") be such that ps + r + f > 0. If the inequality

4y 2 @o(f, f) + @o (fopa+1)+ Do (pa+r,f)

holds, then A,y is convex.

Proof Put K= AFrB". pgx =pa+ris of class C2. Theorem 3.3 guarantees that,
for any (uy,u;) € S"' x §"71, the inequality I'[px ] (u1, u2) > y 2 (141, u2)* holds. By
Proposition 3.1, A, s = K is convex. ]

3.2 Construction of convex intersection bodies
We keep the notation from the Introduction and Section 2.1.

Remark3.6 Let Ae 8" Let f € C°(S"™) besuchthatpy + f >0.Foranyu e $"%,
we have

1

R [(pa )] (w)
B

Vi ana) s S () ) @

Vior (Afnut) =

= L@ S () )
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In particular, if f is a constant ¢, then

Vn1(AcﬂuL)=Vn1(Aﬂul)+nl_1’::0( 1_1) [pi] (u)c"

n-1 _ . .
= k1" ! > (n ; 1)92 [pi] (u)e" .

n-143

Proposition 3.7  Lety € [0,+00), and let A € 8" be such that p € C*(S"™"). Assume
that, for any (uy, uy) € S"' x "7, the inequality T[p1a](u1, uz) > y 2 (41, up)? holds.
Let f € C*(S™™") be such that p, + f > 0. If the inequality

<PA’fnli>)
(g0
(ZZ (o 7). 5 (o H))

) i=0

n—2

4y(n-1)* > @, (fR [pﬁ’l] ,

||M

O

holds, then 1A is convex.

Proof  Let (u,u;) € S"™! x $"7! be such that u; + u, # 0. Let us check the condi-
tion (ii) in Lemma 2.1. By Remarks 3.6 and 2.13, we have

1 " 2

n-1

r [pIAf] =T [pa]+A [l_lfR [p?(l] , <PA’fn1i):|

[ i(ﬂm " ‘)]

Il
(=]

i

By the assumption, we have I'[p74 ] (1, u2) > y (1, u2)?. Hence, Corollaries 2.7 and
2.8 complete the proof. ]

Remark 3.8 Let A € 8" be such that p4 € C*(S"™"), and let y € [0, +00). The func-
tion of r € [0, +00),

n-1

* n— Kn- n-1 i n-1)—i
TR,
1 Sn-1 1 onmi e (-1 i.n-1-i
_(n_l)ZQ)O(Z(”i ):R[pg]r 1 ’Z(”i )R[PA];' 1 )—4}’,

i=1 i=1

has at least one real root, and the set of the real roots is bounded. In fact, we have the
following asymptotic behaviors as r goes to infinity:

o (B[ bl )£y

i=1

rz(n—l)—i -0 (an—3))

oo
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<SS () ClAT o) o9y
R[]0 ¢)" .

) 2n-D)=i=j

Theorem 3.9  Let A € 8" be such that py € C2(S" '), and let y € [0, +00). Let R4(y)
be the maximum real root of the function of r,

? n— Kn— Hn-1 i n-1)—i
(155 ) e e S i)

izl \ 1
1 -1 ; cnlip—1 ; ;
_ 0] R i n—l—z’ ( )iR i n—1-i — 4.
(n-1y O(;( i ) Al 2 (R Lealr Y
Ifr > Ry(y), then, for any (uy,u) € "' x $"1, we have

r [PI(Aian)] (ur,uz) 2y < (wy, uz)z-

Proof  Remark 3.6 with ¢ = r and Corollary 2.16 with

(fro) = ( 1_1"21(;41.—1)9{[/)2] rnli)ﬂnlrnl)

i=1

complete the proof. [ ]

Corollary 3.10  Let A and R, be as in Theorem 3.9. If r > R4(0), then I(A¥ rB") is
convex.

Combining Theorem 3.9 and Proposition 3.7, for any A € 8" with p, € C*(S"™),
there exists a “large enough” F € C*(S"™!) such that IAf is convex. Precisely, we

obtain the following corollary.

Corollary 3.11 ~ Let A, y, and Ry be as in Theorem 3.9. Let (r, f) € [Ra(y), +00) x
C*(S" ™) be such that ps + r + f > 0. If the inequality

4)’(1’1 - 1)2 > @ (:R [(PA + r)niljl ,rli:((pA + r)i ’fn—l—i))

+(D0( (pA+r)i,f”1i),fR[(pA+r)"_l])

ol
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8]

n—

(PA+r)i’fn—l—i>’ ) ((PA+r)i)fn—1—i>)

i=

”M.L o

(=]

holds, then IA,, s is convex.
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