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Abstract. In this work, we study ergodic and dynamical properties of symbolic dynamical
system associated to substitutions on an infinite countable alphabet. Specifically, we
consider shift dynamical systems associated to irreducible substitutions which have
well-established properties in the case of finite alphabets. Based on dynamical properties
of a countable integer matrix related to the substitution, we obtain results on existence and
uniqueness of shift invariant measures.
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1. Introduction

Let A be a countable set (called an alphabet), A* be the set of finite words on A, and
AZ+ be the set of infinite words on A, where Z4 =1{0, 1,2, ...}. A substitution is a
map o : A — A*. We assume that for every letter a € A, o (a) is not empty. We extend
o to A* and AZ+ by concatenation and, to simplify the notation, we also denote these
extensions by o. Hence, o(uq...u,) =o(ug)...o(u,) for all ug...u, € A* and
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o(uouy ...) =o)o(uy) ... for all ugu; ...€ A%. We assume that there exists a
letter a in A such that the length of the finite word o (a) converges to infinity as n goes to
infinity.

To any substitution o, we can associate a shift dynamical system (24, S), where
Qy ={u € A%+ any finite factor of u occurs in 6" (a) for some n € Nand a € A},
N ={1,2,...}, and § is the shift map given by
S(uouy ...) =ujuy ... forallu =ugu;...€ A%+

Shift dynamical systems associated to substitutions provide many important examples
in ergodic theory and they have been well studied in the literature when the alphabet is
finite (see for instance [18, 19]). It is classical that if o is a primitive substitution on
A=1{0,...,d—1}, d =2, i.e., there exists k € N such that for all a, b € A, the letter
b occurs in the word o (a), then the dynamical system is minimal, uniquely ergodic with
topological entropy O (see [16] and [19, Ch. 5]). Moreover, €2, is the closure of the orbit
of any periodic point of .

The unique shift invariant probability measure p is given on cylinders [w], where
w=wy...w,, w; €A fori=0,...,n,is a finite word that occurs in u# and [w] =
{uouy ... € Qy, ui =w;, i =0,...,n}, by u[w] which is the frequency of occurrences
of w in the periodic point u. Moreover, the vector ([0], . . ., u[d — 1]) is the normalized
left Perron eigenvector associated to the dominant Perron—Frobenius eigenvalue of the
matrix My = (M;j)o<i,j<d—1 associated to o, where M;; :=|o(i)|; is the number of
occurrences of the letter j in the word o (i). However, it is known (see [2]) that if o
is of Pisot type, then the dynamical system (£2,, S) has good geometrical properties, in
particular, it is semi-conjugated to a translation on the torus T4~

When the alphabet A is a topological compact set, many results are given in [4, 13, 19].

When A is countably infinite, the situation is more complicated and there are already
some work on the subject, see for instance [1, 4, 6, 13]. One of the difficulties in studying
ergodic properties of the dynamical system (€24, S) in such cases lies in the fact that
the countably infinite matrix M, may present a larger number of possible behaviors.
Specifically, consider an irreducible countably infinite matrix M = (M;;); jez,, which
means for all i, j € Z,, there exists an integer n > 1 such that for all k > n, Ml.kj > 0,
where for the sake of simplicity, we write (M");; = MZ It is known that for all
i,j €y, limn_wo(Ml.”j)l/" = )\ exists. We say that M is transient if and only if

:ig(Mi"j /A") < 400, otherwise M is said to be recurrent. It is known that if M is
recurrent, there are left and right eigenvectors / and r associated to A, and when the scalar
product [ - r is finite, we say that M is positive recurrent, otherwise M is said to be null
recurrent. Thus, for instance, if the countably infinite matrix M, is irreducible, then it
could be either transient or null recurrent or positive recurrent and each of these cases may
be associated to a distinct behavior of (2,5, S).

For substitutions on countably infinite alphabets, an important study was initiated by
Ferenczi in [6]. In that paper, several results were proved, in particular, it considered
the squared drunken substitution definedon A =2Zbyo(n) = (n —2)nn(n+2), n € A
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and proved that the dynamical system (€24, S) is not minimal and has non-finite invariant
measure. However, it is also shown that (€2, S) has an infinite invariant measure @ which
is shift ergodic and has Krengel entropy equal to 0.

Let us recall that o is called left determined or determined to order 1 if there exists
a non-negative integer N such that every w of length at least N which occurs on some
element of 2, has a unique decomposition w = wy ... wy, where each w; = o(a;) for
some a; € A, except that w; may be only a suffix of o (a;) and wy; may be only a prefix of
o(as),and the a;, 1 <i <s — 1 are unique.

The definition of determined to order 1 was introduced in [14] (see also [17,
Definition 1]). In [6], the author used the same definition and called it left determined. It
is known that this condition is stronger than recognizability, see [17].

In [6], it is also proved that if o is of constant length, left determined, and has an
irreducible aperiodic positive recurrent matrix My, then the associated shift dynamical
system admits an ergodic probability invariant measure.

In [1], the authors constructed stationary and non-stationary generalized Bratteli—
Vershik models for left determined, irreducible, aperiodic, and recurrent substitutions on
an infinite countable alphabet. As a consequence, they proved that for a left determined
substitution o : Z — Z with M, irreducible, aperiodic, and recurrent which is also of
bounded size (the letters of all o (n) belong to the set {n —t,n —t +1,...,n + t}, where
t € Z is independent of n), there exists a shift invariant measure @ on 2.

It is also worth mentioning that an arithmetic study of substitutions on countably infinite
alphabets was done in [15].

In this paper, unless explicitly indicated, we consider A =74 and 0 : A — A* a
bounded length substitution (sup{|o(a)|, a € A} is finite) such that o has a periodic point
uand M = M, is irreducible and aperiodic. We prove that if M, satisfies

n

M
lim sup ——2— =0 forall j € A, (1.1)
T ek i M

then the dynamical system (2., S) has no finite invariant measure. In particular, the last
result holds for a subclass of substitutions o such that M, is transient and o has constant
length, or M, is recurrent and has a left Perron eigenvector [ = (/;)i>0 &/ 1

We also prove that if M, is positive recurrent, then the dynamical system (€25, S) has
a shift invariant measure p which is finite if and only if M, has a left Perron eigenvector
I € I'. Moreover, if o has constant length and M, has a power that is scrambling, then
(R4, ) has a unique shift invariant probability measure p. Let us recall that a non-negative
matrix M = (M;}); j>o is said to be scrambling if there exists a > 0 such that

~+00
> min(Mjj, Myj) > a foralli # k € Z.
j=0

Scrambling stochastic infinite countable matrices are very important, since a stochastic
matrix P = (P;;);,j>0 is strongly ergodic (see Definition 2.12) if and only if a power of P
is scrambling.
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We also consider the case where o is not a constant length substitution. We introduce
the notions of strongly ergodic and =x-strongly ergodic matrices M, related to the
convergence of

Mi; -
—, I, JEA,
S
as n — 0o. Then we show that if M, has a right Perron eigenvector in /* and has a power
that is scrambling ( M, strongly ergodic), then (€25, S) is minimal and has a unique shift
invariant probability measure /.

A difference concerning substitutions on countable infinite alphabets that we should
point out is that substitutions may not have a periodic point. In this paper, we consider
M, irreducible and suppose the existence of a periodic point u, thus €2, is the closure
of the orbit of any periodic point of o. However, our results will remain valid for o that
have no periodic point, since instead of using the left determined condition, we use the
true fact that any finite word V occurring in some element of 2, has a decomposition
(not necessarily unique) as V = voo (Z)wo where vg, wy, and Z finite words occurring in
some elements of Q, and max(|vg|, |wo|) < sup{lo(a)|, a € A}, where for all finite word
7z € A*, |z| denotes the length of z.

The paper is organized as follows. In §2, we give notation, definitions, and preliminary
results. Section 3 is devoted to the main results of the paper.

2. Preliminaries and notation

Asin §1, let A be a countable set (called an alphabet), A* be the set of finite words on A, and
AZ+ the set of infinite words on A. We denote a finite word on A by ug . . . u,—1 for some
n>1and we call n = |ug - - - u,—1| its length. An infinite word on A will be denoted
by u =uouy....For U =ug...uy,—; and V=vg...vy,_1 in A*, where n > m are
positive integers, we denote

[Uly ={0<k=<n—m,ur.. Ugtm—1=20...Vn-1},

which is the number of occurrences of Vin U. Let u = ugu; ... € AZ+ and V € A*. We
say that V occurs in u or V is a factor of u if V = uy . . . u; for some integer 0 < k <. We
denote by F, the set of all factors of u.

On A%+, we consider the discrete product topology, which is metrizable and generated
by the metric d defined on A%+ by

d(uoul...,vovl...)zo ifuoul...zvovl...
and

d(uouy ..., vvy ...) = o where kg = min{i > 0, u; # v;} otherwise.
A base for the discrete product topology is given by the cylinders

[w] = {uou; ...€ A%+, u; = w; forall 0 <i <k},
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forw = wo . . . wx € A*. The cylinders are clopen sets. When the alphabet A is finite, the
set AZ+ is compact and is homeomorphic to a Cantor set. If A is infinite, A%+ is closed but
not compact.

Let 0 : A — A* be a substitution. We will assume without loss of generality that
A =74 (and occasionally A =7 in some examples). We define the infinite matrix
My = (M;j)i jez. by M;j = |o(i)];. Observe that M, is the transpose of the substitution
matrix given in [19]. It is easy to prove by induction that for all i, j € A and for all integers
neN,

o
o™ (@) =M}, o™ (@Dl =) M.
j=1

For example, if 0 (n) = 0(n + 1) for all n € Z, then
0 0 0

Q2.1

[
S O = O
(=l oo

0 0 0
1 00
010

We say that a substitution o : A — A* is of constant length (respectively bounded
length) if there exists an integer L > 1 such that |o(a)| = L (respectively |o(a)| < L)
forall a € A.

Observe that if o has constant length L (respectively bounded length by L), then the sum
of the coefficients of each line of the matrix M}, n € N equals L" (respectively < L").

In this paper, we will assume that o is a bounded length substitution and there exists
a € A such that |0 (a)| tends to infinity as n converges to infinity.

We define the language of a substitution o on A as the set F,,; of finite factors of o” (@)
for some integer n > O and a € A.

We will need some classical definitions from the theory of countable non-negative
matrices, see [9, 20].

Definition 2.1. Let M = (M;}); jez, be an infinite non-negative matrix (not necessarily a
substitution matrix). We say that M is irreducible if for all i, j € Z, there exists an integer
k =k(i, j) = 1 such that Mf; > 0.Leti € Zy. The number

pi = ged{n e N, M, > 0}

is called the period of the state i. If M is irreducible, then there exists p > 1 such that
pi = p forevery i € Z, and we say that M has period p > 1. We say that an irreducible
matrix M is aperiodic if p = 1 and periodic otherwise.

Observe that M,; in equation (2.1) is irreducible and aperiodic, and o is a constant length
substitution which has a fixed point # = lim,,_, 5, 0" (0) since o (0) = 01 begins with 0.

Remark 2.2. (See [9]) If a matrix M = (M;;); jez, is irreducible and aperiodic, then for
alli, j € Z4, there exists an integer n = n(i, j) > 1 such that for all k > n, Mll‘j > 0.
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Remark 2.3. Let 0 : A — A* be a substitution which has a fixed point and M, is
irreducible. Since there exists i € Z4 such that M;; > 0, we deduce that M, is aperiodic.

Assume that M = (M;;); jez, is anirreducible and aperiodic non-negative matrix until
the end of this section. It is known (see [19, 21]) that there exists A s € [0, oo], called the
Perron value of M, such that for all i, j € Z_,

lim (M)!/" = Ay (2.2)
n—oo

Foralli, j € Z,, put as usual M?j = §;j, then consider the series

“+00
Mij(@) =) M}, zeC.
n=0
Observe that the convergence radius of the series M; (2) is equal to A;} . When there is no
possibility of confusion, we will omit the subscript in A7 and write simply A.

Remark 2.4. Directly from the definition, if M = CM for some C > 0, then A 0= Chpy.
If o is a substitution with constant length L, then P = M/L is a stochastic matrix and
Ay = LA p. Moreover, for the stochastic matrix P, clearly Ap < 1 and if P; (1) = 400,
then Ap = 1. Thus, Ay < L. Indeed it is enough to have ¢ with bounded length L, see
Lemma 2.10.

We either have M; j(1/A) < oo forevery i, j € Zy, in this case, we say that M is tran-
sient, or Mij(l/k) = oo forevery i, j € Z4, and we say that M is recurrent. The class of
irreducible, aperiodic recurrent matrices can be divided into two classes: positive recurrent
matrices and null recurrent ones. To present the definitions, we need to introduce the series

+00
Lij(M,2) = Lij(z) = »_ l;j(M, n)z",
n=0

where [;; (M, n) = [; j(n) is defined by: [;;(0) = 0, [;;(1) = M;; and
+00
lijin+1) = Z lis(m)Mg; foralln > 1.
SFEI
The matrix M is said to be positive recurrent if

+00

Z nl,},L ’En) < 100,
n=0
otherwise we say that M is null recurrent.

An interesting result is that if M is an irreducible, aperiodic, and recurrent matrix with
finite Perron value A > 0, then A has strictly positive left and right eigenvectors / and r,
unique up to multiples by a constant. Moreover, the scalar product [ - r is finite if and only
if M is positive recurrent.

Remark 2.5. In §3.2, we will give examples of null recurrent non-negative matrices with
constant length L having Perron value strictly smaller than L. These cases are associated
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to stochastic matrices with Perron value strictly smaller than 1, so they are transient in
probabilistic sense (see [5]), but they might be null recurrent according to the above
definition. This is not a novelty, see [9]. What is important here is also that we provide
substitution matrices in our examples.

To state the next result, we still need to introduce another important series
+o00
Rij(M,z) = Rij(z) = Z rij(M,n)7",
n=0

where r,-j(M, I’L) = rij(n) is defined by r,'j(O) = 0, r,-j(l) = M,"j and
+00
rijin+1) = Z Misrsj(n) foralln > 1.
s#J
LEMMA 2.6. (See [22] and [9, p. 211]) Let M be a non-negative, irreducible, and aperiodic
matrix, with finite Perron value A > 0. Let i, j € Z.
(1) If M is positive recurrent, then

n

lim i _ Li;(1/2) _ Rij(1/1) -0
n—o00 A" (@) m(j)
where u(i) = ,Locl’ nli; (n) /A"
(2) If M is transient or null recurrent, then lim,,_, o Mi"j/)L” =0.

s

Foralli, j € Z4, let
l(l) = (Lik(l/)"))kzo and r(/) = (R_sj(l/)"))szo

LEMMA 2.7. (See [9, p. 203]) Let M be a non-negative, irreducible, aperiodic matrix, with
finite Perron value ) > 0.

(1) If M is recurrent, then for all i, j € Z,

IO =D and MrY =ar.
(2) If M is transient, then for all i, j € Z,

DM <D and MrY9 < ard).

Remark 2.8. Let M = (M;}); j>0 be a non-negative, irreducible, aperiodic positive
recurrent matrix, with finite Perron value A > 0. By item (1) of Lemma 2.6 and item (1)
of Lemma 2.7, the vector

T; = (tij)jz0 wheres;; = lim MJ;/2" (2.3)
is a left eigenvector for A associated to M. Moreover, we have
M!, lir
lim —L = 2.4)
n—0o0 )\,n Zk:() lkrk

where [ = ([x)r>0 and r = (rg)r>0 are respectively a left and a right Perron eigenvector of
M (see [20]).
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LEMMA 2.9. (See [9, Proposition 7.1.11, p. 204]) Let M = (M;;);,j>0 be a non-negative,
irreducible, aperiodic, and recurrent matrix with finite Perron value A. Let Z = (2;)i>0
be a sub invariant non-negative and non-zero eigenvector of M, associated to A, that is,
(ZM); < Azjforalli > 0and Z # 0, then Z is a left Perron eigenvector associated to M.

LEMMA 2.10. Let M = (M;}); jez. be a non-negative, irreducible, and aperiodic matrix

with finite Perron value A. The following results hold.

(1)  If M has line sums uniformly bounded by L > 0, then > < L.

(2) If M is positive recurrent and has constant line sums equal to L, then A = L.
Moreover, L is the unique eigenvalue of M having non-negative probability left
eigenvector.

Proof. (1) Suppose that M has line sums bounded by L, then for all integers j > 0 and
n > 1, we have
+00
n n n
My <y Mj <L
k=0
We deduce by equation (2.2) that A < L.
(2) If M is positive recurrent and has constant line sums equal to L, then there exists
I = (l;)i=0 € 1" such that Y72, /; = 1 and IM = Al, then Z?O:o Y20 liMij = X, then
L = ). Using the same idea, we obtain that L is the unique eigenvalue of M having
non-negative probability left eigenvector. O

Definition 2.11. Let M = (M;;); j>0 be a non-negative matrix. We say that M is scram-
bling if there exists a > 0 such that

+o0
Z min(M;;, My;) > a foralli #k € Zy.
Jj=0

Note that a substitution matrix M, has a power that is scrambling if and only if for some
n=>1,

foralli, k € A, there exists j € A which occurs in 6" (i) and ¢" (k). (2.5)

Definition 2.12. Let P = (P;j); j>0 be a non-negative stochastic matrix. We say that

Pis:

e ergodic if lim,_ o P{; =m; >0 for all i, j €N, where (7;);>0 is a probability
vector;

o strongly ergodic if P is ergodic and if there exists a probability vector (m;);>0 of
non-negative real numbers such that lim,_, o || P" — Q||s = 0, where Q is the infinite
stochastic matrix with rows equal to (1) j>0 and || N|ly = supi>o Z;Lig [N;;| for any
infinite complex matrix N = (N;;); j>0. In other words,

>

oo
s n
nlggosupzwij—nﬂ:&
(Ve 0
/:
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Remark 2.13. Tt was proved in [7] that if P is strongly ergodic, then P is uniformly
geometrically ergodic, that is, there exist 8 € (0, 1) and a constant C > 0 such that

|P; —mjl < CB" foralli, j,n € Zy.

The converse is proved in [12]. In particular, it is shown that P is strongly ergodic if and
only if for some j > 0 with 7r; > 0, we have

lim sup |P/; — ;| = 0. (2.6)

n—oo i>0

There is a nice characterization of the strong ergodicity (see [8]). It is defined as follows.
If P = (P;j)i jen is a stochastic non-negative countable matrix, then P is strongly ergodic
if and only if there exists an integer n > 1 such that §(P") < 1, where the § coefficient of
any non-negative countable stochastic matrix N = (N;;); jeN is

1 +00
S(N) = = sup » " [Nij — Nyjl. 2.7
2 ikeN 25
J_
The number §(N) is called Dobrushin coefficient of N or coefficient of ergodicity of N
(see for instance [3, 7, 11, 12]). It is not difficult to show that
+00
8 =1-i in(Nj; i) .
(N)=1 }2{ Z min(N;;, Ni;j) (2.8)
J=0
Observe that §(N) < 1 if and only if N is scrambling. Hence, P is strongly ergodic if and
only if there exists an integer n > 1, such that P" is scrambling.

3. Irreducible aperiodic substitutions

3.1. Non-existence of finite invariant measure. In [6], the author proved that if A = Z
and o(n) = (n — Dnn(n + 1), n € A, then the dynamical system (€2, S) has no finite
invariant measure. We will extend this result in the next theorem.

THEOREM 3.1. Let 0 : Zy — Z7 be a bounded length substitution such that o has a
periodic point u and M = M, is irreducible and aperiodic. If M satisfies

n

M"
lim sup ———2— =0 forall j € Z,, (3.1
nE ez, Ii:(% Mi;

then the dynamical system (24, S) has no finite invariant measure.

Remark 3.2. One natural question is if the condition in equation (3.1) can be replaced by

the weaker condition
n
im ——, — =0 foralli, jeZ,. 32
n——+o00 Z:g Mzﬂk J + (3.2)
This last condition is more natural and holds for a large class of substitutions o such that
M, is transient or null recurrent and o has constant length, or M, is positive recurrent
with left Perron eigenvector [ = (Ix)k>0 € ! I see Lemma 3.4 at the end of this section and

also Remark 3.3 just below.
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Proof of Theorem 3.1. Assume without loss of generality that u = ugu; ... is a fixed
point of 0. By equation (3.1), we have that for all j € Z,,

. lo" (@)l
lim sup ——— =0. (3.3)
n=>+00 gep |07 (a)]

Now, assume that (2., S) has a finite invariant measure, then there exists a finite
ergodic invariant measure u. By Birkhoff’s ergodic theorem, we deduce that for v almost
all x € Q,,

1
Iim —cardf0 <k<N-—-1: sk(x) e [j1} = ulj] forall j e Zy. (3.4)
N—oco N

Now, let x € Q, satisfying equation (3.4) and N e N. Let V = uy, . .. ujy4n—1, m €
N be a prefix of x. The word V can be written as
V=10 ...0" " W,m1)o" (W) (wa1) . .. o (wi)wo, (3.5)

where n > 1 is an integer and v;, i € {0,...,n}, w;, j €{0,...,n — 1} are elements
of F, possibly empty words of lengths smaller or equal to K = max{|o (b)|, b € A} and
vy, is not empty. Equation (3.5) comes from the fact that since u = o (u), there existsa € A
and n € N such that V is a factor of ¢! (a) and V is not a factor of 6" (a). Hence, there
exist vg, wo, V1 in F;, such that

V =voo (V)wo

and |vg|, lwg| < K. We proceed analogously with V7, continuing by induction until the
process stops and we obtain equation (3.5).
With our choice of x and its prefix V, from equations (3.4) and (3.5), we have that

1
Seard(0 <k <N -1, Sk (x) € 171}

VIl e ()l + 025Uk ol + 1ok wl)
VI Jona)l + Xz ok ol + ok (wol)
By equation (3.3), we deduce that

lok ()|,
lok(v)|”

Using equation (3.6) and the Stolz—Cesaro theorem, we deduce that

ol + Fise (ot waly + et wol) _

lim sup { veF, |v < K} =0. (3.6)

k— 00

i
o0 o (vp)| + ZZ;(I)(IUk(vk)I + ok (wi))
Therefore,
1
lim — card{0 <k < N —1, S*(x) € [j1} = ulj] = 0.
N—oo N
Since j is arbitrary, «(£2) = 0, which yields a contradiction. O

Remark 3.3. It is important to notice that the condition in equation (3.1) may or may not
hold on both the transient and the null recurrent cases. To see this, we consider examples
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where M is a multiple of an irreducible stochastic matrix P. In this situation, equation (3.1)
is equivalent to
lim sup Pﬁ =0 forall j € A. 3.7
n—>+400 jcA
It is simple to find examples of stochastic matrices for which equation (3.7) does not
hold. So we start with a first example that can be adapted to both transient and recurrent
cases. Consider A=7Z and set P_, _,_1 =g, =1— P_, _,41 for n > 1, where g, €
(0, 1) and Z:;xl) qn < 00. Alsoput Pp_; = Py =1/2and P, _, =0form,n > 1. No
matter how we complete the definition of P to obtain a irreducible and aperiodic matrix
which may be recurrent or transient, we have that

~+00
sup P!y = P", o> 1_[(1 —qr) >0 foreveryn > 1.
acA ’ ’

k=1

Thus, equation (3.7) does not hold. However, since lim,,_, », ¢, = 0, there is no multiple of
P which is a matrix M associated to a substitution. Thus, we will provide another example.

Again we consider A=Z and set P_yng=1/2=P_on _n_yand P_pn_; _on_; =1
forj=1,...,2" — 1 and n > 1. We can check that PE’;,H_LO = 1/2. Again, no matter
how we complete the definition of P, which may be recurrent or transient, we have that

lim sup sup Py > 1/2 > 0,
n—>o00 qgeA
thus equation (3.7) does not hold. In this case, we could define M_png =1 = M_on _on_
and M_on_j _on ;| =2 and complete the definition for the other entries for M to have
an irreducible and aperiodic matrix associated to a substitution of constant length equal to
two. We have that P = M /2, thus equation (3.1) does not hold.

As a third example, we consider P as the transition matrix of a simple random walk on
Z, that is, we fix p € (0, 1) and set P, ,+1 = p =1 — P, ,,—1 for every n € Z (for basic
properties of random walks, the reader can check [5]). Notice that this Markov chain is
irreducible with period two which is null recurrent if p = 1/2 and transient otherwise.
The stochastic matrix P is irreducible and we can use P2 instead of P for an example with
an aperiodic chain. A standard computation using the binomial distribution and Stirling
formula shows that

n
sup P" . =sup P'. < max k1 = pyn=* = on=1?y,
wel% o we% Ob—w = O0<k=n <k>p ( P) ( )

Thus, equation (3.7) holds. Here, we also have P = M /2, where M is a substitution matrix
of constant length equal to 2 defined as

Mypy1 =Myp1 =1 foralln € Z.

Thus, M satisfies equation (3.1).

Question 3.1. Under the hypothesis of Theorem 3.1, is the dynamical system (€2, S) not
minimal?
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Question 3.2. Is the result of Theorem 3.1 still true if M, is transient, or recurrent with a
left Perron eigenvector [ = (I;)i>0 €1 1" and without the condition in equation (3.1)? Even
in a little less general setting, is the result of Theorem 3.1 still true if M, satisfies the
weaker condition in equation (3.2)?

We finish this section proving a result with conditions that imply the condition in
equation (3.2).

LEMMA 3.4. Let M = (M;}); jez., be a non-negative, irreducible, and aperiodic matrix
with finite Perron value A. If M is transient with constant line sums, or M is positive
recurrent with a left Perron eigenvector | = (Ix)k>0 & 11, then

n

lim —2 =0 forali,jeZ
+00 3 rn ’ +
nree ) k=0 Mix
Proof. Assume that M is transient with constant line sums equal to L. Let i, j € Z. Since
A < L and lim,_, 4 o M{’j/A” =0, then
M M M
%Tfjnz—lnlf#—)o asn — OoQ.
x=0 Mix L A
Now, let us suppose that M is positive recurrent and [ = (Ix)k>0 € ! 1'is a left Perron
eigenvector. Let i, j € Z4. Since M is positive recurrent, we have by Remark 2.8 that
M
lim —£ =cl, forallk € Z
n—oo A" ’

where ¢ > 0. Using the Fatou lemma for series and the fact [ = (Ix)i>0 & ', we deduce
that

+00 n +00 I
. = i —0 tk
lim k=0 ik - Zk—O —

400
n - .
n——400 Mij lj

and we are done. O]

Question 3.3. (1) If M is transient with non-constant line sums, is

lim ————— =0 foralli,jeZ.?
+00 n ’
n=te ) im0 My
Note that the answer is affirmative if
n
lim inf > 0,
n——+00o

which is simple to verify in the finite dimensional case from linear algebra arguments. It
is also true to check in the infinite dimensional case when M is transient and has a right
Perron eigenvector » = (7;);>0 € [*° such that inf{r j» ] = 0} > 0, since for all j > 0,

inf; r; 1 sup; r;
mi;rj < — Z M) < ﬁ (3.8)
sup; rj — A" inf; r;

https://doi.org/10.1017/etds.2023.113 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2023.113

Invariant measures for substitutions on countable alphabets 2545

(2) Assume that M is recurrent with a left Perron eigenvector [ = (Ix)x>0 € I'. Does
there exist i, j € A such that
n
. ij
N T
Again, from item (2) in Lemma 2.6, item (2) in Lemma 2.10, and equation (3.3), it is simple
to check that this holds when M is positive recurrent and has a right Perron eigenvector r =
(ri)i>0 € I°° such that inf{r;, j > 0} > 0. In particular, in the case of lines with constant
sums.

3.2. A class of examples. Leto := o0, be defined by
o(0) =01 and o) = (n— D)n’(n +1)° foralln > I,

where a, b, c are non-negative integers such thata > 0, ¢ > 0, and i*=ii. .0 (k times).
The matrix M, is irreducible and aperiodic. We have

[a+b ¢ 0 0 0 0 0
a b ¢ 0 0 0 O
0O a b ¢ 0 0 O
Mos=1 0 0 a b c 00
0O O 0 a b ¢ O

Note that o is a substitution of constant length L = a + b + ¢. The stochastic matrix
P = M, /L is the transition matrix of a homogeneous nearest-neighbor random walk in
{0, 1, 2, .. .} partially reflected at the boundary, see also the last example in Remark 3.3.
It is well known, see [5], that the random walk is (in the probabilistic sense) positive
recurrent if ¢ < a, null recurrent if ¢ = a, and transient if ¢ > a. The difference for the
matrix theoretical definition is that we also have null recurrence in the case ¢ > a, see also
[9, Example 7.1.28] for the case b = 0 and a = c.

PROPOSITION 3.5. The following properties hold:
e ifc < a, then My is positive recurrent;
e ifc > a, then My is null recurrent and (2., S) has no finite invariant measure.

Proof. For the cases ¢ <a and ¢ =a, we have Ap =1, thus Ay, = L. From the
probabilistic results on transience/recurrence of random walks, we have that M, is positive
recurrent for ¢ < a and null recurrent for ¢ = a.

Before we deal with the case ¢ > a, let us point out that we can prove the result in the
cases ¢ < a and ¢ = a by directly computing the Perron eigenvectors.

Let A be the Perron value of M, then by Lemma 2.10, wehave A < L = a + b + c. Let
I = (li)i>0 be a left eigenvector of M, associated to L. A simple computation implies that
Iy = c/aly and

cly +alyio = (@+c)ly41 foralln > 0.
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Hence,
o\
1, = (—) lo foralln > 1.
a

Assume that M, is positive recurrent, then by Lemma 2.10, we deduce that A = L. Thus,
I € I' (since a right Perron eigenvector of M, has constant entries) and we deduce that
c<a.

Now assume that ¢ < a. If A = L, then [ is a left Perron eigenvector, and hence M,
is positive recurrent if ¢ < a and null recurrent if ¢ = a. Now suppose that 1 < L and
let u = (u;)i>0 be a non-zero non-negative left Perron sub-invariant eigenvector of M,
associated to A. Thus, uM < LM. Hence,

C
Upt1 < —u, foralln >0,
a

and there exists a real number s > 0 and an integer k > 1 such that uy = (c/a)ux—1 — s.
Since cug_1 + augy1 < (a + c)ug, we deduce that ugy; < (c¢/a)uy — s. Thus,

Uns1 < Sun —s foralln > k. (3.9)
a
Therefore,
¢ n—k
u,,f(—) up —s foralln >k + 1.
a

If ¢ < a, we deduce that there exists a positive integer N such that u,, < 0 for all integers
n > N. This is absurd, then u = ugl. Therefore, A = L and hence M, is positive recurrent.
If ¢ = a, we deduce by equation (3.9) that

Uy, <up— (m—=~k)s foralln >k —+1.

Then A = L and M, is null recurrent.

Now consider the case ¢ > a. We will consider a probabilistic approach to show that
Ap < 1 and that Poo(1 /Ap) = oo, this implies null recurrence. Let (X,),>0 be a Markov
chain with transition matrix P and P* the distribution of (X,),>0, when Xo = x for x €
Zy. Set p = c¢/(a + ¢), which is the conditional probability that the random walk jumps
to the right when it necessarily leaves its current position and this is not 0, that is,

p =P (Xns1 = Xu + 1| Xng1 # Xn) forall x #0.

We want to estimate Py, that is, the probability that the random walk is visiting state 0 at
time n given that it has also started at 0. For this last event to happen, necessarily, we must
have a number of jumps to the right equal to the number of jumps to the left. Here we need
two important observations.
(1) Notethat#{1 < j <n: X,y1 # X,} counts the total number of jumps to the right
or to the left. There exist strictly positive constants c, § € (0, 1) such that

PO < j <n: Xup1 # Xa} = cn) > 1 — (89)".

(i) In 2k transitions to the left or to the right, the number of transitions to the right
is distributed as a binomial random variable with parameters 2k and p. Thus, the
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probability of having an equal number of jumps to the left or to the right is

IP’(Bin(Zk, p) = k) = <2kk

(the approximation could be appropriately described using Stirling’s formula). Note
thatg =4p(1 — p) < 1.
Using observations (i) and (ii), we are able to show that P(?o is of order O(q"/+/n). This
implies that Ap = ¢ and Poy(1/Ap) = Poo(1/q) = co. Therefore, P and M, are null
recurrent matrices.
It is worth mentioning that M, satisfies equation (3.1) for every a < ¢ and b. This
follows as in the last example in Remark 3.3, in the case a = ¢, and from computation

C k
k1 —pf~ —(4pa —
>p( p) ﬁ(p( p))

as in the proof of Proposition 3.5. Indeed, one can prove that sup; 7, Pi’f f is of order
O(1/4/n), which implies that M, satisfies equation (3.1). This can also be proved using
the local central limit theorem for simple random walks [10, Theorem 1.2.1]. ]

Remark 3.6. 1t is worth mentioning that apparently small modifications on the matrix can
completely change its behavior. For instance, consider the case b = 0 and a = ¢ which
implies that M, is null recurrent. Instead of o (0) = 0%1¢, put o (0) = 1¢, then, from [9, (i)
in Example 7.1.29], we have that M,; is transient. For the case » > 0,a < ¢, and o (0) = 1¢,
we also have transience as a consequence of our Proposition 3.5 and [9, Lemma 7.1.23].

Remark 3.7. We consider the substitution o of [6] defined on A =7 by o(n) =
(n — Dnn(n + 1). The associated matrix is null recurrent and satisfies the condition in
equation (3.1). Hence, by using Theorem 3.1, we deduce that the dynamical system (€2, S)
associated to o has non-finite invariant measure.

Let o := 04, b,.c, be defined by

nsCn
o(0) = 0%tP0190  and o) = (n — D (n+ 1> foralln > 1,

where a,, b,, ¢, are non-negative integers such that a, > 0, ¢, > O for every n > 1, and
L =sup{a, + b, + ¢, : n > 1} < co. The matrix M,, is irreducible and aperiodic with
bounded length L and can be represented as

[ao+by co 0 0 O
ai by ¢¢ 0 O
0 a by ¢ 0
My = 0 0 a3 b3 c3
0 0 0 ay b4 C4

oS O OO
el aeleleNe]

We will see in Proposition 3.8 below that (2, S) is not minimal for these substitutions. We
do not discuss the transience/recurrence in this general case, but we discuss an example.
Consider (ay,, by, ¢;) = (2, 1, 1) for neven and (a,, b,, ¢;) = (1, 1, 1) otherwise. Our first
step is to compute the Perron value A. For this, we will estimate (M )o0. Consider a matrix
M;; which has the form above but with (a,, by, ¢,) = (2, 1, 1) for every n. The Perron
eigenvalue of Mg is 4, since it has constant row sums equal to 4. Now for each path of
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length n leaving and returning to n, we will have the number of jumps to the left equal to
the number of jumps to the right. So for a total of 2m < n jumps with m jumps to the left
and m jumps to right (neglecting jumps from O to 1 and jumps from an state to itself), m /2
jumps to the left are made from an odd position and these jumps contribute with a factor
of (&/2)2" = 2™/2 (o the product of weights (M ")0,0. This shows that

J2\" (Mo
(T) (M;")o,o > Z—”’

which implies A > 4/+/2. However, (M")o0 < (M) and A < 4. Thus, A € [4/~/2, 4].
With this bound on A, we can show that M,, is positive recurrence. For this, we follow the
computation in [9, Example 7.1.29(iii)] to obtain that

lim  ¥/€o0(2n) = 25/* < 2,
n—oo
then apply [9, Lemma 7.1.25] to conclude.

PROPOSITION 3.8. Let (25, S) be the shift dynamical system associated to o4, p,, c,, then
it is not minimal.

Proof. Foralln > 2, we have
o k) = @ k= D) (@ 2 ) (0" Pk + 1))

Hence, the infinite word w beginning with o*=1(k) for all k > 2 is well defined and
belongs to 2,. Moreover, the letter O does not occur in w. Thus, the orbit of w does not
visit the cylinder [0], and hence (2, S) is not minimal. O]

Remark 3.9. The last proposition gives examples of positive or null recurrent, aperiodic
irreducible substitutions such that its shift dynamical systems are not minimal. The first
example was given by Ferenczi in [6] by considering o (n) = (n — l)nn(n + 1), n € Z.
We will see in Theorem 3.33 that given a substitution o on A = Z_, not necessarily
with constant length such that o has a periodic point u and M, is irreducible, aperiodic,
and has a scrambling positive power, then (€25, ) is minimal. Observe that the matrices
associated to substitutions oy, p, ¢, do not have a scrambling power, since for any positive
integer k, there is no letter occurring both in the words Gakn D (k) and ajn D (4k).

To end this section, we describe an interesting substitution whose matrix is transient.
The construction of the matrix is based on multidimensional random walks in dimension
greater or equal to 3. Thus, we set A = 74 ,let{e; : 1 < j < d}, and define the substitution

o(x)=(x+e)x —edx+e)x—e)...(x+en)x —eq).

We have that M, is a matrix of length 2d. The stochastic matrix P = M, /2d is transient
with Ap = 1. Indeed, from classical results in probability theory, one has that Py, ~
O(n_d/ 2) and Poo(1) < oo. Therefore, M,, is a transient matrix with Ay, = 2d. Using
again the local central limit theorem [10, Theorem 1.2.1], we have that M, also satisfies
equation (3.1).
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3.3. Shift invariant measures and unique ergodicity. In this subsection, we prove the
following results.

THEOREM 3.10. Let o be a bounded length substitution on A = Z, such that My is
irreducible, aperiodic, positive recurrent, then the dynamical system (s, S) has a shift
invariant measure . which is finite if and only if any left Perron eigenvector | belongs to 1.

Remark 3.11. Theorem 3.10 improves [1, Theorem 7.6], where it is assumed the additional
hypothesis where o is a bounded size left determined substitution.

THEOREM 3.12. Let o be a constant length substitution on A = Zy such that o has a
periodic point u and M, is irreducible and aperiodic. If there exists a positive integer n
such that M} is scrambling, then there exists a unique probability shift invariant measure
of (R, S).

Remark 3.13. The same proof of Theorem 3.12 will show that if o is a constant length
substitution on A = Z without periodic point such that My, is irreducible, aperiodic, and
M is scrambling positive integer n, then there exists a unique probability shift invariant
measure of (2, S).

Before proving Theorems 3.10 and 3.12, we need to introduce some notation and state
some preliminary results.

Leto : A — A* be a bounded length substitution, not necessarily with constant length.
Let r > 2 be an integer and A; be the set of finite words of length ¢ that occur in
u. Now, consider a substitution o; on the alphabet A; defined in the following way: if
w=wy...Wr_1 € At and a(w) =30 - - - YV|o(wp)|=1Y|o(wp)| -+ - Y|ow)|—1> then

or(w) = o Y- - Y1) -« Ylowe)|~1 - - - Vo (wp)|+1-2)- (3.10)
Considering that |0y (w)| counts letters in A; (not in A), note that
lot(wo . .. wi—1)| = [o (wo)l, (3.11)
and forall i ...i; € A;, we have
lo(wo)liy...i, < lor(wo ... wi—D)liy...iy < lo(woliy...;, + 1. (3.12)

We extend o; by concatenation to A} and to A,Z+. The substitution o; was defined in
[19] (in the case of substitutions on finite alphabets).
For example, for A = {0, 1} and ¢ (0) = 01, o (1) = 0. We have A, = {00, 01, 10} and

02(00) = (01)(10), 02(01) = (01)(10), 02(10) = (00).
IfA=7Z;andt(n) =0(n+ 1) foralln € A, then Ay = {On, n0, n > 1} and

7(0n) = (01)(10), 72(n0) = (O(n + 1))((n + 1)0) foralln > 1.
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LEMMA 3.14. The following results hold:

(1) forallintegersn > 1 andt > 2, we have (6"); = (o4)";

(2) letu = upuy . .. be aperiodic point of o, then for all integers t > 2, the infinite word
(o ... ur—1).(uy ... up) ... (Wi ...uU4i—1)...1s a periodic point (with the same
period) of o;;

(3) if My is irreducible and aperiodic, then so is My, for all integers t > 2.

Proof. The proof is analogous to that for the case of a finite alphabet, which is given in
[19, pp. 138-139]. U

LEMMA 3.15. Let A=7Z4 and o : A — A* be a bounded length substitution such that
M, irreducible and aperiodic with Perron value A, then for all integers t > 2, the matrix
M; = M,, associated to o; also has Perron value A. Moreover, if M is positive recurrent
(respectively null recurrent, transient), then My, is also positive recurrent (respectively
null recurrent, transient).

Proof. Lett > 2 be an integer and denote by X; the Perron value of M;. First observe that
by item (3) in Lemma 3.14, M, is irreducible and aperiodic. For iy . .. i, ji ... j: € Ay,
we have

lo/" G0y ge < 10" GGy 1 < lo" D], + 1.
Hence,
(Mtn)l'l---it,j]---,ir < (Mn),'l,jl +t foralln € N. (3.13)

We deduce by equation (2.2) that 1 < A; < A.
However, let k, m € N such that j; . .. j; is a factor of o™ (k). Hence,

6" D) y.je = 0" D k-
Thus, for all n € N, we have |o/" ™ (i . . . ilj...jr = 16" (i1)|k. Therefore,
(Mzn+m)i1...it,j1‘..jt > (Mn)l'l,k forall n € N. 3.14)
Thus, A; > A and hence A, = A.
Assume that M,, is positive recurrent. By equation (3.14), we have
n+m

. itovissj1oi e (M™M)ik
lim inf —2 Lodn)ledt 5 g =m i 2R
n—-+00 Antm n—+oo A"

(3.15)

Hence, by equation (3.15) and Lemma 2.6, we deduce that lim,— 100 (M), i, jy...ji /A7) >
0. Thus, My, is positive recurrent.
Now suppose that M, is null recurrent, then we have by equation (3.14) that

+00

Mn . PR .
S Wi civrendt _ o, (3.16)
)\‘}'l
n=0

Hence, by equation (3.13), we deduce that

lim (MZ )ll-»-lt-]l--»]t

n—oo Al

—0. (3.17)
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By equations (3.16) and (3.17), we deduce that My, is null recurrent.
Finally, if M, is transient, we deduce by equation (3.13) that

400
(MPD)i.ivjioj
Z t 710t ]t < +OO
)\'n
n=0
Hence, M,, is transient. O

Before proving Theorem 3.10, we need the following lemma.

LEMMA 3.16. Let ¢ be a bounded length substitution on A = 7Zy such that My is
irreducible, aperiodic, recurrent, and has finite Perron value A. Let r = (r;);>0 be a right

Perron eigenvector of M. For all integers t > 2, let r® = (r1)1ea, be an infinite vector
defined by

rp=ri, foralll =iy...i;_1 €Ay,
then r\" is a right Perron eigenvector of M, = M, associated to A.

Proof. Letl =ip...i;—1 € A;. We have
My = Y e(Dlyriy= Y 1, > lov (1) jos+-
J=jo...ji—1€A; Jo€A J*=j1Ji—1,J0J* €A,
However, for all jo € A, we have
> ot (D)]jos+ < 10/G0)ljo = Migj-
J*=j1Ji-1,J0J €A,
Thus,
M)y <3 Migjyriy = Ay = 1Dy,
Jo€A

Since M; is an aperiodic, irreducible, and recurrent matrix, Lemma 2.9 implies that )

is a right eigenvector of M, associated to A. O
Proof of Theorem 3.10. Letu = uou, ... = o(u) be an element of Q. For j € A, set
D ot ol My,
plili= lim = = =

The last limit exists since M, is positive recurrent with Perron eigenvalue A. For integers
t>2and I, =iy ...i; € Ay, set

o (up)liy i
ulis i = lim 12 Wi (3.18)
n—o00 Al
Applying equation (3.12) for ¢” in place of o and the fact that A > 1, we deduce that
o (ug ... ur—1)liy i M!
,LL[I] o l;] — lim | t ( 0 t 1)|l1...t; — lim ( t)U,,I,’

n— 00 Al n— 00 Al

where U; = uq . . . uy—y and I; = iy . . . i;. Observe that limy,_, oo (M”;# exists since M;

is positive recurrent with Perron value A; = A.
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By the Kolmogorov consistency theorem, there exists a unique measure u with cylinder
specification in equation (3.18) if for every integer r > l and [ =iy . ..i; € A;, we have

plll= > ulib] (3.19)
beA,IbeA, 4+
and
plll= ) ulall. (3.20)
acA,al

For the proof of equation (3.19), let [ = (/;)i>0 and r = (r;);>0 be respectively left and
right Perron eigenvectors of M such that the scalar product [ - r = 1. For all ¢t > 2, let
10 = (I1)1ea, and r® = (r))e 4, be left and right Perron eigenvectors of M; such that

rij.i, =ry forallij...i, €A andl?.r® =1,

We could choose r;,. i, = r;, because of Lemma 3.16.
Forall I =iy ...i;, t > 2, we have by equation (2.4) that

wlll =rylp =ryls.

Hence, equation (3.19) is equivalent to

L= > Il (3.21)
beAIbeA
However, forall I =i ...i; € A;, we have by Fatou’s lemma that

1 1
Do ulibl = lim = Y o o u)lip = lim o (o - el

n
beA,IbeA 4 beA,IbeA, 4

Hence,
D wulIb] < plll,
beA,IbeA; 4

that is,

Z Iy <. (3.22)

beA,IbeA 4+

Since Z,eA[ ril;p = ZJeA,H ryly=1land r(Ib) =r(I) forall I € A; and Ib € Asy,

we deduce that
Zrlll=2r1 Z Iy = 1.

I1eA; IeA; beA,IbeA, 4

Using this last equality and equation (3.22), we obtain equation (3.21) and hence we get
equation (3.19).
Analogously, equation (3.20) is equivalent to

I = Z Lar. (3.23)

acAaleA; 4
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Using Fatou’s lemma, we have for all I € A;,

. 1
Z ulall < lim — Z |U;EH(”0 coup)lar-

acAal €Ay acAal€A; 4
Note that
Bri= > ol (o . u)lar — 10 (o . . w1l € (1,0, 1},
acAaleA;
indeed B; = —1 if the first letter of Uzn+1(”0 ... uy) begins with I and the last letter of

at”+1 (ug . . . uy) does not end with I. The number 8; = 1 if the first letter ofcrt”Jrl (uo ... uy)
does not begin with 7 and the last letter of UI"H (uo . . . uy) ends with I. In the complemen-
tary case, we have g; = 0.

Since A > 1, we deduce that

1 . 1,
Jim Y oo udlar = lim o (o -l
acAaleA 4
Hence,
Yo ulall < pd),
acA,lacA 4
that is,
>l =1 (3.24)
acA,lacA; 4

However, by equation (3.21), we have

Su=-Y( X m)=-Yu

JeArq IeA; “beA,IbeA;y 1€A;
Thus,

(X w)-2u
IeA; acAaleA 4 IeA;

By using equation (3.24), we obtain equation (3.20). Hence, u is an invariant measure for
(R4, 9). O

3.3.1. Constant length substitution and unique ergodicity. Let o be a substitution on
A = Z4 with constant length L > 0. By equation (2.8), the stochastic matrix M, /L is
strongly ergodic if and only if there exists a positive power of M, which is scrambling.

As an example, the dyadic substitution o defined by o (n) = O(n + 1) has a strongly
ergodic matrix M, /2 since the matrix M, is scrambling.

Another way to see that M, /2 is strongly ergodic comes from the fact that for all 7,
J €72y,

+00

lim sup
n—oo -
1 EZ+ j:O

lo" (D1, 1

o) 2| = G-
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Indeed, for all integers n € N, i, j € Z,, we have
lo™(@)]; = lo" @) j—1 =277 forall0<j <n
and
0" () = lo ()] j41-, forall j >n.
Thus, for all j > n,

lo"(@@)|; =1 if j =i+ n and O otherwise.

Hence,
+00 . +00
o @Ol 1 o1 |
Z lo ()] _2j+1 ZZF'F 2_n_2i+n foralli > 0,
j:0 i=n

which implies that

KRGy 1

lon(@)] 27+

1
= on—1’

i€Z+ ]=0

and we obtain equation (3.25).
Another example are the substitutions o, ¢, a, b, c € Nanda > c. We have seen in the
proposition that for all positive integers a, b, ¢ with a > ¢, the matrix M, is positive

recurrent. Furthermore, the stochastic matrix My, ,./(a + b + ¢) is not strongly ergodic
since My, , . does not have a scrambling power (see Remark 3.9).

Remark 3.17. Let o be a substitution on A = Z, with constant length L > 0 and a
periodic point u such that the stochastic matrix M, /L is strongly ergodic. Then M, is
positive recurrent and, by Theorem 3.10, €2, has a finite invariant measure.

LEMMA 3.18. Assume that o is a constant length substitution on A = Z and M is
irreducible and aperiodic. If M is strongly ergodic, then for all integers t > 2, M,, is
also strongly ergodic.

Proof. Let L > 0 be the length of ¢. Fix and integer t > 2 and iy ... i, k1 ...k € A;.
Since M, is strongly ergodic, then equation (2.5) implies that there exists an integer n > 0
and j; € N such that

j1 occurs ino”(i1) and 0" (ky).

_ Tine2)
m_|:lnL i|+1’

oc"(ji))=aj...a; wheres > 2t.

Let m > 0 be an integer such that

then

https://doi.org/10.1017/etds.2023.113 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2023.113

Invariant measures for substitutions on countable alphabets 2555

Hence, a; . . . ay; occurs in o* 7 (i1) and o7 (k;). Thus,
ap...a; occursino/ @iy ... i;)and o] " (ki . . . k),

and we are done again by equation (2.5). O

Proof of Theorem 3.12. Assume without loss of generality that o has a fixed point u =
o) =uopuy . ..=1lim,_ o(ug) and let L > 0 be the length of o. Recall that for all
i,j€Zyandn >0,
o™ @)1 _ Mij
lon@)| L
Since M, is irreducible, aperiodic, and strongly ergodic, we have that A = L and
lo" ()1

m — =
n—>+oo |o" (i)

Uj>0

independently of i. Moreover, strong ergodicity implies that there existc >0and 0 < 8 < 1
such that
lo" ()1}
lo™ ()]
To compute lim,,_, ;5 (|6" (i)|w/|o"(i)|), where w is a word of length ¢ > 2, we will
consider a substitution oy on the alphabet A,. From Lemmas 3.14 and 3.18, we deduce that
M, is irreducible, aperiodic, and strongly ergodic. Thus, if w = wq ... w;—; and B =
by ...b;—1 € Ay, then there exists dg > 0 such that lim,,_, o (|0} (w)|g/l0} (W)|) = dp
independently of w. Now, since

sup <c¢B" foralln > 0.

i>0

—vj

loy' (w)] = 0" (wo)| = L" and |o" (wo)|p < lo]"(w)|p < |o"(wo)|p +1,

we obtain
n
jo" (wo)l _ (3:26)
n—+o0 0" (wo)|
Moreover, there exists ¢; > 0 and 0 < B; < 1 such that
n
lo"wolls ;1 < cpn foralln > 0, (3.27)
wo=0 | 107 (wo)]

To finish the proof, we have to show the following claim.

Claim. Lett >2and B=0b;...b; € F,. Then limy_,oo(1/N)|uk . .. ux+N—11p = dp
uniformly on £.

The proof is the same as that for a finite alphabet and o primitive given in [19, Theorem
4.6, pp. 141-142]. Indeed, let Vy = uy . . . uxxn—1 € F,, k € Z+, N € N. As cited in the
proof of Theorem 3.1, the word Vj can be written as

Vi =000 (v1) . .. 0" Wy )0 ()" W) . L o (wr)wo, (3.28)

where n > 0 is an integer and v;, i € {0,...,n}, w;, j €{0,...,n — 1} are elements
of F, possibly empty words of lengths < L and v, is not empty.
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Since L > 2, there exist C >0 and 1 <17 <L such that Ct" > ¢,(2n — 1)
((max(B;L, 1))* for every n > 1. Now for Vy = uy ... upsn—1, k € Zy, for N € N,
and B € F, such that | B| < N, we use equations (3.28) and (3.27) to obtain that

n—1
IVkls — dpN| < Z llo/ Wl —dplo’ Wpl| + > |lo? (wls — dplo’ (w))]]
j=0 j=0
n—1
< Z c(BiL) + Z cr(BiL) < ¢;(2n — 1)((max(B L, D))" < Ct".
j=0 j=0
(3.29)
Since N > |0"(v,)| = L", we obtain that
Vi
Wils < cypm (3.30)
k0| N
for some y < 1 and we obtain the claim. O

3.3.2. Strong ergodicity for non-constant bounded length substitution

Definition 3.19. Let M = (M;}); j>0 be a non-negative matrix such that M is irreducible,
aperiodic, and positive recurrent with finite Perron value A > 0. Let P = (P;}); j>0 be the
stochastic matrix defined by

M;jr;
Pij=—2L foralli, j >0,

where r = (ri)k>0 1s a right Perron eigenvector of M. We say that M is strongly ergodic if
P = (Pij)i,jZO is too.

Remark 3.20. (1) It is easy to see that the stochastic matrix P defined in the last definition
satisfies P;; = M j;l;/Al; forall i, j > 0, where I = (Ix)x>0 is a left Perron eigenvector of
M. Furthermore, we have that P" =M i /A"r; for all integers n > 1.

(2) Definition 3.19 appeared i in [20] in the case where M is a finite irreducible, aperiodic
matrix. It is also an extension of the definition in the case where M has constant row sums
L. This comes from the fact that7; = 1 foralli > 0and A = L

Remark 3.21. Let M = (M;}); j>0 be a non-negative, irreducible, aperiodic, and positive
recurrent matrix with finite Perron value A > 0. Then M is strongly ergodic if and only if
there exists positive integer n and a vector of probability (77 ;) j>0 such that

Mﬂ

—7;|=0. (3.31)

n—o00 l>0
Furthermore, 7w; = [;r;, where [ and r are respectively Perron left and right eigenvectors
such that/ - r = 1. By using Remark 2.13, we deduce that M is strongly ergodic if and only

if there exists a positive integer n and a positive constant a such that for all integers i # k,
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we have

™ Mri M].rj
> min (22, L) s g, (3.32)
‘ Mri o Al'rg
j=0
Remark 3.22. Let M = (M;}); j>0 be a non-negative, irreducible, aperiodic, and positive
recurrent matrix with finite Perron value A > 0. Assume that M has a right Perron
eigenvector r = (r;);>0 € [°° which satisfies inf{r; : i > 0} > 0, then by Remark 3.21, we
deduce that M is strongly ergodic if and only if there exists a positive integer n such that
M'"™ is scrambling.

THEOREM 3.23. Let o be a non-constant bounded length substitution on A = Z. with a
periodic point u and such that M = M, is irreducible, aperiodic, positive recurrent and
has a finite Perron value. Assume that M has a right Perron eigenvectorr = (ri)i>o € [*°
and there exists a positive integer such that M)} is scrambling. Then the dynamical system
(R, S) has a unique invariant probability measure.

For the proof, we need the following results.

LEMMA 3.24. Let M = (M;}); jez, be an irreducible, aperiodic, positive recurrent
non-negative matrix such that |M| = sup{z;r;’f) M;j, i € Zy} < oo and inf{M;; :
i,j €Zy, M;j>0}>0. Assume that there exists a positive integer such that M"
is scrambling. Then M has a right Perron eigenvector r = (rj)i>=o0 which satisfies
inf{r; : i >0} > 0.

Proof. Assume without loss of generality that M is scrambling. Let r = (r;);>0 be a
non-negative right Perron eigenvector of M. Since M is irreducible, r; > O for every
i > 0. Moreover, |M| < oo and inf{M;; : i, j € Zy, M;; > 0} > 0 imply that there
exists L > 0 such that Mo = O for all k > L. Since M is scrambling, then for alli € Z,

there exists k; € {0, . .., L} such that M; ;, > 0. Since 22'208 Miyry = Ar;, we deduce that
Miyry, Cinf{ry: 0<k <L
ri > bk Thi > infir sk=1) >0 foralli € Z,,
A A
where C =inf{M;; : i, j € Z, M;; > O}. O

LEMMA 3.25. Let o be a non-constant bounded length substitution on A = Z with a
periodic point u such that M = M is irreducible, aperiodic, and has a finite Perron value.
Assume that M is strongly ergodic and has a right Perron eigenvector r = (r;)i>o € [*®°
which satisfies inf{r; : i > 0} > 0. Then for all integerst > 2, My, is strongly ergodic and
has a right Perron eigenvector r® = (ri)rea; € 1°° such thatinf{r; : I € A;} > 0.

Proof. Using the same proof given in Lemma 3.18, we can show that if M, is strongly
ergodic, then My, is also strongly ergodic. Moreover, since r = (r;);>0 € [°° and inf{r; :
i > 0} > 0, Lemma 3.16 implies that r® = (rr)rea, €™ andinf{r; : I € A;} > 0. O

LEMMA 3.26. Let M = (M;}); j>0 be a non-negative strongly ergodic matrix with finite
Perron value A > 0. Assume that M has a right Perron eigenvectorr = (ri)i>o € I°° which
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satisfies inf{r; : i > 0} > 0. Then
o

lim sup
n—>+400 ;g £
20 52

n
Mij

S =0,
k=0 ik

Zj
0

where z; = lj/Z,jig lkandl = (I;)i>0 € IV is a left Perron eigenvector of M.

Proof. Since M is strongly ergodic, we deduce by equation (3.31) that for all i, j € Z+,

n .
lim —L = 7; L
n—oo A" y rj
and
+00 n +00
lim Z ik — nkr—l
n— 00 Al rk’
k= k=0

where the last two limits are finite and uniform on i. Hence,

i M"
lim sup — _ —zi|=0,
n—4o00 i>0 ]X:(:) ,_:;)8 Mlnk J
where
i/ [ .
zj = = forall j > 0.
YA /e Al e 0

COROLLARY 3.27. Let M = (M;;); j>0 be a non-negative strongly ergodic matrix with
finite Perron value ) > 0. Assume that M has a right Perron eigenvector r = (r;)i>o € [*°
which satisfies inf{r; : i > 0} > 0. Then

+00

j=1 Mij

lim ==Y — ¢
n—o00 Al

for some ¢ > 0.

Proof of Theorem 3.23. Without loss of generality, assume that o has a fixed point u =

o(u) =uopuy ....Foralli, j € Z, andn € N, we have
", M

. - + .

oD S M

Hence, by Lemma 3.26, we have

[e.¢]

lim sup
n——+oo ;
i>0 j=0

lo" (i) I

o YL

Let j € Z4 and put

. .o (o)l lj
[j]= lim = = .
PSS ool — ik

https://doi.org/10.1017/etds.2023.113 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2023.113

Invariant measures for substitutions on countable alphabets 2559
Lett > 2 be aninteger and I; =iy ... i; € A, and put
: : o @o)lig...i,-
uliy ... ;] = lim — el
n—oco  |o"(uo)|

By equation (3.12) and the fact that A > 1, we deduce that

o' (ug ... ur—1)liy i M!
iy i = lim | ,(no t=Dliyeiy _ lim ( ;)U,,’I; ’
n—>0o o/ (ug ... us—1)| =00 ZJGA[ MUT’J
where Uy = uqy ...us—1, Iy =iy ...i;. By Lemmas 3.25 and 3.26, we have
)
— lll
o [ON
ZJGA, lJ

where (l}t)) IeA, 18 a left Perron eigenvector of M,, associated to its Perron value A.
The measure u is the same as that given in the proof of Theorem 3.10. Hence, u is a
shift invariant measure. The uniqueness is a direct consequence of the following claim.

pliv ... if]

Claim. Let E be a measurable subset of 2, such that £ (E) > 0. For all x € E, we have
1
Iim —cardf0<k <N -1, Skx) e E} = n(E). (3.33)
N—oo N

It remains to prove the claim. First, assume that E = [ip]. Suppose x = u = o (u) =
uot] . ..and N = |0"(up)|. Then

1 n i
lim — card{0 <k <N — 1, S*(x) € E} = lim lo"Goliy _ w(E).
n—oo N n—oo o™ (ug)|
Now, let x € Q, and N e N. Let V = uy ... upyn—1 € Fy, k € Z, be a prefix of x.

As seen before, the word V can be written as a concatenation of at most 2n + 1 words

v, 0(V1), .+ .., 0" (Vy), 0" N (wu_1) . . . wo that is
—1 -1
V=vo)...0"  (U_1)o" (v)o" " (wp—1) . ..o (w)wo,
where n > 1 is an integer and v;, i € {0,...,n}, w;, j €{0,...,n — 1} are elements

of F, possibly empty words of lengths < K = max{|o (b)|, b € A} and v, is not empty.
Thus,

|V|i0
Vi
o @lig + 200 (o )l + 1o (wi)liy)

1
Ncard{Ofka—l,Sk(x) €E}=

— - (3.34)
lo” ()| + 3_{20 (I ()| + o (wi)])
Since M, is strongly ergodic, we have
k
. 7" (Dlig . Mj, . .
klinolo sup {W, JEA =k1£1;o sup TMf'i’ J € A = nuliol.
We deduce that

k .

tim sup 112l e g < k| = o). (3.35)
k—o00 |Gk(v)|
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Using equations (3.34), (3.35), and the Stolz—Cesaro theorem, we obtain that
1
lim — card{0 <k < N — 1, S(x) € E} = ulio] = n(E).
N—oco N

Hence, we obtain the claim for E = [i].
Now, suppose that I =iy .. .i;—1 and E = [[]. Proceeding as in the case E = [ip], we
have

cardf0 <k < N—1,85(x) e E}  |o" (va)l1 + Y (o s + ot (wy)l 1) + Co
N o (un)] + X420 (1o ()] + o (wi)])
where C,, is the cardinality of times such that ig ... i,_; occurs in the concatenation
of at least two consecutive words among the 2n + 1 words forming V. Observe that

0<C, <2n.
Now for all j € A, we have

o Dl 1o G e Dl
k—oo ok (j) koo ot (jzr . 7))l

= plio . . -1,

where jzi ...z:—1 € F,. We deduce by using the fact that o; is strongly ergodic that

. lo* (Dligoiir o
1 — Ll e 7 b = AR
Jim sup{ k()| J €Ly mlio ... ir—1]
Thus,
. lo k) lig...i,_, . .
lim sup{ ——————, veF,, [v|<Ki=ulip...i—1] (3.36)
k—o00 |O’k(v)|

Using equation (3.36) and the Stolz—Cesaro theorem, we deduce that

o 19" @l S0 ot wls 4 lo” (i)l _

n=00 o (y,)| 4+ Y10 (Jof ()] 4 1o (wi)])

wmlio ... i—1].

Since 0 < C, < 2n, limy.o0 20 5 0 and & > 1, we deduce that
1
lim — card{0 <k <N —1, SX(x) € E} = ulio . . . is—_1],
N—oo N
and this finishes the proof. U
PROPOSITION 3.28. Let o be a bounded length substitution on A = Zy such that o has a

periodic point u and M is irreducible and aperiodic. Assume that there exists an integer
n such that M} is scrambling. Then (25, S) is minimal.

Proof. Assume without loss of generality that u = uou; . . . is a fixed point and M, is
scrambling. Let V = uy . .. upyn, k, N € Z be a factor of u. Let us prove that V occurs
infinitely on u with bounded gaps. Indeed, let ng € N such that V occurs in ok(uo) for all
k > no and put

o(ug) =ty...t;, seN.
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Let mg € N such that ug occurs on ¥ (5;) forallk > mgandi = 0, . . ., s. Hence, V occurs
ino*(s;) forallk > ng +mgandi =0, . . ., s. However, since My is scrambling, then for
all i € N, there exists j; € {0, ..., s} such that ¢;, occurs in o (u;). Hence, V occurs in
ok (u;) for all k > ng+mo and i € Zy. Since u = o) = oXup)ok(uy) . . ., we are
done. O
Examples.

(1) Let o (infinite Fibonacci) be given by
c(2n) =02n+1), c2n+1)=2n+2 foralln > 0.
We can prove by induction that
0"(0)=F, and |0"(0)|o= F,_; foralln>1,
where (F},),>0 is the Fibonacci sequence defined by
Fo=1,F=2, F=F,_1+ F,—» foralln>2.

The substitution matrix is given by

11000 0
001000
100100

Mo=10 0001 0
100001

It is irreducible, aperiodic, and its Perron eigenvector is the Golden number 8 =
1+ ﬁ) /2 = limy,— o (Fy+1)/ Fy- A right Perron and a left Perron eigenvector are
respectively

I=(,1/8,...,1/", .. )andr = (1, 1/B8,1,1/B,1,1/B, . ..).

Hence, M, is positive recurrent. Furthermore, Mg is scrambling, r € [*°, and o
has a fixed point # = lim,,_, oo 6"(0), thus Theorem 3.23 implies that the dynamical
system (24, S) has a unique probability invariant measure.
(2) Let T be given by
t(n)=0"m+1) foralln >0,

where 0 < aq; < C for alli > 0 for some fixed C > 0 and ag > 0, and lim sup a, > 1.
The substitution matrix is given by

aw 1 00 0 0
ag 01 0 0 0
a 0 0 1 0 0
Mc=14 0001 0
0000 1

https://doi.org/10.1017/etds.2023.113 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2023.113

2562 W. Domingos et al

The Perron eigenvalue of M is the unique real number A > 1 satisfying

o
1= Z al‘)»_l_l .
i=0
A right Perron and a left Perron eigenvector are respectively

=0,/ ...,1/A", ..) and r=,a,...,q,,...),

where
=Y a7 foralln > 1.
Observe that

oy = Zan+i71)\._i foralln > 1.
i=1
Since [ - r is finite, M, is positive recurrent.

If there exists k > 1 such that ay,, > 1 foralln € Z,, then inf{a,, n € Z4} > O..
Moreover, Mf is scrambling. Furthermore, 7 has a fixed point u = lim,,_, o t"(0),
thus Theorem 3.23 implies that the dynamical system (£2,, S) has a unique proba-
bility invariant measure.

Question 3.4. It will be interesting to study dynamical properties of (£2,, S) associated to
7 in the case where inf{a,, n € Z,} = 0.

3.3.3. « strong ergodicity for non-constant bounded length substitution

Definition 3.29. Let M = (M;}); j>0 be a non-negative matrix such that M is irreducible,
aperiodic, positive recurrent and ||M| < +o0o. We say that M is % ergodic if for all i,
Jj €Ly,
n
im ——t— =z7;>0, (3.37)
n—+oo 3 0 M"

where the vector (z;) j>0 has 1 as coordinates sum and that M is * strongly ergodic if there
exists a vector (z;) j>o of positive real numbers such that 0 zj =l and

M" —zj| =0.

Remark 3.30. If M is = strongly ergodic, then it is clear that M is » ergodic.

Question 3.5. 1Is M = (M;;); j>0 » ergodic equivalent to M positive recurrent with right
Perron eigenvector in /' ? The last question has a positive answer when M is a multiple of
a stochastic matrix.

An important result is the following.
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PROPOSITION 3.31. Let M = (M;;); j>0 be an irreducible, aperiodic matrix with finite
Perron value A. Assume that M has a right Perron eigenvector r = (r;)i>o € [°° satisfying
inf{r;, i € Z4} > 0. If M is strongly ergodic, then M is x strongly ergodic.

Proof. 1t is just Lemma 3.26. O

Question 3.6. Does there exist a non-negative matrix M = (M;;); j>0 which is strongly
ergodic (respectively » strongly ergodic), but not * strongly ergodic (respectively strongly
ergodic)?

LEMMA 3.32. Let M = (M;}); j>0 be a x ergodic matrix with finite Perron value A and
with right Perron eigenvector r = (r;)i>0, then any left Perron eigenvector of M belongs
to I'. Moreover,

+o00 M +0o0 M
lim > ,\i,k =>_ lim /\;k =cri foralli €7y, (3.38)
— 00 g
" k=0 k=0n *
for some ¢ > 0, and
li M ! 0 foralli,jeZ (3.39)
mm = > oratti, . .
D Vi N Wi T

Proof. By  ergodicity,
n
lim ——f — =7z;
+00 arn J
n——+00 £=0 Mik
Moreover, since M is positive recurrence, we have that

n

. Mz'j
lim —= = ljr,', (3-40)

n—+oo A"

where [ = (/) > is a left Perron eigenvector such that/ - r = 1. Thus,

+00 n 400 Mn M”l l
lim ik i &A=0 ik U Ly,
n— 400 AT n——+00 Ml”j AT Zj

The left-hand side above does not depend on j, and thus / is a multiple of (z;);>1 € 1.
Thus, [ € I! and we also have equation (3.39), and equation (3.38) follows from the last
equality and equation (3.40). O

THEOREM 3.33. Let 0 be a bounded length substitution on A = Zy with non-constant
length such that o has a periodic point u and My is irreducible, aperiodic. If M, and
M,,, t > 2 are x strongly ergodic, then the dynamical system (s, S) has a unique
probability shift invariant measure.

Proof of Theorem 3.33. Similar to the proof of Theorem 3.23. U
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