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Local Dimensions of Measures of Finite
Type Il: Measures Without Full Support and
With Non-regular Probabilities

Kathryn E. Hare, Kevin G. Hare, and Michael Ka Shing Ng

Abstract. Consider a finite sequence of linear contractions S;(x) = px +d; and probabilities p; > 0
with ¥ p; = 1. We are interested in the self-similar measure y = ¥ p;u o SJTI, of finite type. In this
paper we study the multi-fractal analysis of such measures, extending the theory to measures arising
from non-regular probabilities and whose support is not necessarily an interval.

Under some mild technical assumptions, we prove that there exists a subset of supp u of full
and Hausdorff measure, called the truly essential class, for which the set of (upper or lower) local
dimensions is a closed interval. Within the truly essential class we show that there exists a point
with local dimension exactly equal to the dimension of the support. We give an example where the
set of local dimensions is a two element set, with all the elements of the truly essential class giving
the same local dimension. We give general criteria for these measures to be absolutely continuous
with respect to the associated Hausdorff measure of their support, and we show that the dimension
of the support can be computed using only information about the essential class.

To conclude, we present a detailed study of three examples. First, we show that the set of local
dimensions of the biased Bernoulli convolution with contraction ratio the inverse of a simple Pisot
number always admits an isolated point. We give a precise description of the essential class of a
generalized Cantor set of finite type, and show that the k-th convolution of the associated Cantor
measure has local dimension at x € (0,1) tending to 1 as k tends to infinity. Lastly, we show that
within a maximal loop class that is not truly essential, the set of upper local dimensions need not be
an interval. This is in contrast to the case for finite type measures with regular probabilities and full
interval support.

1 Introduction

In this paper we continue the investigations, begun in [10], of the multifractal analysis
of equicontractive self-similar measures of finite type. For self-similar measures aris-
ing from an IFS that satisfies the open set condition the multifractal analysis is well
understood. In particular, the set of attainable local dimensions is a closed interval
whose endpoints can be computed with the Legendre transform.

For measures that do not satisfy the open set condition, the multifractal analysis
is more complicated and the set of local dimensions need not be an interval. This
phenomenon was discovered first for the 3-fold convolution of the classical Cantor
measure in [13] and was further explored in [2, 8, 15, 20], for example. In [17], Ngai
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and Wang introduced the notion of finite type, a property stronger than the weak sep-
aration condition (WSC), but satisfied by many interesting self-similar measures that
fail the open set condition. Examples include Bernoulli convolutions with contrac-
tion factor the inverse of a Pisot number and self-similar Cantor-like measures with
ratio the inverse of an integer.

Building on earlier work, such as [9,12,14,19], Feng undertook a study of equicon-
tractive, self-similar measures of finite type in [3-5], with his main focus being Bern-
oulli convolutions. Motivated by this research, in [10] (and [11]) a general theory was
developed for the local dimensions of self-similar measures of finite type assuming the
associated self-similar set was an interval and the underlying probabilities {p ]};”: 0
generating the measure y were regular, meaning py = p, = minp;. There it was
shown that the set of local dimensions at points in the “essential class” (a set of full
Lebesgue measure in the support of y and often the interior of its support) was a closed
interval and that the set of local dimensions at periodic points was dense in this in-
terval. Formulas were given for the local dimensions. These formulae are particularly
simple at periodic points.

In this paper we refine the techniques of [10] so that we do not require any as-
sumptions on the probabilities and we relax the requirement that the support of y
(the self-similar set) is an interval. These assumptions were very significant to the
approach taken in much of the earlier work, and complications arise when these as-
sumptions do not hold. In Section 3, we introduce the notion of the “truly essential
class” Our main theoretical result is that under a mild technical assumption, (that is
required only when the support is not an interval) the set of local dimensions at the
points in the truly essential class is a closed interval and the set of local dimensions at
the periodic points is dense in that interval. We show that the truly essential class is
the relative interior of the essential class, and we prove that it has full 4 and Hausdorff
s-measure, where s is the Hausdorff dimension of the self-similar set.

We prove that there is always a point at which the local dimension of y coincides
with the Hausdorff dimension of supp y and give an example of a measure where this
occurs at all the truly essential points (but not at all points of the support). A sufficient
condition is given for a finite type measure to be absolutely continuous with respect to
the associated Hausdorftf measure, and an example is given that satisfies this condition
when s = 1, even though the self-similar set is not an interval. We also give a formula
for calculating the Hausdorff dimension of the support from just the knowledge of
the essential class.

The proofs of these facts rely upon formulas that we develop in Section 2 for cal-
culating local dimensions. These formulas are relatively simple for periodic points,
although necessarily more complicated than under the assumptions of regular prob-
abilities and full support.

Related results were given by Feng in [5]. There, Feng constructed a (typically,
countably infinite) family of closed intervals, I;, with disjoint interiors, where U I is of
full measure and on each of these closed intervals the set of attainable local dimensions
of the restricted measure y; := y|;, was a closed interval. From his construction one
can see that U I; N K is our essential class and Jint(I;) n K is contained in our truly
essential class. Note, however, that the local dimension of the restricted measure y;
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at an end point of I; is not necessarily the same as the local dimension of y at this
point, even when it is a truly essential point. The techniques of this paper enable us
to compute the local dimensions of these boundary points, without assuming regular
probabilities or that K is an interval, as required in [10].

In [4], Feng had shown that the set of local dimensions of the uniform Bernoulli
convolutions with contraction factor the inverse of a simple Pisot number (meaning
the minimal polynomial is x" - Z}:Ol x7) is always a closed interval. As one appli-
cation of our main result, in Section 4 we prove, in contrast, that biased Bernoulli
convolutions with these contraction factors always admit an isolated point in their set
of local dimensions.

In Section 5 we present a detailed study of the local dimensions of finite type
Cantor-like measures, extending the work done in [2,10,20]. In those papers, it was
shown, for example, that if py < p; for j # 0, m, then the local dimension at 0 is iso-
lated. Here we give further conditions that ensure there is an isolated point. But we
also give examples where the measure has no isolated points, and we give a family of
examples that have exactly two distinct local dimensions. We also show that the local
dimensions of the rescaled k-fold convolutions of a Cantor-like measure converge to
1 at points in (0,1). Previously, in [1], it was shown that these local dimensions were
bounded.

In Section 6, we illustrate, by means of a detailed example, the complications and
differences that can arise when studying the local dimensions outside of the truly es-
sential class and in Section 7 investigate the connection between finite type and Pisot
contractions.

Feng and Lau [7] studied yet more general IFS that only satisfy the WSC and
showed that in this case there is also an open set U such that the set of attainable
local dimensions of the restricted measure, y|y, is a closed interval. We note that in
the examples given in that paper, the set U is much smaller than our truly essential
class.

2 Notation and Preliminary Results

We begin by introducing the definition of finite type as well as basic notation and
terminology that will be used throughout the paper.

2.1 Finite Type

Consider the iterated function system (IFS) consisting of the contractions S;: R — R,
j=0,...,m,defined by

Sj(x) = px+dj,

where 0 < p < 1,0 =dy < d; <dp <--- < dp and m > 1is an integer. The unique,
non-empty, compact set K satisfying

K= U $;(K)
j=0
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is known as the associated self-similar set. By rescaling the d; if needed, we can assume
that the convex hull of K is [0,1]. We will not assume that K = [0,1] or even that it
has non-empty interior.

It was shown in [17, Thm. 1.2] that if s = dimy K and H® denotes the Hausdorff
s-measure restricted to K, then 0 < H*(K) < co. Upon normalizing we can assume
H*(K) = 1. Further, we note that 0 < s < 1. We remark that in the special case that
K =[0,1], then s =1 and H® is the normalized Lebesgue measure.

Suppose probabilities p; > 0, j = 0,...,m satisfy 3.7 p; = 1. Throughout this
paper, our interest will be in the self-similar measure y associated with the family of
contractions {S;} given above, which satisfies the identity

Mz

(2.1) p= pjuoS;.

=0
These non-atomic probability measures have support K.

We put A = {0,...,m}. Given an n-tuple 0 = (ji,..., jn) € A", we write S, for
the composition Sj, o+ 0 §; andlet ps = pj -+ pj,.

Definition 2.1 The iterated function system (IFS),
{Si(x)=px+d;:j=0,...,m},

is said to be of finite type if there is a finite set F € R such that for each positive integer
n and any two sets of indices 0 = (ji,..., jn), 0" = (ji, ..., jy) € A", either

p’"|S,,(0) —S,,/(O)| >c or p*(S;(0) -8, (0)) €F,

where ¢ = (1- p)~!(maxd; - mind;) is the diameter of K.
If the IFS is of finite type and y is an associated self-similar measure satisfying (2.1),
we also say that y is of finite type.

Here we have given the general definition of finite type for an equicontractive IFS
in R. This simplifies to ¢ = 1 in the case where the convex hull of K is [0,1]. It is
worth noting here that the definition of finite type is independent of the choice of
probabilities.

Finite type is a property that is stronger than the weak separation condition, but
weaker than the open set condition [18]. Examples include (uniform or biased) Ber-
noulli convolutions with contraction factor the reciprocal of a Pisot number and
Cantor-like measures associated with Cantor sets with contraction factors reciprocals
of integers. See Sections 4 and 5 where these are studied in detail.

2.2 Characteristic Vectors and the Essential Class

The structure of measures of finite type is explained in detail in [3-5] and [10]; we will
give a brief overview here.

For each integer n, let hy, ..., ks, be the collection of elements of the set {S,(0),
Ss(1) : 0 € A"}, listed in increasing order. Put

gun:{[hj’hjﬂ]:lgjgsn_1and(hj’hj+1)mK%®}'
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Elements of F, are called net intervals of level n. By definition, a net interval contains
net subintervals of every lower level. For each A € F,, n > 1, there is a unique element
A € F,_; that contains A, called the parent (of child A). We will define the left-most
child of parent A = [a,b] € F,_; to be the child A = [a,b'] € F,,. We will similarly
define the right-most child. It is worth noting that it is possible for a child to be both
the left and the right-most child. It is further worth observing that because we are not
assuming the self-similar set is the interval [0,1], it is possible for a parent to have no
left-most child or no right-most child.
Given A = [a, b] € F,,, we denote the normalized length of A by

£.(8) = (b~ a).
By the neighbour set of A we mean the ordered k-tuple

Va(A) = (ay,...,ax),
where
{a,...,ax} ={p7"(a~S,(0)): 0 e A", A c S,([0,1])}.
Given Ay, ..., Ay, (listed in order from left to right) all the net intervals of level n
which have the same parent and normalized length as A, let r,,(A) be the integer r
with A, = A. The characteristic vector of A is the triple

en(A) = (en(A)’ Vn(A)’rn(A))'

Often we suppress r,(A) giving the reduced characteristic vector (£,(A), V,,(A)).
If the measure is of finite type, there will be only finitely many distinct character-
istic vectors. We denote the set of such vectors by Q,

Q={C,(A):neN,AeF,}.

By an admissible path, n, of length L() = L, we will mean an ordered L-tuple,
n = (yj)JL.zl, where y; € Q for all j and the characteristic vector, y;, is the parent of
yj+1- Each A € F, can be uniquely identified by an admissible path of length n + 1,
say (Co(Ag)s...»Cn(An)), where A = Ay, Ag =[0,1],Aj € Fj,and Aj = 5:1 for all
j. This is called the symbolic representation of A; we will frequently identify A with its
symbolic representation.

Similarly, the symbolic representation for x € K will mean the sequence

[X] = (eo(Ao), Gl(Al), .o )

of characteristic vectors where x € A, for all n and A; € F; is the parent of Aj,;. The
notation [x | N] will mean the admissible path consisting of the first N characteristic
vectors of [x]. We will often write A, (x) for the net interval in F,, containing x € K;
its symbolic representation is [x | #].

If x is an endpoint of A, (x) for some n (and then for all larger integers) we call
x a boundary point. We remark that if x is a boundary point, then there can be two
different symbolic representations for x, one approaching x from the left, i.e., by tak-
ing right-most descendents at all levels beyond level #, and the other approaching x
from the right, by taking left-most descendents. If x is not a boundary point, then the
symbolic representation is unique.

It is worth emphasizing that [x | N is defined as the truncation of [x] as opposed
to defining it as a sequence (Co(Ap), C1(A}),...,Cxn(AN)) with x € A;. To see this

https://doi.org/10.4153/CJM-2017-025-6 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2017-025-6

Local Dimensions of Measures of Finite Type IT 829

distinction, recall that it is possible for Ay = [h;, h;41] to have no right-most children.
Let x = h;4; be the right-most endpoint of Ay. Then x is also the left-most endpoint
of the adjacent net interval, A}y = [h;41, his2]. As Ay has no right-most child, we do
not have a net interval of depth N +1 with x € Ay; € Ay. As K has no isolated points
and x € K, for all M > N we must have net intervals x € Ay € A);. In such a case, the
boundary point x has a unique symbolic representation.

A non-empty subset Q' € Q) is called a loop class if whenever «, $ € (', then there
are characteristic vectors y;, j = 1,...,n, such that « = y;, 8 = y, and (y1,...,y,) is
an admissible path with all y; € Q. A loop class Q' ¢ Q is called an essential class if,
in addition, whenever o € Q" and 8 € Q isa child of a, € Q'. Of course, an essential
class is a maximal loop class.

In [5, Lemma 6.4], Feng proved the important fact that there is always precisely
one essential class, which we will denote by Q. If [x] = (y0, y1, y2, ... ) with yj € Qg
for all large j, we will say that x is an essential point (or is in the essential class) and
similarly speak of a net interval being essential. A path (y j)f:l is in the essential class
if all y; € Q9. We similarly speak of a point, net interval, or path as being in a given
loop class. The finite type property ensures that every element in the support of y is
contained in a maximal loop class.

We remark that the essential class is dense in the support of y. This is because
the uniqueness of the essential class ensures that every net interval contains a net
subinterval in the essential class. In Proposition 3.6 we will show that the essential
class has full 4 measure and full Hausdorff s-measure in K, where s is the Hausdorff
dimension of K.

2.3 Transition Matrices

A very important concept in the multifractal analysis of measures of finite type are
the so-called transition matrices. These are defined as follows: Let A = [a,b] be a
net interval of level n with parent A = [¢,d] . Assume V,(A) = (ay,...,ay) and
Vui(A) = (c1y...,cpm). The primitive transition matrix, T(C,_1(RA), €,(A)), is a
M x N matrix whose jk entry is given by

Tje = (T(Cu1(R), €n(A))) ; = Pe

if £ € A and there exists o0 € A" with S5(0) = ¢ — p"'c; and S¢(0) = a - p"ay,
and Tj; = 0 otherwise. We note that in [10] the transition matrices are normalized
so that the minimal non-zero entry is 1. That is, we used p;lT instead of T, where
p» =minp;.

We observe that each column of a primitive transition matrix has at least one non-
zero entry. The same is true for each row if suppy = [0, 1], but not necessarily other-
wise; see Example 3.10.

Given an admissible path 7 = (y1,...,y,), we write

T(n)=T(y-->yn) = T(y¥2) - T(Yu-1,¥n)

and refer to such a product as a transition matrix. We will say the transition matrix
T(y15...»>yn) is essential if all y; are essential characteristic vectors.
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By the norm of a matrix T we mean
IT] =321 Tjd.
jk

A matrix is called positive if all its entries are strictly positive. An admissible path 7 is
called positive if T(#) is a positive matrix. Here is an elementary lemma that shows
the usefulness of positivity.

The notation sp(T) means the spectral radius of the matrix T,

sp(T) = lim || T"|""

Lemma 2.2 Assume A, B, C are transition matrices and B is positive.

(i)  There are constants a,b > 0, depending on the matrices A and B respectively, so
that |AC|| 2 a||C| and | ABC| 2 b||A[[C].

(ii) If each row of A has a non-zero entry, then there is a constant c, depending on
matrix C, such that |AC| > c|A].

(iii) There is a constant C; = Cy(B) such that if AB is a square matrix, then

sp(AB) < |AB| < C; sp(AB).
(iv) Suppose B is a square matrix. There is a constant C, = C,(B) such that
sp(B") < |B"|| < Cy sp(B") for all n.
Proof Parts (i) and (ii) follow by simply writing the expressions for | AC| and | ABC|
in terms of the entries of A, B, C, and noting that a transition matrix has non-negative

entries and each column has a non-zero entry.
Parts (iii) and (iv) follow as in [10, Lemma 3.15]. [ |

2.4 Basic Facts about Local Dimensions of Measures of Finite Type

Definition 2.3  Given a probability measure y, by the upper local dimension of u at
X € suppy we mean the number

dimyocp(x) = lim sup logp([x=rx+ r])
0t logr

Replacing the lim sup by lim inf gives the lower local dimension, denoted dim,__p(x).
If the limit exists, we call the number the local dimension of y at x and denote this by
dimyec p(x).

It is easy to see that

logu([x - p",x +p"])
nlogp
and similarly for the upper and lower local dimensions.

dimjoe p(x) = lim for x € suppy,

Notation Throughout the paper, when we write F, ~ G,, we mean there are positive
constants ¢;, ¢, such that

aF, <G, <c,F, forall n.
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To calculate local dimensions, it will be helpful to know g (A) for net intervals A.

Proposition 2.4 Let A, =[a,b] € F,, with V,,(A,) = (a1,...,an). Then

N
/"(An):ZF[ai’ai+€n(An)] Z Po-
i=1 geA”
p~"(a=5,(0))=a;
Furthermore, if [An] = (Y0, V15--->Yn) and

N

Pn(An):Z Z Po>

i=1 geAm:p=(a-84(0))=a;
then
#(An) ~ Pa(Bn) = [ T(yo y1s- sy
:pZ” T*()/Os)’l,---x)’n)”
where p, = min p;.

Proof This follows in a similar fashion to Lemma 3.2, Corollary 3.4, and the discus-
sion prior to Corollary 3.10 of [10], noting that

u(laiai +€,(A)]) > u(S; ([a,b])) > 0. [ |

The analogue of Proposition 2.4 was very useful in [10], as it was the key idea in
proving the following formula.

Corollary 2.5 ([10, Cor. 3.10])  Suppose y is a self-similar measure satisfying identity
(2.1), that has support [0,1], and is of finite type and has probabilities satisfying po =
Pm =minp;. If x € supp u, then

i o) - 19820 WBIT (e lnD] _ g T((x] )]
logp n—eo nlogp n—oo nlogp

and similarly for the upper and lower local dimensions.

This corollary need not be true, however, if the assumptions of suppyu = [0,1] and
regular probabilities, i.e., pg = p,, = min p;, are not all satisfied. Instead, we proceed
as follows.

Terminology Assume {h;} = {S5(0),S;(1) : 0 € A"} with h; < hj,; and suppose
Ay = [hi, hiy] is a net interval of level n. Let A}, be the empty set if (h;_1, h;) N K is
empty and otherwise, let A, = [h;_1, h;]. Similarly, define A} to be the net interval
immediately to the right of A,, (or the empty set), with the understanding that if A, is
the left or right-most net interval in F,, then A, (resp. A}) is the empty set. We refer
to A, (x), Ay (x), AL (x) as adjacent net intervals (even if some are the empty set).

If x belongs to the interior of A, (x), we put

My (x) = u(An(x)) + (A5 (x)) + u (4, (x)).
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If x is a boundary point of A, (x) = [h;, hi41], we put

(2.2) My(x) = u(An(x)) + u (A5 (x)),

where A (x) = A, (x) if x = h; and A/, (x) = Al (x) if x = h;1. We will refer to
A’ (x) as the other net interval containing x, even if it is empty and so formally not a
net interval.

Theorem 2.6  Let y be a self-similar measure of finite type and let x € K. Then

. . 10 Mn X
dimyec p(x) = Jim ilog;)

provided the limit exists. The lower and upper local dimensions of y at x can be expressed

similarly in terms of lim inf and lim sup.

Proof Assume, first, that

logu[x—p"x+p"]
nlogp

dimjec p(x) = lim

exists.

By the finite type assumption, there are constants 0 < ¢ < C such that cp” <
2(A,) < Cp" forall A, € F,. Pick jand k such that p/ < c and 2C < p7*.

If x is a boundary point, then for sufficiently large n, x is an endpoint of A, (x)
and

[x - p" T, x+p" ] c Au(x) UA!(x) € [x—p" K, x + p"7F],
where the notation is as in (2.2). If x is not a boundary point, then
[x - p",x+p" ] c AL (x) UAL(x) UAL(x) € [x - p" F x + p"F].
In either case,
ulx —p™,x+ p"I < My(x) < u[x - p"F, x + p"F].

This in turn implies that

( n +j) ( logu[x - p"*, x +p”+j]) N log M,,(x)
n (n+j)logp ~ nlogp
. ( n-— k)(log/,t[x—p”’k,x+p"’k])
“\on (n-k)logp '
The limit of the left-hand side and the right-hand side both go to D, hence the limit

of the middle expression exists and is equal to D.
It follows similarly that if lim,_, ., log M, (x)/nlog p exists, then also

_ ph n
dimec p(x) = lim logulx —p",x+p"] _ | logMy(x)
noee nlogp n—co  nlogp

The arguments for the lower and upper local dimensions are similar. ]
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2.5 Periodic Points

Recall that in [10], x € K is called a periodic point if x has symbolic representation

[x]:()’0>---,)/],9_,9_,...),

where 6 is an admissible cycle (a non-trivial path with the same first and last letter)
and 07 is the path with the last letter of 0 deleted. We refer to 0 as a period of x.
Boundary points are necessarily periodic and there are only countably many periodic
points. Note that a periodic point is essential if and only if it has a period that is a path
in the essential class.

If there is a choice of 6 for which T(8) is a positive matrix, we call x a positive,
periodic point.

Of course, a period for a periodic point x is not unique. For example, if 6 =
(6y,...,0z,0;) is a period, then so is (67,0) and so is (05,...,0r,61,0,). How-
ever, these different choices for the period give the same symbolic representation for
x. But if x is a boundary point, then x may have two different symbolic representa-
tions, one for which [x | N] = Ay(x) and the other having [x | N] = A};(x), and these
two representations arise from (fundamentally) different periods.

We note that the transition matrices associated with the two periods associated
with the same symbolic representation for x will have the same normalized (for their
length) spectral radius. This need not be the case for periods associated with different
symbolic representations.

Here is the analogue of [10, Proposition 4.14] when there is no assumption of reg-
ularity.

Proposition 2.7  If x is a periodic point with period 0, then the local dimension exists
and is given by

: _ logsp(T(9))
Amec ) 6 ) logp

where if x is a boundary point of a net interval with two different symbolic representa-
tions given by periods 0 and ¢, then 0 is chosen to satisfy

logsp(7(0)) | logsp(T(¢))
L) —  Li¢)

Proof First, suppose x is a boundary periodic point with two different symbolic rep-
resentations given by periods 0, ¢. There is no loss of generality in assuming the two
periods have the same lengths L = L(67) and pre-period path of length J. Assume
sp(T(0)) > sp(T(¢)). Given large n,let m = [(n - J)/L], so x has symbolic repre-
sentations

(y())yla~‘-$y]—179_7”-)0_)91a'~-)6t))
R —

(VO,V{;---,Y;,I,(/)_)---,¢_>¢1,---;¢t)
—_————
m
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for suitable ¢ < L. From Proposition 2.4,

#(Ba(0)) ~ [ T(os o y31,07,..,07,61,..,6)

m

>

UL ) ~ [ TG0y 86 b0 90
£onf

m

Lemma 2.2 implies that there are positive constants c;, independent of #, such that

[(r@)™) <[ 107,67, 60,00 | T(0.... 00, 60))]

m

SCIH T(yo,...,y,,ef,...,e*,el,...,et)H <o (T(6))"

m

>

and consequently,

e[ (T(0))"™ ] < u(Bn(x)) < ca (T(0))™].

Similarly,

>

| (T(@)™ | < p(An(x)) < i (T())™"
X If sp(T(0)) > sp(T(¢)), then for large enough m, | (T(8))™] > |(T(¢$))™|, and
ence

e (T(0)™] < p(Bn(x)) + (A5 (x)) = Ma(x) < 2¢4] (T(6))™ -
Since [(T(8))™ "™ - sp(T(8)), Theorem 2.6 gives

dimyoc pt(x) = lim 108 Mn(x) . 1og|T(0)"] _logsp(T(6))
n nlogp m  mLlogp Llogp

If, instead, sp(T(0)) = sp(T(¢)), then for each n,

(T($)"™]) < My(x)
< szax( | (T(8))™

o max( | (T(8))™*!

>

(1($)"])-

>

As both
log [ (T(6))™| log|T(p)™| _ ~ logsp(T(6))
mLlogp ~  mLlogp "7 Llogp

the result again follows.

If x is a boundary periodic point with only one symbolic representation, then
Al (x) is empty for large n and the arguments are similar, but easier.

Now, assume x is periodic, but not a boundary point, say

[x]:(Y0>--->)/],9_,9_,...),
where 6 = (6y,...,0;). Letn=]+1+mL +tfor1<¢<L.Then

(Yor- >y 075...,07)
—

m
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is a common ancestor to all of A, (x), A% (x), at most L levels back. Thus, if A’ (x)
denotes any of A, (x) or A%(x), an application of Lemma 2.2 implies that

H(85(¥)) < Co| T(ros 7,67, 6) | < CLIT(O)"],

m

where Cy, C} are constants depending only on L. But, also,
[ (T(@)™ | < e (T(@)" T (O, 00)| < cLu(An(x)) < e[ T((0))™
and consequently,
u(85 () < C (reN™] < L (1) < Cf' u(An(x)).

Therefore, M, (x) is comparable to p(A,(x)) and hence to | T((0))™| (with con-
stants of comparability independent of n). The argument is completed as before. W

>

3 Local Dimensions at Truly Essential Points

In this section we will obtain our main theoretical results on the structure of local
dimensions, analogues of those found in [10, Section 5]. Because local dimensions
may depend on adjacent net intervals, A, (x) and A} (x), rather than only on A, (x),
we introduce a subset of the essential class that we call the truly essential class. We
will see that this subset has full 4 and Hausdorff s-measure for s = dimy K. Our main
results state that under a weak technical assumption the local dimensions at periodic
points are dense in the set of (upper and lower) local dimensions at truly essential
points and that the set of local dimensions at truly essential points is a closed interval.
Furthermore, we prove that there is always a truly essential point at which the local
dimension agrees with the Hausdorftf dimension of the self-similar set, and we give
criteria for when the measure y is absolutely continuous with respect to the Hausdorff
measure.

3.1 Truly Essential Points

Definition 3.1 Suppose K is the self-similar set associated with an IFS of finite type.

(i) We will say that x € K is a boundary essential point if x is a boundary point of
An(x) € F, for some n, and both A, (x) and the other n-th level net interval
containing x, A/, (x), are essential (where if A’ (x) is empty we understand it to
be essential).

(i) We will say that x € K is an interior essential point if x is not a boundary point
and there exists an essential net interval with x in its interior.

(iii) We call x a truly essential point if it is either an interior essential point or abound-
ary essential point.

Obviously, truly essential points are essential and if x is in the interior of some
essential net interval, then it is truly essential. In particular, any essential point that
is not truly essential must be a boundary point. Hence, there can be only countably
many of these and they are periodic.
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Any point in the relative interior of the essential class (with respect to the space
K) is either contained in the interior of some essential interval, or is a boundary es-
sential point. Hence the relative interior of the essential class is equal to the set of
truly essential points. If the essential class is a (relatively) open set, then the essential
class coincides with the truly essential class. This is the situation, for example, with
the Bernoulli convolutions and Cantor-like measures discussed in Sections 4 and 5.
Another IFS where the set of essential points is equal to the set of truly essential points
is given in Example 3.10.

However, as the example below demonstrates, these two sets need not be equal.

Example 3.2 Consider the maps S;(x) = x/4 + d;/8 with d; = ifori = 0,...,3,
dy = 5,and ds = 6. The reduced transition diagram has 4 reduced characteristic
vectors (RCV). The reduced characteristic vectors are
e RCV L (1,(0)),
* RCV 2: (1/2,(0)),
e RCV 3: (1/2,(0,1/2)),
e RCV 4: (1/2,(1/2)).
The transition maps are

* RCV1— [24,3a,3b,3c,4a,2b,3d, 4b],
« RCV 2 - [2,3a,3b,3c],

* RCV 3 - [3a,3b,3c,3d],

* RCV 4 — [4a,2,3,4b].

By this we mean, for example, that the reduced characteristic vector 1 has 8 chil-
dren. Listed in order from left to right, they are the reduced characteristic vectors
2,3,3,3,4,2,3,4 etc. By 3a we mean the first occurrence of the child of type 3, 3b
the second, etc. If there is only one child of that type, we do not need to distinguish
them, but different children of the same type can have different transition matrices,
so must be identified. It is easy to see from the transition maps that the essential class
is {3a,3b,3c,3d}. See Figure 1 for the transition diagram.

Now consider the boundary periodic point x having symbolic representation
(1,4a,4a,4a,...), with 4a being the left-most child of 4. This also has symbolic
representation (1,3c,3d,3d,...), 3d being the right-most child of 3. One of these
symbolic representations is in the essential class, whereas the other is not. As such,
this point is an essential point, but it is not a truly essential point.

The significance of an interior essential point x is that A}, (x), A, (x) and A} (x)
have a common essential ancestor for some n. Conversely, if A} (x), A, (x) and A} (x)
have a common essential ancestor for some #, then x belongs to the relative interior
of the essential class and thus is truly essential.

A periodic point x that is an interior essential point admits a period 0 with the
property thatif [x] = (y,07,07,...) and 6, is the first letter of §, then the net interval
(with symbolic representation) (y, €) is in the interior of the net interval (y, 6;). We
will call such a period 0 truly essential. Equivalently, 0 is truly essential if and only if
0 is a path that does not consist solely of right-most descendents or solely of left-most
descendents.
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Figure I: Transition diagram for Example 3.2

It was shown [10, Proposition 4.5] that under the assumption that the self-similar
set was an interval, the essential class had full Lebesgue measure. In fact, this is true
for the truly essential class, with Lebesgue measure replaced by either the self-similar
measure y or the (normalized) Hausdorff s-measure, where s = dimpy K, as the next
Proposition shows. To prove this, we first need some preliminary lemmas.

Lemma 3.3  There exists an integer ] such that for each net interval A € F, there
exists a o € A7 with S;([0,1]) € A.

Proof Consider a net interval A € JF,,. As there is some x € K in the interior of A,
there is an index ¢ and ¢ € A™*! such that S, ([0,1]) € A. Since S,(0) is not isolated
in K, there must be a level n + T net interval Ay € A, with left end S,(0). Choose the
index T minimal with this property.

Assume A has symbolic representation (o, y1, . .., ¥») and A has representation
(Yo> Y1s -5 Vs -« o> Vne1)- Lt A" = (0, X15 - - - » Xm—1> Yn ) € Fm be any other net inter-
val with symbolic representation ending with the same characteristic vector y,,. It will
also have a descendent, Aj, with representation ending with the path (y,,,. .., yni1)-
Since 0 is in the neighbour set of Ay, the same is true for Aj and thus its left endpoint
is an image of 0 under S for some 7 € A™*T. As the pairs (A, A’) and (A, Aj) have
the same finite type structure (up to normalization), it follows that S;([0,1]) ¢ A”.
Hence, A" has the same minimal index T, in other words, T depends only upon the
final characteristic vector associated with A.

As there are only finitely many characteristic vectors, we can take J to be the max-
imum of these indices T taken over all the characteristic vectors. ]

Lemma 3.4  There exists a positive constant ¢ such that for all A € T, and all n we
have cp*" < H*(AnK) < p*".
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Proof Fix an n-th level net interval A € JF,. By construction, there exists some
o € A" such that A € S;([0,1]). Then An K ¢ S;(K) and hence H*(An K) <
anHS(K) — pns.

Choose J as in the previous lemma. Then there exists some 7 € A"/ such that
S:([0,1]) € A. Hence, S;(K) € A n K and therefore pU*")*H*(K) < H*(A n K).
Taking ¢ = p/* > 0, we are done. u

Corollary 3.5 We have dimy (A n K) = s for all net intervals A.
Proof This is immediate, since 0 < H*(A N K) < oo. ]

Proposition 3.6  Suppose y is a self-similar measure of finite type, with support K of
Hausdor(f dimension s. The set of points in K that are not truly essential is a subset of a
closed set having zero y and H*-measure.

Proof As we already observed, every net interval contains a descendent net subin-
terval that is essential. This essential net interval contains some x € K in its interior
and hence contains a further subinterval that is in its interior. For the purposes of
this proof, we will call this an interior essential net interval. The finite type prop-
erty ensures we can always find an interior essential net subinterval within a bounded
number of generations, say at most J.

We claim that there exists some A > 0 such that the proportion of the measure of
this net subinterval to the measure of the original interval is > A. This is because all
J’th level descendent net subintervals have comparable measure to the original net
interval. For measure H°, this property is shown in Lemma 3.4, and for the measure
u it follows from the definition.

We now exhibit a Cantor-like construction. We begin with [0,1]. Consider the first
level at which there is a net interval that is interior essential. Remove the interiors of all
the net intervals of this level that are interior essential. The resulting closed subset of
[0,1] is a finite union of closed intervals, say C;, whose measures, either H® or g, total
at most 1 — A. We repeat the process of removing the interiors of the interior essential
net intervals at the next level at which there are interior essential, net intervals in each
of the intervals of C,. The resulting closed subset now has measure at most (1 - 1)2.

After repeating this procedure k times, one can see that the non-interior essential
points are contained in a finite union of closed intervals, denoted Cy, whose total mea-
sure is at most (1— A)*. It follows that the non-interior essential points are contained
in the closed set N, Ck, and this set has both 4 and H*-measure 0. |

Remark 3.7 Observe that we have actually proved that the complement of the in-
terior of the essential class (in K) has y and H*-measure zero.

Another consequence of Lemma 3.4 is to obtain a new formula for the Hausdorft
dimension of self-similar set of finite type. In [17] a formula was given which required
knowing the complete transition graph. In fact, it suffices to know the transition graph
of the essential characteristic vectors. For the purpose of this proof we introduce
the following notation. Let yy, ..., y, be a complete list of the reduced characteristic

https://doi.org/10.4153/CJM-2017-025-6 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2017-025-6

Local Dimensions of Measures of Finite Type IT 839

vectors. Define a r x r matrix I by (I) jx = the number of children of y; that are of type
yk- We call I the incidence matrix of the essential class.

Proposition 3.8 Let K be a self-similar set of finite type and let I be the incidence
matrix of the essential class. Then

10g(5p(1))'

S = dll’nHK =
|log p

Example 3.9 Consider the example S;(x) = x/3 + b; with b; € {0,2/87,2/3}. This
IFS has 2280 reduced characteristic vectors, hence to compute the dimension using
the full set of reduced characteristic vectors would require finding the eigenvalues of a
2280 x 2280 matrix. But there are only 2 essential vectors, and the incidence matrix of
the essential class is equal to [ 2 1 ].Using the proposition above one can easily deduce
that the dimension of the self-similar set is 1, although the set is not the full interval
[0,1].

Proof of Proposition 3.8. Choose A an essential net interval of level ny with the
property that all essential characteristic vectors are descendents of Ag at level N + n,.
It can be seen from the proof of [5, Lemma 6.4] that such a net interval exists. For
n >N, let

Ey={A€Fpin : AC Ao}

From Lemma 3.4 we have (for |E, | denoting the cardinality of E,,),

p"|Ea < 3 H(ANK) < Cp|E,|
A€E,

for positive constants ¢, C. Since the sets A € E,, have disjoint interiors,

0<H'(ApnK)= > H'(ANK) < oo,
A€E,

thus there are positive constants A, B such that
A< p*|E,| < Bforall n.
Consequently,

1 lo En L lo En
. log| |+10gA sy gl |+logB‘
llogp| ~ nlogp [logp| ~ nlogp
Without loss of generality we can assume A has symbolic representation with last

letter ;. Then |E,| is the sum of the entries of row 1 of I", so

Bl = 1[L0,..,0]1"] = [1,0,...., 0]V ™.

But [1,0,..., O]IN is a vector with all non-zero entries, since A has all the essential
characteristic vectors as descendents at level N + nq. Hence, |E,| ~ |[I""N| and since

#1081 log(sp(1))
|log p| |log p|
we deduce that this is the value of s. |
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3.2 Positive Row Property

Throughout the remainder of this section, we will assume, without loss of generality,
that A & A whenever the net interval A is a child of A. To see that this assumption is
without loss of generality, we note that as y is of finite type, there will be an integer N
such that all net intervals will have at least two descendents N levels deeper. Consider
the new IFS with contractions S;, o --- o §;,, and probabilities p;, ... p;,. This IFS
gives rise to the same self-similar measure y. Moreover, the set of net intervals of
level kN of the original construction are precisely the level k net intervals in the new
construction. This new construction has the desired property.

In the theorems of this subsection we will also assume that the self-similar measure
of finite type has the property that each essential primitive transition matrix has a
non-zero entry in each row. This is the weak technical condition referred to in the
introduction and we call it the positive row property. The property holds automatically
when the self-similar set K = [0,1] (see [10, Sec. 3.2]), such as for (even non-regular)
Bernoulli convolutions and Cantor-like measures. This stronger assumption is not
necessary, though, as we see in Example 71.

The positive row property can fail to hold when K # [0,1] and can even fail when
there is a positive essential transition matrix, as the example below demonstrates.

Example 3.10  Consider the self-similar measure associated with the IFS
{S;j(x)=x/3+d;:d;=0,4/9,5/9,2/3}

and uniform probabilities. This measure is of finite type. Its support is a proper subset
of [0,1], since (1/3,4/9)nK is empty. However, if I =[2/3,1],thenI ¢ U?:o Si(I),and
this implies that [2/3,1] € K. Thus, K has positive Lebesgue measure. The reduced
characteristic vectors are

e RCV L (1,(0)),
e RCV 2: (1/3,(0)),
e RCV 3: (1/3,(0,1/3)),
e RCV 4: (1/3,(0,1/3,2/3)),
« RCV 5: (1/3,(1/3,2/3)),
e RCV 6: (1/3,(2/3)).
The transition maps are

e RCV1-[1,X,2,3,4,5,6],
e RCV2-[1],
* RCV3 - [2,3,4],
* RCV 4 — [4,4,4],
* RCV5—[4,4,4],
« RCV 6 — [4,5,6].
The ‘X° denotes that between the child of type 1 and the child of type 2, in the
parent 1, there is an interval [k}, hj,;] that is not a net interval, as (hj, hj.1) N K = @.
The transition diagram is shown in Figure 2. There are three (non-reduced) essen-
tial characteristic vectors denoted 4a, 4b, 4c and one reduced characteristic vector 4.
The primitive transition matrices for the essential class are given below. For x = a, b, c,
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Figure 2: Transition diagram for Example 3.10

the matrix T(4,4x) is any of T(4a,4x), T(4b, 4x), or T(4c,4x), as these three ma-
trices coincide. Note that T((4,4a) has a row of zeroes, while the essential transition
matrix (T (4c,4b)T(4b,4b)T(4b,4c))? is positive. Hence, this example does not
satisty the positive row property, although there is a positive essential transition ma-

trix
1 1 1 1 1 1
i1 1 i1 0 1 00
T(4,4a)=|0 0 0, T(44b)=|0 0 |, T(44c)=|0 I 1
0 0 ; 0 4 0 100

If x is an essential point, but not a truly essential point, then x cannot be in the
interior of an essential interval. This means x will be on the boundary of both an
essential net interval, A, (x), and a non-essential net interval, A/ (x), for all n suffi-
ciently large. It is easy to see from the transition maps that there are no such points.
Hence, the truly essential set coincides with the essential set.

3.3 Main Results

We begin by establishing the existence of special paths that we call truly essential.

Lemma 3.11  Suppose y is a self-similar measure of finite type satisfying the positive
row property. Given any two essential characteristic vectors, y1,y,, there is a positive
essential path n = (11,. .., N ), that does not consist of solely left-most descendents, or
solely right-most descendents, and having 1, = y; and ny = y».
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Proof In (10, Proposition 4.12] it was shown that there is an admissible essential path
1o that begins and ends at y; and is positive. Since any net interval contains an element
of K in its interior, there must be an essential path, #’, beginning with y; and ending
at, say y, which does not consist of solely left-most or solely right-most descendents.
Now take any essential path 7’ from y to y,. Put 4 = o5’'%". This is a positive path,
since the product (in either order) of any positive matrix by a matrix with a non-zero

entry in each row and column is again positive. ]

We will call a path # = (#1,...,,7s), as described in the lemma above, a truly
essential positive path. If A = (yo,..., YN> 41 - - > 15 ), then the two adjacent intervals
of A are both descendents of the essential interval (yo, . .., ¥n, #1). Consequently any
x whose symbolic representation begins (yy, ..., yn,#) is truly essential. Further, if
x is a periodic point with period 07¢ for some 6 and ¢, then x is an interior essential
point.

Notation For the remainder of this section, F will denote a fixed, finite set of truly
essential, positive paths with the property that given any two essential characteristic
vectors, there is a path in F joining them in either order.

Theorem 3.12  Suppose y is a self-similar measure of finite type satisfying the positive
row property. Then the set of local dimensions of y at interior essential, positive, periodic
points is dense in the set of all lower local dimensions of y at truly essential points. A
similar statement holds for the (upper) local dimensions.

Proof We will first assume that dimyec p(x) exists. The arguments for upper and
lower local dimensions are similar.

Step 1: To begin, we will show that if x is a boundary essential (necessarily periodic)
point, then its local dimension can be approximated by that of a truly essential, posi-
tive, periodic point.

First, suppose x has two different symbolic representations, say,

(Yosy1s--5y,07,07,...) and (Yo, 15 Yj @ 5.0 ).

There is no loss of generality in assuming that the two periods have the same lengths
L = L(07) and pre-period path of length J. Without loss of generality assume that
sp(T(0)) = sp(T(¢)), so Proposition 2.7 gives

. _ logsp(T(0))
dimyee p(x) = W.

Let 17 € F be a truly essential, positive path chosen so that 6770 is well defined. Con-
sider the periodic point
[yl =oseo s yn Vo W),

where

ll/n = (979-~-a97 71)91))
| —
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0: being the first letter of 8. As noted above, this construction produces an interior
essential point and therefore

logsp(T(y))
L(y;)logp
As 7 is a positive path, Lemma 2.2 implies that
sp(T(yn)) < [T(n)] <l (T(6))"] < c2sp(T(6")),
sP(T(¥n)) 2 c3| T(yn)| 2 casp(T(6))",
where the constants are positive and independent of n. It follows that
log G, sp(T(8))"

dimyec p (}’n ) =

dimloc ( n) = >
= aL(67) + () logp
where the constants, C,,, are bounded above and bounded below from zero. Hence,
) log C,, logsp(T(0))
dimyjoe p(yn) = +

(nL(67) +L(n))logp  (L(67)+L(n))logp
1 " L(6~
0gC + dimyoc p(x) (6°)

" (nL(67) + L(n))logp L(6-)+ 1L(n)

— dimyec p(x) as n - oo.
The case where x has a unique representation is similar. This completes Step 1.

Step 2: Now, suppose x is an interior essential point with Ay (x) and its two adjacent

N-th level intervals having common essential ancestor at level J. If the symbolic rep-

resentation for x begins with the path (yo,...,y;), then for any n > N, all three of

An(x), AT (x), A, (x) have symbolic representation also beginning with (yo, ..., y7).
Without loss of generality assume that

max{ p(An (%)), 4(85(x)), (85 (x)) } = (A (x))

along a subsequence not renamed. (The other cases are similar.) Of course, then we
have

u(8(x)) < My (x) <3u(A5(x)).
Suppose
ML) = (Poseer Vi Ko X5)
and let 77 be a path in F joining XS,") to y;. We remark here that the X§Z1) sevns Xffl) will
depend on #, as A} may not be a descendent of A}_,. Put

O = (yp x> XS 1)

and denote by y,, the interior essential, positive, periodic point with symbolic repre-

sentation
nl = (ose-sy7-1,0,,0,,,...).
Of course,
: logsp(T(6x))
d oc n)= ", -~ -
imyoc ft(yn) L(6,)logp
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Lemma 2.2 implies that there is a constant ¢; > 0, independent of n, such that
alT(0n)] <sp(T(64)) < [T(64)]-
As L(0,) = n— ]+ L(n), it follows by similar reasoning that
Co loglT(0)] . TogIT(B,)]
nlogp nlogp n nlogp

Yet another application of Lemma 2.2 shows that

My (x) 3485 () S @l T(ros- 7 15700 67)]
< el (v (il )l < s T(0)],
where the constants are independent of #, and similarly,
My (x) 2 u(A5(x)) 2 ¢[T(604)].
Thus, M, (x) ~ | T(6,)]| and hence it follows from (3.1) that

dimio. 4(x) = lim -3 [Mu(x)] _ . log[T(On)]
. nlogp n nlogp

(3.1) dimyec p(yn) =

= lirrln dimyoe p(y,) [ |

Theorem 3.13  Suppose y is a self-similar measure of finite type satisfying the positive
row property. Assume that (x,) are interior essential, positive, periodic points. There is
an interior essential point x such that

dimyocp(x) = lim sup dimyoc p(x,),
dim; p(x) = liminf dimyee p(x,).
n
Proof This is similar to the proof of [10, Theorem 5.5] with some technical com-

plications that we highlight here. To begin, suppose x, has truly essential, positive
period 8, where, without loss of generality,

logsp(T(6024)) . logsp(T(6x))| 1

———— =2 _limsup —=>———~ -,

| L(6;,) e P L(6;) <
‘ logsp(T(02n+1)) . . 1ogsp(T(6k)) ‘ 1
L(63,4,) k L(0;) n

all even labelled paths 03, have the same first letter and the same last letter, and sim-
ilarly for the odd labelled paths.
Choose truly essential, positive paths #¢ and #° from the finite set F so that #° joins
the last letter of an odd path to the first letter of even path and #° does the opposite.
LetL, =2L(6;,,)+L(%#°)+L(%n°). Choose C, such thatforall ¢ < L, and j > € we
have u(A;) > Cou(Aj-¢) when Aj_, € Fj_, is the ancestor of A; € F;. Now choose
k, > 2 sufficiently large so that in addition to the requirements of k, in the proof of
[10, Thm. 5.5], we also have
3+logC,
_—
ky
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Suppose x € K has symbolic representation

[x]=(yo,...,y],Gl_,...,0{,11“,0;,...,9;,112,...).

—_—— —_—
k1 k2
We remark that as #° and #° are truly essential paths, the point x is interior essential.
Suppose
) - - - -t a -
(2171 = (Yor sy 005 s 00,1, O 01 (6,10, 6,11) )5
————— —_——
k1 kn

where 7’ is either n°or #°, as appropriate, and the notation (6,;, 6,,,,) means any
subpath of the path 6;,,0,,,. As ' is truly essential, A;(x) and its two adjacent
intervals have common ancestor

(xli=€]=(yor- sy 01,..s00,1% ..., 6;,...,0,)
—_——

—_———
k] kn

for some € < 2L(0,,,,) + L(x"). If, instead,

n+l

L] = (Yoo s 000 s 0010y O s 0 O O, (61117
N——

—— ——
kl kn Pn

with 2 < p, < k41 (where we may include a subset of " = n° or #° if p, = ky41 — 1),
then A;(x) and its two adjacent intervals have common ancestor

[ =€1=(Yos- sy 070 s 0051 s Ops e 2 Ot )
~—— Y—
k1 pn-1

where € <2L(6;,,,) + L(4").
In either case, for all such j, there is some € < L, such that A j_g(x) is a common
ancestor of A;(x) and its two adjacent intervals. Since

Capt(Aje(x)) <u(Aj(x)) < Mj(x)
< u( AT (x)uAj(x)u A;(x))
<3u(Aj_e(x)) forall I <L,
it will be sufficient to study the behaviour of the subsequences
IT(yos- sy 075 000% st 0o o5 0 |
—_— | S ——
k1 Pn
for p,, < ky+1, and this we do in the same manner as in [10]. [ |

It was shown in [10, Thm. 5.7] that the set of local dimensions at essential points
was a closed interval. Here we prove the same conclusion for the set of local dimen-
sions at truly essential points.

Theorem 3.14  Suppose y is a self-similar measure of finite type satisfying the positive
row property. Let y,z be interior essential, positive, periodic points. Then the set of
local dimensions of y at truly essential points contains the closed interval with endpoints
dimyoe p(y) and dimyee p(2).
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Proof Let y and z have truly essential, positive periods ¢ and 0, respectively, with
T(¢) = Aand T(0) = B. Let #, i be truly essential, positive paths joining the last
letter of ¢ to the first letter of 6 and vice versa. Given 0 < t < 1, choose subsequences
my, ny — oo such that

L(67)my N
L(67)my + L(¢™)nk

Put
T(yk) = B™T(n1)A™ T(12)

and consider a truly essential, positive, periodic point x; with period . Using
Lemma 2.2 we deduce that

sp(B™T(m)A™T(n2)) ~sp(B)™ sp(A)"™.
Coupled with Proposition 2.7, this implies
logsp(B)™* + logsp(A)"

(L(O7)my + L(¢~)nx)logp
= tdimyoe p(z) + (1 - t) dimyoe p(y).

lillcn dimyoe p(x) = liin

Now appeal to the previous theorem to complete the proof. ]

The three theorems combine to yield the following important corollary.

Corollary 3.15 Let y be a self-similar measure of finite type satisfying the positive
row property. Let I = inf{dimyo. y(x) : x interior essential, positive, periodic} and
S = sup{dimy,. p(x) : x interior essential, positive, periodic}. Then

{dimyoc u(x) : x interior essential} = {dimyoc p(x) : x truly essential} = [I, S].

A similar statement holds for the lower and upper local dimensions.

It is worth commenting here that this need not be the case for the set of upper local
dimensions of a maximal loop class (outside of the truly essential class). An example
is given in Section 6.

Remark 3.16 In Example 3.2, the local dimension of the boundary point x with
symbolic representations (1, 4a,4a, 4a,...) and (1,3¢,3d,3d, ... ) is

[log(max sp(T(4a,4a)),sp(T(3d,3d)))|
log4 ’

Regardless of the choice of probabilities, this local dimension is always contained
within the interval that is the set of local dimensions of truly essential points. It would
be interesting to know if there were any examples of self-similar measures of finite type
and essential points x where dimy,. ¢£(x) is not contained in the set of local dimen-
sions of the truly essential points.
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3.4 Local Dimension and the Dimension of the Support

In this section we show that, assuming the positive row property, the essential class
must contain a point x such that dimj,. ¢(x) = dimg(K).

Lemma 3.17  Let y be a self-similar measure of finite type, with s = dimy K. Let E
denote the set of truly essential points and put

Gy = {x € E| dimjocp(x) > s},

Gs = {x ¢ B | dimy u(x) < 5}.
Then u(Gy) = 0 = H*(G,).

Proof We recall that there are only countably many boundary essential points, and
every non-atomic measure assigns mass zero to a countable set. Hence the statement
will be true if and only if it is true for E= the set of interior essential points.
Let x € Gy, say with dimjecp(x) = s(1 + ¢) for some ¢ > 0. Then there will exist
infinitely many # such that
logu(An(x)) | S(1+5).
nlogp 2
By Lemma 3.4, we have
lim log H* (A, (x)) .
n nlogp
This implies that there are infinitely many »n such that
log u(An(x)) (1+) log H*(An(x))
logp 3 logp

and therefore .
u(An(x)) < H(A(x)) H (B(x)) "

Since H*(A,) — 0 as n — oo, it follows that for all 0 < a < 1 there exists an n such
that

u(An(x)) <aH*(Au(x)).
In a similar way, if x € G, and b > 1, then there exists an n such that

u(An(x)) 2 bH (An(x)).
Define
El, =U{A €T, :u(A)<aH’(A)}, Ef =UE{,,

B}, =U{AeT,:u(d) > bH (A)}, E}=UES,.
n
The comments above show that G; € E{ forall0 < a <land G, € Eé’ forall b > 1. Put
n-1
Fiy = E{, F{, = E{,~ U Fi},
k=1

and similarly define Fé’) .- Then E is the disjoint union of the sets F{’, and similarly
for ES. Further, we observe that each set F{?,, is a union of intervals, A, with disjoint
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interiors and the property that y(A) < aH*(A). Hence o-additivity and the continu-
ity of H® imply

u(Gr) < u(B) < S u(FL,) < a S H(EL,)
=aH'(E) <aH'(K) <a.

As 0 < a < 1lis arbitrary, we have that 4(G;) = 0.
Similarly ,

1 1 1
HY(G2) < H*(BS) < L u(EY) < L u(K) < 2.,

and as b > 1 is arbitrary, we have that H*(G;) = 0. [ |

Theorem 3.18  Let u be a self-similar measure of finite type satisfying the positive row
property. Then there exists a truly essential element x with dimjec p(x) = dimpy K.

Proof In fact, we will show a stronger result, that there exists an interior essential
point x such that dimje. (x) = dimpy K.

Let E be the set of interior essential points. According to Corollary 3.15, the set of
local dimensions at the interior essential points is an interval. So it suffices to show
that the supremum of this interval is at least dimg K, and the infimum is at most
dim H K.

Assume, for a contradiction, that the infimum is strictly greater than dimy K. This
implies for all x € E,

dimj K < dimys(x) < dimioep(x),

and hence E ¢ G;. This fact, combined with Proposition 3.6 and Lemma 3.17, gives
1=pu(E) < u(Gy) =0, a contradiction.

Similarly, if the supremum of the local dimensions of E was strictly less than
dimpy K, then E € G,, and hence 1 = H*(E) < H*(G,) = 0, a contradiction. [ |

It would be interesting to know if the set of such points has full 4 measure. Notice
that Lemma 3.17 implies that this is true if g is absolutely continuous with respect to
H®. Our next result gives conditions under which this latter statement is true.

Proposition 3.19  Suppose y is a self-similar measure of finite type, with dimy K = s.
Assume that the norm of any product of n essential, primitive transition matrices is
bounded above by Cps"(1=¢1), where sup, ne, < oo and C > 0 is a constant. Then y is
absolutely continuous with respect to H®.

Proof By [16, p. 35], y << H* if and only if D(x) < oo for y almost all x, where
B >
D(x) =liminf M
0 e (B(x.r)
Appealing to Proposition 3.6, we see that it suffices to prove D(x) < oo for all interior
essential points x. Standard arguments show it will be sufficient to prove
An(x) VA, (x) VA, (x))

i
P B (a0 (1) 0 870 0 8 ) <
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For x an interior essential point, choose J such that for all n sufficiently large,
Ajin(x), AT, (x) and A7, (x) have a common essential ancestor at level J. Thus,

J+n J+n
for A} ;(x) denoting any of A, (x) or its two adjacent net intervals

#(Aln”(x)) h H T()/o, o VD y;ﬂ’ cee )’:HI)“
N TGy < Cpnte)

for a constant C not dependent on n. Here the last inequality comes from the hypoth-
esis of the proposition. Since Lemma 3.4 implies H*(A,,) ~ p™* for any n-th level net

interval,
+ - sn(l-¢,)
liminf £An(E) 0808, 0)) e P
n—eo HS(An(x)UA;(x)UA;(x)) n—oo pns
as sup ne, < co. =

Remark 3.20 We note that this proposition did not require the assumption of the
positive row property. Moreover, similar arguments show that H|sypp 4 is absolutely
continuous with respect to y if the norm of any product of n essential, primitive tran-
sition matrices is bounded below by Cp*"(*¢"), where sup, ne, < co and C > 0is a
constant.

In the next example, the self-similar measure is mutually absolutely continuous to
Lebesgue measure restricted to supp 4, and the local dimension is identical at all the
truly essential points.

Example 3.21 Consider the example S;(x) = x/4+b;/12where b; € {0,1,2,7,8,9},
and associate with these the probabilities po = p1 = ps = ps =1/8, p, = p3 = 1/4. This
measure does not have full interval support, although the support is still of dimension
one. To see this, we observe that K = [0,5/12] u [7/12,1]. There is one reduced
characteristic vector within the essential class. The four transition matrices from this
vector to itself are:

|~ O w|—
= o O
OwI= O
®|—= O ool
®|—= O |~
B O O
S O
®[—= O ool
®|—= O oo~
Ow= O
S ORI-
®|—= O |~

We notice that all column sums of all of these matrices are exactly the same at 1/4.
Hence the norm of any n-fold product of these matrices is comparable to 4™". This
gives that the local dimension at all truly essential points is 1, and the measure y is
mutually absolutely continuous with respect to Lebesgue measure on its support. It is
worth observing that this is true, despite this example not satisfying the positive row
property. Note that the points outside the essential class do not necessarily have local
dimension 1. For instance, dimjoc ¢(0) = log8/log4 = 3/2.

Another illustration of this is seen in Example 5.11, where this phenomena occurs
for a Cantor-like measure when H°® is the normalized Lebesgue measure.
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4 Biased Bernoulli Convolutions with Simple Pisot Contractions

In this section we will assume that ¢ is a Bernoulli convolution generated by the IFS

{So(x) = px. $1(x) = px + (1- p)}

and probabilities p,1— p, where p is the inverse of a simple Pisot number (one whose
minimal polynomial is of the form x* —x*~1—...—x~1) and 0 < p < 1. The self-similar
setis [0, 1], hence the positive row property holds for all these Bernoulli convolutions.

Feng in [4] showed that if p = 1/2, then p has no isolated point in its multifrac-
tal spectrum. In contrast, we will show here that if p # 1/2, there is always an iso-
lated point, either dimjoc ¢£(0) or dimy,. (1), depending on whether p is less than or
greater than 1/2.

In [4, Sect. 5], Feng determined the characteristic vectors, transition graph, and
primitive transition matrices for the case p = 1/2. Using this information, it is not
difficult to determine the primitive transition matrices for the general case. In what
follows, we use Feng’s notation to label the characteristic vectors as a, b, d, c;, c1, ej,
fi»g wherei=1,...,kand j=1,...,k - L. Here, all but a, b, d are in the essential
class.

Lemma 4.1 The primitive transition matrices for the vectors in the essential class are
given by:

T(cj-1,¢j) = [Olp]for2<]<k T(ck,g):[p]

T(cka)=[,f pp] T(ek, ) = [ 0 1- p]

T(g f) = T(fj> fi+1) = [p]; T(fjc1) =[1-pp]forj<k-2,
T(g.e1) = T(fj»er) =[1-p], T(ej fi) = [plforj<k-1,
T(g,c1)=T(ej,c1) =[1-pr], T(ej,eji) = [1-p] forj<k-2.

Proof We leave this as an exercise for the reader, as it follows in a straightforward
manner from the information gathered in [4]. The main points to observe are that
if the i-th neighbour of a parent coincides with the j-th neighbour of a child, then
T;j = p, while if they differ by (common) normalized distance 1-p, then T;; = 1-p. We
also remind the reader that for simple Pisot numbers, p~!, with minimal polynomial
of degree k,1—p = p — pF*L.

We illustrate this with T'(cj_;, ¢j). From [4] it can be seen that the (normalized)
neighbours of ¢; are 0 and 1 - p*~/*1, and c; is the only child of the parent c;_;. If we
renormalize so they can be compared, we see that the two 0 neighbours coincide and
the non-0 neighbours differ by 1 - p. Thus, T is diagonal with the entries being p and
1 - p, respectively. ]

Notation Given a matrix T, denote by | T||min the pseudo-norm

1T | min = mjin o ITj0,
i
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where the sum is over all the rows of the matrix. That is, || T min is the minimal col-
umn sum of T. Obviously, | T|| > |T|min- A useful property is that | T) T3 | min >
H Tl H min H TZ Hmin-

Lemma 4.2 There exists an integer N such that if x € (0,1), then

[x]:(Vl’”-’)’M,’?l)”lz,-n),

where yy, ..., yum are characteristic vectors, 1; are essential paths of length at most N
whose first letter, denoted 11, equals c, ¢ or fi, and

| T 1 mje20) |y 2 min (771 p), (1= p)"p),
where L = L(#j,1j41)-

Proof One can see from the transition maps given in [4, Sec 5.1] that the sym-
bolic representation for any x € (0,1) begins either as [x] = (a,¢;,...) or [x] =

(a,*,%,...,%,9,...), where * denotes (all) b’s or d’s and y is either ¢, ¢; or fi. In
the case when y = e, the path must continue as (ey, ..., ej_1,z) where z = ¢; or f; and
j<k-2,0ras(ey,...,ek1, fi). Whichever is the case, one can see that each essential

x must eventually admit either a (first) ¢; or f;. This will be the first letter of #;. Now
define #; to begin with the j-th occurrence of either ¢ (or ¢| in Feng’s notation) or f;.
We need to check that with this construction the #; are paths of bounded length (in-
dependent of x) and have the required property on the pseudo-norm of the transition
matrices.

First, suppose a path 7; begins with ¢;. Then it must continue as (c, .. ., ¢k ). If ¢k
is followed by ¢; (or ¢;), then we stop and take (¢y, . . ., cx) as 1 having length k. Oth-
erwise, ¢y is followed by g, and if that is followed by ¢; or fi, then #; = (¢c1, ..., ¢k, &)
haslength k+1. The only other possibility is that g is followed by e;, but in that case, as
we saw above, the path will continue as (e, ..., , e j) with j < k -1, before continuing
with either ¢; or f; (necessarily with f; if j = k —1). Such a path #; has length at most
k+1+k-1=2k.

To summarize, the paths 7 that begin with c;, together with the first letter of 77,1,
are of the form (cy, ..., cx) with next letter either ¢; or ¢, (ci, ..., ck, g) with next
letter either ¢ or fi, or (¢1,..., ¢k, g €15 -+ ej) with j < k —1and next letter either ¢
or f (necessarily f; if j = k - 1).

The arguments are similar for the paths that begin with f;, with these paths having
length at most 2k — 2.

Now we verify the claimed pseudo-norm property. For this we apply the previous
lemma to analyze the product of the appropriate transition matrices. Of course, any
primitive transition matrix has pseudo-norm at least min(p,1- p).

For paths #; that begin with ¢;, we will see that even

| T(nys mp10)|) = min (p* (1= p), (1= p)*~'p) for L = L(ny),

and this will certainly imply the claim. To prove this, we consider the different paths
individually.
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Case L: (177,111 ) = (c1, -+ > k> ¥) With y; = 5411 = ¢ or ¢z If y = ¢y, then

k
- _| P 0
T(np ) = T(en - c0)T(cks a) = [(1_p)k (l_p)k—lp]
and hence has pseudo-norm with the required lower bound. The argument when the
first letter of 4,1 = ¢; is similar.

Case 2: (n;,15+11) = (¢c1-. o> Ch> g y) With y = ¢y or fi: If y = ¢y, then an easy
calculation shows

pra-p)  pM ] .

T(np 1) = T(e .o ock) T(er-8)T(g, 1) = [(l—p)k“ p(1- p)E

If y= fi, then

pk+1
T("I]’ ’71+1,1) = [(1 _p)kp] .

The cases (77, 7174151 ) = (€15.+ .5 Ck> &> €15 .., €, y) for y = ¢y or fy, or

(’7]’ }7]+1)1) = (ﬁ) . o>fj) €1.. -:ei’fl)

are similar.

The only cases in which we must consider two consecutive paths, #;#j.1, are
when #; = (fi,...,fj) and either the next letter is ¢; or the path continues as
(fis---s> fj»€15..., e;) with i, j > 1 and the next letter is ¢;. But in that case, the next
path, #7.1, is one of the paths beginning with ¢; discussed above, and we already know
that then

| TCrysns mpsan) | 2 min(p™ (1= p), (1= p) 7'p) for L = L(5y41).

Combining this bound with the fact that | T(7, 77+1,1)||min > min(pt, (1 - p)¥) for
L = L(n;) completes the proof. [ |

Theorem 4.3  Suppose y is a Bernoulli convolution with contraction factor p the in-
verse of a simple Pisot number and with probabilities p # 1— p. Then there is an isolated
point in the set of local dimensions of u at either 0 or 1, depending on which of p or1-p
is smaller.

Proof Without loss of generality assume p < 1/2. Standard arguments show that
dimy,. 4(0) = log p/log p.

Consider any x € (0,1). As the set of local dimensions of boundary essential
points is contained in the set of local dimensions of interior essential points, we can
assume without loss of generality that x is an interior essential point. Write [x] =
(y1>--+>YM> M5 M2 - - . ) with the notation as in the previous lemma. We have the for-
mula

log ” T(n12, -5 125 ’12]+1,1)||
>, L(n:)logp

dimyee p(x) = li;n

should the local dimension of y at x exist.
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Set Ll‘ = L(”]Zi—ls 1’]2,‘). Then

J
I T 1125 - 275 M27e00) || 2 I;[l | T(n2i-15 20> M20411) | min
> ptD (1-p).

Hence,
log | T(1 12y s oy ayen) | = > Li ~J) logp + Jlog(1- p),
so that
log [ T(11, 12 - - > M2y, M2gs1,0) | >logp+ J(log(1- p) —10gP)_
zz]'=1Li B Z{=1Li

But L; < 2N (where N is as in the lemma), hence for any J,

log [ T(tn 712, 2y, M2p1) | logp | log(1-p) ~logp logp _
Sl L(ni)logp ~ logp 2Nlogp logp

and therefore dimy,. p(x) is bounded away from dimy, p(0). [ |

5 Cantor-like Measures of Finite Type

The focus of this section will be the Cantor-like self-similar sets and measures gener-
ated by the IFS

(5.1) {Sj(x):%x+ﬁ(d—l):j:0,...,m}

for integers d > 2 and probabilities p; > 0, j = 0, ..., m. The self-similar set is the
m-fold sum of the Cantor set with contraction factor 1/d, rescaled to [0,1], and is the
full interval when m > d — 1. We will assume this to be the case, for otherwise the IFS
satisfies the open set condition and is well understood. This class of measures includes,
for example, the m-fold convolution of the uniform Cantor measure associated with
the Cantor set generated by So(x) = 1x, Si(x) = Lx + 1. As K = [0,1] when
m > d — 1, we see that all of these examples satisfy the positive row property.

These measures were studied by different methods in [2,20] where it was shown,
for example, that {dimjec ¢(x) : x € (0,1)} was a closed interval. In [10, Sect. 7] it was
shown that the essential class for any of these Cantor-like measures is (0, 1), hence all
x € (0,1) are truly essential. Consequently, the fact that {dimjoc p(x) : x € (0,1)} is
a closed interval can also be deduced from Corollary 3.15.

In this section we will establish more refined information about the local dimen-
sions of these measures. In particular, we give a new proof of the fact that dimj,. ¢£(0)
(or dimyo (1)) is an isolated point if py (resp., p.,) is the minimal probability, as was
shown by other methods in [2,20]. We give an example to show that there need not
be an isolated point if this is not the case, as well as examples of Cantor-like measures
whose set of local dimensions consists of (precisely) two points.

For this detailed analysis it is helpful to completely determine the finite type struc-
ture of these measures. There are two cases to consider, m = 0 mod(d —1) and m # 0
mod(d -1).
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Proposition 5.1  Assume p is the self-similar Cantor-like measure of finite type gener-
ated by the IFS (5.1), with m = k(d - 1) for integer k.

(i)  Theessential class has one reduced characteristic vector, E, with normalized length
1/k and neighbour set (j/k: j=0,...,k—1). The reduced characteristic vector E
has d children, identical to itself, labelled as ED, i =1,...,d.

(ii) There are m — k + 2 net intervals at level one with reduced characteristic vector E.
These are the intervals [X1, K1, [1- %,1— %]

(iii) The primitive transition matrix T(E, ED) is given by the following formula: For
%y=0,...,k-1,

(T(E, EM)),,, = {Paxr+it Fo<dx-y+i-l<m,
0 otherwise.

Example 5.2 Consider the IFS asin (5.1) with d = 4 and m = 9, k = 3. The essential
class consists of the one reduced characteristic vector (1/3,(0,1/3,2/3)). There are
four transition matrices from E to E. They are

po 0 0 p1 o po O P2 p1 po p3 p2 P
pPs Pz P2|> ps pa P3| Pe Ps Ppal> p7 DPs Ds|-
Ps P77 Pe Ps ps P 0 po ps 0 0 po

Proof of Proposition 5.1.  As noted in the proof of [10, Proposition 7.1],
n d-1)j : n
{SU(O):UEA }:{(”’17)JOS]S(d _1)k})
(sazaeany - {WDUH o i,

mdn

First, consider the level n net intervals that lie in [1/d",1-1/d"]. These have the form

A(;):[(d—l)j,(d—l)(jﬂ)]:[ j ,J'+1]
d*m drm drk drk
for j = k,...,k(d" — 1) — 1. 'They have normalized length (d — 1)/m = 1/k and

normalized neighbours as claimed in Proposition 5.1(i). These net intervals have d
children,

(d-1)(dj+i) (d-1)(dj+i+1)
[ drtlim > drtlm
all of the same type again.
At level 1, the net intervals have the form [%, ﬁ] If j < k — 1, then there are only
j neighbours, because j—1-i < 0if i > j. If j > m, there are < k neighbours, because
(j—1)/dk is not an iterate of 0. All other net intervals are type E. This proves (ii).
Now consider the x neighbour of E() at level n, for 0 < x < k — 1, namely

(d-1)(i-x)

drm

fori=0,...,d-1,
]

>

SGx (0) =
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and the y neighbour of its i-th child, E(), for 0 < y < k -1,

(d-1)(dj+i-1-y)

S”y(o) - dn+lm

For any 0 < w < m, it follows that

(d-1)(d(j-x)+w)

Sow(0) = an+lm

Hence, whenever 0 < dx — y +i—1=w < m, we have S,,,,(0) = S5,(0), and this
proves (iii). [ |

Example 5.3 Suppose m = k(d —1) is even. Then 1/2 = §,(0) for some o € A and
therefore 1/2 is a left endpoint of a net interval of level one, and hence is a bound-
ary essential point. Thereafter, 1/2 is the left endpoint of the left-most child of the
parent net interval, and thus 1/2 has symbolic representation (E("/2), EW ED |,
Similarly, 1/2 is also the right-most endpoint of the right-most child of the net inter-
val immediately to the left of this net interval. Consequently, 1/2 also has symbolic
representation (E("/2)~1, E(@) E(d) )

When k = 2 (m = 2(d - 1)), for example, then T(EM,EM) = [P‘) 0 ] and

Pa pa-1
T(E, E@) = [‘D’;’)‘l P;;z ], so that we have

dimioc (1/2) = [log(max(po, pa-1, pm))| /logd.

Proposition 5.4  Assume y is the self-similar Cantor-like measure of finite type gen-

erated by the IFS (5.1), withm =k(d -1)+r,1<r<d-2.

(i)  Theessential class consists of two reduced characteristic vectors, E with normalized
length r/m and neighbour set (j(d-1)/m: j=0,..., k), and F with normalized
length (d —1- r)/m and neighbour set ((r + j(d -1))/m:j=0,...,k -1).

(ii) At level one the essential net intervals are alternately E and F, beginning with the
interval [+ — -, 2] of type E and ending with [1- %,1- (5 — -I5)] also of type
E. There are m — k + 1 net intervals with characteristic vector E and m — k with
characteristic vector F.

(iii) Type E has 2r + 1 children labelled (from left to right) EO), F?) ECr+D),

Type F has 2(d — r) — 1 children labelled FV,E?), . F2(d=")-1,

(iv) The non-zero entries of the primitive transition matrices are as follows:

* Fori=0,...,rand0<x,y <k (T(E,E®"V)) ., = paxysi if 0<dx—y+
i<m.

e Fori=1,...,rand0<x <k,0<y<k-1 (T(E,F®))yy = pax—yrio1 if
0<dx-—y+i-1<m.

e Fori=0,...,d—r—-land0<x,y<k-1 (T(F,F?*))) = Paxsr—y+i if
O<dx+r—y+i<m.

e Fori=1,...,d-r-1and0<x <k-1,0< y <k, (T(F,E®))) = paxsr—ysi
ifo<dx+r—-y+i<m.
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Proof The proof is similar to the previous case, but with two characteristic vectors
arising because the iterates of 0 and 1 do not coincide. Indeed,

(d-1)(j+k)+r

md"

{Se() 0 €A™} ={ 10<j< (d" - 1)k}

The net intervals whose left endpoint is an iterate of 0 give one characteristic vector
and those whose left endpoint is an iterate of 1 is the second. We leave the details for
the reader. ]

Example 5.5 Supposek =1, m =d—-1+r, wherel <r < d-2and m is even.
There are an odd number of net intervals at level one, and by symmetry 1/2 lies at the
centre of the middle interval. This is a net interval of type F, since 2(m —1) +1 =3
mod 4. At all other levels there are an odd number of net intervals, so again 1/2 lies
at the centre of the middle one and again this is a type F, namely F (21+1) where i =
(d-r-1)/2,since 2(d — r) -1 = Imod 4. As T(F*"*D, F2#D) = [p ], we have

dimyoc 4(1/2) = [log po /2| /logd.

In the proof of the next result we will use the pseudo norm | T'||iyin, defined in the
previous section, and also the norm

HTHmax :m;ixz |Tij|
i

where the sum is over all the rows of the matrix. That is, | T|max is the maximal
column sum of T For matrices with non-negative values it is easy to see that

H Tl TZHmin > “ TleinH TZ Hminx H Tl TZHmax < H Tl”max“ TZ “max:
HTHmin < HTH < CHTHmax’

where C is the number of columns of T.
Proposition 5.6  Let P; = ¥i; mod d Pj» Pmax = max(P;), and Ppin = min(P;). For
any x € (0,1), we have

|1og Prax|
logd

) — |10g Pinin|
<dimy, p(x) < dimoep(x) < Tload -

ogd
Proof From the formulas given in Propositions 5.1 and 5.4, one can see that the
column sums of an essential, primitive transition matrix T are of the form P;. Hence,
if T is a product of m essential, primitive transition matrices, then
Priin < [T < CPy,

max?>

where C is a bound for the number of columns of a primitive transition matrix.
Since any x € (0,1) is truly essential and the set of local dimensions of bound-
ary essential points is contained in the set of local dimensions of interior essential
points (Cor. 3.15), we can assume without loss of generality that x is an interior
essential point. Hence, there exists a k so that Ax(x) is an essential net interval
and a common ancestor for A, (x), A,(x) and A (x) for all n > k. Consequently,
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(AL (x)), u(A,(x)) and p(A}(x)) can all be approximated by the norms of prod-
ucts of n — k primitive transition matrices within the essential class. From this the
result follows. u

Corollary 5.7 (i)  If po < Pmin, then dimyoc p(0) is an isolated point.
(i) Ifm>dand py < pjfor j#0,m, then dimy,c u(0) is an isolated point.

Similar statements can be made for p,, and dimj,. p(1).

Proof We have that (i) is immediate, since dim,. 4#(0) = |log po|/logd.
For (ii), one can easily check from these formulas that py (and p,,) are never the
only non-zero entries in a column when m > d. Hence the hypothesis of (i) is satisfied.
|

Remark 5.8 We remark that it is possible for (i) to be satisfied without p, being
minimal. For instance, if m > 2d, then every column admits at least two non-zero
entries, and hence it would suffice to have py < 2p; for all j in order for dimjo. 4(0)
to be an isolated point.

On the other hand, it is also possible for such a measure to have no isolated points.
Here is an example.

Example 5.9  Consider the IFS {S;(x) = x/3+ j/6: j = 0,...,4} and probabil-
ities po = pa = 1/3, p1 = p2 = p3 = 1/9. The essential class is composed of one
reduced characteristic vector, with three transition matrices from this vector to itself.
The transition matrices are

1/3 0 1/9 1/3 1/9 1/9

179 19|” |3 190”7 o 13|
One can check that the second matrix has 4/9 as an eigenvalue. Further, all matrices
have maximal column sum equal to 4/9. This gives an exact lower bound for the set
of local dimensions. One can compute that the local dimension of the essential class,
(0,1), contains the interval I = [10%59/4) ,1.24] ~ [0.738,1.24] and is contained in

g3
[log(9/4)
log3

local dimension 1.24 in the first case, and by using the | - | max norm for the second

case. The local dimension of the self-similar measure at the two end points of the
supportislandlel.

,2.00]. We can establish the upper bounds by explicitly finding a point of

Corollary 510  If Pyax = Puin, then {dimjoc y(x) : x € (0,1)} = {1}.

Proof This follows from the observation that

d'PminSZPiSd‘Pmax and ZPi=l. |

Here is a family of examples of this phenomena, generalizing [10, Ex. 6.1].
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Example 5.11 Suppose y is the self-similar measure associated with the IFS (5.1)
with m +1=0moddand pj =1/(m +1) forall j=0,...,m > d. Then

dimyoc p(x) =1forall x € (0,1),

log(m +1) S

1)
logd

dimyoe p(0) = dimyec p(1) =
so the set of local dimensions is a doubleton.

Proof The assumption that m + 1 = 0 mod d ensures that each column of each
essential primitive transition matrix T has exactly k non-zero entries, where m +1 =
kd. Consequently, P; = k/(m + 1) = 1/d for each i and the result follows from the
previous corollary. ]

Remark 5.12 These measures are also an example of the phenomena addressed
in Proposition 3.19. The proof above shows there exists a constant C such that
d™ < |T| < Cd"*for all n-fold products of primitive transition matrices. As
dimp supp p = 1, the proposition implies y restricted to the truly essential class is ab-
solutely continuous with respect to Lebesgue measure on [0, 1].

Corollary 5.13  Suppose { ‘ung is a sequence of Cantor-like measures, all with contrac-
. (n) n . . .
tion factor1/d. Let Pnyy and P2 be the maximal and minimal column sums associated

min
with . IfP,(nZZ( — P, — 0, then the set of local dimensions at any x € (0,1) tends to 1.

Proof Similar reasoning to the proof of the previous corollary shows that

m pny 1
P . P . |
min’> Fmax — d
Example 5.14 Let u be the self-similar measure associated with the IES (5.1) and let
¥ be the k-fold convolution of g, normalized to [0,1]. Then

dimye. p¥(x) — 1forall x € (0,1) and  dimyee p*(x) — oo for x = 0,1.

To see this, let Q(x) = po + p1x +--- + p,x". The measure u* is also a Cantor-like
measure with contraction factor 1/d. With the contractions ordered in the natural
way, the probability of the j' term, denoted p§k), is equal to the coefficient of x/ in
Q(x)* and

d
k K _ 1 i\k 7 ji
BV = X g =2
j=imod d j=1

where (; is a primitive d-th root of unity. It is easy to see that Q(1) = 1land |Q((il ) <1
for { # d. Hence we see that Pi(k) — 1/d as k - oo for all i. This in turn implies that
P _ p®) 0 and hence dimyoc u* fa h

min — Pmax loc 4*(x) — 1for each x € (0,1).

In contrast, dimjec ¢ (0) = lim|log pk|/logd — oo and similarly for dimyec p* (1).
Example 5.15 Suppose v is the uniform Cantor measure associated with the IFS

{So(x) = x/d, Si(x) = x/d + (d —1)/d}. Then v™ is the measure of finite type
generated by the IFS (5.1) and probabilities p; = 27" (’]”) Information was given about
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the minimum and maximum local dimensions (other than at 0, m) in [2, Thm. 6.1]
form <2d - L

We can extend the maximum local dimension result to m < 3(d —1) when m — d
is odd, as follows. First, note that the column sums of essential primitive transition

matrices have the form
>, m
e £ (0
! 2 j+kd

k=—o0o
and reasoning as in [2, Lem.6.2] shows that these are minimized at j = ["’T_d] We
can assume that m = 2(d —1) + r for 1 < r < d — 2. Consider the periodic element x
with period 8 = (F?*D, FCi*D) for j = (d —r —1)/2 = (m —d +1)/2 - r. Then

T(FGHD pRi+D)) [p'"‘;’“ P’"‘f“] )
DPmigr1 Pmedt

The two column sums are equal and minimal among all column sums of essential
primitive transition matrices. Thus, | T|| ~ | T||min and further, this is a lower bound
on the norm of any essential primitive transition matrix. Hence dimj,¢ (%) is max-
imal over all x € (0,1).

Since the column sums are maximized when j = [m/2], we deduce from Exam-
ples 5.3 and 5.5 that dimj,. v (1/2) = |1og p,u/2|/logd is minimal when m < 2(d - 1)
is even, as was also seen in [2].

6 Maximal Loop Classes Outside the Essential Class

In [10], it is shown that if y is a self-similar measure of finite type, with full support
and regular probabilities, then the set of upper (or lower) local dimensions at points in
any positive maximal loop class is an interval. In this section we show that this is not
true for finite type measures satisfying only the positive row property. The example
we use is a self-similar measure that would be Cantor-like, in the sense of the previous
section, if we had allowed some probabilities to be zero.

The measure y will arise from the maps S;(x) = x/4 + d;/12 with d; = i for i =
0,1,...,5,ds = 8, and d; = 9, and probabilities py = 1/2, p; = /14 fori =1,...,7.
The reduced transition diagram has 7 reduced characteristic vectors. The reduced
characteristic vectors are

* RCV 1: (1, (0)),

* RCV 2: (1/3,(0)),

« RCV 3: (1/3,(0,1/3)),

* RCV 4: (1/3,(0,1/3,2/3)),

« RCV 5: (1/3,(1/3,2/3)),

« RCV 6: (1/3,(2/3)),

* RCV 7: (2/3,(0,1/3)).
The maps are

e RCV1-[2,3,4,4,4,4,5,6,2,7,6],
e RCV2 - [2,3,4,4],
e RCV 3 - [4,4,4,4],
e RCV 4 — [4,4,4,4],
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Figure 3: Transition diagram for example in Section 6

* RCV 5 [4,4,5,6],
* RCV 6 [2,7,6],
* RCV7 - [4,4,4,4,4,4,5,6].

We refer the reader to Figure 3 for the transition diagram.

As the probabilities are not regular, the reduced transition diagram does not con-
tain all of the necessary information to compute the local dimension at a point, since
to calculate dimy,. p(x), we need to know about A, (x), A} (x), in addition to A, (x).
To keep track of this information, we introduce the triple transition diagram. Each
triple consists of a net interval and its adjacent net intervals. If there is no adjacent net
interval, then we represent this with an X. The triple transition diagram also displays
the transitions from each triple to their triple children and denotes which transitions
are right or left-most descendents. See Figure 4 for the triple transition diagram.

We define, in the obvious way, the triple loop classes, triple maximal loop classes
and the triple essential class. In this example, the set of points that are in the triple
essential class, [4,4,4], is the same as the set of truly essential points. To see this,
observe that if x is an interior essential point, then there exists an integer »n such that
x is in the interior of the net interval A, (x) whose reduced characteristic vector is of
type 4. As x is not equal to the end point of A, (x), there will exist some k such that
An+k(x) and its two neighbours will all have reduced characteristic vector of type 4.
Hence, [A}, (%), Apik(x), AL, (x)] = [4,4,4]. If, instead, x is a boundary essential
point, then there exists an # such that two adjacent A, (x) and A, (x) are the reduced
characteristic vector of type 4. In this case, regardless of which net interval containing
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/=

2

E=— >

W22

Essential Class

Figure 4: Triple transition diagram for example in Section 6

x we use, we see that A,,1(x) and its two adjacent net intervals will be the reduced
characteristic vector of type 4. Hence, [A},;(x), Ayi1(x), AL, (x)] = [4,4,4]. The
other inclusion is clear.

From the triple transition diagram, we can see that there are four triple maxi-
mal loop classes, in addition to the triple essential class. Three of these are single-
tons, [7,6, X], [X,2,3], and [6,2,3]. It is very easy to compute the local dimensions
of these points. The final maximal loop class is formed by the four triples [2,7,6],
[4,5,6], [5,6,2], [7,6,2] and is of positive type. See Figure 5 for the triple transition
diagram of this triple maximal loop class. We have indicated on this diagram which
of these transitions are right or left-most descendents.

We will determine the local dimension of points in this (non-singleton) triple max-
imal loop. It is important to note that this triple loop class admits no left-most descen-
dents.
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Figure 5: Triple transition diagram for maximal loop class for example in Section 6

First, assume that the symbolic representation of a point x in the loop class does not
contain arbitrarily long, right-most paths, say these lengths are bounded by K. This
implies that A, (x) is in the interior of A,_g(x), hence A, (x),A}(x), and A}, (x)
are all comparable to A,_g(x) for all n. Thus, we may ignore the A} (x) and A}, (x),
and this allows us to use the techniques from [10] without modification. (We will not
be able to ignore A (x) and A} (x) later when we allow arbitrarily long right-most

paths.)
In this case, the relevant transition matrices are:
M9 =1os) <[] 160100 <[]
T(6,7) = [1/14 1/14 ] T(6,6) = [1/14].

For these matrices, the minimal column sum is 1/14, and the maximal sum is 1/7.
These numbers are also the eigenvalues of T(6,6) and T(5,5), respectively. As we
are only concerned with A, (x) and do not need to worry about A} (x) or A}, (x), we
see that the standard convexity argument can be used to show that the set of local
dimensions is an interval. Consequently, such points produce the interval

log7 logl4
[ 087 ] ~ [1.403677461,1.903677461]
log4™ log4
as the set of local dimensions.
To consider the the case when x contains arbitrarily long right-most paths, we
now need to consider A (x) and A} (x). We will need to know about the additional
transition matrices

T(2,2)=[1/2] and T(6,2)=[1/14]
First, consider an x whose tail consists of the right-most branch of the triples
[7,6,2],[7,6,2],[7,6,2],.... We observe in this case that A, (x) is comparable to

A, (x) as they share the common ancestor A,,_;(x), so that u(A,(x)) and u(A,(x))
are comparable to | T(6,6)"| = 1/14". We further see that A} (x) is not comparable
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to A, (x), as it does not share a common ancestor a bounded number of generations
back. In fact, the symbolic representation of A} (x) has tail (2,2,2,...,2) and hence
u(A%(x)) is comparable to | T(2,2)"| =1/2". This gives us that the local dimension

at x is
, i J08 Mo (x) o log(u(A,(x)) + u(An(x)) + (A5 (x))
dimioc () —hrrln nlogl/4 —hrrln nlogl/4
i OB/ ()" (/2
n nlogl/4 '

Next, consider the case where x has arbitrarily long, but not infinitely-long, right-
most paths from [7, 6,2] — [7, 6, 2]. We claim that in this case the upper local dimen-
sion must be greater than log7/log4 ~ 1.403677461. To see this, we note that for all
n where A, (x) is not a right-most child of A,,_;(x) (which happens infinitely often)
the value of (M (x)) ~ u(An(x)), as 4(An(x)) ~ u(A%(x)) ~ u(A;(x)). Ason
this subsequence we have that the lim sup must be greater than log7/log4, it follows
that the set of upper local dimensions is not an interval.

This is in contrast to the lower local dimension, where we can achieve any value
z in the interval [ 2 11(:) ggl:] . We will prove this by constructing an x in this maximal
loop class such that dimyecp(x) = z.

Let A = T((7,6,2),(2,7,6)) - T((2,7,6),(5,6,2)) - T((5,6,2),(7,6,2)) be a
triple of the transition matrices for the path through

(7,6,2) » (2,7,6) =g (5,6,2) — (7,6,2).

We note here that these transition matrices may work on the middle or the right-
most matrix of the previous transition, depending upon the nature of the transition.
Consider the path with transition matrices

Ty = T((7,6,2),(7,6,2)) " - A-T((7,6,2),(7,6,2))
A---A-T((7,6,2),(7,6,2)) ™.

We let x be the point in K with symbolic path limy Tj. Let Ly be the length of Tk, that
is, Ly = ny+ 2+ ny +2+---+ 2 + n,. We see that the three matrices associated with
T, are

(e ] o)) = ([t et ] 4.
The three matrices associated with T, are
(2 [14—(n1+2 +n,) 14—(n,+2+ nz)] ,2 [14—(n1+2 +n2)] , [2—(n2+1)14—(n1+1)]) —
(2[147%2 147L2],2[14712], [27(matD1g-(LieD) ),

In general, for k > 2, we have that the three matrices associated to T are

(2k71 [14—Lk 14—Lk] )2k71 [14—Lk] ,2k72 [2—(nk+1)147(Lk,1+1)])
So, on the subsequence associated with Ly we see that M, (x) is approximately
2k=25=(me+)14=(ListD) | Choosing the 1y such that

el e
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gives that the local dimension, computing along this subsequence, is equal to z. For
example taking

_log14 —zlog4

e (2z-1)log2

k-1

log14
> log4

will suffice. Note: solongas z € (5
times Ly_;.

It is straightforward to see that this subsequence of lower local dimension estimates
gives a lower bound for the sequence, which proves the desired result. To see this just
note that if we consider a path for x of length N € (L_;, Ly ), then My, (x))Y/* <
MN(.X) )I/N .

Thus, the set of lower local dimensions at points in the loop class is the interval
[1 1°g14]. This is in contrast to the set of upper local dimensions at points in the

2’ log4
loop class, which is the union of the interval [ lzgz , 11(:)gg1:] together with the singleton
1/2.

), we see that this is always a positive constant

7 When Finite Type IFS have Pisot Contractions

In this section we explore the connection between finite type and Pisot contraction
factors. This was motivated by Feng’s observation in [6] showing that the IFS {S;(x) =
px+j(l—p)/m:j=0,...,m} satisfies the finite type condition if and only if p is
Pisot.

In Example 7.1, the IFS is of finite type, does not satisfy the open set condition, but
the contraction factor is not necessarily the inverse of a Pisot number. This example
also illustrates that we can have a measure of finite type whose support is not the full
interval [0,1], yet every row of each primitive transition matrix admits a non-zero
entry. In addition, it has the interesting property that every element of the self-similar
set is truly essential.

Example 7.1 Pick any positive number € < 1/8. Let 0 < p < 1bearoot of e—2x*+4x—
1 and consider the self-similar set K generated by the contractions S;(x) = px + d;,
withdy = 0,d, = —p?+p,d; = e—p*+2p,and d; = e-2p?+3p. Consider the associated
probability measure with uniform probabilities, p; = 1/4 for i = 0,..., 3. There are 5
reduced characteristic vectors: (1, (0)), (1-p, (0)), (p, (0,1-p)), (1-p,(p)), and
(1-2p, (p)). Figure 6 shows the transition diagram. The essential class consists of all
the characteristic vectors except 1, and there are no loop classes outside of the essential
class. Hence K is the truly essential set. As this satisfies the positive row property, the
set of local dimensions is a closed interval.
We list below the transition matrices that are not equal to [1/4]:

T(1,3) = T(2,3) = T(4,3) = [1/4 1/4], T(3’5):[i§ﬂ’
T(3,3)=[1/4 0], T(3,3)=[1/4 1/4]-

1/4 1/4 0 1/4
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Figure 6: Transition diagram for Example 7.1

Using techniques similar to [10] one can show that the minimal local dimension is

log (sp[ " Va | Va s ]) 1052575
2logp - 2logp ’

and the maximal local dimension is

log (sp[ ' 14])  log1/4

logp logp -

The details are left to the reader.
The incidence matrix of the essential class is

21 10
1:0201.
1 1 2 0
1 01 0

Its spectral radius is 2+ /2, thus the formula from Proposition 3.8 gives that dimy K =
log(2 + v/2)/ log p|.
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In this example the overlap was “perfect”; that is, all overlaps were of the form p” K
for some integer #, (p the contraction factor, K the self-similar set). But K # [0,1].
In our final proposition we show that if the self-similar set is a full interval and the
overlaps are perfect, in this sense, then p is Pisot.

Proposition 7.2 Suppose [0,1] is the self-similar set associated with contractions
Sj, each with contraction factor p. Assume that, for each j, the length of the interval
S;([0,1]) N S;.1([0,1])) is either equal to p¥i for some integer k; or has length equal to
0. Then p is Pisot.

Proof Assume that we have n contractions. As the self-similar set is [0, 1], we have
that

n-1
np — Z pk" =1
i=1

Let N = max(k;) and g = p". Let f(z) = 2" — nz""" and g(z) = ¥;2"". Then
(f+2)(q) = 0. Clearly, f(n) = 0 and all other zeros of f are inside the unit disc
(namely, at 0). Further, on the unit disc, |f(z)| > n -1 > |g(z)|- By Rouche’s theorem,
f + g has n —1zeros in the closure of the unit disk and therefore its other root, g, is a
Pisot number. ]

Remark 7.3 It would be interesting to fully understand the connection between
finite type and a Pisot contraction factor. Note that if dimy K = 1, then as dimy K =
log(sp(I))/|1og pl, and the incidence matrix I is integer valued, it follows that p~ is
an algebraic integer.
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