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Contact structures and reducible surgeries

Tye Lidman and Steven Sivek

ABSTRACT

We apply results from both contact topology and exceptional surgery theory to study
when Legendrian surgery on a knot yields a reducible manifold. As an application,
we show that a reducible surgery on a non-cabled positive knot of genus g must have
slope 2g — 1, leading to a proof of the cabling conjecture for positive knots of genus 2.
Our techniques also produce bounds on the maximum Thurston—Bennequin numbers
of cables.

1. Introduction

1.1 Background

Given a knot in S3, an important problem in 3-manifold topology is to classify the Dehn surgeries
on K. One of the biggest open problems in Dehn surgery is to determine the knots which admit
reducible surgeries. Gabai’s proof of Property R [Gab87] shows that if O-surgery on K is reducible,
meaning that some embedded 2-sphere does not bound a ball, then K is in fact the unknot. Since
an oriented 3-manifold is prime (i.e. not a non-trivial connected sum) if and only if it is either
irreducible or S' x §2, it follows that O-surgery on a knot is always prime. However, many
non-trivial knots do have reducible surgeries. If K is the (p, ¢)-cable of a knot K’ (where p is the
longitudinal winding) and U is the unknot, then Sy (K) = S3 U )#5’3 /p(K ).} Conjecturally,
these are the only such examples.

CONJECTURE 1.1 (Cabling conjecture, [GS86]). Suppose that Dehn surgery on a non-trivial knot
K is reducible. Then K = C), 4(K') for some K’ and the surgery coefficient is pg.

The cabling conjecture is known for torus knots [Mos71] and satellite knots [Sch90], but is
still open for hyperbolic knots. Two key observations for the reducible surgeries on cables are
that the surgery always produces a lens space summand and the surgery coefficients are integral.
In fact, Gordon and Luecke showed that both of these conditions must hold for a reducible
surgery on any non-trivial knot.

THEOREM 1.2 [GL87, GL89]. If some Dehn surgery S3(K) on a non-trivial knot K is reducible,
then r € Z and the surgery contains a lens space summand.
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! The manifold Sg ,(U) is of course a lens space, but we write it this way for now to avoid confusion: it is often
called L(p,q) by 3-manifold topologists but —L(p,q) by contact geometers. We will use the latter convention
throughout this paper.
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One consequence of this is that if n-surgery on K is reducible, then |n| > 2. Another
consequence is that a reducible surgery on a cable knot will have exactly two summands. It is
not known that a reducible surgery on a non-cable knot cannot have more than two summands;
however, it is known that if there are not two summands, the reducible manifold is a connected
sum of two lens spaces and an irreducible homology sphere [How02]. A weaker version of the
cabling conjecture is the three-summands conjecture, which says that reducible surgery never
has more than two summands.

In this paper, it is our goal to study when Legendrian surgery on a knot can be reducible.
Recall that for a Legendrian representative of K, performing Legendrian surgery on K is
topologically Dehn surgery with coefficient tb(K) — 1. Let tb(K) denote the maximum Thurston—
Bennequin number of any Legendrian representative of K. Since stabilizations reduce tb by one,
any integral surgery coefficient strictly less than tb(K) will correspond to a Legendrian surgery.

Our results will all stem from the following theorem of Eliashberg.

THEOREM 1.3 [Eli90, CE12]. Suppose that (X,J) is a Stein filling of a non-prime contact 3-
manifold (Y1,&1)#(Y2,&2). Then (X, J) decomposes as a boundary sum (X1, J1)4(X2, J2), where
(Xi, J;) is a Stein filling of (Y;,&;).

We will first use Theorem 1.3 to prove the following proposition in §2.4.

PROPOSITION 1.4. Let K be a knot in S* and suppose that S3 (K) = L(p, q)#Y wheren < tb(K).
Then:

(i) p=|n|, and n < —1;
(ii) L(p,q) admits a simply-connected Stein filling with intersection form (n) = (—p);
(iii) Y is an irreducible integer homology sphere which admits a contractible Stein filling.
The three-summands conjecture follows immediately for S3(K) when n < tb(K). If S3(K)

has at least three summands then so does —S3(K) = S3, (K), where K is the mirror of K, and
we obtain the following corollary:

COROLLARY 1.5. Let K be a knot in S3. If S3(K) has more than two summands, then tb(K) <
n < —tb(K).

From Proposition 1.4, we are able to apply the existence of the Stein fillings to study the
cabling conjecture via known results in contact topology, such as the classification of tight contact
structures on lens spaces. Our results fall into two classes, corresponding to the cases th(K) > 0
and tb(K) < 0, which we describe in the following subsections.

1.2 Reducible surgeries for knots with tb(K) > 0
We use Proposition 1.4 to prove the following theorem in §3.1.

THEOREM 1.6. Let K be a knot in S3 and suppose that tb(K) > 0. Then any surgery on K with
coeflicient less than tb(K) is irreducible.

It is a theorem of Matignon and Sayari [MS03] that if S3(K) is reducible for a non-cable K,
then |n| < 2¢9(K) — 1, where g(K) is the Seifert genus of K. Therefore, if th(K) is large, this
result can be used together with Theorem 1.6 to strongly restrict the range of possible reducible
surgeries on K. We illustrate this in § 3.2 with positive knots.

THEOREM 1.7. Suppose that K is a non-trivial positive knot which is not a cable. If S3(K) is
reducible, then n = 2g(K) — 1. Consequently, there are no essential, punctured projective planes
in the complement of K.
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Without additional information, one cannot apply Theorem 1.6 to rule out the case of
(29(K) — 1)-surgery, since Bennequin’s inequality [Ben83] implies that th(K) < 2g(K) — 1.
However, in some cases, one can in fact rule out this final surgery coefficient. In particular, we
will use additional techniques from Heegaard Floer homology to obtain the following theorem.

THEOREM 1.8. Positive knots of genus at most 2 satisfy the cabling conjecture.

Remark 1.9. In practice, for most knots@(K ) is negative and thus Theorem 1.6 does not apply.
However, large classes of knots do have tb(K) > 0, such as strongly quasipositive knots [Rud95],
and so this shows that strongly quasipositive knots (among others) do not have negative reducible
surgeries.

Observe that in Theorem 1.6, we do not require that K be a non-cable. Further, since the
maximum Thurston—Bennequin number of the unknot is —1, we do not need a non-triviality
assumption either. In light of Theorem 1.6, we make the following conjecture.

CONJECTURE 1.10. Legendrian surgery on a knot in the tight contact structure on S® is never
reducible.

1.3 Knots with tb(K) < 0
While we are not able to prove Conjecture 1.10 for knots with tb(K) < 0, we are able to establish
some partial results such as the following theorem, which is the subject of §5.

THEOREM 1.11. Let K be a knot in S® with tb(K) < 0. If S3(K) is reducible for some n < tb(K),
and W is the trace of this surgery, then at least one of the following must hold.

(i) S3(K) = S2(U)#Y. If this is the case then W is necessarily diffeomorphic to D,ijZ, where
D,, is the disk bundle over S? with Euler number n.
(ii) tb(K) = —6, n = —7, and S®,(K) = S2,(Ts,_3)#Y, where T _3 is the left-handed trefoil.
Moreover, W is diffeomorphic to X{§Z where X is the trace of —7-surgery on To _3.
(iii) n > 4[tb(K)/2] + 6.
In each of the first two cases, Y is an irreducible homology sphere bounding the contractible
Stein manifold Z.

Remark 1.12. In case (ii) above, we recall that Moser [Mos71] showed that S3 (T _3) is in fact
the lens space 5’37/4(U).

Remark 1.13. If the trace W of a reducible n-surgery on K has the form D,,;Z, then the generator
of Hy(W) = Z is represented by a smoothly embedded sphere even if K is not smoothly slice.

COROLLARY 1.14. If —8 < tb(K) < —1, then any reducible surgery on K with coefficient
n < th(K) has the form S3(K) = S3(U)#Y, except possibly when tb(K) = —6 and S3.(K) =
S3.(Ty,—3)#Y . In both cases Y is an irreducible homology sphere which bounds a contractible
Stein manifold.

Proof. Suppose that the lens space summand of the reducible surgery is not S3(U). Theorem 1.11
says that either th(K) = —6 and n = —7, or since tb(K) > —8 we have n > —10. We will see
(Remark 5.8) that this forces the lens space summand L(|n|,q) to be S3-(Ty _3) = 537/4(U).

If this lens space arises from case (iii) of Theorem 1.11, then we have n = —7 > 4[tb(K)/2] + 6,
hence tb(K) < —7, contradicting the assumption that n < ¢b(K). Thus it can only arise from
case (ii), in which case tb(K) = —6. O
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_ We cannot guarantee that there do not exist negative reducible surgeries of slope at least
tb(K') which satisfy one of the conclusions of Theorem 1.11: for example, if K is the (2, —1)-cable
of the right-handed trefoil T3 then tb(K) = —2 by [ELT12, Theorem 1.7], and S3,(K) =
SiQ(U)#Sil/Z(T273) = 53, (U)#X(2,3,13). Note that the Brieskorn homology sphere ¥(2, 3, 13)
even bounds a smoothly contractible 4-manifold, as shown by Akbulut and Kirby [AKT79].

COROLLARY 1.15. Suppose that A% (1)/2 is odd and th(K) < 0. If S;(K) is reducible for some
n < tb(K), then either (tb(K),n) = (—6,—7) or n > 4|tb(K)/2] + 6.

Proof. Suppose that S3(K) is a reducible Legendrian surgery and n < 4|tb(K)/2] + 6 but
(tb(K),n) # (—6,—7). Theorem 1.11 says that S3(K) = S3(U)#Y, where Y is a homology
sphere which bounds a contractible Stein manifold. The surgery formula for the Casson—Walker
invariant \, as stated by Boyer and Lines [BLI0] (see also [Wal92]), implies that

NSE)) - Ao = L2,

The Casson—Walker invariant is additive under connected sums with homology spheres, so the
left-hand side is equal to A\(Y'), which is an even integer since Y bounds a smoothly contractible
manifold and thus has vanishing Rokhlin invariant [AM90]. We conclude that A7 (1)/2 € 2nZ,
which is impossible since A’ (1)/2 is odd by assumption. O

Remark 1.16. The requirement that n < tb(K) is necessary in order to rule out S3(U)
summands: if K is the (3, —1)-cable of the right-handed trefoil 75 3, then tb(K) = —3 by [ELT12,
Theorem 1.7], and S24(K) = Sig(U)#Sfl/g(Tg,g) is reducible but A% (1)/2 =9 is odd. (In this
case we would have Y = ¥(2,3,19), and so A(Y) is odd.)

1.4 Maximum Thurston—Bennequin numbers for cables

Combining Theorem 1.6 with the fact that cables have reducible surgeries, we are also able to
say something about the maximum Thurston—Bennequin numbers of cables; cf. [EH05, ELT12,
Tos13]. This technique was originally used by Etnyre and Honda [EHO1, Lemma 4.9] to compute
tb for negative torus knots. Let C, ;(K) denote the (p, g)-cable of K, and note that for non-trivial
cables we can assume that p > 2 since Cp 4(K) = C_p, _4(K) up to orientation.

COROLLARY 1.17. Suppose that p > 2 and ged(p, q) = 1, and assume that ¢ # —1.
~Ifq<p-th(K), then tb(Cpq(K)) =pg.
~If g > p-th(K), then pg — (q — p - th(K)) < tb(Cy4(K)) < pg.

Proof. Letting K "= Cp4(K), we first prove that tb(K’) < pg. We suppose for contradiction that
tb(K') > pq. Recalling that pg-surgery on K’ yields S]?/q(U)#Sg’/p(K), we note that if ¢ > 0 then
tb(K') > pg > 0 and so this is ruled out by Theorem 1.6 (unless Sg’/p(K) = 93, in which case

K is the unknot and ¢ = 1 [GL89], hence tb(K') = —1 < pq anyway); and if ¢ < —1 then this

contradicts Proposition 1.4, since Sg’ /p(K ) is not a homology sphere. Thus tb(K’) < pq as long

as q £ —1.

Given a tb-maximizing front diagram for K, we can construct a front for K’ as illustrated in
Figure 1. We first take p parallel copies of this front, each copy pushed off the preceding one by
a small distance in the z-direction, to produce the (p, p-tb(K))-cable of K. If the front for K has
writhe w and ¢ cusps, and hence tb(K) = w — ¢, then this p-copy has writhe p*w — (p(p — 1)/2)c

and pc cusps, hence tb(vap%(K) (K)) = p? - tb(K). If ¢ < p - tb(K), then we insert p - tb(K) — q
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FIGURE 1. Using a front diagram for the Legendrian figure-eight knot K with tb(K) = —3, we
take three parallel copies of K and insert two positive %—twists (left) or four negative %—twists

(right) to build front diagrams for the (3, —7)-cable and (3, —13)-cable of K, respectively.

3}

negative 1/p-twists, each of which adds —(p — 1) to the writhe and 2 to the number of cusps and
hence adds —p to tb, to get th(K') = pq. If instead ¢ > p - tb(K), then we insert ¢ — p - tb(K)
positive 1/p-twists, each of which adds p — 1 to the writhe and 0 to the number of cusps and
hence adds p — 1 to tb, to get th(K') = pg — q + p - tb(K). Thus the front we have constructed
provides the desired lower bounds on tb(K') for arbitrary q. O

Corollary 1.17 shows that for ¢ # —1, the reducible surgery on Cj, 4(K) cannot be realized as
a Legendrian surgery, since it has slope pq and tb(C), 4(K)) < pq. This provides further evidence
for Conjecture 1.10.

Remark 1.18. The claim that tb(C, 4(K)) < pq is actually false for ¢ = —1, because if U is the
unknot then so is Cp, —1(U) for any p > 2 and so tb(Cp _1(U)) = —1 > —p. One can also see

that extending the results of Corollary 1.17 to ¢ = —1 more generally would require removing
the possibility of the first conclusion in Theorem 1.11, since S? H(Cp—1(K)) = SEP(U )#Y where
Y =25 (K).

It turns out that in the case where ¢ > p - tb(K) in Corollary 1.17, we are still sometimes
able to determine the maximum Thurston-Bennequin numbers for cables. We illustrate this for
a family of iterated torus knots, namely the ones which are L-space knots, below.

Recall that a knot is an L-space knot if it admits a positive L-space surgery, i.e. a rational
homology sphere Y with |H;(Y;Z)| = rank HF (Y'), where HF denotes the hat-flavor of Heegaard
Floer homology. L-space knots are fibered and strongly quasipositive [Ni07, Hed10] and thus
satisfy sl(K) = 2g(K) — 1 [EVH11] and tb(K) > 0 [Rud95]. We make the following conjecture,
which together with Theorem 1.6 would immediately imply the main result of [HLZ15].

CONJECTURE 1.19. If K is an L-space knot, then tb(K) = 2g(K) — 1.

In §3.2, we give evidence for this conjecture, including the fact that it holds for Berge knots
(Proposition 3.5), which are the only knots known to have lens space surgeries; and that if it
holds for the L-space knot K then it also holds for any cable of K which is also an L-space knot
(Proposition 3.6). This implies, for example, that tb(K) = 2g(K) — 1 whenever K is an iterated
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torus knot; meaning there is a sequence of cables
K1 =Ty 00, K2 = Cpy o (K1), - .., Ky = Oy, (Kn—1),

with K = K,,, such that K is a positive torus knot and ¢;/p; > 2g(K;_1) —1 for all i > 2. These
conditions on an iterated torus knot are equivalent to it being an L-space knot [Hed09, Hom11].

Organization. In §2, we review the relevant background on contact topology and Stein fillings
and prove Proposition 1.4. In §3, we give a short proof of Theorem 1.6; we then discuss knots
which satisfy tb = 2¢g — 1, show that this holds for positive knots (establishing Theorem 1.7) and
complete the proof of Theorem 1.8. In §4 we develop some of the background needed to study
the case tb < 0 and use this to give another proof of Theorem 1.6. Finally, in §5 we use this
background material to prove Theorem 1.11.

2. Background

2.1 Reducible surgeries
To simplify future references, we collect the list of theorems about reducible surgeries mentioned
in the introduction.

THEOREM 2.1. Let K be a non-trivial knot in S® and n,m relatively prime integers such that
m > 1. If Sg/m(K) is reducible, then:

(i) [GL87, Theorem 1] m = 1;
(ii) [GL89, Theorem 3] S3(K) = L(p,q)#Y for some non-trivial lens space L(p,q), and thus
In| = 2;
(iii) [MS03, Theorem 1.1] either |n| < 2g(K) — 1 or K is not hyperbolic;
(iv) [Mos71, Sch90] if K is not hyperbolic, then it is an (r, s)-cable and n = rs.

Note that since H(S3(K)) = Z/|n|Z, we must have that |n| = p-|H;(Y)|. Also, in item (iv)
above we consider torus knots to be cable knots, since they are cables of the unknot.

2.2 Legendrian knots

For background on Legendrian knots we refer to the survey [Etn05] by Etnyre. In this paper we
will only be concerned with Legendrian knots K in the standard tight contact structure &q on
S3, i.e. knots K C 83 which satisfy TK C &q. If the front projection of an oriented Legendrian
knot K has writhe w and cy (respectively, ¢_) upwardly (respectively, downwardly) oriented
cusps, then its two classical invariants, the Thurston—Bennequin number and rotation number,
are defined by

th(K) =w— L(cy +c.), r(K)=21(c —cp)

The operations of positive and negative stabilization, which produce a new Legendrian knot K.
which is topologically isotopic to K but not Legendrian isotopic to it, change these invariants
according to

th(Ky) = th(K) —1, r(Ky)=r(K)=+1.

Reversing the orientation of K preserves tb(K) while replacing r(K) with —r(K).
The classical invariants of a Legendrian knot are constrained in general by the Bennequin
inequality [Ben83]
th(K) + [r(K)| < 29(K) — 1,
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where g(K) is the Seifert genus of K. This inequality has been strengthened several times, so
that the right-hand side can be replaced by 2¢,(K) — 1, where g5(K) < g(K) is the smooth slice
genus [Rud93]; by 27(K) — 1, where 7(K) < gs(K) is the Ozsvath-Szabé tau invariant [Pla04];
or by s(K) — 1, where s(K) < 2¢5(K) is Rasmussen’s s invariant [Pla06, Shu07].

2.3 Stein fillings

A contact manifold (Y, €) is said to be Stein fillable if there is a Stein manifold (X, J) with a

strictly plurisubharmonic exhausting function ¢ : X — R such that Y = ¢~!(c) for some regular

value ¢ of p and € = TY N J(TY). The subdomain (¢~'((—o0,c]), J) is a Stein filling of (Y,&).
Eliashberg [E1i90] and Gromov [Gro85] proved that if (Y3, £) admits a Stein filling, then ¢ is

tight. Moreover, Eliashberg characterized the manifolds which admit Stein structures in terms

of handlebody decompositions as follows.

THEOREM 2.2 (Eliashberg, cf. [Gom98]). Let X be a compact, oriented 4-manifold. Then X
admits a Stein structure if and only if it can be presented as a handlebody consisting of only 0-,
1-, and 2-handles, where the 2-handles are attached along Legendrian knots with framing tb — 1
in the unique tight contact structure on #*(S* x S?).

In particular, we see that given a knot K in 52, the manifold obtained by attaching a 2-handle
to B* with framing at most tb(K)— 1 admits a Stein structure, since by stabilizing, we can obtain
a Legendrian representative with tb(K) = n for any n < tb(K).

Since lens spaces have metrics of positive scalar curvature, the topology of their Stein fillings
is heavily constrained.

THEOREM 2.3 [Lis98]. Let (X,.J) be a Stein filling of a lens space. Then b (X) = 0.

We also recall the definition of the ds invariant, due to Gompf [Gom98], of oriented plane
fields ¢ with torsion Chern class on a closed, oriented 3-manifold.

THEOREM 2.4. Let (X,J) be an almost complex manifold with 0X =Y and { =TY NJ(TY).
If ¢1(€) is torsion, then

_a(X,J)? = 30(X) — 2x(X)

s (€) = - (21)

is an invariant of the homotopy class of & as an oriented plane field.

All of the 3-manifolds we will be concerned with in this paper will be rational homology
spheres, so for any oriented plane field £ that we will consider, ¢1(§) will be torsion.

Ezample 2.5. If (Y,€) is the boundary of a contractible Stein manifold X, then ds(§) = —1.
Examples include the tight contact structure on S3, which is filled by B*.

Now, if (Y;,&;) bounds an almost complex manifold (X, J;) for ¢ = 1,2, then we can glue
a Weinstein 1-handle to X7 Ll X5 to exhibit the boundary sum Xi1§Xs as an almost complex
manifold with boundary (Y1#Y2, {1#&2), and so

d3(&1#&2) = ds(&1) + d3(&2) + 3. (2.2)

Combining this fact with Example 2.5, we see that if (Y3, &) is the boundary of a contractible
Stein manifold then

d3(§1#&2) = d3(&1)- (2.3)
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2.4 Reducible contact manifolds

As mentioned in the introduction, our main input into the proof of Proposition 1.4 will be
Theorem 1.3, proved by Eliashberg [Eli90, CE12]. It states that any Stein filling of a non-prime
contact 3-manifold decomposes as a boundary sum of Stein fillings of the connected summands.

Proof of Proposition 1.4. By Theorem 2.1, a reducible surgery on a non-trivial knot is necessarily
integral and has a non-trivial lens space summand. Let X be the 2-handlebody obtained by
attaching an n-framed 2-handle to the 4-ball along K. Observe that X is simply-connected and
has intersection form (n). By Theorem 2.2, if n < tb(K) — 1, then X admits a Stein structure J.
Now, Theorem 1.3 implies that if (X, J) is a Stein filling of (S3(K), &) = (L(p, q), &1)#(Y, &),
for Y # S3, then X decomposes as a boundary sum, say X = (W1, J1)1(Wa, J2), where (W7, J;)
is a Stein filling of (L(p, q),&1) and (Wa, J2) is a Stein filling of (Y, &2).

It is clear that W; and Wy are simply-connected. Since w1 (W1) = 0 and H;(0W7) # 0, we
must have Hy(W7) # 0. Then Ho(W7) is a summand of Ho(W7) @& Ho(Wa) = Hy(X) = Z, so
Hy(W7) carries Ha(X). Thus W; has intersection form (n) and Hy(Ws) = 0. Consequently, we
have H1(0W1) = Z/|n|Z, and so |n| = |p|. Since m(W2) = H2(W2) = 0, and W5 has no 3- or
4-handles by Theorem 2.2, we see that Ws is contractible and thus H;(Y) = H;(0W2) = 0.

In summary, we have S3(K) = L(|n|, ¢)#Y, where Y is an integer homology sphere, (W7, J1)
provides a simply-connected Stein filling of L(|n|,q) with intersection form (n), and (Wa, J2)
provides a contractible Stein filling of Y. If S3(K) has at least three non-trivial connected
summands then all but one of them are lens spaces by Theorem 2.1, and since Y is a homology
sphere we conclude that it must be irreducible. Finally, if n > 0 then b;r(Wl) > 0, contradicting
Theorem 2.3, so it follows that n < 0. O

2.5 Tight contact structures on lens spaces

We recall the classification of tight contact structures on the lens space L(p,q), due to Giroux
and Honda. We use the convention here and from now on that L(p,q) denotes —p/g-surgery on
the unknot, and that 1 < g < p.

THEOREM 2.6 [Gir00, Hon00]. If —p/q has continued fraction

1
[a1,a2,...,ap) == a1 — —1

@2

Qn
where a; < —2 for all i, then Legendrian surgery on a chain of topological unknots of length n
in which the ith unknot has Thurston—Bennequin number a; + 1 and rotation number

ri € {a; +2,a; +4,a; +6,...,|a;| —2}

produces a tight contact structure on L(p, q). This construction gives a bijection between the set
of such tuples (r1, ..., ry), which has [[,(|a;| —1) elements, and the set of tight contact structures
on L(p,q) up to isotopy.

The Legendrian surgery construction of Theorem 2.6 also produces a Stein filling (X, Jz) of
each (L(p,q),&r), where &7 is the contact structure determined by the ordered set of rotation
numbers

7= <T1,7‘2,...,7"n>
once we orient each unknot in the chain so that every pair of adjacent unknots has linking
number 1; we make this choice of orientation to simplify the linking matrix, and consequently
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the matrix presentation of the intersection form for X. Then o(X) = —n since X is necessarily
negative definite, and x(X) =n+ 1, so

c1(X,J»)? +n—2
1 )

According to Gompf [Gom98], the Chern class in this formula is Poincaré dual to )", 75[D;] €
Hy(X,0X), where each disk Dj; is the cocore of the 2-handle attached to 9B* = S3 along the
ith unknot. We will use this description later to compute c1(X, J7)?: first we will consider the
case where there is a single 2-handle in the proof of Proposition 3.1, and then we will discuss
the general case in §4.1.

d3(&r) =

(2.4)

Remark 2.7. The tight contact structures on L(p, ¢) come in conjugate pairs £ = & and € = £_p,
which are isomorphic as plane fields but with opposite orientations. The discussion above implies
that the corresponding almost complex structures satisfy ¢;(X, J7) = —c1(X, J_5), and hence
that ds(¢) = d3(€). Conjugation acts as an involution on the set of tight contact structures on
L(p,q), with at most one fixed point (7= (0,0,...,0)), which satisfies d3(§) = (n —2)/4 and

which only exists if all of the a; are even.

Remark 2.8. There is a canonical contact structure &c., on L(p,q), defined as follows: the
standard contact structure &gq on S® is Z/pZ-equivariant under the action used to define L(p, q),
and &can is defined as the quotient of &iq under this action. We know that £.., is the contact
structure €(jq, |2 jas|—2,...,|an|—2), 0 Which each 7; is as large as possible [Ozb08, Proposition 3.2]
(see also [BO11, §7]).

We can use Theorem 2.6 to bound the number of tight contact structures on L(p,q) as
follows.

PROPOSITION 2.9. Take relatively prime integers p and q, p > q > 1, and write —p/q = |a1, . . .,
ap] with each a; < —2. If m = min; |a;|, then L(p,q) has at most

m—1

(p—(n—1)(m—1)""")

m

tight contact structures up to isotopy, with equality if and only if either n < 2 or p =q + 1.
Proof. We remark that if n > 2 and —s/r = [ag, ..., ay,], then

P lai|s —r
_6 ==, (2.5)

hence ¢ = s (so in fact —q/r = [ag, .. .,a,]) and p = |aj|qg — r. We then note that
p—q= (| =1)g—r=(la] = 1)(g —7) = (m = 1)(g — ),

with equality only if |a;| = m = 2. Applying this repeatedly gives p —q > (m —1)" with equality
if and only if either |a;| = m = 2 for all 4, in which case p =g+ 1, or n = 1.

We now prove the proposition by induction on n: certainly when n = 1 we must have —p/q =
[-p] = —p/1, so m = p, and L(p,1) has exactly p — 1 = (m — 1)/m - p contact structures by
Theorem 2.6. Suppose that n > 2 and that a; = —m for some 7 > 1. Then

| Tight(L(p, )| = (lax| — 1) - [Tight(L(g, r))|
c (aal=1)-(m=1)(g = (n=2)(m —1)""%)

X
m
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- mT_l((lallq — ) — (Jar] = D)(n — 2)(m — 1)""2)

L~ (g =) = (n - 2)(m - 1))

(p—(n—1)(m—-1)"""),

<

m—1
<

m

where we use the facts that p = |ai|q — 7, |a1| > m, n > 2, and ¢ — 7 > (m — 1)~ as shown
above. If we have equality at each step then ¢ —r = (m — 1)"~!, hence either n =2 or ¢ =r+1;
in the latter case we have m = 2, and assuming n > 2 we must have |a1| —1 =m — 1 as well, so
a; = —2 for all ¢, and thus p = ¢ + 1. Conversely, if n = 2 then it is easy to see that equality is
preserved, and likewise if p = ¢ + 1 since this implies a; = —2 for all <.

If on the other hand n > 2 but only a; is equal to —m, then we apply the same argument to
L(p,q’) where —p/q’ = [an, ..., a1] and observe that this is homeomorphic to L(p, q), since they
are presented by surgery on the same chain of unknots viewed from two different perspectives.
This completes the induction. O

3. Reducible Legendrian surgeries for tb(K) > 0

3.1 A proof of Theorem 1.6

Proposition 1.4 guarantees that associated to a reducible Legendrian surgery is a certain Stein
filling of a lens space, and consequently a tight contact structure on this lens space. We will
prove Theorem 1.6 by showing that reducible Legendrian surgeries on knots with ¢b > 0 produce
too many tight contact structures in this fashion, appealing to Giroux and Honda’s classification
of tight contact structures on L(p,q) (Theorem 2.6). We recall our conventions that L(p,q) is
—p/g-surgery on the unknot and that 1 < ¢ < p.

PROPOSITION 3.1. Let K be a knot, and suppose that S3 (K) is reducible for some n < tb(K)—1;
write n = —p for some p > 2. If S3(K) = L(p,q)#Y, then Legendrian surgery on any
representative of K with tb = 1 — p and rotation number r induces a tight contact structure

¢ on L(p, q) with d3(§) = —(1/4p)(r? + p).

Proof. By Theorem 2.2, the reducible Legendrian surgery gives us a Stein filling (X, .J) of a
reducible contact manifold

(S?L(K)v gK) = (L(p7 Q)’ f)#(Yv 5,)7

where (Y,¢’) bounds a contractible Stein manifold by Proposition 1.4. Then (2.3) says that
ds(§) = d3(€k), so it remains to compute ds3(£x). By Proposition 1.4, o(X) = —1 (since n < 0)
and x(X) = 2. Thus d3(¢x) = 3(c1(X, J)? = 1).

In order to compute c1 (X, J)?, we observe that ¢ = PD(c1(X, J)) is the class 7[D] € Ha(X,
0X) [Gom98], where D is the cocore of the 2-handle attached along K. Then Hy(X) = Z is
generated by a surface X of self-intersection n, obtained by capping off a Seifert surface for K
with the core of the 2-handle, and the map Hy(X) — H2(X,0X) sends [X] — n[D]. In particular,
it sends —r[X] to —rn[D] = pc, and so

P’ = (—r[E)? =r’n=—r’p
or ¢ = —r?/p. We conclude that d3(¢) = d3(éx) = 2(—r?/p — 1), as desired. =
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At this point we can give a simple proof of Theorem 1.6, which says that if tb(K) > 0 then
n-surgery on K is irreducible for all n < tb(K).

Proof of Theorem 1.6. Suppose that S3(K) is reducible for some n < th(K). We know by
Proposition 1.4 that n < —2 and the reducible manifold has a summand of the form L(p, q)
with p = —n. Since K has a Legendrian representative with tb = tb(K) > 0, and tb + r is odd,
after possibly reversing the orientation of K, it has a representative with tb =0 and r =y > 1.
We can stabilize this representative p—1 times with different choices of signs to get representatives
with tb =1 — p and

re{ro—p+1lro—p+3,r0—p+5,...,70+p—1},

and by reversing orientation we also get one with tb =1 — p and r = —r¢g — p + 1. Thus the
Legendrian representatives of K with tb = 1 —p collectively admit at least p+ 1 different rotation
numbers, hence at least [(p + 1)/2] values of 2.

For each value of r as above, Proposition 3.1 says that L(p, ¢) admits a tight contact structure
¢ with d3(¢) = —(r% + p)/4p. This value of d3(€) is uniquely determined by 72, so the set of
rational numbers

{ds(¢) | € € Tight(L(p,q))} (3.1)

has at least [(p + 1)/2] elements.

Now we know from Proposition 2.9 that L(p, q) has at most p — 1 tight contact structures.
Moreover, by Remark 2.7 all but at most one of them come in conjugate pairs. Observe that
conjugate contact structures have the same d3 invariant, and so the set (3.1) has at most
[(p—1)/2] elements. We conclude that

|

which is absurd. O

3.2 Knots with tb =2g — 1

In this subsection we discuss the question of which non-trivial knots K can have tb(K) = 2g(K ) —
1, where g(K) is the Seifert genus. We have already shown that reducible surgeries on such knots
must have slope at least 2g(K) — 1. Recall from Theorem 2.1 that if K is also hyperbolic, then
Matignon and Sayari showed that reducible surgeries on K have slope at most 2g(K) — 1, so
then n-surgery on K cannot be reducible unless n = 2¢g(K) — 1.

PROPOSITION 3.2. If K is a positive knot, then th(K) = 2g(K) — 1.

Proof. Hayden and Sabloff [HS15] proved that if K is positive then it admits a Lagrangian filling,
hence by a theorem of Chantraine [Chal0] it satisfies tb(K) = 2g5(K) — 1, where g5(K) is the
slice genus of K, and Rasmussen [Rasl0] proved that gs(K) = g(K) for positive knots. O

Proof of Theorem 1.7. 1t follows from Proposition 3.2 and item (iv) of Theorem 2.1 that if
n-surgery on a positive knot K is reducible, then either K is a cable and n is the cabling slope,
or K is hyperbolic and n = 2¢g(K)—1. If K is also hyperbolic, the claim that there are no essential
punctured projective planes in its complement follows exactly as in [HLZ15, Corollary 1.5]. O

In the case g(K) = 2, we can use Heegaard Floer homology to eliminate the remaining
possibility n = 2¢g(K) — 1 as well: this establishes Theorem 1.8, which asserts that positive knots
of genus at most 2 satisfy the cabling conjecture.
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Proof of Theorem 1.8. The cabling conjecture is true for genus 1 knots by [BZ96] (see also [MS03,
HLZ15]). If n-surgery on the genus 2 positive knot K is a counterexample then K must be
hyperbolic by Theorem 2.1 (in particular, K is prime) and n = 2g(K) — 1 = 3 by Theorem 1.7.
As a positive knot of genus 2, K is quasi-alternating [JK13], hence it has thin knot Floer
homology [MOO08]. The signature of K is at most —4, since positive knots satisfy o(K) < —4
unless they are pretzel knots [PT10, Corollary 1.3] and the cabling conjecture is known for pretzel
knots [LZ94] (in fact, for all Montesinos knots). Since |o(K)|/2 is a lower bound for the slice
genus of K, and hence for g(K) = 2, we have o(K) = —4.

We claim that K cannot be fibered. Indeed, Cromwell [Cro89, Corollary 5.1] showed that
fibered homogeneous knots have crossing number at most 4¢g(K), and since positive knots are
homogeneous we need only check the knots with at most eight crossings in KnotInfo [CL] to
verify that the (2,5)-torus knot is the only prime, fibered, positive knot of genus 2, and it is
not hyperbolic. Since L-space knots are fibered [Ni07], the reducible 3-surgery on K cannot be
an L-space. Its lens space summand has order dividing 3, so it must be L(3, q) for some ¢, and
if we write S5(K) = L(3,q)#Y for some homology sphere Y, then it follows from the Kiinneth

formula for HF [0S04c] that Y is not an L-space.

Since K is HF K-thin, the computation of HFT(S3(K)), the plus-flavor of Heegaard Floer
homology, was carried out in the proof of [OS03a, Theorem 1.4]; for the claim that the surgery
coefficient n = 2¢g(K) — 1 is ‘sufficiently large’, see [OS04b, §4], in particular Corollary 4.2 and
Remark 4.3. The result (up to a grading shift in each Spin® structure) depends only on the
signature o(K) = —4 and some integers b; determined by the Alexander polynomial of K as
follows:

~ b
HF+(S§)(K)7 0) = Tj:r)/g S 2(27/2)7
~ b

HF*(S5(K),2) = HF (S5(K), 1),

where the numbers 0, 1,2 denote the different Spin® structures on S3(K) and the subscripts on
the right denote the grading of either the lowest element of the tower 7+ = Z[U, U~ /U - Z[U]
or the Zb% summand. The Kiinneth formula for Heegaard Floer homology implies that each
HF*(S3(K),i) should be isomorphic to HF*(Y) as a relatively graded Z[U]-module (with
an absolute shift determined by the correction terms of L(3,¢)), and in particular we must
have b; # 0 since Y is not an L-space. Thus the Z summands are non-trivial. However, we
see that HFT(S3(K),0) and HF*(S3(K), 1) are not isomorphic as relatively-graded groups, by
comparing the gradings of the Z” summand to the gradings of the tower. Thus, the corresponding
HF*(S3(K),i) cannot both be isomorphic to HF*(Y) and we conclude that S3(K) is not
reducible after all. a

In general, the condition tb = 2¢g — 1 can be fairly restrictive, as shown by the following
proposition.

PROPOSITION 3.3. If K is fibered and tb(K) = 2g(K) — 1, then K is strongly quasipositive.

Proof. Livingston [Liv04] and Hedden [Hed10] showed that for fibered knots we have
7(K) = ¢g(K) if and only if K is strongly quasipositive, where 7 is the Ozsvath—Szab6
concordance invariant, which always satisfies |7(K)| < g(K) [OS03b]. On the other hand,
Plamenevskaya [Pla04] proved that tb(K)+|r(K)| < 27(K)—1 for any Legendrian representative
of K. In particular, if K is fibered and not strongly quasipositive then tb(K) < 27(K) — 1 <
29(K) — 1. O
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It is not true that all fibered, strongly quasipositive knots satisfy tb(K) = 2g(K) — 1.
One example is the (3,2)-cable of the right-handed trefoil T letting K = C32(T"), Etnyre
and Honda [EHO05] showed that tb(K) = 6 (which also follows from Corollary 1.17) but
sl(K) =7 =2g(K) — 1, and since K is fibered the latter implies by [Hed10] that it is strongly
quasipositive. Etnyre et al. [ELT12] provided many other examples as cables C,. s(T} 4) of positive
torus knots, but in all such cases we have tb(K) < 2g(K) — 1 only if s/r < 29(T,,) — 1, in which
case K is not an L-space knot [Hom11].

For a hyperbolic example, let K be the closure of the strongly quasipositive 3-braid

B =0103(01- 010907 " - 02)%; (3.2)
cf. [Sto06, Remark 5.1]. Since K is the closure of a 3-braid and its Alexander polynomial
Agt)=t0 2071 4 3t73 —2t72 41— 262 + 363 — 2t + 46

is monic, we know that K is fibered [Sto06, Corollary 4.4] with Seifert genus g(K) = 6.
LEMMA 3.4. The knot K defined as the closure of (3.2) is hyperbolic.

Proof. It suffices to check that K is not a satellite, since Ak (t) is not the Alexander polynomial
of a torus knot. If K is a satellite with companion C' and pattern P, and P has winding number
w in the solid torus, then A (t) = Ac(t")Ap(t). Since K is fibered, both C' and P are fibered
and w # 0 [HMS08, Theorem 1], and in particular Ac (") is not constant since it has degree
w - g(C). Since Ak (t) is irreducible, it follows that Ap(t) = 1 and Ag(t) = Ac(t"), which by
inspection implies w = £1. Since P is fibered with trivial Alexander polynomial, it is unknotted
in S3; but since it also has winding number 1 it must then be isotopic to the core of the solid
torus [HMSO08, Corollary 1], and so K cannot be a non-trivial satellite. O

We have the bound th(K) < —max-deg,Fx(a,z) — 1 = 10, where Fy is the Kauffman
polynomial of K [Rud90], and so tb(K) < 2g(K) — 1. We note that K is not an L-space knot
since the coefficients of Ag(t) are not all +1 [OS05], so Conjecture 1.19 remains intact.

As evidence for Conjecture 1.19, we show that it is satisfied by all knots which are known to
admit positive lens space surgeries, i.e. the 12 families of Berge knots [Ber]. (Berge knots have
tunnel number 1 and hence are strongly invertible, so they are already known to satisfy the
cabling conjecture [Eud92].)

PROPOSITION 3.5. If K is a Berge knot, reflected if necessary so that it has a positive lens space
surgery, then tb(K) = 2g(K) — 1.

Proof. Families I-VI are the Berge-Gabai knots [Ber91, Gab89], which are knots in S* x D?
with non-trivial S! x D? surgeries, and these are known (after possibly reflecting as mentioned
above) to be braid positive since they are either torus knots or 1-bridge braids. Families VII and
VIII are knots on the fiber surface of a trefoil or figure eight, respectively, and Baker [Bak04,
Appendix B] showed that they are braid positive as well. Thus in each of these cases the result
follows from Proposition 3.2. The remaining ‘sporadic’ knots, families IX-XII, have tb = 2g — 1
because they are all divide knots [Yam12], hence they satisfy th(K) = 2gs(K) — 1 [Ish05], and as
L-space knots they have gs(K) = g(K) [OS05], and the result follows. O

We compile further evidence for Conjecture 1.19 by reducing it to the case of non-cabled
knots as follows. We recall that torus knots are L-space knots if and only if they are positive, in
which case they satisfy tb(K) = 2g(K) — 1 by Proposition 3.2. Moreover, the cable Cp ,(K) of
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some non-trivial K is an L-space knot if and only if K is an L-space knot and ¢/p > 2¢(K) — 1
[Hed09, Hom11], in which case we can apply the following proposition.

PROPOSITION 3.6. If K is non-trivial and th(K) = 2g(K)—1, then tb(C 4(K)) = 29(Cp 4(K)) —1
whenever q/p > 2g(K) — 1.

Proof. Because C) 4(K) = C_, _4(K), we assume without loss of generality that p,q > 0; then
the inequality ¢/p > 2g9(K) — 1 = tb(K) implies ¢ > p - tb(K), since ged(p, q) = 1. Corollary 1.17
then says that tb(K’) > pg — (¢ — p - tb(K)), where K’ = C) ,(K).

Now a theorem of Shibuya [Shi89] says that the Seifert genera of K and K’ are related by

g(K'Y=p-g(K)+ ((p —1)(¢ — 1))/2, which is equivalent to
29(K") =1 =pq— (q—p(29(K) — 1)) = pq — (¢ — p - tb(K)) < tb(K").

But Bennequin’s inequality implies that tb(K’) < 2g(K’) — 1, so the two must be equal. O

4. Minimal d3 invariants of tight contact structures

Although the proof of Theorem 1.6 in § 3.1 is short and simple, it does not seem easily adaptable
to the case tb(K) < 0. In this section we will undertake a more careful study of the values of d3
invariants of tight contact structures on L(p, q), which will be used in § 5 to prove Theorem 1.11.
The main results of this section are Proposition 4.2, which asserts that out of all tight contact
structures on L(p, q), the ones which minimize d3(§) are precisely {..n and its conjugate; and
Proposition 4.8, which presents a recurrence relation for ds(can). As a quick application, we
conclude this section with a second proof of Theorem 1.6.

4.1 Tight contact structures on L(p, q) with minimal dg invariants
Following § 2.5, each tight contact structure & on L(p, q) is equipped with a Stein filling (X, Jz).
We will determine d3(&7) by using (2.4), which means that we must compute c¢; (X, J7)?. This
requires a slight generalization of the argument of Proposition 3.1 as follows (see, for example,
[OS04al).

We note that Hy(X) = Z" is generated by classes [X1], ..., [2y], where each ¥; is generated
by taking a Seifert surface for the ith unknot in the chain and capping it off with the core of the
corresponding 2-handle. In this basis the intersection form on X is given by the linking matrix

aa 1 0 --- 0 0
1 ay 1 --- 0 0
O 1 ag --- 0 0
Myg=1. . . . )
O 0 0 - apq 1
o 0o o -- 1 an

Since M,,, is negative definite and also presents H1(0X) = H1(L(p,q)) = Z/pZ, we know that
det(M,/,) = (=1)"p. In general, if M is a k x k tridiagonal matrix of this form with entries
b1, ..., b, along the diagonal, we will write

d(by,. .., by) = |det(M)].

For example, d(aq,...,a,) = p.
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The group Ha(X,0X) is generated by homology classes [Di],...,[Dy] of disks, where each
D, is the cocore of the ith handle, and according to Gompf [Gom98] we have

n
c1(X,Jg) = PD (Z ri[DZ-]>.
i=1
If ¢ = PD(c1(X,Jz)) € Ha(X,0X), then pc is represented by a surface whose boundary is
nullhomologous in Hy(0X) = Z/pZ, so pc lifts to a class C' € Hy(X). If C is represented by
a vector §'in the given basis of Ha(X) then we have M, .5 = pr, and so

PPt =C% = E’TMp/qé': (p- Mp_/;f’)TMp/q(p . MP_/}IF),

hence ¢? = 77 - (Mp_/;) - T
Let A,/ = —p-M;/;. Using (2.4) and the above computation of ¢; (X, J»)?, we can determine

the d3 invariant of the contact structure & on L(p, q) by the formula

—(1/p) (7T Aps7) + 1 — 2

d3(&r) = 4 . (4.1)

We note that A/, is positive definite, since Mz;}z is negative definite. Moreover, the entries of
Ap/q are all integers because det(M,/,) = +p, and so these entries are simply the cofactors of
the integer matrix M, up to sign. In fact, it is not so hard to explicitly determine the entries
of A,/,, which when combined with (4.1) will be key for our computation of ds invariants.

p/T
PROPOSITION 4.1. If —p/q = [a1,...,ay], then A}, has the form
d0d(az,. .- an)  dQd(as, - an)  dOd(as,-ran) .. dOdQ
d()d(as,...,an) d(a1)d(as,...,an) d(ai)d(aq,...,an) ... d(ay)d()
d()d(as,...,an) d(ar)d(as,...,a,) d(a1,a2)d(aq,...,an) ... d(a1, az)d() ,
d()d() d(aq)d() d(ay,ag)d() oo d(agy e an—1)d()
where we define d() = 1. In other words, A/, is symmetric, and for all i < j the (i, j)th entry of
Ayp/q 1s the positive integer d(a1, ..., a;—1)d(aji1,. .., an).

Proof. For i < j, it is straightforward (though extremely tedious) to check that the cofactor of
M,,,, corresponding to position (i, j) is
C,;j = Cji = (—l)i_ld(al, e ,ai_l) . (—l)n_jd(aj+1, e ,an).

(In other words, Cj; is the product of the determinants of the tridiagonal matrices with ay, ...,
a;—1 and aj41,...,a, on their diagonals and entries above and below the diagonal equal to 1.)
The corresponding entry of Mp;}z is therefore

e = (—1)i* - ()G (D)"Cyl _ d(a, - aic1)d(ag4s - an)
! det(Mp/q) (_1)np p 7
so the entries of A/, = —pMI:/; are exactly as claimed. O
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In particular, all of the entries c;j of A, are positive integers, and so the corresponding
value of fTAp/qF is

n n n
D dhyrir < 37 dlring| < 37 clyllail = 2)(Jag] = 2)
ij=1 ij=1 ij=1
with equality if and only if rir; = (|as| — 2)(|a;| — 2) for all 4, j. We conclude that 7 A, 7 is

maximized (and hence d3(7) is minimized, as seen in (4.1)) exactly when all products r;r; are
non-negative and as large as possible, i.e. when

7= (ri,ra,...,mn) = £(|a1] — 2, |az] — 2,...,|an| — 2).

These correspond to the canonical tight contact structure of Remark 2.8 and its conjugate, so
we have shown the following proposition.

PROPOSITION 4.2. If¢ is a tight contact structure on L(p, q), then d3(§) > ds(can) with equality
if and only if £ is either &..n or its conjugate.

Remark 4.3. Proposition 3.1 says that any tight contact structure £ on L(p,q) arising from a
reducible Legendrian surgery has d3(¢) = —(r? 4 p)/4p < — 5. It thus follows from Proposition 4.2
that if d3(€can) > — 3, then L(p, q) cannot be a summand of a reducible Legendrian surgery.

4.2 A recurrence relation for the minimal dz invariant

Let —p/q = [aq,. .., am:] with a; < -2 for al} i, and deﬁne fp/q) = T AT, Wh(?re 7= <|a1].— 2,
..y ]an|—=2) and A, is the matrix defined in the previous subsection whose entries are described
by Proposition 4.1. We note that f(p/q) is integer-valued and that

—(1/p)f(p/q) +n—2
4

dS(gcan) - (42)

according to (4.1). In this subsection we will determine a recurrence relation for f(p/q)
(Proposition 4.8). We begin with two examples.

Ezample 4.4. If n = 1 then p/q is an integer and a1 = —p. We compute A,,; = (1), and so
f(p/1) = (p — 2)%. Since p > 2, we note for later that (1/p)f(p/1) < p — 2, with equality if and
only if p = 2.

Ezample 4.5. If n = 2 then —p/q = a1 — 1/as = (a1a2 — 1) /ag, so p = ajaz — 1 and q = |ag|. We

compute
F0/g) = (lar] =2 |az| —2) <|a12\ 1 ) <|a1‘ _2)

la1|) \lao| — 2
= |az|(Ja1| — 2)* + 2(Ja1| — 2)(Jaz| — 2) + |a1|(Jaz| — 2)°

and so multiplying by |as| produces
las|f(p/a) = llaz|(Ja1| = 2) + (laz| = 2)1* + (Jar[Jaz| = 1)(Jaz| - 2)?,

or f(p/q) = (1/9)((p — ¢ — 1)* + p(g — 2)*). Equivalently, (1/p)f(p/q) = (p—q—1)*/pq +

(1/2)F(a/1)-
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Now suppose that n > 3, i.e. that the continued fraction of —p/q has length at least 3. Then
if we let r; = |a;| — 2 for all 4, we have by Proposition 4.1 that f(p/q) is equal to

T

1 d()d(ag,...,a,) d()d(as,...,an) ... d()d() 1
7“:2 d()d(ag,:. ooy Gp) d(al)d(a;:,, ceeyQp) . d(al:)d() 7“.2 (4.3)
Tn d()d() d(ay)d() oo d(ag, ... ap—1)d() Tn

where we recall that d() = 1 by definition. When we expand this product into n? terms, we can
separate them into two groups: the 2n — 1 terms coming from the top row and left column of
A, /4> whose sum we denote by S1, and the (n—1)? terms from the bottom right (n—1) x (n—1)
submatrix, which sum to S3. The terms in the first group sum to

Sl =17 <r1d(a2, - ,an) +2 Z ’l“id(ai+1, - ,an)>, (4.4)
=2

which we can simplify using the following lemma.

LEMMA 4.6. For k > 2 and integers by, ...,br < —2 we have
dbr, .. be) = [bild(b, ..., by) — dlbs, ..., by).

Proof. Write —p;/q; = [bi,...,b] for i = 1,2,3, so that p; = d(b;,...,br). Then we know
from (2.5) that

n_ hlpe— @
q1 B P2
so that p1 = |b1|p2 — g2 and ¢1 = po, and similarly g2 = ps. We conclude that p; = |b1|p2 — p3, as
desired. O

Let p; = d(a;,...,a,) for 1 <i < n—+1, with p,41 = 1 and p, = |ay|, and recall that n > 3.
By Lemma 4.6, since r; = |a;| — 2, we have r,_1p; = pi—1 — 2p; + pi+1 for 2 < i < n—1 and
rnd() = r, = |ay| — 2. Applying this to (4.4), we obtain a telescoping sum

S n—1
711 =(p1 —2p2+p3) + 2(21% — 2pit1 +pi+2> +2(pn — 2)(1)
=2
=(p1—2p2+p3) +2(p2 —p3 — 1)
=p1—p3s—2.
In particular,
S1=(la1] = 2)(p1 —ps — 2) (4.5)
forn > 3.
To evaluate the sum Sy of the terms coming from the bottom right (n—1) x (n—1) submatrix
of A,/, in (4.3), we use Lemma 4.6 to replace each factor of the form d(a1,...,a;—1) with i > 3.

Each term in the bottom right submatrix of A, can be rewritten as

d(al, . ,ai,l)d(a]url, ey an) = (|a1\d(a2, e ,ai,l) — d(ag, ey ai,l))d(a]qu, e ,Cbn)

if ¢ > 3, and otherwise if ¢ = 2 then

d(al, ey ai,l)d(ajﬂ, e ,an) = |a1|d()d(aj+1, ceey an).
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The contribution to S from the (i, j)th or (j,4)th entry of A, for 2 <i < j < n is therefore

one of
lai| - (rirjd(ag, ... ai—1)d(ajq1,...,an)) — (rirjd(as, ... ai—1)d(aji1,. .., an)), =>4
la1| - (rirjd(ag, ..., ai-1)d(aj+1, ... an)) — (riryd()d(aji1, ... an)), = 3;
lai| - (rirjd(O)d(ajii, ..., an)), @=2.
Let —pa2/q2 = [ag,...,a,] and —p3/q3 = [as,...,a,|. Summing the above expressions over all

2 < i,j < n, the terms with a factor of |a;| are precisely those appearing in |a1|f(p2/q2) while
those without are precisely the terms in f(ps/gs), so we conclude that

Sy = la1|f(p2/a2) — f(p3/q3)- (4.6)

LEMMA 4.7. Let n > 3, and write —p;/q; = |ai,...,a,] for 1 < i < n for some sequence {a;}.
Then

af(pr/a) — (1 — a1 —1)° = p1f(p2/@2) = @2 (p2/42) — (P2 — @2 — 1)* — p2.f (p3/q3).-
Proof. By (4.5) and (4.6), we have

f(p1/q1) = S1+ S2 = (lar| — 2)(p1 — p3 — 2) + |ax|f(p2/a2) — f(p3/a3)-

Now we use the identity p1 = |a1|p2 —ps of (2.5), or equivalently |a;1| = (p1 + p3)/p2, and multiply
both sides by p2 to get
paf(p1/@1) = (p1 — 2p2 +p3)(p1 — p3 — 2) + (1 + p3) f(p2/q2) — p2f (P3/a3)-
2

The first term on the right-hand side equals the difference of squares (p; —pas —1)% — (p2 —p3 —1)2,
so after replacing it with this difference and using the identities ¢; = ps and ¢ = p3, we have

afpr/a) = (p1—a — 1) — (p2 — g2 — 1)* + (p1 + @2) f (p2/a2) — p2f (p3/a3)-
Rearranging both sides completes the proof. O

With this, we are ready to establish the desired recurrence relation for f(p/q).
PROPOSITION 4.8. We have f(p/q) = (p — 2)? if p/q is an integer, i.e. if ¢ = 1, and otherwise

() - ()

Proof. In the case p/q € Z, this is Example 4.4, so assume that p/q ¢ Z; then we can write
—p/q = la1,...,an], n > 2, and define —p;/q; = [a;,...,a,] for all i. (Note that p/q = p1/q1.)
Since a1 = |—p/q] we have |a1| = [p/q], and then p/q = —(a1 — 1/(—p2/q2)) = (Jai|p2 — q2)/p2

implies that pa/q2 = q¢/(Ip/qlq — p).
By applying Lemma 4.7 a total of n—2 times, we conclude that the quantity 6 = g1 f(p1/q1) —

(p1 — @1 — 1)* — p1f(p2/q2) satisfies
0= Qn—lf(pn—l/Qn—l) - (pn—l —Q4n-—-1 — 1)2 _pn—lf(pn/Qn)-

But we can evaluate these terms directly since —p,,—1/¢,—1 has a continued fraction of length 2:
we know from Example 4.5 and because —p,, /¢, = —@,—1/1 that

0 _ 1 f<pn—1> _ I:(pn—l — Gn—1 —1)2 + 1 f<Qn—1>:| —0,
Pn—14n—1 Pn—1 dn—1 Pn—14n—1 dn—1 1

hence & = 0. Thus, ¢1f(p1/q1) = (p1 — q1 — 1)*> + p1.f(p2/g2), and dividing both sides by piqi
produces the desired recurrence. O
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4.3 A second proof of Theorem 1.6
We recall from Proposition 1.4 that any reducible surgery on K of slope less than tb(K) has
slope less than —1.

PROPOSITION 4.9. Let K be a knot with tb(K) > 0. Suppose that S* (K) is reducible for some
p > 2, and write SEP(K) = L(p,q)#Y . Then there is a tight contact structure £ on L(p,q)
induced by a Legendrian surgery on K which satisfies

p+1
d3(£) < —T-

Proof. We can take a Legendrian representative of K with ¢tb = 0 and ensure r > 1 by orienting
K appropriately. Then if we positively stabilize this knot p — 1 times, we will get a Legendrian
representative with tb =1 — p and r > p, and according to Proposition 3.1 the contact structure
¢ on L(p,q) induced by surgery on this representative satisfies

(4.7)

rtp_ PPHp_ ptl

d = a
THEOREM 4.10. Let & be a tight contact structure on L(p,q), p > q > 1. If —p/q has continued
fraction 1
[a17a27 cee 70/77,] =a — —17
2= =71

where a; < —2 for all i, then d3(§) > (—p+2n —1)/4.

Proof. We recall from (4.1) that d3(fcan) = 3(—(1/p)f(p/q) + n — 2), so d3(écan) >
(—=p+2n—1)/4 if and only if (1/p)f(p/q) < p — n — 1. Moreover, it suffices to prove this
last inequality, since Proposition 4.2 says that d3(&) > ds(&can) for all tight contact structures £
on L(p,q). In Example 4.4 we saw that this is true when n = 1, so we will assume that n > 2
and proceed by induction on n.

The recurrence of Proposition 4.8 says that

1.(p p—q—1)7 1 q
f<>:( ) + - fl ————), (4.8)
p°\¢ pq q" \Ip/ala—p

and we know that p > ¢+ 1 and so 0 < (p — ¢ —1)/pg < p/pq < 1. Hence

p—q—1)> p—q—1
(7=(p—q—1)-7<p—q—1-
pq pq

Now —q/([p/qlq — p) has a continued fraction of length n — 1, so by assumption

1 q >
— P —— < —n
qf([p/ﬂq —p) !
and it follows from (4.8) that (1/p)f(p/¢) < (p—q¢—1)+(¢—n)=p—n—1, as desired. = O

Second proof of Theorem 1.6. Iftb(K) > 0 and Sip(K) is reducible for some —p < tb(K)—1, then
the induced tight contact structure £ on the L(p, q) summand must satisfy d3(§) > —(p — 1)/4 by
Theorem 4.10, since n > 1. Thus we have d3(§) > —(p + 1) /4, but this contradicts Proposition 4.9.
We therefore conclude once again that if th(K) > 0, then any reducible surgery on K must have
slope tb(K) or greater. O
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Remark 4.11. The condition tb(K) > 0 in Proposition 4.9 can be relaxed slightly as follows:
if K has a Legendrian representative with tb(K) + |r(K)| > 1 (or equivalently > 0, since the
left-hand side is always odd), then the conclusion still holds for all slopes —p < tb(K) — 1 even
if th(K) < th(K) or th(K) < 0. Thus we can actually rule out sufficiently negative reducible
surgeries on any knot K with sI/(K) > 1, making this proof of Theorem 1.6 slightly stronger
than the proof given in §3.1.

5. Reducible Legendrian surgeries for tb < 0

In this section we will prove Theorem 1.11, which we state here in different but equivalent terms
for convenience. We note that if tb(K) < 0 and n-surgery on K is reducible for some n < tb(K),
then we can write tb(K) = —7 and n = —p and we will have p > 7 > 0. If we let t = 2[7/2] — 1,
so that t = 7 when 7 is odd and ¢t = 7 — 1 when 7 is even, then we see that the condition
n > 4[th(K)/2] + 6 of case (iii) of Theorem 1.11 is equivalent to

p<—4rb(f)J —624“} —6=2t—4.

In other words, given a reducible Legendrian surgery as in the statement of the theorem, it
asserts that we can only have p > 2t — 3 if either case (i) or case (ii) applies, and the condition
(tb(K),n) = (—6,—7) of case (ii) is equivalent to (7,p) = (6,7). Thus it suffices to prove the
following theorem.

THEOREM 5.1. Suppose that th(K) = —7 for some 7 > 0, and define t = 7 if 7 is odd and
t =71 — 1 if 7 is even. Suppose also that —p-surgery on K is reducible for some p > 7.

~ Ifp>2t—3, then S? (K) =53 (U)#Y.

- If p =2t -3 and SEP(K) does not have the form SEP(U)#Y, then we must have
(r,p) = (6,7) and S* (K) = S, (T5, _3)#Y, with trace diffeomorphic to a boundary sum
X{Z, where X is the trace of —T-surgery on T _3.

— Moreover, whenever the reducible surgery has the form SEP(K ) =83 »(U)#Y, the trace of
the surgery is diffeomorphic to D_,4Z, where D_,, is the disk bundle over S? with Euler
number —p.

In each case, Y is an irreducible homology sphere bounding the contractible Stein manifold Z.

Proof. Since we assume that p > 7, we can apply Proposition 1.4 to the Legendrian reducible
surgery on K. We note that L(p,1) = SEP(U), and so we begin by ruling out all L(p,q) as
possible summands where ¢ > 1, when p > 2t — 3. Note that since we require ¢ < p, the condition
q > 1 is equivalent to the continued fraction —p/q = [a1, ..., ay,] having length n > 2.

First, suppose that there is an ¢ such that a; = —2. If n > 3 then we apply Proposition 5.5
below to see that p < 2t — 4. If instead we have n = 2, then Proposition 5.6 says that the lens
space summand is L(7,2) = L(7,4) and 7 is either 5 or 6, hence p = 7 = 2t — 3. We return to
this case shortly.

In the remaining case we have a; < —3 for all ¢, and this will require a closer examination of the
ds invariants of tight contact structures on L(p, ¢), but we will eventually prove in Proposition 5.7
and Corollary 5.14 (corresponding to n = 2 and n > 3, respectively) that p < 2t — 3 as desired,
with equality only if n = 2 and L(p,q) = L(p,4). If equality occurs, then we must also have
p = 3 (mod 4) since t is odd and p = 2t — 3. Thus if ¢ > 1 we conclude that p < 2t — 3, with
equality only if L(p,q) = L(4k + 3,4) for some k > 1.
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G

FIGURE 2. Front diagrams for the Legendrian (2, —(p — 1)/2)-torus knots with (tb,r) = (1 — p,
(p—5)/2) for p="7,11,15. (Since r depends on the orientation, the topmost strand in each front
should be oriented from left to right.) Each of these fronts has an ungraded normal ruling with
switches at every crossing.

Now suppose that p = 2t — 3 and L(p,q) = L(p,4). In order to achieve p = 2t — 3, by
Propositions 5.6 and 5.7, there must be a Legendrian representative of K with (tb,r) = (1 — p,
(p —5)/2) which induces the contact structure {c.y or its conjugate on L(p,4) as explained in
Example 5.4 below; and if 7 # 6 then this representative is stabilized. Performing Legendrian
surgery on this representative, the trace is a Stein manifold (X, J) = (W, Jw)4(Z, Jz), where
(W, Jw) is a Stein filling of (L(p,4),{can) up to conjugation, by Proposition 1.4. Lemma 5.2 then
asserts that W is symplectic deformation equivalent to (and hence also diffeomorphic to) the
trace of Legendrian surgery on the (2, —(p — 1)/2)-torus knot with the same values of tb and 7.
Thus the symplectic homology SH(W) is equal to that of the trace of this Legendrian surgery,
and we will use this fact to get a contradiction for most values of 7.2

Let (A, 0,) denote the Legendrian contact homology DGA over Q of the (2, —(p —1)/2)-
torus knot T" with (tb,r) = (1 — p, (p — 5)/2), which is unique up to Legendrian isotopy [EHO1].
Figure 2 shows front diagrams for the first few of these, from which it is easy to see that each
one admits an ungraded normal ruling and hence an ungraded augmentation [Fuc03, Lev14],
which is an ungraded DGA morphism f : (Ap,dp) — (Q,0). This implies that 1 ¢ im(9p), and
so the homology group LHM"°(T) of [BEE12, §4.5] is non-zero. Then Bourgeois et al. [BEE12,
Corollary 5.7] proved that SH(W) = LHY°(T"), which is non-zero, and we have an isomorphism of
rings SH(X) = SH(W)x SH(Z) # 0 as well by [Cie02, Theorem 1.11] and [McL09, Theorem 2.20].
But if 7 # 6, then as mentioned above, X is the trace of surgery on a stabilized Legendrian
knot, hence SH(X) = 0 by [BEE12, §7.2]. We conclude that if p = 2t — 3 then we must have
(1,p) = (6,7), and W is the trace of —7-surgery on the left-handed trefoil.

Finally, assuming that SEP(K) = L(p,)#Y, we let (W, Jy) denote the induced Stein
filling of L(p,1). The symplectic fillings of L(p,1) have been completely classified, by
McDuff [McD90] and Hind [Hin03] in the universally tight case and by Plamenevskaya and
van Horn-Morris [PVH10] in the virtually overtwisted case: up to blowing up, the fillings are all
deformation equivalent to either the fillings described by Theorem 2.6 (i.e. attaching a Weinstein
2-handle to B* along a topological unknot with tb = 1 — p, the result of which is diffeomorphic
to D_p), or a rational homology ball bounded by L(4,1). Note that W has intersection form
(—p) and so it cannot be diffeomorphic to a blow-up, since an exceptional sphere would have
self-intersection —1, or to a rational homology ball. Thus (W, Jy) must be deformation equivalent

2 We make use of several results from [BEE12], which does not claim to provide complete proofs in full generality.
However, since we are not interested in the actual value of SH(X) but only whether it vanishes or not, the available
details will suffice for our purposes.
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to D_, with a corresponding Stein structure coming from Theorem 2.6, and in particular W is
diffeomorphic to D_,. O

The rest of the current section is devoted to establishing the results claimed in the proof of
Theorem 5.1. We will study Stein fillings of (L(p, 4), can) momentarily, and then in the following
subsections we will show that the various lens spaces L(p,q), ¢ > 1, cannot be summands of
reducible surgeries on K whose slopes are sufficiently negative with respect to tb(K). We divide
this into two cases, each of which requires a different strategy, based on the continued fraction
—p/q = [a1,...,a,): in §5.1 we study the lens spaces for which max; a; = —2, and in §5.2 we
deal with the lens spaces such that a; < —3 for all .

LEMMA 5.2. Ifp = 4k+3 for some k > 1, then any Stein filling W of (L(p,4), {can) with be(W) =1
and intersection form (—p) is symplectic deformation equivalent to the trace of Legendrian
surgery on the Legendrian (2, —(p — 1)/2)-torus knot with tb =1 —p and r = (p — 5)/2.

Proof. Bhupal and Ono [BO12] proved that diffeomorphic fillings of the canonical contact
structure on a lens space must be deformation equivalent, so it suffices to prove that W is
unique up to diffeomorphism. We use Lisca’s classification of fillings of (L(p,4),&can) up to
diffeomorphism and blow-up [Lis04, Lis08]; note that once again W cannot be diffeomorphic to
a blow-up. As explained in Example 5.4 below, the trace of Legendrian surgery on a representative
of Ty _(p—1y/2 With (tb,7) = (1—p, (p — 5)/2) gives a Stein filling of (L(p, 4), &can) or its conjugate,
so we need to check that W is diffeomorphic to this trace.

In Lisca’s notation, we have a continued fraction p/(p —4) = [2,2,...,2,3,2,2] of length
m = (p+5)/4, so the minimal symplectic fillings of L(p,4) have the form Wp4(ni,...,nm)

where n; < 2 for i #m — 2, ny,—92 < 3, and the sequence [ni,...,n,,] is obtained from [0] by a
‘blow-up’ procedure. Each blow-up sending [n1,...,n] to [1,n1 +1,...,ny] or [ny,...,n;+ 1,1]
increases »  n; by 2, while the blow-up [n1,...,n;+1,1,n;41+1,...,n] increases it by 3; since we

must blow up m — 1 times to get a sequence of length m, and the condition by = 1 is equivalent
to > n; = 2m — 1, we must perform the latter operation exactly once. In addition, we must
ensure that at each step at most one entry n; exceeds 2, in which case it equals 3. Applying the
former operation some number of times produces [1,1] or [1,2,2,...,2,1]; then the latter can
produce either [2,1,2] or [1,...,3,1,2] or its reverse, in which every omitted entry is a 2; and
then repeating the former operation a non-negative number of times leaves us with a sequence
of the same form. Thus W must be diffeomorphic to either

W7,4(27 ]-a 2)7 Wl5,4(17 27 3) 1) 2) = W15,4(27 17 37 27 1)5
or Wpa(1,...,3,1,2) for p # 7,15, and so it is uniquely determined by p. a

We will use the following terminology throughout this section.

DEFINITION 5.3. The integer r is a rotation number for L(p, q) if there is a tight contact structure
€ on L(p, q) such that d3(&) = —(r? + p)/4p.

The reason for the terminology is that a reducible Legendrian surgery on a Legendrian
representative of K with L(p, q) as a summand, where (tb(K),r(K)) = (1 —p,r), induces a tight
contact structure & on L(p, q) with d3(¢) = —(r? + p)/4p by Proposition 3.1, hence r is a rotation
number for L(p,q). We will thus study the set of rotation numbers for each L(p,q), ¢ > 1, in
order to produce bounds on p in terms of tb(K).

Ezample 5.4. If p = 4k + 3 then L(p, 4) is the result of —p-surgery on the torus knot T _(op41),
i.e. the (2, —(p — 1)/2) cable of the unknot [Mos71]. This can be realized as a Legendrian surgery
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since %(TQ’_(%H)) = —4k —2 =1—p, and in fact every odd number from —(2k — 1) to 2k —1 =
(p — 5)/2 is the rotation number of some tb-maximizing representative of Ty _(o;41) [EHO1]. We
conclude that if p = 3 (mod 4), then every odd number r with |r| < (p—5)/2 is a rotation
number for L(p,4). Moreover, since —p/4 = [—(k + 1), —4], we can use Example 4.5 and (4.2) to
compute ds(Eean) = —(1/4p)(((p — 5)/2)% + p), so the rotation number r = (p — 5)/2 comes from
&can. Further, by Proposition 4.2, .., and its conjugate are the only tight contact structures on
L(p,4) which can produce this rotation number.

5.1 Lens spaces with a; = —2 for some 1

In this section we prove part of Theorem 5.1, namely that L(p, q) summands cannot occur under
the hypotheses of the theorem if some entry in the continued fraction for —p/q is —2. This will
follow in most cases by counting the possible tight contact structures on L(p,q) coming from a
reducible surgery on the knot K.

PROPOSITION 5.5. Let K be a knot with tb(K) = —7, 7 > 1, and suppose that Sip(K) =
L(p, q)#Y for some p > 1 and q¢ > 1. If —p/q = [aq,...,a,] withn > 3, and a; = —2 for some i,
then

p<L2t—n

where t = 7 if 7 is odd and t = 7 — 1 if 7 is even, and this inequality is strict for n = 3.

Proof. Choose a Legendrian representative of K with (tb,r) = (—7,r¢) and ¢ > 0. By stabilizing
p — 7 — 1 times with different choices of sign, we get Legendrian representatives with tb=1—p
and at least p — 7 different values of r. If 7 is even, then we can take rg > 1 since tb+r is always
odd, and then we can also negatively stabilize a representative with (tb,r) = (—7, —rg) a total
of p— 7 — 1 times to get a (p — 7 + 1)th value of r. Therefore, independent of the parity of T,
there are at least p — t different values of r when tb = 1 — p. By Proposition 3.1 each value of
—(1/4p)(r? + p) must be d3(&) for some tight contact structure on L(p, q), so by counting values
of 72 we see that the set

{d3(€) | € € Tight(L(p,q))}

has at least [(p —t)/2] elements. Moreover, none of these is the d3 invariant of a self-conjugate
contact structure &y (if one even exists), since we would have d3(§y) = (n —2)/4 > 0 by (2.4),
contradicting Remark 4.3.

Since each value of d3(§) above is obtained by at least one conjugate pair of tight contact
structures on L(p, ¢), the number of tight contact structures on L(p, q) is at least

p—t
21— | =p—t.
]
But by the case m = 2 of Proposition 2.9, L(p,q) has at most (p—n+1)/2 tight contact
structures with equality if and only if n =2 or p = ¢+1; if p=¢+1 then —p/q =[-2,-2,..., 2]
and the unique tight contact structure on L(p, q) is self-conjugate, so this does not occur. Thus
the number of tight contact structures on L(p, q) is actually at most (p — n)/2, which implies

or equivalently p < 2t — n.
If n = 3 and we have the equality p = 2t — n, then the number of tight contact structures
on L(p,q) must have been exactly (p —n)/2 = (p — 3)/2. Writing —p/q = [a1, az,as], we can
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assume, after possibly replacing [a,ag, as] with [a3, a2,a1] as in the proof of Proposition 2.9,
that either ag = —2 or ag = —2, hence if —q/r = [ag, as] then Proposition 2.9 says that L(q,)
has exactly (¢ — 1)/2 tight contact structures. Using Theorem 2.6, the number of tight contact
structures on L(p, q) is therefore

(a1 _1)<Q;1> _ larlg —q— (Ja1] —=1) p—(q—7r)—(Jar| = 1)

2 2 ’

where the second equality follows from (2.5). This number equals (p — 3)/2 only if (¢ — r,a1)
is either (1,—3) or (2,—2), hence —p/q is [-3,—2,—2] or [-2, -2, —3]. Thus if p = 2¢ — 3 then
L(p,q) = L(7,3) = L(7,5), but then d3(écan) = = > —1, so by Remark 4.3, L(7,3) cannot be a
summand and we must have p < 2t — 4 as claimed. O

Suppose that instead of being in the setting of Proposition 5.5, we have n = 2, and a; = —2 for
some i. Then —p/q is either [—(k+1),—2] = —(2k+1)/2 or [-2,—(k+1)] = -2k +1)/(k+1)
for some k£ > 1. Hence we have L(p,q) = L(2k + 1,2) = L(2k + 1,k + 1). In particular, p must
be odd when n =2 and L(p,q) = L(p,2). In this case, we have very strong restrictions both on
p and on K.

PROPOSITION 5.6. If L(p,2) is a summand of a reducible Legendrian surgery on some knot K,
thenp =17, tb(K) is either —5 or —6, and K has a Legendrian representative with (tb,r) = (=6, 1).
Iftb(K) = —5 then we can take this representative to be a stabilization.

Proof. Since p must be odd, we write p =2k+1, k > 1, and —p/2 = [-k—1, —2|. By Theorem 2.6,
the induced tight contact structure £ on L(p,2) is the result of Legendrian surgery on a Hopf
link whose components have tb equal to —k and —1 and rotation numbers s € {—k + 1, —k + 3,
...,k —1} and 0, respectively. We compute ds(&) = —2s?/4p, and if r is the rotation number for
L(p,2) corresponding to ¢ then d3(¢) = —(r? + p)/4p and so r? + p = 2s2. Then r must be odd,
so 72 = 1 (mod 8), and since 2s? is either 0 or 2 (mod 8) we have p = 25> — 72 = 41 (mod 8). In
particular, p > 7.

Suppose that p # 7. We begin with the case p = 9 and observe that s € {-3,—1,1,3}.
We cannot have s = 41 since 72 + 9 = 2(£1)? has no solutions, so s = 4-3. Because |ai| = 5,
the induced contact structure on L(9,2) is either &, or its conjugate. Lisca [Lis04, Second
example| showed that .., has two symplectic fillings up to diffeomorphism and blow-up, and
these satisfy ba(Wy2(1,2,2,1)) = 2 and ba(Wy2(2,2,1,3)) = 0 in Lisca’s notation (using the
continued fraction 9/(9 — 2) = [2,2, 2, 3]). Otherwise p > 15, and Kaloti [Kall3, Theorem 1.10]
showed that for such p, every tight contact structure £ on L(p,2) has a unique Stein filling up
to symplectomorphism; since £ is presented as surgery on a Hopf link, this filling evidently has
ba(X) = 2. Thus in any case there is no Stein filling of (L(p,2),£) with intersection form (—p),
which contradicts Proposition 1.4.

We must therefore have p = 7, and r? + 7 = 2s? with s € {£2,0} has only the solutions
(r,s) = (£1,£2), so L(7,2) has rotation numbers precisely +1. If K had a Legendrian
representative with (tb,7) = (—4,7q), i.e. tb(K) > —4, then it would have representatives with
tb=—6 and r € {ro—2,rp,70+2}, so L(7,2) would actually have at least three rotation numbers,
since 7 is necessarily odd. We conclude that th(K) < —5 as claimed, and the rotation numbers

of the tb = —6 representatives of K must be +1 since these are the only rotation numbers for

L(7,2); if tb(K) = —5 then it follows that any tb-maximizing representative has r = 0 and thus

positively stabilizes to a representative with (tb,r) = (6, 1). O
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5.2 Lens spaces with a; < —3 for all 2

In this section we will complete the proof of Theorem 5.1 by studying lens spaces L(p,q) such
that every entry in the continued fraction for —p/q is at most —3. In this case, we will need
to examine the d3 invariants of tight contact structures on L(p,q) more carefully. The proof is
divided into several cases depending on the length n of the continued fraction.

5.2.1 Case 1: n = 2. In this case it is not hard to explicitly determine ds(§) for any tight
contact structure £ on L(p,q), and using this we can restrict the set of rotation numbers for

L(p,q).

PROPOSITION 5.7. Suppose that a knot K with tb(K) = —7, 7 > 0, has a reducible Legendrian
surgery with an L(p, q) summand, where —p/q = [—a, —b] for some a,b > 3. Then p < 2t—3, where
t=r7if7isodd and t = T — 1 if T is even. Moreover, if we have equality then L(p,q) = L(p,4)
and K has a Legendrian representative with (tb,r) = (1 — p, (p — 5)/2), which is obtained by
positively stabilizing a representative with tb = tb(K) a positive number of times.

Proof. We note that p = ab — 1 and ¢ = b, and since L(ab — 1,b) = L(ab — 1,a) we can assume
without loss of generality that b < a, hence ¢ < /p + 1.

Suppose that 7 is a rotation number for L(p, q) corresponding to the tight contact structure &.
Since n = 2, Proposition 4.2, the computation of Example 4.5, and (4.8) imply that

r’+p _ /(=g -1)*+pg—2)°

4

or upon multiplying by —4p and rearranging,
—g—-1 2 —9 2
ng(p q—1) +p<(q ) _1>_
q q

We denote the right-hand side of the above inequality, viewed as a function of ¢, as ¥ (q). We see
that v has derivative (p+1)(1— (p + 1)/¢?), hence is decreasing on the interval 3 < ¢ < /p + 1.
Thus 1 is largest when ¢ is as small as possible, and 1(4) = (p — 5)%/4, so we must have
—(p—=5)/2 < r < (p—5)/2 except possibly when g = 3. Moreover, if ¢ > 4 then this inequality
is strict.

Suppose that ¢ # 3 and that a Legendrian representative of K with tb = —7 has rotation
number rg > 0. Then by positively stabilizing p — 7 — 1 times we get a representative with
(tb,r) = (1 —p,70 +p — 7 — 1), hence this r is a rotation number for L(p, q). In particular, rg is
at least 0 if 7 is odd and 1 if 7 is even, so we have r > p —t — 1; and r < (p — 5)/2 as explained
above, so p —t — 1 < (p —5)/2 or equivalently p < 2t — 3, with equality only if ¢ = 4 and the
above representative has r = p —t — 1 = (p — 5)/2. In particular, if there is equality, the lens
space summand must be L(p,4), as claimed. Also, if p = 2t — 3 we have p = 4a — 1 > 11, since
p = ab—1 and we assume that a > 3. Hence ¢t > 7; but then p—7—-1> (2t —-3) - (t+1)—1> 0,
so this representative must actually be a stabilization.

If ¢ = 3 instead, then we only get the bound |r| < (p —5)/+/3 above, but in fact we will
see that p < 7 + 2 except possibly when p = 11 and 7 < 7 < 10. Our strategy is as follows:
supposing that p > 742 = 2 — tb(K), we can stabilize a tb-maximizing representative as needed
to get a Legendrian representative of K with (tb(K),r(K)) = (3 — p, 7o) for some rg, which we
then stabilize to get representatives with tb = 1 —p and r € {rg — 2,790,790 + 2}, and so these
three consecutive numbers of the same parity are rotation numbers for L(p,q). When p # 11
we will see that this cannot be the case, by determining when two consecutive numbers of the
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same parity can be rotation numbers for L(p, 3); it will follow that tb(K) < 2 — p, or equivalently
p < 7+ 2. If instead p = 11 then we have L(11,3) = L(11,4), and the argument in the ¢ > 3
case above will apply to show that p < 2t — 3 with equality only if K has a representative with
(tb,r) = (—10,3). Thus we may assume that p # 11 from now on. After we establish the bound
p < 7+ 2, we will show that this implies p < 2t — 4 unless the lens space is L(8,3) and then
complete the proof by analyzing the Stein fillings of L(8,3).

By Theorem 2.6, each tight contact structure £ on L(p,3) comes from Legendrian surgery
on a Hopf link whose components have tb equal to 1 — a and —2, and rotation numbers s and
+1 = u, respectively. By (4.1),

1/ 3s% + 2su + au? 352 +2s+a
ae) =~ (P ) <

If r is a rotation number for L(p, q) corresponding to &, then

(3s+1)2+3a—1
3 b

4+ p=3s>+25s+a=

and since p = 3a — 1 this is equivalent to 3r2 4+ 2p = (3s £ 1)?. Thus r can only be a rotation
number for L(p, 3) if there exists some integer s satisfying this equation.

As mentioned in the strategy above, suppose that both £+ 1 and k — 1 are rotation numbers
for L(p,q), and k > 0 without loss of generality; write

3(k+1)*+2p=s2, (5.1)
3(k—1)*+2p=s2, (5.2)

for some integers sy > 0. Subtracting (5.2) from (5.1), we get 12k = s% — s, hence sy and
s_ have the same parity and we can write s = ¢ + § for some integers ¢ > § > 0. This gives
12k = 4c¢d, or 3k = ¢d, and so multiplying (5.1) by 3 gives

3¢2 + 6¢0 4 362 = 9k? + 18k + 9 + 6p = 262 + 6¢6 + 9 + 6p,

or equivalently (c? — 3)(6%2 — 3) + 6p = 0. Since p > 0 and ¢ > §, this is impossible if § > 2. Thus
(¢,6) must be either (v/2p+3,0) or (v/3p+3,1). Since k = ¢d/3, we conclude that numbers
which differ by 2 can only both be rotation numbers if they are £1 or +(/(p+ 1)/3 £ 1), hence
if they are both non-negative then they equal v/(p 4+ 1)/3 £ 1.

In particular, suppose that rg — 2,7, 79 + 2 are all rotation numbers, and rg > 0 without loss
of generality. Then by the above 79 and 79+ 2 must equal y/(p + 1)/3+ 1. Since ro — 2 and r are
another pair of rotation numbers which differ by 2, they must be either +1 or —(1/(p +1)/3£1);
but the elements in the latter pair are both negative since p > 3, whereas r¢ > 0, so r¢9 and rg —2
must equal +1. Thus we have 1 =79 = y/(p+1)/3 — 1 and p = 11. We conclude as explained
above that if p # 11 then p < 7+ 2.

The inequality p < 742 implies that p < 2t—4 for all 7 > 7, so this leaves only 7 < 6, in which
case p < 7+ 2 < 8 and the only such lens space is L(8,3). In this case we have d3({can) = —3
and so the induced contact structure must be &, or its conjugate, by Proposition 4.2, with a
Stein filling W having intersection form (—8) by Proposition 1.4. Lisca [Lis04] showed that W
must be diffeomorphic to a blow-up of one of two fillings, denoted Wg3(1,2,1) or Ws3(2,1,2)
(note that 8/(8 —3) = [2,3,2]), which are depicted in Figure 3. The first cannot occur since
it has by = 2. The second is constructed from a diagram in which 2-handles are attached to a
pair of parallel —1-framed unknots; the cocores of these handles, together with the annulus they
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FIGURE 3. The minimal symplectic fillings W5 3(1,2, 1) (left) and Ws3(2,1,2) (right) of (L(8,3),
€can)- In each diagram the dotted curves give a surgery description of S x S2; we identify this with
d(S' x D3) by an orientation-preserving diffeomorphism and then attach 2-handles to S! x D3
along the solid curves in its boundary as indicated.

cobound, produce a sphere of self-intersection —2, and so the intersection form of this or any
blow-up cannot be (—8). We conclude that L(8,3) cannot occur as a summand, completing the
proof. O

Remark 5.8. We have seen in the proofs of Propositions 5.6 and 5.7 that L(p,2) for p # 7
and L(8,3) cannot be summands of reducible Legendrian surgeries, in both cases by examining
their symplectic fillings. We can rule out many other lens spaces L(p, q) for p small simply by
computing d3(&can) and appealing to Remark 4.3: on L(p, p—1) we have d3(§can) = (p — 3)/4 > —i
for p > 2, and on L(7,3), L(8,5), L(9,4), and L(10,3) we compute that d3(&can) is equal to %,
é, %, and —%, respectively. Up to homeomorphism, this eliminates all lens spaces with p < 10

as possible summands except for L(p, 1) and L(7,2) = L(7,4).

5.2.2 Case 2: n > 3. In order to rule out L(p,q) summands in Theorem 5.1 in this case,
where n > 3 and a; < —3 for all ¢, we will need to bound d3(§can) carefully enough to restrict
the set of possible rotation numbers for L(p, q). We begin with the following lemma.

LEMMA 5.9. If —p/q = [a1,...,a,] and a1 < —3, then p > 2q + 1.

Proof. This is obviously true when n = 1, since p > 3 and ¢ = 1. If n > 1, then by (2.5),
—q/r = |ag,...,a,] for some r < ¢, and p = |ai|lg —r > |ai|l¢ — (¢ — 1) = (Ja1| — 1)g + 1. Since
la1| > 3, we have p > 2q + 1 as desired. O

We recall from §4.1 the notation d(by, ..., bx) = |det(M)|, where M is the tridiagonal matrix
with diagonal entries by,...,b; and all entries above and below the diagonal equal to 1; in
particular, d(ai,...,a,) = p, and d() = 1 by convention.

LEMMA 5.10. Write —p/q = [a1,ag,...,ay], n = 2, and suppose that a; < —3 for all i. Then for

any 7,7 with 1 <i < j < n, we have

d(al, .. .,ai_l)d(aj+1,. . .,an) < %
rei(lak] = 1)

Proof. We first prove this in the case i = j. If i = j = 1 then this amounts to proving that

p
jaa| =17

d(ag,...,ap) < (5.3)

which follows immediately from noting that ¢ = d(ag, ..., a,) and that if we write —¢/r = [aq,
.,ay], then by (2.5), p = |ai|lg — r > |ai|¢ — ¢. (Note that this inequality still holds when
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n = 1, in which case it says that 1 < p/(p —1).) Likewise, for ¢ = j = n we observe that
d(ay,...,an) =d(ap,...,a1) and hence

p

d(al,. . .,an_l) = d(an_l,. . .,al) < W

by the preceding argument.

If instead we have 1 < i = j < n, then we recall that p is the order of H;(L(p,q)), where
L(p, q) is the result of surgery on a chain of n unknots with framings ai, as, ..., a, in order. If we
perform slam-dunk operations repeatedly on either end of the chain, until all that remains are
the th unknot and one unknot on either side of it, then the framings of the unknots on either
end are now —r/s = [a;—1,a;—2,...,a1] and —t/u = [a;+1,Gi+2,...,ay]. Since Dehn surgery on
this three-component chain produces L(p, q), its first homology is presented by the associated
framing matrix, hence

-r s 0 1 1
p=|det| 1 a; 1 :\airt+ru+8t|:rtai+t7+—.
0 u —t Ju /s
Now t/u > 2 by Lemma 5.9 and likewise for r/s, so we have
1 1
—a;j————>laj|—1>0
t/u /s
and hence p > rt(|a;| — 1). This gives the desired inequality since r = d(a1,...,a,—1) and t =
d(ait1,...,ay), completing the proof when i = j.
Finally, suppose that ¢ < j. Repeated application of (5.3) gives
d(aj,...,ap) d(ait1,...,an)
d(a-+1,...,a)<37 - ’ )
’ " laj| —1 (laipr| = 1) - (Ja;| = 1)
so multiplying both sides by d(ay,...,a;—1) produces
dlay, ... a;)d(aisy, ...,
d(al, ey ai_l)d(ajH, ce ,an) < (al jaz 1) (al+l an) < ; P ,
[Tz (ol = 1) rei(lak] — 1)
where the last inequality follows from applying the case ¢ = j which was already proved. O

We will apply Lemma 5.10 to get an upper bound on f(p/q), as computed in (4.3), which
we recall from §4.2 determines the minimal d3 invariant ds(£can) by the formula d3(&can) =
1(—=(1/p)f(p/q) + n — 2) where —p/q has continued fraction [a1,...,a,] of length n. In what
follows we will continue to assume that a; < —3 for all 4, though we will only require n > 2.

More explicitly, recall that f(p/q) = 7 A, 7, where ¥ = (Ja1| — 2,..., |an| — 2) and A, is
the symmetric matrix whose (4, 7)th entry (i < j) is

c;j = d(al, e ai_1)d(aj+17 v 7a7’b)

according to Proposition 4.1. We decompose f(p/q) = FTAp/q
in §4.2). The first sum comes from the contributions of the diagonal terms in A

7 into two sums (differently than
p/q» Which satisfy

n

n al — 9)2 n
> (o 2% < P2 < (Sl -2)). (5.4
i=1 !

i=1 i=1
where we have applied Lemma 5.10 to produce the first inequality. The other sum comes from
the off-diagonal terms, satisfying
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(Jai| = 2)(laj| — 2)p
2 > (lail = 2)(lay| — 2)d; <2 ’] J

1<i<j<n i<j ‘ak‘ — 1)
pz ail =2 a;| -2
1<j k z+1 ’ak’ - 1) |a’l’ -1 ‘CL]“ —1

1<j

again by Lemma 5.10 and the fact that 1/(|ag| — 1) < 3. In the last sum, the quantity k = j—i—1
can take any value from 0 to n — 2, and each value of k is taken by n — (k4 1) pairs (7, j), so we

have )
1 ~—n-—-1-—k 1
2 W:ZT:%—‘HWv

1<i<j<n k=0

as can be shown by an easy induction argument. In particular, it is bounded above by 2n — 3, so
by combining the bounds for the diagonal and off-diagonal terms coming from (5.4) and (5.5),
we conclude that

f<Z> < p(izn;(|ai| —9)+2(2n — 3)> :p<izn;(|ai| —1)+3n— 6).

Combining this with (4.2), we conclude the following result.

PROPOSITION 5.11. If —p/q = [a1,...,ay], with n > 2 and a; < —3 for all i, then
1 n
d3(£can) > _i <z;(‘az| - 1) + 2n — 4),

where Ecan Is the canonical contact structure on L(p,q).

Now suppose that r is a rotation number for L(p,q) corresponding to the tight contact
structure &, where p,q are as in Proposition 5.11. Then —(r? + p)/4p = d3(€¢) > d3(€can) by
Proposition 4.2, so

r? < —p(4ds(écan) + 1) (5.6)

and Proposition 5.11 ensures that

n

r? < p(Z(]ai —1)+2n — 5). (5.7)

i=1
PROPOSITION 5.12. Suppose that r is a rotation number for L(p,q), where —p/q = [a1, ..., ay]
with n > 3 and a; < —3 for all i. Then |r| < (p — 6)/2, except possibly when min; |a;| = 3 and
n is either 3 or 4.

Proof. Let m > 3 denote the minimum value of |a;| over all 7. Then for any fixed i we have
[[j=i(la[ = 1)

[Txzi(lax| — 1)

_ ((m=1)/m)(p—(n—1)(m 1))

jail —1=

= (m—1)n1
=i = s - mﬂ; Lo =), (5.8)
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since the numerator [[;(|a;| — 1) is the number of tight contact structures on L(p,q) by
Theorem 2.6, which we bound from above using Proposition 2.9. Combining the inequality (5.7)
with this bound for each ¢, we get

7 <p<<m(mn1)n2>p— mm 1(n2 —n) +2n—5>
n m—1 3m—1\? 11m2—14m —1

G e (o) = )

<< n )2_<m—1+11m2—14m—1)

S \m(m — 1)n—2 P m dm(m — 1) P

n 9 8

<Gt )P - 3
sincen—(3m —1)/(2m —2) >n—2>1and 11m? —14m —1 > 2-4m(m —1) > 0 for all m > 3.
In particular, if m > 4 then the coefficient of p? in this bound is at most n/(4-3"72) < 1 for
all n > 3. Similarly, if m = 3 and n > 5 then the coefficient of p? is n/(3-2"~2?) < 2. Thus in

either case we conclude that r? < p*/4 — §p < ((p — 5)/2)%, and since |r| is an integer it must
be at most (p — 6)/2, as desired. O

In order to deal with the case m = min; |a;| = 3 and n < 5, we can modify the proof of
Proposition 5.12 by refining the bounds on each |a;| — 1 as follows. Let M = max; |a;|, and let j
be an index for which |aj| = M. Then we still have, by the same argument as for (5.8), that
(p—(n—1)2""1)

[lrzi(lax| = 1)~

but now the denominator is at least (M — 1) - 2”2 except possibly when i = j, in which case it
is still at least 2”1, Now the inequality (5.7) yields

r? < p@(p — (n—1)2""1). ((M’:);n_2 + 2:_1) +2n — 5). (5.9)

LEMMA 5.13. Ifr is a rotation number for L(p, q), where —p/q = [aq, ..., ay], min; |a;| = 3, and
n is either 3 or 4, then |r| < (p —6)/2.

2
;| —1< 3

Proof. We will establish the bound r? < p?/4 — %p. Indeed, since this is less than ((p — 5)/2)? it
will follow that |r| < (p — 5)/2, and since |r| is an integer we can conclude that |r| < (p — 6)/2.
We first consider the case n = 4. In this case, inequality (5.9) becomes

r’ <p(§(p— 24)(4(]\4_3_1) + ;) +3>

1 1 12
2
— + — 1-— . 1
" <p<<2(1\4—1)+12>1wr M—1> (5.10)
If M > 4, we can bound the right-hand side of (5.10) above by p?/4 — 2p as follows:

— if M = 4 then the right-hand side of (5.10) is equal to %p2 —3p < p*/4— %p;
— if M =5 then it is equal to %pz —2p < p?/4— gp, assuming p > 12;

or
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— if 6 < M < 9 then it is at most %p2 — %p <p?/4— %p, assuming p > 30;
— if M > 10 then it is at most %pQ +p < p?/d— gp, assuming p > 32.

We can check that in any case we must have p > 32 as follows. If —p;/q; = [a,...,a4] for
1 <i < 4, then py = |ag| > 3 and p; > 2p;41 + 1 for i < 3, by Lemma 5.9 and the fact that
@; = pi+1. This implies that p3 > 7, po > 15, and p = p; > 31; we could only have equality if
a; = —3 for all ¢, but [-3,—3,-3,-3] = =52, so p > 31 after all. Thus when n =4 and M > 3,
we have 72 < p?/4 — 3p, and so |r| < (p — 6)/2 as claimed. The remaining case when n = 4 is
M =m = 3, and we compute for L(55,21) that d3(§can) = —% > —i, so L(55,21) has no rotation
numbers anyway by Remark 4.3.

Finally, in the case n = 3, writing the continued fraction as [—a, —b, —¢] for convenience, we
compute that p = abc — a — c. Thus (5.7) says that > < p(p/4 — %) whenever a + b+ ¢ — 2 <
(abc —a —c)/4 — %, or equivalently 5a + 4b + 5¢ + 2 < abe, and since b > 2 it suffices to have
5(a+ b+ c¢) < abe. This last inequality is symmetric in a, b, ¢, so we may assume for convenience
that 3 =a < b < ¢ = M; then 5(a + b+ ¢) < abe is satisfied whenever b > (5M + 15)/(3M — 5),
and since b > 3 this is automatic as long as M > % We conclude that if n = 3 and M > 8, then
the rotation numbers satisfy |r| < (p — 6)/2.

Thus in all cases we conclude that |r| < (p — 6)/2, except possibly when —p/q = [a1, a2, as]
with —7 < a; < —3 for all ¢ and min; |a;| = 3. There are only 61 such continued fractions,
and by insisting that |a1| < |as| (since [a1, a2, as] and [as3,a2,a1] produce homeomorphic lens
spaces), we can reduce this number to 35. In each case we explicitly compute ds(&can) to show
that —(4d3(€can) + 1) < p/4 — 2, and hence that |r| < (p — 6)/2 via (5.6). This gives the desired
claim. O

COROLLARY 5.14. Let K be a knot with th(K) = —7, 7 > 0, and define t = 7 if T is odd and
t =7 — 1 if 7 is even. Suppose that K has a reducible —p-surgery for some p > T, and write
SEP(K) = L(p,q)#Y . If the continued fraction —p/q = [a1, ..., ay] satisfies n > 3 and a; < —3
for all i, then p < 2t — 4.

Proof. Proposition 5.12 and Lemma 5.13 show that the rotation numbers r for L(p,q) satisfy
|r| < (p—6)/2. This implies p —t — 1 < (p — 6)/2, or equivalently p < 2t — 4, exactly as in the
proof of Proposition 5.7. O

ACKNOWLEDGEMENTS

We would like to thank Mohan Bhupal, John Etnyre, Bob Gompf, Cameron Gordon, and Jeremy
Van Horn-Morris for helpful discussions. We would also like to acknowledge that John Etnyre
was independently aware some years ago that Theorem 1.3 could be applied to study the cabling
conjecture. Theorem 1.8 was completed at the ‘Combinatorial Link Homology Theories, Braids,
and Contact Geometry’ workshop at ICERM, so we would like to thank the organizers for a
productive workshop and ICERM for its hospitality. Finally, we thank the referee for many
useful comments which helped to improve the exposition.

REFERENCES
AK79  S. Akbulut and R. Kirby, Mazur manifolds, Michigan Math. J. 26 (1979), 259-284; MR 544597
(80h:57004).

AMO90 S. Akbulut and J. D. McCarthy, Casson’s invariant for oriented homology 3-spheres: An
exposition, Mathematical Notes, vol. 36 (Princeton University Press, Princeton, NJ, 1990);
MR 1030042 (90k:57017).

182

https://doi.org/10.1112/50010437X15007599 Published online by Cambridge University Press


http://www.ams.org/mathscinet-getitem?mr=544597
http://www.ams.org/mathscinet-getitem?mr=544597
http://www.ams.org/mathscinet-getitem?mr=544597
http://www.ams.org/mathscinet-getitem?mr=544597
http://www.ams.org/mathscinet-getitem?mr=544597
http://www.ams.org/mathscinet-getitem?mr=544597
http://www.ams.org/mathscinet-getitem?mr=544597
http://www.ams.org/mathscinet-getitem?mr=544597
http://www.ams.org/mathscinet-getitem?mr=544597
http://www.ams.org/mathscinet-getitem?mr=1030042
http://www.ams.org/mathscinet-getitem?mr=1030042
http://www.ams.org/mathscinet-getitem?mr=1030042
http://www.ams.org/mathscinet-getitem?mr=1030042
http://www.ams.org/mathscinet-getitem?mr=1030042
http://www.ams.org/mathscinet-getitem?mr=1030042
http://www.ams.org/mathscinet-getitem?mr=1030042
http://www.ams.org/mathscinet-getitem?mr=1030042
http://www.ams.org/mathscinet-getitem?mr=1030042
http://www.ams.org/mathscinet-getitem?mr=1030042
https://doi.org/10.1112/S0010437X15007599

Bak04

Ben&3

Ber91

Ber
BO12

BO11

BEE12

BL90

BZ96

CL

ChalO

Cie02

CE12

Cro89

Eli90

Etn05

EHO1

EHO05

ELT12

EVH11

Eud92

Fuc03

Gab87

CONTACT STRUCTURES AND REDUCIBLE SURGERIES

K. Baker, Knots on once-punctured torus fibers, PhD thesis, University of Texas at Austin (2004).
D. Bennequin, FEntrelacements et équations de Pfaff, in Third Schnepfenried Geometry
Conference, Vol. 1 (Schnepfenried, 1982), Astérisque, vol. 107 (Société Mathématique de France,
Paris, 1983), 87-161; MR 753131 (86e:58070).

J. Berge, The knots in D? x S* which have nontrivial Dehn surgeries that yield D? x S*, Topology
Appl. 38 (1991), 1-19; MR 1093862 (92d:57005).

J. Berge, Some knots with surgeries yielding lens spaces, unpublished.

M. Bhupal and K. Ono, Symplectic fillings of links of quotient surface singularities, Nagoya
Math. J. 207 (2012), 1-45; MR 2957141.

M. Bhupal and B. Ozbagci, Milnor open books of links of some rational surface singularities,
Pacific J. Math. 254 (2011), 47-65; MR 2900660.

F. Bourgeois, T. Ekholm and Y. Eliashberg, Effect of Legendrian surgery, Geom. Topol. 16
(2012), 301-389; with an appendix by S. Ganatra and M. Maydanskiy; MR, 2916289.

S. Boyer and D. Lines, Surgery formulae for Casson’s invariant and extensions to homology lens
spaces, J. Reine Angew. Math. 405 (1990), 181-220; MR 1041002 (91e:57026).

S. Boyer and X. Zhang, Reducing Dehn filling and toroidal Dehn filling, Topology Appl. 68
(1996), 285-303; MR 1377050 (97£:57018).

J. C. Cha and C. Livingston, KnotInfo: Table of knot invariants, http://www.indiana.edu/
~knotinfo.

B. Chantraine, Lagrangian concordance of Legendrian knots, Algebr. Geom. Topol. 10 (2010),
63-85; MR 2580429 (2011£:57049).

K. Cieliebak, Handle attaching in symplectic homology and the chord conjecture, J. Eur. Math.
Soc. (JEMS) 4 (2002), 115-142; MR, 1911873 (2003d:53153).

K. Cieliebak and Y. Eliashberg, From Stein to Weinstein and back. Symplectic geometry of affine
complex manifolds, American Mathematical Society Colloquium Publications, vol. 59 (American
Mathematical Society, Providence, RI, 2012); MR 3012475.

P. R. Cromwell, Homogeneous links, J. Lond. Math. Soc. (2) 39 (1989), 535-552; MR 1002465
(90£:57001).

Y. Eliashberg, Filling by holomorphic discs and its applications, in Geometry of low-dimensional
manifolds, 2 (Durham, 1989), London Mathematical Society Lecture Note Series, vol. 151
(Cambridge University Press, Cambridge, 1990), 45-67; MR 1171908 (93g:53060).

J. B. Etnyre, Legendrian and transversal knots, in Handbook of knot theory (Elsevier,
Amsterdam, 2005), 105-185; MR 2179261 (2006j:57050).

J. B. Etnyre and K. Honda, Knots and contact geometry. I. Torus knots and the figure eight
knot, J. Symplectic Geom. 1 (2001), 63-120; MR 1959579 (2004d:57032).

J. B. Etnyre and K. Honda, Cabling and transverse simplicity, Ann. of Math. (2) 162 (2005),
1305-1333; MR 2179731 (2006j:57051).

J. B. Etnyre, D. J. LaFountain and B. Tosun, Legendrian and transverse cables of positive torus
knots, Geom. Topol. 16 (2012), 1639-1689; MR 2967060.

J. B. Etnyre and J. Van Horn-Morris, Fibered transverse knots and the Bennequin bound, Int.
Math. Res. Not. IMRN 2011 1483-1509; MR 2806512 (2012k:57019).

M. Eudave-Munoz, Band sums of links which yield composite links. The cabling conjecture
for strongly invertible knots, Trans. Amer. Math. Soc. 330 (1992), 463-501; MR 1112545
(92m:57009).

D. Fuchs, Chekanov—Eliashberg invariant of Legendrian knots: existence of augmentations,
J. Geom. Phys. 47 (2003), 43-65; MR 1985483 (2004h:57007).

D. Gabai, Foliations and the topology of 3-manifolds. III, J. Differential Geom. 26 (1987),
479-536; MR 910018 (89a:57014b).

183

https://doi.org/10.1112/50010437X15007599 Published online by Cambridge University Press


http://www.ams.org/mathscinet-getitem?mr=753131
http://www.ams.org/mathscinet-getitem?mr=753131
http://www.ams.org/mathscinet-getitem?mr=753131
http://www.ams.org/mathscinet-getitem?mr=753131
http://www.ams.org/mathscinet-getitem?mr=753131
http://www.ams.org/mathscinet-getitem?mr=753131
http://www.ams.org/mathscinet-getitem?mr=753131
http://www.ams.org/mathscinet-getitem?mr=753131
http://www.ams.org/mathscinet-getitem?mr=753131
http://www.ams.org/mathscinet-getitem?mr=1093862
http://www.ams.org/mathscinet-getitem?mr=1093862
http://www.ams.org/mathscinet-getitem?mr=1093862
http://www.ams.org/mathscinet-getitem?mr=1093862
http://www.ams.org/mathscinet-getitem?mr=1093862
http://www.ams.org/mathscinet-getitem?mr=1093862
http://www.ams.org/mathscinet-getitem?mr=1093862
http://www.ams.org/mathscinet-getitem?mr=1093862
http://www.ams.org/mathscinet-getitem?mr=1093862
http://www.ams.org/mathscinet-getitem?mr=1093862
http://www.ams.org/mathscinet-getitem?mr=2957141
http://www.ams.org/mathscinet-getitem?mr=2957141
http://www.ams.org/mathscinet-getitem?mr=2957141
http://www.ams.org/mathscinet-getitem?mr=2957141
http://www.ams.org/mathscinet-getitem?mr=2957141
http://www.ams.org/mathscinet-getitem?mr=2957141
http://www.ams.org/mathscinet-getitem?mr=2957141
http://www.ams.org/mathscinet-getitem?mr=2957141
http://www.ams.org/mathscinet-getitem?mr=2957141
http://www.ams.org/mathscinet-getitem?mr=2957141
http://www.ams.org/mathscinet-getitem?mr=2900660
http://www.ams.org/mathscinet-getitem?mr=2900660
http://www.ams.org/mathscinet-getitem?mr=2900660
http://www.ams.org/mathscinet-getitem?mr=2900660
http://www.ams.org/mathscinet-getitem?mr=2900660
http://www.ams.org/mathscinet-getitem?mr=2900660
http://www.ams.org/mathscinet-getitem?mr=2900660
http://www.ams.org/mathscinet-getitem?mr=2900660
http://www.ams.org/mathscinet-getitem?mr=2900660
http://www.ams.org/mathscinet-getitem?mr=2900660
http://www.ams.org/mathscinet-getitem?mr=2916289
http://www.ams.org/mathscinet-getitem?mr=2916289
http://www.ams.org/mathscinet-getitem?mr=2916289
http://www.ams.org/mathscinet-getitem?mr=2916289
http://www.ams.org/mathscinet-getitem?mr=2916289
http://www.ams.org/mathscinet-getitem?mr=2916289
http://www.ams.org/mathscinet-getitem?mr=2916289
http://www.ams.org/mathscinet-getitem?mr=2916289
http://www.ams.org/mathscinet-getitem?mr=2916289
http://www.ams.org/mathscinet-getitem?mr=2916289
http://www.ams.org/mathscinet-getitem?mr=1041002
http://www.ams.org/mathscinet-getitem?mr=1041002
http://www.ams.org/mathscinet-getitem?mr=1041002
http://www.ams.org/mathscinet-getitem?mr=1041002
http://www.ams.org/mathscinet-getitem?mr=1041002
http://www.ams.org/mathscinet-getitem?mr=1041002
http://www.ams.org/mathscinet-getitem?mr=1041002
http://www.ams.org/mathscinet-getitem?mr=1041002
http://www.ams.org/mathscinet-getitem?mr=1041002
http://www.ams.org/mathscinet-getitem?mr=1041002
http://www.ams.org/mathscinet-getitem?mr=1377050
http://www.ams.org/mathscinet-getitem?mr=1377050
http://www.ams.org/mathscinet-getitem?mr=1377050
http://www.ams.org/mathscinet-getitem?mr=1377050
http://www.ams.org/mathscinet-getitem?mr=1377050
http://www.ams.org/mathscinet-getitem?mr=1377050
http://www.ams.org/mathscinet-getitem?mr=1377050
http://www.ams.org/mathscinet-getitem?mr=1377050
http://www.ams.org/mathscinet-getitem?mr=1377050
http://www.ams.org/mathscinet-getitem?mr=1377050
http://www.indiana.edu/~knotinfo
http://www.indiana.edu/~knotinfo
http://www.indiana.edu/~knotinfo
http://www.indiana.edu/~knotinfo
http://www.indiana.edu/~knotinfo
http://www.indiana.edu/~knotinfo
http://www.indiana.edu/~knotinfo
http://www.indiana.edu/~knotinfo
http://www.indiana.edu/~knotinfo
http://www.indiana.edu/~knotinfo
http://www.indiana.edu/~knotinfo
http://www.indiana.edu/~knotinfo
http://www.indiana.edu/~knotinfo
http://www.indiana.edu/~knotinfo
http://www.indiana.edu/~knotinfo
http://www.indiana.edu/~knotinfo
http://www.indiana.edu/~knotinfo
http://www.indiana.edu/~knotinfo
http://www.indiana.edu/~knotinfo
http://www.indiana.edu/~knotinfo
http://www.indiana.edu/~knotinfo
http://www.indiana.edu/~knotinfo
http://www.indiana.edu/~knotinfo
http://www.indiana.edu/~knotinfo
http://www.indiana.edu/~knotinfo
http://www.indiana.edu/~knotinfo
http://www.indiana.edu/~knotinfo
http://www.indiana.edu/~knotinfo
http://www.indiana.edu/~knotinfo
http://www.indiana.edu/~knotinfo
http://www.indiana.edu/~knotinfo
http://www.indiana.edu/~knotinfo
http://www.indiana.edu/~knotinfo
http://www.ams.org/mathscinet-getitem?mr=2580429
http://www.ams.org/mathscinet-getitem?mr=2580429
http://www.ams.org/mathscinet-getitem?mr=2580429
http://www.ams.org/mathscinet-getitem?mr=2580429
http://www.ams.org/mathscinet-getitem?mr=2580429
http://www.ams.org/mathscinet-getitem?mr=2580429
http://www.ams.org/mathscinet-getitem?mr=2580429
http://www.ams.org/mathscinet-getitem?mr=2580429
http://www.ams.org/mathscinet-getitem?mr=2580429
http://www.ams.org/mathscinet-getitem?mr=2580429
http://www.ams.org/mathscinet-getitem?mr=1911873
http://www.ams.org/mathscinet-getitem?mr=1911873
http://www.ams.org/mathscinet-getitem?mr=1911873
http://www.ams.org/mathscinet-getitem?mr=1911873
http://www.ams.org/mathscinet-getitem?mr=1911873
http://www.ams.org/mathscinet-getitem?mr=1911873
http://www.ams.org/mathscinet-getitem?mr=1911873
http://www.ams.org/mathscinet-getitem?mr=1911873
http://www.ams.org/mathscinet-getitem?mr=1911873
http://www.ams.org/mathscinet-getitem?mr=1911873
http://www.ams.org/mathscinet-getitem?mr=3012475
http://www.ams.org/mathscinet-getitem?mr=3012475
http://www.ams.org/mathscinet-getitem?mr=3012475
http://www.ams.org/mathscinet-getitem?mr=3012475
http://www.ams.org/mathscinet-getitem?mr=3012475
http://www.ams.org/mathscinet-getitem?mr=3012475
http://www.ams.org/mathscinet-getitem?mr=3012475
http://www.ams.org/mathscinet-getitem?mr=3012475
http://www.ams.org/mathscinet-getitem?mr=3012475
http://www.ams.org/mathscinet-getitem?mr=3012475
http://www.ams.org/mathscinet-getitem?mr=1002465
http://www.ams.org/mathscinet-getitem?mr=1002465
http://www.ams.org/mathscinet-getitem?mr=1002465
http://www.ams.org/mathscinet-getitem?mr=1002465
http://www.ams.org/mathscinet-getitem?mr=1002465
http://www.ams.org/mathscinet-getitem?mr=1002465
http://www.ams.org/mathscinet-getitem?mr=1002465
http://www.ams.org/mathscinet-getitem?mr=1002465
http://www.ams.org/mathscinet-getitem?mr=1002465
http://www.ams.org/mathscinet-getitem?mr=1002465
http://www.ams.org/mathscinet-getitem?mr=1171908
http://www.ams.org/mathscinet-getitem?mr=1171908
http://www.ams.org/mathscinet-getitem?mr=1171908
http://www.ams.org/mathscinet-getitem?mr=1171908
http://www.ams.org/mathscinet-getitem?mr=1171908
http://www.ams.org/mathscinet-getitem?mr=1171908
http://www.ams.org/mathscinet-getitem?mr=1171908
http://www.ams.org/mathscinet-getitem?mr=1171908
http://www.ams.org/mathscinet-getitem?mr=1171908
http://www.ams.org/mathscinet-getitem?mr=1171908
http://www.ams.org/mathscinet-getitem?mr=2179261
http://www.ams.org/mathscinet-getitem?mr=2179261
http://www.ams.org/mathscinet-getitem?mr=2179261
http://www.ams.org/mathscinet-getitem?mr=2179261
http://www.ams.org/mathscinet-getitem?mr=2179261
http://www.ams.org/mathscinet-getitem?mr=2179261
http://www.ams.org/mathscinet-getitem?mr=2179261
http://www.ams.org/mathscinet-getitem?mr=2179261
http://www.ams.org/mathscinet-getitem?mr=2179261
http://www.ams.org/mathscinet-getitem?mr=2179261
http://www.ams.org/mathscinet-getitem?mr=1959579
http://www.ams.org/mathscinet-getitem?mr=1959579
http://www.ams.org/mathscinet-getitem?mr=1959579
http://www.ams.org/mathscinet-getitem?mr=1959579
http://www.ams.org/mathscinet-getitem?mr=1959579
http://www.ams.org/mathscinet-getitem?mr=1959579
http://www.ams.org/mathscinet-getitem?mr=1959579
http://www.ams.org/mathscinet-getitem?mr=1959579
http://www.ams.org/mathscinet-getitem?mr=1959579
http://www.ams.org/mathscinet-getitem?mr=1959579
http://www.ams.org/mathscinet-getitem?mr=2179731
http://www.ams.org/mathscinet-getitem?mr=2179731
http://www.ams.org/mathscinet-getitem?mr=2179731
http://www.ams.org/mathscinet-getitem?mr=2179731
http://www.ams.org/mathscinet-getitem?mr=2179731
http://www.ams.org/mathscinet-getitem?mr=2179731
http://www.ams.org/mathscinet-getitem?mr=2179731
http://www.ams.org/mathscinet-getitem?mr=2179731
http://www.ams.org/mathscinet-getitem?mr=2179731
http://www.ams.org/mathscinet-getitem?mr=2179731
http://www.ams.org/mathscinet-getitem?mr=2967060
http://www.ams.org/mathscinet-getitem?mr=2967060
http://www.ams.org/mathscinet-getitem?mr=2967060
http://www.ams.org/mathscinet-getitem?mr=2967060
http://www.ams.org/mathscinet-getitem?mr=2967060
http://www.ams.org/mathscinet-getitem?mr=2967060
http://www.ams.org/mathscinet-getitem?mr=2967060
http://www.ams.org/mathscinet-getitem?mr=2967060
http://www.ams.org/mathscinet-getitem?mr=2967060
http://www.ams.org/mathscinet-getitem?mr=2967060
http://www.ams.org/mathscinet-getitem?mr=2806512
http://www.ams.org/mathscinet-getitem?mr=2806512
http://www.ams.org/mathscinet-getitem?mr=2806512
http://www.ams.org/mathscinet-getitem?mr=2806512
http://www.ams.org/mathscinet-getitem?mr=2806512
http://www.ams.org/mathscinet-getitem?mr=2806512
http://www.ams.org/mathscinet-getitem?mr=2806512
http://www.ams.org/mathscinet-getitem?mr=2806512
http://www.ams.org/mathscinet-getitem?mr=2806512
http://www.ams.org/mathscinet-getitem?mr=2806512
http://www.ams.org/mathscinet-getitem?mr=1112545
http://www.ams.org/mathscinet-getitem?mr=1112545
http://www.ams.org/mathscinet-getitem?mr=1112545
http://www.ams.org/mathscinet-getitem?mr=1112545
http://www.ams.org/mathscinet-getitem?mr=1112545
http://www.ams.org/mathscinet-getitem?mr=1112545
http://www.ams.org/mathscinet-getitem?mr=1112545
http://www.ams.org/mathscinet-getitem?mr=1112545
http://www.ams.org/mathscinet-getitem?mr=1112545
http://www.ams.org/mathscinet-getitem?mr=1112545
http://www.ams.org/mathscinet-getitem?mr=1985483
http://www.ams.org/mathscinet-getitem?mr=1985483
http://www.ams.org/mathscinet-getitem?mr=1985483
http://www.ams.org/mathscinet-getitem?mr=1985483
http://www.ams.org/mathscinet-getitem?mr=1985483
http://www.ams.org/mathscinet-getitem?mr=1985483
http://www.ams.org/mathscinet-getitem?mr=1985483
http://www.ams.org/mathscinet-getitem?mr=1985483
http://www.ams.org/mathscinet-getitem?mr=1985483
http://www.ams.org/mathscinet-getitem?mr=1985483
http://www.ams.org/mathscinet-getitem?mr=910018
http://www.ams.org/mathscinet-getitem?mr=910018
http://www.ams.org/mathscinet-getitem?mr=910018
http://www.ams.org/mathscinet-getitem?mr=910018
http://www.ams.org/mathscinet-getitem?mr=910018
http://www.ams.org/mathscinet-getitem?mr=910018
http://www.ams.org/mathscinet-getitem?mr=910018
http://www.ams.org/mathscinet-getitem?mr=910018
http://www.ams.org/mathscinet-getitem?mr=910018
https://doi.org/10.1112/S0010437X15007599

Gab89
Gir00

Gom98

GS86

GL87

GL89

Gro&5

HS15

Hed09

Hed10

Hin03

HMSO08

Homl1

HLZ15

Hon00

How02

Ish05

JK13

Kall3
Levl4
Lis98

Lis04

Lis08

Liv04

LZ794

T. LIDMAN AND S. SIVEK

D. Gabai, Surgery on knots in solid tori, Topology 28 (1989), 1-6; MR 991095 (90h:57005).

E. Giroux, Structures de contact en dimension trois et bifurcations des feuilletages de surfaces,
Invent. Math. 141 (2000), 615-689; MR 1779622 (2001i:53147).

R. E. Gompf, Handlebody construction of Stein surfaces, Ann. of Math. (2) 148 (1998), 619-693;
MR 1668563 (2000a:57070).

F. Gonzalez-Acuna and H. Short, Knot surgery and primeness, Math. Proc. Cambridge Philos.
Soc. 99 (1986), 89-102; MR 809502 (87¢:57003).

C. M. Gordon and J. Luecke, Only integral Dehn surgeries can yield reducible manifolds, Math.
Proc. Cambridge Philos. Soc. 102 (1987), 97-101; MR 886439 (89a:57003).

C. M. Gordon and J. Luecke, Knots are determined by their complements, J. Amer. Math. Soc.
2 (1989), 371-415; MR, 965210 (90a:57006a).

M. Gromov, Pseudoholomorphic curves in symplectic manifolds, Invent. Math. 82 (1985),
307-347; MR 809718 (87j:53053).

K. Hayden and J. M. Sabloff, Positive knots and Lagrangian fillability, Proc. Amer. Math. Soc.
143 (2015), 1813-1821; MR 3314092.

M. Hedden, On knot Floer homology and cabling. II, Int. Math. Res. Not. IMRN 2009 2248-2274;
MR 2511910 (2011£:57015).

M. Hedden, Notions of positivity and the Ozsvdth—Szabo concordance invariant, J. Knot Theory
Ramifications 19 (2010), 617-629; MR 2646650 (2011j:57020).

R. Hind, Stein fillings of lens spaces, Commun. Contemp. Math. 5 (2003), 967-982;
MR 2030565 (2005e:53141).

M. Hirasawa, K. Murasugi and D. S. Silver, When does a satellite knot fiber? Hiroshima Math. J.
38 (2008), 411-423; MR 2477750 (2010i:57016).

J. Hom, A note on cabling and L-space surgeries, Algebr. Geom. Topol. 11 (2011), 219-223,;
MR 2764041 (2012i:57020).

J. Hom, T. Lidman and N. Zufelt, Reducible surgeries and Heegaard Floer homology, Math. Res.
Lett. 22 (2015), 763-788.

K. Honda, On the classification of tight contact structures. I, Geom. Topol. 4 (2000), 309-368;
MR 1786111 (2001i:53148).

J. Howie, A proof of the Scott- Wiegold conjecture on free products of cyclic groups, J. Pure Appl.
Algebra 173 (2002), 167-176; MR 1915093 (2003h:20048).

M. Ishikawa, On the Thurston—Bennequin invariant of graph divide links, Math. Proc. Cambridge
Philos. Soc. 139 (2005), 487-495; MR, 2177173 (2006k:57035).

I. D. Jong and K. Kishimoto, On positive knots of genus two, Kobe J. Math. 30 (2013), 1-18;
MR 3157050.

A. Kaloti, Stein fillings of planar open books, Preprint (2013), arXiv:1311.0208.
C. Leverson, Augmentations and rulings of Legendrian knots, Preprint (2014), arXiv:1403.4982.

P. Lisca, Symplectic fillings and positive scalar curvature, Geom. Topol. 2 (1998), 103-116
(electronic). MR 1633282 (99f:57038).

P. Lisca, On lens spaces and their symplectic fillings, Math. Res. Lett. 11 (2004), 13-22;
MR 2046195 (2004m:57058).

P. Lisca, On symplectic fillings of lens spaces, Trans. Amer. Math. Soc. 360 (2008), 765-799
(electronic). MR 2346471 (2008h:57039).

C. Livingston, Computations of the Ozsvdth—Szabd knot concordance invariant, Geom. Topol. 8
(2004), 735742 (electronic); MR 2057779 (2005d:57019).

E. Luft and X. Zhang, Symmetric knots and the cabling conjecture, Math. Ann. 298 (1994),
489-496; MR, 1262772 (95£:57014).

184

https://doi.org/10.1112/50010437X15007599 Published online by Cambridge University Press


http://www.ams.org/mathscinet-getitem?mr=991095
http://www.ams.org/mathscinet-getitem?mr=991095
http://www.ams.org/mathscinet-getitem?mr=991095
http://www.ams.org/mathscinet-getitem?mr=991095
http://www.ams.org/mathscinet-getitem?mr=991095
http://www.ams.org/mathscinet-getitem?mr=991095
http://www.ams.org/mathscinet-getitem?mr=991095
http://www.ams.org/mathscinet-getitem?mr=991095
http://www.ams.org/mathscinet-getitem?mr=991095
http://www.ams.org/mathscinet-getitem?mr=1779622
http://www.ams.org/mathscinet-getitem?mr=1779622
http://www.ams.org/mathscinet-getitem?mr=1779622
http://www.ams.org/mathscinet-getitem?mr=1779622
http://www.ams.org/mathscinet-getitem?mr=1779622
http://www.ams.org/mathscinet-getitem?mr=1779622
http://www.ams.org/mathscinet-getitem?mr=1779622
http://www.ams.org/mathscinet-getitem?mr=1779622
http://www.ams.org/mathscinet-getitem?mr=1779622
http://www.ams.org/mathscinet-getitem?mr=1779622
http://www.ams.org/mathscinet-getitem?mr=1668563
http://www.ams.org/mathscinet-getitem?mr=1668563
http://www.ams.org/mathscinet-getitem?mr=1668563
http://www.ams.org/mathscinet-getitem?mr=1668563
http://www.ams.org/mathscinet-getitem?mr=1668563
http://www.ams.org/mathscinet-getitem?mr=1668563
http://www.ams.org/mathscinet-getitem?mr=1668563
http://www.ams.org/mathscinet-getitem?mr=1668563
http://www.ams.org/mathscinet-getitem?mr=1668563
http://www.ams.org/mathscinet-getitem?mr=1668563
http://www.ams.org/mathscinet-getitem?mr=809502
http://www.ams.org/mathscinet-getitem?mr=809502
http://www.ams.org/mathscinet-getitem?mr=809502
http://www.ams.org/mathscinet-getitem?mr=809502
http://www.ams.org/mathscinet-getitem?mr=809502
http://www.ams.org/mathscinet-getitem?mr=809502
http://www.ams.org/mathscinet-getitem?mr=809502
http://www.ams.org/mathscinet-getitem?mr=809502
http://www.ams.org/mathscinet-getitem?mr=809502
http://www.ams.org/mathscinet-getitem?mr=886439
http://www.ams.org/mathscinet-getitem?mr=886439
http://www.ams.org/mathscinet-getitem?mr=886439
http://www.ams.org/mathscinet-getitem?mr=886439
http://www.ams.org/mathscinet-getitem?mr=886439
http://www.ams.org/mathscinet-getitem?mr=886439
http://www.ams.org/mathscinet-getitem?mr=886439
http://www.ams.org/mathscinet-getitem?mr=886439
http://www.ams.org/mathscinet-getitem?mr=886439
http://www.ams.org/mathscinet-getitem?mr=965210
http://www.ams.org/mathscinet-getitem?mr=965210
http://www.ams.org/mathscinet-getitem?mr=965210
http://www.ams.org/mathscinet-getitem?mr=965210
http://www.ams.org/mathscinet-getitem?mr=965210
http://www.ams.org/mathscinet-getitem?mr=965210
http://www.ams.org/mathscinet-getitem?mr=965210
http://www.ams.org/mathscinet-getitem?mr=965210
http://www.ams.org/mathscinet-getitem?mr=965210
http://www.ams.org/mathscinet-getitem?mr=809718
http://www.ams.org/mathscinet-getitem?mr=809718
http://www.ams.org/mathscinet-getitem?mr=809718
http://www.ams.org/mathscinet-getitem?mr=809718
http://www.ams.org/mathscinet-getitem?mr=809718
http://www.ams.org/mathscinet-getitem?mr=809718
http://www.ams.org/mathscinet-getitem?mr=809718
http://www.ams.org/mathscinet-getitem?mr=809718
http://www.ams.org/mathscinet-getitem?mr=809718
http://www.ams.org/mathscinet-getitem?mr=3314092
http://www.ams.org/mathscinet-getitem?mr=3314092
http://www.ams.org/mathscinet-getitem?mr=3314092
http://www.ams.org/mathscinet-getitem?mr=3314092
http://www.ams.org/mathscinet-getitem?mr=3314092
http://www.ams.org/mathscinet-getitem?mr=3314092
http://www.ams.org/mathscinet-getitem?mr=3314092
http://www.ams.org/mathscinet-getitem?mr=3314092
http://www.ams.org/mathscinet-getitem?mr=3314092
http://www.ams.org/mathscinet-getitem?mr=3314092
http://www.ams.org/mathscinet-getitem?mr=2511910
http://www.ams.org/mathscinet-getitem?mr=2511910
http://www.ams.org/mathscinet-getitem?mr=2511910
http://www.ams.org/mathscinet-getitem?mr=2511910
http://www.ams.org/mathscinet-getitem?mr=2511910
http://www.ams.org/mathscinet-getitem?mr=2511910
http://www.ams.org/mathscinet-getitem?mr=2511910
http://www.ams.org/mathscinet-getitem?mr=2511910
http://www.ams.org/mathscinet-getitem?mr=2511910
http://www.ams.org/mathscinet-getitem?mr=2511910
http://www.ams.org/mathscinet-getitem?mr=2646650
http://www.ams.org/mathscinet-getitem?mr=2646650
http://www.ams.org/mathscinet-getitem?mr=2646650
http://www.ams.org/mathscinet-getitem?mr=2646650
http://www.ams.org/mathscinet-getitem?mr=2646650
http://www.ams.org/mathscinet-getitem?mr=2646650
http://www.ams.org/mathscinet-getitem?mr=2646650
http://www.ams.org/mathscinet-getitem?mr=2646650
http://www.ams.org/mathscinet-getitem?mr=2646650
http://www.ams.org/mathscinet-getitem?mr=2646650
http://www.ams.org/mathscinet-getitem?mr=2030565
http://www.ams.org/mathscinet-getitem?mr=2030565
http://www.ams.org/mathscinet-getitem?mr=2030565
http://www.ams.org/mathscinet-getitem?mr=2030565
http://www.ams.org/mathscinet-getitem?mr=2030565
http://www.ams.org/mathscinet-getitem?mr=2030565
http://www.ams.org/mathscinet-getitem?mr=2030565
http://www.ams.org/mathscinet-getitem?mr=2030565
http://www.ams.org/mathscinet-getitem?mr=2030565
http://www.ams.org/mathscinet-getitem?mr=2030565
http://www.ams.org/mathscinet-getitem?mr=2477750
http://www.ams.org/mathscinet-getitem?mr=2477750
http://www.ams.org/mathscinet-getitem?mr=2477750
http://www.ams.org/mathscinet-getitem?mr=2477750
http://www.ams.org/mathscinet-getitem?mr=2477750
http://www.ams.org/mathscinet-getitem?mr=2477750
http://www.ams.org/mathscinet-getitem?mr=2477750
http://www.ams.org/mathscinet-getitem?mr=2477750
http://www.ams.org/mathscinet-getitem?mr=2477750
http://www.ams.org/mathscinet-getitem?mr=2477750
http://www.ams.org/mathscinet-getitem?mr=2764041
http://www.ams.org/mathscinet-getitem?mr=2764041
http://www.ams.org/mathscinet-getitem?mr=2764041
http://www.ams.org/mathscinet-getitem?mr=2764041
http://www.ams.org/mathscinet-getitem?mr=2764041
http://www.ams.org/mathscinet-getitem?mr=2764041
http://www.ams.org/mathscinet-getitem?mr=2764041
http://www.ams.org/mathscinet-getitem?mr=2764041
http://www.ams.org/mathscinet-getitem?mr=2764041
http://www.ams.org/mathscinet-getitem?mr=2764041
http://www.ams.org/mathscinet-getitem?mr=1786111
http://www.ams.org/mathscinet-getitem?mr=1786111
http://www.ams.org/mathscinet-getitem?mr=1786111
http://www.ams.org/mathscinet-getitem?mr=1786111
http://www.ams.org/mathscinet-getitem?mr=1786111
http://www.ams.org/mathscinet-getitem?mr=1786111
http://www.ams.org/mathscinet-getitem?mr=1786111
http://www.ams.org/mathscinet-getitem?mr=1786111
http://www.ams.org/mathscinet-getitem?mr=1786111
http://www.ams.org/mathscinet-getitem?mr=1786111
http://www.ams.org/mathscinet-getitem?mr=1915093
http://www.ams.org/mathscinet-getitem?mr=1915093
http://www.ams.org/mathscinet-getitem?mr=1915093
http://www.ams.org/mathscinet-getitem?mr=1915093
http://www.ams.org/mathscinet-getitem?mr=1915093
http://www.ams.org/mathscinet-getitem?mr=1915093
http://www.ams.org/mathscinet-getitem?mr=1915093
http://www.ams.org/mathscinet-getitem?mr=1915093
http://www.ams.org/mathscinet-getitem?mr=1915093
http://www.ams.org/mathscinet-getitem?mr=1915093
http://www.ams.org/mathscinet-getitem?mr=2177173
http://www.ams.org/mathscinet-getitem?mr=2177173
http://www.ams.org/mathscinet-getitem?mr=2177173
http://www.ams.org/mathscinet-getitem?mr=2177173
http://www.ams.org/mathscinet-getitem?mr=2177173
http://www.ams.org/mathscinet-getitem?mr=2177173
http://www.ams.org/mathscinet-getitem?mr=2177173
http://www.ams.org/mathscinet-getitem?mr=2177173
http://www.ams.org/mathscinet-getitem?mr=2177173
http://www.ams.org/mathscinet-getitem?mr=2177173
http://www.ams.org/mathscinet-getitem?mr=3157050
http://www.ams.org/mathscinet-getitem?mr=3157050
http://www.ams.org/mathscinet-getitem?mr=3157050
http://www.ams.org/mathscinet-getitem?mr=3157050
http://www.ams.org/mathscinet-getitem?mr=3157050
http://www.ams.org/mathscinet-getitem?mr=3157050
http://www.ams.org/mathscinet-getitem?mr=3157050
http://www.ams.org/mathscinet-getitem?mr=3157050
http://www.ams.org/mathscinet-getitem?mr=3157050
http://www.ams.org/mathscinet-getitem?mr=3157050
http://www.arxiv.org/abs/1311.0208
http://www.arxiv.org/abs/1311.0208
http://www.arxiv.org/abs/1311.0208
http://www.arxiv.org/abs/1311.0208
http://www.arxiv.org/abs/1311.0208
http://www.arxiv.org/abs/1311.0208
http://www.arxiv.org/abs/1311.0208
http://www.arxiv.org/abs/1311.0208
http://www.arxiv.org/abs/1311.0208
http://www.arxiv.org/abs/1311.0208
http://www.arxiv.org/abs/1311.0208
http://www.arxiv.org/abs/1311.0208
http://www.arxiv.org/abs/1311.0208
http://www.arxiv.org/abs/1311.0208
http://www.arxiv.org/abs/1311.0208
http://www.arxiv.org/abs/1403.4982
http://www.arxiv.org/abs/1403.4982
http://www.arxiv.org/abs/1403.4982
http://www.arxiv.org/abs/1403.4982
http://www.arxiv.org/abs/1403.4982
http://www.arxiv.org/abs/1403.4982
http://www.arxiv.org/abs/1403.4982
http://www.arxiv.org/abs/1403.4982
http://www.arxiv.org/abs/1403.4982
http://www.arxiv.org/abs/1403.4982
http://www.arxiv.org/abs/1403.4982
http://www.arxiv.org/abs/1403.4982
http://www.arxiv.org/abs/1403.4982
http://www.arxiv.org/abs/1403.4982
http://www.arxiv.org/abs/1403.4982
http://www.ams.org/mathscinet-getitem?mr=1633282
http://www.ams.org/mathscinet-getitem?mr=1633282
http://www.ams.org/mathscinet-getitem?mr=1633282
http://www.ams.org/mathscinet-getitem?mr=1633282
http://www.ams.org/mathscinet-getitem?mr=1633282
http://www.ams.org/mathscinet-getitem?mr=1633282
http://www.ams.org/mathscinet-getitem?mr=1633282
http://www.ams.org/mathscinet-getitem?mr=1633282
http://www.ams.org/mathscinet-getitem?mr=1633282
http://www.ams.org/mathscinet-getitem?mr=1633282
http://www.ams.org/mathscinet-getitem?mr=2046195
http://www.ams.org/mathscinet-getitem?mr=2046195
http://www.ams.org/mathscinet-getitem?mr=2046195
http://www.ams.org/mathscinet-getitem?mr=2046195
http://www.ams.org/mathscinet-getitem?mr=2046195
http://www.ams.org/mathscinet-getitem?mr=2046195
http://www.ams.org/mathscinet-getitem?mr=2046195
http://www.ams.org/mathscinet-getitem?mr=2046195
http://www.ams.org/mathscinet-getitem?mr=2046195
http://www.ams.org/mathscinet-getitem?mr=2046195
http://www.ams.org/mathscinet-getitem?mr=2346471
http://www.ams.org/mathscinet-getitem?mr=2346471
http://www.ams.org/mathscinet-getitem?mr=2346471
http://www.ams.org/mathscinet-getitem?mr=2346471
http://www.ams.org/mathscinet-getitem?mr=2346471
http://www.ams.org/mathscinet-getitem?mr=2346471
http://www.ams.org/mathscinet-getitem?mr=2346471
http://www.ams.org/mathscinet-getitem?mr=2346471
http://www.ams.org/mathscinet-getitem?mr=2346471
http://www.ams.org/mathscinet-getitem?mr=2346471
http://www.ams.org/mathscinet-getitem?mr=2057779
http://www.ams.org/mathscinet-getitem?mr=2057779
http://www.ams.org/mathscinet-getitem?mr=2057779
http://www.ams.org/mathscinet-getitem?mr=2057779
http://www.ams.org/mathscinet-getitem?mr=2057779
http://www.ams.org/mathscinet-getitem?mr=2057779
http://www.ams.org/mathscinet-getitem?mr=2057779
http://www.ams.org/mathscinet-getitem?mr=2057779
http://www.ams.org/mathscinet-getitem?mr=2057779
http://www.ams.org/mathscinet-getitem?mr=2057779
http://www.ams.org/mathscinet-getitem?mr=1262772
http://www.ams.org/mathscinet-getitem?mr=1262772
http://www.ams.org/mathscinet-getitem?mr=1262772
http://www.ams.org/mathscinet-getitem?mr=1262772
http://www.ams.org/mathscinet-getitem?mr=1262772
http://www.ams.org/mathscinet-getitem?mr=1262772
http://www.ams.org/mathscinet-getitem?mr=1262772
http://www.ams.org/mathscinet-getitem?mr=1262772
http://www.ams.org/mathscinet-getitem?mr=1262772
http://www.ams.org/mathscinet-getitem?mr=1262772
https://doi.org/10.1112/S0010437X15007599

MOO08

MSO03

McD90

McL09

MosT71

Ni07

0zb08

0OS04a

0S03a

0S03b

0S04b

0S04c

08505

Pla04

Pla06

PVHI10

PT10

Rasl0

Rud90

Rud93

Rud95

Sch90

Shi89

CONTACT STRUCTURES AND REDUCIBLE SURGERIES

C. Manolescu and P. Ozsvéath, On the Khovanov and knot Floer homologies of quasi-alternating
links, in Proceedings of Gokova Geometry-Topology Conference 2007 (GGT and International
Press, Somerville, MA, 2008), 60-81; MR 2509750 (2010k:57029).

D. Matignon and N. Sayari, Longitudinal slope and Dehn fillings, Hiroshima Math. J. 33 (2003),
127-136; MR 1966655 (2004¢:57029).

D. McDuff, The structure of rational and ruled symplectic 4-manifolds, J. Amer. Math. Soc. 3
(1990), 679-712; MR 1049697 (91k:58042).

M. McLean, Lefschetz fibrations and symplectic homology, Geom. Topol. 13 (2009), 1877-1944;
MR 2497314 (2011d:53224).

L. Moser, Elementary surgery along a torus knot, Pacific J. Math. 38 (1971), 737-745;
MR 0383406 (52 #4287).

Y. Ni, Knot Floer homology detects fibred knots, Invent. Math. 170 (2007), 577-608;
MR 2357503 (2008;j:57053).

B. Ozbagci, Surgery diagrams for horizontal contact structures, Acta Math. Hungar. 120 (2008),
193-208; MR 2431368 (2009e:57047).

B. Ozbagci and A. 1. Stipsicz, Surgery on contact 3-manifolds and Stein surfaces, Bolyai Society
Mathematical Studies, vol. 13 (Springer and Jdnos Bolyai Mathematical Society, Berlin and
Budapest, 2004); MR 2114165 (2005k:53171).

P. Ozsvéth and Z. Szabd, Heegaard Floer homology and alternating knots, Geom. Topol. 7 (2003),
225-254 (electronic). MR 1988285 (2004£:57040).

P. Ozsvéath and Z. Szabd, Knot Floer homology and the four-ball genus, Geom. Topol. 7 (2003),
615-639; MR 2026543 (2004i:57036).

P. Ozsvath and Z. Szabd, Holomorphic disks and knot invariants, Adv. Math. 186 (2004),
58-116; MR 2065507 (2005e:57044).

P. Ozsvath and Z. Szabd, Holomorphic disks and three-manifold invariants: Properties and
applications, Ann. of Math. (2) 159 (2004), 1159-1245; MR 2113020 (2006b:57017).

P. Ozsvath and Z. Szab6, On knot Floer homology and lens space surgeries, Topology 44 (2005),
1281-1300; MR 2168576 (2006£:57034).

O. Plamenevskaya, Bounds for the Thurston—Bennequin number from Floer homology, Algebr.
Geom. Topol. 4 (2004), 399-406; MR 2077671 (2005d:57039).

O. Plamenevskaya, Transverse knots and Khovanov homology, Math. Res. Lett. 13 (2006),
571-586; MR 2250492 (2007d:57043).

O. Plamenevskaya and J. Van Horn-Morris, Planar open books, monodromy factorizations and
symplectic fillings, Geom. Topol. 14 (2010), 2077-2101; MR 2740642 (2012¢:57047).

J. H. Przytycki and K. Taniyama, Almost positive links have negative signature, J. Knot Theory
Ramifications 19 (2010), 187-289; MR 2647054 (2011d:57041).

J. Rasmussen, Khovanov homology and the slice genus, Invent. Math. 182 (2010), 419-447;
MR 2729272 (2011k:57020).

L. Rudolph, A congruence between link polynomials, Math. Proc. Cambridge Philos. Soc. 107
(1990), 319-327; MR 1027784 (90k:57010).

L. Rudolph, Quasipositivity as an obstruction to sliceness, Bull. Amer. Math. Soc. (N.S.) 29
(1993), 51-59; MR, 1193540 (94d:57028).

L. Rudolph, An obstruction to sliceness via contact geometry and ‘classical’ gauge theory, Invent.
Math. 119 (1995), 155-163; MR, 1309974 (95k:57013).

M. Scharlemann, Producing reducible 3-manifolds by surgery on a knot, Topology 29 (1990),
481-500; MR 1071370 (91i:57003).

T. Shibuya, Genus of torus links and cable links, Kobe J. Math. 6 (1989), 37-42; MR 1023523
(91b:57007).

185

https://doi.org/10.1112/50010437X15007599 Published online by Cambridge University Press


http://www.ams.org/mathscinet-getitem?mr=2509750
http://www.ams.org/mathscinet-getitem?mr=2509750
http://www.ams.org/mathscinet-getitem?mr=2509750
http://www.ams.org/mathscinet-getitem?mr=2509750
http://www.ams.org/mathscinet-getitem?mr=2509750
http://www.ams.org/mathscinet-getitem?mr=2509750
http://www.ams.org/mathscinet-getitem?mr=2509750
http://www.ams.org/mathscinet-getitem?mr=2509750
http://www.ams.org/mathscinet-getitem?mr=2509750
http://www.ams.org/mathscinet-getitem?mr=2509750
http://www.ams.org/mathscinet-getitem?mr=1966655
http://www.ams.org/mathscinet-getitem?mr=1966655
http://www.ams.org/mathscinet-getitem?mr=1966655
http://www.ams.org/mathscinet-getitem?mr=1966655
http://www.ams.org/mathscinet-getitem?mr=1966655
http://www.ams.org/mathscinet-getitem?mr=1966655
http://www.ams.org/mathscinet-getitem?mr=1966655
http://www.ams.org/mathscinet-getitem?mr=1966655
http://www.ams.org/mathscinet-getitem?mr=1966655
http://www.ams.org/mathscinet-getitem?mr=1966655
http://www.ams.org/mathscinet-getitem?mr=1049697
http://www.ams.org/mathscinet-getitem?mr=1049697
http://www.ams.org/mathscinet-getitem?mr=1049697
http://www.ams.org/mathscinet-getitem?mr=1049697
http://www.ams.org/mathscinet-getitem?mr=1049697
http://www.ams.org/mathscinet-getitem?mr=1049697
http://www.ams.org/mathscinet-getitem?mr=1049697
http://www.ams.org/mathscinet-getitem?mr=1049697
http://www.ams.org/mathscinet-getitem?mr=1049697
http://www.ams.org/mathscinet-getitem?mr=1049697
http://www.ams.org/mathscinet-getitem?mr=2497314
http://www.ams.org/mathscinet-getitem?mr=2497314
http://www.ams.org/mathscinet-getitem?mr=2497314
http://www.ams.org/mathscinet-getitem?mr=2497314
http://www.ams.org/mathscinet-getitem?mr=2497314
http://www.ams.org/mathscinet-getitem?mr=2497314
http://www.ams.org/mathscinet-getitem?mr=2497314
http://www.ams.org/mathscinet-getitem?mr=2497314
http://www.ams.org/mathscinet-getitem?mr=2497314
http://www.ams.org/mathscinet-getitem?mr=2497314
http://www.ams.org/mathscinet-getitem?mr=0383406
http://www.ams.org/mathscinet-getitem?mr=0383406
http://www.ams.org/mathscinet-getitem?mr=0383406
http://www.ams.org/mathscinet-getitem?mr=0383406
http://www.ams.org/mathscinet-getitem?mr=0383406
http://www.ams.org/mathscinet-getitem?mr=0383406
http://www.ams.org/mathscinet-getitem?mr=0383406
http://www.ams.org/mathscinet-getitem?mr=0383406
http://www.ams.org/mathscinet-getitem?mr=0383406
http://www.ams.org/mathscinet-getitem?mr=0383406
http://www.ams.org/mathscinet-getitem?mr=2357503
http://www.ams.org/mathscinet-getitem?mr=2357503
http://www.ams.org/mathscinet-getitem?mr=2357503
http://www.ams.org/mathscinet-getitem?mr=2357503
http://www.ams.org/mathscinet-getitem?mr=2357503
http://www.ams.org/mathscinet-getitem?mr=2357503
http://www.ams.org/mathscinet-getitem?mr=2357503
http://www.ams.org/mathscinet-getitem?mr=2357503
http://www.ams.org/mathscinet-getitem?mr=2357503
http://www.ams.org/mathscinet-getitem?mr=2357503
http://www.ams.org/mathscinet-getitem?mr=2431368
http://www.ams.org/mathscinet-getitem?mr=2431368
http://www.ams.org/mathscinet-getitem?mr=2431368
http://www.ams.org/mathscinet-getitem?mr=2431368
http://www.ams.org/mathscinet-getitem?mr=2431368
http://www.ams.org/mathscinet-getitem?mr=2431368
http://www.ams.org/mathscinet-getitem?mr=2431368
http://www.ams.org/mathscinet-getitem?mr=2431368
http://www.ams.org/mathscinet-getitem?mr=2431368
http://www.ams.org/mathscinet-getitem?mr=2431368
http://www.ams.org/mathscinet-getitem?mr=2114165
http://www.ams.org/mathscinet-getitem?mr=2114165
http://www.ams.org/mathscinet-getitem?mr=2114165
http://www.ams.org/mathscinet-getitem?mr=2114165
http://www.ams.org/mathscinet-getitem?mr=2114165
http://www.ams.org/mathscinet-getitem?mr=2114165
http://www.ams.org/mathscinet-getitem?mr=2114165
http://www.ams.org/mathscinet-getitem?mr=2114165
http://www.ams.org/mathscinet-getitem?mr=2114165
http://www.ams.org/mathscinet-getitem?mr=2114165
http://www.ams.org/mathscinet-getitem?mr=1988285
http://www.ams.org/mathscinet-getitem?mr=1988285
http://www.ams.org/mathscinet-getitem?mr=1988285
http://www.ams.org/mathscinet-getitem?mr=1988285
http://www.ams.org/mathscinet-getitem?mr=1988285
http://www.ams.org/mathscinet-getitem?mr=1988285
http://www.ams.org/mathscinet-getitem?mr=1988285
http://www.ams.org/mathscinet-getitem?mr=1988285
http://www.ams.org/mathscinet-getitem?mr=1988285
http://www.ams.org/mathscinet-getitem?mr=1988285
http://www.ams.org/mathscinet-getitem?mr=2026543
http://www.ams.org/mathscinet-getitem?mr=2026543
http://www.ams.org/mathscinet-getitem?mr=2026543
http://www.ams.org/mathscinet-getitem?mr=2026543
http://www.ams.org/mathscinet-getitem?mr=2026543
http://www.ams.org/mathscinet-getitem?mr=2026543
http://www.ams.org/mathscinet-getitem?mr=2026543
http://www.ams.org/mathscinet-getitem?mr=2026543
http://www.ams.org/mathscinet-getitem?mr=2026543
http://www.ams.org/mathscinet-getitem?mr=2026543
http://www.ams.org/mathscinet-getitem?mr=2065507
http://www.ams.org/mathscinet-getitem?mr=2065507
http://www.ams.org/mathscinet-getitem?mr=2065507
http://www.ams.org/mathscinet-getitem?mr=2065507
http://www.ams.org/mathscinet-getitem?mr=2065507
http://www.ams.org/mathscinet-getitem?mr=2065507
http://www.ams.org/mathscinet-getitem?mr=2065507
http://www.ams.org/mathscinet-getitem?mr=2065507
http://www.ams.org/mathscinet-getitem?mr=2065507
http://www.ams.org/mathscinet-getitem?mr=2065507
http://www.ams.org/mathscinet-getitem?mr=2113020
http://www.ams.org/mathscinet-getitem?mr=2113020
http://www.ams.org/mathscinet-getitem?mr=2113020
http://www.ams.org/mathscinet-getitem?mr=2113020
http://www.ams.org/mathscinet-getitem?mr=2113020
http://www.ams.org/mathscinet-getitem?mr=2113020
http://www.ams.org/mathscinet-getitem?mr=2113020
http://www.ams.org/mathscinet-getitem?mr=2113020
http://www.ams.org/mathscinet-getitem?mr=2113020
http://www.ams.org/mathscinet-getitem?mr=2113020
http://www.ams.org/mathscinet-getitem?mr=2168576
http://www.ams.org/mathscinet-getitem?mr=2168576
http://www.ams.org/mathscinet-getitem?mr=2168576
http://www.ams.org/mathscinet-getitem?mr=2168576
http://www.ams.org/mathscinet-getitem?mr=2168576
http://www.ams.org/mathscinet-getitem?mr=2168576
http://www.ams.org/mathscinet-getitem?mr=2168576
http://www.ams.org/mathscinet-getitem?mr=2168576
http://www.ams.org/mathscinet-getitem?mr=2168576
http://www.ams.org/mathscinet-getitem?mr=2168576
http://www.ams.org/mathscinet-getitem?mr=2077671
http://www.ams.org/mathscinet-getitem?mr=2077671
http://www.ams.org/mathscinet-getitem?mr=2077671
http://www.ams.org/mathscinet-getitem?mr=2077671
http://www.ams.org/mathscinet-getitem?mr=2077671
http://www.ams.org/mathscinet-getitem?mr=2077671
http://www.ams.org/mathscinet-getitem?mr=2077671
http://www.ams.org/mathscinet-getitem?mr=2077671
http://www.ams.org/mathscinet-getitem?mr=2077671
http://www.ams.org/mathscinet-getitem?mr=2077671
http://www.ams.org/mathscinet-getitem?mr=2250492
http://www.ams.org/mathscinet-getitem?mr=2250492
http://www.ams.org/mathscinet-getitem?mr=2250492
http://www.ams.org/mathscinet-getitem?mr=2250492
http://www.ams.org/mathscinet-getitem?mr=2250492
http://www.ams.org/mathscinet-getitem?mr=2250492
http://www.ams.org/mathscinet-getitem?mr=2250492
http://www.ams.org/mathscinet-getitem?mr=2250492
http://www.ams.org/mathscinet-getitem?mr=2250492
http://www.ams.org/mathscinet-getitem?mr=2250492
http://www.ams.org/mathscinet-getitem?mr=2740642
http://www.ams.org/mathscinet-getitem?mr=2740642
http://www.ams.org/mathscinet-getitem?mr=2740642
http://www.ams.org/mathscinet-getitem?mr=2740642
http://www.ams.org/mathscinet-getitem?mr=2740642
http://www.ams.org/mathscinet-getitem?mr=2740642
http://www.ams.org/mathscinet-getitem?mr=2740642
http://www.ams.org/mathscinet-getitem?mr=2740642
http://www.ams.org/mathscinet-getitem?mr=2740642
http://www.ams.org/mathscinet-getitem?mr=2740642
http://www.ams.org/mathscinet-getitem?mr=2647054
http://www.ams.org/mathscinet-getitem?mr=2647054
http://www.ams.org/mathscinet-getitem?mr=2647054
http://www.ams.org/mathscinet-getitem?mr=2647054
http://www.ams.org/mathscinet-getitem?mr=2647054
http://www.ams.org/mathscinet-getitem?mr=2647054
http://www.ams.org/mathscinet-getitem?mr=2647054
http://www.ams.org/mathscinet-getitem?mr=2647054
http://www.ams.org/mathscinet-getitem?mr=2647054
http://www.ams.org/mathscinet-getitem?mr=2647054
http://www.ams.org/mathscinet-getitem?mr=2729272
http://www.ams.org/mathscinet-getitem?mr=2729272
http://www.ams.org/mathscinet-getitem?mr=2729272
http://www.ams.org/mathscinet-getitem?mr=2729272
http://www.ams.org/mathscinet-getitem?mr=2729272
http://www.ams.org/mathscinet-getitem?mr=2729272
http://www.ams.org/mathscinet-getitem?mr=2729272
http://www.ams.org/mathscinet-getitem?mr=2729272
http://www.ams.org/mathscinet-getitem?mr=2729272
http://www.ams.org/mathscinet-getitem?mr=2729272
http://www.ams.org/mathscinet-getitem?mr=1027784
http://www.ams.org/mathscinet-getitem?mr=1027784
http://www.ams.org/mathscinet-getitem?mr=1027784
http://www.ams.org/mathscinet-getitem?mr=1027784
http://www.ams.org/mathscinet-getitem?mr=1027784
http://www.ams.org/mathscinet-getitem?mr=1027784
http://www.ams.org/mathscinet-getitem?mr=1027784
http://www.ams.org/mathscinet-getitem?mr=1027784
http://www.ams.org/mathscinet-getitem?mr=1027784
http://www.ams.org/mathscinet-getitem?mr=1027784
http://www.ams.org/mathscinet-getitem?mr=1193540
http://www.ams.org/mathscinet-getitem?mr=1193540
http://www.ams.org/mathscinet-getitem?mr=1193540
http://www.ams.org/mathscinet-getitem?mr=1193540
http://www.ams.org/mathscinet-getitem?mr=1193540
http://www.ams.org/mathscinet-getitem?mr=1193540
http://www.ams.org/mathscinet-getitem?mr=1193540
http://www.ams.org/mathscinet-getitem?mr=1193540
http://www.ams.org/mathscinet-getitem?mr=1193540
http://www.ams.org/mathscinet-getitem?mr=1193540
http://www.ams.org/mathscinet-getitem?mr=1309974
http://www.ams.org/mathscinet-getitem?mr=1309974
http://www.ams.org/mathscinet-getitem?mr=1309974
http://www.ams.org/mathscinet-getitem?mr=1309974
http://www.ams.org/mathscinet-getitem?mr=1309974
http://www.ams.org/mathscinet-getitem?mr=1309974
http://www.ams.org/mathscinet-getitem?mr=1309974
http://www.ams.org/mathscinet-getitem?mr=1309974
http://www.ams.org/mathscinet-getitem?mr=1309974
http://www.ams.org/mathscinet-getitem?mr=1309974
http://www.ams.org/mathscinet-getitem?mr=1071370
http://www.ams.org/mathscinet-getitem?mr=1071370
http://www.ams.org/mathscinet-getitem?mr=1071370
http://www.ams.org/mathscinet-getitem?mr=1071370
http://www.ams.org/mathscinet-getitem?mr=1071370
http://www.ams.org/mathscinet-getitem?mr=1071370
http://www.ams.org/mathscinet-getitem?mr=1071370
http://www.ams.org/mathscinet-getitem?mr=1071370
http://www.ams.org/mathscinet-getitem?mr=1071370
http://www.ams.org/mathscinet-getitem?mr=1071370
http://www.ams.org/mathscinet-getitem?mr=1023523
http://www.ams.org/mathscinet-getitem?mr=1023523
http://www.ams.org/mathscinet-getitem?mr=1023523
http://www.ams.org/mathscinet-getitem?mr=1023523
http://www.ams.org/mathscinet-getitem?mr=1023523
http://www.ams.org/mathscinet-getitem?mr=1023523
http://www.ams.org/mathscinet-getitem?mr=1023523
http://www.ams.org/mathscinet-getitem?mr=1023523
http://www.ams.org/mathscinet-getitem?mr=1023523
http://www.ams.org/mathscinet-getitem?mr=1023523
https://doi.org/10.1112/S0010437X15007599

CONTACT STRUCTURES AND REDUCIBLE SURGERIES

Shu07  A. N. Shumakovitch, Rasmussen invariant, slice-Bennequin inequality, and sliceness of knots,
J. Knot Theory Ramifications 16 (2007), 1403-1412; MR 2384833 (2008m:57034).

Sto06  A. Stoimenow, Properties of closed 3-braids and other link braid representations, Preprint (2006),
arXiv:math.GT/0606435.

Tosl3  B. Tosun, On the Legendrian and transverse classification of cablings, Math. Res. Lett. 20 (2013),
787-803; MR 3188033.

Wal92 K. Walker, An extension of Casson’s invariant, Annals of Mathematics Studies, vol. 126
(Princeton University Press, Princeton, NJ, 1992); MR 1154798 (93e:57031).

Yaml2 Y. Yamada, Divide knot presentation of sporadic knots of Berge’s lens space surgery, Preprint
(2012), arXiv:1210.2905.

Tye Lidman tlid@math.utexas.edu

Mathematics Department, The University of Texas at Austin,
RLM 8.100, 2515 Speedway Stop C1200, Austin,
TX 78712-1202, USA

Steven Sivek ssivek@math.princeton.edu

Department of Mathematics, Princeton University, Fine Hall,
Washington Road, Princeton, NJ 08544-1000, USA

186

https://doi.org/10.1112/50010437X15007599 Published online by Cambridge University Press


http://www.ams.org/mathscinet-getitem?mr=2384833
http://www.ams.org/mathscinet-getitem?mr=2384833
http://www.ams.org/mathscinet-getitem?mr=2384833
http://www.ams.org/mathscinet-getitem?mr=2384833
http://www.ams.org/mathscinet-getitem?mr=2384833
http://www.ams.org/mathscinet-getitem?mr=2384833
http://www.ams.org/mathscinet-getitem?mr=2384833
http://www.ams.org/mathscinet-getitem?mr=2384833
http://www.ams.org/mathscinet-getitem?mr=2384833
http://www.ams.org/mathscinet-getitem?mr=2384833
http://www.arxiv.org/abs/math.GT/0606435
http://www.arxiv.org/abs/math.GT/0606435
http://www.arxiv.org/abs/math.GT/0606435
http://www.arxiv.org/abs/math.GT/0606435
http://www.arxiv.org/abs/math.GT/0606435
http://www.arxiv.org/abs/math.GT/0606435
http://www.arxiv.org/abs/math.GT/0606435
http://www.arxiv.org/abs/math.GT/0606435
http://www.arxiv.org/abs/math.GT/0606435
http://www.arxiv.org/abs/math.GT/0606435
http://www.arxiv.org/abs/math.GT/0606435
http://www.arxiv.org/abs/math.GT/0606435
http://www.arxiv.org/abs/math.GT/0606435
http://www.arxiv.org/abs/math.GT/0606435
http://www.arxiv.org/abs/math.GT/0606435
http://www.arxiv.org/abs/math.GT/0606435
http://www.arxiv.org/abs/math.GT/0606435
http://www.arxiv.org/abs/math.GT/0606435
http://www.arxiv.org/abs/math.GT/0606435
http://www.arxiv.org/abs/math.GT/0606435
http://www.arxiv.org/abs/math.GT/0606435
http://www.ams.org/mathscinet-getitem?mr=3188033
http://www.ams.org/mathscinet-getitem?mr=3188033
http://www.ams.org/mathscinet-getitem?mr=3188033
http://www.ams.org/mathscinet-getitem?mr=3188033
http://www.ams.org/mathscinet-getitem?mr=3188033
http://www.ams.org/mathscinet-getitem?mr=3188033
http://www.ams.org/mathscinet-getitem?mr=3188033
http://www.ams.org/mathscinet-getitem?mr=3188033
http://www.ams.org/mathscinet-getitem?mr=3188033
http://www.ams.org/mathscinet-getitem?mr=3188033
http://www.ams.org/mathscinet-getitem?mr=1154798
http://www.ams.org/mathscinet-getitem?mr=1154798
http://www.ams.org/mathscinet-getitem?mr=1154798
http://www.ams.org/mathscinet-getitem?mr=1154798
http://www.ams.org/mathscinet-getitem?mr=1154798
http://www.ams.org/mathscinet-getitem?mr=1154798
http://www.ams.org/mathscinet-getitem?mr=1154798
http://www.ams.org/mathscinet-getitem?mr=1154798
http://www.ams.org/mathscinet-getitem?mr=1154798
http://www.ams.org/mathscinet-getitem?mr=1154798
http://www.arxiv.org/abs/1210.2905
http://www.arxiv.org/abs/1210.2905
http://www.arxiv.org/abs/1210.2905
http://www.arxiv.org/abs/1210.2905
http://www.arxiv.org/abs/1210.2905
http://www.arxiv.org/abs/1210.2905
http://www.arxiv.org/abs/1210.2905
http://www.arxiv.org/abs/1210.2905
http://www.arxiv.org/abs/1210.2905
http://www.arxiv.org/abs/1210.2905
http://www.arxiv.org/abs/1210.2905
http://www.arxiv.org/abs/1210.2905
http://www.arxiv.org/abs/1210.2905
http://www.arxiv.org/abs/1210.2905
http://www.arxiv.org/abs/1210.2905
https://doi.org/10.1112/S0010437X15007599

	1 Introduction
	1.1 Background
	1.2 Reducible surgeries for knots with tb(K) ≥0
	1.3 Knots with tb(K) < 0
	1.4 Maximum Thurston–Bennequin numbers for cables

	2 Background
	2.1 Reducible surgeries
	2.2 Legendrian knots
	2.3 Stein fillings
	2.4 Reducible contact manifolds
	2.5 Tight contact structures on lens spaces

	3 Reducible Legendrian surgeries for tb(K) ≥0
	3.1 A proof of Theorem 1.6
	3.2 Knots with tb= 2g-1

	4 Minimal d3 invariants of tight contact structures
	4.1 Tight contact structures on L(p,q) with minimal d3 invariants
	4.2 A recurrence relation for the minimal d3 invariant
	4.3 A second proof of Theorem 1.6

	5 Reducible Legendrian surgeries for tb< 0
	5.1 Lens spaces with ai = -2 for some i
	5.2 Lens spaces with ai bold0mu mumu ≤≤2005/06/28 ver: 1.3 subfig package≤≤≤≤ -3 for all i
	5.2.1 Case 1: n=2
	5.2.2 Case 2: n ≥3


	Acknowledgements
	References



