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Abstract

For a reductive group G over a finite field, we show that the neutral block of its mixed Hecke
category with a fixed monodromy under the torus action is monoidally equivalent to the mixed
Hecke category of the corresponding endoscopic group H with trivial monodromy. We also
extend this equivalence to all blocks. We give two applications. One is a relationship between
character sheaves on G with a fixed semisimple parameter and unipotent character sheaves on
the endoscopic group H, after passing to asymptotic versions. The other is a similar relationship
between representations of G (I, ) with a fixed semisimple parameter and unipotent representations
of H(F,).

2010 Mathematics Subject Classification: 20G40 (primary); 14F05, 14F43, 20C08, 20C33
(secondary)

1. Introduction

1.1. Hecke categories. Let G be a connected split reductive group over a
finite field F,. Let B be a Borel subgroup of G. The (mixed) Hecke category
of G is the B-equivariant derived category of complexes of sheaves with Q,-
coefficients on the flag variety G/B of G whose cohomology sheaves are mixed
in the sense of [8, 1.2.2]. We denote this category by D? (B\G/B). The Hecke
category D’ (B\G/B) carries a monoidal structure under convolution. It gives a
categorification of the Hecke algebra H,(W) attached to the Weyl group of G.
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The Hecke category and its variants play a central role in geometric
representation theory. On the one hand, when the base field is C, the category of
perverse sheaves Perv(Bc\Gc/Bc) is equivalent to a version of category O for
the Lie algebra g of G¢, by the Beilinson—Bernstein localization theorem. The
Kazhdan-Lusztig conjecture [11] relates the stalks of simple perverse sheaves
on Bc\Gc/Bc to characters of simple modules in the category O. On the other
hand, by the work of Ben-Zvi—Nadler [2] (characteristic zero), Bezrukavnikov—
Finkelberg—Ostrik [5] (characteristic zero) and Lusztig [20] (characteristic
p > 0), the categorical center of the Hecke category is equivalent to the category
of unipotent character sheaves (the exact statement varies in different papers; in
particular, [5] and [20] contain statements about the asymptotic versions), which
in turn is closely related to irreducible characters of finite groups of Lie type
G(F,).

1.2. Monodromic Hecke categories. In this paper, we consider the
monodromic version of the Hecke category. More precisely, let B = UT,
where U is the unipotent radical of B and 7' a maximal torus. For two rank-one
character sheaves £, £’ on the torus T (which is the same as a rank-one local
system with finite monodromy together with a rigidification at the origin), we
consider the equivariant derived category D, of mixed Q,-complexes on
U\G/U under the left and right translation action of T with respect to the
character sheaves £’ and L, respectively. When L is the trivial local system,
D, is the usual Hecke category Df’n (B\G/B).

In [13, Ch. 1], the first author proves that the stalks of the simple perverse
sheaves in the monodromic Hecke category D, are given by Kazhdan—Lusztig
polynomials for a smaller Weyl group inside W defined using £ or £'. Our main
result is a categorical equivalence, which implies this numerical statement. To
state it, we need to introduce, on the one hand, blocks in »D, and, on the other
hand, the endoscopic group attached to L.

For simplicity, let us restrict to the case £ = L. The monoidal category D,
can in general be decomposed into a direct sum of subcategories called blocks.
Let ; D} C D/ be the block containing the monoidal unit. The simple perverse
sheaves in oD%, up to Frobenius twists are parametrized by a normal subgroup
W} of the stabilizer of £ under W. For details, see Definition 4.10. When the
center of G is connected (for example, G is of adjoint type), we have D} =
ﬁDL.

Let @, be the set of roots « of (G, T) such that the pullback of £ along its
coroot " : G,, — T is a trivial local system on G,,. Then @ is a root system.
Let H be a connected reductive group over k with T as a maximal torus and @,
as its roots. This is the endoscopic group attached to L. The Weyl group Wy of
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H is canonically identified with W;. The choice of the Borel B of G gives a
Borel By of H. Let Dy = D” (By\H/By) be the usual mixed Hecke category
for H.

THEOREM 1.3 (For a more precise version, see Theorem 9.2). There is a
canonical monoidal equivalence of triangulated categories

V. : Dy — D7
sending simple perverse sheaves to simple perverse sheaves.

At the level of Grothendieck groups, Theorem 1.3 implies an isomorphism
between the Hecke algebra for Wy and a monodromic version of the Hecke
algebra defined using W and L (see Section 3.13) preserving the canonical bases
of the two Hecke algebras. Such a statement as well as its extension to all blocks
is proved by the first author in [24, 1.6] and implicitly in [17, Lemma 34.7].

In Dy, there are simple perverse sheaves IC(w)y (normalized by a Tate twist
to be pure of weight zero) for w € Wy. In contrast, in D%, we do not a priori
have canonical simple perverse sheaves indexed by w € W}; it always involves a
choice of a lifting w of w to Ng(T'). However, the above theorem gives canonical
simple perverse sheaves ¥2(IC(w)y) € £Dj. These canonical objects, denoted
by IC(w)TL, are defined in Definition 6.7 using the constructions in Section 6.5.

As a consequence of our theorem, we prove that the stalks of IC(w)z are
semisimple as Frobenius modules (Proposition 9.10), and similarly Frobenius
semisimplicity holds for the convolution (Proposition 9.11).

We also have a version of the theorem covering all blocks of D, for £ and
L’ in the same W-orbit, but it is more complicated to state. See Theorem 10.12.
It involves a groupoid $) whose components are torsors of endoscopic groups,
and a subtle modification of the convolution structure by a 3-cocycle of the finite
Abelian group 2, = W,/ W} (see Sections 10.9 and 5.6).

1.4. Remarks on the proof. The initial difficulty in proving Theorem 1.3
lies in the fact that there is no nontrivial homomorphism between H and G in
general. For example, when G = Sp,, and £ of order 2 and fixed by the Weyl
group of G, we have H = SO,,.

The strategy to prove Theorem 1.3 is to relate both categories to Soergel
bimodules for the Coxeter group W; = Wy. For Dy, this is by now well
known, following the insight of Soergel [27]: taking global sections of simple
perverse sheaves on By\H /By preserves the graded Hom spaces (see [27,
Erweiterungssatz]). In this paper, we develop an analogue of Soergel’s theory
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for the monodromic Hecke categories »D,. To do this, we replace the global
sections functor in the nonmonodromic case by the functor corepresented by
the simple perverse sheaf with the largest support in each block of »D,. We
show that the resulting functor carries a monoidal structure (Corollary 7.8) and
preserves graded Hom spaces between simple perverse sheaves (Theorem 7.9).
Using this, we show that /D3 is equivalent to a certain derived category of
Soergel bimodules (Theorem 9.6).

The results in Sections 2—7 hold with the same proofs when the mixed category
oD, is replaced with the constructible equivariant derived category for the
situation over an arbitrary algebraically closed field k. We expect Theorems 1.3
and 10.12 to hold as well over any algebraically closed base field. It is likely that
the argument in [4, Section 6.5] would allow one to deduce such results from our
main results over finite fields.

1.5. Application to representations. Let G, be a form of G over F,. Let us
recall a rough statement of the classification of irreducible characters of G, (IF,).
By [7, 10.1], one can assign to each irreducible G,(IF,)-representation over
Q, a semisimple geometric conjugacy class s in G7 defined over I, (here G}
is a reductive group over F, whose root system is dual to that of G), called
the semisimple parameter of the irreducible representation. This assignment
requires a choice of an isomorphism Homy, (1<iLnn L (Fq), @;) > F; We may
alternatively think of a semisimple parameter of G| as a W-orbit o of character
sheaves on 7} that are stable under the Frobenius map for G;.

Let I,(G(IF,)) be the set of irreducible representations of G;(F,) with
semisimple parameter o. Let [,(G,;(IF,)) be the set of unipotent irreducible
representations of G,(IF,) (that is, the case o consists of the unit element
in Ch(Ty)). It is shown by the first author in [13, Theorem 4.23] that the
parametrization of I,(G (F,)) is closely related to that of 1, (H;(F,)), where H,
is the endoscopic group attached to o, under the assumption that the center of G
is connected. An extension of such a relationship to all reductive groups G is
announced in [12, 2.1] and proved in [16] and [18].

As an application of Theorem 1.3, using results from [21] and [23] relating
representations of G (IF,,) to twisted categorical centers of the Hecke categories,
we prove a relationship between representations of G,(F,) with a fixed
semisimple parameter and unipotent representations of its endoscopic group,
without appealing to the classifications mentioned above. We state it under the
simplifying assumption that G; has a connected center, and the general case is
in Corollary 12.7.
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THEOREM 1.6. Assume Gy has a connected center. Let G| be a form Gy over
F, and let o C Ch(T}) be a W-orbit that is a semisimple parameter for G,. Let
L € o and let Hy be the endoscopic group of Gy, attached to L € o. Then there is
a form H, of the endoscopic group H over F, and an equivalence of categories

Rep; (G 1(F,)) = Rep;, (H;(F,))

for each two-sided cell ¢ of (G, 0) (which determines a two-sided cell, also
denoted by ¢, for unipotent representations of H,).

1.7. Application to character sheaves. Character sheaves on G; (k = Fq)
are certain simple perverse sheaves equivariant under the conjugation action of
G . Each character sheaf has a semisimple parameter, which is a W-orbit 0 C
Ch(T}). Unipotent character sheaves on G, are those with a trivial semisimple
parameter. From the classification of character sheaves in [15, 23.1], there is a
close relationship between character sheaves on G; with a semisimple parameter
o and unipotent character sheaves on Hy, the endoscopic group attached to some
L eo.

As another application of Theorem 1.3, using results from [22], we derive a
relationship between the asymptotic versions of character sheaves on G with a
fixed semisimple parameter and unipotent character sheaves on its endoscopic
group. Again we state it under the simplifying assumption that G, has a
connected center, and the general case is Theorem 11.10.

THEOREM 1.8. Assume G, has a connected center. Let 0 C Ch(Ty) be a W-
orbit. Let L € 0 and let Hy be the endoscopic group of G attached to L. Then
there is a canonical equivalence of braided monoidal categories

CS(Gy) =CS;, (Hy)
for each two-sided cell ¢ of Wy = W.

For definitions of CS;,(H;) and CS; (Gy), see Sections 11.2 and 11.5.
In Theorem 12.6, we also prove a generalization of the above equivalence for
character sheaves on disconnected groups.

1.9. Connection to Soergel’s work. In this subsection, the base field is C,
and we use the same notations G, B and T but now they are understood to
be algebraic groups over C. Let g, b and t be the Lie algebras of G, B and T.
In [27, Theorem 11], Soergel proves the following result. For a dominant but
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not necessarily integral character A € t*, let Of be the block of the category
O, (category O of g with infinitesimal character corresponding to A under
the Harish-Chandra isomorphism) containing the simple module L(X) with the
highest weight A. Then up to equivalence, O; only depends on the Coxeter
group (W(X), S(A)), which is the Weyl group attached to the based root system
@, ={a € P(g, H)|{a", 1) € Z} with positive roots ®; = &, N DT (g, t).

exp(2i ()

From A, we get a character X, (T') C t =l e Cx, giving arank-one
character sheaf £, on T(C). By the localization theorem of Beilinson—Bernstein
and the Riemann-Hilbert correspondence, O5 can be identified with a block ; P°
in the category Pervr »,,(U\G/U) (with the T-action on the left). Soergel’s
result can then be formulated as an equivalence of Abelian categories , P° = Py,
where H is the endoscopic group attached to £; and Py = Perv(By\H/Upy).
We expect the method used in Soergel’s paper can be extended to prove the
Koszul dual version of the characteristic zero analogue of Theorem 1.3, with
equivariance replaced by weak equivariance (or monodromicity) as in [6].

1.10. Notation and conventions

1.10.1. Frobenius Throughout the article, let k = Fq be an algebraic closure
of IF,. Let £ be a prime different from p = char(k).

Let Fr € Gal(Fq /F,) be the geometric Frobenius. An Fr-module M is a Q,-
vector space with a Q,-linear automorphism Fry, : M — M such that each v € M
is contained in a finite-dimensional subspace stable under Frj,. The Fr-module
M is called pure of weight n if for any eigenvalue A of Fry,, A is algebraic over
Q with all conjugates in C of absolute value ¢"/>.

Fix a square root ¢'/2 of ¢ in Q,. We denote by Q,(1/2) the one-
dimensional Fr-module M = Q, equipped with the automorphism Fr), by
scalar multiplication by ¢ ~'/2.

1.10.2. Geometry. We denote
pt := Spec F,.

For a scheme X over F,, let D’ (X) be the derived category of étale Q-
complexes on X whose cohomology sheaves are mixed; see [1, 5.1.5]. If X
is equipped with an action of an algebraic group H over I,, one can follow
the method of [3] to define the H-equivariant derived category of mixed Q,-
complexes denoted by DY . (X) or D’ (H\X) (that is, working with Cartesian
complexes on the standard simplicial scheme resolving the stack H\ X).
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Similarly, we have the (constructible, Q,-coefficient) equivariant derived
category D’ (H;\ X). We have a pullback functor @ : D2 (H\X) — D”(H,\ Xy).
For F, F' € D’ (H\X), we define

Hom(F, F') := Homps g\ x,) (0F, o F"). (1.1)

In other words, the Hom space between two mixed complexes on H\X is
taken to be the Hom space of their pullback to H,\X,. Similarly, Ext'(F,
F') means Hom(F, F'[i]) calculated again in D®(H;\X;), and RHom(F, F")
means RHom(wF, oF"), which is an object in D (pt). The actual morphisms
inside the category D (H\ X) will be denoted as

hom(F, F') := Hompp (i x) (F, F).

A semisimple complex in D’(H,\X;) means an object isomorphic to a
finite direct sum of shifted simple perverse sheaves. A semisimple complex in
Db (H\X) is that whose image in D?(H,\ X;) is semisimple.

For any mixed complex F € D! (H\X) and n € Z, we denote F(n/2) :=
F @ 7*Q,(1/2)®", where 7 : H\X — pt is the natural projection. Then F (1)
1s the usual Tate twist. Also, we define

Fn) := Flnl(n/2), neZ. (1.2)

For an algebraic group H over I, acting on a scheme X on the right and on

H
another scheme Y on the left, we denote by X x Y the quotient stack (X xY)/H,
where h € H acts by h - (x, y) = (xh~!, hy).

1.10.3.  Group theory. Let G be a connected split reductive group over F,. Fix a
Borel subgroup B of G with unipotent radical U and a maximal torus 7 C B. Let
@ (G, T) (respectively, @ (G, T)) be the set of roots (respectively, coroots) of G
with respect to T. The choice of B gives the set of positive roots @+ := @*(G,
B, T), negative roots @~ := @~ (G, B, T), and a set of simple roots.

Let W = Ng(T)/T be the Weyl group of G, with simple reflections coming
from simple roots. For a simple reflection s € W, let o, and « be the
corresponding simple root and simple coroot.

We use e to denote the identity element of W. We use ¢ to denote the identity
element of G.

For each w € W, we use w to denote a lifting of w in Ng(T)(F,). For w = e,
we always lift it to ¢, the identity element of G. The equivalence in Theorem 1.3
will not depend on the choice of such liftings, while its extension Theorem 10.12
will depend on choices of liftings on a subset of W.
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1.10.4. Other. For a triangulated category D and {X,}sc; a collection of
objects in D, we denote by (X,,; o« € I) the full subcategory of D whose objects
are successive extensions of objects that are isomorphic to X,, o € I.

Let S be a set with a left action of H, and a right action of H,. We say § is
an (H,, H,)-bitorsor if S is a torsor under the H,-action and a torsor under the
H,-action. Similarly, we define the notion of bitorsors for schemes with left and
right actions of group schemes.

For a category C, let Ob(C) be the collection of objects in C, and |C| be the set
of isomorphism classes of objects in C.

2. Monodromic Hecke categories

In Sections 2-10, we work over a fixed finite field F,. In this section, we
introduce the main players of the paper: the monodromic Hecke categories.

2.1. Rank-one character sheaves. For an algebraic group H over FF,, there

is the notion of rank-one character sheaves on H. These are rank-one Q,-local
systems £ on H equipped with an isomorphism m*L = L X L over H x H
(where m : H x H — H is the multiplication map) and a trivialization of the
stalk £, (e € H is the identity element) satisfying the associativity and unital
axioms. We refer to [31, Appendix A] for a systematic treatment of rank-one
character sheaves. Let Ch(H) denote the group of isomorphism classes of rank-
one character sheaves. When H is connected, the automorphisms of a rank-one
character sheaf reduce to identity.

Recall k = IF,. We define

Ch(Hk) = li_rI>1Ch(HFq)t )

n

with transition maps given by the pullback. _

Let v : H — H be a finite étale central isogeny (where H is a connected
algebraic group) with discrete kernel ker(v) (discrete as a group scheme over
F,, that is, a finite Abelian group). Let x : ker(v) — @Z be a homomorphism.
Then L := v*@@[ x 1, the sublocal system of v*@g on which ker(v) acts via y, is
a rank-one character sheaf on H of finite order. It is shown in [31, A.2] that any
element in Ch(H) arises in this way.

2.2. The case of atorus. When H = T is atorus, the Langmap Ay : T — T
given by 7 > Frr/p, (1)t~ is a finite étale isogeny with kernel T (FF,). The above
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construction gives a homomorphism
Hom(T (F,), Q,) — Ch(T). (2.1)

This is in fact a bijection with inverse given by taking the Frobenius trace
function of character sheaves; see [31, A.3.3].

LEMMA 2.3. Let H be a connected reductive group over I, with maxzmal torus
T. Let L € Ch(T). Then L extends to a rank-one character sheaf Le Ch(H)
(necessarily unique) if and only if for every coroot «" : G, — T of Hy, the
pullback («”)* L is the trivial rank-one character sheaf on G, .

Proof. First, suppose L extends to Le Ch(H), and denote its pullback to H;
again by L. Let o be a coroot of H, and ¢, : SL, ; — H; be the homomorphism
whose image is the rank-one subgroup of H; containing the roots +«. Let G, C
SL, ; be the diagonal torus. Then ¢, |Gm , = a”. Since SL,; does not admit any
nontrivial finite central isogeny, (p*ﬁ is trivial; hence (a«¥)*L = ((p;Z)lgm_k is
trivial.

Conversely, suppose L is trivial after pullback along each coroot. The
restriction map Ch(H) — Ch(T) is injective by [31, A.2.2]. Let k'/IF, be a
finite extension and o € Gal(k’/FF,) be the Frobenius element. By [31, A.1.2(4)],
Ch(H) = Ch(Hy)?, therefore Ch(H) = Ch(Hy) N Ch(T) C Ch(Ty). In
other words, it suffices to show that £, € Ch(Ty) extends to Hy for some
finite extension k'/IF,. Therefore we may base-change the situation by a finite
extension of I, so that T is split. Below we assume T is split.

Let x : T(F,) = X (T) ® IE‘; — @,_,X be the character corresponding to £
under bijection (2.1). We view x as a homomorphism ¥ : X,(7) — Hom(F>*,
@Z ). Let A = ker()). The assumption on £ implies that A contains the coroot
lattice of H. By the structure theory of reductive groups, there is a connected
split reductive group H over F, with maximal torus 7 such that A = X, (T)
w1th coroots @Y (H, T). The embeddmg A C X, (T) gives a homomorphism
v:H—>H such that v‘l(T) T. By construction, the Lang map A7 : T — T

factors as T LN T —> T such that ker(8) = ker(x) and ker(v) = ker(v|7) =
T(F,)/ker(x). Hence x factors through a character x : ker(v) — @Z Let
L = v,Q,[x] € Ch(H). Then £, = (v|7),Q,[x], which is isomorphic to £
by construction. Therefore £ extends to £’ € Ch(H). O

2.4. Root system attached to £. The action of W on T induces an action
of W on Ch(T): for w € W and £ € Ch(T), define wL = (w=")*L. For a root
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a € ®(G, T), the action of r, on Ch(T) is givenby L — L ® (" oat)*L~! (the
mapa” owa : T — G,, = T).For L € Ch(T), let W, be its stabilizer under W.
For £ € Ch(T), we have a subset of the coroots

&/ ={a’ € (G, T)|(a”)*Lis trivial on G,,, where ¥ : G, — T }.

Let @, be the subset of @ (G, T') corresponding to @ ; it is a subroot system of
@ (G, T). Let W} be the Weyl group of @ it is the subgroup of W generated
by the reflections r, for o« € ®@.. Then W} is a normal subgroup of W,. (In [22]
and [24], W} and W are denoted by W, and W,, respectively.) In fact, @} is
stable under W,; hence W normalizes W ;. We will see in Section 9.1 that if G
has a connected center, then W7 = Wp.

The subset 052 =@t NP, (where @ C @ (G, T) is the set of positive roots
defined by B) gives a notion of positive roots in ®@,. This defines a Coxeter
group structure on W7, where the simple reflections are the reflections given by
indecomposable roots in @ /. We denote the length function of the Coxeter group
W; by

e Wi — Zsy. (2.2)

For w € W and £ € Ch(T), we have
Dy =w(P) CD(G,T). 2.3)

For L, L' € Ch(T), let oW, = {w € W|wL = L'}. This is nonempty only
when £ and £’ are in the same W-orbit. When £ and £’ are in the same W-orbit,
o Weisa (Wg, We)-bitorsor. Since W} is normal in W, for any x € o W,, we
have Wy x = Wz xW; = xWi.

2.5. Monodromic complexes. Let H be a connected algebraic group over
[F, acting on a scheme X of finite type over I,. Let £ € Ch(H). We will define
a trlangulated category D( ). (X) of mixed Q,-complexes on X equivariant
with respect to (H, £). The case where L is trivial corresponds to the usual
equivariant derived category D% o (X) = Db (H\X) as defined by Bernstein—
Lunts in [3].

By the discussion in Section 2.1, there are a finite étale central isogeny v :
H — H and a character x : ker(v) — @Z such that £ appears as the direct
summand of v*@[, where ker(v) acts through x . Consider the equivariant derived
category D? (H \X), where the action of H is through H via v. Since the finite
Abelian group ker(v) acts trivially on X, it acts on the identity functor of the
QZ linear category D (H \X). This allows us to decompose Db (H \X) into a
direct sum of full trlangulated subcategories according to characters of ker(v).
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Let Df’H £).m(X) be the direct summand of Db (ﬁ \X) corresponding to x. It can
be checked that, up to canonical equivalence, the category D( .c).m(X) does not

depend on the choice of (H , x) attached to L (the essential point is that H}, (pt,,
Q,) = Q, for a finite group A).
Similarly, one defines the constructible derived category D( .0y (Xx) for the

spaces base-changed to k = IF We use convention (1.1) for the Hom spaces in
Db (H \X).

2.6. Functoriality. Let v : H — H be a homomorphism of algebraic
groups and let H act on X. Let £ € Ch(H) and £ = v*L € Ch(H’). Let
w : H'\X — H\X be the natural map of quotient stacks. Then we have a pair
of adjoint functors

7t Dy oy (X)) == Dl 1), (X) : 7,

defined as follows. For 7 € Dy, [, (X), 7*F has the same underlying sheaf
on X as F, with the (H', £')-equivariant structure obtained by pulling back the
(H, L£)-equivariant structure on F.

For F' € Df’H,YD)’m(X), consider the action map a : H §[< X — X. The
complex £ X F" on H x X carries a natural H'-equivariant structure with
respect to the action h'(h, x) = (hh'~!, h'x) (because L i is (H', ', L')-equivariant
with respect to the right translation action of H'). Let £ X F' be the descent of

LXF toH >< X and define 7, F = a.(L X F7). Then w,F’ carries a natural
(H, £)-equivariant structure coming from the left (H, £)-equivariant structure
on L itself, and hence defines an object in D(bH’ 2ym(X)-

2.7. Monodromic Hecke categories. Let £, L’ € Ch(T). Applying the
construction in Section 2.5 to the T x T-action on U\G/U by (t;,1,) : g —
tgt, !, we get the category

cDr = (Txrzm y.a (UNG/U).

Note that the inverse £~! (dual local system) of £ appears in the definition, but
we still write £ in our notation »D,.
We denote the nonmixed counterpart of oD, by

Dy = Dl ey (U\Gi/ Up).
We have the pullback functor

w ﬁ/Dﬁ e ﬁ/Qﬁ‘
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For variants of D, that we introduce later, we put an underline to denote the
corresponding nonmixed version.
Each object F € D is equipped with an isomorphism

adF=LXRFRL,

where a : T x [U\G/U] x T — [U\G/U] is the action map given by (¢, g,
1)) = 118t together with compatibility data.

In particular, when £ = Q, = L/, /D, is the usual Hecke category
D}, (B\G/B).

2.8. Basic operations. Let £/, L, K, € Ch(T). For F € /D, and G €
i Dy, the inner Hom RHomU\G/U(]-", G), viewed as a complex on U\G/U,
defines an object in ;19D -16x. This gives a bifunctor

RHom : (D)™ x Dk —> 19k D10k

In particular, when K = L and K’ = £', RHom,), ; ,, (F, G) descends to B\G/B
and defines an object in the usual Hecke category D? (B\G/B).

We define a renormalized version of the Verdier duality on »D,. Let D¢/ 5
be the dualizing complex of G/B, viewed as an object in D? (B\G/B). For
F € »D,, by the discussion on the inner Hom above, we define the object

]D)(f) = RHOI’H(I, Dg/g) S E/—IDE—I.
This defines a functor
D: (ﬁ/Dﬁ)OPP —> L/—]DL—],

which is an involutive equivalence of categories. We refer to this functor as the
Verdier duality on ;" D,.

We define the perverse ¢-structure on D, in the following way. We define
a full subcategory ngo (respectively, ngo) to consist of objects F € D,
such that F[dim T'], as a complex on G/ U, lies in ?D<°(G/U) (respectively,
»D>°(G/U)). Then (E/Dfo, DD?:O) defines a t-structure, which we shall call
the perverse t-structure on D . With this definition, the Verdier duality functor
D sends perverse sheaves in D/ to perverse sheaves in g-1Dg-1.

2.9. Strata. For w € W, let G, C G be the B-double coset G,, = BwB.
(This is abuse of notation as we should have written BwB for some w €
Ng(T)(F,) lifting w. However, the resulting subscheme is independent of the
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choice of the lifting. In the sequel, we will use such abuse of notation freely.)
Let G, be the closure of G¢,, and G, = G¢,, — G,,.

Let » D(w), = D?TxT,[ﬂZL‘,“),m(U\Gw/U)' Similarly, define »D(< w),
and »D(< w). by replacing G, with G, and G -,,.

The inclusion iy, : U\G, /U — U\G/U induces adjoint pairs

iwy o D(w)e == oD, 1,
i D —= pDW)g iy -

Let I"'(w) C T x T be the graph consisting of (wt, t),t € T. The T x T-action
on any point in U\G,,/ U has stabilizer I" (w). From the definitions, we have the
following lemma.

LEMMA 2.10. The category o' D(w) is zero unless L = wL. When L = wL,
taking a stalk at the lifting w € Ng(T)(F,) of w induces an equivalence

i 0w D)z = Dl ().

w

Here we are using that w*L = w™' (L) = L so that L' X L™ restricts to the
trivial character sheaf on I" (w).

2.11. Some objects. In view of Lemma 2.10, oD, = O unless £ and L’ are
in the same W-orbit of Ch(7'). In the remainder of the paper, we fix a W-orbit
o C Ch(T).

For w € W with lifting w, and £ € o, let C(w); € ,.D(w) . be the object
that corresponds to the constant sheaf Q,(€¢(w)) under the equivalence i in
Lemma 2.10. Note that the isomorphism class of C(w), is independent of the
lifting w while for different liftings, the identifications between the C(w).’s are
only unique up to scalars.

Define the following perverse sheaves in ,,,D,:

A) g =iy C(Ww)g, V(W) =iy C(W)g, (2.4)

IC(w) = iy xC(W)c := Im(A(w) — V(W)e). (2.5)

REMARK 2.12. The isomorphism classes of wC(w)z, w A(w)z, oV (w), and
wIC(w), in 2D, are independent of the lifting w. For this reason, we denote

these isomorphism classes in 2D . by

Cw)z € weDWw)e, Aw)e, V(w)e and IC(w)r € Dy
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However, in the mixed category ,.D,, if we change the lifting w to another
lifting w = wt~' (+ € T(F,)), then we have a canonical isomorphism in ,,.D:

IC(w) EIC(W) . ® L, (2.6)

where L, (the stalk of £ at 1) is viewed as a one-dimensional Fr-module. Similar
isomorphisms hold for C (), A(w), and V().

3. Convolution

In this section, we define and study properties of the convolution functor on
the monodromic Hecke categories. We also use convolution to prove the parity
and purity properties of IC(w) . in Proposition 3.11.

3.1. Convolution. Recall that we fix a W-orbito C Ch(T).Let L, L', L" € o.
Consider the diagram

U
U\G x G/U
U\G/U x U\G/U U\G X G/U —~>U\G/U

For F € Dy and G € oDy, 7*(F X G) carries an equivariant structure

U
under the T-action on U\G x G/U given by T > t : (g1, ) — (git™',
tg>) (using that F is (T, £'~!)-equivariant for the second T-action and G is
(T, L)-equivariant for the first T-action). Therefore, it descends to a complex

~ B

FXGe Dfrxr_uxg—l)_m(U\G x G/U). Define
FxG=m,(FXG) € »De.

This construction gives a convolution bifunctor

(=) * (=) : 2Dp x D — Dr.

It is easy to see that convolution carries a natural associativity structure in the
obvious sense. Under convolution, 0D, becomes a monoidal category with the
unit object

8p = A ZIC(E) = V(é),.

B
The properness of the multiplication map m : G x G — G implies the
following.
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LEMMA 3.2. There is a natural isomorphism functorial in F € p» Dy and G €
£/D£.'
D(F * G) = D(F) » D(G).

LEMMA 3.3. (1) If F € 1Dy and G € D, are semisimple complexes, so is
F *G.

Q) If F € ooDprand G € D, are pure of weight zero, so is F x G.

B
Proof. (2) follows from the properness of the multiplication mapm : G x G —
G and Deligne’s weight estimates [1, 5.1.14]. (1) follows from the properness of

B
the multiplication map m : G x G — G and the decomposition theorem [1]. [

LEMMA 3.4. Suppose £(ww,) = €(w;) + £(w,), then there are canonical
isomorphisms

A1)y * AQin) g = A1) e, V(W1 * V(W) g = V(W) 2.
Proof. Both isomorphisms follow directly from the fact that the multiplication
map G, i G, > Gy, is an isomorphism if £(w;w,) = £(w;) + €(wy). O
LEMMA 3.5. Let w € W. Then there are isomorphisms

Ay * V() Z Ale) g Z V(W™ )yp x AQWD) .
In particular, the functor
(=) *x A(w)z : o Dye — oD
is an equivalence of categories with inverse given by (=) * V(™) ..

Proof. Writing w into a reduced word in simple reflections and using
Lemma 3.4, it is enough to prove the statements for w = s, a simple reflection.
When s is a simple reflection, we may replace G by its Levi subgroup L; with
roots +a,. Therefore it suffices to treat the case where G has semisimple rank
one. In this case, from the definition of convolution, we have

i (AGS Do % V() ) = H (G/B)i, AGS™ )5 @ IV RIV(S) ).
Here R; : U\G — U\G is the right translation by § and inv : G/U — U\G

is given by inversion. Now A(s™1),. is (T, sL)-equivariant with respect to the
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right translation of T on G/U, and inv* R}V ($) is (T, sL™")-equivariant with
respect to the right translation. Their tensor product is 7 -equivariant on the right
and hence descends to G/B. We choose an identification G/B = P! such that
the unit coset B corresponds to 0 € P!, and sB corresponds to oo € P!. Let
Yy, Y be the preimages of 0, 00oin Y = G/U,andlet jo : Y — Yy —= Y, jo :
Y — Y., < Y be open embeddings. Then A(s~'),; = jy,K for some rank-one
tame local system /C on ¥ — Yp, and inv*RfV($)z = j.K' for some rank-one
tame local system K" on ¥ — Y, (tame means the corresponding representation of
the fundamental group factors through the tame fundamental group). The tensor
product jou K ® j...K' descends to a complex G on P!, which is a rank-one tame
local system K" (descent of K ® K'|y_y,_y, ) on P! — {0, oo} with !-extension at
0 and x-extension at co. Therefore

iF(AG e x V() ) EH((G/B)i, §)
is the cone shifted by [—1] of the restriction map
H*(P, — {0, 00}, K") — i’ j.K',

where j : P! — {0, 00} — P! and iy, : {00} <> P! are the inclusions. Since
K" is a tame local system on P! — {0, oo} = G,,, the above restriction map is
an isomorphism. This shows that the stalk of A(s~!),, » V(s), vanishes at any
lifting s of s. Hence A(s™');z * V($). is concentrated in the closed stratum
U\G,/U.

We calculate the stalk of A(5™'),, x V(§) at e by the same method

Z(AG D5 * V() 2) EH (G/B)i, AG™)se @ IV V() ).

Now AG ™Y, ® inv*V(s), is the extension by zero of the trivial local
system on P! — {0} whose stalk at oo (image of s under G/U — P!) is
canonically identified with Q,(2). Therefore its cohomology is canonically
isomorphic to H' (P, — {0}, Q,(2)) = Q,. This gives the canonical isomorphism
A ™Y, % V()2 = A(e)o. The second isomorphism follows from the first one
by applying the Verdier duality and Lemma 3.2. O

LEMMA 3.6. Lets € W be a simple reflection and s ¢ W7.
(1) The natural maps A(s) — 1C(s), — V(8) are isomorphisms.

(2) The functor
(=) *IC$)z : o Dsg — £ De

is an equivalence of categories with inverse given by (—) x IC(5™ "), ..
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(3) The equivalence (—) » IC(s)s sends A(w),z, V(w)se and IC(w),, €
wsDsp to A(ws) g, V(ws) and IC(ws) s € ysc Dy, respectively, for any
w € L"Ws‘[,-

Proof. (1) We need to show that i*IC(s); = 0 and i'IC(§), = 0. Replacing
G by its Levi subgroup L, containing 7 and with roots £a,, we reduce to
the case where G has semisimple rank one. In this case, there is a central
isogeny v : Z° x SL, — G, where Z° is the neutral component of the center
of G. Let £, = («)*L € Ch(G,,). The condition s ¢ W} is equivalent to L,
being nontrivial. Identifying G,, with the diagonal torus 7y C SL,, IC(s)., €

Df@,nx@,,,,szzlxz:;l),m(U'\SLZ/UI) is defined (U, C SL, is the unipotent upper

triangular subgroup). Let Lo = L]|z.. Then v*C () = Lo X C(§), on the open
stratum of Z° x U;\SL,/U,. Since v is finite, IC(s) is a direct summand of
V(Lo KIC($),). By proper base change, it suffices to show that the stalks and
costalks of IC(s), vanish along the identity coset of U;\SL,/U;. We identify
SL,/ U, with A? — {0} with SL, acting as the standard representation on A%. The
right T -translation on SL,/ U, is the scaling action of G,, on A? — {0}. The open
stratum (SL,—B;)/U; C SL,/ U, is j : A'xG,, = A?—{0}. A direct calculation
shows that C(5)z, = pri Ly, where pr, : A! x G,, — G,, is the projection to the
second factor. Since £, is nontrivial, IC(s)z, = jiC($), has a zero stalk and a
costalk along the closed stratum G,, x {0} C A? — {0}. This proves (1).

(2) This follows from (1) and Lemma 3.5.

(3) If £(ws) > £(w), then by (1), A(w)se * IC(S), = A()se * AS) g,
which is isomorphic to A(ws), by Lemma 3.4. If Z(ws) < {£(w), then
by (1), A(w);s * IC$) = A()se * V(s)e. By Lemma 3.4, we
have A(W),r = AWS), * A .. Therefore A(w),s * V() =
AS) e * AS D x* V() = A(WS) s * A(é)y = A(ws), by Lemma 3.5. In
any case, we have A(w),z * [C(s)z = A(WS) .

The proof of V(w), *x IC(s), = V(wS$) is similar.

The equivalence (—) * IC(s), then preserves the standard objects and
costandard objects. Hence it is f-exact for the perverse f-structure, and
sends simple perverse sheaves to simple perverse sheaves. Now for w € W,
IC(w),, * IC($) is a simple perverse sheaf in »D,. Since IC(w),, * IC(s)
receives a nonzero map from A(w),. x IC(s) ; = A(wS$)z, it must be isomorphic
to IC(ws) . O

3.7. TheobjectIC(s). whens € W;. Supposes € W;. Leta, be the simple
root corresponding to s. Let P, be the standard parabolic subgroup whose Levi
subgroup L; has roots {£«;}. Let U* be the unipotent radical of P;. Since () )*L
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is trivial, the local system L extends to a rank-one character sheaf £ on L, by
Lemma 2.3. In particular, the stalk of Late e L, has a canonical trivialization.
We use the same notation £ to denote its pullback to P,. The object ﬁ( ) €
D?Txr cRC, m(U\PS/ U), extended by zero, can be viewed as an object of D,
and as such, it is isomorphic to IC(s) .

In_other words, when s € W3, we have a canonical object IC(s); :=

i< L(1 ) € D, equipped with an isomorphism of its stalk at the identity e

with Q,(1). We have wIC(s) s = wIC($) .
Let [;/DE D(bTxL ey (UNG/UY), where the action of T x L, on

U\G/U"* is given by (t,h) - g = tgh™',t € T,h € L, g € G. Applying the
constructions in Section 2.6, we get an adjoint pair

nf oD —= D, : W
Since P;/B is proper, 7y, also admits a right adjoint

Ty oD —= Dy :n!
and 7! = 77(2).

LEMMA 3.8. Let L, L' € 0 and s be a simple reflection in W such that s € W}.
Then there is a canonical isomorphism of endofunctors

(=) *IC(s)c = 7}, (-)(1) = w7 (—){~1) € End(£Dp).

B
Proof. Leta : U\G x P; — U\G be amap given by the right action of P; on G.
By the definition of convolution and IC(s) . = i< £L(1), we have for F € D,

F«IC(s), = a,(F & L(1)),

where F X Z( 1) is the descent of F X E( ) to U\G i P,. Comparing with the
definition of m,,, we see that a,.(F X L) is exactly the underlyly complex of
. F . If we only remember the (7, £)-equivariance of a,(F X L£(1)) (by right
translation), it is the same as 7 *7,, F(1). [

COROLLARY 3.9. Lets € W be a simple reflection such that s € W}.. Then the
functor
(=) *1C(s)z : o Dr — oDy

has a right adjoint also given by (—) x IC(s) .
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Proof. Let F € D, and G € D,. We have natural isomorphisms by
Lemma 3.8:

Hom(F *IC(s)z, §) = Hom(n; 7., F (1), §) = Hom(m,, F (1), 7,.G)
= Hom(F, n!7,,G(—1)) = Hom(F, G xIC(s)). O

Let s be a simple reflection in W and s € W;. Recall the rank-one character
sheaf £ on Ly, the category D7 and the functors (7, 7,,) from Section 3.7.

The Bruhat decomposition gives G = Ugew, ;) Bw P,. For a lifting w € Ng(T)
of w € W/(s), we have an isomorphism

U\BwWP,/U* = w - (Ad(w™")U N L)\ L,.

The left translation by ¢t € T on the left side becomes the left translation of
Ad(w~Ht on (Ad(w~")U N Ly)\L,. From this, we get an equivalence
L’D(w)L - D(TXL L'RLY,m (U\Bwp /U ) - (T L'QwL~ ‘)m({w})
Therefore D(w)z = 0 unless £ = wL, in which case it is equivalent to
D’;,m({u')}). Let C(w)z € o D(w)z correspond to Q, (¢'(w)) under i} (here £'(w)
is the maximal length of elements in the coset w € W/(s)). Let IC(w) 7 € oDy
be the middle extension of C(w)z. The isomorphism classes of wC ()7 and

wIC(w)7 depend only on w. Similarly, one defines the !- and x-extensions
A(w)z and V(w) 7 of C(w) 7.

LEMMA 3.10. Let s be a simple reflection in W and s € W}. Suppose £(w) >
L(ws), then

7 IC() 7 = IC() ..

Proof Unwinding the definition of 7, it is the pullback along the smooth map

:G/ B—G / P Here we take a ﬁnlte étale central isogeny v : L — L such
that L is defined in terms of a character of ker(v) as in Section 2.1; P = Pyxy, L‘
and B = B x L, ZS. Since 7, is a smooth P'-fibration, 7* sends simple perverse
sheaves to simple perverse sheaves up to a shift. In particular, 7*IC(w) 7 is the
middle extension of 77 C (1) z(1), a shifted local system on 77~ "(BwP,/P,) =
(G, U Gyy)/B. By looking at stalks at w, we have 7 C(W)zlg,,5 = C(W)c.
Therefore their middle extensions agree, that is, 7 IC(w) 7 = IC(W) . O]

The next proposition shows that the stalks and costalks of IC(w), have the
same parity and purity properties as their nonmonodromic counterparts.
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PROPOSITION 3.11. Letw € W, L € oandv € ,W.

(1) The complexes i*IC(w) . and i'IC(w) . are pure of weight zero as objects
in,DW)e.

(2) The (nonmixed) complexes i;1C(w) . and iiE(w) ¢ are isomorphic to direct
sums of C(v)z[n] forn = £(w) — £(v) mod 2.

Proof. (1) Itis enough to show the statement for the stalks; the costalk statement
follows by the Verdier duality. We will prove the stalk statement in (1) together
with a weak version of the stalk statement in (2) simultaneously by induction on
L(w).

Denote by Fr-mod, the category of finite-dimensional Fr-modules pure of
weight zero (see Section 1.10.1). We show by induction on £(w) that for any
x € G, the stalk

iYIC(w) . € (Q,(n) ® Vin=L(w) —€(v) mod 2,V eFrmody). (3.1)

For notation (- - -), see Section 1.10.4. The truth of this statement is independent
of the lifting w of w.

For w = e, this is clear. Suppose it is proven for £(w) < N. For £(w) =
N, let s be a simple reflection such that £(w) = £(ws) + 1. Over k, by
Lemma 3.3, IC(w), is a direct summand of IC(ws™!),, * IC(s)-. When the
situation is over I, although we do not know a priori that IC(w) is a direct
summand of IC(ws "),z » IC(s). over I, its stalks are subquotients of stalks
of IC(ws 1), » IC(s), as Fr-modules (as the perverse Leray spectral sequence
for IC(ws '),z » IC(s), degenerates at E, by the decomposition theorem).
Therefore it suffices to show that the stalks of IC(ws™ '), * IC(5), lie in
(Qu(n)® V;n=Lt(w)—£(v) mod?2,V e Fr-mody).

By inductive hypothesis for ws, IC(1s '), lies in

€ (AWW);c(n) @ Vv € Wi, n=£L(w) — £(v) mod 2,V € Fr-mod,).
Therefore IC(ws "),z » IC(5) lies in
(Ao *ICS) () QV,v € o Wsp,n=€(w) —£(v) mod 2, V € Fr-mod,).

We will show that the stalks of A(v),, » IC(s). are either zero or of the form
@@(Z(vs)) ® V for some one-dimensional V € Fr-mod,, which would finish the
induction step.

If s ¢ W7, by Lemma 3.6(3), we have A(V),z * IC(s); = A(vS), and
obviously satisfies the desired stalk property.

https://doi.org/10.1017/fmp.2020.9 Published online by Cambridge University Press


https://doi.org/10.1017/fmp.2020.9

Endoscopy for Hecke categories 21

If s € W2, by Lemma 3.8, we have A(D), * IC(s), = 77, A(D)c(1). We
use the notation from Section 3.7. We first consider the case where £(vs) > £(v).
In this case, BvB/B maps isomorphically to Bv P,/ Py; therefore w,, A(D), =
A(D) 7(—1), whose nonzero stalks are of the form Q, (¢(v))®V for V € Fr-mod,
of dimensional one. Therefore, the nonzero stalks of 7 *m,, A(V) (1) are of the
form @e W)+ 1)V = @K(E(vs)) ® V for one-dimensional V € Fr-mod,.

Finally, we arrive at the case £(vs) < £(v). We have A(D), * IC(s); =
A0S * A(S) % IC(s) 2. A calculation inside of L, gives A($), x IC(s), =
T A(S) (1) = IC(S),(—1). Therefore A(W), * IC(s); = A@WS . =
IC(s)-(—1). We are back to the previous case (applied to vs in place of v) to
conclude that the nonzero stalks of A(vs™'), * IC(s).(—1) are of the form
QL) {—1) ® V = Q,(£(vs)) ® V for one-dimensional V € Fr-mod,. This
completes the induction step for proving (3.1).

(2) By (1), i;IC(w) . and if)E(w)L are successive extensions of C (v).[n] for
n = {£(w) — £(v) mod 2. However, there are no nontrivial extensions between
C(v); and C(v)[2m] (m € Z)in . D(v)z = D), (pt;), because HEY) (pt,) =
0. Therefore i\IC(w) - and if}E(w)L are direct sums of C (v) 2[n] forn = £(w)—
£(v) mod 2. I

The above proposition will be strengthened in Proposition 9.10 to include
Frobenius semisimplicity of stalks and costalks of IC(w) .

COROLLARY 3.12. Let F,G € D, be semisimple complexes. Then

Hom*(F, G) := @Hom(f, Ggln))

nez

admits an increasing filtration F¢, by Fr-submodules indexed by v € o W (with
its partial order inherited from W) such that the associated graded satisfies

GrfHom*(F, G) = Hom*(i* F,i.G). (3.2)

Moreover, this filtration is functorial in F and G.

Proof. The Schubert stratification gives a filtration on G with Gr,G = i,.i'G. We
get a corresponding filtered complex structure on RHom(F, G) with associated
graded pieces quasi-isomorphic to RHom(i*F, i'!G). We need to show that the
spectral sequence converging to Hom*®(F, G) corresponding to this filtration
degenerates at E;. For this, it suffices to work in the nonmixed category oD,
and we may assume F = IC(w), and G = IC(w') .

Proposition 3.11(2) implies that i’ F is a direct sum of C(v).[n] for n =
£(w) — £(v) mod 2 and zlg is a direct sum of C(v)[n] forn = £(w’) — £(v)
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mod 2. Therefore RHom(i} F, i) G) is isomorphic to a direct sum of even shifts
of RHom(C (v) ¢, C(v) o) [£(w') — L(w)] = H*r(u)k (pt) [€(w') — £(w)]. Therefore
Hom*(i*F,i!G) is concentrated in degrees of a fixed parity independent of v
and hence the degeneration at E|. O

3.13. Monodromic version of the Hecke algebra. Recall the monodromic
version of the Hecke algebra for W with monodromy in o defined in [24, 1.4].
Let H, be the unital associative Z[v, v~—']-algebra with generators T,,(w € W)
and 1,.(L € o) and relations

lelpy =68, 01, forL, L €o;

TyTy = Tyw, ifw,w € Wand Lww) = Lw) + £w);  (3.3)
T, =1,,T,, forweW,L¢co;

T? =Ty + (V¥ = 1) Z T,1., for simple reflections s € W; (3.4)

s

T1=1=le;.

Leo

LiseWg

The algebra H, is closely related to the algebra introduced by Yokonuma [30],
as explained in [17, 35.3, 35.4]. Note E]:lat (Tl (w, L) € W x o} is a Z[v,
v~ !]-basis of H,. For w € W, we set T,, = v"‘“®T, € H,. There is a unique
involution™: H, — H, defined by v"T,1, =v™" Tw_,'l 1. forany (w, £) € W xo
and any m € Z.

For any (w, £) € W x o, there is a unique element c,, » € H, such that

® Cyr =CucLs

o Cur = Y,y Prcwclyle, where py o € v'Zv7 '] if y # w, and
Pw.Liw,.L = 1.

The elements {c, £ }w.2)ewxo form a Z[v, v=']-basis of H, called the canonical
basis. This is analogous to the basis {C,,} introduced in [11, Theorem 1.1].

Let D, = @, ceo(Dr). The Grothendieck group Ko(D,) is a Z[v, v']-
module, where the action of v is given by (—1). As in [22, 2.9], there is a unique
Z[v, v~']-linear map

V. KO(DU) - Ho

sending F € D, to the element »_ A, 7()T,1,, where A, 7(v) €
Z[v, v~'] is the virtual Poincaré polynomial of the stalk ij;]-" , thatis, A, r(v) =
Y ien (=1 (dim Gr H' iz F)(—v).

J w

we, We
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By construction, y (A(w) ) = fw 1. Under y, IC(w) is sent to ¢, » for (w,
L) € W x o. Indeed, the purity property proved in Proposition 3.11 gives the
degree bound for p, .., . needed to characterize ¢, .

By [22, 2.10], y is a ring homomorphism.

4. Blocks

In this section, we give a decomposition of D, into a direct sum of full
triangulated subcategories called blocks. First, we need some preparation on
Weyl groups.

4.1. Blocksin oW .. Let L, L' € o. Denote
cW,=pWe /Wi =W\ We.

Each element 8 € oW .. is called a block of ;W ., and it inherits a partial order
restricted from the Bruhat order in W.

Let £,L and L" € o.Let B € p W, andy € ;oW . Thenthesety - B :=
{wiwy|w, € y, w, € B}isequal to Wz, wiw, = w Wz w, = wyw, W7 (for any
w; € y, w, € B), which defines an element in £~ W .. This defines a map

(=) (D) :ipWex oW, — o W,,
which is associative in the obvious sense.

LEMMA 4.2. Each block B € W, contains a unique minimal element w®
and a unique maximal element wg under its partial order. The minimal element
w? (respectively, maximal element wg) is characterized by the property that
wh(@)) C @ (respectively, wg(®f) C 7).

Proof. In [13, Lemma 1.9(1)], it is shown that each B contains a unique
minimal length (hence minimal) element w” characterized by the stated property.
Let <w: be the Bruhat order on W; induced by the positive roots <PZ; see
Section 2.4. By [13, Lemma 1.9(ii)], if v <ys v/, then w’v < w’v'. Therefore, if
we write w o for the longest (and maximal) elementin W7, wPw, g is the unique
maximal element in 8. Clearly, it is characterized by the stated property. O

COROLLARY 4.3. For B € oW, .andy € ;W ., we have the equalities in W

wwf =w wwg=w,,  w,wf =w,,.
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Proof. Let us prove the first equality and the proof of the rest is similar. To show
w?w? is the minimal element in the block y B, by the criterion in Lemma 4.2, it
suffices to show that w”w#(®}) C ®*. Since w” is minimal in B, w#(®}) C
@t N &y = df (we are using (2.3)), and indeed equality holds. Then by
the same argument, w” w?(®}) C w”(P}) C &, which shows that w”w’
is minimal in the block y 8. O

COROLLARY 4.4. Let B € oW .. Then w — wPww? ™! gives an isomorphism
of Coxeter groups Wy > Wz,

Proof. Since w? @} C @t N®, = @/, wP sends simple roots in @ to simple
roots in @ /. Hence conjugation by w” sends simple reflections in W3 to simple
reflections in W3,. O

4.5. The groupoid E. Let & be the groupoid whose object set is o, and the
morphism set o &, := Homg(L, L) = {wf|B € oW }. Clearly, o E is in
bijection with /W ., and we often make the identification o = > oW ,. The
composition map is defined by the multiplication in W since w”w? = w”? by
Corollary 4.3.

Let B € o W,. For w € B, there is a unique v € W2 such that w = whv.
Define

Cp(w) = L (v), 4.1)

where £ is the length function of the Coxeter group W7, as defined in (2.2).
The following lemma is a slight generalization of [14, Lemma 5.3].

LEMMA 4.6. Let B € oW, andw € B.
(1) ¢s(w) = #a € @} |wa < 0}.
(2) Fory € oo W ., we have

Lp(ww) = Lg(w).

(3) Write w into a product of simple reflections in W (not necessarily reduced),
w = ;- 5;,8;,. Let Lo := L and Lj = s;; - - - 5;,(L) for j > 1. Then

Lp(w) <#1 < j<Nlsi; e Wy} (4.2)

) Ifin (3) s;y - - - 85,8, 1s reduced, then equality in (4.2) holds.
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Proof. (1) Write w = wfv for v € W2. Since w? sends @/ (respectively @)
to positive (respectively negative) roots, for & € @/, wfva < 0 if and only if
va < 0. Therefore, #{a € @f|wa < 0} = #{a € Pf|va < 0} = £, (v) = £g(w).

(2) Write w = wfv for v € W2. Then w”w = (w”w”)v. By Corollary 4.3,
w?wf = wr?; we have €,5(w”w) = £, (v) = Lg(w).

(3) Let w be the sequence of simple reflections (s;,, ..., Si,, 5;,). Denote the
right side of (4.2) by L(w). We argue by induction on the length N of the
sequence w.

For N = 0, the statement is clear. Suppose the statement is proved for all w of
length < N.Lets =s;, and w' = (Siy_,, .-+, i, 8iy)s W = i, - - 85,8, so that
w = sw'. Note that Ly_; = w'L =sL'.Let B’ € ;- W , be the block containing
w'. By inductive hypothesis, we have £ (w') < L(w’). We have two cases:

Case 1: s ¢ W7, In this case, L(w) = L(w’). On the other hand, s is minimal
in its block y € o W_ .. By part (2), £g(w) = €g(sw’) = £g(w’). Therefore
£p(w) = £y (w) < Lw) = L(w).

Case 2: s € W7, In this case, L(w) = L(w’) + 1. On the other hand, we
have w®f N @~ = sw'df N @~ = s(w'df NsP"). Since the only difference
between @~ and s®~ is that —¢; has been changed to «, #(u/qbz NsP~) <
#w'®L N @)+ 1. By part (1), Lg(w) = #HwPL N D) = #HWwSL NsP™) <
#Ww OLNP7)+1 =Lz (w')+ 1. Therefore £g(w) < Ly (w)+1< L(w)+1=
L(w).

(4) To prove the equality in the case where w is a reduced word, one uses the
same inductive argument. The only point that needs modification is in Case 2.
Since £(w) = £(w’) + 1 in this case, we have w''a, € @*, or; € w'@*. But
since s € Wy, ., we also have o, € @, = w'®; therefore oy € w'®, Nw'@ N
s@” = w*DZ Ns®~. Hence chZ N~ = s(w’clﬁzr Ns@™) = s(w’cDZ NnNd-)u
{—a,}. By part (1), £5(w) = £g(w') + 1. Therefore £5(w) = g (w') + 1 =
L) +1=L(w). O

4.7. Partial order on a block. For a block 8 € /W ., we define a partial
order <4 on elements of § as follows. Every element in 8 can be written uniquely
as wPw for some w € W3. Then we define w’w’ <z w’w if and only if w' <y
w (under the Bruhat order of W2). For w’, w € W2, w'w? <z ww” if and only
if w’ ng:’ w (using Corollary 4.4).

Later we will need the following result comparing the partial order <g with
the partial order restricted from the Bruhat order of W.

LEMMA 4.8. Let B € o W ,.
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() If y € oW, left multiplication by w” gives an isomorphism of posets
(B, <p) = (¥B, <yp)-

(2) If 8 € W, right multiplication by w® gives an isomorphism of posets
(B, <p) = (BS, <ps)-

() Forw,w’ € B, if w <p w, then w' < w.

Proof. (1) follows directly from the definition and Corollary 4.3.

(2) It suffices to show that x <z y implies xw® <gs yw?’, for the reverse
implication can be obtained by inverting 8. Left multiplying by w?~!, we reduce
to the case § = W}, the neutral block. Let x, y € W} and x <we Vs and we
show xw’ <s yw’. Letx’ = w’~'xw’, y' = w~'yw® € W2,. By Corollary 4.4,
x <wy y implies x’ <ws, ¥'; hence w’x” <5 w’y’ by definition. Therefore xw® =
wlx’ <5 wly = ywd.

(3) Induction on £(w). The statement is clear for w = e. Assume the statement
is true for all w with £(w) < N (for varying 8). Now suppose £(w) = N. Write
w = wys for some simple reflection s such that £(w) = €(w;) + 1.

Ifs ¢ W7, write 8’ = Bs and w’ = w)s. Then wi, w, € B’, and w| <p w; since
right multiplication by s is an isomorphism of posets 8/ — S by (2). Applying
the inductive hypothesis to w;, we get w| < w;. Hence w’ = w}s < max{w;,
wis} = w.

If s € W2, then s is a simple reflection in W;. Since w’ <g ws, either
w' <p wy or w = wis and w; <g wy. In the former case, applying the inductive
hypothesis to w;, we see w’ < w; < w. In the latter case, applying the inductive
hypothesis to w;, we get w| < w; hence w' = wis < max{w,, w;s} =w. O

REMARK 4.9. The converse of Lemma 4.8(3) is not true in general. In particular,
if w, w" € W3, then w’ < w does not necessarily imply w’ <y w.

DEFINITION 4.10. (1) For each 8 € oW ., let L/Q’Z be the full triangulated
subcategory of D, generated by {A(w) }yep. Let [;/Di C oD, be the
preimage of 5/2’2 under . We call E/Df: (respectively, gQ‘Z) a block of
2D (respectively, : D).

(2) When g is the unit coset W7, we denote the block [;’Di (respectively, 42’2)
by D5 (respectively, D7), and call it the neutral block .

The terminology ‘block’ is justified by the next proposition.
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PROPOSITION 4.11 (Block decomposition). We have direct sum decompositions
of the triangulated categories

cDe = @ L/Di, cD, = @ 11/2’2- 4.3)

Bepg W, Bep W,

Proof. We prove the nonmixed statement, and the mixed version follows.
Clearly, the subcategories { DQ’Z} pep W, generate 2D, It remains to show that
if wy, wy € oW, are not in the same right W coset, then

RHom(A(wy)z, A(w2)z) = 0. (4.4)

We prove (4.4) by induction on £(w,). For £(w,) = 0, that is, w, = e,
by adjunction, RHom(A(w;)., A(e)z) = RHom(C(wy), i,’ﬂlé(e)[;), which
vanishes whenever w; # e. This verifies (4.4) for £(w,) = 0.

Suppose (4.4) is proved for £(w,) < n (n > 0). Consider the case £(w,) = n
and w; € o W,—w,W}. Lets be a simple reflection such that £(w,) = £(w,s)+1.
By Lemma 3.5, we have A(w,)z * V(s),2 = A(w;yS),z. Since *V(s),, 1S an
equivalence, we have

RHom(A(w1) .z, A(wz) ) = RHom(A(w1) 2 * V($)sz, A(wz)z * V($)sr)
= RHom(A(w1) 2 * V($),z, A(was) ).

If either £(w;) = £(w;s) + 1 or s ¢ W7, then by either Lemma 3.5 or
Lemma 3.6(1), we similarly have A(w;); * V(s),z = A(w;s),c. Hence
RHom(A(wi)z * V(s)sc, A(wrs)) = RHom(A(w;s),c, A(wss)sc), which
vanishes by inductive hypothesis since £(w,s) < n.

It remains to treat the case s € W7 and £(w;) = £(w;s) — 1. Since V(s) is in
the triangulated subcategory generated by A(s), and A(e)z, A(w)z * V(s)¢
is in the triangulated subcategory generated by A(wy), x A(s), = A(wys) e
and A(wy) . * A(e)r = A(w,) ., and we are done again by inductive hypothesis
applied to w;s. O

COROLLARY 4.12. Let B € oW . and w € B. Then V(i) and IC(i) - € Dh.
In particular, DQ’Z is also the full triangulated subcategory of oD, generated
either by the collection {IC(w) £ }wep or by the collection {V(w) £ }wep.

Proof. Since V(w), and IC(w), are indecomposable objects and they admit

nonzero maps from A(w)., they must lie in the same summand as A(w), in
decomposition (4.3) for o D. O
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PROPOSITION 4.13 (Convolution preserves blocks). Let £, L and L’ € o. Let
BepWeandy € oW, Then

4 B VB
L”DL' *LfD£ - L”DL .

Proof. 1t suffices to show the same statement for the nonmixed categories. By
definition, it suffices to show that for any w; in a block 8 € W . and any other
block y € /W,

oDy * A(w)) C D" (4.5)

We prove this by induction on £(w;). When £(w;) = 0, w; = e, the statement is
clear since (—) * A(e) is the identity functor.

Next we consider the case £(w;) = 1, that is, w; = s is a simple reflection. If
s ¢ W, then by Lemma 3.6(3), for any w; € ¥, A(wz);z x A(s)z = A(was) g,
which implies (4.5).

If s € Wy, it suffices to show that

A(wy) g *x A(s)z € DY (4.6)

(now w, and w,s are in the same block denoted by y). If £(w,s) = €(w,)+1, then
by Lemma 3.4, A(w,) . x A(s)s = A(w,s) o, which verifies (4.6). If £(w,s) =
£(wy) — 1, then by 3.4, we have A(wy) s * A(s) s = A(was) e * A(S) . *x A(s) .
Since A(s)z *x A(s)z € 2 D(< s) ., which is generated by A(s) and A(e) ., we
have A(wz) g * A(s)z € (A(was) g, A(was) e x A(s)e)) = (A(was)z, Awa)z),
which verifies (4.6) in this case. This completes the proof when £(w;) = 1.
Now consider the case £(w;) > 2. Write w; = w;s, where s is a simple
reflection in W and £(w;) = £(w}) + 1. Then A(wy)z = A(w)),z * A(S)c.
By inductive hypothesis applied to £(w}), we have D}, x A(w))sz C UQJ;‘L'S /,
where 8’ € o W_, is the block containing w]. By the proven case for simple
reflections, UQQ’S "% A(s)z C yQZ’ﬂ . Combining these two facts, we get (4.5)
for w;. O

We will also need the following statement about stalks of IC(w) . later.

LEMMA 4.14. Let B € oW . and w € B. Then i;1C(w) . and iiE(w)g vanish
unless v € B and v <z w.

Proof. Tt is enough to prove the stalk statement, and the costalk statement
follows by the Verdier duality.

Induction on £(w). The statement is clear for w = e. Suppose it is proved for
£(w) < N (for varying ), and we now prove it for £(w) = N. Write w = w's
for some simple reflection s such that £(w) = £(w’) + 1.
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If s ¢ W2, then IC(w), = IC(w'),z * A(s), by Lemma 3.6(3). Let g’ =
Bs. Applying inductive hypothesis to IC(w’),., we see that IC(w’),. lies in
(A)sclnl; v <p w', n € Z). Therefore, IC(w'),z x A(s) lies in

(A@)sz * A(s)clnl; v <p w',n € Z).

Note that A(v);z * A(s)z = A(vs)z, and v <p w’ implies vs <z w's = w. We
see that IC(w), € (A(v)c[n]; v <g w, n € Z); hence i’1C(w) is zero unless
v éﬁ w.

If s € W2, then IC(w), is a direct summand of IC(w'); * IC(s).,
and we shall prove the stalk statement for the latter. Applying inductive
hypothesis to IC(w')z, we see that IC(w'),z € (A(W),cln]; v <p W', n € Z).
Therefore, IC(w)e * A(s)c € (AW *IC(s)clnliv <p w',n €Z).
Since A(v); * IC(s); only has stalks along G, and G,, we see that
i*(IC(w")z * IC(s)z) is nonzero only if either v <z w' or vs <z w'. In
the former case, v <z w’ <g w and in the latter, vs <z maxg{w’, w's} = w
(using that s is a simple reflection in W}7). In either case, i (IC(w') 2 » IC(s) )
is zero unless v <g w. This completes the induction step. O

5. Minimal IC sheaves

In this section, we study the simple perverse sheaves with minimal support
in each block, and use them to prove categorical equivalences among different
blocks.

5.1. Minimal IC sheaves. For 8 € oW ., any object £ € [;/DZ is called a
minimal IC sheaf if w& = IC(w*) .. We denote by [;/‘13‘2 the groupoid of minimal
IC sheaves in DD’Z. The automorphism group of objects in L/Yﬁfz is @; .
PROPOSITION 5.2. Let B € oW . and w* be a lifting of wP.
(1) The natural maps A(w?); — IC(w?) — V(w?), are isomorphisms.
(2) Let L" € oand y € oW .. Then the functor

(=) * ICW?) : oDV, — DY

is an equivalence with inverse (—) x IC(w?~'). A similar statement is true
for left convolution with IC(w?).

(3) The equivalence (—) * IC(wP) sends A(w)., V(w)y and IC(w). to
Aw?) g, V(ww?) s and IC(ww?) ., for all w € W.
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Proof. We prove all the statements by induction on £(w?). For £(wf) = 0, the
statements are clear. Suppose the statements are true for £(w?) < n. Let 8 be
such that £(w?) = n. Write w? = w’'s for some simple reflection s such that
£(w') =n — 1. We have s ¢ W}, for otherwise w’ € B and it is shorter than w.
Let B’ € oW, - be the block containing w’. We must have w’ = w# for otherwise
Lw?s) < L(wf) + 1 < £(w') and wf's € B would be shorter than w”. Hence
wh = wh's.

For part (1), it suffices to show its nonmixed version. By Lemma 3.6(3),
IC(w?),s * IC(s), = IC(w’s); = IC(wf),. By inductive hypothesis,
Aw?),, = V(w?),,. By Lemma 3.6(1), A(s)z — IC(s); — V(s).. Hence
the natural map A(wf); — IC(w?); can be factorized into isomorphisms
AwP), = AWFs), = AW, x Ay = ICWH),. « IC(s), =
IC(w#'s); = IC(w?),. By the Verdier duality, the natural map IC(wf), —
V(w?) is also an isomorphism. This proves part (1) for IC(w?) .

Part (2) follows from (1) together with Lemma 3.5.

Finally, we show part (3). By inductive hypothesis, A(w)z * IC(?),,
A(w?), . Therefore A(w) * IC(WF'$) = A() o * IC(WF), . * IC(S) £
Aw? ), * IC$), = A(ww?'s),, where we use Lemma 3.6(3). Write
WP = w#§t for t € T(F,). Then by (2.6), IC(f), = IC(W*'$), ® L,, and
Awi?), = Aww?'$), ® L,. Therefore A(w)y * IC(WF'$), = A(ww? ),
implies A(w)s * IC(WP), = A(ww?),. The arguments for V and IC are
similar. [

e 11

We may strengthen statement (3) in the above proposition to canonical
isomorphisms. To do this, we first need a lemma. The rest of this section is only
used in Section 10.

LEMMA 5.3. Let w, w' € Ng(T) be any liftings of w, w € W, respectively. Let

B
My : Gy X Gy — G be the multiplication map. Let B~ be the Borel subgroup
of G such that BNB~ =T, and let U~ be the unipotent radical of B~. We denote
Ad(w)U by ™U.

(1) The following map is an isomorphism
Utnuntu S omg )
u > (wu, u ).

(2) We have dim(U~ N vyNvy) = %(ﬂ(w) +£L(w') — L(ww")). In particular,
m;}u,, (ww') is isomorphic to an affine space of dimension %(ﬂ(w) +L(w') —
L(ww")).
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Proof. (1) By the Bruhat decomposition, any g € G,, can be written uniquely as
wub, where u € ' UN U~ and b € B; any g’ € G,/ can be written uniquely
as b'u'w', where b € Bandu' € YUNU". Using these facts, we have an
isomorphism

—1 , ~ B
o: (" UNU)xBx™UNU")—> G, x Gy 5.1
(u, b, u") = (wub, u'w").

We write a point (g, g') € m;fw,(wzb/) as ¢(u, b, u’) as above; then gg’ = ww’

implies ubu’ = 1, or b = u~'u'~'. Since b € B and u~'u'"! € U~, we must

have b = 1 and ¥’ = u~!, and the latter impliesu € U™ N vlynv'y. Therefore,
restricting ¢ to triples (u, b, u’), where b = 1 and u’ = u', gives an isomorphism

Ut N untu S omy )
ur o, 1,u™") = bu, u"w).

(2) Since dim(U- N""'UNYU) = #(@~ Nw &+ Nw'd+), and £(w) =
#(@ Nwd™) for all w € W, the dimension formula is equivalent to

2#(@ N '@ NW O ) =#H @ Nw ' @) +#(@ NW' ) —#(@ Nuww' ™).
(5.2)
We have

#HE NwlehH) =#@ Nw'dTNuwdH) +# @ Nuw et Nnwed"),
#HO NweH=#@ Nuw'ldTNuweH +#@ Nw e - Nnuwe'),
#HO Nuwwdh) =#w 'd"Nuw'ed™).

Thus to prove (5.2), it is enough to prove
#HO NuwletTnw e ) +#@ Nw e Nw'd™) =#w e Nwe™). (5.3)
By the change of variable @ — —«, we see that
#HE Nuwletnuwe)=#@ Nnuw e Nnuwaeh),
so that (5.3) is equivalent to
#ETNw ' T NWEH) +#P@ Nuw ' NweH) =#w 'd Nwe™),
which is obvious. O

The next result will not be used in the rest of the paper.
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COROLLARY 5.4. Let B be the flag variety of G, and O, C B x B the G-
orbit containing (1, w), w € W. Let wy, w,, w3 be elements of W such that
wiwo,ws = 1. Let

Awl,wz,wg = {(B], BZ’ B3) € %SKBI’ B2) € les (BZa B3) € pr (B3a Bl) € Dwg}'

Then Ay, ., is a single G-orbit under the diagonal G-action on B°, and
dim(Ay, wyws) = dimB + (L(wy) + £(w2) + €(ws3)) /2.

Proof. Since G acts transitively (by simultaneous conjugation) on O,,,, it is
enough to show that for fixed (B3, B;) € O,,, the conjugation action of B; N B;
on A’ := {B, € B|(By, By) € 9,,, (B, B;) € O,,} is transitive and that
dim(A’) = dim®B + (L(w)) + €(wy) + &(w3))/2 — dimO,,, = (L(w)) +
£(wy) — £(w;))/2. We may assume that B; = B, B; = “s B = "2 Then
A" = {gB € G/Blg € G,,, g 'ww, € G,,}, and it can be identified with
the fiber m;ll’wz(u';lu')z) considered in Lemma 5.3: gB € A’ corresponds to (g,
g "yy) € my', (w). By Lemma 5.3(1), the action of U N "*2U on
—1

my! . (ys) by u - (g, g7 bis) = (ug, g 'u""yy) is already transitive;
therefore the action of BN™'"2B on A’ by left translation on g B is also transitive.

The dimension formula follows from Lemma 5.3(2). O

CONSTRUCTION 5.5. Let B € oW . and w € W. We will construct canonical

isomorphisms
AW o * IC(WP), = A(w?) ., (5.4
V() * IC(wP) . = V(ww?) ., (5.5)
IC(w) o * IC(WP) Z IC(ww?) .. (5.6)

There are similar canonical isomorphisms for left convolution with IC(w?) .
By Proposition 5.2(3), we know that the two sides of the above equations are
indeed isomorphic, and such isomorphisms are unique up to a scalar (for the
endomorphisms of A(ww?),, V(ww?), and IC(ww?), are scalars).
We first construct the canonical isomorphism (5.4). For this, it suffices to
construct a canonical isomorphism between the stalks of the two sides at ww?.
By the definition of convolution, we have

B
i (A o % IC(WH) ) = Hi(m ), 0Py, C () o B C(W0F) ], o))

B B
Here C () X C(w?) . is the descent of C () X C(w?) . to G, x G, and
B

Myt : Gy X Gys — G is the multiplication map. Using Lemma 5.3(1), we may
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identify m;y‘wﬁ (bw#) with the unipotent group U~ N *" U N *"U, under which

the restriction of C(w) % C(w*) is canonically isomorphic to the constant
sheaf Q, (€(w) + £(w?)) since the stalk of C (), at w and the stalk of C(w*)
at w” are canonically isomorphic to Q,(¢(w)) and Q,(¢(w?)), respectively, by
construction. Therefore we have a canonical isomorphism of Fr-modules

i (A 2 % 1CGH") 2) Z HIU N U N Up, Qufl(w) + w?))
= Qy (w) + L)) (—E(w) — Lw’) + Lww?)
= Qufeaww™) Z ij AG)

where we used the dimension formula for U~ N *"'U n *'U proved in
Lemma 5.3(2). We define the canonical isomorphism (5.4) to be the one that
restricts to the above isomorphism after taking stalks at ww?.

To construct the canonical isomorphism (5.6), we consider the following
diagram

AQ) % ICWA) ;22 AGii)

| |

IC() o % IC(P) z — 2 = IC(?)

where the vertical maps are induced from the canonical maps A(w), —
IC(w) ., and the upper horizontal map is the one constructed just now. Since
Hom(A(w), * IC(w#) ., IC(ww?),) is one-dimensional, an arbitrary choice
of the isomorphism A (dashed arrow) would make the diagram commutative
up to a nonzero scalar. Hence there is a unique choice of the isomorphism A
making the above diagram commutative. This constructs the desired map (5.6).
The construction of (5.5) is similar.

WARNING 5.6. For two blocks 8 € W . and y € oW ., Construction 5.5
gives a canonical isomorphism

cangy u¢ : IC(W")z * IC(W?) , = IC(w” wh) . (5.7)

Let § € o»W ., be yet another block. We have two isomorphisms between
IC(W®)r * IC(w")e » IC(w#), and IC(ww”wP), given by first doing
convolution IC(w?) - * IC(Ww*) . or doing IC(w?) £ x IC(W”) £1:

cangs,y up o(canwmy *id)
IC(w?) v * IC(W") o % IC(WP) £ IC(wlw” wh), .

can ;s .y . po(idscan Y )

(5.8)
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However, these two maps are not equal in general, as we will see from the
following example.

EXAMPLE 5.7. Consider the case G = SL,, and £ € Ch(T) nontrivial. Let
§ = (_, ') be alifting of the nontrivial element s € W, and s£ = £, In this
case, both IC(s), and IC(¢), = &, are minimal IC sheaves. We claim that the
two isomorphisms between IC(s) 2 * IC(s™!),, x IC(5), and IC(s) - given as in
(5.8) differ by a sign.

Indeed, the stalk of F = IC(5); * IC(s™") 2 x IC(s) at s can be calculated
from the definition of the convolution as follows. We identify G/ U with A?—{0},
where U is the stabilizer of ¢; = (1, 0). The fiber of the three-fold convolution

morphism G g( G g( G — G over § can be identified with pairs of vectors (v,
v;) € (A? — {0})? via the map (g;, g2, g3) — (g1e1, g1&2¢1). The open subset
Y = {vy = (x;,y) € A — {0}, v, = (x2, ) € A> — {O}|y; # 0,x2 # 0,
X1y2 — X2y # 0} of (A% — {0})? is relevant to our calculation. For any invertible
function f on Y, we use L to denote the pullback f*£. We consider the local
system K = L_, E;l]yz_xzyl L, Let G, x G, act on Y by scaling the vectors
(x1, y1) and (x,, y,) separately. Then /C is equivariant under the Gi actionon Y
and hence descends to a local system on X = Y /G2, which we still denote by

K. We have a canonical isomorphism
i{F =Hi(X, K)(3).

Now X < A? by coordinates u = x;/y; and v = y,/x,, and with image A% —
{uv = 1}. The local system }C = L7 on X. Therefore we have canonically

1—uv

iTF=H(X,L',)03).

1—uv

The isomorphism can; ; o (can; ;-1 * id) corresponds to the isomorphism by
restriction to the line v = 0:

ivo s HI(X, £71,)(3) = Hi(A];, Q) (3) = Q(1).

1—uv

Here we have used the canonical trivialization of the stalk of £ at 1, and the
fundamental class of A!. Similarly, the other isomorphism can; ; o (id * can;-1 ;)
corresponds to the isomorphism by restriction to the lineu = 0.Leto : X — X
be the involution (u,v) + (v,u). Then £, has a canonical o-equivariant
structure such that the o -action on the stalk at (0, 0) is the identity. This induces
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an involution ¢* on H! (X, L7 )(3), and the following diagram is commutative:

1—uv

5

H*(X El ML)< > z H*(X El m)< >

g Sk
lv()j jluo

HI (A, Q) (3) == Qu(1) H (Ao, Q)

We claim that o* acts on the one-dimensional space H} (X, L7
would imply our claim in the beginning of this example

We compare two traces Tr; = Tr(Fr, H (X, £1 w)) and Tr, = Tr(c* o Fr,
H; (X, £7!,)). Let x be the character of F corresponding to £~'. By the
Lefschetz trace formula, Tr; = Zu_vemq’uv#, x (1 — uv). The fiber of (u, v) —
a =1 —uv has g — 1 elements over a # 1, and has 2g — 1 elements over a = 1.
Therefore, Tr; = (¢ — 1) Za#o,l x(a) 4+ (2q — 1) = g since x # 1. On the other
hand, o* o Fr is the Frobenius for the variety X' C Resz , A — {Nm = 1},
which becomes isomorphic to X over F,.. Using this interpretation, we have
Try = D e, Nmwet X (1 — Nm(u)). The fiber of the map Fz 3> u — 1 —
Nm(u) = a qe F, has g + 1 elements over a # 1 and 1 element over a = 1.
Therefore Tr, = (g + 1) Z#O | X(a@) +1 = —q. This shows Tr; = —Tr;,; hence
o* acts by —1 on the one-dimensional space H*(X, £;',).

) by —1, which

1—uv

5.8. The 3-cocycle. For three composable blocks S, v, 8, let o (w?, w”, w#)
be the ratio of the two isomorphisms in (5.8) (top over bottom). It is easy to
see that o (w’, W, w”) depends only on B, y, 8, so we denote it by o (w®, w”,
w?). Recall the groupoid Z defined in Section 4.5. By the pentagon axiom for
the associativity of the convolution, the assignment W, w”, wh) > oW?, w”,
w?) defines a 3-cocycle o € Z3(&, @; ). In other words, for four composable
morphisms w¢, w®, w” and w” in Z,

oW’ w”, who (w, w”, wh)lo(we, w, wh)

S wP)y o (wf, wb, w?) = 1.

o(w, w

In [32, Section 4], we will show that o always takes values in {£1}. In fact,

there is a 3-cocycle €} € Z*(W, {£1}) canonically attached to the Coxeter group

(W, S), and o is the pullback of €;” along the natural map & — [pt/ W]. In [32,

Section 5], we will also calculate the cohomology class of o, which often turns
out to be nontrivial.
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6. Maximal IC sheaves

6.1. Maximal IC sheaves. Let £, € oand B € /W .. Recall that wy is
the longest element in the block 8. An object F € Df: is called a maximal IC
sheaf if oF = IC(wg) .

When L, £’ are trivial, there is only one block 8 in D2 (B\G/B), wg = wy is

~

the longest element in W and IC(w;s). = Q,[dim G/B] is a shifted constant
sheaf on B\G/B. The constant sheaf Q, on B\G/B has two remarkable
properties: (a) convolution with it always yields a direct sum of constant sheaves;
(b) its stalks and costalks are one-dimensional. Below we will prove analogues
of these properties for maximal IC sheaves in each block.

PROPOSITION 6.2. Let f € p W, andy € ;W . Letw € B.

(1) Forany w € B, the convolution IC(w, ) o x IC(w) ¢ is isomorphic to a direct
sum of shifts of IC(w,g) ..

(2) The perverse cohomology pHi(E(wy)[;/ * 1C(w),) vanishes unless
—Lg(w) <i < Lg(w).

(3) There are isomorphisms

PH ™ (IC(w, ) o * IC(w) 2) = IC(w,p) s
pH—l,a(w)(E(wy)D * IC(w),) = E(wyﬁ)ﬁ'

Proof. We prove the statements simultaneously by induction on £(w). For w = e,
the statement is clear.

If £(w) = 1, w is a simple reflection s.

If s ¢ W2, Lemma 3.6(3) implies that IC(w, ) % IC(s)z = IC(w,s),.

By Corollary 4.3, w,s = w,s is the maximal element in yf; hence
IC(w,) * IC(s); = IC(w,p) .. Note that £4(s) = O in this case, and (2)(3)
hold trivially.

If s € W2 (hence £ = sL = L), then by Lemma 3.10, IC(w,), =
7 IC(w,)z[1]; here IC(w,); = wIC(w,)7 € Dz. By Lemma 3.,
IC(w,) * IC(s); = nlm,n!IC(w,)z[1]. By the projection formula,
.1 IC(w,) 7 = IC(w,)7 ® H*(P}) because 7, : G/B — G/P; is a P'-
fibration. Therefore

IC(wy) *1C(s)c = 7] IC(w, ) z[1] & 7JIC(w)) z[—1]

= 1C(w),) (1] ® IC(w,) c[-1].

Note that £4(s) = 1 in this case, and (2)(3) follow from the above isomorphism.
This settles the case £(w) = 1.
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For ¢(w) > 1, write w = w's for some simple reflection s such that £(w’) =
L(w)—1.Let ' =Bs € o W_,sow € f'. We shall first prove the analogues of
the statements (1)(2) for IC(w');z * IC(s) instead of IC(w). (in statement (2),
the range for i is still [—€g(w), £g(w)]).

By inductive hypothesis, IC(w, ) o * IC(w'), 2 = IC(w,p )2 ® V' for a graded
@@-Vector space V' = @,z V,[—n] such that V] = 0 unless —{g(w') < n <
L (w') and dim Vﬁﬁ,(w’) = 1. Therefore

IC(w,) e * AC(w"),2 *IC(s) ) = @, V,[-n] ® AC(w,p)sc *IC(s)2). (6.1)

If s ¢ W2, we have £g5(w) = £z (w’) by the formula for £z given in
Lemma 4.6(4). We also have IC(w, g ),z * IC(s) 2 = IC(w, ) by Lemma 3.6(3).
The statements (1)(2)(3) for IC(w’),, » IC(s) . follow easily from (6.1).

If s € Wz, we have £g(w) = £g(w') + 1 by the formula for £4 given in
Lemma 4.6(4). By the w = s case already treated in the beginning of the
proof, we have IC(w, )2 * IC(s) 2 = IC(w, ) £[1]1 @ IC(w,p) £[—1]. Therefore
IC(w,) ¢ * IC(w),z *IC(s) e = @, (V,[—n — 11 @ V,[—n + 1)) @ IC(w,) =
Gnez(V,_, @V, , ) ® IC(w,p) [—n]. The statements (1)(2)(3) follow from the
known properties of V'.

Finally we deduce the statements (1)(2)(3) for IC(w), from the proven
statements for IC(w"),z * IC(s) .. When s ¢ W7, we have IC(w'),. * IC(s); =
IC(w), by Lemma 3.6(3). Therefore the statements are already proven. Below
we deal with the case s € W7.

By the decomposition theorem, IC(w), is a direct summand of
IC(w');z * IC(s),. By Lemma 6.3, IC(w’) x IC(s) is itself perverse. Hence
we can write

IC(w); + IC(s) = IC(w), & P

for some semisimple perverse sheaf P € D, with supportin U\G.,,/U. We
see that

IC(wy) o ¥ IC(W) 2 * IC(s) 2 = IC(wy) o * IC(w) 2 ® IC(w, )/ % P.
By the proven statements (1)(2)(3) for the left side above, we have

IC(w)) o *IC(w) . @ IC(w)) p * P = IC(wyp) 2 @ (B, Vul—nD),  (6.2)

where V,, is a finite-dimensional @E—Vector space, V,, = O unless —€g(w) < n <
Lg(w), and dim Vi) = 1.

Part (2) for IC(w, ) * IC(w) ¢ is now clear from the degree range on the right
side of (6.2).

Part (1). In view of (6.2), each perverse cohomology sheaf of
IC(w, ) » IC(w), is a direct summand of a direct sum of IC(w,g).,
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and hence itself a direct sum of IC(w,z).. By the decomposition theorem,
IC(w, ) o x IC(w) ¢ is then a direct sum of shifts of IC(w,) ..

Part (3). We claim that P is a direct sum of IC(v), for v € f and v <4
w. In fact, the argument in the third paragraph of Lemma 4.14 shows that
IC(w")z » IC(s) . only has stalks along G, for v <g w. Now P is supported
on U\G .,/ U; its direct summands can only be IC(v), forv € B and v <5 w.

By the above claim, we have fz(v) < {€g(w) for any IC(v). that
shows up in P. By inductive hypothesis applied to these IC(v),, we have
PH*#™(IC(w, )z * P) = 0. Therefore "H**™ (IC(w, ) * IC(w)) =
E(w)/ﬂ)ﬁ 02 Viﬁ,g(w) = E(wyﬁ)ﬁ' O

LEMMA 6.3. Lets € W be a simple reflection and w' € W be such that £(w's) =
L(w') 4+ 1. Then IC(w");c * IC(s) ¢ is a perverse sheaf.

Proof. If s ¢ W3, then IC(w') . * IC(s) = IC(w) . by Lemma 3.6(3).
If s € W7, by Lemma 3.8, we have IC(w'),z * IC(s); = 7}m.,IC(w'),[1].
It sufﬁces to show that 7y, JIC(w'),, is perverse in the followmg sense. Let
L — L, be a finite étale isogeny such that L is defined via a character
of ker(v) Let P = Py X, L and B = B XL, L We have the pr0]ect10n
map 7, : G/B — G/P Viewing IC(w/)\L as a complex on the stack G/B

then 7, JC(w'),s as a complex on G/PS is simply 7 IC(w’),,. We shall
show that 7, IC(w'),, is a perverse sheaf on G/ }Z Since 7, is smooth of
relative dimension 1, 7*[1] preserves perverse sheaves, which would imply that
IC(w')sz * IC(s) = i, IC(w')s[1] is perverse. _

Forv e W, letv be its image in W/(s). Then G/P |_|H€W/(S) BU P,/ P,
is a stratification of G/}~’S, and dim BUPX/PS = £(v) := min{f(v), £(vs)}.
By the Verdier duality, it suffices to show that for any v < w’ and
x € (BuP)/P, = (G, U Gy,)/Ps, the stalk of 7, IC(w'),s at x, which is
H* (7' (x), IC(W')s£]51(y))» lies in degrees < —£(v). Note that 7' (x) = P'
for any x € G/IBS.

First, consider the case v < w’, and we may assume vs < v. Then IC(w'),z|g,
lies in degrees < —£(v) — 1 and IC(w’)S5|G” lies in degrees < —L(vs) — 1 =
—€(v). We have 77 '(x) N G /B = A" and ') N G.,/B = pt. Therefore
H*(n‘l(x) IC(w')s .5 7-1(v) lies in degrees < —€(v) —1+2 = —E(v)

If v = w’, then the stalk of 7, IC(w'),, at x € (Bw’ Ps)/Ps lies in degree
—E(w/) because wa/E — (BE’PJ)/I’EJ is an isomorphism. This finishes the
stalk degree estimates needed to show that 7, IC(w’), . is perverse. I

PROPOSITION 6.4. Let N be the length of the longest element in the Coxeter
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group W} (with respect to its own simple reflections). For B € oW . and w € B,
we have

irIC(wp)e = C(w)e[Ne = Lgw)]; i, IC(wp) 2 = C(w)[—Ne + Ly(w)].

Here Uz is the function defined in (4.1).

Proof. The second isomorphism follows from the first one by the Verdier duality.
We prove the first one by backward induction on £(w) (we allow L to vary in o,
and wyg is determined by w and £). If w = wy is the longest element in W, then
wo = wg for the block B containing wo, and i 1C(wps) ¢ = C(wy) by definition
(and in this case £g(wy) = Np).

Now suppose the isomorphism holds for any w € W such that £(w) > n. Let
w € W be such that £(w) = n, and let 8 € ,, W , be the block containing w. Let
s be a simple reflection in W such that £(ws) = £(w) + 1. We denote ws by w’.
Let B’ = Bs € ,c W, the block containing w'.

If s ¢ W7, then by Lemma 3.6(1), right convolution with IC(s),, gives an
equivalence ,,D, — ,.D,, sending IC(wg). to IC(wgs),c and V(w). to
V(w'),z. By Corollary 4.3, wgs = wg . Therefore we have an isomorphism of
graded H’;k (pt;)-modules (coming from the left T-action)

Hom(IC(wp) .z, V(w)) = Hom(IC(wp )z, V(w')se). (6.3)

Applying the inductive hypothesis to IC(wg ), and w’ (which is longer than w),
we get

Hom(IC(wp )z, V(w),z) = Hom(iZ, IC(wp )z, C(w')yz)
= End(C(w),0)[=Niz + £y ()] = Hi ) (pt)[— Nz + g ().

The last isomorphism uses Lemma 2.10. Similarly,

Hom(IC(wg) .z, V(w) ) = Hom(i, IC(wp) 2, C(w) )
= Hom[{w}/mw)](i; (IC(wp) ), Qo le(w)].
In view of (6.3), we have an isomorphism of graded H’}k (pt;)-modules
Hi (o, (D= Niz + £g(w)] = Hom(i;IC(wg) 2, Q) [£(w)].
This forces i}, IC(wp)z) = Q[l(w) + N,z — £y (w)] € D, ({1}), which
implies that i’ IC(wg) z = C(w) £[Nsz—£g (w")] by Lemma 2.10. Clearly, N, =

N.. By Lemma 4.6(4), £g(w) = £z (w"). Therefore i* IC(wg) s = C(w) [Ny —
Lg(w)].
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If s € W}, then IC(wg) is in the image of 7 by Lemma 3.10, which implies
that the stalks of IC(wg), at w and at W’ are isomorphic to each other. By
inductive hypothesis, the stalk i} IC(wg), = Q,le(w) + N, — £5(w")] (now
w’ € B). By Lemma 4.6(4), we have £3(w) = £g(ws) = £z(w) + 1. Therefore
i31C(wp)e = Qulb(w') + N — £5(w)] = Qy[€(w) + Nz — £5(w)], and hence
i IC(wp)e = C(w)c[Ne — £g(w)]. O

6.5. Rigidified maximal IC sheaf in the neutral block. Let £ € 0. Recall
that 6, = IC(é). € D is the monoidal unit of DY under convolution. Recall
that N is the length of the longest element w ( in the Coxeter group W7 (in
terms of simple reflections in W7).

A rigidified maximal IC sheaf in ;D5 is a pair (®, €), where & € D5 is
such that @[N] is a maximal IC sheaf (that is, @[N] = IC(w, o)) and
€ : ©® — §, is anonzero map in D5

Rigidified maximal IC sheaves exist. Indeed, by Proposition 6.4,
iXIC(we,0)[—Nc] = C(é) ® V for a one-dimensional Fr-module V. Therefore,
for @ = IC(w,,0)[—N-]® V*, we get anonzero map € : ® — §, by adjunction.

Let (O, ¢) and (@', €’) be two rigidified maximal IC sheaves in Df%. Then
there is a unique isomorphism & : ®® — w®’ such that € oo = € as elements in
Hom(®, §.). The uniqueness of ¢ implies that Fr(¢) = «; moreover, Hom(©®,
©@'[—1]) = 0, and hence « uniquely lifts to an isomorphism « : @ — @’ inside
£D5.. Therefore any two rigidified maximal IC sheaves are isomorphic to each
other. Moreover, the automorphism group of any rigidified maximal IC sheaf is
trivial. Therefore we may identify all the rigidified maximal IC sheaves in ;D5
as a single object and denote it by

(@Z,EL . @Z — (SE)

We denote by
(Qoﬁ,a gL‘,) = a)(QZv EL)

the rigidified maximal IC sheaf in ;D7.

PROPOSITION 6.6. There is a unique coalgebra structure on @} (inside the
monoidal category /D7) with € as the counit map.

Proof. For each n > 2, let (©;)*" be the n-fold convolution of @7. We will
construct a comultiplication map

Wr O — (O7)™
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characterized as the unique map such that the following diagram is commutative

@5 —£s (@2) (6.4)

*n

Sp—— (8o)™"

where the bottom arrow is the canonical isomorphism from the monoidal unit
structure on 8.

Let § . = wd.. By an iterated application of Proposition 6.2(3), we see that
PHY((@%)™) = 0 fori < N, and O%[N.] = "H"*((©%)™). Therefore there
is a nonzero map u" : 7 — (@%), unique up to a scalar. Since nonzero
maps @7 — §, are unique up to a scalar, the claim below shows that there
is a unique nonzero multiple of u" (call it p7.) that makes the nonmixed
version of diagram (6.4) (that is, the diagram : after applying w to all terms)
commutative. The uniqueness of ", implies that it is invariant under Frobenius;
moreover, Hom(&7, (QZ)*”[—lﬁ = 0 for perverse degree reasons. Therefore
W', determines uniquely a morphism p7 : @7 — ()™ in Dy

CLAIM. The composition (for any nonzero choice of ")

w' € ~
035 @7 S o =
is nonzero.

Proof of Claim. We prove the claim by induction on n. For n = 2, we take the
degree zero stalks of the above maps at the identity element ¢ € G. The map
becomes (where i : {¢} < G is the inclusion)

Hoi* 2
i’ —> H'"(0% x 0%) = H'((G/B). iv'03: ® 8%) (6.5
B H (v 05 ® O%)
=0 ®iT07 =i, @i, =Q =i,

Here Hoi*,u, is an isomorphism since O » O &, is a direct sum of @7 and

O%[—Jl for j > 0 by Proposition 6.2, and i*©7% is concentrated in degree
0 by Proposition 6.4. The second isomorphism follows from the definition of
the convolution, where inv : G — G is the inversion map. The map ‘res’
is the restriction map to {¢}. To prove the claim, we show that composition
(6.5) is an isomorphism. It suffices to show that res is an isomorphism. Let
F = inv*0% ® ©% € D"(B/\Gi/By). By Proposition 6.4, the stalk of F
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along the cell X,y = G, /B vanishes if w ¢ W3, and if w € Wj, it
lies in degree 2(—£€(w) + £.(w)). We compute H*((G/B), F) using the
stratification G/B = U,ewXy; the contribution of X, is 0 if w ¢ W} and is
HY (X1, Qu[20(w) — 2L (w)]) = Q,[—2€,(w)] for w € We. This shows that
the only contribution to H°((G/B)y, F) is from the point stratum X,; hence res
is an isomorphism. This proves the case n = 2.

Suppose the claim is proved for n — 1. Up to a nonzero scalar, u" is equal to
the composition B

2 Y 1 *id
o5 5 % x 05 ESi OV % 05.

Composing with €7, we see that up to a nonzero scalar, €7 o u" can be rewritten
as the composition

u? :(u o Nxid
005 0@ = s 0 T s s, 28,

By inductive hypothesis, ez("_l) ) /L”‘l is a nonzero multiple of € .. Therefore the

above composition is, up to a nonzero scalar, €%7 o M which is nonzero by the
n = 2 case proved above. This completes the 1nduct10n step. O

We continue with the proof of Proposition 6.6. Co-associativity of u% follows
by the uniqueness of ,u3£. It remains to check the counit axioms, that is, the

compositions
° HZL ° 1dte£
Or — O, xO; — Op x 6, = OF, (6.6)
2
0% 5 02200 L8 5.« 00 = 05 (6.7)

are the 1dent1ty maps. Composing (6.6) with €., we recover the map @, —

O x O N 3., which is equal to €, by construction. This forces (6.6) to be
the 1dent1ty because the endomorphisms of @7 are scalars. The same argument
works to show that (6.7) is the identity map. O

DEFINITION 6.7. For w € W}, define
Cw)} =i%02 (L (w)),
AW)y = iwCW)p, VW) = inCw),  ICW)} = iy C(w).
By Proposition 6.4, a)C(w)TL = C(w).. By Proposition 3.11(1), C(w)z is

pure of weight zero. Therefore a)IC(w)TL =IC(w) and IC(w)TL is pure of weight
zero. We call IC(w)L a rigidified IC sheaf.
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LEMMA 6.8. There is a unique map 9;@ DO — IC(w)Z(—KL(w)) whose
restriction under i}, is the identity map ofC(w)z(—Eﬁ (w)).

Proof. By Corollary 3.12, there is a filtration on M = Hom®(®?,
IC(w)TC(—Eg(w))) indexed by {v € W;;v < w} such that GrfM =
Hom*(i;®7, ii,IC(w)T,;(—Zl;(w))) as graded R ® R-modules. By Proposition 6.4,
we have

oGry M = Hom*(C(v) ¢, i,IC(w) £)[££(v) — £ (w)].

Ifv < w, if)E(w) ¢ lies in perverse degrees > 0; moreover, this costalk is
zero unless v <WZ w by Lemma 4.14 (in particular £, (v) < £.(w)). These
imply that Gr M is concentrated in degrees > 2 for v < w. Therefore the
quotient map M — Grf M is an isomorphism in degrees 1, and in particular
in degree 0. Now erM = Hom*(i} ®7, ;IC(w)ﬁ( £,(w))), which is the
same as Hom* (C (w) - (— €2 (w)), C(w)}(—L,(w))), and the quotient map M —
Gr’ M is induced by i¥. Therefore there is a unique 6 € M° mapping to
id € End(C(w) - (—£,(w))) = (Grf M)°. O

LEMMA 6.9. (1) There is a unique isomorphism t, : IC(e)z = S8, such that
l, 0 9: = €.

(2) Let s € W be a simple reflection and s € W}. Recall the object 1C(s) .
introduced in Section 3.7. Then there is a unique isomorphism  : IC(S)L =
IC(s) . such that the composition t; o 0T O7 — IC(s)(—1) restricts to
the identity map on the stalks at e € G. (Recall the stalks of both ®} and
IC(s)c(—1) are equipped with an isomorphism with the trivial Fr-module

Q)

Proof. (1) The rigidification €, : & — §, gives by adjunction a nonzero map
C (e)} = i;®}; — C(é),, which has to be an isomorphism. This induces the
desired isomorphism ¢,. The uniqueness part is clear.

(2) By Lemma 3.10, we can write @7 = n*5 for some shifted perverse sheaf
© e ;D Since the stalk of ©}. at ¢ is the tr1V1a1 Fr-module by the rigidification
€r, we have O|p = L, and hence it,0p = L e £D(< s),. By adjunction

9‘ gives a nonzero map L= l<sO° — l<sIC(S)£( 1), which has to be an

isomorphism. This induces an isomorphism IC(s) r = i<§*£(1) = IC(s). The
uniqueness of ¢, is clear. O

https://doi.org/10.1017/fmp.2020.9 Published online by Cambridge University Press


https://doi.org/10.1017/fmp.2020.9

G. Lusztig and Z. Yun 44
6.10. Rigidified maximal IC sheaves in general. Let £, € o and 8 €
oW, Leté € g‘l?f: be a minimal IC sheaf in the block S (see Section 5.1). Let
O¢) =0, xE.
Then ® (§) is equipped with a nonzero map
€€) =€epxidg : OE) =0} x& > SpxE=E.
The pair (©(£), €(£)) has a trivial automorphism group. We denote
(@), €§) = w(O§), €(§) € £ D
By Proposition 5.2(3), @ (§) = IC(wg)c[—Nc].

LEMMA 6.11. Foré& g‘B‘Z, there is a unique isomorphism
T(E) Ex O — O xE
making the following diagram commutative

Ex0s —C 0o k¢ (6.8)

idxe o jey*id

Exdp— k"> 8p %k

Proof. By Proposition 5.2, both w(§ * ©7) and w(®7, * &) are isomorphic
to IC(wg) z[—N,]. Therefore isomorphisms 7 : w(§ » ©F) > w(OF x &)
are unique up to a nonzero scalar. Moreover, since & » (—) is an equivalence,
Hom(¢ » ©7,&) = Hom(®}, 6.) = @z- Therefore there is a unique 7 making
the nonmixed version of diagram (6.8) commutative. Uniqueness of 7 implies
that it is Fr-invariant and lifts to a unique isomorphism 7 (§) in Di. I

LetL" €0,y € oW, andn € c//‘BZ,. To save notation, we will abbreviate
n * £ by n&. Consider the composition

(1, 8) : O©€) = O, * (nf)

Mz H*id o o o o

= (O, *xOL)*x(nE) = OL, x (O, xn) x&
idﬂ'(n)’l*id
—_—

Op *11x O x5 = O() * O&).

Here p%, : ©%, — ©2, x ©2, is the comultiplication constructed in
Proposition 6.6.
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PROPOSITION 6.12. The notation is the same as above.
(1) The composition

OmE) T O+ OF) T

is the same as € (n&).

(2) The following compositions are the identity maps

(8zr.8) o € rxid ~
O&) 55 05 % O(8) = 50 x O(6) = O(§),
0(E.5c) idxez

OF) —— OE)*xOp — OE) *8. = O().

(3) For L" € oand ¢ € pnEn, the following diagram is commutative

O (cnt) e O(() * O ) (6.9)
w(mé)l Lid*w(nyé)
O *OE) — L 9()« O * OF)

Proof. Part (1) follows from the definition of ¢(n, £) and the characterizing
property of the comultiplication u7 on ©% that €2 o u% = €.

The proof of (2) is similar to the verification of the counit axioms in the proof
of Proposition 6.6. We omit it here.

To prove (3), we observe that by Proposition 6.2, ®({n€) is identified with
the lowest nonzero perverse cohomology of @ () » ©(n) x @(&). Therefore
nonzero maps ®(¢tn§) — O&) » O(n) » @(£) are unique up to a scalar.
Therefore it suffices to show that, after composing with €({) x €(n) * €(§) :
O) *» O() » O&) — ¢né&, both compositions in diagram (6.9) are equal to
€(¢né). But this follows from iterated applications of part (1). ]

7. Monodromic Soergel functor

In this section, we introduce the Soergel functor between the monodromic
Hecke category and the category of graded R-bimodules, construct its monoidal
structure and prove an analogue of Soergel’s Extension Theorem for this functor.

7.1. R-bimodules with Frobenius actions. Let

R = Hj, (pt,, Q) = Sym(X*(T)g,).
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with the grading deg X*(T')g, = 2, and the Frobenius action on X*(7)g, by ¢.
Let R ® R-gmod be the category of Z-graded R ® R-modules. Let (R ® R,
Fr)-gmod be the category of Z-graded R® R-modules M = &, M" with a degree-
preserving automorphism Fr : M — M compatible with the Frobenius action on
R ® R; that is, for homogeneous a € R and m € M, we have Fr((a ® 1)m) =
q%e @2 (a @ 1)Fr(m) and Fr((1 ® a)m) = q%¢“/2(1 ® a)Fr(m). Letw : (R Q R,
Fr)-gmod — R ® R-gmod be the functor forgetting the Frobenius action.

We use [1] for the degree shift for graded (R ® R, Fr)-modules, that is, if
M = @,zM" € RQ R-gmod, M[1] is the graded R® R-module with (M[1])" =
M"*! as Fr-modules. For M € (R ® R, Fr)-gmod, M (n/2) is the same graded
R ® R-module as M with the Frobenius action multiplied by ¢ /. Let (n) be
the composition [r](n/2).

For M|, M, € (R ® R, Fr)-gmod, we understand M, ® M, as the tensor
product of M; and M, with respect to the second R-action on M, and the first
R-action on M,.

For M|, M, € R ® R-gmod, their inner Hom is the graded R ® R-module

Hom*(M,, M) = @ Homgg r-gmoa (M1, M>[n]).

nez

If M, M, € (R ® R, Fr)-gmod, then Hom*(M,, M,) is also naturally an object
in (R ® R, Fr)-gmod.
For two objects F, G € DDZ, let

Hom*(F, G) := @Hom(f, Gln)).

nez

Since Hom*(F, G) = H}, , , (U\G/U);, RHom(F, G)), it is a graded (R ® R,
Fr)-module, where the R® R = H7, , ;, (pt;)-action comes from the T' x T-action
on U\G/U given in Section 2.7. The same notation applies to »D(w), and

D€ w),.

For each w € W, let R(w) be the graded R-bimodule, which is the quotient
of R ® R by the ideal generated by w(a) ® 1 — 1 ® a for alla € R. We have a
canonical isomorphism in (R ® R, Fr)-gmod:

R(w) = H,, (pt) = Hom*(C () ¢, C(1h) ).

DEFINITION 7.2. (1) Let 8 € oW, and § € D‘B’Z be a minimal IC sheaf in
the block B. The mixed Soergel functor associated with & is the functor

M, := Hom*(® (&), —) : »Dh — (R ® R, Fr)-gmod.
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(2) The nonmixed Soergel functor associated with § is

M, := Hom*(@ (&), —) : D} - R ® R-gmod.

(3) When & = . € B, we denote the corresponding Soergel functors by
M° = Hom*(®3, —) and M° = Hom*(©}, —).

LEMMA 7.3. Let & € [;«‘13‘2. There is a canonical isomorphism in (R ® R,
Fr)-gmod
M (€) = R(w”)

under which the canonical map €(£€) : @ (§) — & corresponds to 1 € R(w?).
Proof. By definition, we have
RHom(© (§), w§) = RHom(IC(w)[—Nel, V(w’),)
= RHom(i};IC(wp) c, C(w”) £)[N.].
By Proposition 6.4, i* ,IC(wg) . = C(w”)2[N,]. Therefore,
RHom(@ (§), w§) = RHom(C(w”), C(w’),).

Taking cohomology, we get an isomorphism of graded R ® R-modules o :
M, (§) = wR (w?), well defined up to a scalar. We normalize this isomorphism
by requiring that €(£) go to 1 € R(w”). Since both €(&) and 1 € R(w?) are
invariant under Fr, « is also Fr-equivariant. O

LEMMA 7.4. Let s € W be a simple reflection and s € W;. Recall we have a
canonical isomorphism IC(s), = IC(s)TL given by Lemma 6.9(2).

(1) Let& € g‘ﬁifor some block p € oW . and F € [;/Dﬁ. There is a canonical
isomorphism in (R ® R, Fr)-gmod

M; (F) ®gs R(1) = M (F xIC(s)}) (7.1)
such that the composition

M (F) —L2 ML (F # IC(s) 5 (—1)) (7.2)

Z\jLemma 3.8

adj

M§ (7[:77&*;)

M (F)

is the identity.

https://doi.org/10.1017/fmp.2020.9 Published online by Cambridge University Press


https://doi.org/10.1017/fmp.2020.9

G. Lusztig and Z. Yun 48

(2) There is a canonical isomorphism in (R ® R, Fr)-gmod
M°(IC(s)7-(—=1)) = R @ R (7.3)

under which 0] correspondsto 1 ® 1.

Proof. (1) Let Le Ch(L;) be the extension of £._By Lemma 3.10, we can write
O (&) = O for some shifted perverse sheaf @ € Djz. By Lemma 3.8, we
have
Hom*(@(£), F) = Hom" (7@, F) = Hom*(®, 7,,F)
= H*((B\G/P,);, RHom(®, 7, F)). (7.4)

The right side above is naturally a graded (R ® R, Fr)-module, for R® =
Hip (Pt)-

Let 7, also denote the projection B\G/B — B\G/ P;. For any complex C €
D’ (B\G/ P,), the pullback H*((B\G/ P;);, K) — H*((B\G/B);, 7 }K) is right
R*-linear. It then induces a natural map in (R ® R, Fr)-gmod:

H*((B\G/P,)i, K) @rs R — H*((B\G/B), 7/ K). (7.5)
This is in fact a bijection because
H*((B\G/B);, n;K) = H*"(B\G/ Py)i, mym; )
= H*((B\G/P). K ® 7,,Q))

and 7,,Q, = Q, ® Q,(—2) (in D" (B\G/Py)) corresponding to the
decomposition R = R* @ o, R*. Applying isomorphism (7.5) to K = RHom(®,
o), We get
H*((B\G/ P,), RHom(O, 7., F)) ®gs R

= H*((B\G/B)i, ;RHom(®, 7,,.F))

= H*((B\G/B)i, RHom(%; O, 77, F))

= Hom*(© (&), F »IC(s).(—1)).
Here we have used Lemma 3.8. Combining this with (7.4), we get an
isomorphism

M (F) g R(1) = Hom*(©(§), F) ®p: R(1)
= Hom* (O (£), F x IC(s)}) = M (F xIC(s)}.).

The construction above shows that composition (7.2) is induced by applying

Hom*(@, —) to the composition of adjunction maps 7., F — Mo T T F —
7+ J , Which is the identity.
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(2) Taking F = &, in (1), we get the canonical isomorphism (7.3). The fact
that 6] corresponds to 1 ® 1 follows from the fact that (7.2) is the identity for
F = §,. This proves part (2). O

7.5. Monoidal structure. Letfe W, ye oW, ,F¢c gDZ, G € oDy,
£ € P and ) € £, Consider the maps
Hom(® (), Gli]) x Hom(O (€), F[,j1) - Hom(O(n) » O(€), G » Fli + j1)
L Hom(©(ng). G + Fli + j1).
Taking the direct sum over i, j € Z, we get a pairing
() : My (G) x Me(F) — My (G * F)
satisfying the following relations fora € R, f € M(F) and g € M, (G):
((A1®a)-g =@ @ [f),
(@@D)-g =@ (g f @UA®a)- - fHl=0®a)-(g, f).
Therefore it induces a map in (R ® R, Fr)-gmod:
(G, F) : M, (G) ®@r M (F) — M, (G * F). (7.6)

As F and G vary, the above maps form a natural transformation between two
bifunctors D%, x »Dh — (R ® R, Fr)-gmod defined by the left and right
sides. The co-associativity of {¢(n, £)} as shown in Proposition 6.12(3) implies
that maps (7.6) are associative for three composable &, n, ¢.

LEMMA 7.6. With the above notation, c, (G, &) is an isomorphism in (R ® R,
Fr)-gmod. In particular (by Lemma 7.3), there is a canonical isomorphism

M, (G) ®r R(w") = M, (G % £).

A similar statement holds when G appears in the second factor.

Proof. By definition, we have
¥ M, (G x &) = Hom* (@ (né), G x &) = Hom* (O (n) x £, G &)
= Hom*(©(n), ) = M,,(G),

where we used the fact that x£ is an equivalence (Proposition 5.2). The
composition

M, () ®k R(w") = M,(G) ®k My (6) 2225 M. (G % &) 5 M, (G)
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sends f ® 1 to f, and hence it is an isomorphism. This implies that ¢, £ (G, £) is
an isomorphism.

For the statement where G appears as the second factor, we use the canonical
isomorphism @ (§) = & x ©7 given in Lemma 6.11. The rest of the argument is
the same as above. O

LEMMA 7.7. Lets € W be a simple reflection and s € W;. Let & € E’;‘Bf: for
some block p € oW, and F € grDi. Then the map cs 5, (F,1C(s)z) is an
isomorphism.

Proof. Lemma 7.4 already gives us an isomorphism
prs : Mg (F) @ MP(IC(s)2) = M (F) ®ps R(1) = Mg (F *IC(s) ).

It remains to show that p x ; is the same as c¢ 5. (F, IC(s) ). To prove this, after
a diagram chase, it is enough to show that the following composition (we are
using notation from the proof of Lemma 7.4)

w(é 5c) i *w;

0 =0 —— O(§)x O —> O(&) *IC(s)(—1)
= T ns*@(é) — JT:JTS*]T:@ (77)

is the natural map given by the adjunction @ — yrs*n_:‘@. By
Proposition 6.2(2)(3), m/m.,@ (§) = @ (&) » IC(s) - (—1) lies in perverse degree
> 0, with w”HOn;"ns*@(S) = ©(&). We see that Hom(® (§), n}n,.©(§)) is
one-dimensional. Therefore it suffices to show that the composition of (7.7)
with the adjunction 77, ©(§) — (&) is the identity map of & (&). This boils
down to the commutativity of the following diagram

0#) L2 0(E) « 0% L @ (&) * IC(s) £ (— 1)

id idwe o

OF) ——=0OE) »é,

Here €, : IC(s) - (—1) — &, is the map that induces the identity at ¢ € G. The left
square is commutative by Proposition 6.12(2); the right triangle is commutative
by the characterization of . This finishes the proof. O

COROLLARY 7.8. The map c, (G, F) in (7.6) is an isomorphism if either F €
DD@ is a semisimple complex or G € DY, is a semisimple complex.

Proof. By symmetry, we only need to treat the case J semisimple, and it
suffices to work with nonmixed complexes. Since any simple perverse sheaf
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IC(w) is a direct summand of a successive convolution IC(s;,, ..., s, )z =
IC(si,) g, * -+ * IC(s;,) 2, it suffices to prove the statement for 7 = IC(s;,, . . .,
s;,) ¢ for any sequence of simple reflections (s;,, ..., s;,) in W. But the latter case
follows by successive application of either Lemma 7.6 or Lemma 7.7. 0

The next result is the main result of this section. It is a monodromic version
of Soergel’s theorem [27, Erweiterungssatz 17]. For the nonmonodromic Hecke
categories, the Erweiterungssatz (Extension Theorem) of Soergel is a special
case of a more general result of Ginzburg for varieties with G,,-actions [9]. Our
argument below is specific to the Hecke categories.

THEOREM 7.9. Let B € o W ., & € g‘B’Z and let F,G € L/DZ be semisimple
complexes. Then the natural map

m(F,G) : Hom*(F, G) — Hompyg g omoa M (F), M (G))
is an isomorphism in (R ® R, Fr)-gmod.

Proof. Since m(F, G) is Fr-equivariant, if suffices to prove that m(F, G) is an
isomorphism in R ® R-gmod. Therefore we may assume F, G € L/Q’Z. In the
rest of the argument, we only consider the nonmixed Soergel functors, and we
do not specify the nonmixed minimal IC sheaves defining them (the nonmixed
minimal IC sheaves are unique up to isomorphism in each block); we simply
write M for the nonmixed Soergel functor.

Since every semisimple complex is a direct sum of shifts of IC(w), (for
w € p), it suffices to prove the above isomorphism for F = IC(w),.
For a sequence w = (s;,,...,s;) of simple reflections, write IC(w), =
E(s,»])'yiz,,‘si” c * --- x IC(s;,). By the decomposition theorem [1], every
IC(w) is a direct summand of IC(w)  for some sequence w. It suffices to treat
the case F = IC(w). for a sequence w = (s;,, ..., s;,) of simple reflections,
that is, showing the following is an isomorphism

Hom*(IC(w) ¢, §) — Homygp 4o MAC(w) 2), M(G)). (7.8)

We prove this by induction on the length of w (and varying block B
accordingly). If w = @, this means IC(w); = §,. This case will be treated
in Lemma 7.10.

Now suppose (7.8) is an isomorphism for all w of length < n. Consider a
sequence w = (s, ..., s;,) of length n and arbitrary semisimple complex G in
the same block as IC(w).. Let w' = (s;y,...,8;,_,),s = s;,; then IC(w), =
IC(w')sz * IC(s) .. Consider the following diagram, where each solid arrow is
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well defined up to a nonzero scalar:

Hom"(IC(w"),z *IC(s) 2, G) Hom*(C(w),z, G *IC(s),)

Hom®* M(IC(w);z *IC(s) ), M(G)) Hom*(MIC(w'),z), M(G * IC(s),.2))

Hom® M(IC(w);z) ®r MAC(s) ), M(G)) — - > Hom* MAC(w'), ). M(G) @ MAC(5),.))
(7.9)
Here the map a is the adjunction isomorphism either from Lemma 3.6 if s ¢ W7
or as in Corollary 3.9 if s € W;. The maps m and m' are given by the functor
M, and m’ is an isomorphism by inductive hypothesis for w’. The isomorphisms
u and u’ are induced by the monoidal structure of M proved in Corollary 7.8.
Therefore, to show that m is an isomorphism, it suffices to construct the dotted
arrow b, which is an isomorphism and makes the diagram commutative up to a
nonzero scalar.
If s ¢ W7, using Lemma 7.6, we have

Hom"(M(IC(w')sz) ®x MUIC(s)2), M(G))
= Hom"(M(IC(w');z) ®r R(s), M(G))
= Hom"(M(IC(w);z), M(9) ®« R(s))
= Hom"(M(IC(w');z), M(G) ®r MUC(s)52))-
Let b be the composition of the above isomorphisms. It is easy to check that b

makes (7.9) commutative; hence m is an isomorphism.
If s € W7, by Lemma 7.7, it suffices to construct an isomorphism

b’ : Hom*(MIC(w') r Qs R{1), M(G))
— Hom* (M(IC(w) ), M(G) ®&s R(1)).

By [28, Proposition 5.10(2)], for M,, M, € R ® R-gmod, there is a bifunctorial
isomorphism of R-bimodules:

Homg g amoa (M1, Mz ®ps R(1)) = Homyg o onoa (M1 ®ps R(1), M3). (7.10)

Indeed, since R = R* & «a,R* (note ozf € R’), we may identify R with
R*(1) & R*(—1) as graded R’-modules. For an R-bimodule map f : M; —
M, ®g: R(1) = Mx(1) & Mx(—1), we write f(x) = (f-1(x), fi(x)), where
fr1 : My — My(£1) is R ® R’-linear. Then f +— f; gives an isomorphism
Homgg g gmod (M1, Ma ®prs R(1)) = Homj v s (M1, Ma(—1)), with inverse
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fir> (f i x = (fi(xay), fi(x))). On the other hand, by the adjunction between
tensor and forgetful functors, we also have

Homj,g i noa(My ®ps R(1), My) = Hom, oy s (M (1), M)
; HOm.R_MOd_R.v (Ml ) M2<_1>)'

Combining these isomorphisms, we get the desired isomorphism (7.10).
Moreover, (7.10) is compatible with the adjunction in Corollary 3.9 under the
isomorphisms in Lemma 7.4. Isomorphism (7.10) gives the desired isomorphism
b’ and hence b, which makes diagram (7.9) commutative up to a nonzero scalar.
Therefore m is again an isomorphism in this case. This finishes the proof. O

LEMMA 7.10. For any semisimple complex G € /D5, the natural map
m@,, G) : Hom* (8, §) — Homyg g yoa(R(€), M°(G)) (7.11)

is an isomorphism of graded R-bimodules.

Proof. Recall the adjunction i, : c/D(e)z <> D7 : i.. The adjunction map
ie*ie’g — G gives a commutative diagram

Coa m(8 ,i(’*iig) . o/ ol
HOIH'(QL-, le*le"g) L HOIIlR@R_ngd(R, M (le*lég))
. m@,z,9) . °
Hom* (8., §) — =71~ Hom, 5 gmoa (R M°(G))

We will show that m(8,,G) is an isomorphism by showing that the other
three arrows in the above diagram are isomorphisms. Here the arrows a and
b are induced by the adjunction map i..i'G — G and a is an isomorphism by
adjunction.

We show that m(§,, ig*iig) is also an isomorphism. Indeed, by
Proposition 3.11(2), i'G is a direct sum of shifts of C(e).. It suffices to
treat the case where i'G is replaced by C(e) ., or equivalently replacing i..i'G
with § ., in which case both sides are identified with the regular R-bimodule
R(e) = R.

Finally, we show that b is an isomorphism. Using the filtration F,,M°(G) in
Corollary 3.12, we have F<,M°(G) = Hom* (0%, i..i\G) = M°(i..i.G), which
implies that b is injective.

To see that b is surjective, we argue that any R ® R-linear map ¢ : R(e) —
M°(G) must land in F,M°(G). Extend the partial order on W} to a total order,
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and suppose w € W} is the smallest element under this total order such that
@(R(¢)) C F<,M°(G). Then the projection R % F.,M°(G) — GriM°(G)
must be nonzero for otherwise ¢ (R(e)) would land in the previous step of the
filtration. However, by (3.2) and Proposition 3.11(2), GriM" (G) is a free R(w)-
module. For there to exist a nonzero R ® R-linear map R(e¢) — R(w), we must
have w = e, which implies that ¢(R(e)) C F<.M’(G), as desired. This finishes
the proof of the lemma. O

8. Soergel bimodules

After reviewing basics about Soergel bimodules, the main result of this section
is Proposition 8.7, which connects simple perverse sheaves in the monodromic
Hecke category with indecomposable Soergel bimodules via the Soergel functor
introduced in the previous section.

8.1. Soergel bimodules. Consider a finite Weyl group (W, Sy) with

reflection representation V over Q,. Let R = Sym(V*) (graded with V* in
degree 1). We recall the notion of Soergel R-bimodules.

For any sequence (s;,,...,s;) of simple reflections, we have the Bort—
Samelson bimodule S(s;,, ..., 5;,) = R ®pin R Qpi,., @+ Qpuy R.

The indecomposable Soergel bimodules are, up to degree shifts,
indecomposable direct summands of S(s; ,...,s;) for some sequence (s;,,

..., 5;,) of simple reflections in W,. A Soergel bimodule is a direct sum
of indecomposable Soergel bimodules. Let SB(W;) C R ® R-gmod be the
full subcategory consisting of the Soergel bimodules. Then SB(W,) carries a
monoidal structure given by the tensor product (—) ®z (—).

Soergel [28] shows that, for each w € W, there is an indecomposable Soergel
bimodule S(w) characterized (up to isomorphism) among graded R® R-modules,
by the following two properties.

(1) Supp(S(w)) C V x V contains I"(w) = {(wx, x)|x € V}, the graph of the
w actionon V.

(2) For some (equivalently any) reduced expression w = s;, - - - 53, in Wy, S(w)
is a direct summand of the Bott—Samelson bimodule S(s;,, .. ., s;,).

To emphasize the dependence on the Coxeter group W,, we denote S(w) also by
S (w) Wo -

8.2. Rigidified Soergel bimodules. It is easy to see that the degree zero part
of S(w) is one-dimensional. Moreover, the endomorphism ring of S(w) inside
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R ® R-gmod consists of scalars. Indeed in our case W, is a Weyl group, so
we may interpret S(w) as the equivariant intersection cohomology of an IC
sheaf of a Schubert variety in a flag variety, and deduce the statement about
the endomorphism ring from it (see [27, Lemma 19 and Erweiterungssatz 17]).

For fixed w € W,, consider a pair (M, 1,,), where M € SB(W,) is isomorphic
to S(w) and 1), € M° is any nonzero element. Then the automorphism group
of such a pair is trivial, and any two such pairs are isomorphic by a unique
isomorphism. Therefore we may identify all such pairs with one pair, and denote
it by (S(w), 1).

8.3. Extended Soergel bimodules. For £ € o and w € W, we define a
graded R ® R-module S(w) as follows. Let B € ,, W . be the block containing
w. Write w = xw” for x € W¢ .. Then we define

Sw)e = S ws, ®r RW).

Again we can rigidify S(w) ¢ by equipping it with the degree zero element 1 ® 1.
We also define a generalization of Bott—Samelson modules. For a sequence
(Si,» - - ., 5;,) of simple reflections in W, and £ € o, let L; = s;, - - - 5;, L. Define

S(sinv ceey sil) = S(si,,)ﬁn_| ®R S(si,,_1)£,,_2 ®R ® e ®R S(si])ﬁ'

Note that S(s;, )z, , = R(s;,) if 5;; ¢ sz and is otherwise isomorphic to R ®
R.

i
R'J

LEMMA 8.4. Let (s;,, ..., Si,) be a reduced word of simple reflections in W and
Leo Lj=sy---s,Lforl < j<n Let e W, betheblock containing
w =s; ---S;. Then there is a reduced word (t,, ..., t) of simple reflections in
the Coxeter group Wz such that w = tyt,,_; - - - hw? and

Siyr 2512 Z S, 1wz, ®r Rw?)

as graded R @ R-modules.

Proof. We prove the lemma by induction on n. Forn =1 and s = 5;, ¢ W7, then
s = w”? and S(s)z = R(w”) (corresponding tom = 0). Forn = lands = s;, €
W3, we have wf = 1 and s is a simple reflection in W2, and S(s)z = S(s)we.-
Now suppose the statement is proved for reduced words of length less than n
(n = 2). Let B’ € , W, be the block containing w' = s;, - - - 5;,. By inductive
hypothesis, there is a reduced word (¢,,, ..., ;) in Wz, such that ¢, - - - w? =

w
S(Siys s 8i) ey = Sy - 1w, Or R(w”).
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Write s = s;,. If s ¢ W, then w? = w¥'s, and we have

S,y - ves8i)e =S(Siy, w585, Qr S(8) 2
= S - - 1wz, ®r Rw”) @p R(s)
= Sy - 1wz, @k RW’'s)
=Sty -, 1wy, ®r R(wP).

We have 1, - - -tyw? = ¢, ---w?'s = w's = w.
If s € W2, then £, = L, = B. Moreover, t = w’swf " is a simple
reflection in W by Corollary 4.4. Hence

S(Sin7 ) Si[)[: = S(Sinv DRI siz)[,] ®R“' R
= St -+ 1)wy, @ R(W) @ps R
= S(tm, N [])Wzn Qi R(wﬁ)
= S(tm’ ) tl’ t)WZ" .
Here we have used S(s); = R @z R and R(w?) @z R = R @ R(w?). We
have t, ---tjitw? = t,---HwPs = w's = w. Since Lg(w) = Ly (w') + 1 by

Lemma 4.6(4), (t,, ..., t,t) is a reduced word for ww? ~!. This completes the
inductive step. O

We have the following characterization for S(w) .

LEMMA 8.5. Let L € oandw € W. Let M be an indecomposable graded R® R-
module such that

(1) Supp(M) D I'(w) as a subset of Spec (RQ R) =V x V;

(2) for some reduced expression w = s;,s;, , - -+ i, in W, M is a direct summand

of S(Siys + -5 8i) -
Then M = S(w) .

Proof. Let B € ,c W . be the block containing w. Write w = xw” for x € W ..
Let M' = M ®x R(w?~'). Then M’ is an indecomposable R ® R-module whose
support contains I'(ww? ') = I'(x). By Lemma 8.4, S(s;,, . .., Si,)c = S(t,
cwy, ®R R(w?) for a reduced expression #,, - - - ; of x = ww? ™" in W .

Therefore, M’ is a direct summand of S(z,,, . . ., tl)WZ,, . By Soergel’s criterion in
Section 8.1, M’ = S(x)y; . Hence M = M’ ® Rw?) = S()w;, ®r R(w?) =
S(w) . O
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8.6. Soergel bimodules with Frobenius action. Let (R ® R, Fr)-gmod,,.
be the full subcategory of (R ® R, Fr)-gmod consisting of those M = &, M"
such that M" is pure of weight n as an Fr-module (Section 1.10.1). Forgetting
the Frobenius action gives a functor

w: (R® R,Fr)-gmod_ . — R ® R-gmod.

pure

This functor admits a one-side inverse

(-)":R® R-gmod — (R ® R, Fr)-gmod

pure

that sends a graded R® R-module M = @, M" to the same graded R® R-module
M with Fr acting on M" by ¢"/%.

Let SB,, (W) C (R® R, Fr)—gmodpure be the preimage of SB(W}) under w,
that is, it is the full subcategory consisting of M € (R ® R, Fr)-gmod,,,.. such

that oM € SB(W}). Then SB,,(W}) also carries a monoidal structure given by
(=) ®r ().

PROPOSITION 8.7. Let L € 0 and w € W}. Then there is a unique isomorphism
in (R ® R, Fr)-gmod

MPAC(w) s (—Le(w))) = S(w)iys (8.1)
under which 91}: corresponds to 1 € S(w)Evz-

Proof. We first prove more generally for any w € W, we have an isomorphism
in R ® R-gmod:
MIC(w) [—€s(w)]) = S(w) . (8.2)

Here 8 € ,.W , is the block containing w, and we are suppressing the choice
of a minimal IC sheaf & € wg‘Bi from M, because the isomorphism class
of the functor M, is independent of &. To show (8.2), we apply the criterion
in Lemma 8.5 to M = MIC(w).[—£g(w)]). By Theorem 7.9, End(M) =
End(IC(w),) = @3; hence M is indecomposable. By Corollary 3.12, M admits
a filtration indexed by {v € W; v < w} with the last associated graded

Gry,M = Hom" (i}, IC(wp)[— N1, i}, IC(w) c[— L4 (w)]),

which by Proposition 6.4 is Hom*(C(w)[—£z(w)], C(w)[—€g(w)]) = R(w).
Therefore Supp(M) O Supp(R(w)) = ['(w). Finally, for any reduced
expression w = s;,---8;,, IC(w), is a direct summand of IC(s;,,...,
si)e =1C(s;,) g, * - -+ xIC(s;,) 2 by the decomposition theorem. Therefore M
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is a direct summand of MIC(s;,, ..., s;,) c[—€g(w)]). By repeated applications
of Lemmas 7.3 and 7.4, one sees that

M(E(Sin’ ey si,)g[—fﬁ(w)]) = S(si,,’ ey Sl‘])L.
The shift by £4(w) matches the number of 1 < j < n such that s;; € Wﬁ by

Lemma 4.6(4), which enters the above calculatlon because of the shlft [1] that
appears in Lemma 7.4(1). The above checks the conditions in Lemma 8.5 and
hence (8.2) is proved.

Now consider the case w € W; and let M = M°(IC(w)2(—Z£(w))). We
have already proved that oM’ = S(w)w: as a graded R ® R-module. Now the
Frobenius action on S(w)w: compatible with the grading and the R ® R-action
is unique up to a scalar (proof: if F and F’ are two such Frobenius actions
on S(w)w:, then F' o F™' € Autzgprgmoa(SW)wz) = Aut(IC(w)z) = Q).
Therefore, M* = S(w)e,l,2 ® V for some one-dimensional Fr-module V. In
particular, we have an identification of Fr-modules (M%) = V. Now 0 # Ow €
(M"Y is Fr-invariant; hence V is a trivial Fr-module. Therefore M = S(w)jwz;
such an isomorphism is unique up to a scalar, and it becomes unique if we require
67 to goto 1. O

8.8. More on Soergel bimodules. The rest of the section is only used in the
proof of Proposition 9.5. Let £ € o and consider Soergel bimodules for W3.
In the rest of the section, we shall denote S(w)wz simply by S(w). To each
indecomposable Soergel bimodule S = S(w)[n], we assign the integer d(S) :=
—n + £ (w). This is the analogue of the perverse degree for Soergel bimodules.

LEMMA 8.9. Let S, S’ be indecomposable Soergel bimodules for W .

(1) Ifd(S) < d(S"), then Homggg-gmoa(S, ") = 0.

(2) If d(S) = d(S’) and S and S' are not isomorphic, then Homggg_gmod (S,
SN =0.

Proof. If § = S(w)[n] and §' = S(w’)[n'], then by Proposition 8.7,

MPIC(w)cln—Le(w)]) = S, MPAC(w) c[n" — €. (w")]) = §'. By Theorem 7.9,

Homggg-gmod(S, §") = Hom(IC(w)[n — £ (w)], IC(w")[n" — £, (w)])
= Hom(IC(w)[—d ()], IC(w)[—d(S))]).

Ifd(S) < d(§), then Hom(IC(w)[—d(S)], IC(w")[—d(S")]) = O by perverse
degree reasons; therefore Homggg-gmod(S, S") = 0.
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If d(S) = d(5’), then Hom(IC(w)[—d(S)], IC(w")[—d(S")]) is the same as
Hom(IC(w), IC(w’)), which vanishes if w # w’. In this case for w # w’, we get
Hompggr-gmod (S, ") = 0. O

PROPOSITION 8.10. Let M < SB,,(W;). There exists a finite filtration 0 =
FoM C F;M C --- C F,M = M by subobjects in SB,,(W}) with the following
properties:

(1) For1 <i < n, GrfM = S(w;)*(n;) @ Vi for some w; € Wi, n; € Z and
finite-dimensional Fr-module V; pure of weight zero.

(2) The filtration o F,M of oM splits in R @ R-gmod.

Proof. Let M = @,M" € SB,,(W}). Since M is finitely generated as a graded
R ® R-module, each M" is finite-dimensional, and may be decomposed into
generalized eigenspaces of Fr. We group the generalized Frobenius eigenvalues

according to the cosets @Z /q%:

M= M.

2eQ; /q
Since Fr acts on R ® R by integer powers of g, each M, is itself an object in
(R ® R, Fr)-gmod; since wM,, is a direct summand of a Soergel bimodule, it
is also a Soergel bimodule. Hence M, € SB,,(W3). We only need to produce
a filtration for each M,. Without loss of generality, we consider the case A = 1
and assume M = M, that is, Fr-eigenvalues on M are in ¢Z. In particular, M is

evenly graded.
Consider any decomposition wM = @,;S,, wWhere each S, is an
indecomposable Soergel bimodule. Let FFM = ®ucracsy<iSe C M.

By Lemma 8.9(1), F;M is independent of the decomposition of wM
into indecomposables. Therefore each F;M is stable under Fr, and
hence an object in SB,(W;). Moreover, by Lemma 8.9(2), we can
canonically write a)GrfM = Ouew:SW)[le(w) — i] ® ;V,, where
iV = Homggr.gmoa(Sw)[€e(w) — il,oGrf M). Equip ;V, with the
Frobenius action by viewing it as HomR®R_gm0d(S(w)”(££(w) —i),Grfr M);
then GrI.FM = @wesz(w)”(ﬁg(w) —i)®;V, as objects in (R ® R, Fr)-gmod.
After refining the filtration F,M and renumbering, it becomes a filtration
satisfying the required conditions. O

9. Equivalence for the neutral block

In this section, we prove Theorem 1.3.
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9.1. The endoscopic group. Let £ € o0 and consider the neutral block ;D5
Let H be the reductive group over F, with a maximal torus identified with T
and the root system @ (H,T) = @, C X*(T). In particular, the Weyl group
of H with respect to T is identified with W7. We call H the endoscopic group
of G corresponding to L. Let By C H be the Borel subgroup containing T
corresponding to the positive roots @ . As defined, H is unique up to nonunique
isomorphisms. We will give a rigidification of H later in Section 10.2.

To justify the terminology, we recall the usual definition of endoscopic groups
of G. Let G be the Langlands dual group of G defined over Q,, with a maximal
torus 7 and roots Q§(G T) - X*(T) X, (T) identified with the coroots @V (G,
T) of (G, T). Let « be a semisimple element in 6, and H be the neutral
component of the centralizer 6 An endoscopic group of G associated with
k 1s a reductive group over IF;, whose Langlands dual is isomorphic to H.

Now let H C G be the connected reductive subgroup containing T with roots
@(H/,\T) =@, C (G, T) = @ (G, T). Then ['LIS dual to H. We claim
that H is the neutral component of the centralizer in G of a semisimple element
« € T, which would imply that H is an endoscopic group of G in the usual sense.
In fact, bijection (2.1) allows us to identify Ch(T) with X*(T) ®7z Hom(F*,
@Z ). Choosing a generator { € F*, we get an isomorphism Hom(F, @,_,X) =
q-1(Q,) by evaluating at ¢; hence Ch(T) S XNT) ® He-1(Qy) = T[q -
1](@,3). This allows us to turn Q € Ch(T) into an gl\ement K € /T\(@e) such that
k%! = 1. Then we have H = G° as subgroups of G.

With the correspondence £ <> k € ?[q — 1](@5) above, W, is identified with
the Weyl group of the possibly disconnected group §K with respect to T, that is,
W, = Ng, (/T\) /1 7. If G has a connected center so that G has a simply connected
derived group, G, is connected by Steinberg [29, Theorem 8.1]; hence W, = W}
in this case (see also [7, Theorem 5.13]).

Consider the usual Hecke category for H:

Dy := D (By\H/By).

We denote by IC(w)y, A(w)y and V(w)y the objects in Dy that are the
intersection complex, standard perverse sheaf and costandard perverse sheaf
supported on the closure of the Schubert cell BywBy /By C H/By defined
similarly as in (2.4) for H in place of G and the trivial character sheaf on 7 in
place of L.

THEOREM 9.2 (Monodromic—endoscopic equivalence for the neutral block).

Let L € Ch(T) and H be the endoscopic group of G attached to L as in
Section 9.1. Then there is a canonical monoidal equivalence of triangulated
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categories
v Dy — D5
satisfying the following:
(1) Forallw € Wy,

w2 (IC(w)y) = IC(w)}, 9.1)
V(AW ) = Aw), 9.2)
Y(V(w)y) = V(w)l. 9.3)

In particular, W is t-exact for the perverse t-structures.

(2) There is a functorial isomorphism of graded (R ® R, Fr)-modules for all
-F’ -F/ € DH;

Hom*(F, F') = Hom® (W2(F), ¥2(F))). (9.4)

Part (2) of the theorem does not automatically follow from the equivalence
¥} because, as in (1.1), Hom(—, —) denotes the Hom space after base change to
k=T,.

The proof will occupy Sections 9.3-9.8.

9.3. DG model for A Dj.. We apply the construction of [6, Section B.1-B.2]
to the category Dj%. Let ;C; C D% be the full subcategory consisting of
objects that are pure of weight zero. By Proposition 3.11, any object F € »C
is also very pure in the sense that i* F and i\ F are pure of weight zero for all
w € W2. Then »C% is an additive Karoubian category stable under the operation
(=) ® V, where V is any bounded complex of finite-dimensional Fr-modules
such that H'V has weight i. In particular, £Cy is stable under (n), for all n € Z.
By Lemma 3.3(2), ~C; is a monoidal category under convolution.

Let £C7. be the essential image of -C; under w : ;D — Dj. Then ;C7 is
the category of semisimple complexes in /D%. Let K’(:C%) be the homotopy
category of bounded complexes in £C. Let K”(,C%)o C K’(+C%) be the thick
subcategory consisting of complexes that are null-homotopic when mapped to
K?(£C3).

As in [6, Section B.1], with the help of a filtered version of D5, there is a
triangulated functor (the realization functor) p : K’( cC) — D5

LEMMA 9.4. The functor § descends to an equivalence

p: K"(:C2)/K"(:C:o — D5
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Proof. By [6, Proposition B.1.7], p induces an equivalence of triangulated
categories

o KP(:Co)/ ker(p) — D5 9.5)

We claim that ker(p) = K”(:C%)o. The inclusion ker(p) C K”(C%)q is proved
in [6, Lemma B.1.6]. We now show the inclusion in the other direction. Suppose
K* € K"(£C2)o, and h : wK* — wK*[—1] is a homotopy between idx. and
0. Then for any F € »C7, Hom*(F, K*) is calculated by a spectral sequence
whose E-page consists of E’l’ = Ext/(F, K') with differentials E’1’ — Ei“’j
induced by the differentials of KC*. The chain homotopy 4 implies that E ;’j is
null-homotopic; hence E, = 0 and Hom*(F, K*) = 0 for all 7 € C;. This
implies that wp(K*) = 0in /D. Now w : ;D2 — Dy is conservative; hence
o(K*) =0, and K* € ker(p). O

PROPOSITION 9.5. The restriction of M° gives a monoidal equivalence
o £Cy = SBL(Wp)

such that for F,F' € C2, there is a canonical isomorphism in (R @ R,
Fr)-gmod:
Hom*(F, F') = Homj g g wmoa (90 (F), wo(F)). (9.6)

Proof. The monoidal structure of M° restricted to semisimple complexes is
proved in Corollary 7.8. Let ¢y = M?| ¢o : cC; — (R ® R,Fr)-gmod.
Isomorphism (9.6) with ¢, replaced by @, follows from Theorem 7.9.

Now for F, F' € C%, Ext'(F,F') is pure of weight i by the x-purity
of F and !-purity of F’ (cf. [6, Lemma 3.1.5]). This implies hom ¢ (F,
F') = Hom(F, F')¥ since Ext™'(F, F') is pure of weight —1. It also implies
that (Hom*(F, F"))™ = Hom(F, 7)™ = hom,c: (F, F'). On the other hand,
homggr Fry-gmod (M, M') = Homggr-gmoa(M, M) for M, M’ € SB,(W?).
Taking Frobenius invariants of both sides of (9.6), we conclude that ¢, is fully
faithful.

We show that the image of M°| .¢:, lies in SB,,(W}). Indeed for F € C7, o F
is a semisimple complex; hence wM°(F) = M°(wF) is a direct sum of shifts of
M°(IC(w) ), which is isomorphic to a shift of S(w)w: by Proposition 8.7. On
the other hand, the very purity of ®; and F implies that Exti(@z, F) is pure
of weight i; hence M°(F) € (R ® R, Fr)-gmod_, .. We conclude that M°(F) €
SB,,(W32).

Finally, we show that any M € SB,,(W}) is in the essential image of ¢y. Let
0=FKM C FFM C --- C F,M = M be a filtration satisfying the conditions
in Proposition 8.10. In particular, Grf M= S(wi)uwz ® V; for some w; € W

pure*
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and V; € D’ (pt) pure of weight zero. We prove by induction on i that F; M
is in the essential image of ¢,. For i = 0, there is nothing to prove. Suppose
i > 1 and we have found F;_; € ;C2 such that ¢o(F;_;) = F,_ M. Let
Ki = IC(w)(—c(w) ® Vi € Cs. Let € € Ext{pgp ) (Gri M, Fi_iM) be
the extension class of

0— Fi_ M —> FFM — GrfM —0 9.7)
in (R ® R, Fr)-mod (nongraded modules). We have a short exact sequence

0 — Homggr(Gr{ M, Fi_iM)p — Ext(pop r, (Gr{ M, F;_ M)
— Extpy o (Gry M, F;,_ M)™ — 0.

Since (9.7) splits in R ® R-mod, the image of € in Ext}mR(GrfM, F_ M)F
is zero; therefore € comes from a class € € HomR®R(GrfM, F;_{M)g. By
Theorem 7.9, M° induces an isomorphism of Fr-modules

Hom*(K;, Fi_1) = Homg g 00 (Grf M, Fi_i M) = Homggr(Gr] M, F,_| M).

Therefore € can be viewed as a class € € Hom*(K;, Fi_1)rp = Hom(KC;, Fi_1)ee
(because Ext/(K;, F;_,) has weight j). Let ¢ be the image of € under the
map Hom(K;, F;_)r — hom(KC;, F;_;[1]) (the latter is calculated in ;D).
Let F; = Cone(e')[—1] € D;. Then F; fits into a distinguished triangle
Fioi = Fi — K; — Fii[1]. Therefore F; € »C; and ¢o(F;) = F;M by
construction. I

To state the next theorem, we need some notation. For F, 7' € /Dg, we let
Ext"(F, F),, be the weight m summand of the Fr-module Ext" (F, F"). For M,
M’ € K’(R ® R-mod), their morphism space in K”(R ® R-mod) is denoted by
HOMkg» (g r-moay (M, M'), and it is the homotopy classes of R ® R-linear chain
maps M — M’. We denote the degree shift of complexes in K’(R ® R-mod) by
{1}. We denote

HOM} 4 p-moty (M- M') = @) HOM s (g -moy (M, M'{n}).

nez

When M, M' € K’(R ® R-gmod), HOMgs rer-moa) (M, M') also carries an
internal grading from the gradings of each component M’ and M" (which are
in R ® R-gmod), and we denote the graded pieces by HOM ks (rgr-mod) (M, M"),y,.
If M,M' € K°((R ® R, Fr)-gmod), HOM s rgr-moa) (M, M') also inherits an
Fr-module structure.

https://doi.org/10.1017/fmp.2020.9 Published online by Cambridge University Press


https://doi.org/10.1017/fmp.2020.9

G. Lusztig and Z. Yun 64

THEOREM 9.6. The equivalence K’ (o) on the homotopy categories of cC3 and
SB,,(W}) induces a monoidal equivalence of triangulated categories

o eD% 2 KP(LCo) /K (£Co)0 2% KP(SB,,(W2))/ K (SB,,(W2)).

Here K (SB,,(W3))o consists of complexes of objects in SB,,(W}) that become
null-homotopic in SB(W3).

Moreover, for F, F' € DS, we have a functorial isomorphism of (R ® R,
Fr)-modules

Hom*(F, F') = HOM}s gg g-moa (@0 (F), 0@ (F')) 9.8)
under which

Ext"(F, ) — HOMgsrgr-mot) (@@ (F), 0pr (F){n —m)),, Vn,m e Z.
(9.9)

Proof. In view of the equivalence ¢y, to prove ¢, is an equivalence, it suffices
to show that the image of K’(:C%)o under K’(¢p) is K”(SB,,(W2))o. If K* €
K"(£C%)o, then there exists a chain homotopy h; : K’ — wK'~! between
id, k. and 0. Applying ¢, to h;, we get @y(h;) : wpy(K') — wey(K'~1), giving
a chain homotopy between id,, ) and 0. The same argument shows that
@, " sends K?(SB,,(W2))o to K?(:C%)o. This shows that ¢, is an equivalence.
The monoidal structure of ¢, comes from that of ¢, since K”(Z;CZ)O and
K"’(SB,,(W32)), are monoidal ideals.

We prove isomorphism (9.8). For F*, 7*, two bounded complexes in ~C7,
let 7 = p(F*), F' = p(F"*) € £/D;. Then there is a spectral sequence with
EV" = @, i_,Ext’(F', F") that converges to Ext*™(F, F"). The differential
d : E‘f’b — E’f“’b is given by an alternating sum of maps induced by the
differentials in F* and F"*. Since E ‘f’b is pure of weight b, the spectral sequence
degenerates at E,. This implies that

ESY = Ext™(F, F),. (9.10)

Let M = wy,(F), that is, M is a complex with terms M’ = oM°(F") €
SB(W32); similarly, let M’ = we,(F’). By Theorem 7.9, M° induces an
isomorphism of Fr-modules E¢" = @;_,_,HomMgeg.gmoa(M', M"/[b]), and the
differential d; is given by an alternating sum of differentials in M* and M".
Therefore Eg'b is isomorphic to HOMg» rggr-gmod) (M, M'[b]{a}), which is the
same as the degree b part of HOM g+ (rgr-moa) (M, M'{a}) for the internal grading
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E5" = HOMgo(rgR-moay (M, M {a})s. 9.11)

Comparing (9.10) and (9.11), we get (9.9). Taking the direct sum over all #» and
m in (9.9), we get (9.8). O

REMARK 9.7. The functor K?(w) : K”(SB,,(W2)) — K”(SB(W})) clearly
factors through K?(SB,, (W2))o. It induces a functor

@ : Dy — K" (SB(W)).

The homotopy category K”(SB(W})) can be viewed as an Fr-semisimplified
version of the monodromic Hecke category »D5..

9.8. Finishing the proof of Theorem 9.2. Apply Theorem 9.6 to the

endoscopic group H and the trivial character sheaf £ = Q, € Ch(T). We get a
monoidal equivalence

on : Dy — K"(SB,,(Wy))/K"(SB,.(Wx))o
such that for IC, K’ € Dy, there is a natural R ® R-linear isomorphism
Hom*(KC, K) = HOM;(I’(R@R—mod) (0o (K), ooy (K')) (9.12)

with an analogue of (9.9). Since Wy = W, we may identify the target categories
of . and ¢y.

Let ¥2 = ¢;' o ¢y. Then W2 is a monoidal equivalence of triangulated
categories. Combining (9.8) and (9.12), we get (9.4).

It remains to show (9.1)—(9.3). By Proposition 8.7 and its analogue for Dy, we
know ¢, (IC(w)Z) = S(w)i,v2 (s (w)) = oy (IC(w)y) for all w € W;. Therefore
Yo AC(w)y) = IC(w)} for all w € W}. This proves (9.1).

Now we show (9.2). Let F = (lI/Z)_l A (w)Z). From the properties of A(w)z
and the fact that (¥°)~! preserves IC sheaves and Hom spaces, we have the
following:

(1) F lies in the full triangulated subcategory generated by IC(w")y ® V for
w’ < w (Bruhat order of W) and Fr-modules V.

(2) Hom*(F, IC(w')y) = O forall w’ < w.

(3) There is a canonical isomorphism Hom*(F, IC(w)y) = R(w) as graded
(R ® R, Fr)-modules.
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We show that these properties imply a canonical isomorphism F = A(w)y. Let
Y C H (respectively, Z C H) be the union of Byw’'By for w’ < w (respectively,
w’ < w) in the Bruhat order of W. By Lemma 4.8(3), Y and Z are closed,
and Y — Z = BywBy = H(w) is open in Y. Note that Y is not necessarily
the closure of H(w); see Remark 4.9. Property (1) above implies that F is
supported on By\Y/By; property (2) implies that 7|, = 0. Therefore F = j,G
for some G € D’ (By\H(w)/By) =: Dy(w) (where j : H(w) <> Y is the
open embedding). Now Hom*(F, IC(w)y) = Homj, (G, Q,), and property
(3) above gives a map F — IC(w)g in Dy (corresponding to 1 € @g under
the isomorphism Hom(F, IC(w) ) = Q,, which is Fr-invariant and hence lifts
uniquely to hom(F, IC(w) ) for Hom™' (F, IC(w) ) = 0) and hence a nonzero
map ¢ : G — Q, in Dy (w) = D’}(w),m(pt). Moreover, property (3) implies that
Hom*(G, Q,) is a free left R-module of rank one and is generated in degree
zero, which implies that G has rank one and is concentrated in degree zero.
Therefore the canonical map c is an isomorphism, and it induces an isomorphism

F =jG > jQ, = A(w)p. Therefore we get a canonical isomorphism
V2 (Aw)y) = WE(F) = A(w),.
A similar argument proves (9.3). O

REMARK 9.9 (Parabolic version). It is possible to extend Theorem 9.2 to a
parabolic version. Namely, consider two standard parabolic subgroups P and
Q of G with unipotent radicals Up and U, and Levi subgroups L and M
containing T. Suppose that £ € Ch(T) extends to rank-one local systems
K € Ch(L) and X' € Ch(M). Then we may consider the category Dy =
DfoL.,C,g,C,,)’m(UQ\G/Up). We still have a block decomposition of Dy
indexed by 2, = W,/ W}.

By Lemma?2.3, wehave ®(L,T), ®(M,T) C ®@,.Hence L and M determine
standard parabolic subgroups Py and Qy of H whose Levi factors have roots
®(L,T) and @ (M, T). Then there is an equivalence between the neutral block
Dy and D2 (Qyu\H/Py), which can be proved using similar techniques used
in this paper.

We have the following strengthening of the purity result in Proposition 3.11
to include Frobenius semisimplicity for the stalks of IC sheaves. To state it,

recall that PXVE (1) is the Kazhdan—Lusztig polynomial [11] for the Coxeter group
W7, of degree less than %(Eﬁ(y) — £,.(x)) if x < y. The numerical part of the
following result was first proved in [13, Lemma 1.11].

PROPOSITION 9.10. Let L, L € o.
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(1) Forv < w € W3, write

PYE() = ayu(mt".

n=0

Then we have

ifIC(w), = C) (b (w) — €. (v) ® (69@Z —2n @“MW), 9.13)

n>0

i'IC(w)!, = C) L~ (w) + L) ® (@Q (2n) @w")). (9.14)

n=>0

(2) Let w, v be in the same block B € oW . Write v = wfx and w = wPy for
x,y € W;. Then there is a one-dimensional Fr-module V, (depending on w
and v) of weight zero such that

LICW) e = C0) (e (y) —Le(x)) ® <@ Q¢{—2n) @"“(’”) ® Vi,

n=0

iIC() 2 = C(0)c(—Le(y) + L)) ® (@@ (2n) @wm) ® V..

n=0

Proof. (1) We first treat the costalk il’}IC(w)TL. In Proposition 3.11, we already
proved that K, = i, IC(w)’. € ;D (v)  is a successive extension of C(v)"(n)®@V,
for finite-dimensional Fr-modules V, pure of weight zero, and n = ¢(w) — £(v)
mod 2. We shall first show

IC, is a direct sum of C(v)z(n) forn = ¢(w) — £(v) mod 2. (9.15)

Let .C(v); C D (v) . be the subcategory of complexes that are pure of weight
zero. Applying Proposition 9.5 to the case G = T (now C (v)} plays the role of
©3.), we see that Hom*(C (v) ., —) induces a full embedding

h:C(w)s — (R(v), Fr)-mod. (9.16)

Here R(v) = Hx oy, (PY) is introduced in Section 7.1. Under this embedding,
to show (9.15), it suffices to show that 2(K,) is a direct sum of R(v)(n) for
n = {(w)—~£(v) mod 2. By Proposition 3.11, 2(/C,) is a successive extension of
R()(n)®V, forn = £(w) —£(v) mod 2 and for Fr-modules V, pure of weight
zero. In particular, 2(/C,) is free as an R(v)-module. Therefore it suffices to show
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that 2 (/C,), as an Fr-module, is a direct sum of Qe ) for n € Z (necessarily of
the same parity as £(w) — £(v)): for then 2 (/C,) Qg Q@ is a direct sum of QM )
and we can lift a basis of Z(K,) ®r, Q, consisting of Frobenius eigenvectors to
Frobenius eigenvectors in 2(/C,), giving an R (v)-basis of A (KC,).

To summarize, to show (9.15), we only need to show that A(KC,) is a
direct sum of Q,(n) as an Fr-module. By Corollary 3.12, Hom"®(i 07,
K, = GrFM°(IC(w)£) the latter being a subquotient of S(w)u (Zg(w))

(by Proposition 8.7), and is hence a direct sum of Qe( ). Since zj@z =
C(U)Z(—ZL(U», h(KC,) = GrUFM"(IC(w)L)(—K[;(U)) is a direct sum of Q, (n).
This proves (9.15).

By Theorem 9.2, we have

h(KC,) = Hom*(A(v)}, IC(w)}) = Hom®(A(v) i, IC(w) ),

which by adjunction is Hom*(C (v) g, iLIC(w) 1) Therefore the multiplicity of
C(U)TL( ) in KC, is the same as the multiplicity of C(v)y {n) ini; IC(w)H, which

is well known to be expressed in terms of the coefficients of Pv w > asin (9.14).

The statement for i*IC(w)) can be proved in the same way by analyzing
Hom'(IC(w)z, V(v)z) and comparing it to Hom*(IC(w)y, V(v)y). We omit
details.

(2) By Proposition 5.2, there is a minimal IC sheaf & € D‘B[Z such that
IC(w) =& IC(y)E. Then & A(x)z = A(W) . ®V; for some one-dimensional
Fr-module V;. We have Hom*(C(0); ® V1, i.IC(w),) = Hom*(A(v); ® Vi,
IC(1b) 2) = Hom® (& » A(x)"., £ x IC(y)}) = Hom*(A(x)}., IC(y)}.), which is a
direct sum of Q, () as an Fr-module by (1). By the same argument as in (1) using
embedding (9.16), this implies that i’ JC(w) s a direct sum of C(V) . (n) ® Vi,
with multiplicities given by the coefficients of Py ;. The argument for i7IC(w) ¢
is similar, using Hom*(IC(w) ., V(0), ® V) = Hom (IC(y)L, V(x)ﬁ) ]

Similarly, we have the Frobenius semisimplicity of convolution.

PROPOSITION 9.11. (1) For w, w" € W3, the convolution IC(w’)z * IC(w)TL
is a direct sum ofIC(v)TL(n)for ve Waandn =L (w) +Lo(w') — £2(v)
mod 2.

(2) Let L, L', L" € o, w € oW, and w € Wyp. Let B € [yﬂﬂ and
B € W, be the blocks containing w and w'. Then the convolution
IC(W') o % IC(W) . is a direct sum ofIC(z'))ﬁ(n>®Vﬂ”;,’wf0rv eBBC W,
n= Zﬁ(w) +lp(w') — Z,g ,3(11) mod 2 and a one-dimensional Fr-module

depending only on w, w' and 0.

w W
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Proof. (1) The same statement for Dy holds by [6, Proposition 3.2.5]; hence (1)
follows from the equivalence ¥;.

(2) Write w = xw” for x € Wg; w' = w'y fory € Wg,. Let & € 9% and
n e U&B’Z, be such that IC(w), = IC(x)z, *x & and IC(w')z = n % IC(y)L,. For
v € B'B, we have v = wf'zw” for z € W2, and let V}, , be the one-dimensional
Fr-module such that

IC(0): ® V), = nxIC(2)} *&.

By (1), IC(y)} * IC(x)} is a direct sum of IC(z)}. (n) for z € Wg, and n =
Lo(x) + Lo (y) —L£(z) mod 2. Therefore IC(w) z x IC(w) s = n IC(y)TL, *
IC(x)Tﬁ, * £ is a direct sum of 1 % IC(z)TL,(n) x&forze Wi andn = £ (x) +
£r(y) — £2(z) mod 2, or equivalently a direct sum of IC(0) - (n) ® Vulj/,w for
vepBandn =Ly (x)+L(y)—Le(z) mod 2, where v = w? zw?. It remains
to note that £, (x) = £g(w), £o(y) = £p(w') and £4(2) = Lpp(v). ]

10. Equivalence for all blocks

In this section, we extend the monoidal equivalence for the neutral blocks in
Theorem 9.2 to an equivalence for all blocks (Theorem 10.12). To do this, we
will need to extend the endoscopic group to a groupoid, and it will be convenient
to organize the various blocks into a 2-category.

10.1. The groupoid Z. We define a groupoid Z in F,-schemes as follows.
Its object set is o, and the morphism z ¢ between £ and L' € o is the union of
connected components of Ng(7") whose image in W is in o &. In other words,
oE. parametrizes liftings of w” for blocks 8 € W . The composition map is
defined by the multiplication in Ng (7). We have an obvious map of groupoids
F > & , which is a T -torsor.

ForB e oW, , let o z g Cr z ¢ be the component corresponding to w”. Then

= =8
e = Uﬁeﬁ,yc LrEp-

10.2. Relative pinning. We give a rigidification of the endoscopic group
H = H_ attached to £ € o as follows. Recall that H contains T as a maximal
torus, and has @ as its positive roots with respect to the Borel By. Let Ay C &
be the set of simple roots. A relative pinning for the endoscopic group H
is a collection of isomorphisms ¢, : H, = G, for each « € A,. Here H,
(respectively, G,,) is the root subgroup for « (isomorphic to the additive group) of
H (respectively, G). The automorphism group of the data (H, T, By, {t4}aca.)
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is trivial. Therefore a relatively pinned endoscopic group attached to £ is unique
up to a unique isomorphism.

For each £ € o, we use the notation H} to denote the relatively pinned
endoscopic group attached to L. . Its canonical Borel subgroup is denoted by Bf.

Let £, L € o and W € &, with image w € W, . There is a unique
isomorphism

o(w): Hy — H},

characterized as follows. It is w when restricted to 7. Since w is minimal in
its block, it induces an isomorphism between the based root systems (@, Ar)
and (@, Arr). For each simple root « € Ap, o(w) is required to restrict to

an isomorphism of root subgroups H; , s H}, ., and we require that the
following diagram be commutative

H;, G,

La(w) jAd(ﬂ'))

lwa

H o —2 Gy

,wo

When £’ = L, the above construction gives an action of Lu ¢ on H;. When
restricted to T C &, it is the conjugation action of 7" on H}.

10.3. The groupoid $). We construct a groupoid §) in F,-schemes together
with a map of groupoids wy, : $ — & as follows. Set Ob($)) = o and wy, is the
identity on objects. For £, L' € o, define the morphism F,-scheme in §) as

~ T
e =8 x Hp,

where the action of T on H} is by left translation, and its action on ./ .’FN% C
N¢(T) is by right translation.
For B € oW ., we get a component

& = 5P e
e =g c

The map wy, : $ — & then sends [;/55"2 to w? € , Z,. There is a canonical
isomorphism
~a T T ~
o9 =B x HR = HY, x 5

sending (w, h) — (o (W) (h), w). Under this isomorphism, gf_)‘z isan (H;,, H})-
bitorsor.
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Forpe oW andy € .»W ., the composition map

Y B vB
9 X o8 = oD,

is defined as

(0 BY x HE) x (058 x HY) — 0B x H
£ X Hp) XK (& X Hp oy X Hp

@', B, W, h) — (W', o (W Hh'h).

It is easy to check that the composition map is associative. Under the
composition map, . becomes a group scheme over [, with a neutral
component H; and a component group W,/ Wz. Each o $cisa (o 9z, £9Hr)-
bitorsor.

The double cosets B\ $/Bf are in natural bijection with o W,: for w €
oW, we can write it uniquely as w”v for the block 8 € oW . containing w
and v € W2 = W(H2, T). Then w corresponds to the (Bf,, BY)-double coset

~ T
containing (wf, 0) € £ &, x H2 = £$ ., which we denote by $(w) .

10.4. 2-categories over a groupoid. What we call a 2-category € is called a
‘bicategory’ in [25, Ch.XIL.6]. It has an object set Ob(€), and for x, y € Ob(C),
the morphisms from x to y form an ordinary category, which we denote by ,C,.
The category , €, carries an identity 1,. For x, y, z € Ob(®), there is a bifunctor
called composition: €, x ,&, — .€,. For a quadruple of objects, there is a
natural isomorphism of functors giving the associativity of composition. These
data are required to satisfy the pentagon axiom for associativity and another
axiom involving the identities {1, }.

From a 2-category €, we get an ordinary category ;¢ with the same object
set and morphism sets Hom, _,¢(x, y) := |,&,|, the set of isomorphism classes
of objects of ,&,.

Let I" be a small groupoid, viewed as a category where all morphisms are
isomorphisms. A 2-category € over I is a 2-category with a functor w : 7 (1€ —
I' . In other words, for each object x € Ob(€), we assign an object w(x) € Ob(I"),
and for a pair of objects x, y € Ob(€), amap ,h, : |,&,| = )W compatible
with compositions and sending identities to identities.

If(€, w: 7€ — I')is a2-category over I',and x, y € Ob(€), & € )L ww),
we denote by , € C €, the full subcategory of objects whose isomorphism class
maps to & via yh,. Then ,&, =[], oot ¥ ¢%. The composition functor restricts
to a bifunctor

01 € X ,& = [ CF, V& € uiyluw: 1 € vl
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EXAMPLE 10.5. The categories { L,Dﬁ} £.r'co Can be organized into a 2-category
® over & in an obvious way. The object set is 0 and w is the identity map on
th.e object sets. For .E, L' € o, the mprphism category.ig oD =11 pep W, ,;/DZ
with composition given by convolution (using Proposition 4.13).

EXAMPLE 10.6. For £, L € o and B € oW ., define
0 &p = DY (BN 92/BE).

Then the groupoid structure on §) gives a convolution functor for 8 € oW . and
y € ﬁ”wﬁh

* . L//gy, X Lré’g — D,(‘;Vﬂ,

carrying an associativity natural transformation satisfying the pentagon axiom.
This defines a 2-category & over = with object set o and morphism categories

[/@E = ]—[ﬂeyﬂﬁ L’gg'
If B = W2 C W, is the neutral block, we denote E by 5. This is the
usual Hecke category Dy for the reductive group H .

10.7. Twisting data. Let E be a field. An E-linear twisting data for a
groupoid I" is a normalized 2-cocycle of I" with values in Pic(E), the Picard
groupoid of one-dimensional E-vector spaces. More precisely, it is the following
data (A, w):

(1) for arrows x 5 y 2 zin I, an E-line r(n, &);
(2) for any arrow x LN yin I, trivializations of the lines A(, id,) and A(id,, &);
(3) for arrows x LN y 5z 5 tin I', an isomorphism of E-lines

Kene o A&, 1E) ®p A, &) = M(LN, &) ®r AL, 1).

The data (A, ) should satisfy the following conditions:

o For arrows x —> y > zinT, Mn.ig,.¢ 18 the identity map of A(n, §) using the
trivializations of A(id,, &) and A(n, id,).

e For four composable morphisms &, 7, ¢, v in I, the following diagram is
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commutative:

AT, En€) @ AL, nE) ® A(n, )

AT, T0E) ® AL, €) ® ML, 1) MTE,0E) ® A(T, ) ® A(, £)
Mr,on¢ ®id Mg ®idy (.0
id®1te s
A(Tn, €) ® AT, Tn) ® AL, ) ° ATCn, €) ® ATl 1) ® (7. 7)

Let Z2 (I, Pic(E)) be the category of E-twisting data.

Suppose we have chosen a basis for each A(n, &) compatible with the
trivializations of A(idy, &) and A(£, id,). Using these bases, (i, , ¢ then gives an
element in E*. The collection {u, , ¢} defines a normalized 3-cocycle of I" with
values in £ (normalized means u, , ¢ = 1 whenever one of ¢, 7, & is the identity
arrow). A different choice of bases of A(n, £) gives another 3-cocycle, which
differs from the previous one by a coboundary of a normalized 2-cochain. This
gives an equivalence of groupoids

zZ3 (I, EX)/C2 (I E*) = Z?

norm norm

(I', Pic(E)). (10.1)
In particular, the isomorphism classes of Z2 _(I", Pic(E)) are parametrized by
H*(I", E*), and the automorphism groups are Z2,_ (I, E*).

There is an action of Z2 (I, E*) on Z2 (I, Pic(E)) as follows. For
z€ Z (I E*)and (A, p) € Z2 _(I',Pic(E)), z - (A, u) = (A, zu), where

norm
@) me =28, 0, E) g e

10.8. Twisting a 2-category by twisting data. Let (¢, w : 7€ — I') be
a 2-category over a groupoid I”, such that ,€% is a module category for Pic(E),
for every x,y € Ob(€) and & € )T Let (A, u) € Z? (I, Pic(E)) be a

norm

twisting data for I". We define a new 2-category €*» over I” as follows:

(1) €™M has the same objects and the same morphism categories as €.

(2) For x, y,z € Ob(¢) and w(x) 5 w(y) BN w(z) in I", the composition
functor o, for €*# is defined as

0 1 €1 x € — CF

(G, F) > (GoF)®x A1, ).

Here G o F is the composition functor in €.
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(3) The identity morphism in ,€, remains the same, and the natural
isomorphisms f o; 1, = f = 1, 0, f for f € ,€ are defined using
similar isomorphisms for o and the trivializations of A(, id,) and A(id,, §).

(4) The associativity isomorphisms for €*® between two three-term
composition functors (4 oy g) oy f = h o, (g 0, f), where w(f) = &,
w(g) = n and w(h) = ¢ are three composable arrows in I, are obtained
using the associativity isomorphisms for o, and the isomorphism i, , ¢.

The pentagon identities for € and for {u. , ¢} imply the pentagon identities for
e

CONSTRUCTION 10.9. We define a @g—linear twisting data (A, u) for &, which
depends on the choice of a lifting w? for the minimal elements w? in each block
B € £ W,. From the liftings {w”} (normalized such that ¢ is the identity of G),
we get a normalized T (I, )-valued 2-cocycle c for the groupoid Z': for 8 € o 5,
andy € o &, let

c(y, B) = (") " w’.

Now define

Ay, B) :=Leyp (the stalk of £ at c(y, B)).

Since ¢(y, B) = 1 if one of y, B is the neutral block, A(y, B) = L; carries a
trivialization in this case. The construction of A gives canonical isomorphisms
,ug’%ﬂ S8, yB) @ Ay, B) = A8y, B) ® A8, y) coming from the fact that ¢
is a cocycle and £ is a character sheaf. The pair (A, u°) is a Q,-linear twisting
data, but it is not what we will use.

Instead, by combining the canonical isomorphism can,y 4 in (5.7) and
isomorphism (2.6), we have a canonical isomorphism

c(y, B)  IC(W") o % IC(") . ZICW") £ ® A(y, B). (10.2)

Our ws, s will come from the above isomorphism and the associativity for

the convolution. More precisely, let o (w?, w”, w?) € @Z be the normalized 3-
cocycle on & introduced in Section 5.8 as the ratio of the two maps in (5.8). Let
w = ou that is, s, 5 = o(w’, w?, wﬁ),ug%ﬂ. Then {A(y, B)} together with
{1s,,,p) define a twisting data (A, u) € mem(E, Pic(@z)).
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From the construction of u, we have a commutative diagram

IC(W) £r * IC(W") £ * IC(WP) £

c(@.y)xid N

ACW*") 2 ® A (8, y)) * IC(0F) £ IC(W*) cr * AICW") £ ® A(y, B))
((Sy.ﬂ\j l/as.ym
id®us., A
ICW™") £ ® (8, y) ® 18y, B) e ICW") £ @ A8, ¥B) ® My, B)

(10.3)

LEMMA 10.10. The cohomology class of (A, u*) in H%E,@;) is trivial. In

particular, the cohomology class of (A, ) in H(Z, @;) is equal to the class
of the 3-cocycle o introduced in Section 5.8.

Proof. By construction, (A, ") is the image of a cocycle ¢ € Z2 (W, T (F,))
under the homomorphism 7'(F,) — Pic(@e) given by the character sheaf L. It
suffices to show that £ can be trivialized (as a character sheaf) when restricted
to T(F,), or more generally to any finite subgroup A C 7. Let T} = T;/A,
another torus over k, and let & : 7y — T, be the projection. It suffices to show
that the pullback 7* : Ch(7}) — Ch(7}) is surjective, for then any £ € Ch(7})
is isomorphic to 7* L' for some L € Ch(7}), and L|, = 7*L’| 4 is visibly trivial.
Now Ch(7;) = Homegy (7] (T5), @; ) (where 7r{ stands for the tame fundamental
group). Since @Z is divisible, any homomorphism p : 7{(T;) — @Z can be
extended to 7| (T}), and if p is continuous, any such extension is also continuous
because 7{(T;) C m{(T}) has a finite index. Therefore 7* : Ch(7}) — Ch(T}) is
surjective. O

REMARK 10.11. If G has a connected center, then W, = W; and & is a
groupoid that is equivalent to a point. Since H*(Z, @2) = 1 in this case, (A,
() can be trivialized by equivalence (10.1); however, the trivializations of (A, ®)
are not unique but form a torsor under Z2 (=, @; ).

On the other hand, when 2, is nontrivial, the cohomology class of o is
calculated in [32], which by Lemma 10.10 also gives the cohomology class of
the twisting data (A, w).

For example, let G = SL,, and £ € Ch(T) be the unique element of order two.
Then 0 = {£}, and & is the groupoid with one object £ and automorphism group
W =7/27 = {1, s}. The calculation in Example 5.7 shows that o (s, s, s) = —1.
Therefore the class of (A, ) in H(Z/27Z, @;) = {41} is nontrivial.
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We are ready to state the extension of Theorem 9.2 to all blocks. Recall from
Section 10.3 that for £ € o and w € W, we have a (B!, Bff)-double coset
H(w)e C weHe. Let Cw) = Q, (€g(w)) (where B € ,,W . is the block
containing w) be the shifted and twisted constant sheaf on $(w) .. Let A(w) Z
V(w)# and IC(w)# be the !-, *-, and middle extensions of C(w)# to the closure
of H(w) ., viewed as objects in wgsﬁ Cuwc€,.

THEOREM 10.12 (Monodromic—endoscopic equivalence in general). Fix a
lifting w? for the minimal element w? in each block B, and use them to define
the twisting data (A, ) € Zﬁorm(:"} , Pic(@()) as in Construction 10.9. Then
there is a canonical equivalence of 2-categories over &,

yehm =g,
such that we have the following:

(1) For L € o and B the unit coset in ;W ., the equivalence ¥ restricts to the
equivalence W} in Theorem 9.2 as monoidal functors.

(2) For L, L € 0 and w € oW, write w = xw? for x € Wy, Then the
equivalence W sends A(w)j, V(w)} and IC(w)} in p€Er to A(x), *
IC(W?) 2, V(x), » IC(WP) 2 and IC(x)T., » IC(w*) . in D

REMARK 10.13. In the statement of the above theorem, ¥ being an equivalence
of 2-categories implies that for £, L’ € o and B € oW, it restricts to an
equivalence of triangulated categories ¥} : /&L = D; moreover, the
equivalences {/ llfg } are compatible with convolution structures after modifying
the convolution structure of the {. & ﬁ} by the twisting data (A, w).

By the last paragraph of Section 10.9, when G has a connected center, one can
choose a (noncanonical) trivialization of the twisting data (A, ) and conclude
that & = ® in this case.

The rest of the section is devoted to the proof of Theorem 10.12.

10.14. Action of minimal IC sheaves on neutral blocks. For £, L € o,
B € oW ., we define the functor

P(=): cD; — D,
FioPF =txFxE™,

-1
where & € D‘,B'Z, and¢7' e E‘B‘z, is the inverse of & under convolution (that is,
g1 is equipped with canonical isomorphisms £ ' x € = §, and & x £ = 5,
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satisfying the usual axioms). We claim that the functor #(—) is independent
of the choice of & up to a canonical isomorphism. Indeed, if &' € L/‘,Bf: is
another minimal IC sheaf, then we may canonically write £’ = & ® V for
a one-dimensional Fr-module V = Hom(£, £’). Then §&~! = £¢7! @ VV, and
ExFxE T ZExFxe'@(VRVY)ZEExF x&! canonically.

If £L,L,L" €0,y € oW, and B € oW, then there is a canonical
isomorphism making the following diagram commutative:

F) 7 (=)
ﬁDz —_— ﬁ/DZ/ —— g//DZ//

S0

Moreover, these isomorphisms are compatible with three-step compositions. All
these statements can be checked easily using the independence of £ in defining
the functor #(—).

By Corollary 4.4, we have an isomorphism of Coxeter groups W; — Wp,
given by Ad(w?). It induces an equivalence

P(=) : SB,(W2) = SB,,(Wy).

LEMMA 10.15. There is a canonical isomorphism making the following
diagram commutative:

D% —*5 = K" (SB,,(W2))/K"(SB,.(W2))

Lﬁ(—) le(ﬂ(—))

oDy —E> K"(SB,,(W2))/ K" (SB,.(Wg))o
Moreover, these isomorphisms are compatible for composable blocks B, y .

Proof. Unwinding the definitions of the functors involved, it suffices to give
a canonical isomorphism @2 = ©2,. Now ©2(N.) is a maximal IC sheaf
equipped with a nonzero map €, : ®7 — §.. Therefore ﬁ@Z(N )= f‘@z(N )
is a maximal IC sheaf equipped with a nonzero map fe; : @2 — #§, = §.,
that is, (?©2, Pe,) is a rigidified maximal IC sheaf in o D5,. Therefore, by the
discussion in Section 6.5, there is a unique isomorphism (* ey, Pep) = (O,
Gg). O

For £,L € o, € oW, the isomorphism o (w?) : H} > H7, (see
Section 10.2) induces an equivalence of neutral blocks

By c&o 5 &5
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From the definition of IC(w”)#, we get canonically
PEF=ICWh « FxIC(wP HE, VF e &.

From this, we see that the functor # (—) is independent of the choice of the lifting
w? up to a canonical isomorphism.
Lemma 10.15 immediately implies the following.

COROLLARY 10.16. Let L, L € o, € pW,. There is a canonical
isomorphism making the following diagram commutative:

vz
& —— DY

lf‘u Lf‘u
wo

ﬁ,
pE —Z> D,

Moreover, these isomorphisms are compatible with compositions of 1-morphisms
in & and © for composable blocks B, y.

10.17. Proof of Theorem 10.12. For £,L € o and B € oW, define the
functor

L/lllg : E/gg —> lyDi
F > ICwh) > W2 (F) *IC(") ., VF € pE = Ds,.

Note that (=) * IC(w” )2’ c o€ — o€ ﬁ is an equivalence. These equivalences
satisfy the requirements (1)(2) in the statement of the theorem. It remains
to extend these equivalences to an equivalence of 2-categories, that is, we
need to give natural isomorphisms between composition functors and check
compatibilities with associativity. -

For L, L, L' €oand B € cWey €Wy, consider F := F * IC(w#)# €
&7 (forsome F € p&F)and G := G * IC(w”)%, € & (for some G € £/E2)).
The A-twisted composition of F and G is

F o0, G =(G+ICw" « F+xICw") @ (v, B).
Using that IC(w?)%, » F =7 F » IC(w”)%,, we get a canonical isomorphism
F o0, G=(G+"F)«ICw™ ) @ r(y, B).
Hence

o WI(F 0, G) W2 (G 7 F)»IC(")  ® Ay, B). (10.4)
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On the other hand,
oVL(F) 0 pWE(G) = (WE(Q) xICY ) ) % (W (F) xIC(7) ).
Using that IC(W?) o * W2, (F) =V (W2(F)) » IC(w")z, we get
o WL(F) 0 pWEG) = W2,(G) " (W2 (F) * IC(") o + IC(P) ..

Using the canonical isomorphism ” (¥, (F)) = ¥, (* F) in Corollary 10.16, we
get

a2 (]A-:) o ang@) =YL (G*TF)x (IC(W) 2 *IC(W?) ). (10.5)
Comparing (10.4) and (10.5), using (10.2), we get a canonical isomorphism
£/IWZ/(‘%) 0] L/Wg(g) ; L//‘I/Zﬂ(ﬁ 0oy g)

The compatibility of these isomorphisms with the associativity in € and
follows from the pentagon diagram (10.3). This finishes the proof. O

11. Application to character sheaves

In this section, we apply Theorem 9.2 to get an equivalence between the
asymptotic versions of character sheaves on G with semisimple parameter o and
unipotent character sheaves on its endoscopic group. To state the theorem, we
review three versions of the statement ‘character sheaves are categorical center
of Hecke categories’ (after passing to asymptotic versions).

In this section, all schemes are defined over k = T,.

11.1. Truncated convolution for the usual Hecke category. Let H be a
connected reductive group over k with maximal torus 7 and Borel subgroup By
containing 7 (later H will be an endoscopic group of G). Let ¢ be a two-sided
cell in the Weyl group Wy. Let S5, be the full subcategory of D, consisting
of perverse sheaves that are direct sums of IC(w)y for w € ¢. Then S}, is a
semisimple Abelian category equipped with a truncated convolution (—) o (—)
defined in [20, 3.2]. Note that the truncated convolution in [20] is first defined
for the mixed version of S, via a perverse degree truncation and a weight
truncation; the weight truncation is in fact unnecessary because convolution
preserves complexes pure of weight zero. Therefore one can directly define
truncated convolution on Sj,.
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11.2. Unipotent character sheaves. We recall the relationship between the
usual Hecke category Dy for a connected reductive group H and unipotent
character sheaves on H, following [20].

Character sheaves on H are certain simple perverse sheaves on H equivariant
under the conjugation action by H. Each character sheaf has a semisimple
parameter that is a Wy-orbit of Ch(7'). When the semisimple parameter is the
trivial local system on T', we call the character sheaf unipotent. Each unipotent
character sheaf on H can be assigned a two-sided cell in Wy; see [20, 1.5].
Let CS;(H) be the full subcategory of DI}ZI(H ) (for the conjugation action)
consisting of finite direct sums of unipotent character sheaves belonging to c.
Then CS;(H) is a semisimple Q,-linear Abelian category. By [20, 4.6, 9.1],
truncated convolution is defined on CS; (H) and makes it a braided monoidal
category.

THEOREM 11.3 [20, Theorem 9.5]. There is a canonical equivalence of braided
monoidal categories

CSE(H) — Z(SS),

where Z(—) denotes the categorical center introduced by Joyal and Street [10],
Majid [26] and Drinfeld.

11.4. Truncated convolution for monodromic Hecke categories. Now
consider the situation for G. Let o C Ch(T) be a W-orbit. In [22, 1.11, Case
(v)], the notion of two-sided cells inside W x o is defined (see also [22, third
paragraph in p. 620]). Such a two-sided cell ¢ C W x o can be characterized as
follows. For £, L' € o and any block 8 € oW, let ¢(B) = cN (B x {L}) C
o We x {L} C W x o. Then {c(B)} satisfies the following:

(1) For any triple £, L', L" € oand B € oW, and y € W, we have
w”¢(B) = c(yB) = c(y)w’.

(2) For L € o and B the neutral block g = W}, ¢() is the union of a 2, =
W,/ W -orbit of the usual two-sided cells for W7.

In other words, starting from a fixed £ € o and a two-sided cell ¢ C W}, there
is a unique two-sided cell ¢ C W x o, which we denote by ¢ = [c], such that
cN(W2 x {L}) = Upeg, o(c).

Fix a two-sided cell ¢ for W x o. For B € oW,, let L/Qz(ﬂ) be the
full subcategory of [;/Q’Z consisting of finite direct sums of simple perverse
sheaves of the form IC(w). for w € ¢(B). Let oS, = Dpew, (£/§Z§ﬁ)) and
S = ®r rea(Sy). Truncated convolution [22, 2.24, 4.6] defines a monoidal
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structure (—) o (—) on S;. (In [22], the convolution on the monodromic Hecke
category is defined in a different way from Section 3.1. Namely, in loc. cit., the

pushforward along G g( G — G was used instead of G i G — G. As aresult,
convolution as defined in loc. cit. does not preserve purity while the convolution
in this paper does. Therefore, instead of using the definition of the truncated
convolution in [22, 2.24, 4.6], we may work with the convolution defined in this
paper and ignore weight truncation (doing only the cell truncation). In particular,
truncated convolution can be defined directly for the nonmixed category S7.)

11.5. Character sheaves with general monodromy. Let CS (G) be the
semisimple Abelian category of finite direct sums of character sheaves whose
semisimple parameter is o (see [22, middle of p.698]). To each character sheaf
A with semisimple parameter o0, one can attach a two-sided cell ¢4 for W x o
following [22, first paragraph of p.699]. Let CS; (G) be the full subcategory of
CS,(G) consisting of finite direct sums of character sheaves A such that ¢4 = c.
By [22, 5.20, 6.11], truncated convolution equips CS; (G) with the structure of
a braided monoidal category.

THEOREM 11.6 [22, Theorem 6.13]. There is a canonical equivalence of
braided monoidal categories

CS(G) > Z(SY).

11.7. Unipotent character sheaves on a disconnected group as a twisted
center. Let H be a reductive group with a finite-order automorphism o. Then
there is the notion of o-twisted unipotent character sheaves: these are certain
simple perverse sheaves on H equivariant under the o -twisted conjugation action
h-x =hxo(h)™', h,x € H. Let ¢ be a two-sided cell of Wy invariant under
o. Then one can define the category CS' (H; o) consisting of finite direct sums
of o-twisted unipotent character sheaves on H whose two-sided cell is ¢. If o
changes to the automorphism o Ad(h) for some & € H (k), then right translation
by A induces an equivalence between CS'(H; o) and CS' (H; o Ad(h)).

On the other hand, if o stabilizes By, then it induces an autoequivalence o,
of the monoidal category D,,. For a two-sided cell ¢ for Wy fixed by o, S
is stable under the o-action, and one can talk about the o -twisted center of the
monoidal category SY,, denoted by Z(S5,; o). Objects F in Z(S},; o) are F €
S$,; equipped with functorial isomorphisms F 0 0,G = G o F for G € S},. If o
changes to o Ad(b) for some b € By (k), then the actions of ¢ and 0 Ad(b) on D,
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are canonically equivalent (using the Ad(By)-equivariant structures of objects in
Dpy) and hence a canonical equivalence Z(SY;; o) = Z(SY,; 0 Ad(b)).

THEOREM 11.8 [23, Theorem 7.3]. Under the above assumptions (in particular,
¢ is fixed by o ), there is a canonical equivalence of categories

CSS(H; o) — Z(S5; 0).

11.9. More notations Now we set up notation for our application to
character sheaves. Fix £ € o, and let ¢ be a two-sided cell of W}. Let [c]
be the two-sided cell for W x o constructed from ¢ by the procedure described
in Section 11.5. Let £2. C §2, be the stabilizer of ¢ under £2,.

Let H be the endoscopic group of G attached to L. In Section 10.3, we have
introduced an algebraic group ). containing H = H as its neutral component.
The component group of »$, is £2,. For B € £2., any lifting w” € LE? =
wPT induces an automorphism of H preserving By . The category of B-twisted
character sheaves CS¢ (H; B) is independent of the choice of w” up to canonical
equivalences as we discussed in Section 11.7. Therefore we may unambiguously
identify all these categories and write it as CS' (H; B). Note that CS(H; B)
carries an action of £2.: for each 8’ € £2, with lifting w? e ﬁg g, the w” -action
on H induces an autoequivalence of CS', (H; ), which depends only on g’ up
to canonical equivalences.

For B € §2,, we have defined an autoequivalence #(—) : /D, — D, in
Section 10.14. For any minimal IC sheaf &, < L%z for y € 2, (so §, =

IC(w”) ), define a Q,-line

Ag(y) := Hom(E,, P,). (11.1)

Note that Ag(y) is independent of the choice of &, up to canonical isomorphisms.
We have canonical isomorphisms Ag(y1) ® Ag(y») > Ag(y1y») satisfying
associativity, and Ag(1) is canonically trivialized. Therefore the assignment
y > Ag(y) defines a normalized 1-cocycle on §2, valued in Pic(Q,). By
restriction, we may view Ay as a normalized 1-cocycle on £2, valued in Pic(Q,).

Suppose C is an E-linear category (E is a field) on which a group A acts
(so each y € A gives an autoequivalence of C, which we denote by 7 (—),
14(—) = id¢, together with natural isomorphisms 7172 (—) = 71 (*2(—)) satisfying
associativity and unital conditions). Let A € anorm (A, Pic(E)) be a normalized
I-cocycle of A valued in Pic(E). Then an (A, A)-equivariant structure on an
object X € C is a collection of isomorphisms «r,, : VX = X ® A(y) for y € A,
which is the identity for y = 14 (A(1,) is trivialized) such that for yy, y, € A,
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the following diagram is commutative

May,

1422D'¢ nx ® A(J/z)

Lolyl ” layl ®id

X® A1) —= X Q A(y1) @ A(y»)

where the bottom map is the one from the cocycle structure of A. Let C“44 be
the category of objects in C equipped with (A, A)-equivariant structures, with
the obvious notion of morphisms compatible with the equivariant structures.

THEOREM 11.10. (1) Let 0 C Ch(T) be the W-orbit of L, and ¢ a two-
sided cell in W;. There is an equivalence of semisimple Abelian categories
depending on the liftings (W’ } e,

CSJG) = (D CS(H: p) .

BeS2e

(2) The class of Ag in H* (2., @Z) is always trivial. In particular, we have a
noncanonical equivalence of semisimple Abelian categories

csYG) > P CSs(H: py*™, (11.2)

B
where (=) means the category of objects with $2.-equivariant structures.

REMARK 11.11. Equivalence (11.2) induces a canonical bijection between
simple objects on both sides (independent of how one trivializes Ag). Simple
objects in CS; (H; B) are classified in [19, Section 46], from which one can get
a classification of simple objects in @EC](G) using (11.2). In the case where
2, is trivial, simple objects in both CS; (H) and CS' E,CJ(G) are parametrized by
the set M(G.) by [15, Theorem 23.1] (see [13, Sections 4.4-4.13] for G, and
M(G,)). This is consistent with (11.2).

The rest of the section is devoted to the proof of Theorem 11.10.

LEMMA 11.12. The projection from Q[:] to 5§[ZJ induces an equivalence on their
categorical centers:

re s 28 S Z(. S, (11.3)
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Proof. We construct an inverse to 7, as follows. Let o F, € Z (LQ[E]). Define
F=aprF. €8 =008 by pFr =0if L # L, and o Fp =
Exp Fr* & forsome & € .. Using the central structure of »F, we see that
o F is independent of the choice of & up to canonical isomorphisms. Moreover,
we show that F carries a central structure. For G € UQ[E, upon choosing & €
o Brand n € P, we may write G = n« HxE ! for H € EQ[Z]. Then we
have an isomorphism F o G = s+ Fr oG =Mxpc Frrxn DomrxHEH) =
nx(cFroH)xE ' Z=nx (HopFr)*xE ' =Go,pFp = GoF coming from the
central structure of ;. Again this isomorphism is independent of the choices
of & and 5. The construction 0 F, — F gives an inverse to r. and shows that r,
is an equivalence. O

LEMMA 11.13. Using liftings {0’} gecq., there is an equivalence

Z(:SE = @ 2S5 By, (11.4)

BES2e
where £ S7¢ consists of direct sums of IC(w) ¢ for w € ¢ C W3.

Proof. Foreach B € 2, let & = wIC(WP), € ‘C%i For F € Z (S, write

F = @pen, Fp * £, where Fyy € S3 = £S7 N SY. By the description
of [c] in Section 11.5, F4 can be written uniquely as a direct sum @¢cp M]:g ,

where .7-";’ €S °L° Let (—) o (=) denote the truncated convolution in /&' [Lc]. The
central structure of F gives the following isomorphisms:

(Fpxép) o (GxE) = (GxE)) o (Fpxkp), YB,ye€Rc,Ge S (11.5)

Using the action of 2, on D}, introduced in Section 10.14, we may rewrite the
above isomorphism as

(FpolG) bk, = (G o Fp) x&, *&p.

By (11.1), we have 5 x &, x 5/;1 * Sy‘l = 8, ® Ag(y). We may rewrite the above
isomorphism as

Fp0PG@ Ap(y) =G o Fy, B,y €R2r,Ge  SH. (11.6)
Taking y = 1, we get isomorphisms

ng: Fpo’G=GoFy VBeR:,Ge S, (11.7)

which equip F, g with a B-twisted central structure, that is, F ¢ has a natural lift to

an object F} € Z(:S7': B).
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Taking G = 8, in (11.6), we get isomorphisms
& 1 Fp® Ap(y) =V Fp, Vy € 2, (11.8)

which equip Fs with an (§2., Ag)-equivariant structure. The central structure
implies that isomorphisms (11.6) satisfy compatibilities with convolution of the
g x &,’s, which are equivalent to the commutative diagram

v g ®id idog,
]:ﬁOﬂyg@,Aﬁ(y)Lygo]:ﬁ®Aﬁ(),)_>ygor}“ﬁ

Fp oG ® Ap(y)

&y oid

v Fy 076G "ng Y(G o Fp)

forall y € 2, and G € Léz[c]. The commutativity of these diagrams means
exactly that }"g carries an (£2., Ag)-equivariant structure as an object in

Z(87'"; B), that is, F}; further lifts to an object F; € Z(,S3'; B)@e-4.

Take a cell ¢ C W} in the §2,-orbit of ¢ and take G € [;QZC/. Now #G €
S 2/5 © For w, w’ € W} in different cells, the truncated convolution of IC(w) ¢
and IC(w’) . vanishes. Therefore the left side of (11.7) lies in £§‘Zﬁ ©) while the
right side lies in L§‘Z°’. If B(¢’) # ¢, then both sides of (11.7) must vanish; hence
IC(w). o F§ =0 forall w € ¢. This implies 7§ = 0 if B(¢') # ¢ since £S5
has a monoidal unit. Since £2, is Abelian, 8 € §2 either fixes all ¢’ in the orbit
of ¢ or none; therefore F3 = 0if 8 ¢ £2..

Now we consider § € $2.. Isomorphisms (11.8) allow us to recover ]-"g

for any cell ¢ in the §2.-orbit of ¢ from F§. The object Fy lifts to .7-";’0 €
Z(S7¢; B) @4, The functor ]-';7 > ]-";’O is an equivalence

B(eSH: B > Z(e S B,
Combining the above discussions, we arrive at equivalence (11.4) given by F
@,36.%‘;-20- O
11.14. Proof of Theorem 11.10(1). Theorem 9.2 implies a monoidal
equivalence between semisimple Abelian categories:
Sy — £SE-. (11.9)

In [22], the value of the a-function for [c] used in the construction of the
truncated convolution is the same as the value of the a-function on ¢ as a cell for
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Wy. By Corollary 10.16, (11.9) is equivariant under the actions of £2.. Therefore,
we get a canonical braided monoidal equivalence for § € £2,:

Z(Sy: BT = Z (85 B e (11.10)
Composing the known equivalences, we get

Th.11.6 (11.3) (11.4)

l(G) Z(S! ~ Z(:Sh Dpea Z(cSES; ) Fetp)

(11.10)

gy IS

Dpea Z(SS; B) P <= @y 0 CSE(H; B) Fetr)

11.15. Proof of Theorem 11.10(2). If 2 is cyclic, then H*(£2,, @;) = {1}.

When G is almost simple, the only case where £2, is not cyclic is when G =
Spin,, and 2, = Z/27 x Z/2Z for certain L. In this case, if 8 = 1, then #(—)
is naturally isomorphic to the identity functor; hence Ay carries a trivialization.
If B # 1, then Ag(B) carries a canonical trivialization such that Ag : 2, —
PIC(QZ) factors through A g 20/(B) =EZL)27 — Pic(@z). Therefore the class

of 2 is the pullback from the class of A,S in H*(2,/(B), @Z) = {1}, which has
to be trivial. _

In general, let G — G be the simply connected cover of the derived subgroup
of G. Then G = [1; Gi, where each G; is almost simple and simply connected.
Let T cG _be the maximal torus whose image in G is contained in 7', and
let £ € Ch(T) be the pullback of £. Then under the identification of the Weyl
groups of G and G, there are an inclusion W, C W7 and an equality Wz = WZ.
Therefore 2, C §2z. Moreover, from the definitions we see that for 8 € .QL,
Ap 1s the restriction to §2. of the similarly defined cocycle A g for 27 . By the
almost simple case settled above, the class of A,g is always trivial in H*(£2z,

QZ ); hence the same is true for Az by restriction. The proof of Theorem 11.10
is now complete. O]

12. Application to representations

In [21] and [23], the first author has related the category of representations
of G(F,) to the twisted categorical center of asymptotic versions of the
monodromic Hecke category of G, in a similar way that character sheaves
on G are related to the categorical center of the monodromic Hecke category.
In this section, we apply the monodromic—endoscopic equivalence to prove a
relationship between representations of G (IF,,) and its endoscopic groups.
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In this section, all schemes are over k = T,,. We will work in the more general
context of disconnected groups as in [23], and establish a relationship between
character sheaves on disconnected groups and unipotent character sheaves on
their endoscopic groups.

12.1. Disconnected groups and forms. Let G be a connected reductive
group over k with maximal torus 7 and Borel subgroup B containing 7 (all
defined over k). Let € : G — G be a morphism over k preserving (7, B) and
satisfying one of the following two conditions:

(A) e is the Frobenius map for some rational structure of G over F;

(B) € is a finite-order automorphism of G over k.

We will refer to the two conditions above as ‘Situation (A)’ and ‘Situation (B)’.

We form the semidirect semigroup product G x €2>0 (where €20 is a copy of
Z acting on G via €). There is the notion of character sheaves on the coset G - €;
see [23, Section 6.1]. These are certain G-equivariant simple perverse sheaves on
G - €. In Situation (B), this notion is the same as the e-twisted character sheaves
on G considered in Section 11.7.

When € is in Situation (A), character sheaves on G - € are exactly the
irreducible Q,-representations of the finite group G¢, the group of F,-points of
the form of G with Frobenius map €.

The map € induces an action on Ch(7T): €L := €,L. In the following, we fix a
W-orbit 0 C Ch(T) that is stable under the action of €. Fix £ € Ch(T'). We have
the relatively pinned endoscopic group H = H as defined in Section 10.2 (now
over k).

The map € induces an automorphism of the based root system of G, which we
still denote by €. It restricts to a bijection of based root systems € : @, — @,
(itsends @f = &, NPT to &, = ®., NPT because € is a bijection of based
root systems). For each 8 € ;W _,, w” gives a bijection of based root systems
wf : @, — @,. The composition w? o € is an automorphism of the based root
system (D, Ar).

Fix a lifting w” for each B € ;W_,. In Situation (A), there is a unique F,-
Frobenius structure o4, : H — H preserving (T, By), inducing w” o € on the
root system of H (which is identified with @), and such that (o, Ad(w?) o €)
is compatible with the relative pinning in the sense that the following diagram is
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commutative for each simple root of o of H:

H,—*—G,

j"ﬂf jAd(wﬁ)oe
lwﬂe(ot)

wa‘e(a) — Gwﬁe(a)

Note that the construction of oy, depends on the choice of the lifting w?.
Similarly, in Situation (B), there is a unique finite-order automorphism o, :
H — H preserving (T, By), inducing w” o € on the root system of H, and such
that (oge, Ad(w?) o €) is compatible with the relative pinning in the above sense.

EXAMPLE 12.2. Suppose € is the Frobenius map for the split IF,-structure of G.
In this case, e£L = L7 (note that the order of L is always prime to p). Assume
that W, = {1} (we always assume o be stable under €). In this case, H = T,
and there is a unique w € W such that w4 = L (the blocks are singletons,
so w can be viewed as a block). Then o, : T — T is the Frobenius map for
the F,-form of T given by the W-conjugacy class of w (note that the conjugacy
classes of maximal tori of the split G defined over IF, are classified by conjugacy
classes in W).

12.3. Character sheaves on disconnected groups as a twisted center.
Recall that we fix a W-orbit 0 C Ch(T) stable under ¢, and also fix £ € o. Let
¢ C W x o be a two-sided cell that is stable under €. As in Section 11.4, we may
write ¢ = [c] for some two-sided cell ¢ C W7, which is well defined up to the
action of 2.

Let CS;(G; €) be the semisimple Abelian category whose objects are finite
direct sums of character sheaves on G - € with semisimple parameter o and
belonging to the cell ¢ (see [23, Section 6.1]). In Situation (A), the G-conjugation
action on G - € is transitive by Lang’s theorem, with the stabilizer of 1 - € equal
to the finite group G¢. Therefore we have an equivalence

CS:(G: €) =Rep,(G), (12.1)

the latter being the semisimple Abelian category of Q,-representations of the
finite group G¢ whose semisimple parameter is o and are finite direct sums of
irreducible representations belonging to the cell c.

The following theorem proved in [23] is a common generalization of
Theorems 11.3, 11.6 and 11.8.
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THEOREM 12.4 [23, Theorem 7.3]. Under the above assumptions (in particular,
o and ¢ are stable under €), there is a canonical equivalence of categories

CSL(G; ) > Z(S5; e).

12.5. More notations We need some more notation to state the next theorem.
Fix a two-sided cell ¢ of W} contained in ¢ N W;. Then ¢ N W} is the union of
two-sided cells that are in the same £2,-orbit of c.

For B € (W ., wf oel = L; hence w” o € acts on W, W2 and on £2., and
permutes the cells in W} that belong to ¢. Let

B. = {B € cW_.|wf o€ preserves the cell ¢ of W2}.

The left translation action of £2; on ;W _. (using the multiplication of blocks
defined in Section 4.1) restricts to an action of §2. = Stabg,,. (¢) on ‘B., making
it a §2.-torsor. Similarly, the right translation action of y € £2, on (| W_,. by
B +— Be(y) makes B, a right £2.-torsor. Combining the two actions, we get a
twisted conjugation action of 2, on ;W _,:

Ad()(B) =yBe)™, ve,BecW,

It restricts to an action of £2. on ‘B, which we still denote by Ad.. For B € AW _,,
let £25 C §2, be its stabilizer under $2.; let £2. g = $2.M$24. Since §2 is Abelian,
the groups 24, §2. and £2. g are independent of the choices of ¢ and 8.

When 8 € B, we can define the semisimple Abelian category CS; (H; o)
consisting of finite direct sums of unipotent character sheaves on H - o
belonging to the cell c. In Situation (A), we have an equivalence

CS:(H; o) = Repl (H), (12.2)

the latter being the semisimple Abelian category of unipotent Q,-representations
of the finite group H°#< belonging to the cell c.

For B € ;W_,, we introduce a twisted analogue of the cocycle Ay defined in
(11.1). For y € 25 C $2., define

Aﬁe(y) = Hom(éy’ éﬂ * G*Sy *3)_—51)'

This is canonically independent of the choices of &, € P} and & € P ..
and it defines a normalized 1-cocycle Ag. of lines on £2;.

Finally, using the group %), with neutral component H and group of
components equal to §2., there is a canonical action of 23 on CS,(H; op),
defined in the same way as discussed in Section 11.9. This restricts to an
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action of 2.5 on CS; (H; og). It therefore makes sense to form the category
CS:(H; op.)“er-469 of objects in CS¢ (H; 04.) equipped with £2. s-equivariant
structures tw1sted by the cocycle Apg, (restrlcted to £2.p), in the sense discussed
in Section 11.9.

The following result gives a relationship between character sheaves for a
disconnected group with a fixed semisimple parameter and unipotent character
sheaves on its endoscopic groups, generalizing Theorem 11.10.

THEOREM 12.6. Choose a representative for each Ad.($2.)-orbit of *B., and
denote this set of representatives by B.. There is an equivalence of semisimple
Abelian categories:

CS5(G: ) = @) CSH: o).

BeB.
Using (12.1) and (12.2), we get the following corollary.

COROLLARY 12.7. In Situation (A), under the same notations as Theorem 12.6,
there is an equivalence of semisimple Abelian categories:

Rep, (G°) = @ Repf‘(H”ﬂF)(ﬂc,ﬁ’Am_
BeB,

EXAMPLE 12.8. Consider G = SL,,, and € is the Frobenius map for the split I, -
structure on G. Let IC € Ch(G,,) be of order n. For a rational number a whose
denominator is prime to n, it makes sense to take the tensor power C¢. Let

L=KXKK*X..-KK" € Ch(G").

Restricting L to the diagonal torus T of G (identified with the subtorus 7 C G,
with product equal to 1), we denote it still by £ € Ch(T). The Weyl group S,
actson Ch(G?) by w(L, X --- K L,) = L-1y K - - K L,,-1,), and it restricts
to an action on Ch(7T).

Let o be the W-orbit of L. In this case, W; = {1} but W, = 2, = Z/nZ can
be identified with the group generated by the cyclic permutation ¢ : i — i 41
in S,. We have H = T. Since there is only one cell ¢ for 7 with any semisimple
parameter, we will omit ¢ from the notation.

We have e, L = K4 R4 ... K K4, Let w(i) = i/q mod n, viewed as
an element in S,; then B = W, = {c'w|i € Z/nZ)}. For B € B, we have
Adc(0)(B) = cPe(c)” ' = ¢Bc~!. Direct calculation shows that Ad.(c) sends
clw € B to ¢ty € B. Let d = ged(n, g — 1); then the Ad,-action of
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2, = Z/nZ on ‘B has d orbits, and the stabilizers are isomorphic to Z/dZ.
By Corollary 12.7, SL,(F,) has d? irreducible representations with semisimple
parameter o (the twistings Ag. can be trivialized since £2. is cyclic).

EXAMPLE 12.9. Consider the case G = SL,, but € is the Frobenius map
corresponding to the special unitary group SU, over [, . Its action on the diagonal
torus is given by (xy, X, ..., x,) — (x; 4, x, %, ..., x; ). We consider the same
L € Ch(T) as in Example 12.8. This time, e£L = K™/ K ... K 4. Let
w() =l —n—1)/qg mod n, viewed as an element in §,; then B = (W, =
{c'w|i € Z/nZ)}. For B € B, we have Ad.(c)(B) = cBe(c)™' = cBc because
€(c) = ¢~'. Then Ad,(c)(c'w) = ¢'T@*V/ay, Let d' = ged(g + 1, n). Then as
in the discussion in Example 12.8, SU, (F,) has d"* irreducible representations
with semisimple parameter o.

12.10. Sketch of proof of Theorem 12.6. Applying Theorem 12.4 to
CS:(G; e) and to CS; (H; o4) separately, we reduce to showing that

Z(§;; €)= @ Z(S¢ ;O_ﬂe)(ﬂc.ﬁs/‘ﬂe)'
BeBe

By the equivalence in Theorem 9.2, we may replace S, by S on the right
side and reduce to showing that

2SO = P 28y poe) T, (12.3)
ﬂG%L,c
Here the twisting S o€, that appears on the right side refers to the autoequivalence
F > & *e*]:*éﬂ_l of . S%°.
The argument for (12.3) is similar to that of Theorem 11.10, so we only

sketch the main steps. We have a twisted analogue of (11.3): restriction gives
an equivalence

Z(S5€) > Z(cSipe). (12.4)
Here the right side contains objects F € 8¢, together with functorial

isomorphisms F o €,G — G o F for G € S (o denotes the truncated
convolution). One can then write F € Z(,S:,; €) as a sum

f: @ ‘F/;/*S,B

cd~epecW, o

for .7-";’ € LQZC/ (where ¢ runs over the §2,-orbit of ¢). The e-commutation
with G in various cell subcategories of »S7. implies that if 7§ # 0, then w” o €

https://doi.org/10.1017/fmp.2020.9 Published online by Cambridge University Press


https://doi.org/10.1017/fmp.2020.9

G. Lusztig and Z. Yun 92

preserves ¢, that is, B € B,. The e-commutation with G € S7° shows that
.7:; carries a 8 o €,-twisted central structure. The e-commutation with G = §,

for y € §2, then shows that .7-"; determines f;_'ecﬂ, and that .7-"; (for B € B,) is
equipped with an (§2. g, Ag.)-equivariant structure. Sending F € Z(S;; €) to

{F§}pes, then induces an equivalence

Z(:Sip ) = @D 287 Boe) Ter i,

BeB.

Combining this with (12.4), we get (12.3), proving the theorem. O
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